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An improved stability result for a heat equation backward in
time with nonlinear source
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Abstract. We consider a nonlinear backward heat conduction problem in a strip. The
problem is ill-posed in the sense that the solution (if it exists) does not depend continuously
on the data. We shall use a modified integral equation method to regularize the nonlinear
problem. The error estimates of Holder type of the regularized solutions are obtained.
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1. Introduction

Let T be a positive number. We consider the problem of finding the temperature
u(z,t), (x,t) € R x [0;T] such that

U — Uge = f(z,t,u(z,t)), (x,t) € Rx(0,T), )

u(z, T) = p(x), = €R, M)

where ¢(x) and f(x,t,z) are given. This problem is well-known to be severely

ill-posed and regularization methods for it are required. This problem is called
backward heat problem, backward Cauchy problem, and final value problem.

As is known, if the initial temperature distribution in a heat conducting body is
given, then the temperature distribution at a later time can be determined and the
problem is well-posed. This is the direct problem. In geophysical exploration, one
is often faced with the problem of determining the temperature distribution in the
Earth or any part of the Earth at a time ¢y > 0 from the temperature measurement
at a time t; > to. This is the backward heat problem. The type of a problem is
severely ill-posed; i.e., solutions do not always exist, and in the case of existence,
these do not depend continuously on the given data. In fact, from small noise
contaminated physical measurements, the corresponding solutions have large errors.
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It makes difficult to perform numerical calculations. Hence, a regularization is in

order. In the simplest case f = 0, problem (1) becomes

Ut — Ugx = O ( 7t) € R x (OaT)a (2)
u(z,T) = p(x), x€R.

Authors such as Lattes and Lions [7], Showalter [12] approximated problem (2) by
a quasi-reversibility method. Tautenhahn and Schroter [13] established an optimal
error estimate for (2). In [8], Liu introduced a group preserving scheme. A molifica-
tion method was studied by [6]. Some papers [3, 5] approximated (1) by truncated
methods. These methods were demonstrated to be very effective, and all of them
were devoted to computational aspects.

Although there are many works on the homogeneous problem (2), the literature
on the nonlinear case is quite scarce. In [10], Trong and Quan have established,
under the hypothesis that f is a global Lipschitzian function, the existence of a
unique solution for a well-posed problem as follows

uf(z,t) P dp

\ﬁ / 6+6,Tp290( pe

+oo T

\/ﬂ//€T + e szf(p’su) lmdpds (3)

—oo t

where € is a positive parameter and

~ 1 oo —ifx
g(&) = E[m g(z)e £ dy

is the Fourier transform of g. Under a strong smoothness assumption on the original
solution, namely

/T

0

2
dpdt < o0,

S”Zﬁ(p, t))

Se\w

é\g

and
o0 ) 9
e @] o <.

they obtained the following error estimate

() = () < VAT expELT =Dyt (W

where M is a constant dependent on w. The right-hand side of (4) is not close to
zero if € — 0 and ¢ = 0. The convergence of the approximate solution is very slow
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when t is in a neighborhood of zero. This is an open point of the paper [10].

In the present paper, we use a modified integral equation method in order to improve

the results given in [10]. Under some assumptions on the exact solution, we obtain

some faster convergence error estimates. In a sense, this is an improvement of the

known result in [10], and it is our aim here is to obtain only a stability estimate.
This paper is organized as follows. In Section 2, we give some auxiliary results.

In Section 3, we outline the main results while the proofs are given in Section 4.

2. Some auxiliary results.

Let §(¢) denote the Fourier transform of function g € L?(R) defined formally

~ 1 e —i€x
90 = 7= | glajea. )
Let H* = W12 H? = W?2?2 be the Sobolev spaces defined by

H'(R) = {g € L*(R),£4(¢) € L*(R)},
H*(R) = {g € L*(R),&*j(¢) € L*(R)}.

We denote by |||, ||.||zt, ||-||z= the norms in L?(R), H*(R), H*(R) respectively,
namely

1.
lglz = llgll* + llgall* = 11+ €*)25()1%,
lglize = llgl® + llgall® + llgaall® = (1 + €% + €)= g(&)1*.

Let us first make clear what a weak solution to problem (1) is.

Lemma 1. Let f € L*°(R x [0,T] x R) be a function such that f(x,y,0) =0 and
|f(z,t,u) = fz,t,0)] < Klu—v],

for all (z,t) € R x [0,T) and for some constant K > 0 independent of x,t,u,v. Let

¢ € L*(R). Assume that u € C([0,T], H*(R)) N C1([0,T],L*(R)) is a solution of

the equation

T
a(,t) = e’ 0e? & /e_(t E f(€, s, u)ds. (6)
t

Then ug, uze € C([0,T], L?(R)).

Proof. First, it is easy to see that the Fourier transform of f with respect to x
belongs to L?(R). In fact, from the Lipschitzian of f, we get

[f (@t u(x,t) = f(z,t,0)] < Kl|u(z, )],
Since f(z,t,0) = 0, we obtain

S, ulz, )| < Klu(z,t)].
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From u belonging to L?(R) with respect to =, we get f belonging to L?(R) with
respect to x.

By letting ¢t = T' in equation (6), we have immediately 4(&,T) = ¢(&). Therefore,
we get u(z,T) = ¢(z) in L*(R).
Multiplying the above equation by e'€* we obtain

T

(e, 1) = e p(¢) - / € f(&,s,u)ds, € [0,T).

t

Differentiating the latter equation w.r.t. the time variable ¢ we get
¢ (Salen) + Falen ) =it
namely
(fza(ao + jta(f,t)) = f(&tw), te(o,T].

Since u € C([0,T], H*(R)) N C*([0,T], L*(R)), we have £20(£,t) = d..(¢) and
4 4(¢,t) belongs to C([0,T], L*(R)). This gives uy, uz, € C([0,T], L2(R)). O

3. The main results

Let

- 1 e —i€x
P8 = E/—oc p(z)e “da

be the Fourier transform of the function ¢ € L?(R). As a solution of problem (1)
we understand a function u(z,t) satisfying (1) in the classical sense and for every
fixed t € [0, 77, the function u(.,t) € L?(R). In this class of functions, if the solution
of problem (1) exists, then it must be unique (see [10]). In general, we have no
guarantee that the solution to problem (1) exists. We do not know any general
condition under which problem (1) is solvable. The main goal of this paper is to find
a computation method on the exact solution when it exists. Hence, regularization
techniques are required. Let u(z,t) be a unique solution of (1) (if it exists). Using
the Fourier transform technique to problem (1) with respect to the variable z, we
can get the Fourier transform @(,t) of the exact solution u(z,t) of problem (1):

T
a(€,t) = e T p(e) - / e I, s, u)ds.(T)

t

Since t < T, we know from (7) that, when |£| becomes large, exp{(T — )2} and
exp{(s — t)£?} increase rather quickly. Thus, these terms are the unstability cause.
Hence, to regularize the problem, we have to replace the terms by some better

— (t+m)g> (s—t—T—m)g?2
€ > and & (m>0),

te—(T+m)é¢ ete— (T+m)e2
respectively. The main conclusion of this paper is:

terms. In our idea, we shall replace them by -
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Theorem 1. Let f be as Lemma 1. Let ¢ € L*(R) and let p. € L*(R) be a
measured data such that ||pe — ¢|| < €. Suppose that problem (1) has a unique
solution u € C([0,T], H*(R)) N C1([0,T], L*(R)) such that

+oo

/ ‘e(“‘m)ézﬁ(f,t) ® it < . 8)

—00

Then, we construct a reqularized solution w. such that
[u(., ) = we(.,b)[| < CeTom Vi € [0, T),

where w, s the function whose Fourier transform is defined by

. e—(t+m)52 A L e(s—t—T—m)§2 R
&) = e #e(©) [ e (€ 50008, 0)
t

form >0 and

—+oo

2
B =2 sup /‘e(t+m)52ﬁ(f,t)‘ ¢ |,
0<t<T

— OO

= \/EeKZ(T_t)2 n \/§63T22K2-

Remark 1. a) Tautenhahn and Schroter [13] reqularized the homogeneous problem
(f =0) and obtained the following error estimate

lulst) = (., 1) < 2B F et
where E is a positive constant such that
lu(.,0)]| < E. (10)

They also proved that it is an order optimal stability estimate in L*(R). If m = 0
+o0 2
and f =0, then we have [ ‘e(t+m)52a(§,t) d¢ = ||lu(.,0)||?>. Thus, condition (8)

is stmilar to (10) and it may be acceptable. Moreover, in this case, our result is of
the same order as the results of Tautenhahn with the same condition.

b) If m =0 and f = f(x,t,u), then the error is similar to the results obtained
by Trong and Quan [10]. However, the order €T is useful at t > 0, but useless at
t = 0. Moreover, when t — 0%, the accuracy of the regularized solution becomes
progressively lower. To itmprove this, we choose m > 0, then the error is of order
eT+m . This error estimate is not introduced in the ealier work of Quan and Trong

[10].
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4. Proof of the main results

First, we consider the Lemma which is useful to this paper.

Lemma 2. Let s,t,T,e,m,& be real numbers such that 0 < t < s < T and € >
0,m > 0. Then the following estimates hold

67(t+m)£2

t—T
- <« m
o) o omeme <€
(s—t—T—m)e? _
b) € S 673+m

€ + e~ (T+m)¢?
Proof. We have
e~ (t+m)€? e~ (t+m)€?

€+e—(T+7n)§2 -

(€ + e=(T+m)e?) = (e + e—(T+m)e?) T
1
(e + e*(TJFm)gz)%

IN

IA
[}
N
+
3

and

e(sfthfm){‘) e(sfthfm)§2

e +e-(Trme? - (¢ + e~ (T+m)e?) S (e + e~ (T+m)e?) TFm

1
(e + e~ (T+m)E) T

t—s
e€T+m

IN

IN

O

Next, we continue to prove the main Theorem. We divide the proof into three
steps.

Step 1. Construct a regularized solution ws.
We consider the following problem

T
—(t+m)¢? (s—t—T—m)E>
‘ /f (6.5, wo)ds,

We(§,t) = W@e(@ - Wf
t

or

(t+m)e? )
e elE)e e

we(x,t) =

ﬁ/w

1 e(s t—T—m) ito
o / J e

t
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First, we prove problem (11) has a unique solution w, € C([0,T]; L?(R)). Denote

+oo

mm@o:7%¢at ;ﬂ/

T 6(s t—T—m)
I T e s.uleasds
t

for all w € C([0,T]; L*(R)) and

T e .
I/J(JUJ):/W%(E)S dg.

— 00

Since f(x,y,0) = 0, and the Lipschitzian property of f(z,y,w) with respect to w,
we get G(w) € C([0,T]; L?(R)) for every w € C([0,T]; L?>(R)). We claim that, for
every w,v € C([0,T]; L3(R)),n > 1, we have

6" w) - o) < () TS -t )

where C' = max{T, 1} and |||.||| is the sup norm in C([0,T]; L?(R)). We shall prove
the latter inequality by induction.
When n = 1, we have

IG(w)(,1) = G)(, D] = |G(w)(.,t) = Go)(-, )]

“+oo| T 2

[ (e s s s e
—oo |t
+oo T e 9 )
5 / /(W) ds/tT‘f(ﬁ,s,w)—f(f,S,v)‘st d¢
—00 t

IA

elg(T - t) / Hf('vsaw(ws)) - f(.,S,U(.,S))HQdS =

Lo /Hf sw(5)) = £ 5,0(.,5))%ds

Tt /||w 5)|[%ds

(T = )lllw =]l

K?
SCGT

Therefore (12) holds.
Suppose that (12) holds for n = p. We prove that (12) holds for n = p+ 1. We
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have

IGPF (w) (., t) = GPFH () (L )P = |GG (w)) (., £) = G(GP () ()

+oo| T
els—t—T— m)e2 R
- / /e+e (T+m)€2 (f(f,s,Gp(w)) f(&5,GP(v ))) dg
—oo |t
T (s—t—T—m)E> 2
e
= / (/ <6+6—<T+m>s> s
—00 t

2

T 2
< [ it crw) - ﬂasa<>ﬂdada

Hence

IGT (w) (. 8) = GPTH () (1)

\ AN

T
= —t/llf 5,GP(w)(.,5)) = f(.,5,GP(v) (., 5))|Pds

IN

)/WG”wNﬁ>fG%wc@m%s

= (T—t
K* KN [(@ -5 :
—T-1){—= ———dsC?|[Jw — o]
€ € p!

t

KN\2PH) (7 — e+ o))
< (=
- ( ) (p+1)!

IN

_ 2
: llw = ol

Therefore, by the induction principle, (12) holds for every m.

m/2
e - 6ol < (£) " T cmu -l

for every w,v € C([0,T]; L*(R)). Consider G : C([0,T]; L*(R)) — C([0,T]; L*(R)).
Since

lim
m—00 €

vml

there exists a positive integer number mg such that G™° is a contraction. It follows
that G™0(w) = w has a unique solution w. € C([0,T]; L*(R)).

We claim that G(w.) = w.. In fact, one has G(G™ (w.)) = G(w.). Hence
G™(G(w.)) = G(w,). By the uniqueness of the fixed point of G™°, one has G(w.) =
we, i.e., the equation G(w) = w has a unique solution w. € C([0,T]; L?(R)). The
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main purpose of this paper is to estimate the error ||w. —u||. To do this, we consider
two next steps.

Step 2. Let ue be the solution of problem (11) corresponding to the final value
. We shall estimate the error ||w, — uc||.
From the formula of w. and u., we have

R e~ (t+m)€? Z els—t=T—-m)e*
We(€,t) = W@e(ﬁ)_/mf(gvs we)ds, (13)
t
and
. e (t+m) . e(s t—T—m)¢? R
(1) = W‘P(E) —/Wﬂﬂs ue)ds (14)

t

Using the Parseval equality and the inequality (a + b)? < 2a? + 2b2, we get

lwe(.st) = ue(, )P = e(-, 1) — ac(., 1)

—+o00 2
o= (tHm)E? )
< 2/ W(we(ﬁ)—w(f)) dg
2
teol T e(s t—T—m)¢? R R
/ / e+ e— (T+m)e2 (f(fasawé) - f(é.asaué)) ds dé'
—oo |t
(15)
Term (15) can be estimated as follows
+o0 —(t-l—m)& ) 2
n=2 [ | e (049 - 9(©))| e
2t—2T N N 2t—2T
e e e (16)
Term (15) can be estimated as follows
2
too| T e(s t—T—m) R R
B [ (€ w0 - €0 | e
—oo |t
+oco T
2t—2s | A ~ 2
_t / /GTer f 5787’“}6) - f(€787u6) deS
—oo t

<oAT- t)K?/em (., s) — (., 8| ds. (17)

t
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Combining (15), (16) and (17) we have

2t—2T
[we(-, t) — uc(, 1)[* < 265 [Joe — o
T
(T — t)KQ/eL?ELz; (., 8) — (., 8% ds.
t
Hence
we(yt) = uc(, )| < 26750 o — o2

—2t
€ T+m

T
F2KA(T — 1) / €T (., 8) — (., 5)|2ds.
t

Using the Gronwall inequality, we obtain

2t 20p_p2 2T
€T [we(, 1) — uc (., 1)||* < 2e*F T emom |, — 2.

Therefore

AT pe2op_ 2

[we (-, 8) = ue(-, )| < V2eTmm X T o — o]
< \/ﬁe%eK%T*t)Qe
R TR

Step 3. Let u be the exact solution of problem (1) corresponding to the final
value ¢. We shall estimate the error |Ju. — u|.
Let ue be the function which is defined in Step 2. We recall the Fourier transform
of u and u, from (7) and (14)

T
(g, t) = e p(e) / eI f(¢, 5, u)ds. (18)
t
and
R e—(t+m)&? R L els—t=T—m)&*>
Uc(€,t) = Ww(f) - / Wf(§7svue)dsv (19)

t

Combining (18) and (19) and by direct transform, we get

T
5 —(t+m)¢® 5
(€, 1) — e(6,1) = <e<T—t>£ - W) () - / "I (€ 5, u)ds

t

A 2
els—t=T-m)&*
+/6+e—(inmwf@’s’“dds

t
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ce(T—1) R els—t=T-m)&* .
= WW(QJF/W <f(§,5au) *f(f,saue)) ds
t
(s—t)€?
e €
- /Wﬂ@ u)ds
t

Using the Parseval equality, we obtain

+oo
|M¢%m4ﬁW=/M@ﬂﬂMwW%

+o00 5
(T-1)¢ A els—t=T-m)¢* .
= / W@(ﬁ)‘F/W(ﬂf’&u) f(&s s, ue))ds
—0o0 t

2

els t)Ez
_'jféil?QAEflzssz(f,s u)ds| d¢
t

2
e € . z e(sfth m)e? R
= / mu(ﬁ,twr/m(f(&&u)*f(f,S,ue))dS d¢
—o00 t
+o0 2
—(t+m)e?
€ee (t+m 52
<2 [ | e i D)
— o0

2
+oo

T 6(5 t—T— m)§ R
/ / + e~ (T+m) §2|f(£’8 ’LL) f(£787u5)|d8 df
oo |t
Using Lemma 1, we get

2t+4+2m

lu(.,t) = uc(., t)||* < 2 TFm / ’e(Hm a(g, t)’ dé+

+oo| T 2

—|—2/ /eﬂim ‘f(ﬁ,s,u)—f(ﬁ,s,ue) ds| d¢

—oo |t

— 24, 4 24,,

where the term E is equal to

a, = / et mage, )] de.
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We estimate :4; as follows

“+oo| T 2
A = T | (€, 5,u) — F(E,5,u0)|ds| de
[1f ]
+oco T )
< e (T —t) T | f(E€, s,u) — F(€,5,u0)ds| de
_4/

2t+2m

T
= S () [ o) Sl ds

T
e / e ||ul., 5) — uel., 5)|° ds.

IN

Hence

lulst) = uc( ) < 265 /\ (e, )] de

T
+ 2e T K2(T /e T ul., 8) — uel., s)||? ds.
t
Thus
T
e TR u(.,t) —uc(,)|]* < B+ 3K2T/67§i:”2:" u(.,s) — uc(., s)|| ds.

t
Applying the Gronwall inequality, we obtain

et |u(,t) — uc(, t)|* < BSK TT=0),
Hence, we conclude that

K2 tim

2
(., t) = ue(,8)|| < VB.e™ 2 eTom.

Due to Step 2 and Step 3, we get the following estimate by using the triangle
inequality

[we(-,t) = u, Ol < flwe(, 1) = ue( Ol + lJue(, 1) —ul, D
< V2K T H B i

ttm
< CeT+m

where

2 2
C = V2K T | Bexp(® K}

for all ¢ € [0, T]. This completes the proof of the theorem.
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