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Abstract. In this paper, a boundary value problem for a singularly perturbed linear sys-
tem of two second order ordinary differential equations of convection-diffusion type is con-
sidered on the interval [0,1]. The components of the solution of this system exhibit bound-
ary layers at 0. A numerical method composed of an upwind finite difference scheme applied
on a piecewise uniform Shishkin mesh is suggested to solve the problem. The method is
proved to be first order convergent in the maximum norm uniformly in the perturbation
parameters. Numerical examples are provided in support of the theory.
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1. Introduction

Singular perturbation problems of convection-diffusion type arise in many areas of
applied mathematics such as fluid dynamics, chemical reactor theory, etc. Also,
linearising Navier-Stokes equations, which plays a vital role in the field of science,
leads to a system of convection-diffusion equations.

For a broad introduction to singularly perturbed boundary value problems of
convection-diffusion type one can refer to [9, 4, 5]. There, the authors suggest robust
computational techniques to solve them. A class of systems of singularly perturbed
reaction-diffusion equations has been examined by several authors in [8, 7, 11, 3].

Here, in this paper, a weakly coupled system of two singularly perturbed conve-
ction-diffusion equations with distinct perturbation parameters is studied both an-
alytically and numerically. If the perturbation parameters are equal, then the argu-
ments in [5] are sufficient to show that the suggested method is parameter uniform.
But in general, boundary layers of unequal width are expected for the components
of the solution because of the coupling of the components.
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In papers [1, 10], a class of strongly coupled systems of singularly perturbed
convection-diffusion problems is examined. A coupled system of two singularly per-
turbed convection-diffusion equations is considered in [2]. In [6], the author analysed
a coupled system of singularly perturbed convection-diffusion equations.

In this paper, the major assumptions ey < CN~! g5 < CN~! in [2], are re-
moved. Moreover, the analytical and numerical arguments are completely different
from [2] and [6] in the following sense. The decomposition of the solution is based on
the effect of each perturbation parameter on the components of the solution. Thus,
we get more information about the components of the solution and its layer pattern.
Also, it is to be noted that the decomposition of the smooth component in [2] is
given a correct definition here in this paper.

Notations. For any real valued function y on D, the norm of y is defined as
lyllp = suply(z)|. For any vector valued function Z(x) = (z1(x), 22(2))T, |Z(x)| =

xzeD

T . . . .
(21 @)] [z2(@)]) ", (2(@))i = 2i(2) and ||Z]| p = max {|[z1]|p, [l22]p }. Also Z(x) >0,
if z1(x) > 0 and z2(z) > 0.
. N _ ) N o )
For any mesh function Y on DV = {x; }j:O’ IYp~y = Orgrzzlng\Y(x])| and for
any vector valued mesh function Z = (Zy, Z5)7, |Z(xj)| = (|Z1(z;)|,| Za(x;))T,
1Z]p~ = max {[| Z1]| pw., | Za|l p }-

Throughout this paper, C denotes a generic positive constant which is indepen-
dent of the singular perturbation and discretization parameters.

2. Formulation of the problem

Consider the following system of equations

—~ O

0 €9 —bo1 () boa(w)

E:Fl 0}’ e {al(()x) x)y B(x):[bnu) _bm(@}

Here, €; and e, are two distinct small positive parameters and, without loss
of generality, we assume that €1 < e3. The coefficient functions are taken to be
sufficiently smooth on Q and a;(z) > a > 0, bi;(z) — bij(z) > B> 0, b;; > 0, for
i,j =1,2 and i # j.

The case a;(x) < a < 0, for ¢ = 1,2, is put into the form (1) by changing
independent variable from x to 1 — z.

Since the matrix B(x) is not diagonal and the matrix A(x) is diagonal, the system
is weakly coupled. If the matrix A(x) is not diagonal, then the system becomes
strongly coupled. If aq(z) and ay(z) are zero functions, then the above problem
comes under the class considered in [8].
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The reduced problem corresponding to (1)—(2) is

(r) = A(z)w' () — B(x)up(x) = f(z), 2 €Q (3)
7 (4)

where, 1ip(2) = (uo1 (2), uo2(2))".

A boundary layer of width O(es) is expected near = 0 in the solution compo-
nents u; and ug if us(0) # up2(0) and a boundary layer of width O(ey) is expected
near = 0 in the solution component uy if u1(0) # up1(0). Numerical illustrations
provided for each case exhibit such layer patterns.

3. Analytical results

In this section, a maximum principle, a stability result and estimates of the deriva-
tives of the solution of the system of equations (1)—(2) are presented.

—

Lemma 1 (Maximum principle). Let ¢ € (C2(Q))2 such that ¢(0) > 0, ¢(1) >
0, Ly <0 on (0,1); then ¢ > 0 on [0, 1].

Proof. Let z* and y* be such that ¢ (x*) = ) and Yo (y*) = minys(x).

e

ming; (2
QS Pa(y*) and suppose 11 (2*) <

ze
Without loss of generality, we assume that ¢ (z*)
0; then * ¢ {0,1}, ¢j(2*) = 0 and ¢{(x*) > 0.

(L)i(z*) 2 erdp (27) +ar («)1 (27) = (b11 (27) = bia(27))¢h1 (27) > 0, contradiction
to the assumption that Ly < 0 on (0,1). Hence, ¢(z) > 0, on [0, 1]. O

An immediate consequence of the maximum principle is the following stability
result.

Lemma 2 (Stability result). Let ¢ € (C%(Q))2; then for x € Q and i=1,2
. . 1 -
)] < max {01, 190, 51201}
Corollary 1. Let @ be the solution of (1) — (2); then
jus(a)| < max {71, 171, 5071}
B
Theorem 1. Let @i be the solution of (1)-(2); then for x € Q and i=1,2

[l @)] < Ce7* (1) + il 7ll) for k=12 (5)
wi@)| < Cer? (il + el f11) + <7 114 (6)

(@) < Cex%er (Il + =2 1) + <5 13 (7)
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Proof. For any x € [0, 1], there exists a € [0,1 — ;] such that z € N, = [a,a + &;].
By the mean value theorem, there exists y; € (a,a + &;) such that

ui(a+¢g;) — ui(a)
€i

Ué(yz‘) =
and hence
g (ys)| < Ce; |||
Also,
@) =uif) + [ ul(s)ds

Substituting for «/(s) from (1) and integrating by parts, we get
jwi(@)] < C=7 (il + <1 ).

Again from (1),
jwf/ ()] < Ce7 2 (Jll + el 71

Differentiating (1) once and substituting the above bounds lead to

|u§3)(w)\ < Cg;3<\|ﬁ|| +€1\\ﬂ|) +er Al

3 -2 — - = —
i @)| < Cezer (1l + 2l 1) + 23 173l

3.1. Shishkin decomposition of the solution

The solution @ of problem (1)—(2) can be decomposed into smooth and singular
components ¥ and W given by

U =7+,
where
L7 = f,#(1) = 7, #(0) suitably chosen, (8)
L = 0,%(0) = [ — 5(0),w(1) =0, ()

with 7 = (v1,v2)7 and @ = (wy,ws)7.
Now, @ is decomposed into 7 = 4y + €291 + €342, where 4§y = (o1, yo2)? is the
solution of (10)—(12),

/

a1(2)yo1 (z) — b11(z)yor (z) + brz2(z)yoz2 ()
a2 (2)ypa () 4 ba1 (2)yo1 () — baa(2)yoa(z)
yo1(1) = 71(1), yoa(1)

I
S,
~—
8
=
5

Yo2
Yo2

Il

<

[\v]

—~ o~

= 8
T~ —
—~~
[EE—
[N
~— ~—
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71 = (y11,%12)7 is the solution of (13)-(15),

€1 p

a1 (x)yy (@) = b (z)y11(x) + bia(z)y12(z) = —51101(33) (13)
az(2)y12(x) 4 ba1 (2)y11 () — baa(x)y12(2) = —yga(e) (14)
y11(1) = 0, y12(1) = 0. (15)

7o = (yo21,%22)7 is the solution of (16)—(18),

€191 (%) + a1 (x)ysy (2) — bi1(2)ya1 () + bia(w)yaz(z) = —%y/ﬂ ()  (16)

€2Y90 () 4 a2 () yhe (%) + ba1 (x)y1 () — baz()y22(z) = —y5(2) (17)
y21(0) = p, ¥22(0) =0, y21(1) =0, y22(1) = 0. (18)

In (18), p is a constant to be chosen such that |p| < C.
From (10)—(15), it is not hard to see that for 0 < k < 3,

lis ™ < ¢, g™ < c. (19)
Now, consider equations (16)—(18) and using Lemma 2
g2l < C. (20)
Using estimate (5) from Theorem 1, we get
W (@) < Ce5F for k=1,2. (21)
From (16),

1Yz + a1(2)ys; () — bix(2)ya1 () = *%y'ﬁ(z) — biz(z)y22(7). (22)

Decompose y21 as y21(z) = 20(z) + £121(7) + e322(x) with

8

ay(x)zo(x) — b1 (x)z0(x) = —%Z/ﬁ(ﬁc) — b1a(w)y22(7), 20(1) = 0, (23)
r) = —zy(x),z1(1) =0, (24)

x) = =21 (x),22(0) = 0, 22(1) = 0. (25)

ar ()27 (x) — b1 (x) 2
€123 (2) + a1(z)z5(z) — bia(z)z2

(
(
(
Estimating zp and z; from (23) and (24) and using Chapter 8 of [9] for the problem
(25), the following estimates hold for 0 < k < 3;
0”1 < 4™, 117 < O+ %), 157 < O+ 3% ™).
Then p = 2z9(0) + €121(0) and for £k =0,1,2,
k - 3 -1 -

st (@)] < Cez? st ()] < Cei'ez®, (26)

Differentiating (17) once and using (21) and (26)

lyss) (x)] < Ce3®. (27)
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Hence, from (19)—(21) and (26)—(27), the estimates of the components v; = yo1 +
£2Y11 + €2y21 and vy = Yoo + E2Y12 + £5Yao of T are as follows:

e @) < @) < Coro<k <2, (28)
o (@) < Ot oY (@) < O (29)

Theorem 2. Let w(x) be the solution of (9), then for x € Q, the following estimates
hold:

jwi ()] < Cexp —2, Jun(x)] < Cexp —r, (30)
E9 €2
|w§k)(:c)| < C(sfk exp —?ax + 5 exp —Eozx)7 for k=1,2,3, (31)
1 2
|w§k)(x)| < Cey%exp ﬂ, for k=12, (32)
€2
|w§3)(x)| < Ceyt (8;1 exp %«x + 52 exp %) (33)
1 2

Proof. Estimates (30)—(32) follow from Lemma 4 of [2].
From (9), we have

eqwh () + ag(z)wh () + boy (z)w1 () — baa(z)wa(z) = 0.
Differentiating the above equation once yields
lesws? (@)] < C (| (2)] + |w) ()])

and hence,
—ax

—ax
|w§3)(x)| < Ceyt (51_1 exp + 5% exp )

€1 €2
O

3.2. Improved estimates for the bounds of the singular com-
ponents
Let By(z) and Ba(z) be the layer functions defined on [0, 1] as follows:
—Qx —Qx

, Ba(z) =exp
€1 €2

Bi(z) = exp

Using the arguments similar to those used in Lemma 5 of [11], it is not hard to see
that there exists point z, € (0, 1) such that

Bl(Is) _ BQ(IS)

S

- ,s=1,2,3 (34)
et €3

and
B B B B
1(:0) > Q(Sx), for z € [0, zs), 12&0) < QEJ;)’
€1 €9 €1 €3

for z € (zs,1]. (35)
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Now the singular components w;(x) and ws(z) are decomposed as follows:
wi(z) = wi1(z) + wi2(z), wa(z) = w21 (x) + waz (), (36)

where, w11, wy2,ws; and wesy are defined by

3
wi (z) = Z (z— mg)k/k!)wik) (x3), for z € [0, z3) (37)
k=
wlo(a:), for x € [x3,1]
wiz(z) = wi(z) — wi(z) (38)
3
() = 4 2 (@ =20 /R)wi? (), for z € [0,21) (39)
k=
wgo(x), for z € [z1,1]
wag(x) = wa(x) — war (). (40)

Lemma 3. Let wyy,wya, w1 and way be as defined in (37)-(40); then for x € Q,
the following estimates hold.

Wit ()] < Cez®Ba(w),  |wly(2)| < Cer?Bi(w), (41)
[wsy (2)] < Oy Ba(w), |ugy()| < Cey*Bu(a). (42)
Proof. For z € [0,z3), by the definition of wy;(x) and using (31) and (34),
[wi} (@)] = [y (23)] < Cey*Ba(ws) < Cey* Ba(w).
For x € [z3,1], by the definition of w;;(x) and using (31) and (35),
[wi? (@)] = [} (2)] < Cey*B(a).
Hence,
|w§?{)($)| < Cey®By(z),on Q. (43)
Similar arguments lead to
jw§? (2)] < Ce;®Ba(x),on Q. (44)
Using (38), (31), (45) and (35), it is not hard to see that for z € [0, x3),
[wi3 (2)] < [y (@)] + [} (2)] < Oy *Bi(a).

Since wi,(1) = 0, it follows that for any z € [0, 1],

1 1
lw!ly ()] = ‘/ wg(t)dt\ < C/ e7®B(t)dt < Ce?By(x).

Hence, -

lwiy(2)] < CeT?By(x),0on Q. (45)
Similar arguments lead to

lwhy(2)] < Cey?By(x),on Q. (46)
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Now consider the alternate decomposition of the singular component wy(z) as
below.
wi(z) = win (z) + wia(z), (47)

where wy; and w2 are defined by

2

wll(-r) — ICZZO ((-’L’ — xg)k/k")wgk) (Jlg), for x € [07 1‘2) (48)
w1 (), for x € [x9,1]
wiz(z) = wi(x) — wii(x). (49)

Then, arguments similar to Lemma 3 lead to

Wiy (2)] < Ce3?Ba(x),  |wia(@)| < Cey'Bi(x). (50)

4. Numerical method

A piecewise uniform Shishkin mesh Q" is defined on [0, 1], so as to resolve the layers
in the neighbourhood of = 0. Let N denote the number of mesh elements which
is taken to be a multiple of 4. The interval [0,1] is divided into three subintervals
[0,71], [11,72] and [12, 1], where 71 and 7 are the transition parameters given by

1

2 2
f,ﬂlnN}, lemin{T2 °1 }
2"«

TQ:min{ — — InN
2«

In each of the intervals [0, 7], [r1,72], N/4 mesh elements are placed and N/2
mesh elements are placed in the interval [12, 1] so that the mesh is piecewise uniform.
The mesh becomes uniform when 75 = 1/2 and 71 = 75/2.

Let Hy, H» and Hs denote the step sizes in the intervals [0, 71], [r1, 72| and [12, 1],
respectively. Thus,

4T A — T 2(1 -
= =2 g, = 200

Therefore, possible four Shishkin meshes are represented by Q" = {z; };-VZO, where

JjHq, if 0<j<®&
zj=% n+ (G- H,if § <j< %
T4 (- §)Hs, if § <j<N.

To resolve the layers, the mesh is constructed in such a way that it condenses at the
inner regions where the layers are exhibited and is coarse in the outer region, away
from the layers.

To solve the BVP (1)—(2) numerically the following upwind classical finite differ-

ence scheme is applied on the mesh Q.
LNU(z)) = ES*U () + A(x;) DV U () — B(a;)U () = f(x;), (51)
Uxo) =1, U(zn) =7, (52)
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where U(z;) = (Uy(;), Us(z;))T and for 1 < j < N —1,
Ulzjr1) = Ulzy)

DTU(x;) = :
hjs1
D~ U(x;) = Ulaj) = U(ifjfl)’
h;
PU(a;) = —(D*U () ~ D U(xy)),
h]
with .
hy =2y — a1, T = %

5. Error analysis

In this section, a discrete maximum principle, a discrete stability result and the first
order convergence of the proposed numerical method are established.

Lemma 4 (Discrete maximum principle). Assume that the vector valued mesh

function J(m]) = (1(zj),¥2(z;))T satisfies U(wo) > 0 and Y(xy) > 0. Then

LNJ(mj) < Gfor 1< j < N —1 implies that 1/;(%) > GforO <j<N.

Proof. Let ky and ko be such that 11 (zx, ) = min; (x;) and ¥a(xg,) = mins(z;).
j J

Without loss of generality, we assume that 11 (zk, ) < ¥2(xg,) and suppose 91 (zk, ) <

0. Then, k1 € {0, N}, 91 (g, +1) — P1(Tk,) = 0 and 91 (g, ) — P(xk—1) < 0, implies

that (LV4)1 (2, ) > 0, a contradiction. Therefore, 1y (zx,) > 0 and hence, J(xj) >0
for0<j<N. O

An immediate consequence of the above discrete maximum principle is the fol-
lowing discrete stability result.

Lemma 5 (Discrete stability result). If 1/_)'(%) = (Y1(z;),2(2;))T is any vector
valued mesh function defined on ﬁN, then fori=1,2 and 0 < j < N,

)| < max (e}l 1)l 5 1LYl }.

5.1. Error estimate

Analogous by to the continuous case, the discrete solution U can be decomposed
into V and W as defined below.

—

(z;) = fla;), for 0 < j < N, V(x0) = #(x0), V(zn) = 0(zn), (53)
(z;) = 0, for 0 < j < N, W(xo) = @(x0), W(xn) = W(xn). (54)

Lemma 6. Let ¥ be the solution of (8) and V the solution of (53); then

<\

LN
LN

=

|V = &][qy < ON7L
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Proof. For 1 <j< N —1,
LNV = #)(w;) = flaj) = LN(a;)
= (L= LV)ii(x)
2o, d . .
= (o5 — 0)Eu(a)) + (5= - D) A(ay)i(x)
_ ((d% — 8o () + an ;) (4 — D%(w») |

|8

ea(k — 0% va(z;) + ag(x;) (G — D )va(xy)

By the standard local truncation used in the Taylor expansions,

<

€T

d? d
le1( Gy =0%)un(ey) + aa (@) (- = DH)on ()] < Clajr = zima)Ealled” | + [of),
d? d
[ea( g —0%)va(a) + aa(w;) (- =D oa(a)] < Clajr —wj-1)(allog” | + 1037 )-
Since (241 — xj—1) < CN~!, using (28) and (29),
ILN(V = 0)||ovn < CN7L

Using Lemma 5,

|V = &loy <CN—L. (55)

O

Ul

To estimate the error in the singular components , we consider the mesh functions
—N
B (z;) and B (z;) on Q defined by

J J
ah; . _ ah;
Bl (ej) = [J(0+ 5257 and BY (25) = [ [0+ 5
i=1 i=1
It is to be observed that BY¥ and B are monotonically decreasing.

251

Lemma 7. The layer components Wy and Wo satisfy the following bounds on a”.
(Wi(z))| < CBy (z5) and [Wa(z;)| < CBY (x;).
Proof. Consider the following vector valued mesh functions on o
0 (wy) = O(BY (). BY ()" W (x).
Then for sufficiently large C, ¥ (o) > 0, ¥+ (xy) > 0 and

e ()

=1

Using the discrete maximum principle, we have 1/_)&(17]4) > 0 on ﬁN, which implies
that
[Wi(z))| < OBy () and [Wa(;)| < CBY (x;).
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Lemma 8. Let i be the solution of (9) and W the solution of (54); then
|W — @5y < CN~'In N.
Proof. By the standard local truncation used in the Taylor expansions,

d? d
1 (ggz =00 )+ ) (=D (25)] < Clargia =) (e o [+ wi”])
2

d d 3 2
[e2( 75 =87 wa(@;) +az () (- =D P wa(e;)| < Oajer—wjm) (Elluwg” |+ w5 ),
where the norm is taken over the interval [z;_1,z;j41].

For the case 7, = 1/2 and 7, = 1/4, the mesh is uniform, h = N~', e;* < CIn N
and 551 < ClIn N and thus we obtain

(56)

LY (W — @)(2;)] < (CNl(s;“‘Bl(xj_l) +e52By(xj1)) ) |

ON~'(er'ex ' Bi(xj-1) + €5 ° Ba(wj-1))

Consider the following barrier function 5 given by

—1

) = s (exp@ /2= Y + exph ) 2,
CN—! —1

pa(z;) = m(exp(%h/&)&l Zj),

where v is a constant such that 0 < v < «a,

Yj—/\;VNj_llWith)\—l—l-ZL
and 4
Zj:*/ivl\:j__llwithAzl—i-zg.
It is not hard to see that
0<Y; Z; <1,

(16> +yDT)Y; =0, (20> +vD™)Z; =0,

DYY; < _al exp(—vyzj41/e1), DYZ; < _51 exp(—vz;j+1/€2)-
1 2

CN—! (511 exp(2vh/e1)DVY; 45! eXp(Q'yh/Eg)D+Zj>
g1 ' exp(2yh/e2)(az — ) DT Z;

[2Bi(xj_1) + 52 Ba(x_1)
—CoN-L (2T e 2“). 57
( €1 152 1Bl(xj—1) (57)

IA
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Consider the discrete functions
- - - =N
U (25) = dlay) £ (W — d)(z;),2; € 0
Then for sufficiently large C, using (56) and (57), ¥*(z0) > 0, ¥*(zy) = 0 and
LNy () <0 on QN
Using the discrete maximum principle, z/;i (xj) > Jon 0. Hence,
o CN~(er' +e3h) CN~'InN
07 = el < (P ET)) < (C-
implies that =
[(W = if)|[gv < CN~'InN. (58)

For other choices of 71 and 7y, the estimate of ||(W — @)||x is as follows.

Let ﬁfl = {:cj}j\[:/g and ﬁ;v = {a:]
Theorem 2,

Il
then for z; € QQ , using Lemma 7 and

A
(W —wi)(x;)| < [Wi(zy)| + [wi(z;)] < CBY (5) + CBa(x;)
< OBy (13) + CBay(72).

Bs(1a) = exp(%) <exp(—InN)< N~

H 252

i=1

OLHl 4 OLHQ #
) (0 g)
( + 252 + 252

20[7’1 4 20&(7’277’1) #

= (1 55) T =)
( * NEQ + NEQ
200\ T
2 1
< (1 )
= + N62
BN (m) < N™

Hence, |(W; — w1 )(z;)| < CNL
Similarly, it is true that [(Ws — ws)(z;)] < CN~! and hence,

(W — @)y < CNL. (59)

For N/4 < j < N/2,if e9/2 < &1 < &9, then 15 < (4¢1/a)In N implies that

1 } 1 }
LN (W — @) (z;)| §CN11nN(51 Bie) + & BQ(””J”). (60)
ey Ba(zj-1)

On the other hand, if e > 2¢7, then using (36),

<|el<dd; - 62>w1<wj>|> - <|<d - 62>wu<xj>|> . <|<d - 52>w12<xj>|> |
lea (ks — 8% wa(z))| ] ~ \[ea(ghz — 0% war ()] le2 (i — 0% )wan ()]
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Also, by the standard local truncation used in the Taylor expansions and using
Lemma 3,

>~ 3
Cea(wjpr — zjo1)|[wsy |

(mu@ﬁwmum><<&umﬂ%4>@?g
a” .

11 B (xj-1)
< Cey'N lnN(B2<xj_1) :

2
|€1(dd? - (52)w12($j)| <C <51||w:1i2||[zj—1,zj+1])
|€2<diT2 — 8% waa(z;)| ) e2llwisll (2,141
-1
e] B (ﬂcl))
<C(TLon :
B <€2 'Bi(z;-1)
Thus, for N/4 < j < N/2,
e (i — 8)un ()l _ <0521N_11HN32(%‘1) +CallBl(wj1)) (61)
lea(4ey — 62wy (x;)| ] ~ \Cey '"N~'InNBay(xj-1) + Cey 'Bi(wj-1))

Using the alternate decomposition of wj(x) given in (47) and the arguments similar
to the above, it is not hard to verify that for N/4 < j < N/2

(IEd _D+)w1(mj)) < (Cez_lN_llnNBg(xj_ﬁ+C’61_1B1(acj_1)>. (62)

d
g — Dt )wa ()] Cey "N~'In NBy(xj_1) + Cey ' By(zj_1)

Hence, for N/4 < j < N/2, expressions (61) and (62) yield

- Cey 'N"'In NBy(zj_1) + Cey ' By(xj_1)
N o . < 2 PACT 1 1\Lj—1 ]
|L (W w)($3)| - (CEQIN_l h’lNBQ(ijfl) + 0527131(.%&‘,1) (63)
For 0 < j < N/4, 71 < (e1/a)In N and hence
LY (W — ) (z;)| < ON"'ln N (51 Bilej-) + & BZ(%*)) . (64)
&y Ba(z-1)

Consider the following barrier functions for 0 < j < N/4
o1(zj) = CN—1 lnN(exp(QaHl/El)B{V(xj) + exp(2aH1/52)BéV(xj)) (65)
¢o(z;) = CN~'In N exp(2aH; /e2) By () (66)
and for N/4 < j < N/2
¢1(x;)= CN~'In N exp(2aHz /e2) BY (x;) + CBY (z;) (67)
¢2(z;)= CN~'In N exp(2aHs/e2) BY (x;) + CN 7' (12 — )e5 ' +1).(68)

Let 5 = (¢1, ¢2)T and consider the following vector valued mesh functions for 0 <
Jj<N/2
U (x)) = ¢(ay) = (W — @) ().
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For sufficiently large C,

U (w0) >0, v (zx) > 0and LNﬁi(a:j) < 0,for 0 < j < N/2.

w|z

Then by Lemma 4 ¢*(z;) > 0 for 0 < j < N/2. Hence,
(W — @)|gy < CN~'InN. (69)
Therefore, for any choice of 71 and 7,
[(W — @) ||gv < CN~'InN. (70)
O

Theorem 3. Let @ be the solution of the problem (1)-(2) and U the solution of the
problem (51)-(52); then
(@~ U)|lgy <CN"'InN.

Proof. The result follows by using the triangle inequality, (55) and (70). O

6. Numerical illustrations

Example 1. Consider the boundary value problem for the system of convection-
diffusion equations on (0,1)

e (z) + (1 4+ 22 (x) — (4 + sinz)uy (z) 4 2ug(x) = —e%, (71)
eouly (x) + (24 z)ub(z) + ui(z) — (2 + cos x)ug(x) = —2?, (72)
with u1 (0) = 3, u2(0) =3, uy (1) =1, uz(1l) = 1. (73)

The above problem is solved using the suggested numerical method and a plot
of the approximate solution for N = 1024,e; = 5%, e5 = 277 is shown in Figure 1.

[

P

u2

05|

0 02 0.4 06 08 1

Figure 1: Approzimate solution of Example 1

Parameter uniform error and order of convergence of the numerical method are
shown in Table 1 which are computed using a two-mesh algorithm, a variant of the
one suggested in [5].
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£2

Number of mesh elements N

128

256

512

1024

2048

277
278
2710
2711
2—12
2713
2714
2—15
2716
2—17
2—18
2719
2720
2—21

4.725FE — 02
4.789F — 02
6.282F — 02
7.146 E — 02
7.393F — 02
7470F — 02
7497E — 02
7.508F — 02
7.512E — 02
7.513F — 02
7.514E — 02
7.514E — 02
7.515F — 02
7.515F — 02
7.515F — 02

2.887E — 02
2.919F — 02
4.456EF — 02
5.089E — 02
5.243F — 02
5.321F — 02
5.355EF — 02
5.367F — 02
5.372F — 02
5.374F — 02
5.375F — 02
5.375F — 02
5.376E — 02
5.376FE — 02
5.376 £ — 02

1.775E — 02
1.792E — 02
2.644E — 02
3.212E — 02
3.365E — 02
3.437TE — 02
3.462E — 02
3.471FE — 02
3.475FE — 02
3.477E — 02
3.477E — 02
3.478FE — 02
3.478E — 02
3.478E — 02
3.478FE — 02

1.019E — 02
1.028E — 02
1.535E — 02
1.914F — 02
2.009FE — 02
2.033F — 02
2.040FE — 02
2.042FE — 02
2.042F — 02
2.043FE — 02
2.043FE — 02
2.044F — 02
2.044F — 02
2.044FE — 02
2.044F — 02

5.779E — 03
5.827F — 03
8.425F — 03
1.095F — 02
1.159EF — 02
1.174E — 02
1.177E — 02
1.179E — 02
1.180E — 02
1.181E — 02
1.181EF — 02
1.181E — 02
1.181E — 02
1.181E — 02
1.181E — 02

207

7.5156FE — 02 5.376F —02 3.478E —02 2.044F —02 1.181E — 02
pY 0.483F +00 0.628£4-00 0.767E+00 0.791F 4+ 00
Cé\’ 2.755E + 00 2.755E 400 2.491E+ 00 2.047E 400 1.654E + 00

Table 1: Computed order of (e1,e2)-uniform convergence, p* = 0.4833, computed
(e1,€2)-uniform error constant, Czj,\i = 2.7546

From Table 1, it is to be noted that the error decreases as the number of mesh
elements N increases. Also for each N, the error stabilizes as €1 and €5 tend to zero.

Example 2. Consider the boundary value problem for the system of convection
diffusion equations on (0,1)

eruf (z) + uy(z) — 2ur () + uz(z) = =3(x — 1), (74)
equy (x) + (1 4+ x)ub(z) + zuy (z) — (22 + ug(z) = —2u, (75)
with w1 (0) =0, uz(0) =3, u1(1) =2, us(l) = 2. (76)
The reduced problem corresponding to (74) - (76) is
ugy (z) — 2up1 (@) + ug2(z) = —3(z — 1), (77)
(1 + 2)upy(x) + zuer (x) — (22 + Vugz(x) = —2u, (78)
with u01(1) = 2, Uoz(l) = 2. (79)

A solution of the reduced problem is (ug1(z), ug2(z))” = (22,2 + 1)T. Eventhough
uo1(2) coincides with wi(z) at the boundary points, up2(0) # uz(0) implies that
the es-layer may occur at x = 0 in both solution components w; and wuy. For
N = 1024, e¢; = 5%, g5 = 276, the plots of the approximate solution components
of (74) - (76) shown in Figures 2 and 3 ensure the foresaid layer patterns.
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(a) u1 (b) u1 near x =0

Figure 2: Approximation of solution component uy of Example 2

—

L L L
0 0.2 04 0.6 08 1

Figure 3: Approxzimation of solution component us of Example 2

1

Example 3. Consider the boundary value problem for the system of convection-
diffusion equations on (0,1)

eruf (z) + uf(x) — 2uq (z) + ua(z) = =3(z — 1), (80)
equy (x) + (1 + 2)ub(z) + zuy (z) — (22 + ug(z) = —2u, (81)

A solution of the reduced problem is (ug; (), up2(z))T = (2z,2 + 1)T. Since
u01(0) # u1(0) and wup2(0) = u2(0), the ei-layer is expected near x = 0 only in
the solution component u;. For N = 1024, £, = 574, g5 = 274, the plots of the
approximate solution components of (80)—(82) shown in Figure 4 ensure the foresaid
layer patterns.
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(a) u1 (b) uz
Figure 4: Approximation of solution components of Example 3
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