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ABSTRACT. In this paper we study the effect of block diagonalization
of a nearly diagonal matrix by iterating the related Riccati equations. We
show that the iteration is fast, if a matrix is diagonally dominant or scaled
diagonally dominant and the block partition follows an appropriately de-
fined spectral gap. We also show that both kinds of diagonal dominance
are not destroyed after the block diagonalization.

1. INTRODUCTION

In this note we consider block analoga of plane transformations in order
to block diagonalize a given matrix. Iterations of plane rotations were in-
troduced by Jacobi [4], however it does not seem to be broadly known (see
Sleipen, van der Vorst [6]) that Jacobi himself was not satisfied with the con-
vergence of his method and tried to accelerate it by using generalized rotations
which annihilate a whole off-diagonal block. Of course, this complicates the
computation of rotation parameters which are easily computable only if the
matrix is already diagonal enough in which case the corresponding Riccati
equations are solvable by a couple of iterations.!

We will consider the effect of a block diagonalization on matrices which
are diagonally dominant i.e.

ID7H(A-D)|| <1
where D is the diagonal part of A as well as on the scaled diagonally dominant

matrices for which
IID|~/2(A - D)|D|'?|| < 1.

This work was done during the first author’s stay at the Fernuniversitdt Hagen.
1Block rotations with the corresponding Riccati equations were also used in [5] as
iterative improvement to a computed eigensolution.
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(Here || - 1is the spectral norm. As it is known, on symmetric matrices
the scaled diagonal dominance is a weaker property than the usual scaled
dominance).

In Section 2 we prove that Jacobi or Gauss - Seidel like iterations solve
the Riccati equations with a number of steps independent of the dimension.
This allows to find few extremal eigenpairs in some n? operations, both in
the diagonally dominant and the scaled diagonally dominant case.

In Section 3 we study the effect of block diagonalization and show that the
(scaled) diagonal dominance is preserved after the block diagonalization step.
This opens the prospective to use our block transformations as an iterative
correction on matrices whose eigensolution was poor because of their high
condition number (see [3]).

In Section 4 we present some simple illustrative numerical examples.

2. BLOCK DIAGONALIZATION

Let Ae(Cm*™
a b
o) asfot].

where a = [a;;], [di;] are square of order m, n —m, respectively.?
We will consider two types of block transformations

(2.2) A= Ay =VAV | Al{al bl]
C1 d1
_ _ I u (I +ut)~1/? 0
ey veveo=| [T

o [ [

Here the square root is taken as an analytic continuation of the binomial

series (if it exists, see [9]).
b)

(2.5) A= Ay =UTAU | Ay = [ az by }

Co d2

2We use lower case letters for matrix blocks to remind the connection with the classical
Jacobi algorithm.
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(2.6) U=U(ut) = [ i T ] [ OLfl 0L2_1 }

(2.7) Ulz[oRfl 0R2_1H§ H

where
(2.8) I+ut=RLy , I+tu=RyLsy ,

with Lj, Ly upper triangular, R;, Rs lower triangular and diag L; =
diagR; >0, i=1,2.

These two types are the simplest block transfomations which tend to the
identity, if the matrix A is nearly block diagonal. The second transformation
avoids the use of matrix square roots. It should, however, be noted that even
in the first case the complexity in computing the square roots is tolerable, if
m &< n , because I + ut, I+ tu are low - rank perturbations of identity
matrices.

For instance, if m =1 then in (2.3) wut is just a number and

tu
1+ ut + (1 + ut)l/?

(I+tu) Y2 =1

as is immediately seen by using the binomial formula. The variables w,t can
be understood as some kind of "tangents”. In [9] it was shown how to use
"tang” substitution to get rid of all square roots in (2.3) .

In case a) we have

ay = (I +ut)~Y%(a — uc — bt 4 udt)(I 4 ut)~'/?
by = (I +ut)~Y?(au — ud + b — ucu) (I + tu) /2
c1 = (I +tu)~Y2(ta — dt + ¢ — tbt)(I + ut)~/?

dy = (I +tu)~Y?(tau + cu + tb + d) (I + tu)~1/?

(2.9)

and in case b):

as = Ry Ya —uc — bt + udt) Lt
Ry (au — ud + b — ucu) Ly *

(2.10) RyY(ta — dt +c — tht) LT

Block diagonalization means to solve the Riccati equations

(2.11) ta —dt +c—tht =0

(2.12) au —ud~+b—ucu=0.
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Note that both
V(7 t) and U(tY,t)
are unitary, in this case (2.8) are Cholesky decompositions. If A is Hermitian
then with ¢ solving (2.11) the matrix u = t solves (2.12) and vice
versa.

Furthermore the Riccati equation (2.11) determines the matrix

s=so=[ 1 9] wm so=[1 0]

such that

0

The obtained upper block triangular matrix is then block diagonalized as

I R

the corresponding Riccati equation is now linear.

S‘1A5=[* *}
k

Next we will be solving Riccati equations (2.11) and (2.12) in the case
where the matrices b, ¢ are small in some sense.

Let

(2.13) a=A0N,+a"+d , d=Ag+d"+d

where Ag, a¥, a! is the diagonal, strict upper triangular, strict lower trian-

gular part of a , respectively (and similarly for d ).
Gauss-Seidel iterates t/ for the Riccati equation (2.11) are defined by
(2.14) (AL +a) — (Ag +d)ET +tial — d"t 4 ¢ — t7bt? = 0,
t0 arbitrary. Similarly, the iteration for (2.12) reads
(2.15)  (Aq +a)uw T — (A +dY) +aud —wIdh +b—wen! =0,
u® arbitrary.
Besides (2.14) there are other iterations, defined by the leading terms

thrl(Aa + au) _ (Ad + du)tj+1
thrl(Aa + al) _ (Ad + dl)tj+1
(A, +ad) — (Ag+drT!
(A, +al) — Agtit!

(2.16) HHL(A, 4+ a%) —  Agtitl
thrlAa _ (Ad + du)tj+1
tHIA, — (Ag+ dl)tj+1

LA, — AyItH!
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(and similarly for the iteration (2.15) with u). The last choice is just the
Jacobi iteration. They are all treated in the same way. We will now state a
convergence result for the iteration (2.14).

We first consider the case in which the matrix A is nearly block-diagonal
in the standard sense.

THEOREM 2.1. Let A be asin (2.1), (2.13). Assume that
(2.17) 2V/1blle llele + lla®| + lla'[| + la“|| + [ld']| < 8

where®

(2.18) B = min |aj; — dii| .

0]
Then the Riccati equation (2.11) has a unique solution t* in the ball
K =K(0,r) with

o 2lclls |
BT = Tl = &= = 1]

Moreover, for the sequence t/ from (2.14) we have
, kI
t" =t p < — |t —¢°
I =l < Tl = s

with
_ a4 lla ] + 2ol e
B — [la]| — [|d"]

k

The estimates for the w - variables are obtained just by interchanging
the roles of b and c¢ . Moreover, the same conditions imply the convergence
of any of the iterations in (2.16) , and similarly for u’.

We omit the proof of this theorem. It can be easily reconstructed from
the harder, scaled diagonally case below. The conditions (2.17), (2.18) in
fact imply that the spectra of a and d are sufficiently distant.

We now consider matrices with the scaled diagonal dominance i.e. we set

. . Da 0 ap bo Da 0
ciw)  ampap=[ D0 [ B[00 ]

3Here || - ||g is the Euclidean norm on matrices and || - || is the operator norm on
matrices or matrix operators, induced by the Euclidean matrix norm.
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where D is diagonal, diagonal entries of Ay have the absolute value one
and Ag is diagonally dominant in the usual sense.
We use the substitution

(2.20) t=DygtD;t | w=D,'vDy,
such that (2.11) , (2.12) are equivalent to
2.21 Tag — doD2 D2 + ¢y — tbyD? TD;%2 =0
( d a d a )
2.22 aov — D 2vD3dy + b — D 2vD%¢c,v = 0.
a d a d
Let
(2.23) ao=E,+ay+ay , do=Eq+dy+d)

where E,, af, aé is the diagonal, strict upper triangular, strict lower trian-
gular part of ag , respectively (and similarly for dy ). The equations (2.14),
(2.15) are equivalent to

(2.24)  TIYE, +al) — (Bg+dy)D3 7D + 176l — dyD2 79D+
co—1bgD3 7T D% =0,

Tp arbitrary,

(2.25) (B, +a@)v’*t — D72V D2(Ey + dY) + ol v! — D72V D3 dy+
by — DngjDﬁ cov’) =0,

vy arbitrary.

THEOREM 2.2. Let A be asin (2.19), (2.23). Assume that

(2.26) o= maxildal g

min; [a;|
and
(2.27) 2v/allbolle llcollz + lla§ |l + llapll + a(lldg || + Il < Bs
where

) dii

(2.28) Bs =min(l — —) .

0.j ajj

Then the equation (2.21) has a unique solution 7* in the ball K = K(0,r)
with
C 2lells

1= (llag|| + alldg]l) *

(2.29)

1
 Be = llagll —alldb]] -

(2.30) vy
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Moreover, for the sequence 77 from (2.24) we have

Ir* = 7lls < ol =
ES T E
with

(2.31) k=(lagll + alldg || + 2ar(|bo||z) < .

Again (2.27) and (2.26) ensure a sufficient distance of the spectra of a
and d but now this distance is measured in the "relative sense”.

PROOF. We can write the equation (2.21) as
(2.32) T(E, +ay +ab) — (Eg+dY +d\)D2 7D, 2 + ¢y — tho D3 7D, = 0.
Let £ be the linear operator defined by
(2.33) L1 =7(Eq +al) — (Eq+d\)D3 7D, 2.
The equation (2.32) is equivalent to
LT = 7Tal0 +dy D?i 7'Dl;2 —co + TboD?i 7'Dl;2 .
If £ is invertible then this equation is written as
P(r)=r1
with
P(r) = LY (=7a) +diD% D% — ¢g + tho D3 7D ?) .
Set L= Lg+ Ly, where
LoT =TE, — EdDCQI TD;2 , LT =Tag — déD?l 7'D;2 .
Then L( is obviously invertible and
5= 5
Thus
L=(T+LiLy"Lo .
By (2.27) and
1111 < llag]| + af|dg||

we obtain )
ILallI1L5 ) < ﬂ—(llaé’ll +aldgl) < 1.
Thus, £ is invertible and
_ 1257
(2:34) le) < el <,
L= Lo

1
Bs — llag || — alldy]]

"y:
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We will find r such that P: K — K, K = K(0,r). Let 7 € K. Then
1Pz < [Uagll + aldg DIz + allbollz I71% + leoll] -
The inclusion P(K) C K will follow, if
(2.35) v [[bollz r* = [L = v(llag ]l + alldgID] r+7 lleollz < 0.

The assumption (2.27) implies the positivity of the discriminant of the
quadratic function above. Consequently, the solutions of (2.35) make the
closed interval [rpin, Tmaz] Wwith

N 29coll

mwn b)
gs + /92 — 4a?[[bol & [|coll =
_ 2ylleoll e

rmll.’E -

9s = /92 = 4ar?[[bol|z [[eoll 5
with

9s =1 =(llag]l + alldg|l) -
For simplicity we take

2y ||eollm
, = 2 licolls

(2.36) S (Tmin;rmaac) .
Js

We prove the contractivity. Let 7, 7 € K, then
P(T)—P(1) =

L7~(F—7)ah+dy D3(7—7)Dg%+7boD3(7 —7) D%+ (F—T)bo D3 7D, %] ,
and
[P(7) =P()le <kIT—7le .

with k from (2.31). The condition (2.27) implies k < 1.

Let 71 =P(7Y) for any 7°¢€ K ,
=P =L (=7 ah + d§ DT DY — o+ 7 00 DI T D)
By Banach fixed-point theorem [8] there is a unique solution 7* € K of the
equation (2.21) satisfying

I = llp < |7 = °ll

1—k
Q.E.D.

The estimates for v are again obtained by interchanging the roles of by
and ¢g .2

Analogous results are valid for all iterations listed in (2.16), more pre-
cisely, same assumptions lead to same results, although optimal constants,
like respective 7, and k actually vary from case to case.

4In fact our assumption (2.27) is made a bit stronger to accommodate both iterations.
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EXAMPLE 2.3. Let A in (2.1)

1 2e\/e  e\fe
(2.37) A= | 2ee  4e?  2e%\/e

N N =
25\/5]

1
“= [ 26\ 4e?
with 0 <e < 1.

Here the assumption (2.17) of Theorem 2.1 is not fullfilled.

and

The matrix (2.37) can be written in form (2.19) as
1 00 1 Ve e 1 00
(2.38) A=10 2 0| e 1 e||lo 20 0
0 0 ¢ VE e 1 0 0 ¢

with

[ 7]

Here are the assumptions of Theorem 2.2 satisfied for e small enough. In
fact, we obtain

1
4 )
(d¥,dl are not existent) and for (2.27)

(V2 +2)vE < 3/4.

3
lbollz = lleolle = V2, llagll = llagl = Ve, Bs =7

o = 4,

3. PRESERVING OF BLOCK DIAGONALITY

The rest of the paper gives estimates of the changes of the diagonal blocks
of A after the similarity transformations (2.3) and (2.6) . Due to the
special type of these block transformations this change will be quadratically
small thus generalizing similar properties of Jacobi - like diagonalization in
the 2 x 2 case. Similar results hold for scaled matrices.

In case a) by (2.9) we obtain
a—ay = (I +ut)™Y?[w+ (uc+ bt — udt)(I + ut)~/?]

with
w= I+ ut)?a —a(l+ut)~'/?.
For |lut]] <1 wusing binomial expansion we obtain
1
(3.1) (2 +ut) /2] <

1 — [Jut]]
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d lutllal
utl|||a|| g
vl < —F——.
V1= [lut]]
Then
1
(3.2) la—aillg < W(HWHHGHE + [luc + bt — udt||g) -
Similarly, for  ||tul| <1
1
(3.3) |d—dillp < m(lﬁﬂlllldﬂfa + [leu +tb + tual g) -

In case b) we need the following lemma.

LEMMA 3.1. Let || X||g <1/4. Then I+ X can be decomposed as

(3.4) I+ X =RL
R, LT upper triangular with positive diagonal and
(3.5) R=I+4+Y , L=1+Z
2| X1[e
(3.6) 1Yz, [1Z] (X) TN e

For the proof see [7], Th. 2.1.

By (2.10) we obtain
a—as = Ry'[Ria—aLy"' + (uc+ bt —udt)L7"] .

Since
RiLi=1+ut
by Lemma 3.1
Ri=I+Y, and Li'=I1+2
with
p(ut) 2||ut| e
Yille < plut) < 2futlls and |1 Z]e < (2000 < 200

it follows

(3.7)  lla—azlle < |RTYAI + 1 Zi)llal & + llue + bt — udt ]| 2| L] -
Similarly,

(3.8) lld —dolle < R MIIIY2ll + 1 Z2D | & + llcw + tb + tual g || L3 1]
with

2|[tull g
Yallg < 2|t d Zollp < T om -
1Y2||p < 2[tullz  an 1Z2le < § — 2[|tul|
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As we see in all these formulae the change of diagonal blocks is quadratical
in r from Theorem 2.1.

Now we consider the case when w, t are the solutions of the Riccati
equations in case a). From (2.12) we have

(3.9) udt = aut + bt — ucut .
Inserting (3.9) in (2.9) we obtain

(3.10) ay = (I +ut)™Y%(a — ue)(I +ut)*/? .
Similarly, from (2.11)

(3.11) tau = dtu — cu + tbtu .
Inserting (3.11) in (2.9) we obtain

(3.12) dy = (I +tw)"Y2(d + th) (I + tu)'/? .
Now

a—ay = (I+ut)" V2w, + ue(I + ut)/?]
with
wy = (I 4+ ut)?a—a(I +ut)*/?.
For |lut]|] <1 we obtain

ut||
3.13 (I—&-utl/2 §1+H—§1+ ut
318) M)V e <1 ]
and

2{|utl]|||a
.11 ol < 2letllals

T 141 ut]

Using (3.1), (3.14) and (3.13) we obtain
1

lla —alle <
V= [t

and for [jtu]| <1

2||utll[lall &

14+ /1 + |ut|

(3.15)

+(1+ ||ut||)|u0E]

1

V1= ltu]|

2|[tulllld]l =

14+ /14 ||t

(3.16) ld—di||g <

+(1+ IItuII)IIthIE] :

In case b) we have by =0 and ¢y =0 with (2.8) we obtain

(3.17) as = Ry (a — uc)Ry,

(3.18) dy = Ry (d + tb) Ry
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By (2.8) and Lemma 3.1 we have

Ri=1I+Y; , Ro=1+Y,
with
Yille < 2[ut|le 1Ya|le < 2[tulle -
It follows
(3.19) la —aslle < |RTMI@IMallz + llucllz | Rill)
(3.20) ld — da|le < [|RS Il Yzlllld]l & + [[tb]l & | R2]]) -

Now as before we consider matrices with scaled diagonal dominance
(2.19). By substituting (2.20) in (2.3), (2.4), (2.6) , (2.7) for

A, =V~ 'DA,DV

and
Ay =U'DADU
we obtain
a1 = Da[(I + Dy v D)~ ?ag(I + vDir D)~ D,
(3:21) b1 = “[(I+Da 37)72bo(I + DiTD %)~/ Dy
. 1 =D4[(I+7D; 1/D2) 280 (I + VD?ITD(;Q)*UQ]D
dq :Dd[(I+TD I/DQ) 1/2dO(I+Dl21TD;2V)71/2]Dd
and
az = Do(Dy 'Ry 'Daio Do Ly ' Dy 1)Ds
by = Da(D _1Rf D boDdIf D;1)Dy
(3.22) .
¢2 = Da(D;' Ry ' DacoDo L' Dy YD
d2 = Da(D 1R2 DddODdL D YDy
with
gO = ap — D;2I/D§CO — bODgTD(;Q + D;2VDC21dOD3TDl;2
bo = aov — D *vDjcov + b — D, *vDidy
(3.23) 0 v + by v Didy
co = Tag + co — Tho DD, = — do D37 Dy
do = Tagv + cov + by + do
Now by (2.19) and (3.21) after a lengthy calculation we obtain
(3.24) 1D, (a—a)D; e < as
and

(3.25) ID3*(d—di)Dg || < s
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where « isasin (2.26) and «fv|||7|| <1 and

_ Ivlli7liClaoll = + alldoll) + [IT[[lIboll = + l[¥[lllcoll &
1 —all[lfi=

(3.26)

Similarly, by (2.19) and (3.22) we obtain
1D, (a—a2)D; e <

(3.27)
IRV 1 Z1 D laoll s+alalw T doll s+ I7 I Iboll 2+l coll =) L1 T

ID31(d—d2) Dyt <
(3.28)
IR M A2l + [1Z2)lidoll = + (w7 IHlaoll & + 17 Il1boll & + [ llllcoll =) L3 ]

where
2allv|e 7] E

Mz, [Yalle < 2allvlelrlle and  |[Z1]s, [ Z2]e < :
1=2a|v|ellrs

The estimates (3.24) , (3.25) are ”scaled” analogs of (3.15), (3.16) and
similarly (3.27) , (3.28) are analogs of (3.7), (3.8), respectively. If b3 =0
and ¢; =0 then v, 7 is the solution of (2.22), (2.21) respectively. Inserting
(2.19) and (2.20) in (3.10) and (3.12) we obtain

a1 = Da(I + D2vD27)"Y2(ag — D2wD3eo)(I + vD3rD-2)V/2D,
and
di = Da(I + 7D *vD3) " (ag + 7bo)(I + DjrD;*v)/* Dy .
For — alvr]| <1,
1D (@ — a1) D1 <
2||7]]

L+ 1+ alvll]7|

ID; (d—d)Dg' e <

afv||

<
V1= allvir]

|o||E+ +a||V||TII)|IcolE] :

20 v|

L+ 1+ afvi=|

[ial

<
VI=alvllir]

Ido 5+ 1+ 04||V||||T)b0||E1 :

Similarly, for b3 =0 and c; =0 we obtain

as = Do[D; Ry Dy (ag — D 2vD32¢o)(I + vD2rD;?)Do L7 DY D, |
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dy = Da[D; 'Ry ' Dy(do + 7bo)(I + D37D,*v)DyLy ' DDy
Then
Dz (a—a1)D e <

IR ITAYa I+ S I+ YAl Sall+ellzlirDllaoll e+l A+allr) ol 21 L1

|ID ' (d—d)Dy' e <
< IR+ IS +IYz IS l+allv i) I doll 2+ 71l A+allv ) |bol 2] L3 |

Ri=1+Y1 , Re=1+Yy , Li=1+5 , Lo=1+5
and

Y1z, [[Yallz, 15112 [[S2ll 2 < 2elvl&IT]e -

In concluding this section we can say that in all cases the change of
the diagonal elements is quadratically small in the measure of the (scaled)
diagonal dominance and the same kind of diagonal dominance is shared by the
transformed matrix as well. In view of the results in [1] and [2] this strongly
suggests that all these transformations, at least in the Hermitian case, are
candidates for an eigenvalue algorithm with high relative accuracy. The basis
of our last estimates are the formulae (3.10), (3.12), (3.17) and (3.18) for
the transformed diagonal blocks. These formulae are of independent interest.
To illustrate this, assume that A is Hermitian and V unitary and that block
diagonalization took place, i.e. ¢; = bif = 0. Then using binomial expansion
and ||t]| = O(||¢||) the formula (3.10) yields

atft — tHtq

ay =a—tle 5 + O(|lel®).
Since a1 has to be Hermitian we obtain
the+ (tHe)H
am=a- O o),
ie.
(3.29) a1 = Hermitian part of (a —tf¢)

up to a quartic error. The same is true of d;. A scaled variant of this
approximation could be derived as well.
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4. SOME NUMERICAL EXAMPLES

We have tried some typical iterations with a MATLAB - based code which
just yields the number of iterations which, in turn allows to estimate the real
efficiency. As predicted by our theory the number of iterations is independent
of the dimensions n, m, which allows to compute few eigenpairs with the cost
of some n? operations. Our first example were (in the MATLAB notation)

A = diag(1:300)+ rand(300)/80

which looks ”diagonally dominant” but is well-beyond the Gershgorin sepa-
ration. For m = 3, 5, 20, 150 we obtained block diagonality to working
accuracy after 10 Jacobi iterations or 6 —8 Gauss-Seidel iterations (2.14),
(2.15). The second example

A = diag(200:-1:1) (eye(200) + rand(200)/10000)diag(200:-1:1)

is only scaled diagonally dominant according to [1]. For m =2, 5, 20, 100
we needed 10 — 13 Jacobi iterations and 9 — 12 Gauss-Seidel iterations.
To illustrate high relative accuracy of the algorithm consider the matrix

1-10% 2 3 4
2 4-10%° 5 6
3 5 7
4 6 8

A=

whose small eigenvalues are up to a 1072° error equal to those of

Ll

Both eigenvalues are correctly reproduced by our method (standard eigen-
solver from MATLAB yielded completely wrong values 0 and 10%).

A rigorous justification of the above illustrated accuracy as well as exten-
sive numerical experiments shall be presented elsewhere.
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