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a Sliding Journal Bearing 
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Abstract: In order to provide effective lubrication in a sliding journal bearing unidimensional analysis was conducted to investigate oil flow velocity in the lubricant film formed 
in the gap between the shaft journal and the sleeve. An original equation was developed using FEM to determine fluid velocity depending on the angular velocity of journal 
ω and the width of gap h, which in turn is determined by the value of transverse journal load and the displacement of its geometrical centre in relation to the sleeve centre e. 
Mathematical models were developed, which were subjected to simulation studies in order to verify their logical accuracy. Results facilitate a more precise and rapid selection 
of work parameters for transversely loaded sliding bearings. Moreover, these results may be used in further multi-criterion analyses of lubrication parameters for sliding 
bearings during their operation. 
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1 INTRODUCTION  
 

Sliding bearings are commonly used in the design of 
such machines as combustion engines, pumps, 
compressors, generators, turbines, etc., in which kinematic 
joints are particularly exposed to high and dynamically 
changing loads. Popularity of sliding bearings results from 
their simple design, capacity to transfer high loads and 
performance characteristics. They also ensure greater 
vibration damping and more stable work in comparison to 
roller bearings. Moreover, sleeves of sliding bearings are 
characterised by lower hardness, since they are covered by 
a soft metal or plastic in order to protect journals against 
damage in case of a lack of lubrication, primarily at the 
start of the machine. 

Introduction of oil between two mutually displaced 
faying surfaces of the journal and the sleeve results in the 
formation of an ultra-thin layer, referred to as oil 
(lubricating) film. Thanks to the presence of this layer the 
so-called fluid friction develops, whose coefficient is many 
times lower than that of Coulomb friction [1-9]. 

Within the last several decades sliding bearings and the 
mechanism of their lubrication have been analysed by 
many researchers. The process of formation and 
degradation of the lubricating film was analysed using the 
hydrostatic or hydrodynamic lubrication theory, whose 
primary objective was to determine velocity fields and 
pressure of oil filling the gap between the faying surfaces 
[10-19]. Those studies focused primarily on the assessment 
of the effect of bearing shape, plane of division of the 
journal, the number and shape of oil grooves on the 
lubrication mechanism. Changes in geometry of the journal 
and sleeve of the bearing were analysed in terms of their 
wear under load and the effect of these changes on actual 
parameters of such a kinematic pair. 

Using the presently available state-of-the-art computer 
technologies attempts are being made to develop new 
methods of mathematical modelling to investigate the flow 
of gases or liquids and to perform its numerical simulation. 
For this purpose the finite element method (FEM) may be 
applied, which in the opinion of authors of numerous 
research publications is an effective, well-developed, 
extensively used and reliable numerical tool in the analysis 

of the complex geometry of solids and flow areas in liquids 
and gases. Following the FEM principles the analysed flow 
area is divided into sections, each of which is treated as a 
certain geometrical object, referred to as a finite element 
(FE). On its margins (in corners or on edges) and in 
selected inner points nodes are located for which the values 
of the investigated function are calculated. The manner in 
which the analysed function changes within a FE is 
identified using approximation functions constituting the 
basis, also called shape functions. Association of this 
function with node values of the unknown constitutes an 
approximate solution to that problem. Parameters of the 
approximation function are determined using variational 
methods [20-30]. 
 
2 ANALYSIS OF VELOCITY FIELDS OF OIL FILM 
 

Identification of finite elements needs to be initiated 
by determining the velocity profile for the oil film between 
two cylindrical planes, formed by the stationary sleeve of 
a sliding bearing and the journal rotating inside it with 
angular velocity ω.  

It is known based on empirical studies and theoretical 
analyses that laminar flow of the lubricating oil occurs in 
sliding journal bearings [1, 23, 26-28]. It is connected with 

a relatively small Reynolds number 1
0 max ,v h v  where v0 

denotes relative rubbing speed and hmax - maximum gap 
width. Introduction of local system of coordinates x, y, 
having the following relationships with the cylindrical 
system , , :r z  
 

0 0

p 0

, where [0 2π ]

where [0, ]

where [ , ]

x r r x , r

y r r , y h

z z', z b b

   

  

  
      (1) 

 
made it possible to include three unknowns of the oil film 
in a sliding bearing, i.e. the tangential component of the 
velocity vector vx = vx(x, y), the axial component of the 
velocity vector vz = vz(x, y) and pressure, considered as a 
two dimensional function, assuming p = p(x, z) (Fig. 1). 

The system of polar coordinates , , ,r z starts at centre 
OJ of the journal, with angle ϑ measured from the straight 
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line OJOP passing through the centres of the journal and the 
sleeve. The centres of the loaded journal and the sleeve 
generally do not overlap, assuming their mutually eccentric 

position, where J PO O e . As a result of this displacement 

the width of the gap is a function of the angular coordinate
( ),h h   while radius r of a point on the sleeve surface is 

a dependent variable 
 

P 0( ) ( ),r r h                     (2) 

 
where r0 is the radius of the journal. 

The journal rotates with a constant angular velocity ω, 
which causes a specific motion of the lubricating fluid, 
which according to the assumption fills the entire gap, 
while only a portion of the oil film is under pressure. This 
segment is called the loaded area, with its width referred to 
as the oil film angle of contact for that journal [1, 4-6, 8, 
23].  
 

 
Figure 1 Pressure areas in oil film of a sliding bearing: OP - geometrical centre 

of sleeve, OJ - geometrical centre of journal, rp - internal radius of sleeve (mm), b 
- sleeve width (mm), ro - radius of journal (mm), e - displacement of the centre of 
journal and the centre of sleeve (mm), P - journal load (kg·m·s‒2), p - pressure of 
lubricating fluid (kg·m‒1·s‒2), ϑ - angular displacement of journal (deg), h - width 
of gap between journal surface and inner surface of sleeve (mm), ω - angular 

velocity of journal (1/s) 
 

Considering the above-mentioned assumptions we 
may write the simplified equation of oil movement in the 
lubricating film 

 
2 2

2 2
,x zv vp p

x zy y
 
  

 
           (3) 

 
and the equation of its continuity 

 

0.x zv v

x z

 
 

            (4) 

Functions of lubricating film velocity should meet 
adhesion conditions on surfaces wetted with oil: 
 

0 const,  0  for  0

0,  0  for ( )
x z

x z

v v v y

v v y h x

   

  
     (5) 

 
where: v0 tangential velocity of journal (m/s), vx, vy, vz 

components x, y, z of velocity of lubricating fluid (mꞏs). 
The FEM analyses were conducted for four fields of 

oil film velocity, which were identified in cutting planes at 
angles: ϑm, ϑm ‒ 2ϑ0, ϑm ‒ ϑ0, ϑm + ϑ0, where ϑm identifies 
the plane for the maximum value of oil pressure in the 
lubricating film (Fig. 2). 

 

 
Figure 2 Velocity fields in oil film of a sliding bearing 

 
The integration range [0, h], i.e. the distance between 

the surfaces of the journal and the sleeve, was divided into 
n identical segments (elements), whose length l = hꞏn‒1 is 
dependent on angle ϑ. The distance between the surfaces of 
the journal and the sleeve depending on the angle of the 
cutting plane was established from the equation  
 

 p 0cos cosh r r e              (6) 
 
thus  
 

 p 0cos cosr r e
l .

n

  
        (7) 

 
where: α - angle between rp and e (deg), β - angle between 
rp and r0 (deg). 

Ends of segments determine k points, which are 
referred to as nodes and denoted successively from 1 to k, 
while k = n + 1. In each internal node there is an unknown 
value of flow velocity, which is generally called the node 
value of the investigated function of velocity. The 
boundary conditions were assumed to be values of velocity 
for extreme nodes, i.e. vn = 0 and 0 0.v r  

FEM assumes the application of the approximating 
function Φ(x) of velocity v(x) within a given finite element 
(FE), which is a function of shape (the so-called base 
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function), assuming the value of 1 at one node and 0 at the 
other nodes. In turn, the values of functions approximating 
shape Φ(x) in extreme nodes depend on the pre-defined 
boundary conditions [20-25]. 

The profile of velocity at any given section ϑ is 
typically curvilinear and depends on the sign of the 

derivative 
p





[1, 8, 15, 23]. An exception in this respect is 

found for angle ϑm, where this profile is linearly variable, 

for which
m

0
p







(Fig. 3). Thus, node values of velocity, 

considering the adopted boundary conditions, may be 
determined from the equation 

 

 
 

p 0

p 0

cos cos

tan ,cos cosk

r r e

v r r e
k

n

 

 

           
   

    

       (8) 

 
knowing that 
 

 
0

p 0

tan ,
cos cos

v

r r e


 


 
            (9) 

where: n - the number of segments in the integration range, 
k - the number of the node. 

 

 
Figure 3 The resultant profile of the oil velocity field in the lubricating film of a 

sliding journal bearing for angle ϑm, where
m

0
p







 

 

 
a) 

 
                            b)                                                                                        c) 

Figure 4 Resultant profiles of oil film velocity in a sliding journal bearing for 0,
p







 where: a) ϑ = ϑm ‒ 2ϑ0, b) ϑ = ϑm ‒ ϑ0, c) ϑ = ϑm + ϑ0
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In the other profiles we have dependence 0,
p







thus 

the velocity fields are curvilinear and they were analysed 
using FEM (Fig. 4). The construction of functions and 
equations to determine node velocities was started from the 
profile for angle ϑ = ϑm + ϑ0. In turn, for angle ϑ = ϑm ‒ ϑ0 

the inverse function was used, determining the shape of the 
velocity field for angle ϑ = ϑm + ϑ0 in relation to the straight 
line described by the equation 
 

0

sin

v
u .


                (10) 

 
In accordance with the FEM computational procedure 

for angle ϑ = ϑm + ϑ0 the function approximating the 
solution was assumed as a linear combination of function x 
and (1 ‒ x) for  0 1x , according to equation 

 

 1 1  for  [0,  1].n n nv v x v x x             (11) 

 
In order to obtain a global solution for the entire oil 

film velocity field with the plotted FE grid for angle 
ϑ = ϑm + ϑ0 Eq. (12) was used, which was transcribed in 
local systems of coordinates starting at nodes: 
 

 

 
 

1

1p 0 0

1
p 0

0 m
1 0

100 d d
d

d dco cos

cos cos
sin sin d

E

e

E

e

v v v
x

x xr r s e

n

r r e
v c v x,

n

 
 

 
  






  
 
  

  
   

  





 (12) 

 
where:E number of finite elements, μ absolute viscosity of 
oil (kgꞏm‒1ꞏs‒1), v  value of disturbances in laminar flow 
velocity caused by transverse vibrations of sliding bearing 
(m/s) 

Substituting Eq. (11) we obtain 
 

 
     

 
 

  

1

1 1
p 0 0

1
0

0 m 1
0

100 d d
1 1  d

d dcos cos

cos cos
sin sin 1  d

n n n n

p
n n

v
v x v x v x v x x

x xr r e

n

r r e
v c v x v x x

n

  
 

 
  

 



          
 
  

  
       

  





         (13)
 

 
where after integration the following form was obtained 

 

     

 
 

 

1
p 0

1 1

0
0 1

cos cos
100

cos cos
sin sin

n n n n n n

p
m n n

r r e
v v v v v v v

n

r r e
v c v v .

n

 
   

 
   



 



  
    

  
  

   
  

            (14) 

 
Since variations δvi are mutually independent an 

expanded system of equations is formed, in which the 
number of unknowns is dependent on the number of FE. 

For a single FE given in Fig. 5 the distribution of velocity 
between nodes kn and kn+1, may be written in the matrix 
form:

 

    2
10

0 m

1 1 0 5100

1 1 0 5cos cosα
sin

n

np

,v

,r r e
v c sin

n




 


     
          

  
  

             (15) 

 
where 
 

Δ
const.

Δ

p
c

z
                (16) 

 
The solution to matrix (15) makes it possible to derive 

equations and determine boundary values of the 
investigated function defining the shape of the lubricating 
film velocity field for angle ϑ = ϑm + ϑ0. The number of 
equations providing a solution is dependent on the 
accuracy of the grid and the number of FE in the 
investigated field.  

Figure 5 A scheme of a finite element  
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3 VERIFICATION OF THE MODEL AND SIMULATION 
TESTS 

 
The model developed using FEM was verified by 

analysing a sliding bearing with the inner sleeve diameter 
of 60 000 mm and outer journal diameter of 59.705 mm. 
The distance between the surfaces of the journal and the 

sleeve was divided into 9 identical segments (elements), 
whose length is 0 111l . , 

 p 00 111 cos cosh . r r e .       
Ends of the segments 

determining 10 nodes were denoted successively from 0 to 
9.  

Applying Eq. (12) for the adopted boundary 
conditions, i.e. v9 = 0 and 0 0v r   we obtain 

 

        

           

           

11

m p 0 1 1
0

2 1 2 1 3 2 3 2

4 3 4 3 5 4 5 4

d d
100 sin sin 0 111 cos cos

d d

d d d d
1 1 1 1

d d d d

d d d d
1 1 1 1

d d d d

v . r r e v x v x
x x

v x v x v x v x v x v x v x v x
x x x x

v x v x v x v x v x v x v x v x
x x x x

     

   

   

          

                   
                  



           

           

         

6 5 6 5 7 6 7 6

8 7 8 7 8 8

1

0 m 0 0 1 2 1
0

d d d d
1 1 1 1

d d d d

d d d d
1 1 1 1 d

d d d d

0 111 sin sin cos cos 1p

v x v x v x v x v x v x v x v x
x x x x

v x v x v x v x v x v x x
x x x x

, v c r r e v x v x v x v x

v

   

  

      





                   
                 

            





       
      

3 2 4 3 5 4 6 5

7 6 8 7 8

1 1 1 1

1 1 1 d

x v x v x v x v x v x v x v x

v x v x v x v x v x x.

  

  

                          

                 

                        (17) 

 
After integration we obtain 
 

        
           
       



1

0 2 1 2 1 3 2 3 2

4 3 4 3 5 4 5 4 6 5 6 5 7 6 7 6

8 7 8 7 0 m 0 1 2 3

4 5 6 7 8

100 0 111 cos cos

0 111 sin sin cos cos

p

p
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v v v v v v v v v v v v v v v v
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                            (18) 

 

Where after ordering 
 

    
   

       
   

1 2 1 1 2 3 22

0 m 0

2 3 4 3 3 4 5 4 4 5 6 5 5 6 7 6

6 7 8 7 7 8 8 1 2 3 4 5 6 7 8

100
2

sin sin 0 111 cos cos
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                                       (19) 

 
Assuming that variations δvi are mutually independent 

an expanded system of nine equations is formed, written in 
a matrix form: 
 

    

1

2

3

4
2

5
0 m p 0

6

7

8

1 1 0 0 0 0 0 0 0 5

1 2 1 0 0 0 0 0 1

0 1 2 1 0 0 0 0 1

0 0 1 2 1 0 0 0 1100

0 0 0 1 2 1 0 0 1sin sin 0 111 cos cos
0 0 0 0 1 2 1 0 1

0 0 0 0 0 1 2 1 1

0 0 0 0 0 0 1 2 1

v ,

v

v

vv
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v

v
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(20) 
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After matrix (20) was solved and considering that v0 = 
ωr0 we obtain 
 

    2

0 m p 0

1

32 sin sin 0 111 cos cos
,

100

r c . r r e
v

v

    



       (21) 

 

    2

0 m p 0

2

31 5 sin sin 0 111 cos cos
,

100

. r c . r r e
v

v

    



        (22) 
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0 m p 0

3

30 sin sin 0 111 cos cos
,

100

r c . r r e
v

v

    



       (23) 
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0 m p 0

4

27 5 sin sin 0 111 cos cos
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100

. r c . r r e
v

v

    



       (24) 

 

    2

0 m p 0

5

24 sin sin 0 111 cos cos
,

100

r c . r r e
v

v

    



      (25) 
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0 m p 0

6

19 5 sin sin 0 111 cos cos
,

100

. r c . r r e
v

v

    



       (26) 

 

    2

0 m p 0

7

14 sin sin 0 111 cos cos
,

100

r c . r r e
v

v

    



        (27) 

 

    2

0 m p 0

8

7 5 sin sin 0 111 cos cos
.

100

. r c . r r e
v

v

    



        (28) 

 
 

Based on Eqs. (21) to (28) values of oil film velocity 
were determined at nodes of the adopted grid at the section 
at angle ϑ = ϑm+ ϑ0. Simulation studies were conducted for 
eleven velocities v0 (mꞏs-1), with the following values: 
0.050, 0.055, 0.060, 0.065, 0.070, 0.075, 0.080, 0.085, 
0.090, 0.095 and 0100. In this analysis the value of 
disturbance velocity was assumed at 0 01 (m/s),v .  which 

results from journal vibrations. Absolute viscosity of the 
tested engine lubricant is μ = 0.319 (kgꞏm‒1ꞏs‒1), at c = 40 
(kgꞏm‒2ꞏs‒2). 

Fig. 6 presents values of individual velocities of the oil 
film found in the sliding journal bearing adopted for the 
simulation studies using Eq. (8) developed for angle ϑm, 

where
m

0
p







. For all the conducted simulation studies 

shapes of the functions reflect the assumptions adopted for 
the constructed model. Individual straight lines determined 
based on the values of angular velocity of journal ω for the 
sliding journal bearing determine shapes of oil velocity 
fields in the lubricating film in relation to the horizontal 
axis for the adopted FE grid. 

Fig. 7 presents node velocities at the section for angle 
ϑ = ϑm + ϑ0, which were determined based on Eqs. (21) to 
(28). Shapes of functions and thus determined velocity 
fields confirm logical accuracy of the developed models. 
The greatest value of velocity was recorded at node k1, 
followed by its non-linear reduction to 0 at point k9. 

Results of simulation studies at the section for angle ϑ 
= ϑm ‒ ϑ0, where node velocities were calculated from 
inverse Eqs. (21) to (28) in relation to the straight line of 
dependence (10), are presented in Fig. 8. The course of the 
function for each initial velocity v0 reflects the FE grid. The 
established velocities decrease non-linearly reaching 
negative values at nodes k7 and k8, which shows a return oil 
flow in the lubricating film of the analysed bearing. 

 

 
Figure 6 Oil velocity in the lubricating film of a sliding journal bearing 

(rp = 60 000 mm, ro = 59.705 mm, n = 9, α = 22.750°, β = 0.059°, ϑ = ϑm = 110.0°) 
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Figure 7 Oil velocity in the lubricating film of a sliding journal bearing 

(rp = 60 000 mm,ro = 59.705 mm, v = 0.01 m/s, n = 9, c = 40 (kgꞏm‒2ꞏs‒2), α = 2.750°, β = 0.001°,ϑ = ϑm+ ϑ0 = 120.0°) 

 

 
Figure 8 Oil velocity in the lubricating film of a sliding journal bearing 

(rp = 60 000 mm,ro = 59.705 mm, v = 0.01 mꞏs‒1, n = 9, c = 40 kgꞏm‒2ꞏs‒2, α = 48.410°, β = 12.610°,ϑ = ϑm‒ ϑ0 = 100.0°)
 

 
4  CONCLUDING REMARKS 
 

This study presents the application of FEM to solve an 
engineering problem in order to construct a computational 

model and to analyse oil velocity fields in the lubricating 
film of a journal bearing at a constant rotational velocity of 
the journal. Developed equations as a result of 
approximation of differential equations based on the theory 
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of fluid hydrodynamics and subjected to the computational 
FEM procedure provide approximate solutions. 

The developed model makes it possible to conduct 
simulation studies and determine the effect of changes in 
functional parameters of a sliding bearing on its lubrication 
conditions. Simulation and numerical analysis may be used 
to investigate the effect of load values of journal P on 
displacements e of geometrical centres OP and OJ.  

From the point of view of in-service testing the 
proposed models may be used to assess the effect on 
lubrication efficiency exerted by an increase in the gap 
between the surfaces of the journal and the sleeve as a 
result of wear. An important problem is also connected 
with assessing the effect of an increase in rotational 
velocity of the journal and disturbances caused by 
vibrations on the quality of the lubrication process. 
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