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Abstract—This paper considers the problem of constructing a
direct coupling quantum observer for a closed linear quantum
system. The proposed distributed observer consists of a network
of quantum harmonic oscillators and it is shown that the observer
network converges to a consensus in a time averaged sense in
which each element of the observer estimates the specified output
of the quantum plant. An example and simulations are included
to illustrate the properties of the observer network.

I. INTRODUCTION

A number of papers have recently considered the problem of
constructing a coherent quantum observer for a quantum sys-
tem; see [1]-[4]. In the coherent quantum observer problem, a
quantum plant is coupled to a quantum observer which is also
a quantum system. The quantum observer is constructed to
be a physically realizable quantum system so that the system
variables of the quantum observer converge in some suitable
sense to the system variables of the quantum plant.

In the papers [1], [2], [4], the quantum plant under con-
sideration is a linear quantum system. In recent years, there
has been considerable interest in the modeling and feedback
control of linear quantum systems; e.g., see [S5]-[8]. Such
linear quantum systems commonly arise in the area of quantum
optics; e.g., see [9], [10]. For such linear quantum system
models an important class of quantum control problems are
referred to as coherent quantum feedback control problems;
e.g., see [5], [6], [11]-[20]. In these coherent quantum feed-
back control problems, both the plant and the controller are
quantum systems and the controller is typically to be designed
to optimize some performance index. The coherent quantum
observer problem can be regarded as a special case of the
coherent quantum feedback control problem in which the
objective of the observer is to estimate the system variables
of the quantum plant.

In some of the previous papers on quantum observers such
as [1]-[3], the coupling between the plant and the observer is
via a field coupling. This leads to an observer structure of the
form shown in Figure 1. This enables a one way connection
between the quantum plant and the quantum observer. Also,
since both the quantum plant and the quantum observer are
open quantum systems, they are both subject to quantum noise.
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Fig. 1: Coherent Observer Structure with Field Coupling.
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Fig. 2: Coherent Observer Structure with Direct Coupling.

However in the paper [13], a coherent quantum control
problem is considered in which both field coupling and direct
coupling is considered between the quantum plant and the
quantum controller. In this paper, we explore the construction
of a coherent quantum observer in which there is only direct
coupling between quantum plant and the quantum observer.
Furthermore, both the quantum plant and the quantum observer
are assumed to be closed quantum systems which means
that they are not subject to quantum noise and are purely
deterministic systems. This leads to an observer structure of
the form shown in Figure 2. It is shown that for the case being
considered, a quantum observer can be constructed to estimate
some but not all of the system variables of the quantum plant.
Also, the observer variables converge to the plant variables in
a time averaged sense rather than a quantum expectation sense
such as considered in the papers [1], [2].

In this paper, we consider the construction of a direct
coupling quantum observer for a linear quantum plant and
consider the case in which the quantum observer has the
structure of an observer network make up of a collection
of observer elements. This observer network is constructed
so that the output of each observer element converges to
the output of the quantum plant in a time averaged sense.
This means that there is a consensus of the observer network
element in estimating the output of the quantum plant. In
recent years, there has been significant interest in controlling
networks of multi-agent systems to achieve a consensus among
the agents; e.g., see [21]-[25]. In particular, some authors have
looked at the problem of consensus in distributed estimation
problems; e.g., see [26], [27]. Furthermore, issues of consensus
have been considered in networked quantum systems; see
[28]-[32]. This work is motivated by the fact that it is be-
coming increasingly possible for quantum control experiments



to involve the networked interconnection of many quantum
elements and these quantum networks will have important
applications in problems such as quantum communication
and quantum information processing. Also, many macroscopic
systems can be regarded as consisting of a large quantum
network. These issues motivate the direct coupled coherent
quantum observer network problem being considered in this
paper.

The results presented in this paper build on some of the
results presented in the preliminary conference papers [33]-
[35]). However, the results presented here provide a significant
generalization compared to the results of [33]—[35]. In partic-
ular, in this paper we allow for a non-zero Hamiltonian for
the quantum plant, whereas in the papers [33]-[35], the plant
Hamiltonian was assumed to be zero. Also, in the paper [33],
the quantum observer did not have a network structure and
corresponds to a special case of the current paper in which
the quantum observer network has only a single element. In
addition, the paper [34], restricts attention to quantum observer
networks having a simple chain structure and for which the
quantum plant and each element of the quantum observer
network contains only a single mode. Finally, the paper [35]
considers the case in which the quantum plant is a single qubit
rather than a quantum linear system as considered in this paper.
Also, it is assumed in [35] that each element of the quantum
observer network contains only a single mode.

In addition to the papers [33]-[35], a number of other
conference papers have considered problems related to the
current problem. The paper [36] considers the case in which
the quantum plant is a single qubit and the quantum observer
is a single mode quantum linear system. The paper [37]
considers the problem of an experimental implementation of
the results of [33]. The paper [38] considers the problem
of an experimental implementation of the results of [33]
with the modification that the quantum observer allows for
a measurement of its output using Homodyne detection. The
paper [39] considers a modification of the results of [33] to
allow for a reduced order quantum observer. The paper [40]
modifies the approach of [34] to allow for a chain structured
observer network which would be more straightforward to
implement experimentally than the approach proposed in [34].

II. QUANTUM SYSTEMS

In the quantum observer network problem under consid-
eration, both the quantum plant and the quantum observer
network are linear quantum systems; see also [5], [13], [41].
We will restrict attention to closed linear quantum systems
which do not interact with an external environment. The
quantum mechanical behavior of a linear quantum system
is described in terms of the system observables which are
self-adjoint operators on an underlying infinite dimensional
complex Hilbert space $). The commutator of two scalar
operators = and y on § is defined as [x,y] = zy—yx. Also, for
a vector of operators x on $), the commutator of x and a scalar
operator y on §) is the vector of operators [z,y] = zy — yz,
and the commutator of z and its adjoint z' is the matrix of

operators
[z,27] 2 zat — (¥ 27T,

where z# 2 (z% x5 --- x)T and * denotes the operator
adjoint.

The dynamics of the closed linear quantum systems under
consideration are described by non-commutative differential

equations of the form

a(t) = Ax(t); x(0) = ()

where A is a real matrix in R™*", and =z(t) =
[ z1(t) xn(t) )T is a vector of system observables;
e.g., see [5]. Here n is assumed to be an even number and
5 is the number of modes in the quantum system.

The initial system variables x(0) = xo are assumed to

satisfy the commutation relations
[z;(0),2,(0)] = 2O, j,k=1,...,n, 2)

where O is a real skew-symmetric matrix with components
;. In the case of a single quantum harmonic oscillator, we
will choose =z = (x1, rcg)T where x1 = ¢ is the position oper-
ator, and xo = p is the momentum operator. The commutation
relations are [g, p] = 2i. In general, the matrix © is assumed
to be of the form

O =diag(J, J,...,J) 3)

where J denotes the real skew-symmetric 2 X 2 matrix

0 1
=1 %8

The system dynamics (1) are determined by the system
Hamiltonian which is a which is a self-adjoint operator on
the underlying Hilbert space §3. For the linear quantum sys-
tems under consideration, the system Hamiltonian will be
a quadratic form % = 12(0)"Rz(0), where R is a real
symmetric matrix. Then, the corresponding matrix A in (1)

is given by
A=20R “4)

where O is defined as in (3); e.g., see [5]. In this case, the
system variables x(¢) will satisfy the commutation relations
at all times:

[2(t), z(t)T] = 2i© for all ¢ > 0. 5)
That is, the system will be physically realizable; e.g., see [5].

Remark 1. Note that that the Hamiltonian H is preserved in
time for the system (1). Indeed, H = %'TRx + %xTRJ'U =
—2TRORx + 2T RORx = 0 since R is symmetric and © is
skew-symmetric.

Quantum Plant

In our proposed direct coupling coherent quantum observer
network, the quantum plant is a linear quantum system of
the form (1) described by the non-commutative differential
equations

(1)
zp(t) =
where z,(t) denotes the vector of system variables to be

estimated by the observer network and A, € R"»*"», C), €
R™»>"»_ It is assumed that n, is even. It is also assumed

AI"rp(t); ZE;,,(O) = Zop;
Cpap(t) (6)
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Fig. 3: The graph (G,FE) for a typical quantum observer
network.

that this quantum plant corresponds to a plant Hamiltonian
Hy = 12,(0)T Ry, (0). It follows from (4) that A, = 20, R,
where the matrix ©, is of the form (3).
Quantum Observer Network

We now describe the linear quantum system of the form
(1) which will correspond to the quantum observer network;
see also [5], [13], [41]. This system is described by non-

commutative differential equations of the form

Zo(t)
Zo(t) =

ono(t); xo(o) = Z0o;
Cozo(t) (7

where the observer output z,(t) is the observer network
estimate vector and A, € R™ %" (C, € RZ > Also, Zo(t)
is a vector of self-adjoint non-commutative system variables;
e.g., see [5]. We assume the observer network order n, is
an even number. We also assume that the plant variables
commute with the observer variables. The system dynamics
(7) are determined by the observer system Hamiltonian which
is a self-adjoint operator on the underlying Hilbert space
for the observer. For the quantum observer network under
consideration, this Hamiltonian is given by a quadratic form:
H, = %zo(O)TROxO(O), where R, is a real symmetric matrix.
Then, the corresponding matrix A, in (7) is given by

Ao = 260Ro ®)

where O, is of the form (3). Furthermore, we will assume
that the quantum observer network has a graph structure with
N nodes and is coupled to the quantum plant as illustrated in
Figure 3.

The combined plant observer system is described by a
connected graph (G, E') which has N + 1 nodes with node 0
corresponding to the quantum plant and the remaining nodes,
labelled 1,2,..., N, corresponding to the observer elements.
This corresponds to an observer Hamiltonian of the form

L ()T Rz (0)

H0=2

Ton &
+§Z Z xoi(O)TRCijxoj(o)

i=1 j=1j#i

where the vector of observer system variables x,, is partitioned
according to each element of the quantum observer network

as follows

We assume that the variables for each element of the quantum
observer network commute with the variables of all other
elements of the quantum observer network; i.e.,

T . .
[ToisTp;] =0 V i #j.
Also, we partition the matrix ©, as

@ol

o — 602 O (9)
o= O

@oN

where each matrix ©,; is also of the form (3).

We define a coupling Hamiltonian which defines the cou-
pling between the quantum plant and the quantum observer
network:

N
1
He = 2 ; (2p(0)" Reoitoi (0) + 05 (0)" Rlg;a(0)) .

Furthermore, we write

Zol
202
Zo = .
ZoN
where
Zoi = Coixo; for i =1,2,..., N.
Then
Col
Cypa 0
C, =
0

Co N

Note that R,; € R™eixmoi Rcij € RMeiXNoi (. €

R™»*"oi  and each matrix R,; is symmetric for ¢ =
1,2,...,N,j=1,2,...,N. In addition, R.o; € R"»*" for
j=12,...,N. Also, the matrices R.;; for: =0,1,..., N,
j = 1,2,...,N are such that R.; # 0 if and only if

(i,7) € E, the set of edges for the graph (G, F).
The augmented quantum linear system consisting of the
quantum plant and the quantum observer network is described



by the total Hamiltonian

Ha - Hp + Hc + Ho
1 1
= 5a;,,(o)TR,,gc,,(O) +3 > 20i(0)" Roioi (0)
i=1
TR
+§Z Z .%'Oi(O) Rcij:r,oj(O)
i=1 j=1,j%#i
1
+3 ; (25(0) Reoioi (0) + 0i(0) " Rig;2(0))
1
= 57a(0)" Raza(0) (10)
where
[,
Zol
T, = Lo2 ,
|l ToN
[ Rp RcOl RCOQ RCON
RZE)I Rol Rc12 RclN
R, = Rl Rl R Reon | | (1)
| Rloy Rin R Ron

Then using (4), it follows that the augmented quantum linear
system is described by the equations

ap(t) xp(t)
i‘ol(t) Z‘Ol(t)
o2(1) = A, To2(1) ;
ii’oN(t) :EON(t)
2p(1) Cpap();
2o(t) = Coxo(t) (12)
where A, = 20,R,,
_ 16, 0
O, = { 0 e, } (13)
and
Col
Cp 0
C, =
0
CDN

We now formally define the notion of a direct coupled linear
quantum observer network.

Definition 1. The matrices R, Rcij, Coj fori =0,1,..., N,
j = 1,2,...,N and the graph (G,FE) define a linear
quantum observer network achieving time-averaged consensus
convergence for the quantum plant (6) if the corresponding
augmented linear quantum system (12) is such that

I

Y
TIEI;OT/O( |- =0 g

I

III. CONSTRUCTING A DIRECT COUPLING COHERENT
QUANTUM OBSERVER NETWORK

We now describe the construction of a direct coupled linear
quantum observer network. We assume that m,, = %2 and the
matrix C,, is of the form C}, = ol where

a1 0
0 a2 0
ap = € R *™ (15)
0 Ot()mp

and ag; € R*! for ¢ = 1,2,...,m,. This assumption
means that the plant variables to be estimated include only
one quadrature for each mode of the plant. Also, we assume

il = o®

for i =1,2,...,m,. Corresponding to the form (15), we can
partition the vector of plant variables as

(16)

Tpm,,
where each x,; is a 2 by 1 vector of plant variables for i =
1,2,...,my.

In addition, we assume that R, is of the form

Ry = agMa] (17)
where M = M7T. It that A, in (6) is of the form
A, = 2®paoMag.
Hence, it follows from (6) that
2,(t) = Cp20,a0 M al 2, (t) = 20l O a0 Mad x,(t).
However,
ali Jao: OT
aOT@paO _ 0 oo d o2 0
0 agmp Jcmmp
=0 (18)

since J is skew-symmetric. Therefore
Zp(t) = 0.

That is, the vector of plant variables to be estimated z,(¢)
will remain fixed if the plant is not coupled to the observer
network. However, when the plant is coupled to the quantum
observer network this may no longer be the case. We will
show that if the quantum observer is suitably designed, the
plant quantity to be estimated z,(¢) will remain fixed and the
condition (14) will be satisfied.

We assume that each element of the observer network is of
dimension n,, and that the vector of observer variables x,; can
also be partitioned as in (16) as

Loil
L0i2

19)

To; =

-roinLp



for ¢ = 0,1,...,N. Here, each z,;; is a 2 by 1 vector of
observer variables. We also suppose that the matrices R,

Ry fori=0,1,...,N, j=1,2,..., N are of the form
Reij = aijfl, Roi = wil (20)

where ;; € R"*™r 5, € R™3*™r and w; > 0 for ¢ =

1,2,...,N,7=1,2,...,N. Also, we assume that
Reyj = Ozojﬂg; where ag; = ap = Cg e R™*™r  (21)
for j =1,2,..., N such that (0, 7) € E. In addition, note that

a;; =0 and §;; =0 for (i,j) ¢ E. Furthermore, we assume
Coi =Cp = (22)

fort=1,2,...,N.

We will show that these assumptions imply that the quantity
zp(t) = Cpzp(t) will be constant for the augmented quantum
system (12). Indeed, the total Hamiltonian (10) will be given
by

Hoe =

We will show that these assumptions imply that the quantity
zp(t) = Cpzp(t) will be constant for the augmented quantum
system (12). Indeed, it follows from (11), (12), (13) that

N
t) -+ 2 Z @pRcmxoi (t)

ip(t) = 20pRpzp(
i=1
N
= O,a0Madz,(t) +2 Z 0,008 20i (1)

i=1

Hence

N

() = 2C,0,a0Mad z,(t) +2 Z CO0,008L:20i(1)

i=1

= 200 Opa0Mad z,(

N
t)+ 2 Z Al B0 B Toi(t).

However, it follows from (18) that ozg@pao = 0 and hence,

Zp(t) = 0.
Therefore

(23)

for all ¢ > 0.
Also, it follows from (9), (11), (12), (13) that
2wj@ojxoj

.’L'oj(t) = +®o] Zﬁz]a xOZ )

i=1

N
+0,; Z jiBliwoi(t) + 20, B0j2p  (24)

for j=1,2,...,N.
To construct a suitable quantum observer network, we will
further assume that

Qi = ag, Pij = —ijQo (25)
fori=1,...,N,j=12,...,N where (i,j) € E. Here,
Mig = prji > 0. (26)
Also, we will assume that
Boj = —Hojo (27)

for j =1,2,..., N where (0,j) € E.
In order to construct suitable values for the quantities 1,
and w; so that (14) is satisfied, we will require that

2w; B4 00 — Z Hij@ojaoagao
(i,j)EE,i>0
- Z ,uij@ojaoagao — 2@0ju0jaoa0Tao =0
(i,7)EE,i>0
(28)
for y =1,2,..., N. This condition is equivalent to
wio= > pa® 4 e’ (29)
(1,7)€EE,i>0
for (0,7) € E and
wi= D> o’ (30)
(i,)€E,i>0
for (0,7) & E.
Then, we define
- 1
Toj(t) = 205 (t) — —502p
«
for j =1,2,..., N. It follows from (28) and (24) that
S:on (t) = 2wj®0j;ioj + @0] Z 61]0[ IL'OZ
N
+00; > 0;iffiE0i(t)
i=1
= 2wj®oj§coj (t) -2 Z ,uij(aojaoaOT:fcm-(t)
(i,7)€EE,i>0
for j =1,2,...,N.
We now write this equation as
j:301 (t) jol(t)
i’og(t) i’o?(t)
) =4, . (31)
ioN(t) j'oN(t)
where A, is an N x N block matrix with blocks
2wi@oj for ¢ = j7
QAoij = —2,uij®ojaoa0T for ¢ #] and (’L,]) € F,

otherwise



fori=1,2,...,N,j=1,2,...,N. Also, A, is as given in
(8) where R, is a symmetric /N X N block matrix with blocks

wil for i = j,
Toij = _Hijaoag for ¢ #] and (17]) € E7
0 otherwise

fori=1,2,...,N,j=1,2,...,N.

To show that the above candidate quantum observer network
leads to the satisfaction of the condition (14), we note that

Lol
To2

ToN

satisfies (31). Hence, if we can show that

1 T
lim T/o Fo(t)dt =0

T—o0

(32)

then it will follow from

Qg Qo
1 al 0 g

Qg (7))

(33)

that (14) is satisfied.

We now show that the symmetric matrix R, is positive-
definite.

Lemma 1. The matrix R, is positive definite.

Proof: In order to establish this lemma, let

Ty —

be a non-zero real vector. Then
N

> will ol
i=1

(,j)€E,1>0,j>0

N
= Y willzoil®
=1

T
T, Roxo =

T T
HijZToi X0 Loj

m,p
- Z i Z xgikaongka()k
(i,7)EE,i>0,5>0 k=1
N
> Y willil?
=1
m,,
= >y Y reillzeella?
(i,7)€E,i>0,5>0 k=1

(34)

using (15), (19) and the Cauchy-Schwarz inequality. We now
define

[E25Y|

[Zoiz]l

Zoim, |
” 0imy

forv=1,2,..., N. Again using the Cauchy-Schwarz inequal-
ity, it follows that

T
T, Roto >

N
Z%‘H%i”z
i=1

(1,7)€EE,1>0,7>0
N
= > willzll
i=1

(i,4)€E,i>0,j>0

i 1 Zoi || | Zozl 0

i | Zoi [l Zo5 |
(35)

where
fiij = pija’
for0=1,2,...,N,j3=1,2,...,N. Thus, (35) implies
TRz, > 3L Ro7,
where

[[Zo1 |
[ Zo2||

iy =
[Zon |

and R, is a symmetric N x N matrix with elements defined
by

wj for i = 7,
foij = _ﬁij for ¢ #] and (Zvj) € Ea
0 otherwise
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(G, E) in Figure 3.

fore=1,2,...,N,57=1,2,...,N.

Now the vector %, will be non-zero if and only if the vector
T, is non-zero. Hence, the matrix R, will be positive-definite
if we can show that the matrix R, is positive-definite. In order
to establish this fact, we first note that (29) and (30) imply that

D

(1,7)EE,i>0

wj = fiij + foj

for (0,7) € E and

>

(i,7)€EE,i>0

Wi =

for (0,j) ¢ E. Hence, we can write
Ro = Rol + ROQ

where Rol is a symmetric N x N matrix with elements defined
by

Yo (kjyep k>0 kg fori=j,
Folij = —flij for i # j and (i,5) € E,
0 otherwise
fori=1,2,...,N,j=1,2,...,N. Also, R is a diagonal

N x N matrix with elements defined by

FoQij = { goj

It follows that the matrix Rog is positive semidefinite.

Now the matrix R,; is the Laplacian matrix for the weighted
graph (Q,E) obtained by removing node O from the graph
(G,E) along with the associated edges. Then each edge
(i,j) € E is given a weight ji;;; e.g., see Figure 4 which
shows the weighted graph (Q~ , E) which would correspond to
the graph (G, E') shown in Figure 3.

It follows that the matrix Rol is positive-semidefinite with
null space of the following form:

N(Ro1) = span{f1, fo,..., fm}

where m is the number of connected components of the graph
(G, E). Also, each of the vectors fi, fa,..., fm are vectors
whose elements are either zeros or ones. For the vector fy,
the elements of this vector which are ones correspond to the
nodes in the graph (Q , E) in the kth connected component.

for i = j and (0,j) € E,
otherwise

The fact that Rol >0 and Rog > 0 implies that ]:20 > 0.
In order to show that R, > 0, suppose that z is a non-zero
vector in N'(R,). It follows that

mTRox = xTR()l:c + xTROQx =0.

Since R01~Z 0 and ROQ > 0, z must be contained in the null
space of R,; and the null space of R,s. Therefore x must be

of the form
T=Y W
k=1

where not all v, = 0. However, since the graph (G, F) is
connected, it follows that there must be at least one branch
(0,4) € E to a node in each of the connected components in
the graph (G, E). Then
2T Rppx = Z ﬂo,ﬂz(j) =0
(0,5)€E

where k(j) corresponds to the node of the connected compo-
nent in (G, E) which the branch (0, j) connects to. Since each
fto,; > 0, it follows that

V(i) =0

for all (0, j) € E. Furthermore, since each connected compo-
nent in (G, E) has at least one branch (0,) € E connected
to it, it follows that v; = 72 ... = v, = 0. However, this
contradicts the assumption that not all v; = 0. Thus, we can
conclude that the matrix ]?O is positive definite and hence, the
matrix R, is positive definite. This completes the proof of the
lemma. n

We now verify that the condition (14) is satisfied for the
quantum observer network under consideration. We recall from
Remark 1 that the quantity 1%, ()" R,Z,(t) remains constant
in time for the linear system:

T = ATy = 20R, 7.

That is

L (BT Ry (t) =

1w
5 5370(0) R,%,(0)

vt > 0. (36)
However, Z,(t) = €?©%t3,(0) and R, > 0. Therefore, it

follows from (36) that

VAmin(Ro) €272 (0) | < v/ Amaw (Ro) |Z(0)]

for all Z,(0) and ¢ > 0. Hence,

/\maw ( o)
A

R
R,)

||€2@Rnt|| S (37)

for all £ > 0.
Now since © and R, are non-singular,

r 1 1
/ 62®R°tdt — *€2®R°TR;1®_1 _ 7R0—1®—1
A 2 2



and therefore, it follows from (37) that

1 4 ©OR
2 o
7l [ eonan

_112®RT 1g—1 -1g-1
= Zlse R;'® Ro Ch|
1
< o20R,T R 1g-1
< grleo Ao
- Rflgfl
ollRse |
1 >\7rza$(Ro) —1n-1
< — /2RO
< gy gy Ee
1
T R—l(_)—l
LA
— 0
as T' — oo. Hence,
hm —||/ T, (t)dt|]
. 1 20R,t 5,
= gl [ Ao

IN

il [ onar .0

T—oo T

This implies

T—o0

1 T
lim T/o Fo(t)dt =0

and hence, it follows from (31) and (33) that

1
1 (7 1
Th—I>r<lx>T/0 zo(t)dt = Zp.
1
Also, (23) implies
1 1
T\ I I
Tlgréof/o zp(t)dt = Zp
1 I

Therefore, condition (14) is satisfied. Thus, we have estab-
lished the following theorem.

Theorem 1. Consider a quantum plant of the form (6) where
R, is of the form (17). Then the matrices Ro;, Rcij, Coi
Ry for i =1,2,...,N, j = 1,2,...,N and the connected
graph (G, E) will define a direct coupled quantum observer
network achieving time-averaged consensus convergence for
this quantum plant if the conditions (20), (21), (22), (25), (27),
(26), (29), (30) are satisfied.

Remark 2. The quantum observer network constructed above
is determined by the choice of the positive parameters [i;;
for v =20,1,...,N, 7 =1,2,...,N. A number of possible
choices for these parameters could be considered. One choice
is to choose all of these parameters to be the same as [i;; = wy
for i = 0,1,...,N, j = 1,2,...,N where wg > 0 is a

Plant
Fig. 5: Quantum Observer Network.

frequency parameter. Another possible approach is to choose
the parameters p;; for i = 0,1,...,N, j = 1,2,...,N
randomly with a uniform distribution on a suitable frequency
interval.

IV. ILLUSTRATIVE EXAMPLE

We now present some numerical simulations to illustrate
the direct coupled quantum observer network described in
the previous section. We choose the quantum plant to have
n, = 2, R, = 0 and C, = [1 0]. That is, the variable
to be estimated by the quantum observer is the position
operator of the quantum plant; ie., z,(t) = g,(t) where
p(t) = { ap(t) ]

pp( )
For the quantum observer network, we choose a chain

structured network of the form shown in Figure 5 where
the number of observer elements is N = 5; see also [34].
In this quantum observer network, each element is of order
two. We choose the parameters [ig1, fi12,- .., fiN—1,~ SO that
fk—1),k = kwo for k = 1,2,..., N where wy = 1. Also,
the parameters w;, are defined by equations (29), (30) for
j = 1,2,...,N. Then the corresponding quantum observer
network is defined by equations (20), (25).

The augmented plant-observer system is described by the
equations (12), (11). Then, we can write

a(t) = ®(t)7a(0)

where
D(t) = et

Thus, the plant variable to be estimated z,(t) is given by
zp(t) = €1C,P(t)zq(0)
2IN+2

= Z elCaq)i(t)xai(O)
=1
where

_| G 0
=10 ¢

ey is the first unit vector in the standard basis for RV 1, @, (t)
is the ¢th column of the matrix ®(¢) and x4,(0) is the ith
component of the vector z,(0). We plot each of the quantities
610,1(1)1(75), 610,1(1)2(75), ceey elCa<1>2N+2(t) in Figure 6.

From this figure, we can see that e;C,®1(t) = 1 and
€1Caq)2(t) = 0, elCa<I>2(t) = O, ceey elCa®2N+2(t) = 0,
and z,(t) will remain constant at z,(0) for all £ > 0.
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Fig. 6: Coefficients defining z,(¢).
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Fig. 7: Coefficients defining z,1 ().

We now consider the output variables of the quantum
observer network z,;(t) for ¢ = 1,2,..., N which are given
by

2N+2
2oi(t) = Y €ir1Ca®;(t)24;(0)
j=1

where e;y; is the (¢ + 1)th unit vector in the stan-
dard basis for RV*T1. We plot each of the quantities
€ir1CaP1(t),€i11CPa(t),. .., ei11C, Pan42(t) in Figures
7-11.

Also, we can consider the spatial average obtained by
averaging over each of the distributed observer outputs:

1 N 1 N 2N+2
Zos(t) = ~ D zoilt) = ¥ D €ip1Ca®;(t)xa;(0).
i=1 =1 j=1

Then we plot each of the quantities % Zf;l eir1CaP1(t),
% le\il 6i+10a©2(t), ey % le\il 6i+1Ca¢2N+2(t) in Flg-
ure 12.

To illustrate the time average convergence property
of the quantum observer (14), we now plot the
quantities % fOT €i+1Ca(I)1(t)dt, % fOT €i+10a(1)2(t)dt,
e fOT €ir1Ca®Pani2(t)dt for i = 1,2,..., N in Figures
13-17. These quantities determine the averaged value of the
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Fig. 8: Coefficients defining z,2(t).
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Fig. 9: Coefficients defining z,3(t).

ith observer output

T 2N+2

1
2o (T) = ?/0 Z eiy1CaP;(t)zq;(0)dt
j=1

fort=1,2,...,N.

From these figures, we can see that foreach¢ =1,2,..., N,
the time average of z,,(t) converges to z,(0) as ¢ — co. That
is, the distributed quantum observer reaches a time averaged
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Fig. 10: Coefficients defining z,4(t).
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Fig. 11: Coefficients defining z,5(t). Fig. 14: Coefficients defining the time average of z,2(t).
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Fig. 12: Coefficients defining 2, (t). Fig. 15: Coefficients defining the time average of z,3(t).

simulations to investigate the consensus behavior of the direct

consensus corresponding to the output of the quantum plant ‘
coupling observer network.

which is to be estimated.
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