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Abstract. A partially singularly perturbed linear system of second order ordinary differen-
tial equations of reaction-diffusion type with given boundary conditions is considered. The
leading terms of first m equations are multiplied by small positive singular perturbation
parameters which are assumed to be distinct. The rest of the equations are not singularly
perturbed. The first m components of the solution exhibit overlapping layers and the re-
maining n —m components have less-severe overlapping layers. Shishkin piecewise-uniform
meshes are used in conjunction with a classical finite difference discretisation, to construct
a numerical method for solving this problem. It is proved that the numerical approximation
obtained by this method is essentially second order convergent uniformly with respect to
all the parameters. Numerical illustrations are presented in support of the theory.
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1. Introduction

The following two-point boundary value problem is considered for the partially sin-
gularly perturbed linear system of second order differential equations

—

—Ei@"(z) + A(z)d(x) = f(z) on Q, given on T, (1)

where Q = {z: 0 <2 < 1}, Q = QUT,T = {0,1}. Here, for all z € Q,@(z) and
f(z) are column n — vectors , E and A(z) are n x n matrices, E = diag (8),& =
(€1,...,&n). The parameters €;,7 = 1,...,m,m < n, are assumed to be distinct and,
for convenience, the ordering 0 < g1 < «-- < &, < g1 = =g, = 1 is assumed.
Clearly there are at most m singularly | perturbed equatlons The problem can also
be written in the operator form Lii = f on ), @ given on I', where the operator Lis
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defined by L = —ED? + A and D? = d?/dz>.
For all z € Q, it is assumed that the components a;;(x) of A(x) satisfy the inequal-
ities
ai;(z) > Z|a” , for 1 <i<nand ag;(x) <0, for i # j (2)
j#i

j=1

and, for some «

0 <a< min Za” (3)

T§?<n Jj=1
It is assumed that a;;, f; € C®(Q) for i,j = 1,...,n. Then (1) has a solution
i€ C(Q)NCW(Q). It is also assumed that /g, < \/a/6.

The norms || V ||= maxi<p<n [Vi| for any n-vector V, || y ||= supyep<; [y(z)]

for any scalar-valued function y and || § ||= maxj<g<n || y& || for any vector-valued
function gy are introduced. Throughout the paper C' denotes a generic positive con-
stant, which is independent of x and of all singular perturbation and discretization
parameters. Furthermore, inequalities between vectors are understood in the com-
ponentwise sense.
In [8], the authors have suggested a parameter-uniform numerical method to solve a
system of n singularly perturbed ordinary differential equations of second order with
given boundary conditions. Motivated by [6] and [8], we have suggested a similar
method to solve the problem (1). Significant contributions to the development of the
techniques used here may be found in [1, 3, 4, 5, 6].

2. Standard analytical results

The operator L satisfies the following maximum principle.

Lemma 1. Let A(x) satzsfy (2) and (3). Let ) be any vector- valued functzon in the

domain of L such that 7,/1 >0 onT. Then L1/}( ) >0 on Q implies that ¢( ) >0 on
Q.

Proof. Let ¢*,2* be such that ¢;« (¢*) = min; ; ¢;(z) and assume that the lemma
is false. Then ;- (z*) < 0. From the hypotheses we have z* ¢ I and ¥/ (z*) > 0.
Thus

(L)ir (27) = el (a7) + Zaz J ) <0,

which contradicts the assumption and proves the result for L. O

Let A(z) be any principal sub-matrix of A(x) and L the corresponding operator. To

see that any L satisfies the same maximum principle as E, it suffices to observe that
the elements of A(z) satisfy a fortiori the same inequalities as those of A(x).
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Lemma 2. Let A(z) satisfy (2) and (3). If ¢ is any vector-valued function in the
domain of L, then, for eachi,1 <i<mn and x € Q,

[i()] < max{]| & e, (1/) | L |}

Proof. Define the two functions
. S R R
() =max {7 . 3 | 271} e 5te)

where € = (1,...,1)7 is the unit column n—vector. Using the properties of A it is
not h_a:rd to veriiy that §F > 0on T and LO*E > 0 on Q. It follows from Lemma 1
that #* > 0 on Q as required. O

Standard estimates of the exact solution and its derivatives are contained in the
following lemma.

Lemma 3. Let A(x) satisfy (2) and (3) and let @ be the exact solution of (1). Then,
for allx € Q and eachi=1,...,n,

lus ()] < C(la@llr + |IF1),
_k —
W (@)| < Cey 2(ljdl| + ||FI),  fork=1,2,
and
W™ (2)| < Cer BT (@l + (| 1]+ FTP NN, for k= 3,4

Proof. The bound on  is an immediate consequence of Lemma 2 and the differential
equation. Rewriting the differential equation (1) gives @’ = E~1(A@ — f) and it is
not hard to see that the bounds on u} follow.

The bound of u}(x), for i = 1,...,m, can be derived as in [5, 8]. To bound u}(z),
fori=m+1,...,n and any z, consider an interval N, = [a,a + t] where a > 0 and

0 <t <1—asuch that x € N,. Then, by the mean value theorem, for some y € N,,

ui(a+t) —ui(a)
t

ui(y) =

and it follows that
, 2
Jui ()l < S luill-

Now

o) =)+ [ ul)ds = )+ [ A6+ Y oo (9)ds

y

and so, fori=m+1,...,n,

i ()]

IA

i)+ C fi |l + || @ ||>/ ds

IN

2 _
Sl + Gt fill + {1 11
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from which the required bound follows. Differentiating (1) once and twice give
i = BN (AT + Alu - f7),
i) = E7H(AG" + 24' + AVt — )

(3)

and the bounds on u;”’, u§4) follow from those on u} and w. O

The reduced solution wug,,% = 1,...,n, of (1) is the solution of the reduced
problem

Z?:l aij(m)uo,j(m) = fl(.’E),Z = 13 ceey M,

—ugi(2) + 30 aij(x)uo,; () = fi(z),
Ug; = u; on I,

bicmesn W

The Shishkin decomposition of the exact solution @ of (1) is @ = ¥ + W where the
smooth component ' is the solution of Lo = f in Q,7 = iy on I' and the singular
component w is the solution of L =0in Q, W =4 — v on I'. For convenience, the
left and right boundary layers of @ are separated using the further decomposition
@ = wL + @ where Lot = 0 on Q,wE(0) = @(0) — 7(0), W (1) = 0 and Lai® =
0 on Q, @R (0) = 0,wR(1) = @(1) — 7(1).

Bounds on the smooth component and its derivatives are contained in

Lemma 4. Let A(z) satisfy (2) and (3). Then the smooth component ¥ and its
derivatives satisfy, for each x € Q andi=1,...,n,

|v£k) () <C,  fork=0,1,2

and

W @) <Cc+e %) fork=3,4.
Proof. The bound on ¥ is an immediate consequence of the defining equations for
v and Lemma 2. Differentiating twice the equation for v, it is not hard to see that
v satisfies

Li" =, where = f" — A"¢ —24'%. (5)

Also the defining equations for ¢ yield v)/ = OonT for ¢ = 1,...,m and v/(0)
= s0, 0/ (1) = s} for i = m +1,...,n where s¥ and s} are definite constants for
each i =m +1,...,n. Using the same arguments as in [8], the estimates of vgk) (x),

k=1,2,3 and 4 follow. O

3. Improved estimates

The layer functions BF, BE B;,i = 1,...,m,, associated with the solution @, are

defined on Q by

BF(x) = e*V*/% BE(2) = BF(1 — 2), Bi(2) = BF(z) + BR(x).
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The following elementary properties of these layer functions, for all 1 <i < j < m
and 0 < x < y < 1, should be noted:

B} (x) < Bj(2), Bf () > B{(y),0 < B} (z) < 1.

Bf(x) < Bj!(x), Bfi(x) < Bf'(y),0 < Bf{(z) < 1. (6)

B;(z) is monotone decreasing for increasing x € [0, 5] (7)
1

B;(z) is monotone increasing for increasing x € [57 1]. (8)

1
Bi(z) < 2BF(z) for z € [0, %]732(1') < 2Bf(z) for x € [5, 1].

v, .
BiL(2ﬁlnN) =N"2 (9)
The interesting points acgs]) are now defined.

Definition 1. For BL, B]»L, each i,j,1 < i # j < m and each s,s > 0, the point
,TES]) is defined by
l(z,g): j(’L,J). (10)

S S
&5 &;

It is remarked that (@) )
BE(1 — z\* BE(1 — 2\%
2 ( Iz,g) _ 7 ( xz,]). (11)

S S
€5 &

(s)

In the next lemma the existence and uniqueness of the points x; ; are shown. Various
;

properties are also established.

Lemma 5. For all i,j, such that 1 <i < j <m and 0 < s < 3/2, the points 2

4,J
exist, are uniquely defined and satisfy the following inequalities
BL BL(x . BL BL(z s
@> Jg ),xe[o,x,(.j)), l£$)< JE ),xe@g;,u. (12)
& & ' & o :
Moreover,
xgsj) < xgi)l,j, ifi+1<j and mgsj) < xﬁj"'}ﬂ, if i < j. (13)
Also Y
(s) £j (5) Lo
z;; < QSW and x; ; € (0, 5) ifi < j. (14)
Analogous results hold for the BE, BJR and the points 1 — xfsj)
Proof. The proof is similar to that in [8]. O

Bounds on the singular components @, @ of @ and their derivatives are contained
in
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Lemma 6. Let A(z) satisfy (2) and (3). Then there exists a constant C, such that,
foreachx € Q andi=1,...,m,

wi (2)] < C1BL( ) + Coem(1 = By (1)),

m

lwh® ()] < cz BE(x)/ek?), k=12,
@ ()] < cz Bl (x)/e3/%),

e |<CZ 7)/2q)

and fori=m-+1,...,n,

[wf (@) < Cozm(1 = Bl (),
™ ()] < CuBL(x) + Coem(l = Br(@), k=12

lw>™ (2)] < cz BE(x)/el=2/2) k=34,

Analogous results hold for wf and their derivatives.

Proof. The lemma is proved by induction. The initial case when n =2 and m =1
is dealt with in [6]. Assume the lemma to be true for a partially singularly perturbed
system of n—1 equations where m, 1 < m < n—2, equations are singularly perturbed.

Now consider L@ = 0 on §, where @ is an n—vector and m equations where
0 <m < n —1 are singularly perturbed. Inspired by [6], we define

0F (r) = C1BE () + Coepn(1 — BE (@) £ wh(z), i=1,....,m

and
0E(z) = Cogp(1 — BE(2)) 2 wl(z), i=m+1,....,n

We have m singular perturbation parameters unlike in [6] where there is only one pa-
rameter and we choose the largest parameter and use it in the appropriate definition.
Using Lemma 1 for %+, we have

’wf(a:)‘ < C1BE(2) 4+ Che,(1 = BE(2)) fori=1,...,m

and
|wZL(m)’ < Coem(1 — BE(z)) fori=m+1,...,n

with a suitable choice of the constants Cy and Cs.
Using arguments analogous to those used to bound uj(x),i = m+1,...,n, in
Lemma 3, it can be proved that

wy'(2)] < C1By,(2) + Coem(1 = By (2)). (15)
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L,

To bound the second order derivative w,;”"’, we consider

wy " () + z”: anj(x)wy (z) = 0 (16)
j=1
which implies that
wy"(2)] < CiBy, (2) + Caem(1 — By (x)). (17)
Differentiating (16) once and twice and using the bounds of w’(z),i = 1,...,n,

(15), (17) and the induction hypothesis for the bounds of wiL’(k) (x),i=1,...,n—1
and k = 1,2, we have

@ (@) < O (B (2)/ef2/%), k=34

g=1

Consider the first n—1 equations satisfied by oL, it follows that — Ew™" + AwL = g,
where F, A are the matrices obtained by deleting the last row and column from F, A

respectively, ©% = (wF,...,wk ;) and the components of § are g; = —a; ,wk for
1<i<n-1.
Using the bounds already obtalned for wy’ Lo(k) ,k =0,...,4, it is seen that § is

bounded by Caep(1 — BE (x)), § and g’ by ClBﬁL( )+ C’2€m(l — BL(x)) and g®)
by O (BE(w) /e ™P7%), k = 3,4.

The boundary conditions for @ are w”(0) = @(0) — uo(0), W= (1) = 6 Whﬁ) e
is the solution of the reduced problem (4) and are bounded by C(|| @(0) || + || £(0)
and O(|| @(1) || + || £(1) ).

Now decompose @r into smooth and singular components to get ol = 74

T oL = 747 Applying Lemma 4 to z'and using the bounds on the inhomogeneous

term § and its derivatives %),k =1,... .4, it follows that
|28 (2)| < C1BE () + Coepn(1 — BE (1)), k=1,2

and

As 7is the singular component of the solution of a system of n—1 equations, consider
the following two cases:

Case 1: All the n — 1 equations are singularly perturbed:
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Then from Lemma 7 of [8], the estimates are obtained as, for i =1,...

|<CZ (BE(z)/el/?), k=12,
|<Cz BL /53/2
‘6i |<CZ z)/eq)-

Case 2: The n — 1 equations are partially singularly perturbed:
Then by induction on 7, the estimates are obtained as:

fori=1,...,m,
(k) | < CZ BL /€k/2 ]ﬂ — 1’27
(@) < ¢ (BE(x)/2/?)
qg=1
etV (@) < C 3 (BE () /e,)
q=1
and fori=m+1,...,n—1,

NWH<0£W)HMMMBMm,k=m,

(k) | < CZ BL /€(k 2)/2) k= 3’4

Combining the bounds for the derivatives of 2z; and 7;, ¢ = 1,....,n

bounds of wL’(k)( ),i=1,...,n—1land k=1,..., 4, follow.

,'I’L—l,

— 1, the

Thus, the bounds on u)L (k)( ),k =1,...,4, hold for a system with n equations,
as required. A similar proof of the analogous results for the right boundary layer

functions holds.

O

In the following lemma sharper estimates of the smooth component are presented.

Lemma 7. Let A(z) satisfy (2) and (8). Then the smooth component U of the

solution @ of (1) satisfies for k =0,1,2 and x € ,
0" (@)] < ClL+ Bu(@)], fori=1,...,n,

[vf (x |<Cl+z ), fori=1,...,m,

and
[0/ (z)| < C[1 + Bp(x)], for i=m+1,...,n
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Proof. Define barrier functions
Tt _ > (k) — 0
¥ (x) = C[1 + By (x)]e£ 0" (z),k=0,1,2 and = € Q.

Using the estimates of 1‘)’(’“)(:10)7 k =0,1,2 from Lemma 4, the required bounds for
o) (x),k = 0,1, 2 are obtained using Lemma 1.

Consider (5) from Lemma 4 and note that || g’ ||< C. For convenience let p
denote ¢". If 7 and 7 are the smooth and singular components of p, then for z € Q,

0" ()] = Ipi(2)] < [zi(2)] + |ri(2)]

and using Lemmas 4 and 6, the required bound for v’ follows. O

4. The Shishkin mesh

A piecewise uniform Shishkin mesh with N mesh-intervals is now constructed. Let

_1 =N
OV = {z;}151 Q7 = {z;}1,

and TV = T. The mesh @' is a piecewise-uniform mesh on [0, 1] obtained by dividing
[0,1] into 2m + 1 mesh-intervals as follows

[0,01]U - U(0m-1,0m] U (Om,1 —0m] U1 —0m,1 —0pm_1]U---U(1—01,1].

The m parameters o,, which determine the points separating the uniform meshes,
are defined by o9 =0, 0,41 = % and, forr=m,...1,

OT:min{UH_l,Zﬁr lnN}. (18)
2 2 a

Clearly

O<01<-~-<am§i, Zgl—am<---<1—al<1.
Then, on the sub-interval (o,,,1 — 0] a uniform mesh with N/2 mesh-intervals is
placed, on each of the sub-intervals (o,,0.41]and (1 — op41,1 — o.],r
=1,...,m — 1, a uniform mesh of N/2™~"*2 mesh-intervals is placed and on both
of the sub-intervals [0,01] and (1 — oy, 1] a uniform mesh of N/2™*! mesh-intervals
is placed. In practice it is convenient to take

N = 2mtrtl (19)

for some natural number p. It follows that, for 2 < r < m, in the sub-interval
[0/—1,0,] there are N/2m~"+3 = 27TP=2 mesh-intervals and in each of [0,01] and
[01, 03] there are N/2™*1 = 2P mesh-intervals. This construction leads to a class of
2™ piecewise uniform Shishkin meshes .

From the above construction it is clear that the transition points {o,, 1 — o, }"
are the only points at which the mesh-size can change and that it does not necessarily
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change at each of these points. The following notation is introduced: if z; = o,
then h, = x; —x;_1,h} = xj41 —x;, J = {o, : bt # h}. In general, for each
point z; in the mesh-interval (o,_1, 0],

Tj—Tj-1= 2m71"+3N71(0_r - Ur—l)- (20)
Also, for z; € (o, 1],2; — zj_1 = N~Y(1 — 40,,) and for z; € (0,01],2; — zj_1 =

2m+tIN~=1g,. Thus, for 1 < r < m, the change in the mesh-size at the point ;= Oy
is

h;‘— - h,: == 2m_r+3N_1(d7' - d’r'—l)a (21)
where
d, = % —o, (22)

with the convention dy = 0. Notice that d, > 0, that Q¥ is a classical uniform mesh
when d, =0 for all » = 1...m and, from (18), that

0. <Cye, InN,1<r<m. (23)
It follows from (20) and (23) that for r =1,...,m,
hy +ht <Cye,.,N"'InN. (24)

Also
o, = 2_(S_r+1)0'5+1 whend, = ---=d; =0,1<r <s<m. (25)

The results in the following lemma are used later.

Lemma 8. Assume that d, > 0 for some r,1 <r < m. Then the following inequal-
ities hold

By(1—0,) < Bf(0,) = N2, (26)
e <o —hy for0<s<3/2,1<r<m, (27)
L - L
By (o, —h,) < CBj(oy) for 1<r <q<m, (28)
By (or) < ! for1<g<m,1<r<m (29)
Ve, Ve N =a=misr=m
Analogous results hold for BE.
Proof. The proof is similar to that in [8]. O

Remark 1. It is not hard to verify that the different properties of the geometry
of the mesh and the relationship between the transition points o,’s and the layer
interaction points 3358]), established here also hold good for the mesh considered in

[3]. Hence, the entire numerical analysis holds good for the mesh in [3] also.
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5. The discrete problem

In this section a classical finite difference operator with an appropriate Shishkin mesh
is used to construct a numerical method for (1), which is shown later to be essentially
second order parameter-uniform convergent. It is assumed that the problem data
satisfy whatever smoothness conditions are required.

The discrete two-point boundary value problem is now defined on any mesh by the
finite difference method

—E8?U(2) + A(z)U(z) = f(z) on QV,U =@ on TV, (30)

This is used to compute numerical approximations to the exact solution of (1). It
is assumed henceforth that the mesh is a Shishkin mesh, as defined in the previous
section. Note that (30) can also be written in the operator form

ENﬁ:fonQN,ﬁzﬂonFN,
where .
N=-FE?+A
and 6%, DT and D~ are the difference operators

- . D*U(z;) — D" U(x;)

52U ;) = )
() (Tj41 —T-1)/2
D*(j(xj) _ U($j+1) - U(fﬂj)
Tjy1 — T
and . .
D1 (a) = Uz;) = Ulwj—1)

Tj —Tj-1
For any function Z defined on the Shishkin mesh ﬁN, we define
12]] = max | Z;()].

The following discrete results are analogous to those for the continuous case.
Lemma 9. Let A(x) satisfy (2) and (3). Then, for any vector-valued mesh function
\I_;, the inequalities U >0o0nTN and LNU > (0 on QN imply that U >0 on o,

Proof. Let i*,j* be such that U;-(x;+) = min, ; ¥;(x;) and assume that the lemma
is false. Then ¥;-(z;+) < 0. From the hypotheses we have j* # 0, N and

\I]i* (J,’J*) — \I]i* (xj*fl) S O7
Wi (50 11) = Wis (250) 2 0,
0 82W;« (zj+) > 0. It follows that
(LN)is (w+) = =26 W (w0) + D _aze g (@j0) Wp(2;+) <0,
k=1

which is a contradiction, as required. O
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An immediate consequence of this is the following discrete stability result.

Lemma 10. Let A(x) satisfy (2) and (3). Then, for any vector-valued mesh function

¥ on Q" andi=1,...,n,
. 1 oo
o) < max { [, TIEVE ), 05 <.

Proof. Define the two functions

- - 1, oneiin . =
6% (;) = max{||¥||px, 5||LN‘1’||}6 + W(z;)

where &= (1,...,1) is the unit n—vector. Using the properties of A it is not hard
to verify that oF > 0on N and LVNO* > 0 on QV. It follows from Lemma 9 that
6+ > 0 on QN. O

The following comparison principle will be used in the proof of the error estimate.

Lemma 11. Assume that, for each i = 1,...,n, the vector-valued mesh functions
® and Z satisfy

|Zi| < ®; on TN and (LN Z);| < (LN ®); on Q.

Then, for eachi=1,...,n,

Proof. Define the two mesh functions U+ by
Ut =0d+ 7.
Then, for each i =1,...,n, \IIZi satisfies
\Ilzi >0on 'Y and ([_:N\f/i)l >0 on QY.

The result follows from an application of Lemma 9. O

6. The local truncation error

From Lemma 10, it is seen that in order to bound the error U-— i, it suffices to
bound LY (U — ). But this expression satisfies, for z; € Q,

= (L—LYYi=—-E(* - D%i

which is the local truncation of the second derivative. Let \7, WL, WE be the discrete
analogues of 7, W, wW! respectively. Then, similarly,
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By the triangle inequality,
I LY — @) ||| LYV =) || + || LYW — @) || . (31)

Thus, the smooth and singular components of the local truncation error can be
treated separately. In view of this it is noted that, for any smooth function 1 and
for each z; € Q) the following distinct estimates of the local truncation error hold:

(0% = D*)(x5)| < C{)@?W"(S)L (32)
(6 = D*)Y(z;)| < Clwjqr — j-1) Is%&y]( [ (s)]. (33)

Furthermore, if z; ¢ J, then

(02 = D*)¢(a;)| < C(wji1 — xj-1)? max @ (s)]. (34)
Here Ij = [.Z‘j_hxj_‘_ﬂ.

7. Error estimate

The proof of the error estimate is split into two parts. In the first, a theorem
concerning the smooth part of the error is proved. Then the singular part of the
error is considered. A barrier function is now constructed, which is used in both
parts of the proof.

For each x; = 0, € J, introduce a piecewise linear polynomial 6, on Q, defined
by

T
—, 0z <oy,
Or
0.(x) = 11, or <x<1-—o0,.
-
, 1—0, <z < 1.

oy
It is not hard to verify that for any z; € QN

ab,(x;), ifa; ¢ J

LNO,.&)i(z;) > 2¢; . 35
( “)(J)_ a+m, lf(EjEJ,l'jE{O'r,l—O'r}. ( )
Now, define the barrier function ® by
O(z;) =C[(N'InN)>+ (N"'InN)? >~ 0,())]é, (36)
{rio.eJ}

where C' is any sufficiently large constant.
Then, on OV, ® satisfies

0< ®i(x;) <C(N'InN)®:1<i<n. (37)
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Also, for z; ¢ J,

(LN®);(x;) > C(N"'In N)? (38)
and, for z; € J,z; € {o,,1 — 0.}, using (23), (24) and (35),
€i

+ -
\/Er\/g'rJrl

The following theorem gives the estimate for the smooth component of the error.

(LN®);(z;) > C((N~'In N)? N7, (39)

Theorem 1. Let A(x) satisfy (2) and (3). Let ¥ denote the smooth component of
the exact solution from (1) and V the smooth component of the discrete solution
from (30). Then

IV =3 < C(N~'InN)2. (40)

Proof. By the comparison principle in Lemma 11, it suffices to show that, for all
1,7 and some C,

(LN (V = D))ila)] < (LY @)i(zy). (41)
For each mesh point x; there are two possibilities: either z; ¢ J or z; € J.
If z; ¢ J, apply Lemma 4 and (34) to get

(LN (V = ))i(;)] i gg\;ﬂ 1;1]9%,21)2 (42)

Then (38) and (42) imply (41).

On the other hand, if z; € J, then z; € {0,,1—0,}, for some ,1 < r < m. Here
the argument for x; = o, is given. For z; = 1 — 0, it is analogous.

If 2; = 0, € J, apply Lemma 7 and (33) to get

|@WVmM%n§Ca@ﬁlxfnu+§j&§;”x

q=i

so, since x;_1 = o — h,,
PN (T _ = - ~ By(or —h;)
(T = D)l < G143 =), (43)

For each r,1 < r < m, there are at most two possibilities: either ¢ > r or ¢ <r — 1.
If i > r, then

(39) and (44) imply (41).
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If i < r—1, which arises only if » > 1, there are two possibilities: either d,. > 0 or
d, =0 and d,_; > 0, because the case d, = d,_1 = 0 cannot occur for z; = o, € J.
Since x;_1 = 0, — h,. and 0, — h; < %,
By(zj-1) = Bg(or — h,) = BqL(UT —h)+ Bf(ar —h,) < 2BqL(UT = h,).

Then
m BL h_)

for 1 < ¢ < r. Hence

LN (45)

(39) and (45) imply (41).
If d. = 0 and d,—1 > 0 then using (12) and the fact that o, — h, > o,_1
> Tgr—1,1 < g <1 —2give

Em:Bé’(ar—h_ i UT 1) C[Bf_l(ar,l) —1—#]6'[ Nfz +i]

Substituting this into (43) gives

IN(WV -4 x; <C’€ZN + N3
(L )><>|<C[ i o

r

(39) and (46) imply (41). This completes the proof. O

In order to estimate the singular component of the error the following four lemmas
are required.
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Lemma 12. Assume that x; ¢ J. Let A(z) satisfy (2) and (3). Then, on QN for
each 1 < i < n, the following estimates hold

2

N7 — a))(ay)] < =2k (47)

An analogous result holds for the WE— @R,

Proof. Since z; ¢ J, from (34) and Lemma 6, it follows that

(LN (WE —@i™))i())| = |ei(6® — D*)w] (x;)]
" B (s)
&q

2
< C(xj41 — xj—1)" max

s€l; 7
q:

< C(l“j+1 —xj 1)

€1
as required. O

The following decompositions of the singular components w! are used in the next

lemma
r4+1

= Z Wi,q, (48)
q=1

where the components w; , are defined by

(s) ()
Wi pp1 = {pz , on [0,£E,,, r+1)

wr, otherwise

)

and, for each ¢, 7 > ¢ > 2,

(s) (s)
p; on [vaq 1q)
o r+1
»d Z wj, i, otherwise
k=q+1
and
r+1

wll—w ZwmonOl

Here the polynomials pgs), for s = 3/2 and s = 1, are defined by

/2) & (3/2) (x— (3@1)
Zw rrJrl)T
k=0

and
k

(1) . Ly(k) (1) (z— x(1)+1)
V() = Y wp Wl )
k=0
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Notice that the decomposition (48) depends on the choice of the polynomials p(-s)

and that the x(sj) are defined by (10). The following lemma provides estimates of
the derivatives of the components in the decomposition (48).

Lemma 13. Assume that d, > 0 for some r, 1 <r < m. Let A(z) satisfy (2) and
(3). Then, for each q andr, 1 < q < r, and all x; € QN the components in the
decomposition (48) satisfy the following estimates for each 1 < i < m,

o101
wf ()] < Omm{fa o 1B @)

wily ()| < Cmin{—— 3/2}BL(%)

z\f

m

n BL x] S lf
|wz 7‘+1(x7)| < len{ Z Z 7

32
kr+1€’\[kk +1 k

BL(z;
0 )] < 220,
? €i€q
" BE(z;)
w z)| < C E kA7)
| ’LT+1( J | Nt €ifk

and, for each m+1 <1i <n,

—~ B (z))
[wih i1 (z5)] < C A,
B k;r1 Ve
BE(z;)
(4) g \*J
|wi,q (x])| S C £q )
m BL )
|wz r+1(xj)| < C Z &
k=rtl K

Analogous results hold for the sz and their derivatives.

Proof. Consider first the decomposition (48) corresponding to the polynomials
pES/z). From the above definitions it follows that, for each ¢, 1 < ¢ <,

3/2
w; ¢ =0on [a:;q/_&, 1].

To establish the bounds on the third derivatives, for ¢ = 1,...,m, it is seen that:

for xz € [z igr/i)l, 1], Lemma 6 and x > xgsr/i)l imply that

m

Z 3/2 ;

L
w1 ()] = ;" (
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for z € [0, 153r/+)1] Lemma 6 and « < :Eggr/i)l imply that

Wl (@] = 0l @) < 0T,
< O % < CZk r+1 3%55)7
and for each g =17,...,2, it follows that
for x € [z ((ZgéJr)l, 1], v, = 0;
(3/2) (3/2)

for x € [z,1",z, ; 1], Lemma 6 implies that
r+1 L
B (@)
L, .
Wl @) < [0l @)+ Y @) < CZ 3/2 <20 sing (12);
k=q+1 €q
for z € [0, x,(z‘ri/i)q], Lemma 6 and =z < xg?’f/lz’)q imply that
L1 (312 = (3/12) )
///
|w///()|_| qlq |< Z 332 :
k=1 €k

BL (x (3/2) ) BL

i, x)
<C 34/2 € <C ;3/2 , using (10) and (12);
q

for x € [z (3/2),1],10;{’1 = 0;

for z € [0, :c(l‘j’f)], Lemma 6 implies that

1" L/// - " BlL(x)
i < o)+ St < 03 266 < L)

1

The required bounds for |w, (z)[, for i = m +1,...,n and ¢ = r + 1,...,1,

are obtained using the above steps with the appropriate bound of |wL "), i
=m+1,...,n, from Lemma 6.

For the bounds on the second derivatives note that, for ¢ = 1,...,m and each gq,
1<g<sm
for x € [:cé?q/i)l, 1], w{, = 0;
for z € [0, x,(fﬁ)l]
1(3/-231
aq 3/2
P () = w2 h) = wily (@) = —wly(a)

and so
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Similarly, for i = m +1,...,n and each ¢, 1 < ¢ < r, |w{ (z)] < C’BL( ). This
completes the proof of the estimates for s = 3/2.

Secondly, consider the decomposition (48) corresponding to the polynomials pgl).
From the above definitions it follows that, for each ¢, 1 < ¢ < r, w; 4 = 0 on

[13((113 41, 1]. To establish the bounds on the fourth derivatives it is seen that:
(

for z € [z M)H, 1], Lemma 6 and x > xggﬂ imply that

m L m L
(4) L,(4) By (z) By (2)
giw; ), = |g;w; z)| <C <C
leiw; ,iq ()] = | ()] > o kzim

for x € [0, zfn}r)ﬂ], Lemma 6 and 2 < 1:5,712+1 imply that

(1)
(4 L 4) g +1)
|6 wzr)+1(x)‘ = ‘61 ( rr—i—l |<CZ TT

m

<CZ r7+1 <CZ

k=r+41 k=r+1

and for each ¢ =1,...,2, it follows that

for z € [xggﬂ, 1], wl(:) =0;

for x € [x((zl_)Lq, a?f;;H], Lemma 6 implies that
r+1 m L L
B By (x
@) <t V@l Y k) oy B <o gy 1),
k=q+1 k=1 q

€]

for z € [O,zglf)lyq], Lemma 6 and = <z, , imply that

m )
e @)] = e @ (a \<c§j o)

(1)
S CB ( q— l,q) S C,B(f(z)
€q &q

, using (10) and (12);

for z € [z 51% 1], w (4) =0;

for z € [0, g %] Lemma 6 implies that

r+1
< Jesw ™ <C BlL(x)
leswi?) (2)] < leqw] |+§ lew! ) (x))] E —

For the bounds on the second and third derivatives note that, for each g,
1<g<r:

1) () — o
for x € [w, ;1 4, 1w, =0 =wy;
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for x € [O,xé%;+1],

(1)
q,q+1
[ sl Wi = sl (elly, ) - sl (o) = el (o)
xT

and so

) 1
Tq,q+1 4 C z
i@l < [ @l < S
x

q

a,q+1 L Bg’(l‘)
/m Bq (ﬁ’)dw < 07(]~

In a similar way, it can be shown that
|5iwz’-',q(x)| < C’BqL(x).

The proof for the w? and their derivatives is similar. O

Lemma 14. Assume that d, > 0 for some r, 1 <r < m. Let A(z) satisfy (2) and
(8). Then, if x; ¢ J,

(07— 0)i) < Ol + B2 )

and if x; € J

&

N L85 (s 2y
(EFWE = @iy < CINT + 2=

N71. (50)

Analogous results hold for the WE— @R,
Proof. Suppose first that z; ¢ J. Then, by (32), (34) and Lemma 13

(62 — D?)wf (x;)]

4
< [0 max |eqw] o ()| + (2741 — 2-1)? max[ewl™,  (5)]]
SGI]' SG[]'

r . . B(]L(z]»7 )
< O[fmy min{1, 3By (zj-1) + (201 — 25-1)° 0L 4 — ]

< C[BE () + ezl

Er41

(51)

Suppose now that z; = o, € J (an analogous argument holds if ; = 1 — o, € J).
Then, by Lemma 13 and expressions (32) and (33),

|ei(6% — D*)w (z;)]
< O p=y max|gwy o (s)| + (241 — xj-1) max |ewi 4 (s)|]
SEI]‘ SEIJ'

r . ) _ _ m . A\ BE(or—n))
< Oy min{1, 23 BE (0, — hy) + (hy + ) Sy, min{L, 2} 27 20),
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When ¢ > r + 1 replace both minima by the upper bound 1 and get, using (6),
(28),(29),(26) and (24),

m BL 7
(5 — D2l (a))| < CIBE(o, —ho) + (b +08) 3 D)
q=r+1 q

which is (50) for this case. On the other hand, when i < r replace both minima by
the upper bound - and get, using Lemma 8,
q

(62 — D*)wf ()]

B (o, - m BqL (Ur)
< Ol BE0te) o (4 B )es 0 2257
s N2 2, -1
SCIENT + Z e NS OINT 4+ 2 e N7,
which is (50) for this case. The proof for W% — @ is similar. O

Lemma 15. Let A(x) satisfy (2) and (3). Then, on QV, for eachi=1,...,n, the
following estimates hold

(LN (WF = d"))i(e)| < OBy, (25-1). (52)

An analogous result holds for WER— @R,

Proof. From (32) and Lemma 6, for each i = 1,...,m, it follows that on Q¥

(LN (WE —w))i(2))] = les(82 — D?)wk (a;))|
" Bl (xj-1)

< Cgiz%)
q

q=1
< OBk (1)

and for each i = m + 1,...,n, it follows that on Q¥

(LN (WE = ")) (a;)]

The proof for WER — @R is similar. [
The following theorem gives the estimate of the singular component of the error.

Theorem 2. Let A(z) satisfy (2) and (3). Let & denote the singular component of

the exact solution from (1) and W the singular component of the discrete solution
from (30). Then
||W — ]| < C(N~*nN)2. (53)
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Proof. Since @ = w" + w7, it suffices to prove the result for w” and w? separately.
Here it is proved for w”; a similar proof holds for w™.
By the comparison principle in Lemma 11 it suffices to show that, for all 7, j and

some constant C',

(LN W —@h))i(ay)| < (LVD)i(x;). (54)

This is proved for each mesh point x; € (0,1) by considering separately the 4
kinds of subintervals (a) (0,01), (b) [01,02), (¢) [0q,0¢+1) for some ¢,2 < g <m—1
and (d) [0, 1).

(a) Clearly x; ¢ J and

Tjp1 —Tj-1 < C\/glN_l In N.

Then, Lemma 12 and (38) give (54).
(b) There are 2 possibilities: (bl) dy = 0 and (b2) dy > 0.
(bl) Since 01 = 02/2 and the mesh is uniform in (0, o2) it follows that z; ¢ J, and

Tjt1 — Tj-1 S C\@lN71 InN.

Then Lemma 12 and (38) give (54).
(b2) Either ; ¢ J or z; € J. If z; ¢ J then

Tjp1 —xj—1 < CVeaN'InN
and by Lemma 8
Bf(zj-1) < Bf (01 —hy) <CON 2,

so Lemma 14 (49) with r = 1 and (38) give (54). On the other hand, if z; € J, then
Lemma 14 (50) with » = 1 and (39) give (54).
(c) There are 3 possibilities: (cl) di1 = dy = -+ = dg = 0, (¢2) d, > 0 and
dri1=---=dg =0 for some r,1 <r <g—1and (c3) dy > 0.
(c1) Since 01 = Coyqq and the mesh is uniform in (0, 0441), it follows that x; ¢ J
and

Tj41 —Tj-1 S C\/glN_l In N.

Then Lemma 12 and (38) give (54).
(c2) Either z; ¢ J or z; € J. If z; ¢ J then

Opr41 = CO'q+1, Tj41 —Tj-1 S C\@qulN_l InN
and by Lemma 8
By (xj-1) < By (04 — hy) < By (o, —hy) < ON2
Thus Lemma 14 (49) and (38) give (54). On the other hand, if z; € J, then x; = gy,
so Lemma 14 (50) with » = ¢ and (39) give (54).
(c3) Either z; ¢ J or x; € J. If x; ¢ J then

Tjp1 —Tj1 < C\@q_,'_lN_l In N
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and by Lemma 8
By (xj-1) < By(og —hy) <CN72,

so Lemma 14 (49) with » = ¢ and (3 ) give (54). On the other hand, if z; = oy, so
Lemma 14 (50) with » = ¢ and (39) give (5 )

(d) There are 3 possibilities: (d1) d1 = - =dp =0, (d2) d. > 0 and d,11
= *dm:Oforsomer1<r<mfland( )d >0

(d ) Since o1 = C and the mesh is uniform in (0, 1), it follows that z; ¢ J,

—<C’lnN
Vel

and

Tjr1 — Tj—1 S CNil.
Then Lemma 12 and (38) give (54).
(d2) Either ; ¢ J or z; € J. If z; ¢ J then

Or4+1 = 07
1

<ClInN,
€r+1
Tj41 —Tj—1 S CN71
and, by Lemma 8,
By (zj1) < By (om = hy) < By(or —hy) < CN2

Thus Lemma 14 (49) and (38) give (54). On the other hand, if z; € J, then
zj € {om;1 —0om,...,1 —o1}. Thus, Lemma 14 (50) and (39) give (54).
(d3) By Lemma 8 with » = m

By, (zj-1) < Bi(om — hs,

Then Lemma 15 and (38) give (54). O

The following theorem gives the required essentially second order parameter-
uniform error estimate.

Theorem 3. Let A(x) satisfy (2) and (8). Let @ denote the exact solution of (1)
and U the discrete solution of (30). Then

U — || < C(N"'InN)2. (55)

Proof. An application of the triangle inequality and the results of Theorems 1 and
2 lead immediately to the required result. O
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8. Numerical results

The above numerical method is applied to the following partially singularly per-
turbed boundary value problem

Example 1.
—e1uf (z) + buy(z) — uz(z) — uz(z) = 2*
—equf(x) —uy(z) + (5 + z)uz(x) —uz(xz) = exp™™
—uf(z) — (1 + z)us () —uz(x) + 5+ 2)us(z) =142

forx € Q and 4 = 0 on I'. For various values of €1 and g2 with a = 2.0 and N
=2"r=28,...,13, the computed order of E-uniform convergence and the computed
g-uniform error constant are found using the general methodology from [2]. The

results are presented in Table 1.

n Number of mesh points N
256 \ 512 \ 1024 2048 \ 4096

0.100E+01 | 0.284E-05 | 0.709E-06 | 0.177E-06 | 0.431E-07 | 0.291E-06
0.100E-02 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04
0.100E-05 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04
0.100E-08 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04
0.100E-11 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04
0.100E-14 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04
0.100E-17 | 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.407E-04 | 0.145E-04
DN 0.485E-03 | 0.235E-03 | 0.106E-03 | 0.408E-04 | 0.145E-04

pv 0.105E+01 | 0.115E+401 | 0.138E+401 | 0.149E+401
CZ]JV 0.311E+00 | 0.311E400 | 0.290E+4-00 | 0.231E+400 | 0.169E4-00

Computed order of é-uniform convergence = 0.105F + 01
Computed é-uniform error constant = 0.311F + 00
Table 1: Numerical results of Example 1 for €1 = %,82 =n
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