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Abstract: Attention is drawn to the idea that, in the context of the Hückel–London–Pople–McWeeny (HLPM) approach to π-electron ring-
currents, the basic Aufbau process can be mimicked by means of a graph-theoretical algorithm and that the outcome is determined solely by 
the order of the eigenvalues of the arbitrary molecular-graph representing an extant or hypothetical conjugated system. The Aufbau process 
usually results in a closed-shell ground-state, but sometimes a unique triplet ground-state arises, sometimes doublets, as well as unique ground-
states of higher multiplicity, are encountered, and, on occasions, no uniquely defined π-electronic ground-state is established at all. Previously, 
the only examples of the latter (‘pathological’) case — which, as with triplet ground-states and other ground-states that are not singlets, 
precludes the possibility of any HLPM calculation — were graphs that are unlikely candidates for being extant or viable conjugated systems. In 
this note, however, an example is documented of what is, ostensibly, a plausible unsaturated structure — namely, (Coronene)6–. In the 
conclusion, attention is drawn to a procedure that averages electron occupation amongst the several orbitals of a degenerate shell. 
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INTRODUCTION 
HIS contribution is concerned with the Hückel–London–
Pople–McWeeny (HLPM) model of π-electron ring-

currents in conjugated systems.[1–3] Professor Milan Randić 
— to whose 90th birthday we are paying tribute via this 
article — has worked extensively, over a period of more 
than forty years, on a different model of ring currents, one 
that is based on his own approach[4] of ‘conjugated’[4] 
(‘conjugation’[5,6]) circuits.[7–10] 
 In the special publication that arose from 
MATH/CHEM/COMP 31 (Dubrovnik, 2019), we were privileged 
to honour the late E. C. Kirby by means of a paper[11] entitled 
“Some Observations on Triplet Ground-States in the Context 
of ‘Topological’ (HLPM) Ring-Currents in Conjugated Systems.” 
In that work, attention was drawn to the problems that arise 
in the HLPM approach when, on application of the Aufbau 
Principle,[12–17] the π-electronic ground-state configuration of 
the hydrocarbon under study is found to be a triplet.[11] 

 Previous work[13,14,16] had shown that the Aufbau 
process[12] can be mimicked by means of a graph-theoretical[18] 
algorithm and that the outcome is determined solely by the 
order of the eigenvalues of the molecular-graph[18] repres-
enting the conjugated system under study. It was further 
emphasised that application of the Aufbau Principle[12] to 
the π-electron energy-levels corresponding to the eigen-
values of a graph — taken to represent the carbon–atom 
connectivity of an extant or hypothetical conjugated 
hydrocarbon — leads usually to the establishment of a 
unique closed-shell ground-state — that is, a singlet; in such 
circumstances a ring-current calculation by means of the 
HLPM approach[1–3] may be carried out satisfactorily.[11] 
This is the case in, for example, Figure 2 of Ref. [13].  
 Sometimes, however, a triplet ground-state arises — 
this presents the difficulty in calculating HLPM ring-
currents that is addressed in Ref. [11]. Such a situation is 
encountered, for example, in the simple treatment of the 
[4n]-annulenes without bond alternation, in which infinite 
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paramagnetism would, in principle, be predicted by the 
HLPM approach.[19,20] A more realistic example is the extant 
hydrocarbon of the [8]-circulene family shown as structure 4 
on the right-hand side of Figure 2 in Ref. [11] — a structure 
that was recently considered by Baryshikov et al.[21]  
 Ground states of even higher multiplicities can also 
occasionally be found in the case of more bizarre molecular 
graphs that are, however, unlikely to represent viable 
molecules — such as, for example, that depicted in Figure 2 
of Ref. [13]. Another, somewhat chemically more realistic, 
example was, however, recently encountered in the case of 
the neutral ‘altan’[3] shown in Figure 1. When the Aufbau 
process[12] is applied to the neutral species of this structure 
the uniquely defined π-electron ground-state involves no 
fewer than four singly occupied non-bonding orbitals 
displaying electrons with four parallel spins (thereby 
constituting what might be called a quintuplet ground-
state, because the magnitude (|s|) of the total spin (s) is  
(½ + ½ + ½ + ½) = 2, so that the multiplicity, N — from the 
expression[22] N = 2|s| + 1 — is (2 × 2) + 1 = 5).  
 Finally, it was observed by one of the present 
authors many years ago[13–16] that, sometimes, no uniquely 
defined π-electronic ground-state is obtainable at all when 
the Aufbau process[12] is applied. To achieve an example of 
the latter case, however, a somewhat outré ‘molecular’ 
graph had to be devised — explicitly and variously depicted 
in Figure 3 of Ref. [13], in Figure 8 of Ref. [14], in structure (I) 
in Ref. [15] and in Figure 8 of Ref. [16]. The graph in question 
is the Octahedral Graph — which may be visualised in three 
dimensions as a bipyramid (octahedron)[23] — depicted here 

in Figure 2. Application of the Aufbau process to the 
Octahedral Graph, when it is (unrealistically) regarded as a 
molecular graph,[18] is considered in the next section. 
 

THE FAILURE OF THE AUFBAU  
PROCESS WHEN APPLIED TO  

THE OCTAHEDRAL GRAPH 
The eigenvalue list[23] for the Octahedral Graph[23] (Figure 2) 
— which consists entirely of integers — is 4, 0, 0, 0, –2, –2. 
In the Hückel molecular orbital interpretation[24] this means 
that there are considered to be six ‘energy levels’ which 
are, in non-decreasing order of energy: (α + 4β), α, α, α,  
(α – 2β), (α – 2β), where α and β are the standard Hückel 
parameters.[24] These are shown pictorially in Figure 3 of 
Ref. [13], in Figure 8 of Ref. [14] and in Figure 8 of Ref. [16]. 
The coefficients of β are explicitly listed — numbered 1–6 
in increasing order of energy (as, it will be recalled, β is 
negative[24]) — in Scheme 1.  
 With six π-electrons to distribute amongst these six 
‘energy levels’, the first two would be assigned, with paired 
spins, to the unique Level 1, of energy (α + 4β), thereby 
completely filling this bonding orbital. On proceeding up 
the list, the next encountered are the three degenerate 
non-bonding orbitals labelled 2, 3, and 4. Completely to fill 
these would require six more π-electrons but in fact only 
four of the original six remain, and are still available to be 
assigned. As Scheme 1 shows, there is no unambiguous way 
to do this; there are in fact 3C1 ways to complete the Aufbau 
process — namely, according to the Aufbau rules:[12] (a) 
Level 2 doubly occupied and Levels 3 and 4 singly occupied 
(as in column (a) of Scheme 1); (b) Level 3 doubly occupied 
and Levels 2 and 4 singly occupied (as in the middle column 
of Scheme 1); (c) Level 4 doubly occupied and Levels 2 and 3 
singly occupied (as in column (c) of Scheme 1).  

 

Figure 1. The molecular graph[18] of a neutral ‘altan’[3] 
structure which, when the Aufbau process[13,14,16] is applied 
to it, gives rise to a unique π-electron ground-state 
configuration in which four quadrupally degenerate HOMO 
non-bonding orbitals are each singly occupied — thereby 
presenting a total of four electrons with parallel spins and 
formally leading to a quintuplet ground-state.[22] 

 

Figure 2. The Octahedral Graph[23] which, when considered as 
a ‘molecular graph’,[18] gives rise to an ill-defined π-electron 
ground-state when the Aufbau process[13,14,16] is applied to 
it. This has been referred to as an example of the 
‘ambiguous case’ in Refs. [13–15], and as the ‘pathological 
case’ in Ref. [16]. 
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 Such a situation has been designated as ‘the 
ambiguous case’ in Refs. [13] and [14], and as ‘the 
pathological case’ in Ref. [16]. 
 Of course, this Octahedral Graph (Figure 2) is very 
unlikely to be the molecular graph[18] of any extant or 
possibly viable molecule. However, in the course of our 
HLPM studies of Corannulene and Coronene and several of 
their anions, we serendipitously came across the first ex-
ample that we had encountered of a structure that, on the 
face of it, could potentially exist, but in fact turned out to 
be an example of this ‘ambiguous case’[13–15] (‘pathological 
case’[16]) in which a unique ground-state configuration could 
not be established on application of the Aufbauprinzip.[12] 
This structure is the hexa-anion of Coronene — (Coronene)6– 
— to which we now turn. 
 

THE FAILURE OF THE AUFBAU  
PROCESS WHEN APPLIED TO  

(CORONENE)6– 
Although at various times we had both previously studied 
neutral Corannulene[25,26] and Coronene,[26] we were 
motivated by Monaco and Zanasi’s definitions[27,28] of the 
altans of these structures (subsequently extended and 
mathematically generalised by Gutman[29,30] and by Bašić et 
al.[31,32]) to treat these novel conjugated systems by the 
HLPM approach[1–3] — the neutral altans,[33] as well as their 
respective di-anions[34] and hexa-anions.[35] This led us to 
study the ‘parents’ of these altans in their own right — that 
is, Corannulene and Coronene themselves, together with 
their various oxidation states. We now demonstrate that 

(Coronene)6– is a ‘pathological case’ in that it is seen to be 
an example of an ambiguously defined π-electronic ground-
state when the Aufbauprinzip is invoked.[12] The energy 
levels (labelled 1–24) for the Coronene molecular-graph are 
shown in Scheme 2 (which has the same colour conventions 
about occupied (red) and unoccupied (black) energy-levels 
as Scheme 1, and employs blue to denote those orbitals 
whose occupancy will — in the course of applying the 
Aufbau process[12] — be seen to be ambiguous). 
 Neutral Coronene has 24 π-electrons and so, in the 
hexa-anion, there are 30 π-electrons to be distributed in 
the energy levels listed in Scheme 2, by invoking the Aufbau 
process.[12] The first 28 of these will doubly fill each of 
Levels 1–14 (coloured in red, in Scheme 2). Then there are 
two π-electrons left but they have to be distributed into the 
next-highest level — which, however, is triply degenerate 
(that is, there are three repeated eigenvalues), with the 
next three levels (15, 16 and 17) all being of energy –
1.0000000 (coloured in blue, in Scheme 2). By analogy, 
therefore, with the case of the Octahedral Graph just 
considered in Scheme 1, there are three (3C2) possible ways 
of assigning the last two electrons to the three degenerate 

6 –2   6 –2   6 –2 
5 –2   5 –2   5 –2 
4 0   4 0   4 0 
3 0   3 0   3 0 
2 0   2 0   2 0 
1 4   1 4   1 4 

          
(a)   (b)   (c) 

Scheme 1. Three possible endings ((a), (b), and (c)) to the 
Aufbau process (involving the Pauli Exclusion Principle and 
Hund’s Rules of Maximum Multiplicity)[12] when it is 
schematically applied to the Octahedral Graph (Figure 2). 
The left-hand column of each of the three sections (a), (b), 
and (c) labels the energy levels (in increasing order, 
numbered 1–6) and the right-hand column in each section 
documents the value of k in the expression of a Hückel 
energy-level as (α + kβ). (Thus, for example, energy-level 
number 5 has energy (α – 2β).) In the right-hand column of 
(a), (b) and (c), red indicates doubly occupied orbitals, green 
singly occupied, and black unoccupied energy-levels. 
 

 24 –2.6751309 
 23 –2.2143197 
 22 –2.2143197 
 21 –1.6751309 
 20 –1.6751309 
 19 –1.5391889 
 18 –1.2143197 
 17 –1.0000000 
 16 –1.0000000 
 15 –1.0000000 
 14 –0.5391889 
 13 –0.5391889 
 12 0.5391889 
 11 0.5391889 
 10 1.0000000 
 9 1.0000000 
 8 1.0000000 
 7 1.2143197 
 6 1.5391889 
 5 1.6751309 
 4 1.6751309 
 3 2.2143197 
 2 2.2143197 
 1 2.6751309 

Scheme 2. The Aufbau process schematically applied to 
(Coronene)6–. Red indicates doubly occupied orbitals, black 
denotes unoccupied energy-levels and blue emphasises 
those energy levels whose occupancy will be seen to be 
ambiguous. 
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energy-levels 15–17 — (a) Levels 15 and 16 singly occupied and 
Level 17 unoccupied (as in the schematic diagram of the 
frontier orbitals of (Coronene6–) presented in Figure 3); (b) 
Levels 15 and 17 singly occupied and Level 16 unoccupied; (c) 
Levels 16 and 17 singly occupied and Level 15 unoccupied. 
Hence, the ‘pathological case’ is again encountered but, this 
time, it is associated with the molecular graph[18] of what 
would appear, on the face of it, to be a viable unsaturated 
structure, rather than just a somewhat fanciful abstract graph — 
such as the illustrative example in Refs [13,14,16] — which is 
unlikely to be the molecular graph of any realistically potential 
conjugated system. We thus observe that the ‘pathological’ 
problem arises with (Coronene)6– but (as will be seen in the 
next section) not with the analogous (Corannulene)6–. 

 

Figure 3. Schematic diagram depicting the frontier orbitals — 
numbered according to Scheme 2 — of (Coronene)6–, 
together with their partial occupancy, as described in the text. 
 

                                                  
                                         Neutral Corannulene                                                                       (Corannulene)4– 

 
(Corannulene)6– 

Figure 4. HLPM Ring-current and bond-current maps for neutral Corannulene[25,26] and its tetra- and hexa-anions. Figures in 
black in the centres of rings denote the corresponding ring-current intensities (expressed as a ratio to the benzene value); 
positive ring-currents are diamagnetic and are considered to flow in the anti-clockwise direction around their respective rings, 
whilst negative ring-currents are paramagnetic and flow in the clockwise direction. Red figures written along the bonds denote 
the bond-currents (in the directions indicated by the arrows); these bond currents are compliant with Kirchhoff’s Law of 
currents at junctions[10,36] and are, thereby, consistent with these ring currents. 

                  
                                                      Neutral Coronene                                                          (Coronene)4– 

Figure 5. HLPM Ring-current and bond-current maps for neutral Coronene[26] and its tetra-anion. For the conventions on 
displaying ring currents and bond currents please see the caption to Figure 4. 
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HLPM RING-CURRENTS AND  
BOND-CURRENTS IN  

CORANNULENE AND CORONENE  
AND SOME OF THEIR  

MULTI-ANIONS 
Because we had previously studied the altans of 
Corannulene and Coronene[33] and several of their multi-
anions,[34,35] we resolved to examine the HLPM properties of 
the ‘parents’[27] and so wished to perform calculations on the 
neutral species, the di-anions, the tetra-anions, and the hexa-
anions of both Corannulene and Coronene. In practice, 
however, of the eight potential species — neutral Corannulene, 
(Corannulene)2–, (Corannulene)4– and (Corannulene)6–, and 
neutral Coronene, (Coronene)2–, (Coronene)4– and 
(Coronene)6– — only five of them did not give problems with 
π-electronic ground-states when the Aufbau process[12] was 
applied. The dianions of both species exhibited the ‘triplet 
ground-state’ problem,[11] whilst, as was seen in the previous 
section, (Coronene)6– gave rise to the ‘pathological’ case, 
because there is no unique π-electronic ground-state of any 
kind when the Aufbau process is invoked. 
 Figure 4 displays the HLPM ring currents and bond 
currents of neutral Corannulene, (Corannulene)4–, and 
(Corannulene)6–, whilst Figure 5 presents similar data for 
neutral Coronene and (Coronene)4–. The methods of 
calculation and the tenants of the HLPM model — including 
matters concerning planarity of the carbon-atom network 
— are all exactly as in the section labelled ‘The overall 
structure of HLPM ring-current calculations’ in Ref. [11] and 
as described under the heading ‘Calculations’ in Ref. [35]; 
they are, accordingly, not repeated here. 

Table 1 summarises what Figures 4 and 5 show 
regarding the magnetic nature (diatropic/paratropic) of the 
current flows (a) around the central ring, and (b) around the 
perimeter, of the five structures on which we were able to 
perform the calculations illustrated in Figures 4 and 5. 
 It may be observed that not all four of the permutations 
of ‘Paratropic/Diatropic’ appear here — only three of them do. 
‘Paratropic/Diatropic’ occurs twice and ‘Diatropic/Diatropic’ 
also occurs twice. ‘Diatropic/Paratropic’ occurs once, but the 
missing permutation (‘Paratropic/Paratropic’) does not arise 
in those five species on which calculation has been possible. 

 Before stating our concluding remarks, we just enter 
a small caveat by addressing an astute question raised by a 
Referee: answering it may prevent other readers from 
being similarly disconcerted. It was asked: ‘Why are the 
figures in the central rings of Figures 4 and 5 for neutral 
Corannulene and Coronene, respectively, positive? In these 
rings the current is clockwise then, according to the 
captions, they should be negative.’ 
 The answer to this question is materially connected 
with the fact that the ‘ring current’ in a microscopic conj-
ugated system is the equivalent of the ‘loop current’[36–39] 
that flows around an enclosed area in a macroscopic 
electrical network of the classic type to which Kirchhoff’s 
Laws apply.[36–39] The ‘bond currents’ in the microscopic 
conjugated system correspond to the currents in the 
individual wires that comprise the traditional macroscopic 
electrical network.[36–39] Furthermore, in a general conjugated 
system, the magnitude and direction of the bond current in 
a bond that is shared between two rings is the algebraic 
resultant of a competition between the ring currents in the 
rings that lie either side of that bond. 
 Consider, for example, any one of the peripheral 
rings in Coronene — say, the left-hand ring of the pair at 
the top of the structure when Coronene is oriented as 
depicted in the left-hand side of Figure 5. This ring is 
characterised by a ring-current intensity of 1.459, in the 
anti-clockwise sense around that peripheral ring. For any 
bond in this ring that is unshared with any other ring, the 
bond current would, accordingly, also be 1.459, in the 
direction shown in Figure 5. This is the case with the three 
bonds in each peripheral ring that lie along the perimeter 
of Coronene. Now, in addition, one bond in each of these 
peripheral rings is shared with the central ring, which itself 
is characterised by a diamagnetic (anti-clockwise) ring-
current of intensity 1.038; if this central ring were 
completely isolated, sharing no bonds with any other rings, 
then 1.038 would also be the bond-current flowing anti-
clockwise along each of the bonds of the central ring. 
However, as seen from Figure 5, each bond in the central 
ring (which bears a ring-current of intensity 1.038) is in fact 
shared with a peripheral ring bearing a ring-current of 
1.459. The smaller diamagnetic ring-current (1.038) which 
would otherwise flow anti-clockwise around the central 

Table 1. Direction of Current Flow Around the Central Ring and the Perimeter of Neutral and Anionic Corannulenes and Coronenes. 

Structure Nature of Current Flow  
Around the Central Ring 

Nature of Current Flow  
Around the Perimeter 

Corannulene (Neutral) Paratropic Diatropic 
(Corannulene)4– Diatropic Diatropic 
(Corannulene)6– Diatropic Paratropic 

Coronene (Neutral) Paratropic Diatropic 
(Coronene)4– Diatropic Diatropic 

 



 
 
 
6 (not final pg. №) T. K. DICKENS, R. B. MALLION: Viable Ground-States for Calculating Topological Ring-Currents 
 

Croat. Chem. Acta 2020, 93(4) DOI: 10.5562/cca3786 

 

 

 

ring is, thereby, overwhelmed by the larger current of 1.459 
flowing in the anti-clockwise sense around each peripheral 
ring. The net current in each of the shared bonds in the 
central ring is thus of magnitude 1.459 – 1.038 = 0.421, in a 
direction which is anti-clockwise around the peripheral ring 
and clockwise around the central ring. 
 Hence, we are able to reconcile the ostensible 
paradox that — understandably — troubled the Referee: 
namely, that the net circulation around the bonds of the 
central ring in Coronene is observed, by the above 
arguments, to be in the clockwise (paramagnetic) sense (as 
indicated by the arrows in the left-hand part of Figure 5), 
despite the fact that the central ring is itself formally 
characterised, overall, by a (positive) diamagnetic ring-
current (as is also shown in Figure 5.) 
 An analogous argument may be invoked in order to 
explain the clockwise net-flow and the diamagnetic  
ring-current encountered in the central ring of neutral 
Corannulene (as shown in the first ring-current/bond-
current map presented in Figure 4). 
 

FURTHER DISCUSSION 
The calculations reported in Figures 4 and 5 are merely the 
harbinger of a much more wide-ranging study that we are 
currently undertaking in which the HLPM approach[1–3] is 
applied to a variety of extant and hypothetical conjugated 
systems. One of the aims of this extended project is to 
establish what factors determine the direction of flow around 
various cycles of the structures examined; the conclusions 
from this will be reported in detail in a later publication.  
 The object of the present note has been more modest 
— namely, to add a postscript to the comments that we 
made in Ref. [11] about how what we have called ‘the triplet 
ground-state problem’ foils HLPM calculations when it arises. 
We have drawn attention here to the idea that the basic 
Aufbau process[11] can be mimicked by means a graph-
theoretical algorithm[13,14,16] and that the outcome is 
determined solely by the order of the eigenvalues of the 
arbitrary molecular-graph under study. This usually results in 
a closed-shell ground-state, but sometimes triplet ground-
states arise, and sometimes doublets, in addition to well-
defined ground-states of even higher multiplicity, present 
themselves — and, only comparatively rarely, there are even 
cases in which there is no uniquely defined π-electronic 
ground-state at all; these latter eventualities we refer to as 
‘ambiguous’ or ‘pathological’ cases.[13,14,16] Previously, the 
only examples of such pathological cases that had emerged 
were graphs that are unlikely candidates for being extant or 
potentially viable conjugated systems.[13,14,16] In this note, 
however, we have documented an example of a pathological 
case that, ostensibly, is a plausible candidate for being a 
viable unsaturated structure — namely, (Coronene)6–. 

CONCLUSION 
In conclusion, we point out that the difficulties that are 
encountered as a result of the present discussion, and of that 
of Ref. [11], arise because the McWeeny formalism[40,41] — the 
equations of which are directly incorporated into the HLPM 
approach[1–3] — explicitly assumes that closed-shell systems 
are being dealt with.[40,41] We point out, however, that Fowler 
et al.[39] have recently documented a scheme in which a 
calculation based on the Hückel[24]–London[43] method may be 
carried out in what they call[42] a ‘fractional-occupation 
approximation’. In this process, each orbital in a shell of p 
orbitals that has a total occupation of q electrons is assigned 
an occupation number, q/p, which is possibly fractional; on this 
model, the resulting electronic occupation in the shell in 
question could, in some sense, be thought of as being, thereby, 
‘smeared’ or ‘averaged’ over all the orbitals (p in number) in 
that shell.[42] This invites future investigation. 
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