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The program written in FORTRAN IV for evaluating the
overlap integrals of o, mn, 9, or ¢ type between two s, p, d, or f
Slater AO’s with quantum number 1 to 6 is described and the
computational method is discussed.

INTRODUCTION

Several papers on the evaluation of overlap integrals'™ (OI) have appeared
after Mulliken and coworkers® published the master formulas and tables for
various overlap integrals in 1949. Together with the development of fast
computers many very sophisticated programs and routines for different kinds
of MO calculations, including the evaluations of OI’s as well, have been
written’. Unfortunately, such programs are dealing mainly with the first and
second row elements and therefore do not allow calculations of the OI's of
higher orders, or the OI's are not easily picked out from such a complex
program.

In the present work a FORTRAN IV routine for evaluating o, m, 9, or ¢
type OI's between two Slater AO’s is described. The maximum quantum
number for s, p, d, or £ AO’s is 6, therefore 348** different types of OI’s can
be evaluated using this routine.

METHOD OF CALCULATION

The OI for two Slater type AO’s can be written as follows®:

o~ 1
S (nay AO“, nb, Aob; p,t) = Nab (.)f Il(é: + 7])8“ (E_n)sh
P (& n)ep E+nt) dfdy )

where P (&, #) is a polynomial
L
P& ) = 2 Eph
i
and the integral over & and »y can be expressed in terms of integrals A and B;

*Part of this work was done at the Institute »Jozef Stefan«, University of
Ljubljana, Ljubljana.

** 36 sso, 30 spo, 24 sdo, 18 sfo, 25 ppo, 20 pde, 15 pfo, 16 dde, 12 dfs, 9 ffo,
25 ppm, 20 pdw, 15 pfr, 16 dd=m, 12 dfr, 9 ffx, 16 ddd, 12 df6, 9 ffo, 9 ffq.
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L
P& mepE+ad didy =S o A, p) Bk, pt)
1 i

[ W

)
0
P (&, n) depends on the type of overlap (o, =, ...), the quantum numbers (n =
=1,...,6), and AO’s (s, p,...). The polynomial P (§, ) can easily be obtained
from Lofthus formulas by derivation®. The exponents s, and s, are mantissas
of noninteger quantum numbers, i. e. they are equal to 0.7 and 0.2 for n equal
to 4 (3.7) and 6 (4.2), respectively, and are zero for all other cases (n = 1,2, 3, 5).
Further, the OI (1) can be expanded5:

oo 1

S=N, §Ja+1y.q — My,
0 -1 & &

P (£l +sa T s5,m) ep E+nb) dE dy

oo 1 oo m . l
=N,JJ xC, (157.) P(gl+satsy,y)eprEtatydédy
0 -1m=0
o) L :
= Na,O = Ch > o, A, + s, + s, —m, p) B (k; + m, pt) 2)
m=0 i=0 -

In the present form (2) the OI's are computed by the described routine. The
integrals A (a, p) and B (B, pt) are defined in the litérature’™®. The calculation
of the integral A (a, p) for noninteger values of the argument « is described in
the Appendix I. For the calculation of the integral B (ﬁ,'pt) see for example$s.
The expansion over m is necessary in the cases of noninteger quantum numbers
when s, or s, are different from zero. In all other cases the equation (2) is

modified to:
L

S =N, = oA, p) Bk, pt) (2a)
i=0

DESCRIPTION OF THE PROGRAM

The subroutine @VERLAP is completely self-contained (composed of three
subroutines GVERLAP, DER and DUMP, and of two functions A4 and B) and
communication to it is solely through the argument list. The entrance to the
subroutine can be achieved by:

CALL OQVERLAP (N1, N2, LOR1, LOR2, P, T, FACTOR, SOVE, IS, I0). The

The meaning of the parameters is described in the comments at the beginning
of the subroutine @VERLAP. The Lofthus formulas® from which the OI can be
obtained are stored in DATA statements in the twodimensional array @V (IS, J)
as follows:

— each formula in the separate row, indexed with IS (i.e. IS =1 for s-sg,
IS = 2 for s-po and so on) '

— the first number in each row, @V (IS, 1), contains the normalisation con-
stant of the Lofthus integral s (n,l,mn,l;m)5

— in the second place, OV (IS, 2).= 3.N + 2, is stored, where N is the number
of products of A and B integrals in each Lofthus: integral s(n,lym, n,l,m)
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— all further elements j in @V (IS,j) formed N groups of 3 numbers. The
first number of each group is the coefficient of the product A - B, the second
and third are a and f, parameters of the appropriate integrals A (a,p) and
B (8, pt), respectively.

For example the Lofthus formula for the p-po integral (IS = 5): s (1po, 1pc) =
=3/2 (—A,B,+ A,B,) is stored in the program as: DATA (@V (5,J),J =
=1,8)/1.5, 8.,—1.,2,2,1.,0.,0./

The subroutine @VERLAP with a very small main program running at CDC
Cyber 72 computer requires 9000 words of central memory. In the Appendix II
a complete listing of the subroutine OVERLAP is shown together with a
sample of the complete printout. The complete printout is made according to
the equation (2): N,, is given as FACTOR, first 19 coefficients C, as EX-
PANSION CQ@EFFICIENTS, and finally A (}; +s, + s,—m,p) and B (k; +
+ m, pt) for m = 0 are given in MASTER FORMULA. (IO = 3 ... see com-
ments at the beginning of the subroutine GVERLAP).

Acknowledgement. The financial support of the Boris Kidri¢ Fund is gratefully
acknowledged.
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APPENDIX I

oo

The integral A defined as A(a,p) = f£2e? - d& can be written in terms of
1

incomplete gamma function:

poﬁ‘l :

1
Al,p)= ——T(tlp=
pa+1

e+ 1)—yla+1,p)] 3

where y(a,x) can be expressed as the confluent hypergeometric Kummer’s
function M?°:

x4

b g
yax) = —r—" M@l + ax); (€Y

(@)2 22 (@),, 2"

az
o2 T (),

M(a)b:z)=1+7)_+

where
(@,=a-@+1@+2...6+n—1)

(@), =1

0

In our case, where b =a + 2 and a =1, Kummer’s function M can be written as

a sum
oo

M@Qo+2p) =1+ c, (3)

n=2

c.=¢c (p)'c—l
nT et g en) )

Inserting equations (5) and (4) into equation (3) we get a final expression:

al er > P
A(a,p) = -
P = et a+1[1+ 2cn-l(ewrn)]

n=2

where ¢y =1 and o = —1

in which the integral A is suitable for numerical calculation. The integrals A (a,p)
were actually calculated only for the values of « in the interval (0,1], all the others
were obtained by the recursion formulass:

1
A (o, p) =-Ij[e“l'+aA(a—1,p)]

1 ,
Alp)="""7 [PA@Lp)—e?]; a#*—1
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APPENDIX II

SUBROUTINE OVERLAP (N1sN2sLOR1sLOR29PsTsFACTORSOVEsIS910)

c§***#“*§***%*&#&&##&##*#&&#“#é#*%ﬂ#ﬁ&##%&&%#ﬁ*%##%#*&#ﬂ#*&%%ﬁ&#*&%***ﬂ%#é#**&%%

THE SUBROUTINE OVERLAP(N19N2+LOR19LOR2sPsT9FACTORYSOVESISs10)
COMPUTE ANY SIGMAs PIs DELTA OR FI TYPE OVERLAP BETWEEN TWO S» Ps D
OR F SLATER TYPE ATOMIC ORBITALS WITH QUANTUM NUMBERS ONE TO SIX.

438 45 36 30 35 30 31 45 36 3F 35 35 $F 42 3L 3 3 31 3 3 2 383 30 30 2 47 48 35 10 2 4 2 3 32 20 B 3 32 3 I 3 1 3 3 S W B I B I e R W N S NSNS

THE MEANING OF FIELD PARAMETERS -

N1 AND N2 QUANTUM NUMBERS FOR BOTH ATOMIC ORBITALS (1=6)
LOR1 AND LOR2 ORBITAL QUANTUM NUMBERS = 0 FOR S
1 FOR P
2 FOR D
3 FOR F
P MULLIKEN OVERLAP PARAMETER P=(MUl+MU2) #R/ (2*R0)
T MULLIKEN OVERLAP PARAMETER T=(MUl=MU2)/(MUl+MU2)
Is NUMBER OF LOFTHUS FORMULA WHICH HAVE TO BE PERFORMED.
THIS PARAMETER DEFINES THE TWO DIMENSIONAL ARRAY
0V I(ISsJ)
1 FOR S-S SIGMA 8 FOR D-D SIGMA 15 FOR D-F PI
2 FOR S=P SIGMA 9 FOR D=F SIGMA 16 FOR F=F Pl
3 FOR S=D SIGMA 10 FOR F=F SIGMA 17 FOR D=D DELTA
4 FOR S=F SIGMA 11 FOR P-pP PI 18 FOR D-F DELTA
5 FOR P=P SIGMA 12 FOR P=D PI 19 FOR F=F DELTA
6 FOR P-D SIGMA 13 FOR P=F PI 20 FOR F=F FI
7 FOR P=F SIGMA 14 FOR D-D PI
I0 OUTPUT SPECIFICATION

0 FOR NO OUTPUTs OVERLAP RETURNING VIA PARAMETER SOVE

1 FOR PRINTED OVERLAP ONLY

2 FOR PRINTED OVERLAPs MASTER FORMULA AND EXPANSION
COEFFICIENTS

3 FOR COMPLETE OUTPUT = OVERLAPs EXPANSION COEFFICIENTSy
MASTER FORMULAs A AND B INTEGRALS

4 FOR OVERLAP PUNCHED ON CARDS (TAPE S = F10.7)

FACTOR RETURNS THE NORMALISATION FACTOR

SOVE RETURNS THE RESULTED OVERLAP INTEGRAL

T R A A S I A A I S A A SR I L 1 2 2 3 3 3 2 4 4 3 48 30 4 46 2 S SR R 3 S SR SE ST SR B R

[eXoXeNeloNoEeNoNeNoNoNoNoNoRoNoNo oo NoNo oo NoRoNoNoNoNeNoNoNeNoNoNoNeNoNo oo e RoNoNoNoNoXe N

INTEGER S(500) +UM(500)
DIMENSION 0V(20’56)!AN(ZO)’BN(EO)’CN(ZO)9SLAT(6)!FAK(6)!FIN(SOO)
DIMENSION TEKST(20)

DATA FAK /2¢924¢97200911405.88789403204995809.45769/

DATA SLAT /1e92¢93093e79b09442/

DATA TEKST/9HS=S SIGMA99HS=P SIGMAs9HS=D SIGMA»9HS=F SIGMA»9HP=P S
#IGMA9OHP=D SIGMAYIHP~=F SIGMAIHD=D SIGMAsIHD~F SIGMAIHF=F SIGMA+s
#9HP=-P PI s9HP=D PI s9HP~F PI s9HD~D PI 29HD=F PI s IHF =F
#PI 99HD=D DELTA99HD=F DELTAYOHF=F DELTAsS9HF=F FI /

DATA{OV(19J) 9J=195)/06e595+91090e904s/

DATA(OV(29J) 9J=198)/0¢8660254037898¢9=109le9lesles0e90s/

DATA(OV(39J) 9J=1+17)/0, 55901799457,17-s-1.92-00.03.a2ov20s-4.vl.’1

#093069009009=10900924/

DATA(QV(49J) 9J=1926)/0. 56143782777;26.93.13.’1-,-5.v3-93c$-3-12-9
#0099¢92¢92¢9 909109109309 109309509009009=309009207/

DATA(OV(SeJ) 9J=198)/1e59809=10a92692¢91030090s/
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DATA(OV(69J) 9J=1926)7/0.96824583655926e9=1¢93691e93e33093c9~1e92430
#e9=1092¢92e9=l0e9lesles~10e91093¢93¢9009009=1090e924¢/

DATA(OV(79J) 9J=1926)/1e14564392373926093e394092e¢9"5e9%09409409309
#369=309209009309269409=409109169569009009=30906924¢/

DATA(OV( 89J) 9J=1929)7/0¢625929¢9109409049=60940920699c9409409=609
#2090094092069209=6092¢9409909009069=6690092091090e944/

DATA(OV(99J) 9J=1956)/0673950997288956e9=3e95¢91¢91469549309~15.9
#509509309409009-609409209709%409409609309109=12093693691409369509
#=140920900912092¢9269=609209409=Te9l09le9609109309=3691095e91509
“0.'00"14.’00’2.93-900!4./

DATA(OV(109J) 9J=1938)/0e87593809=9096092:930096094092509609609
#969469009~2709406940930094096069=30092¢90092769269209~9092096692500
“0-900!‘300!0.’20!9.900'4./

DATA(OV(119J)9J=1914)/0e75914091092¢90e3=1c9009009~1e92692e91cy
”0-920/

DATA(OV(129J) 9J=1926)/1:67705098312926e9=1693¢91091e93e93a9l092.90
#o9=1092e9209le9lesle9=le9le9309=1e90090c9lesVes2e/

DATA(OV(139J) 9J=1941)/70670156076001941c9=1094¢90c9609409269=Sev&ses
#409-8093091098093093096¢920¢9009=12092092096092594098091le9109-8es1le
#9369°509069009609009209~1690094./

DATA(OV(149J)9J=1920)/3e75920069=109409209l09%09409]1a0269009~1e920¢9
#449=1090090e91090c924/

DATA(OV(159J) 9J=1956)7/1e5687375497595669~109505109669569309=50¢9
“5‘ 95. 9-1.’4-90."20 940920930940 940 1'20'3.’10’-“0 ’3. 9369609309509
#609209009=409209209=209209%¢930910910e9=2¢9109309=109109509=569000
#069609009209~10900040/

DATA(OV(16!J)’J=1950)/0.65625'50-91.’6.!0-’f11096-920935¢96.!400
#=2509609609=11094090099¢9409209330940940935094496093509269000
#=3309209209909209%4¢911092096¢9256906900935¢9069209~116900940s
*1-90'96./ .

DATA(OV(179J)9J=1929)/069375929691c9409009=2¢9269009169069007=200
#4092094092092¢9~269009209109409409=2e9209409)0900944/

DATA(QOV(189J) 9J=1956)/2.4803918541295609169409069=2092090069109000
#009=2094092¢94092092¢9=2¢9009209109409409=2692094091e9009409~109
#509109269509309=10¢95095092093¢9109-409309369209309569=109levlesles
#le93e9=1le9le95./

DATA(OV(199J) 9J=1956)/6e5625956091e9409069=2¢92¢900¢9169009069=2¢s
“4.'2.!4.92-’2-!’2-!0-f2.!1.’40'4-"2092.’40910’00’4.!'1.’6002-9
#209409209"109C092092096069469=409%409409209209409~1096e960920940
#6e9=10926960¢/

DATA(OV(209J) 9J=1950)/160937595009169669009=3094090e9369209009=109
#0090093096092099094092¢979092092093090092093096094069=969400409
#969209409309069409"1096096c93069409609=3692096091090e960/

IF‘IOOGT.“.ORtIO.LT.O) IO= 2

IF(I0OeNE.0) PRINT 101

NORMALIZATION FACTOR FOR THE FINAL OVERLAP

AO=P# (1+T)
BO=P*(1-T)

PT=p#T »

FACTOR=0V (ISs1)# (A0*# (SLAT(N1)+045)) #(BO## (SLAT(N2)+045) )/
# ((FAK (N2) ®FAK (N1)) ##0.5)

NOST=0V (ISs2)

DO 11.J=1sNOST

S(J) =0V (ISsd)

DERIVATION OF THE LOFTHUS POLYNOMIALS S ON PARAMETER ALFA

NDER1=SLAT(N1)=LOR1

IF (NDER1.LE.O) GO TO 12
CALL DER(SsUMsNOSTs19NDERI])
CONTINUE

DERIVATION OF THE LOFTHUS POLYNOMIALS S ON PARAMETER BETA

NDER2=SLAT (N2) =LOR2

IF (NDER2.LE.O) GO 7O 13
CALL DER(SsUMeNQSTs2sNDER2)
CONTINUE
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COMPUTATION OF EXPANSION COEFFICIENTS FOR THE CASE OF NONINTEGER

QUANTUM NUMBERS

AN(1)=1.
BN(1)=1.

REL1=SLAT (N1)=TFIX(SLAT (N1))
REL2=SLAT(N2)=IFIX(SLAT(N2))

DO 20 J=2+20
ANCJ)=AN(J=1) # (REL1=J+2) / (J=1)
BN (J)==1.#BN(J=1)* (REL2=J+2) / (J=1)
CN(J=1)=0.

DO 20 II=2sJ

JJ=J-11+1

CN(J=1)=CN(J=1) «AN(II=1)%*BN(JJ)
CONTINUE

COMPUTATION OF FINAL LOFTHUS OVERLAP POLYNOMIAL S EVALUATING
A(FlsP) AND B(I2sPT) WITH PROPER ARGUMENTS

SOV=0.«

NIK=19
IF((NleLEe3eANDeNZeLE«3) eORe (NLeLE«3¢ANDeN2+EQeS) «ORe
#(N1eEQeSeANDeN2eLE«3) eORe (Nl eEQeSeANDeN2eEQeS)) NIK=1
DO 21 I=1sNIK

DO 21 J=39NOSTs3

F1l=S(J+1)=1+1+REL1+REL2

12=S(J+2)+1-1

AS=A(F1sP)

BS=B(I2+PT)

IF(I0«EQe3) PRINT 1009F19P9sASsI29PT9BS
SOV=SOV+AS#BSH#S (J)#*CN(I)

CONTINUE

SOVE=SOV#*FACTOR

IF(I0.EQ.0) RETURN

PRINT 1089N1sNZ2sTEKST(IS) sPsTsFACTOR9SOVsSOVE
IF(I0«EQe4) WRITE(5910S) SOVE

IF(I0.EQel) RETURN

PRINT 109y (CN(J)sJ=1919)

DO 22 J=3sNOST»3

FIN(J)=S(J)

FIN(J+1)=S(J+1)+REL1+REL2

FIN(J+2)=S(J+2)

PRINT 1069 (FIN(J) »J=39NOST)

PRINT 107

FORMAT (X oA (¥ 92FS el o) =R gFE 15T 99X 9 #¥B(#9[B39FT7e29%)=#9F15.7)
FORMAT (1H1)

FORMAT(F10.7)

INTEGRALS

FORMAT(/915H MASTER FORMULAS//96(2H (9sF4e0s4H)*A(9F3a193H)B(9F2.0

#91H) 92H +))

FORMAT (1H0s125H IN ORDER TO GET MASTER FORMULAS FOR OTHER ELEMENTS
# IN THE SERIES EXPANSION IT IS NECESSARY TO DECREASE EACH TIME IN
*THE 9/9130H PRESENTED FORMULA THE ARGUMENTS F1 IN ALL INTEG
#RALS A(F1lsP) FOR 1s AND INCREASE ARGUMENTS 12 IN THE INTEGRALS B(I

#29PT) FOR 1o )

FORMAT (// 9% S(#*sT11slH=911s1lHsAYslHsF3elslHssF3a1914H) = FACTOR®S =

#9F12e692H #*9F12.692H =9F946)

FORMAT (/9% EXPANSION COQEFFICIENTS #4/910(1X9F10.6))
RETURN

END
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SUBROUTINE DER(SsUMsNOSTeN1sN2)

DERIVATION OF LOFTHUS POLYNOMIALS S ACCORDING TO THE RULES DESCRIBED IN
Ae LOFTHUSs MOL. PHYSes Ss (1962)s Pe 105-114

OO0

INTEGER S(1)sUM(1)
DO 1 J=1sN2
DO 2 JJ=39N0OSTe3
J2=2#(JJ=1) =1
UM (J2) =S (JJ)
UM(J2+1)=S(JJ+1) +1
UM (J2+2) =5 (JJ+2)
UM (J2+4) =S (JJ+1)
UM(J2+5) =5 (Jd+2) +1
UM(J2+3)=S(JJ)
IF(N1.EQe2) UM(J2+3)==UM(J2+3)

2, CONTINUE
‘NOST=2%(NOST=2) +2
CALL DUMP (UMsNOST)
DO 6 JJ=3sNOST

6 S(JJ)=UM(JJ)

1  CONTINUE
‘RETURN
END

SUBROUTINE DUMP (UMsNOST)

COMPRESSION OF THE POLYNOMIAL OBTAINED BY DERIVATION IN SUBROUTINE DER

[eNeXe]

INTEGER UM(1)
DIMENSION IP(500)
DO 20 K=3sNOSTs3
KK=K+3
IF(UM(K) sEQe0) GO TO 20
DO 21 L=KK9sNOST»3
IF (UMIK#+1) eEQeUM(L*+1) s ANDsUM(K+2) «sEQ.UM(L*2)) GO TO 22
GO TO 21
22 UM(K)=UMI(K) +UM(L)
UM(L)=0.
21 CONTINUE
20 CONTINUE
1T=2
DO 23 K=3sNOSTs3
IF(UM(K) «EQe0) GO TO 23
IT=1T+1
IP(IT)=UM(K)
IT=1T+1
IP(IT)=UM(K*+1)
IT=IT+1
IP(IT) =UM(K+2)
23 CONTINUE
DO 25 K=391T
25 UM(K)=IP(K)
NOST=IT
RETURN
END
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