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Vol. 38(58)(2003), 211 – 232

MIX-DECOMPOSITON OF THE COMPLETE GRAPH INTO
DIRECTED FACTORS OF DIAMETER 2 AND
UNDIRECTED FACTORS OF DIAMETER 3

Damir Vukičević

University of Split, Croatia

Abstract. We estimate the values, for each k, of the smallest n such
that Kn can be mix-decomposed into k undirected factors of diameter 3
and one directed factor of diameter 2. We find the asymptotic value of

ratio of n and k, when k tends to infinity and generalize this result for
mix-decompositions into p directed factors of diameter 2 and k undirected
factors of diameter 3.

1. Introduction

In this paper, we solve the following problem. There is a system of n
communication devices and there are k + 1 communication networks. There
are k communication networks that allow two-way communication (the link of
this network connecting two devices allows each of them to receive and send
information) and the remaining communication network allows only one-way
communication (the link of this network connecting two devices allows one
of them only to send information and the other only to receive them). The
following requirements are given:

1) Every pair of different devices can be connected only by a single link.
2) For every pair of different devices and for every two-way communica-

tion network, there has to be a path of at most 3 links through which
they can communicate.

3) For every pair of different devices a and b there has to be a path of at
most 2 links of the one-way communication network through which a
can send information to b and a path of at most 2 links of the one-way
communication network through which b can send information to a.
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Of course, it is not always possible to meet these requirements. Take for
instance the case n = 3 and k = 1. In this paper, we want to estimate, for
each k, the smallest n such that this is possible

This problem is closely connected to well-known problems of decomposi-
tions of graphs. Decompositions of graphs into factors with given diameters
have been extensively studied. The problem of decomposition of the factors
of equal diameters, where diameter of each factor is at least three has been
solved in [4]. The majority of the papers written about decomposition of the
graphs are written about decompositions into the factors of diameter two.
Denote by f (k) the smallest natural number so that complete graph with n
vertices can be decomposed into k factors of diameter 2. In [5], it was proved
that

f (k) ≤ 7k.

Then in [3] this was improved to

f (k) ≤ 6k.

In [7], it was further proved that this upper bound is quite close to the exact
value of f (k) since

f (k) ≥ 6k − 7, k ≥ 664

and in [8] the correct value of f (k) was given for large values of k, to be more
specific it was proved that

f (k) = 6k, k ≥ 1017.

Therefore, the most interesting problem of decompositions of graphs are de-
compositions into factors of small diameters.

The problem most closely related to ours, i.e. the problem of decomposi-
tions of complete graph into factors of diameter 2 and 3 was treated in [6]. We
obtain few results similar to the results of that paper, but these constructions
will be somewhat more complicated, since in this paper we have to deal with
directed factors of diameter 2.

Also, the organization of the system of communication networks presented
here is somewhat better than one given in [6], because in this system the
privileged communication network is much faster; here links of privileged
network allow only one-way communication, which is much faster then two-
way communication.

2. Basic definitions

Let G be undirected (resp. directed graph). By V (G) , we denote set
of its vertices, by v (G) number of its vertices, by E (G) set of its edges
(resp. directed edges) and by e (G) the number of its edges (resp. directed
edges). By dG (x, y) we denote the length of the shortest path connecting x
and y (resp. the length of the shortest path from x to y). We also denote
diamG = max {dG (x, y) : x, y ∈ V (G)} .
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We shall slightly abuse the word subgraph (resp. supergraph) by saying
that A is a subgraph of B (resp. B is a supergraph of A) if B contains a
subgraph isomorphic to A.

For undirected graph G, we denote by dG (x) degree of vertex x, by δ (G)
minimal degree of the graph and by ∆ (G) maximal degree of the graph.

For a directed graph G we denote by d+ (x) outdegree of vertex x and
by d− (x) indegree of vertex x. By ∆+ (G) , we denote maximal outdegree of
graph G and by ∆− (G) maximal indegree of graph G. By δ+ (G) we denote
minimal outdegree of graph G and by δ− (G) minimal indegree of graph G.
We say that vertex x is n-accessible-from (resp. n-accessible-to) y if there is
a path from y to x (resp. from x to y) of length at most n, and for any set of
vertices A, we say that A is n-accessible-from (resp. n-accessible-to) x if each
vertex in A is n-accessible-from (resp. n-accessible-to) x. If (x, y) ∈ E (G) ,
we say that y is out-neighbor of x and that x is in-neighbor of y.

Let D be a directed graph. Denote by |D| a graph such that V (|D|) =
V (D) and

xy ∈ E (|D|)⇔ ((x, y) ∈ E (D) ∨ (y, x) ∈ E (D))

We also define

Definition 2.1. Let G be undirected graph. We say that G is mix-
decomposed into undirected factors F1, F2, . . . , Fk and directed factors D1, D2,
. . . , Dp if

V (F1) = V (F2) = · · · = V (Fk) = V (D1) = V (D2) = · · · = V (Dp) = V (G)

and for each edge {a, b} ∈ E (G) exactly one of the following is true:

1) {a, b} ∈ E (F1)
2) {a, b} ∈ E (F2)

...
k) {a, b} ∈ E (Fk)
k+1) (a, b) ∈ E (D1)
k+2) (a, b) ∈ E (D2)

...
k+p) (a, b) ∈ E (Dp)
k+p+1) (b, a) ∈ E (D1)
k+p+2) (b, a) ∈ E (D2)

...
k+2p) (b, a) ∈ E (Dp)

Definition 2.2. Let G be an undirected graph. Mix-complement of G is
any directed graph G′ such that V (G) = V (G′) and that for each a, b ∈ V (G′)
exactly one of the following statements is true:
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1) {a, b} ∈ V (G)
2) (a, b) ∈ E (G′)
3) (b, a) ∈ E (G′) .

Definition 2.3. Let G be a directed graph. Mix-complement of G is
any undirected graph G′ such that V (G) = V (G′) and such that for each
a, b ∈ V (G′) exactly one of the following statements is true:

1) {a, b} ∈ V (G′)
2) (a, b) ∈ E (G)
3) (b, a) ∈ E (G) .

We define the function φ : N→ N by φ (k) = n if and only if n is the
smallest natural number such that Kn can be mix-decomposed into k undi-
rected factors of diameter 3 and one directed factor of diameter 2. Therefore,
we have to estimate the values of the function φ.

3. The value of φ (1)

It can be easily, but tediously proved that (if the reader is interested in
the details of this and other missing proofs, please send me a mail):

Lemma 3.1. There is no mix-complement D of cycle with 7 vertices such
that diamD ≤ 2.

Now, we prove

Lemma 3.2. φ (1) > 7.

Proof. Suppose to the contrary, that it is possible to mix-decompose
Kn, n ≤ 7, into undirected factor F of diameter 2 and directed factor D
of diameter 3. It is easy to see that δ+ (D) > 2 and δ− (D) > 2, because
otherwise it would be δ (F ) = 0, which is impossible. If n ≤ 4, then this is
impossible. If n = 5, then ∆ (F ) = 0. If n = 6, then ∆ (F ) ≤ 1, hence F
is disconnected. If n = 7, then ∆ (F ) ≤ 2 and diamF ≤ 3, so F is a cycle,
but this is in contradiction with the previous lemma. In all the cases we have
obtained a contradiction, therefore φ (1) > 7.

Let us prove that φ (1) > 8. Denote by G8,1, G8,2 and G8,3 the graphs on
Figures 1, 2 and 3.

By a simple analysis, we can prove:

Lemma 3.3. Let G be a graph such that v (G) = 8 and diamG ≤ 3,
∆ (G) ≤ 3 and δ (G) = 1, then G is a supergraph of one of the graphs G8,1, G8,2

and G8,3.

Simple, but tedious analysis shows that:

Lemma 3.4. There is no directed graph D such that diamD ≤ 2 and D
is mix-complement of G8,1.
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Lemma 3.5. There is no directed graph D such that diamD ≤ 2 and D
is mix-complement of G8,2.
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Lemma 3.6. There is no directed graph D such that diamD ≤ 2 and D
is mix-complement of G8,3.

From the last four lemmas, it follows.

Lemma 3.7. Let K8 be mix-decomposed into undirected factor F of diam-
eter at most 3 and directed factor D of diameter at most 2; then δ (F ) > 2.

Let us prove

Lemma 3.8. Let D be directed graph with 8 vertices of diameter 2 such
that δ+ (D) > 2, δ− (D) > 2 and sum of indegree and outdegree for at most
6 vertices is 5 and for the remaining vertices is 4, then exactly three vertices
have indegree 3 and there is at most one edge between these 3 vertices, and
also exactly three vertices have outdegree 3, and there is at most one edge
between these vertices.

Proof. First let us prove that each vertex of outdegree 2 has at least
one out-neighbor of outdegree 3. Suppose, to the contrary, that there is a
vertex x of outdegree 2 such that its both out-neighbors have outdegree 2. In
that case, there are only 7 vertices that are 2-accessible-from x and that is a
contradiction.

Now let us prove that there are at least 3 vertices with outdegree 3.
Suppose to the contrary, that there are at most 2 vertices with outdegree 3.
Each of these vertices can be out-neighbor of at most two vertices. Since there
are at least 6 vertices of outdegree 2, we have obtained a contradiction, hence
there have to be at least 3 vertices of outdegree 3.

We can prove analogously that there are at least 3 vertices with indegree
3, hence there are exactly three vertices with in degree 3 and 3 vertices with
outdegree 3.

At this point, we prove that there cannot be two edges between three
vertices of outdegree three. Suppose to the contrary, that this is possible, but
then only four vertices of outdegree two can have a neighbor of outdegree 3.
Since, there are 5 vertices of outdegree 2, this is a contradiction.

Completely analogously, it can be proved that there is at most one edge
between 3 vertices that have indegree 3.

Denote by G8,4, G8,5 and G8,6 respectively the following graphs

Figure 4
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Figure 5

Figure 6

A simple analysis shows that:

Lemma 3.9. Every graph G with 8 vertices such that diamG ≤ 3,
δ (G) = 2, ∆ (G) ≤ 3 and at most two vertices have a degree larger than
2, is isomorphic to G8,4, G8,5 or G8,6.

Simple check shows that:

Lemma 3.10. In complement of G8,4 six vertices of degree 5 cannot be
divided in two triples in such a way that each triple contains only one edge.

Lemma 3.11. In complement of G8,5 six vertices of degree 5 cannot be
divided in two triples in such a way that each triple contains only one edge.

Lemma 3.12. In complement of G8,6 six vertices of degree 5 cannot be
divided in two triples in such a way that each triple contains only one edge.

Combining the last five lemmas we get:

Lemma 3.13. K8 can not be mix-decomposed into undirected factor F1 of
diameter 3 and directed factor F2 of diameter 2, such that δ (F2) > 2.

The last lemma and Lemma 3.7 yield the following proposition:

Proposition 3.14. φ (1) > 8.

From the last Proposition and the following decomposition of K9 (on this
sketch we draw only the directed edges of directed factorD and all the missing
edges are edges of undirected factor F ): it follows that

Theorem 3.15. φ (1) = 9.
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Figure 7

4. Estimates of φ (k) for small values of k

We start with several lemmas:

Lemma 4.1. If there is a directed graph D of diameter 2, such that |D| ∼=
Kn, then there is a directed graph D′ such that diamD′ = 2 and |D′| ∼= Kn+2.

Proof. Denote vertices of D by v1, v2, . . . , vn. We explicitly construct
D′. Its vertices are v1, . . . , vn+2 and its edges are:

1) (x, y) such that (x, y) ∈ E (D)
2) (x, vi) such that n+ 1 ≤ i ≤ n+ 2, (x, vn) ∈ E (D)
3) (vi, x) such that n+ 1 ≤ i ≤ n+ 2, (vn, x) ∈ E (D)
4) (vn, vn+1) , (vn+1, vn+2) , (vn+2, vn).

Lemma 4.2. There is a directed graph D (2, 3) of diameter 2 such that
|D (2, 3)| ∼= K3, and there is directed graph D (2, 6) of diameter 2 such that
|D (2, 3)| ∼= K6.

Proof. Graphs with the required properties are given by the following
sketches:

Figure 8
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Figure 9

The last two Lemmas yield that there are graphs D (2, n) of diameter 2
such that |D (2, n)| ∼= Kn for each n 6= 1, 2, 4.

Denote by D a mixed-decomposition of the K10 into undirected factor FD
and directed factor DD given by the following sketch (on the following sketch
only the edges of the factor DD are drawn and the missing edges are edges of
the factor FD):
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It can be easily seen that diamFD = 3 and that diamDD = 2. Let us prove
that:

Lemma 4.3. φ (k) ≤ 3k + 7, k 6= 1, 2, 4.

Proof. We explicitly give a mixed-decomposition of K3k+7 into undi-
rected factors F1, . . . , Fk and directed factor D with a required properties.
Denote

V (K3k+7) = A ∪
k⋃

i=1

Bi

A = {a1, a2, . . . , a6} , Bi = {bi,1, bi,2, bi,3} .
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Edges of Fi, for each 1 ≤ i ≤ k, are:

1) bi,jak such that xjak ∈ E (FD)
2) bi,1bl,2, bi,2bl,3, bi,3bl,1, 1 ≤ l ≤ k, i 6= l
3) bi,1bi,2, bi,2bi,3, bi,3bi,1.

Since bi,1, bi,2, bi,3 are all adjacent in Fi and each vertex is adjacent to at least
one of them, it follows that diamFi = 3.

Denote by gi : {b1,i, b2,i, . . . , bk,i} → V (D (2, k)), i = 1, . . . , 3 any bijec-
tions.

Directed edges of D are:

1) (ai, aj) such that (ai, aj) ∈ V (DD)
2) (bi,j , al) such that (xj , al) ∈ V (DD)
3) (al, bi,j) such that (al, xj) ∈ V (DD)
4) (bi,j , bl,j) such that (gj (bi,j) , gj (bl,j)) ∈ V (DD) .

Let us prove that diamD ≤ 2. We need to show that d (x, y) ≤ 2 for each
x, y ∈ V (D) . Distinguish three cases:

1) x, y ∈ A or x ∈ A, y ∈ Bi, 1 ≤ i ≤ k or x ∈ Bi, y ∈ A, 1 ≤ i ≤ k or
x, y ∈ Bi, 1 ≤ i ≤ k.

Note that there is a subgraph of D isomorphic to DD that contains
x and y, hence the claim follows.

2) x = bi,j , y = bl,m, i 6= l, j 6= m, 1 ≤ i, j, l,m ≤ k.
There is a vertex ao, 1 ≤ o ≤ 7 such that (xj , ao),(ao, xm) ∈

E (DD) . Therefore (bi,j , ao) , (ao, bl,m) ∈ E (DD) .
3) x = bi,j , y = bl,j .

There is a path of length at most 2 that consists of directed edges
listed in 4).

We have exhausted all the cases and we have proved our claim.

Lemma 4.4. φ (2) ≤ 14.

Proof. We explicitly give a decomposition ofK14 into undirected factors
F1 and F2 of diameter 3 and directed factor D of diameter 2 by the following
table T :

0 1 1 3 1 2 1 1 1 3 4 3 4 4
1 0 1 2 3 1 3 4 3 1 1 4 3 4
1 1 0 1 2 3 4 3 4 4 3 1 1 4
4 2 1 0 2 2 2 2 2 3 4 3 4 3
1 4 2 2 0 2 3 4 3 2 2 4 3 3
2 1 4 2 2 0 4 3 4 4 3 2 2 3
1 4 3 2 4 3 0 3 3 4 4 4 3 1
1 3 4 2 3 4 4 0 3 3 3 4 4 1
1 4 3 2 4 3 4 4 0 4 3 3 3 2
4 1 3 4 2 3 3 4 3 0 3 3 4 1
3 1 4 3 2 4 3 4 4 4 0 3 3 2
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4 3 1 4 3 2 3 3 4 4 4 0 3 1
3 4 1 3 4 2 4 3 4 3 4 4 0 2
3 3 3 4 4 4 1 1 2 1 2 1 2 0
where Tij = k denotes ij ∈ Fk , 1 ≤ k ≤ 2; Tij = 3 denotes (i, j) ∈ E (D)

and Tij = 4 denotes (j, i) ∈ E (D) .

Lemma 4.5. φ (4) ≤ 20.

Proof. We explicitly give a decomposition ofK20 into undirected factors
F1, F2, F3 and F4 of diameter 3 and directed factor D of diameter 2 by the
following table T :

0 1 1 5 1 2 5 1 3 6 1 4 1 1 6 5 5 6 5 6
1 0 1 2 5 1 3 5 1 4 6 1 5 6 1 1 6 5 1 5
1 1 0 1 2 5 1 3 6 1 4 5 6 5 5 6 1 1 6 1
6 2 1 0 2 2 5 2 3 5 2 4 2 2 6 5 5 6 6 6
1 6 2 2 0 2 3 6 2 4 5 2 5 6 2 2 6 5 2 5
2 1 6 2 2 0 2 3 5 2 4 5 6 5 5 6 2 2 6 2
6 3 1 6 3 2 0 3 3 5 3 4 3 3 6 5 5 6 5 6
1 6 3 2 5 3 3 0 3 4 5 3 5 6 3 3 6 5 3 6
3 1 5 3 2 6 3 3 0 3 4 5 6 5 5 6 3 3 6 3
5 4 1 6 4 2 6 4 3 0 4 4 4 4 6 5 5 6 5 6
1 5 4 2 6 4 3 6 4 4 0 4 5 6 4 4 6 5 4 5
4 1 6 4 2 6 4 3 6 4 4 0 6 5 5 6 4 4 5 4
1 6 5 2 6 5 3 6 5 4 6 5 0 5 6 5 6 6 6 5
1 5 6 2 5 6 3 5 6 4 5 6 6 0 5 5 6 5 5 6
5 1 6 5 2 6 5 3 6 5 4 6 5 6 0 6 5 6 6 5
6 1 5 6 2 5 6 3 5 6 4 5 6 6 5 0 5 5 5 6
6 5 1 6 5 2 6 5 3 6 5 4 5 5 6 6 0 6 6 5
5 6 1 5 6 2 5 6 3 5 6 4 5 6 5 6 5 0 5 6
6 1 5 5 2 5 6 3 5 6 4 6 5 6 5 6 5 6 0 5
5 6 1 5 6 2 5 5 3 5 6 4 6 5 6 5 6 5 6 0
where Tij = k denotes ij ∈ Fk , 1 ≤ k ≤ 4; Tij = 5 denotes (i, j) ∈ E (D)

and Tij = 6 denotes (j, i) ∈ E (D) .

Lemma 4.6. Let D be a directed graph with n vertices of diameter 2 such
that δ+ (D) > 2. Then D has at least 3n− 7 edges.

Proof. If δ+ (D) > 3, the claim is trivial. If not, there is a vertex x
with exactly 2 out-neighbours, say y and z. Since diamD ≤ 2, it follows that
d+ (y) + d+ (z) > n− 3. Therefore we have

∑
v∈V (D) d

+ (v) > 3n− 7.

The last Lemma yields

Lemma 4.7. φ (k) >

⌈
2k+7+

√
(2k+7)2−56

2

⌉
.
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Proof. Suppose that Kn can be decomposed into k undirected factors
each of diameter at most 3 and one directed factor of diameter 2. Each of
undirected factors have at least n edges and directed graph by last Lemma
has at least 3n− 7 directed edges. Therefore,

k · n+ 3n− 7 ≤ n · (n− 1)

2

n2 − (2k + 7)n+ 14 > 0,

hence

n >




2k + 7 +

√
(2k + 7)2 − 56

2



.

So far we have shown that

Theorem 4.8.

9, k = 1⌈
2k+7+

√
(2k+7)2−56

2

⌉
, k > 2



 ≤ φ (k) ≤





3k + 6 k = 1
3k + 8 k = 2, 4
3k + 7 k 6= 1, 2, 4

.

5. Estimates of φ (k) for large values of k

The upper bounds of the last theorem are quite good for small values of
k, but they are bad for large values of k. Note that from the last theorem, it
follows only

2 ≤ lim
φ (k)

k
≤ lim

φ (k)

k
≤ 3.

We shall prove that

lim
k→∞

φ (k)

k
= 2.

This is a result analog to the result given in [6]. The techniques of proving
this are similar to those of [6], but somewhat more complicated.

Lemma 5.1. Let t, k and q be such natural numbers that
[(

2q + 2k + 4
⌈√

k
⌉

+ 4t− 2
)
·
(
2q + 2k + 4

⌈√
k
⌉

+ 4t− 3
)

− 2k · (2k − 1)

]
·
(

3

4

)q
< 1

then there is a directed graph D′ such that its vertices can be divided into five
pairwise disjoint sets C1, C2, C3, C4 and C5 in such a way that:

1) |C1| = q
2) |C2| = q
3) |C3| = k
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4) |C4| = k

5) |C5| = 4
⌈√

k
⌉

+ 4t− 2

6) For any two vertices x ∈ X and y ∈ Y either (x, y) ∈ E (D′) or
(y, x) ∈ E (D′), where

{X,Y } ∈ {{C1, C2} , {C1, C4} , {C1, C5} , {C2, C3} , {C2, C5} , {C1} , {C2}}

7) For any two vertices x ∈ X and y ∈ Y neither (x, y) ∈ E (D′) nor
(y, x) ∈ E (D′), where

{X,Y } ∈ {{C3} , {C4} , {C5} , {C1, C3} , {C2, C4} , {C3, C4} ,
{C3, C5} , {C4, C5}}

8) For each pair of vertices

(x, y) ∈ (V (D′)× V (D′)) \ ((C3 ∪ C4)× (C3 ∪ C4)) .

we have dD′ (x, y) ≤ 2.

Proof. Let D′′ be a random graph such that V (D′′) = C1 ∪ C2 ∪ C3 ∪
C4 ∪ C5 such that

1) For any two vertices x ∈ X and y ∈ Y either (x, y) ∈ E (D′′) or
(y, x) ∈ E (D′′), where

{X,Y } ∈ {{C1, C2} , {C1, C4} , {C1, C5} , {C2, C3} , {C2, C5} , {C1} , {C2}}

and the probability of each direction is 1
2 .

2) For any two vertices x ∈ X and y ∈ Y neither (x, y) ∈ E (D′′) nor
(y, x) ∈ E (D′′), where

{X,Y } ∈ {{C3} , {C4} , {C5} , {C1, C3} , {C2, C4} , {C3, C4} ,
{C3, C5} , {C4, C5}}

Denote the following condition by (∗):
For each pair of vertices

(x, y) ∈ (V (D′′)× V (D′′)) \ ((C3 ∪ C4)× (C3 ∪ C4)) .

we have dD′′ (x, y) ≤ 2.

Let us calculate probability thatD′′ does not satisfy (∗). First we estimate
the probability prob (x, y) that dD′′ (x, y) > 2, where x 6= y and (x, y) ∈
(V (D′)× V (D′)) \ ((C3 ∪ C4)× (C3 ∪ C4)) .
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The following 21 cases, described in the following table may occur:

x ∈ y ∈ prob (x, y)

C1 C1
1
2 ·
(

3
4

)2q+k+4d√ke+4t−4

C1 C2
1
2 ·
(

3
4

)2q+4d√ke+4t−4

C1 C3

(
3
4

)q

C1 C4
1
2 ·
(

3
4

)q−1

C1 C5
1
2 ·
(

3
4

)2q−1

C2 C1
1
2 ·
(

3
4

)2q+4d√ke+4t−4

C2 C2
1
2 ·
(

3
4

)2q+k+4d√ke+4t−4

C2 C3
1
2 ·
(

3
4

)q−1

C2 C4

(
3
4

)q

C2 C5
1
2 ·
(

3
4

)2q−1

C3 C1

(
3
4

)q

C3 C2
1
2 ·
(

3
4

)q−1

C3 C5

(
3
4

)q

C4 C1
1
2 ·
(

3
4

)q−1

C4 C2

(
3
4

)q
C4 C5

(
3
4

)q

C5 C1
1
2 ·
(

3
4

)2q−1

C5 C2
1
2 ·
(

3
4

)2q−1

C5 C3

(
3
4

)q
C5 C4

(
3
4

)q

C5 C5

(
3
4

)2q

Thus, prob (x, y) ≤
(

3
4

)q
for any two different vertices x, y such that

(x, y) ∈ (V (D′)× V (D′))\ ((C3 ∪ C4)× (C3 ∪ C4)) . Therefore, a probability
that D′′ does not satisfy (∗) is less then

[(
2q + 2k + 4

⌈√
k
⌉

+ 4t− 2
)
·
(
2q + 2k + 4

⌈√
k
⌉

+ 4t− 3
)

− 2k · (2k − 1)

]
·
(

3

4

)q

Since the last expression is less than 1, there is a graph with the required
properties.

Now we can prove:
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Theorem 5.2. For any k ∈ N, we have φ (k) ≤ 2k+4
⌈√

k
⌉

+4t− 2+2q

where t is the least natural number such that(
2t− 1

t− 1

)
≥ k.

and q is the least natural number such that
[(

2q + 2k + 4
⌈√

k
⌉

+ 4t− 2
)
·
(
2q + 2k + 4

⌈√
k
⌉

+ 4t− 3
)

− 2k · (2k − 1)

]
·
(

3

4

)q
< 1.

Proof. We will construct a decomposition of Kn, n = 2k + 4
⌈√

k
⌉

+

4t− 2 + 2q, into undirected factors F1, F2, . . . , Fk and directed factor F such
that diamF = 2 and diamFi = 3, 1 ≤ i ≤ k. Let

V (Kn) = L ∪D ∪W ∪ Z ∪ U ∪ U ′ ∪ A ∪ B ∪B′ ∪ C,
where

L = {l1, . . . , lk} , D = {d1, . . . , dk} , W =
{
w1, . . . , wd√ke

}
,

Z =
{
z1, . . . , zd√ke

}
, U =

{
u1, . . . , ud√ke

}
, U ′ =

{
u′1, . . . , u

′
d√ke

}
,

A = {a1, . . . , aq} , B = {b1, . . . , b2t−1} ,
B′ =

{
b′1, . . . , b

′
2t−1

}
, C = {c1, . . . , cq} .

Let B be the set of all subsets of t − 1 elements of the set {1, 2, . . . , 2t− 1} .
Let f be any injection

f : {1, . . . , k} → B.
Let us notice that for each j ∈ {1, . . . , k} there are unique numbers qj and rj
so that

j = (qj − 1) ·
⌈√

k
⌉

+ rj , 1 ≤ qj ≤
⌈√

k
⌉
, 1 ≤ rj ≤

⌈√
k
⌉
.

The edges of the factor Fi, 1 ≤ i ≤ k are

1) lidi
2) lilj , 1 ≤ j < i
3) dilj , i < j ≤ k
4) lidj , i < j ≤ k
5) didj , 1 ≤ j < i
6) liaj , 1 ≤ j ≤ q
7) dicj , 1 ≤ j ≤ q
8) libj , lib

′
j , j ∈ f (i)

9) dibj , dib
′
j , j ∈ {1, 2, . . . , 2t− 1} \ f (i)

10) liwj , 1 ≤ j ≤
⌈√

k
⌉
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11) dizj , 1 ≤ j ≤
⌈√

k
⌉

12) wqiuri , zqiuri , wqiu
′
ri
, zqiu

′
ri

13) diuj , diu
′
j , 1 ≤ j ≤

⌈√
k
⌉
, j 6= ri.

In each factor Fi, 1 ≤ i ≤ k all vertices are adjacent to either li or di,
except uri and u′ri

each of which is connected by a path of length 2 to both,
li and di. Also, li and di are adjacent, and there is a path of length 2 which
connects uri and u′ri

, hence we have diamFi = 3, 1 ≤ i ≤ k.
Let D′ be a digraph with a properties required in the previous lemma and

let

g : V (Kn)→ V (D′)

be a bijection such that

g (A) = C1

g (C) = C2

g (L) = C3

g (D) = C4

g (B ∪ B′ ∪ V ∪ Z ∪ U ∪ U ′) = C5

Directed edges of F are:

1) (x, y) such that (g (x) , g (y)) ∈ E (D′)
2) (li, uri) , (uri , di) ,

(
di, u

′
ri

)
,
(
u′ri

, li
)

3) (bj , di) ,
(
di, b

′
j

)
, j ∈ f (i)

4) (li, bj) ,
(
b′j , li

)
, j ∈ {1, 2, . . . , t− 1} \ f (i)

5) Edges in

E (Kn) \
(

k⋃

i=1

E (Fi) ∪
{
xy : [(x, y) is edge of D listed in 1)-5)] ∨

[(y, x) is edge of D listed in 1)-5)]

})

with an arbitrary orientations.

It remains to prove that diamF ≤ 2, i.e. that for arbitrary x, y, we have
d (x, y) ≤ 2. Distinguish 5 cases:

1) x = li, y = di, 1 ≤ i ≤ k.
There is a path liuridi.

2) x = di, y = li, 1 ≤ i ≤ k.
There is a path diu

′
ri
li.

3) x = li, y = dj , i 6= j, 1 ≤ i, j ≤ k.
Since f is a bijection, there is m ∈ f (j)\f (i) and therefore, there

is a path libmdj .
4) x = di, y = lj , i 6= j, 1 ≤ i, j ≤ k.

Since f is a bijection, there is m ∈ f (i)\f (j) and therefore, there
is a path dib

′
mlj .
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5) x ∈ V (Kn) \ (L ∪D) or y ∈ V (Kn) \ (L ∪D) .
There is a path of length at most 2 from x to y consisting of edges

listed in 1).

All the cases are exhausted and the claim is proved.

From the last theorem, it easily follows

Corollary 5.3. limk→∞
φ(k)
k = 2.

Proof. Let k ∈ N be sufficiently large. Let us find upper and lower
bounds for φ (k) . We have

k · (φ (k)− 1) ≤
(
φ (k)

2

)
⇒ k ≤ φ (k)

2
⇒ φ (k) ≥ 2k.

Let us notice that, for sufficiently large k, we have

(2
⌈√

k
⌉
− 1

⌈√
k
⌉
− 1

)
≥ k,

thus t ≤
⌈√

k
⌉
. Also, for sufficiently large k, we have

[(
2q + 2k + 8

⌈√
k
⌉
− 2
)
·
(
2q + 2k + 8

⌈√
k
⌉
− 3
)

− 2k · (2k − 1)

]
·
(

3

4

)d√ke
< 1,

therefore q ≤
⌈√

k
⌉
. It follows that

2k ≤ φ (k) ≤ 2k + 10
(√

k + 1
)
⇒ 2 ≤ φ (k)

k
≤ 2 +

10√
k

+
10

k
.

⇒ lim
k→∞

2 ≤ lim
k→∞

(
φ (k)

k

)
≤ lim
k→∞

(
2 +

5√
k

+
5

k

)
,

which proves the claim.

Let us generalize the last corollary. By a simple probabilistic argument
(similarly as in Lemma 5.1), we show that:

Lemma 5.4. Let p, r, r′ and k be natural numbers such that

p · [(r′ + 2r + 2k) · (r′ + 2r + 2k − 1)− 2k · (2k − 1)] ·
(

1−
(

1

2p

)2
)r

< 1.

There is a digraph Dr,r′ such that its vertices can be divided into five pairwise
disjoint sets C(r,r′),1, C(r,r′),2, C(r,r′),3, C(r,r′),4, and C(r,r′),5 in such way
that:

1)
∣∣C(r,r′),1

∣∣ = r
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2)
∣∣C(r,r′),2

∣∣ = r

3)
∣∣C(r,r′),3

∣∣ = k

4)
∣∣C(r,r′),2

∣∣ = k

5)
∣∣C(r,r′),2

∣∣ = r′

6) For any two vertices x ∈ X and y ∈ Y either (x, y) ∈ E (Dr,r′) or
(y, x) ∈ E (Dr,r′), where

{X,Y } ∈
{ {

C(r,r′),1, C(r,r′),2

}
,
{
C(r,r′),1, C(r,r′),4

}
,
{
C(r,r′),1, C(r,r′),5

}
,{

C(r,r′),2, C(r,r′),3

}
,
{
C(r,r′),2, C(r,r′),5

}
,
{
C(r,r′),1

}
,
{
C(r,r′),2

}
}

7) For any two vertices x ∈ X and y ∈ Y neither (x, y) ∈ E (Dr,r′) nor
(y, x) ∈ E (Dr,r′), where

{X,Y } ∈





{
C(r,r′),1, C(r,r′),3

}
,
{
C(r,r′),2, C(r,r′),4

}
,
{
C(r,r′),3, C(r,r′),4

}
,{

C(r,r′),3, C(r,r′),5

}
,
{
C(r,r′),4, C(r,r′),5

}
,{

C(r,r′),3

}
,
{
C(r,r′),4

}
,
{
C(r,r′),5

}
,





which can be decomposed into p factors P(r,r′),1, . . . , P(r,r′),p such that
8) For each pair of vertices

(x, y) ∈ (V (Dr,r′)× V (Dr,r′))\
((
C(r,r′),3 ∪ C(r,r′),4

)
×
(
C(r,r′),3 ∪ C(r,r′),4

))
.

and each factor P(r,r′),i, 1 ≤ i ≤ k, we have dP(r,r′),i,
(x, y) ≤ 2.

Proof. Let D′
r,r′ be a random digraph such that its vertices can be de-

composed into five pairwise disjoint sets C(r,r′),1, C(r,r′),2, C(r,r′),3, C(r,r′),4,
and C(r,r′),5 in such way that:

1) For any two vertices x ∈ X and y ∈ Y either (x, y) ∈ E
(
D′
r,r′

)
or

(y, x) ∈ E
(
D′
r,r′

)
, where

{X,Y } ∈
{ {

C(r,r′),1, C(r,r′),2

}
,
{
C(r,r′),1, C(r,r′),4

}
,
{
C(r,r′),1, C(r,r′),5

}
,{

C(r,r′),2, C(r,r′),3

}
,
{
C(r,r′),2, C(r,r′),5

}
,
{
C(r,r′),1

}
,
{
C(r,r′),2

}
}

and probability of each direction is 1
2 .

2) For any two vertices x ∈ X and y ∈ Y neither (x, y) ∈ E
(
D′
r,r′

)
nor

(y, x) ∈ E
(
D′
r,r′

)
, where

{X,Y } ∈





{
C(r,r′),1, C(r,r′),3

}
,
{
C(r,r′),2, C(r,r′),4

}
,
{
C(r,r′),3, C(r,r′),4

}
,{

C(r,r′),3, C(r,r′),5

}
,
{
C(r,r′),4, C(r,r′),5

}
,{

C(r,r′),3

}
,
{
C(r,r′),4

}
,
{
C(r,r′),5

}
,





Let P ′
(r,r′),1, . . . , P

′
(r,r′),p be a random decomposition of random digraph

(each directed edge of (x, y) has a probability 1
p to be a directed edge of

P ′
(r,r′),i, for every i ∈ {1, . . . , p}). Denote by (∗) the following condition:

For each pair of vertices

(x, y) ∈
(
V
(
D′
r,r′
)
× V

(
D′
r,r′
))
\
((
C(r,r′),3 ∪ C(r,r′),4

)
×
(
C(r,r′),3 ∪ C(r,r′),4

))
.

and each factorP(r,r′),i, 1 ≤ i ≤ k, we have dP(r,r′),i,
(x, y) ≤ 2.
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Let us calculate the probability that D′
r,r′ does not satisfy (∗) . First, we

estimate the probability prob (x, y, i) that dP ′

(r,r′),i
(x, y) > 2, where (x, y) ∈

(V (D′)× V (D′)) \
((
C(r,r′),3 ∪ C(r,r′),4

)
×
(
C(r,r′),3 ∪ C(r,r′),4

))
and 1 ≤ i ≤

p. Analogously as in the Lemma 5.1, we solve this problem by observing 21
possible cases. We get

prob (x, y, i) ≤
(

1−
(

1

2p

)2
)r

.

for each

(x, y)∈
(
V
(
D′
r,r′
)
×V

(
D′
r,r′
))
\
((
C(r,r′),3 ∪ C(r,r′),4

)
×
(
C(r,r′),3 ∪ C(r,r′),4

))
.

Therefore, a probability that D
′

r,r′ does not satisfy (∗) is at most

p · [(r′ + 2r + 2k) · (r′ + 2r + 2k − 1)− 2k · (2k − 1)] ·
(

1−
(

1

2p

)2
)r

.

Since the last expression is less than 1, there is a graph with the required
properties.

We can now prove:

Theorem 5.5. Let p and k be any natural numbers. Then Kn can be
mixed-decomposed into k undirected factors F1, F2, . . . , Fk of diameter 3 and
p directed factors D1, D2, . . . , Dp of diameter 2 where

n = 2k + 2r + 2p (2t− 1) + (2p+ 2)
⌈√

k
⌉
,

where t is the smallest integer such that
(

2t− 1

t− 1

)
> k

and r is the smallest integer such that

p · [(r′ + 2r + 2k) · (r′ + 2r + 2k − 1)− 2k · (2k − 1)] ·
(

1−
(

1

2p

)2
)r

< 1.

where

r′ = 2p (2t− 1) + (2p+ 2)
⌈√

k
⌉
.

Proof. Denote

V (Kn) = L ∪ R ∪ A ∪ B ∪
p⋃

α=1

Cα ∪
p⋃

α=1

Eα ∪X ∪ Y ∪
p⋃

α=1

Uα ∪
p⋃

α=1

Vα,
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L = {l1, . . . , lk} , R = {r1, . . . , rk} ,
A = {a1, . . . ar} , B = {b1, . . . , br} ,
X =

{
x1, . . . , xd√ke

}
, Y =

{
y1, . . . , yd√ke

}
,

and for, each α = 1, . . . , p, denote

Cα =
{
cα1 , . . . , c

α
2t−1

}
, Eα =

{
eα1 , . . . , e

α
2t−1

}
,

Uα =
{
uα1 , . . . , u

α

d√ke
}
, Vα =

{
vα1 , . . . , v

α

d√ke
}
.

Let us notice, as in the Theorem 5.2 that for each j ∈ {1, . . . , k} there are
unique numbers Qj and Rj such that

j = (Qj − 1) ·
⌈√

k
⌉

+Rj , 1 ≤ Qj ≤
⌈√

k
⌉
, 1 ≤ Rj ≤

⌈√
k
⌉
.

Also, as in the Theorem 5.2, let B be the set of all subsets of t− 1 elements
of the set {1, 2, . . . , 2t− 1} and let f be any injection

f : {1, . . . , k} → B.
We explicitly give a mixed-decomposition with the required properties.

The edges of Fi, i = 1, . . . , k are:

1) liri
2) lilj , rirj , i < j ≤ k
3) lirj , rilj , 1 ≤ j < i
4) liaj , j = 1, . . . , r
5) ribj , j = 1, . . . , r
6) lic

α
j , lie

α
j , j ∈ f (i) , α = 1, . . . , p

7) ric
α
j , rie

α
j , j ∈ {1, 2, . . . , 2t− 1} \ f (i) , α = 1, . . . , p

8) lixj , riyj , j = 1, . . . ,
⌈√

k
⌉

9) xQiu
α
Ri
, yQiu

α
Ri
, xQiv

α
Ri
, yQiv

α
Ri
, α = 1, . . . , p

10) liu
α
j , riv

α
j , 1 ≤ j ≤

⌈√
k
⌉
, j 6= Ri, 1 ≤ α ≤ p

It can be easily checked that diamFi = 3, for each i = 1, . . . , k.
Let

g : V (Kn)→ V (Dr,r′)

be any bijection such that

g (A) = C(r,r′),1

g (B) = C(r,r′),2

g (L) = C(r,r′),3

g (R) = C(r,r′),4

g

(
X ∪ Y ∪

p⋃

α=1

(Cα ∪Eα ∪ Uα ∪ Vα)

)
= C(r,r′),5
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Directed edges of Dα, α = 1, . . . , p are:

1) (x, y) such that
(
g (x) , g (x) ∈ P(r,r′),α

)

2)
(
li, u

α
Ri

)
,
(
uαRi

, ri
)
,
(
ri, v

α
Ri

)
,
(
vαRi

, li
)

3)
(
li, c

α
j

)
,
(
eαj , li

)
, j ∈ {1, 2, . . . , 2t− 1} \ f (i) , i = 1, . . . , k

4)
(
cαj , ri

)
,
(
ri, e

α
j

)
, j ∈ f (i) , i = 1, . . . , k.

Edges in

E (Kn) \




k⋃
i=1

E (Fi) ∪
p⋃

α=2
E (|Dα|)∪

∪
{
xy : [(x, y) is edge of D1 listed in 1)-4)] ∨

[(y, x) is edge of D1 listed in 1)-4)]

}




are directed edges of D1 with an arbitrary orientations.
Let us prove that diamDα ≤ 2, α = 1, . . . , p, i.e. that dDα (x, y) ≤ 2, for

each x, y ∈ V (Kn) . Distinguish 5 cases:

1) x = li, y = ri.
There is a path liu

α
Ri
ri.

2) x = ri, y = li.
There is a path riv

α
Ri
li.

3) x = li, y = rj , i 6= j.
Since f is a bijection, there is m ∈ f (j)\f (i) and therefore, there

is a path lic
α
mrj .

4) x = ri, y = lj , i 6= j.
Since f is a bijection, there is m ∈ f (i)\f (j) and therefore, there

is a path rie
α
mlj .

5) x ∈ V (Kn) \ (L ∪ R) or y ∈ V (Kn) \ (L ∪D) .
There is a path of length at most 2 from x to y consisting of edges

listed in 1).

All the cases are exhausted and the claim is proved.

Corollary 5.6. Let p be a fixed natural number and let Φ (p, k) be the
smallest natural number such that KΦ(p,k) can be decomposed into p directed
factors of diameter 2 and k undirected factors of diameter 3. Then

lim
k→∞

Φ (p, k)

k
= 2.

Proof. From the last theorem, it follows that

Φ (p, k) ≤ 2k + 2r + 2p (2t− 1) + (2p+ 2)
⌈√

k
⌉
,

where t is the smallest integer such that
(

2t− 1

t− 1

)
> k
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and r is the smallest integer such that

p · [(r′ + 2r + 2k) · (r′ + 2r + 2k − 1)− 2k · (2k − 1)] ·
(

1−
(

1

2p

)2
)r

< 1.

where

r′ = 2p (2t− 1) + (2p+ 2)
⌈√

k
⌉
.

Note that, for sufficiently large k, we have t ≤
⌈√

k
⌉

and r ≤
⌈√

k
⌉
, hence

φ (k) ≤ Φ (p, k) ≤ 2k + (6p+ 4)
⌈√

k
⌉

lim
k→∞

φ (k)

k
≤ lim

k→∞

Φ (p, k)

k
≤ lim

k→∞


2 +

(6p+ 4)
⌈√

k
⌉

k


 ,

which proves the claim.
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