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ABSTRACT. In this paper, we continue our investigations into the global theory of oblique boundary
value problems for augmented Hessian equations. We construct a global barrier function in terms of
an admissible function in a uniform way when the matrix function in the augmented Hessian is only
assumed regular. This enables us to derive global second derivative estimates in terms of boundary
estimates which are then obtained by strengthening the concavity or monotonicity conditions in our
previous work on the strictly regular case. Finally we give some applications to existence theorems
which embrace standard Hessian equations as special cases.

1. INTRODUCTION

This paper is a continuation of our previous paper [6] on augmented Hessian partial differential
equations of the form

(1.1) Flu] := F[D*u — A(-,u, Du)] = B(-,u, Du), in €,
together with oblique boundary conditions
(1.2) Glu] := G(-,u, Du) =0, on 09.

Here Q C R” is a smooth bounded domain, Du and D?u denote the gradient vector and the Hessian
matrix respectively of the function u € C?(2) respectively, A is a n x n symmetric matrix function on
QxR xR" B and G are scalar valued functions on 2 x R x R™ and 02 x R x R™ respectively and F’
is a scalar valued function on S™, the linear space of n X n symmetric matrices. We shall denote the
points in 2, R, R™ and S™ by x, z, p and r, respectively. Assuming G is differentiable with respect to p,
the boundary condition (1.2) is oblique with respect to u if

(1.3) Gp(-,u,Du) -v > By, on 09,

where v is the unit inner normal vector field on 92 and fy is a positive constant. We simply call G (or
G) oblique, if G, - v > 0 on 092 x R x R™. For the functions F,G, A and B, we will make appropriate
smoothness assumptions as necessary in the context.

Comparing with the standard Hessian equations, where A = 0, the key ingredients for the regularity
of solutions to the augmented Hessian equations are certain convexity conditions on the matrix A with
respect to the p variable. The Heinz-Lewy counterexample [14] shows that there is no C! regularity
even for the Monge-Ampere case in two dimensions in equation (1.1) without suitable structures on A.
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Assuming A is twice differentiable with respect to p, we call the matrix A co-dimensional one convex
(strictly co-dimensional one convex) with respect to p, if

(1.4) > Alj(@, 2 p)&&mem > 0, (>0),
i,5,k,l

for all (z, z,p) € QxRxR"™ &, n € R™, &-n =0, where Af]@ = ngpz A;j. For simplicity, we call the matrix
A regular (strictly regular) if A is co-dimensional one convex (strictly co-dimensional one convex) with
respect to p. In [6], we have established second derivatives estimates and resultant classical solvability
results for the oblique problem (1.1)-(1.2) when the matrix A is strictly regular. In this paper we
consider the case when A is only assumed regular. Our results depend on offsetting the lack of strict
regularity of A by either uniform concavity conditions on G with respect to p or strong monotonicity
conditions on G or A with respect to z.

The organization of this paper is as follows. In Section 2, extending our previous barrier constructions
in [8, 4, 9], we construct a barrier function in Lemma 2.1 from an admissible function in a uniform
way when A is regular. Such a construction is already indicated in [7]. In Section 3, we deal with the
global second derivative estimate and the second order derivative estimate on the boundary in Section
3.1 and Section 3.2 respectively. In Section 3.1, using the constructed barrier in Lemma 2.1, we reduce
the second derivative estimate to the boundary in Theorem 3.1, following the special cases of Monge-
Ampere operators in [8] and k-Hessian operators in [9]. In Section 3.2, the critical boundary estimates
are those for the pure tangential second derivatives as the other second derivatives are already estimated
in [6]. The pure tangential second derivative estimates are proved in Lemma 3.1 and Lemma 3.2 for
nonlinear G and semilinear G, respectively. Then we obtain the corresponding full second derivative
estimates in Theorem 3.2 and Theorem 3.3. As an application of Theorem 3.2, we also obtain a full
second derivative estimate for the second boundary value problem for the augmented Hessian equation
(1.1) in Corollary 3.1. In Section 4, we first prove some corresponding gradient estimates for admissible
solutions which supplement those in [7] and [6]. We then establish the existence results for classical
admissible solutions for the boundary value problem (1.1)-(1.2) in Theorems 4.1 and 4.2 via the method
of continuity.

To avoid too many repetitions, all the definitions and notation in this paper, unless otherwise spec-
ified, will follow our part I [6]. We also refer the reader to [6] for a more thorough introduction and
background information.

2. BARRIER CONSTRUCTIONS

In this section, we construct barrier functions from admissible functions for general augmented
Hessian operators with regular matrices A, which are extensions of our original construction in the
Monge-Ampere case [8]; see also [4, 9]. They play the same role as the function |z|? in the standard
Hessian case and replace the barriers arising from the “A-boundedness” conditions introduced for
Monge-Ampere type equations in [16, 18].

Let Q be a bounded domain in Euclidean n-space R™ and I' a convex open set in the linear space of
n X n symmetric matrices S, which contains and is closed under addition of the positive cone I',, = K.
We consider augmented Hessian operators of the form

(2.1) Flu] = F(Mlu))

acting on functions v € C?(Q), whose augmented Hessians M[u] = D*u — A(-,u, Du) € T, where F is
a non-decreasing function in C!(I") and A is a continuous mapping from X R xR" — S". We assume
that A is twice differentiable and regular with respect to p, with DgA € C%(Q xR xR"™). Corresponding

to the equivalent form of strict regularity expressed in inequality (1.20) in [6], it will be convenient to
2



express the regular condition in the form
(2.2) AREEmmy = —2ME]Inl(& - m),
for all £,n € R™, where ) is a non-negative function in C°(2 x R x R"), depending on DgA. Then
corresponding to inequality (2.4) in [6], for any non-negative symmetric matrix {F*“} and € € (0, 1],
we have the inequality,
. _ 1.

(2.3) F9A e > =MeT |n? + EF”Umj),
which will be useful throughout this paper.

The linearized operator of F is given by

(2.4) Lv := FY(Mu])[Dijv — A¥;(-,u, Du)Dyn], for v e C*(Q),

where F = F., = ng and Af’j = D, A;j. Clearly, the operator F satisfying F1 is elliptic with
ij —

respect to u for M[u] € I and L is elliptic when M[u] € I'. We henceforth call v admissible in Q, (€2), if
M[u] € T in Q, (Q) respectively. We construct barrier functions for L in terms of another given function
u € C%(Q), which is admissible in { with respect to u in the sense that M,[u] := D?*u— A(-,u, Du) € T
in Q. Clearly if A is independent of z, then M, [u] = M|u] so that u is admissible with respect to u if
and only if @ is admissible while if A is non-decreasing in z, (non-increasing in z), then M, [u] > M u]
and u is admissible with respect to w if 4 is admissible and @ > u, (< u). Our arguments are divided
into two cases:

(a) F is concave, namely F2 holds. The argument here is the same as in our previous works, except
we explicitly avoid the covering argument there. By fixing some 0 > 0, such that (M,[a] —dI)(2) C T
and setting Wij = Diju - Aij('a Uu, Du), Wij = Dijft - Aij('7 U, Dﬂ), we have
L(’L_L — u) =07 + Fij{[wij — 55U — wij] + Aij(', u, Dﬂ) — Aij(', U, Du) — AZDk(’L_L — u)}
_ g _ 1 ..
(2.5) >80T + F[(wi; — 86i5) — wi] + S F7 AL (-, u, p) Dy (@ — w) Di(@ — )
> 0T + F(My[a] — 0I) — Flu] + 5Fiﬂpzxf}(., u, p) Dy.(@ — w) Dy — ),

using Taylor’s formula, where Af]@ = ngpl Aij, p = 0Du+ (1 — 0)Du for some § € (0,1). Note that in

the above cases when M,[u] > M]|u], we can choose & to depend only on €, %, A and T'. Otherwise it
would also depend on the modulus of continuity of u. By direct calculation, we have

LeK =) = K@ — u) + KFYDy(t — u)D;(a@ — u)]
_ _ 1 .. -
(2.6) = KelK—wis 7 4 5zﬂﬂxzxf;z)k(a —u)Dy( — u) + KFYD;(u — u)Dj(u — u)
+F(My[a] = 81) — Flul},

From the regular condition (2.3), we obtain

)

N
<

_ 1 .. |
0T + §F”Af}Dk(a —u)Dy( — u) + KF7D;i(@ — u) Dy (

(2.7) e X 5
> (6 - 5 |D(a— w)|*)T + (K — Q—G)F”Di(a —u)Dj(a—u) > 37,
by successively fixing € < 6/ supq (A D(@—u)|?) and K > supg A/(2¢). From (2.6) and (2.7), we obtain

LeK(@—u) >07 + K@K(f‘*“){F(Mu[ﬂ] — SI) — Flu]}

(28) > 67 — CFlu] - C',

as in our previous constructions [8, 4, 9], where (M,[u]—6I)(€2) C T'is used in the second inequality, K,
0 and C’ are positive constants depending on n, 2, DgA, d, |ul1.0 and |ul1.q and C” is a further constant
depending also on M, [u] and F.
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(b) M,[u] € KT, that is there exists a positive constant § such that
(2.9) M,[a] >8I, in Q.
We then have in place of (2.5),
L(’ZL — U) = Fij{lz)ij — w;; + A’ij('v U, D’U,) — Aij('a u, Du) - AZD]C(TL — u)}

(2.10) i 1 . _ _
> F J[’wij —w;j + iA?Jl(’ u, p) Dy (4 — u) Dy — u)]

where Taylor’s formula is again used, Aff = ngplAij, p=0Du+ (1—6)Du for some 6 € (0,1). Using
the regular condition (2.3) as in (2.7), from (2.9) and (2.10), we obtain

(2.11) Ll > 5.7 — CFUw,,

where K, § and C' are positive constants depending on n, €2, DgA, 5, |lul1.0 and |u]1.q.

K(a-u) can be regarded as a global barrier function

Remark 2.1. (i) The constructed function n := e
and is important in second derivative estimates when A is merely regular and not strictly regular; see
[4, 9].

(ii) For the key inequality (2.7), we used the original form (1.4) of the regular condition on A in our
previous papers [8, 4, 9]. While in the above proof, we use the equivalent form (2.2) (or (2.3)) so that

we do not need to assume D(u —u) = (Di(u —u),0,---,0) at any given point in 2 as before.

(iii) The term F“w;; in (2.11) is readily estimated from above in terms of F[u] under further
hypotheses on F. In particular if F' is homogeneous of degree one, we have again (2.8) with C' = 0. If

F is concave, we recover (2.8) by taking u = g in inequality (1.9) in [6]. More generally if F' satisfies
(2.12) r-F,<F+u7 +C,

in I, for any positive constant y and some constant Cy,, depending on y, then we also obtain (2.8) in
case (b), with C’ depending on C,, for some p depending on § and C' in (2.11). In the special case,
F =logdet, I' = KT, we have F*/w;; = n, whence the lower bound in (2.8) is independent of F[u]. We

remark also that in case (b), the matrix {Fj;} can be replaced by any non-negative matrix function.

(iv) Appropriate admissible functions @ exist for matrix functions A arising in optimal transportation
or the more general generated prescribed Jacobian equations, see [4]. For A = %akl(:z:,z)pkpll —
ao(z,2)p ® p with ap, a0 € C*(Q x R) and {ay} > 0, ap > 0 in Q x R, quadratic functions 4 =
co + %e\x — x9|? will be admissible for arbitrary constants ¢y and points g € © and sufficiently small

€, see Section 4.2 in [6].

So far, we have only used the operator F in (2.1). Now we assume that v is also a supersolution of
equation (1.1) with a given right hand side B € CY(Q) x R x R"), differentiable with respect to p with
D,B € CY%(2 x R x R™), and define the corresponding linearized operator
(2.13) L:= L — Dy, B(-,u, Du)Dy,.

If F satisfies condition F5T, that is F(r) — oo as r — oo uniformly for F(r) € Z for any interval
Z cc F(I'), we obtain from (2.8),

(2.14) Ly > 6T +1),
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for a further positive constant 6, depending also on B, provided D?u is sufficiently large. In general
without assuming F5%, we can achieve the same inequality in case (a) if F1 holds, that is F,. > 0 in T,
B is convex in p and % is also a subsolution of an appropriate equation, in the sense that

(2.15) F(Mylu]) > B(-,u, Du), in €.

By a standard perturbation argument, using the linearized operator and the mean value theorem,

as in [8], we can assume the differential inequality (2.15) is strict so that for ¢ sufficiently small
(M[a] —oI)(92) C T satisfies

(2.16) F(M,[a) — 6I) > B(-,u, Du), in (.
From the first inequality in (2.8), we then have for a further positive constant ¢,

Ln>6(T +1)+ C{B(-,u, Du) — B(-,u, Du) — Dp, B(-,u, Du)Dy(t — u)}

(2.17) >5(7 + 1),

where the convexity of B in p is used to obtain the last inequality.
We summarise the above constructions in the following lemma.

Lemma 2.1. Let u € C%(Q) be an admissible function of equation (1.1) and u € C%(Q) be admissible

with respect to u. Assume F satisfies F1 and A is reqular.

(i) If either (a) F2 holds or (b) M,[u] € Kt CT and (2.12) holds, then the estimate (2.8) holds for
positive constants K,8,C and C' depending on n, F,Q, A, u and |u|1.q.

(ii) If w is a supersolution of equation (1.1) with B convex in p, F2 holds and u satisfies the sub-
solution condition (2.15), then the estimate (2.14) holds for positive constants K and 6, depending on
n, F,Q, A, B,u and |u|1.q, with u adjusted in accordance with (2.16).

As the applications of Lemma 2.1, the barrier 7 constructed from @ and u will be used for the global
second derivative estimates in Section 3, as well as the global gradient estimate in [5].

3. SECOND DERIVATIVE ESTIMATES

In this section, we derive global second derivative estimates for admissible solutions of the oblique
boundary value problem (1.1)-(1.2) with regular A.

We shall as usual introduce some notational convention and make some preliminary calculations.
We denote partial derivatives of functions on €2 by subscripts, that is u; = D;u, u, = Dru = Tju;, usj =
Djju,uir = uijTj, urr = T, wi; = uij — Ajj etc. For a constant unit vector 7, differentiating
equation (1.1) in the 7 direction, we have,

(31) Lu, = FiijTAZ’j + DmTB

where sz =T Dz and Dm = D, + DuD,, L is the linearized operator in (2.13). Differentiating again
in the 7 direction, we then obtain

Lz, = *Fij’leTwijDkal + FY [bxq—x-rAjj =+ A%ukTU/lT + 2(ﬁIrAf‘:])ukT:|

+(DpkplB)ukTulT + DZ'TLUTB + 2(D1'7DpkB)ukT'
5
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3.1. Global second derivative estimates. We begin by formulating the global second derivative
estimate for equation (1.1) which follows from our barrier constructions in Section 2, similarly to the
k-Hessian case in [9)].

Theorem 3.1. Assume that F is orthogonally invariant satisfying F1, F2 and F3, A € C?(Q xR xR")
is regular in Q, B > ag, € C?(2 x R x R") is convez in p, u € C*(Q)NC%(Q) is an admissible solution
of equation (1.1) and u € C*(Q) N CY(Q) is admissible with respect to u. Assume further, either (i)

F57 holds or (il) u also satisfies the subsolution condition (2.15). Then we have the following estimate
(3.3) sup | D?u| < C(1 + sup | D?ul),
Q o0

where the constant C depends on A, B, F,Q,u and |u|1,q.

Proof. Let v be an auxiliary function given by
a 1 N9
(3.4) o, €) = log(uge) + 5 (1+ 3 [Dul®)? + bn,

where wee = wi&& = (uij — Aij)&€; with a vector £ € R™, n = eK(@=u) j5 the barrier function as in
Lemma 2.1, a and b are positive constants to be chosen later, (with a small and b large).

Assume that v takes its maximum at an interior point zg € Q and a unit vector . Without loss
of generality, we can choose the coordinate system eq,--- , e, at o such that ei(zg) = &, {wi;(zo)} is
diagonal, and wi1(xg) = max wi; (o). Then we will assume w1 (xg) > 1 as large as want, otherwise we

are done. Since the operator F is orthogonally invariant, {F¥} is also diagonal at .

Since the function ¥(z) := v(x,e;) attains its maximum at the point xg, we have D(z¢) = 0 and

LI (xo) < 0. By direct calculations, we have at the maximum point xg,

D; 1
(3.5) 0=D;v= % +a(l+ §|Du|2)ukukl +bn;, fori=1,--- ,n,
and
0 2 LY = 7£(w11) - TFM(Diwll)2
w11 1 Wiy
(3.6) +a(1 + =|Dul?)u; Lu; + bLy

+a(l+ §|Du|2)F”uil + aF" (upug;)?.

We shall successively estimate the terms on the right hand side of (3.6). Note that all the calculations

will be made at the point xg. By replacing 7 with e; in (3.2), we have

Luyy > —F9R Dyw;; Dywgy — C(1 +wiq)(1+ )

(3.7) )
—|—F“Afilu1kuu + (DpkplB)ulkull.

Here the constant C depends on A, B, 2 and |u|q.0. Unless otherwise specified, we shall use C' to denote

a positive constant with such dependence in this proof. Using the regularity condition (1.4), we can
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estimate
Fi AR uypuy = FPAR (wiy, + Agg) (wy + Ay)

(3.8) > FU AN w} — CT (14 wi)

—CFY w2 — CT (14 wry).
By a direct calculation, we have
(3.9) —LAy > —FUAT w2 — FUAF ups — O(1 4 wi) (1 + )

< —C’F”wizi —C(1+wn)(1+97),

where the third derivative term in the first line is treated by using the once differentiated equation
(3.1). Combining (3.7), (3.8), (3.9), and using the convexity of B in p, we obtain

1 1 )
Hﬁ(wll) — @F“(Diwll)

1 1 .
(3.10) 2 F”’lelwlewkl TF“(DZ‘U)H)Q
wél w1y
——Fiywl —C(1+ 7).
w11

We need to estimate the first two key terms on the right hand side of (3.10) which involve third
derivatives. For this, by setting

1
Y 7.>17
3w11J }

wehavel ¢ I,1¢ J, INJ =0, {1}UIUJ ={1,--- ,n}, and J¢ = 1UI, where J¢ is the complementary

set of J. By Andrews formula in Lemma 2.2 in [9], (see also [1, 2]), and F2, we have

. 1 -
I={ilwi < —gwn}, J={jlw;>

1 ..
7FZJ’kZD1wijD1wkl 7F (Diwu)z
w11 N g wi
2 A
> Y —— (Dywj)? — = F%(D;
ot E;é: Wij — wii( 1) why (Dawns)”
(3.11) 1
> — ZF D wu - —5 ZF” Z(Din)Q - 7F“(D U)H)
wi i€ D zeJD wy ic W
;W11 11 W11
> — Fi(= —F -C7,
a Z w11 o ) Z w11 o )
el il
where the second inequality is obtained by fixing j = 1, commuting Diw;; and D;wi1, and using

Cauchy’s inequality, (see (3.16) in [9]). Then using (3.5) in (3.11), we have

— F9* Dy Dywyy — —F {(Djw11)?
w

wn
(3.12) E—CE;F”(aQw +a* 4+ b?) — FH%:aw +d>4+bv’)-CT
i€ ¢l
> —a?CF"w} — 1’C Y F — >CFYwi) — O(a® + 1) P — O(1 + a®) 7,
i€l

where the properties of I and J are used in the last inequality. Now returning to (3.6) and using (3.1),
we have

(3.13) a(1+ %|Du!2)ui£u > _aC(1+ 7).
7



By the barrier construction in Lemma 2.1, if either (i) F5T holds or (ii) u also satisfies the subsolution

condition (2.15), we have
(3.14) bLy > b6(T + 1),

where the constant ¢ depends on n, F,Q, A, B,u and |u|i,o. The last two terms in (3.6) are readily

estimated as follows.

1 3 3 3
(3.15) a(l+ §\Du]2)F“uzi + aF" (upug;)? > %F“w% —aCT.
Consequently, by (3.6), (3.10), (3.12), (3.13), (3.14) and (3.15), we have
B bs 3
(3.16) 0> L9 > gF’”wg + 5 (14 7) = BC Y F = a?CF"Mu}, - C(a? + )P,
el

Note that in order to obtain (3.6), we have fixed a = 1/(16C), b = 2C(1 + a + a?)/§, and assumed
wiy > 72b6°C/a. From the choice of a, b, we have

g > L+ 3
a 'Lgl
s Cpin, 2 @ i
(3.17) = 8F wip T Wi XE;F
(2
> L Pl RO 120 Y P
i€l
We then obtain from (3.16) and (3.17),
16C (a2 + b2
wiy < o/ 18C@+8)
a
which implies the conclusion (3.3) and completes the proof of Theorem 3.1. U
Remark 3.1. If the matrix A has the form
(3.18) Az, z,p) = Ap(x, 2) + A1(p)

satisfying the strengthened regular condition

(3.19) ABLEEmm > = (€ - n)?,

for all £,7 € R™, where ) is a non-negative function in C°(Q x R x R"), and B has the form
(3.20) B(x, z,p) = Bo(z,2) + Bi(p),

then the orthogonal invariance of F is not needed in Theorem 3.1. To show this we consider the

auxiliary function

a
(3.21) v(z, &) = uge + 5|u5]2 +bn
in place of (3.4). By calculation, we have

g . bd
(3.22) Lv>-C(1+T)+ F”Af:}u%u&l + aFugue; + 5(1 +.7)

o bs
2 (a = A)Fugug; + -+ (1+7) >0,
8



by choosing b > % and a > sup A, which implies
(3.23) sup | D%u| < sup |D?u| + C,
Q o0

where C' depends on A, B, F, ), @ and |ul;,q. Therefore, we obtain the global second derivative estimate
without the orthogonal invariance of F for A satisfying (3.18) and (3.19) and B satisfying (3.20).

(i),

We also remark that if A = Ag(z, z) and B = By(z, 2) are independent of p, instead of n = &
we can take n(x) = |z|? in (3.21) since then Ln = 2.7.

Remark 3.2. For the k-Hessian operators F; we do not need to assume the convexity of B with respect
to p in the special cases k¥ = 1,2 or n in Theorem 3.1. The Monge-Ampere case, k = n, is already
covered in [8, 7], with simpler proof, while in the case, k = 2, the inequality, |r| < .7 (r) in 'y shows
that convexity in p is not needed to infer (3.10) from (3.7), (3.8) and (3.9).

Remark 3.3. When F is orthogonally invariant, if we diagonalise {w;;} at a point xo, then {F¥} is

also diagonal at xg. From the regularity of A, we have at xq,
(3.24) Fi Ay = F ARwyoy > FU AN > —CFYl,,

which is used in the key estimate (3.8). Comparing with (2.3), the estimate (3.24) is better for the
proof of Theorem 3.1, since the first term on the right hand side of (2.3) does not appear when F' is

orthogonally invariant.

3.2. Boundary estimates for second derivatives. Theorem 3.1 reduces global bounds for second
derivatives for the boundary value problem to boundary estimates, which we now take up. For the
bounded domain @ C R™ with 99 € C?, we define the A-curvature matrix K4[0Q)] and the uniform
(T, A, G)-convexity as in [6].

To compensate for the matrix A not being strictly regular as in [6], we will impose either a stronger
concavity condition on the function G in (1.2) with respect to the gradient variables or stronger
monotonicity conditions on G or A with respect to the solution variable. For this purpose we call
the function G € C?(9Q x R x R™) locally uniformly concave, (concave), in p if DIQ,G < 0,(<0), in
00 xR x R™. If u € C1(Q) and

(325) kapz('aua Du)gkgl < _70‘§|2a on aQ?

for all £ € R™ and some constant vy > 0, (= 0), then we say the function G is uniformly concave,
(concave) in p, with respect to w. The boundary condition (1.2) is said to be quasilinear if G in (1.2)
has the form

(326) G(x,z,p) :ﬁ(l',Z) ‘p—@(%z),
where 8 and ¢ on 92 x R. When $ in (3.26) is independent of z, we say the boundary condition (1.2)
is semilinear.

First we consider the estimation of the non-tangential second derivatives. By tangential differen-
tiation of the boundary condition (1.2), the equality (2.21) in [6] holds and hence we get the mixed
tangential oblique derivative estimate

(3.27) lu;g| < C, on 09,

for any unit tangential vector field 7, where § = D,G(-,u, Du) and the constant C' depends on G, 2
and |ul1.o. When conditions F1-F5 and F6 hold, G is oblique, satisfying (1.3), and either F5* holds or
9



B is independent of p, then F, A, B and G satisfy the hypotheses of Lemma 2.2 in [6] and we obtain
upper bounds for the pure second order oblique derivatives from that lemma, namely

(3.28) supugg < eMy + C.,
o0

for any € > 0, where My = sup | D?u|, and C¢ is a constant depending on €, F, A, B, G, ), By and |u|1.q.
Q

Moreover in the case when B, = 0, we can take € = 0, in (3.28).

We next consider the pure tangential derivative estimates on the boundary when G in (1.2) is
uniformly concave in p, with respect to u. In this paper however we will only consider the cases when
A is affine in p on 90X, that is D, A = 0 on 0%, or G > 0, near 02, although a more general situation,
depending on gradient bounds, is embraced by condition (1.19) in Remark 1.2 in [6]. If D,,A =0 on
00 x R x R™, it follows that the A-curvature matrix K 4[0€] is independent of p so that the notion of
(", A, G)-convexity is independent of G, and can be written simply as (I', A)-convexity. Also note that
we can assume without any loss of generality that G has been extended smoothly to  x R x R”, in
which case we may more generally call G' uniformly concave in p, on a subset N € Q, with respect to
u, if (3.25) holds on N. If G is locally uniformly concave in p, then G is uniformly concave in p, with
respect to u in some neighbourhood of ).

Lemma 3.1. Let u € C?(Q) N C*(Q) be an admissible solution of the boundary value problem (1.1)-
(1.2) in a C*' domain Q C R™, which is uniformly (T, A, G)-convex with respect to u. Assume that F
satisfies F1-F5, A € C*(Q x R x R") is regular, B > ap,€ C*(Q x R x R"), G € C*(Q x R x R") is
oblique and uniformly concave in p, with respect to u on OQ. Assume also either F57 holds or B is
independent of p, either Dp,A =0 in 0Q x R x R™ or Glu] > 0 in some neighbourhood N of 092, and
either F is orthogonally invariant or F6 holds or G is uniformly concave in p, with respect to u in N.

Then for any tangential vector field T, || < 1, we have the estimate
(3.29) My (1) < eMs + C,

for any e > 0, where My (1) = supu,, and Ce is a constant depending on €, F, A, B, G, By, Q and |u|1.q.
onN

Proof. In order to obtain the upper bound (3.29) for the pure tangential second derivatives when
A is regular, we need to use the full strength of the uniform concavity of G in p together with the
barrier constructed in Lemma 2.2 in [6] from the uniform (I", A, G)-convexity of 2. The latter condition
combined with either of the conditions, G[u] > 0 in N or Dp,A = 0 in 92 x R x R™ implies for a smaller
neighbourhood N there exists a barrier ¢ € C2(N) satisfying

(3.30) L$< -0,

in N, ¢ =0o0ndN ¢ > 0in N NQ, where o is a small positive constant. Moreover we may fix
N =Q,={z € Q] dx) < p} for a further small positive constant p and ¢ = d — d?/2p, where d
given by d(x) = dist(z, 0Q) denotes the distance function in Q. From (3.30) we then have for the full

linearized operator L,

(3.31) Lo < —%aﬂ,
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in AV, provided |D?u| > C,, for a further positive constant C,, depending on ¢ and B, if F5* holds
while £ = L satisfies (3.30) if B, = 0. Accordingly the hypotheses of Lemma 3.1 are reduced to the
last three alternatives which we now consider. Following the proof of Lemma 2.3 in [6], we suppose

that the function
c
(332) Ur = Urr + 51’71/7|2

takes a maximum over 92 and tangential vectors 7, such that |7| < 1, at a point z¢p € 92 and vector
T = Ty, where ¢; is now a fixed constant to be determined. Without loss of generality, we may assume

zo =0 and 79 = e;. For f = D,G(-,u, Du), setting

(3.33) b= %, T =e1 — bp,
we then have, at any point in 0€2,

c
(3.34) v1 = vy + b(2up, + crugu,) + b (ugs + Elu%),

with v1(0) = v,(0), b(0) = 0 and 7(0) = e;. For the cases when F6 holds or G is uniformly concave
in p with respect to u near 92, we can take ¢; = 0, similarly to the F6 case in Lemma 2.3 in [6]. By
(1.3), (3.27), we then have from (3.34), following (2.53) to (2.54) in [6],

v1 = u11 < trr + g(0)r1 + C(1 4 Ma)lz|?
(3.35) < |7|2u11(0) + g(0)vy + C(1 + Mo)|xz|?
< (1= 2bB1)u11(0) + g(0)v1 + C(1 + My)|z[?,  on 99,

where g = Qg—ff, |g(0)] < C, and C'is a constant depending on Q, G, By and |u|1,q. For € > 0, we now

define truncation functions (., . € C%(R) such that C.(t) = et/|t| for [t| > 3¢/2, ((t) =t for |t| < €/2,
C(t) =t for t > 3€/2, ((t) = efort <e/2,0< ¢, ¢ <1and || <2/e, 0< (" <2/e. With v also
extended smoothly to all of  so that v is constant along normals to 9§ in N, we can then define for,
0<e <1,
_ b1

(336) X(’a u7Du) =1- 2<€1 (Vl) =

C60/2 (ﬁ : V)
Taking €; small enough depending on Q, G, By and |u|1.0, we have xy > 1/2 in M. Clearly x is well

defined in C?(Q2) and moreover we then have from (3.35)

(,u, Du).

(3.37) v1 = u11 < x(z,u, Du)u11(0) + g(0)v1 + C1(1 + My + €1 *u11(0))|z> == f, on 9%,

for a further constant Cy depending on Q, G, fy and |u|y,0, where f(0) = u11(0). We shall define an
auxiliary function

(3.38) vi=wv — f — aMyG — kM3,

for positive constants o and k to be determined, where vy, f,G and ¢ are functions in (3.32), (3.37),
(1.2) and (3.30). Assuming that the function v attains its maximum over ), at some point z° € Q,,

we have Lv(z%) < 0. We can assume that |D?u(2%)| > C, as large as we want, otherwise from v
11



constructed in (3.38), G = ¢ = 0 on 9Q, G[u] >0, ¢ > 0 and x > 1/2 in Q,, we can obtain the upper
bound for u11(0) and derive the desired estimate (3.29). Taking 7 = e; in (3.2) and using F2, we have

(3.39) Luyy > FY[Dyo Aij + Afurguy + 2(Dg, A uy]
+(Dpypy B)urgua, + D$1CB1B + 2(Dg, Dy, B)uiy:.

Using the regularity condition (2.3) of A, we have

.. _ 1 ..
F”Afjlumuu > —)\(63|DU1|2 + fF”uliulj)
(3.40) . L€
> —NeT M3+ ~&),
€

for any € > 0, where \is a non-negative function, and &, = F i Ug;ugj. Then we have

(3.41) Lupy(29) > —(eM3 +C).T — gsﬁ,
€

for either |D?u(z%)| > C, if F5% holds, or B, = 0. Here in (3.41), € is a further constant which we
may take it to be 2e max A with € in (3.40), and C is a constant depending on A. From (2.27) in [6],
we have

Lx > F9(Dyp x)uigtji — CT + F BN ujy,

(3.42)
—e1CE) — (eMy + CO) T,

>
>

where Bf% = 2DmiDka + (D.x)0ik, €1 is the constant in (3.36), and the Cauchy’s inequality is used in

the second inequality. Consequently, we have
(3.43) Lf>—e,CMyE) — (eM2 +C)T.

In the F6 case, it is enough to take a = 0. For &) = Fijuikujk and & = Fijwikwjk, we have from
the Cauchy’s inequality,
(3.44) Sé = Fij(’wik + Aik)(wjk: + Ajk:) <285+ CT.
Taking (3.44) into account and using F6, from (3.41) and (3.43), we have
(3.45) L(vy — f) > —4(eMz +C).7, at 2°.
By choosing k = 8¢/0, from (3.31) and (3.45), we then have
(3.46) Lo(z") > 0.

In the case when G is uniformly concave in p with respect to u near 902, we have
(3.47) LG > F(Dy,, G uigujy — CF + FI 3G

> 70E — (eMz + Ce) 7,

where B,C]; = QﬁxiDka + (D,G)d;k, o is the constant in (3.25), and the Cauchy’s inequality is used in
the second inequality. Without loss of generality, we can assume My > €1 /€, otherwise we have already
obtained the second derivative bound. By choosing a = 2¢;C/7, and k = 4¢(2 + a) /o, from (3.31),

(3.41), (3.43) and (3.47), we also obtain (3.46).
12



The inequality (3.46) in both the above cases implies that v attains its maximum at the boundary
of Q,. From (3.37) and G = ¢ = 0 on 052, we have v < 0 on J2 and v attains its maximum 0 over 052
at the point 0 € 9€2. By the choices of «, k and assuming M> sufficiently large, we have v < 0 on the
inner boundary QN 0%2,, otherwise we can have a upper bound for M> and finish the proof. Therefore,
v must attain its maximum in Qp at the point 0 € 9Q2. Thus, we have
(3.48) Dgv(0) <0,
which gives
(3.49) Ullg(O) S CUH(O) + OzMQ’U,BB(O) + KJM22(5 . I/)(O),
where C' is a constant depending on €2, G, By and |u|1.o. When F6 holds, we have o = 0, while when G

is uniformly concave in p respect to u in N, we can take €; = ¢, so that (3.49) becomes

(3.50) u115(0) < eCM;3 + C..

On the other hand, by differentiating the boundary condition (1.2) twice in a tangential direction 7,
we have

(3.51) Urr3 = —(Dpyp, G)Ukrtir — DmeTG - 2(Dpkl~?zTG’)ukT, on 0f),

where § = Gp(-,u, Du), D, =r7-D,and D, = D, + DuD,. At the point 0, taking 7 = e; in (3.51),
we have

(3.52) u115(0) > youiy (0) — C(1 + Ma),

by using the uniform concavity of G in p respect to u, where the constant C' depends on G, ) and

|ul1.0. Combining (3.50) and (3.52), we then obtain
(3.53) u11(0) < 4/ 260/’)’0M2 + C..

By appropriately adjusting the constant €, we obtain the desired pure tangential derivative estimate

(3.29) when either F6 holds or G is uniformly concave in p with respect to u in N.

Next, we shall consider the case when F is orthogonally invariant. For the function v, in (3.32),
we need to properly choose a positive constant c¢; in this case. We shall use the following first order
approximation to the tangent vector e; at 0,

(3.54) E=e + Z 1 (0)(zner — xren),
1<k<n

where the z,, coordinate is chosen in the direction of v at 0. From (2.59) in [6], we have
(3.55) 1 1= v — C1(1 + M)|z|* < 91(0)(1 + Ch|z|?) := f, on 9.

For the barrier argument, we employ the auxiliary function v in (3.38) with = 0 and 9; in place of
vy, where f is now the function defined in (3.55). Assuming that the function v attains its maximum
over ), at some point 2° € Q,, we have Lv(2z°) < 0. We can assume that |D?u(z°)| > C, as large

as we want, otherwise from v constructed in (3.38), ¢ = 0 on 02 and ¢ > 0 in §,, we can obtain the
13



upper bound for u1;(0) and derive the desired estimate (3.29). Since the vector £ in (3.54) has skew
symmetric Jacobian D&, we then can reduce the calculation of £9; to the argument of the proof of
Lemma 2.1 in [6] when F is orthogonally invariant. By calculation, the estimate (3.45) holds with 77 in
place of v1. By choosing ¢; = C/e, k = 8¢/0 with € in (3.41), and following the argument of the proof

when a = 0, we can again derive to the pure tangential estimate (3.29) and complete the proof. ([l

Remark 3.4. If B, = 0 in the F6 case, we can avoid to assume |D?u(z?)| large so that we do not
need the positive lower bound of f in A/. Therefore, the truncation for 14 is not needed in this case.
If B, = 0 in the case when G is uniformly concave in p with respect to u, we can also avoid such
truncation for v, but only get an pure tangential estimate in the form M, (1) < eMy+C.(1+ M5 (B)),
where My (B) = saué) ugg.

From the previous estimates established in this section, we obtain the following global second deriv-
ative estimates.

Theorem 3.2. Let u € CHQ)NC3(Q) be an admissible solution of the boundary value problem (1.1)-
(1.2) in a C>' domain Q C R", which is uniformly (I', A, G)-convex with respect to u. Assume that
F is orthogonally invariant satisfying F1-F5 and F6, A € C*(Q x R x R") is reqular in Q, B > ag, €
C?(Q2 x R x R™) is convex in p, G € C>1(9Q x R x R") is oblique and uniformly concave in p, with
respect to u, and there exists a function @ € C?(Q) which is admissible with respect to u. Assume also
either (1) F5% holds, or (ii) @ satisfies the subsolution condition (2.15) and B is independent of p, and
either (iii) DppA =0 in 900 x R x R™ or (iv) G[u] > 0 in some neighbourhood N of 0. Then we have

the following estimate
(3.56) sup | D%u| < C,
Q

where the constant C' depends on n, A, B, F,G, By,Q,u and |u|,0.

Proof. We first observe that the global second derivative estimate (3.3) in Theorem 3.1, the mixed
tangential oblique derivative estimate (3.27), the pure oblique derivative estimate (3.28), the pure tan-
gential derivative estimate (3.29) in Lemma 3.1, hold under the assumptions of Theorem 3.2. Combining

these boundary derivative estimates (3.27), (3.28) and (3.29), we get an estimate

(3.57) sup uge < eMy + Cs,
o0

for any constant unit vector £ and constant e > 0, where C, is a constant depending on ¢, F', A, B, G, 3y, {2

and |u|1.0. Using the concavity property F2 of F', we get the full boundary estimate
(3.58) sup |D?u| < eMsy + C.,
o0

for any € > 0. From (3.58) and (3.3), the second derivative estimate (3.56) holds by taking e sufficiently

small. 0
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Remark 3.5. In Lemma 3.1 and Theorem 3.2, we need only assume a tangential concavity condition
on G. Namely we call the function G € C?(9Q x R x R") tangentially locally uniformly concave,
(tangentially concave), in p if Gp,p, 77 < 0, (< 0), in 02 x R x R™ for all tangential vectors 7. If

(3.59) Gpup, (5w, Du)mem < —’)/0|7"2, on 0f),

for all tangential vectors 7, u € C'*(Q) and some constant o > 0, (= 0), then we say the function G
is tangentially uniformly concave, (tangentially concave) in p, with respect to u. From the proof of
Lemma 3.1, we can replace the concavity of G with respect to p by tangential concavity in Lemma
3.1, for the cases where F6 holds or F is orthogonally invariant and consequently also in Theorem 3.2.

Also replacing G by
(3.60) Gi=1—e¢

for a sufficiently large positive constant ¢, it follows that if G is oblique and tangentially locally uniformly

concave, then G is locally uniformly concave in p, in the sense that

(3.61) Gpum&él < —0¢)?

for all vectors £ € R", x € 0Q and |z| + |p| < K for any constant K where § is a positive constant
depending on K and G. It follows then that for oblique G in Lemma 3.1, we need only assume
G is tangentially locally uniformly concave in the general case. A particular example of an oblique,
tangentially locally uniformly concave boundary operator G, which was considered by Urbas in [20, 21],

is given by
(3.62) G(x,z,p) =p-v+ G (x,2p"),
where p” = p — (p-v)v and G’ is tangentially locally uniformly concave as a function of p.

The case (iv) of Theorem 3.2 can be applied to the second boundary value problem of certain
augmented Hessian equations. Here we are given a C' mapping Y from ©Q x R x R”, satisfying
detY), # 0 and the matrix function A is defined by

(3.63) Az, z,p) = —Yp_l(Yx +Y. ®p).
The second boundary value problem for equation (1.1) is to prescribe the image
(3.64) Tu(Q) = QF,

where 2* is another given domain in R"™ and the mapping 7" is defined by
Tu :=Y(-,u, Du).
The domain € is called uniformly (I',Y)-convex with respect to Q* and u € C°(99Q), if
Kal0Q)(x, u(x), p) + pv(z) © v(z) €T,

for all x € 99, Y (x,u(z),p) € ¥, and some constant p > 0. If Q* € C?, and ¢ € C*(R") is a defining

function for Q*, satisfying ¢ = 0, D¢ # 0 on 92, ¢ > 0 in Q and ¢ < 0 outside €2, then condition (3.64)

is equivalent to G[u] = 0 on 92 and Glu] > 0 in Q, where G = ¢* o Y. Furthermore € is uniformly

(T",Y)-convex with respect to Q* and w if and only if Q is uniformly (T, A, G)-convex with respect to
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u. When I' is the positive cone KT, we may simply refer to Q as uniformly Y-convex with respect to
Q* and u, which is equivalent to the inequality

—(0vj(z) — Afj(aﬁ, uw(x), p)vr(z))TiT > oo

for all z € 99, Y(z,u(x),p) € QF, unit tangent vectors 7 = 7(x) and some constant &y > 0, in
agreement with the definitions in [17, 18]. Following [17], we call the target domain Q*, uniformly Y™*
convex with respect to 2 and wu, if

—(8iv; (y) — (A" (@, u(z), p)vi (v))7i ) = 6

for all y € 9Q*, x € Q*, p € R” satisfying y = Y (z,u(x), p), unit tangent vectors 7* = 7*(y) and some
constant ¢5 > 0, where v* denotes the unit inner normal to 2* and

[(A*)Z] = _Yp_l(Dpka)(Y;o_l)t,
foreach k=1, --- ,n.

We then have the following corollary of Theorem 3.2.

Corollary 3.1. Let u € C*(Q)NC3(Q) be an admissible solution of the boundary value problem (1.1)-
(3.64) with A given by (3.63), where 9,09Q* € C3! and Q,Q* are uniformly Y -convex, uniformly
Y *-convex with respect to each other and w. Assume that T = KT and F is orthogonally invariant
satisfying F1-F5 and F6, A € C?( x R x R™) is reqular in Q, B > ag, € C*(2 x R x R") is conver in
p, there exists a function 4 € C%(Q) which is admissible with respect to u. Assume also either (i) F5*
holds, or (ii) u satisfies the subsolution condition (2.15) and B is independent of p. Then we have the

estimate
(3.65) sup | D%u| < C,
Q

where the constant C' depends on n, A, B, F, G, o, 05,2, *, 4 and |ul1.q.

Proof. The uniform Y *-convexity of Q* implies that G = ¢* oY is uniformly concave in p with respect
to u when T lies in some neighbourhood N* of 9Q*, for some defining function ¢* € C?(Q*) satisfying
¢* =0, Do* # 0 on 9Q* and ¢* > 0 in Q*. Following [12, 17] we then infer an obliqueness estimate
(1.3) for G with respect to u. Since G[u] > 0 in 2 and G is clearly uniformly concave with respect to

u on 92, we can apply Theorem 3.2 (iv) and lead to the conclusion of Corollary 3.1. U

Remark 3.6. For the construction of admissible functions in the optimal transportation and more
general generated prescribed Jacobian cases see [4]. Also the existence of the admissible function @ in
Corollary 3.1 may be replaced by the Y-boundedness of {2 with respect to Q* and u, as introduced in
[16], that is the existence of a function ¢ € C?(2) satisfying

D?*¢(x) — A¥(x,u(z), p) D¢ > 0

for all x € Q, Y (z,u(z),p) € Q*, where A¥ = D,, A. With this alternative hypothesis the special case

of Hessian quotients F,, , and Y = Y (x,p) generated by a cost function is treated in [22].
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We consider now the situation where the lack of strict regularity of A is offset by strong monotonicity
conditions on either G or A with respect to z. Our main concern is with the semilinear G case. When
G is semilinear (or quasilinear), we still obtain the pure second order oblique derivative estimate for
ugg from Lemma 2.2 in [6] in the extended form,

(3.66) supugg < eMs + Ce(1 + My),
o0
for any € > 0, where My = sup |D?u|, M} = sup sup |u,,|, and C. is a constant depending on
Q Q |7|=1,7v=0
e, F, A, B,G,Q, By and |u|1,o. Here we need to assume as before that €2 is uniformly (I', A, G)-convex

with respect to u, F satisfies F1-F5 and either F5T holds or D,B = 0. When F6 holds, M} does not
appear at the right hand side of the estimate (3.66), which reduces to the estimate (3.28).

The remaining estimate we need to establish is the pure tangential derivative on the boundary with
regular A. In order to ensure that the monotonicity conditions are at least independent of gradient
estimates, analogous to our boundary convexity conditions, we will restrict the matrix A to the special
form:

(3.67) Az, z,p) = Ao(x, 2) + x‘i(l‘) - p,

where Ag € C*(Q2 x R) and A = (A',--- , A") where A% k =1,--- ,n,€ C?(Q) are n X n symmetric
matrix functions. Correspondingly we will assume B has the form (3.20) where By € C?(2 x R) and
Bi(p) € C*(R™). Note that when A has the form (3.67), the A-curvature matrix K 4[0€2] is independent
of both p and z so that we may simply refer to (I', A, G)-convexity with respect to u as (I', A)-convexity.
As in Section 3.1 of [6], it is convenient here to normalise G by dividing by (- v so that we may then
assume (3 -v =1 on 992, whence ' := 3 — v is tangential to 91).

Lemma 3.2. Let u € C?*(Q) N C*4(Q) be an admissible solution of the boundary value problem (1.1)-
(1.2) in a C*' domain Q C R". Assume that F satisfies F1-F3 and F5 A € C?(Q x R x R"),
B > ag,€ C*(Q2 x R x R") is conver in p and G € C*(0Q x R x R™) is oblique and semilinear and

either F5% holds or B is independent of p. Assume one of the further conditions is satisfied:
(1): (3.67), (3.20) hold in some neighbourhood N of O, F satisfies F4, Q is uniformly (I', A)-convex
and Kk = nggi)ncpz(-,u) > 0;
(ii): (3.67), (3.20) hold in Q2 with k = m&n)\l(Az)(-,u) > 0, where A\1(A;) denotes the minimum
eigenvalue of the matrix A,.
Then for any tangential vector field T, || < 1, we have the estimate
(3.68) M (1) < (CM2+ C")/k,
where My (T) = sup u,., the constant C' depends on F,Q, 8, A as well as ijr\lff A(AL) (), ijr\l[f B,(-,u)
o0
in case (1) and rglsi)n 0. (-, u), iréf B.(-,u) in case (ii), while the constant C" depends on F, A, B,G,Q and

|u|1;ﬂ'

Proof. In this proof, we will use C' and C’ to denote constants depending on the same quantities as in

the statement of Lemma 3.2. As usual, the constants C' and C” will change from line to line.

(i). The proof follows the proof of Lemma 3.1 for the nonlinear G case. Note that we have already

normalised G here such that 5 -v =1 on 0f2. We suppose that the function v, = u,, + %|u7|2 attains
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its maximum over 92 and tangential vectors 7 satisfying |7| < 1, at a point xy € 9 and a vector
T = 109. Without loss of generality, we may assume xg = 0, 7o = €1 and v(0) = e,,. Since v, at 0 attains
its maximum in the direction e;, we can assume {u;; + %uiuj}i,%n is diagonal at 0 by a rotation of
the eg, -+ ,e,—1 coordinates. For § = f(x) with §-v = 1, setting b, 7 as in (3.33), (now b = vy,
T = e1 —v13), we have the same decomposition for v; on 9 as in (3.34) with ¢; = 1. By the boundary

condition Dgu = ¢(x,u) and its differentiation in the direction of 7, we have on 0€,

v1(2ugr + ugu,)
= u1[2(D:p)ur + 2Dy, — 2Du - D:f + pu,]
< 1[h(0)7(0) - Du + g(0)] + (CMs + C") |z
< n[(0)ur + g(0)] + (CMa + C) |z,
where g := 2D, _¢ —2Du- D, and h := 2D, + ¢. Therefore, from (3.34) with ¢; = 1 and (3.69), we

have

(3.69)

(3.70) v < (1= 2181 + Corf)vi(0) + h(0)r1ur + g(0)
. +(CMy + CN|z|? == f, on 09,
where the constant Cy depends on  and 3, and f(0) = v;(0). By making Cy larger if necessary, we

may assume that 1 — 2v18; + Cov? > 1/2 in . We now define an auxiliary function

(3.71) vi=wv — f —co,

where v = u11 + 3|u1|?, f and ¢ are functions in (3.70) and (3.30), c is a fixed constant to be chosen
later. We consider the function v in the boundary neighbourhood N' = Q, = {z € Q| d(z) < p} with a
small positive constant p. We assume that the function v attains its maximum over Qp at some point
2V e 2,. Then we have Lv < 0 at 2V,

Since F' satisfies F4, from the uniform (I', A)-convexity of €2, the barrier inequality (3.31) holds
provided |D?u| > C, if F5* holds, while £ = L satisfies (3.30) if B, = 0. As in the proof Lemma 3.1,
from the properties of f and ¢, and the construction of v, we may assume |D?u(z")| > C, as large as
we want. Actually, we can assume u11(2%) > 1 as large as we want.

We now calculate Lo in detail. Using F2 and convexity of B in p, and taking 7 = ej, in (3.2), we

have

(3.72) Luyy > FY9[Dy 0 Aij + Affurguy + 2(Dg, A )uik] + Daya, B + 2(Dg, Dy, B)uyy,

in Q. Using (3.67), (3.20) in A and F5, we then obtain from (3.72),

Luy1 > FY[D, Ajjury + 2(Dgy A Juy] + (DB uy — C'(1+ 7)
—(CMy+C" 7.

Next, by direct calculation, we have

(3.73)

ﬁ(ulul) =11 Luy +u Ly + 2FijV1iU1j
(3.74) - 1.
< C'T + EFUUMUJU + *le/liyljy
€
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for any constant € > 0, where (2.26) in [6] and the Cauchy’s inequality are used in the inequality.
Consequently, taking e = 1/|h(0)|, we have

(3.75) h(O)ﬁ(l/lul) < C'T + Fijuh'ulj.
By using (3.75) and further calculation, we have

1 g
LGSl |* = f) = Flugiun; + i Lug = Lf
>—(CMy+C").T.

(3.76)

From (3.31), (3.73) and (3.76), we have
0> Lo(2’) = L(v1 — f — cd)(2°)
(3.77) > goy —(CMy+C)T
>7 >0,
by fixing the constant ¢ such that ¢ > 2(C My + C’ 4 1)/0. The contradiction in (3.77) implies that v
attains its maximum on 012,. We can choose c large such that v < 0 on 2N 0S,. By (3.70), we have

v < 0on d2 and v = 0 at 0. Therefore, v attains its maximum in Qp at the point 0 € 9. Thus, we

have Dgv(0) < 0, which now gives
(3.78) u118 < —2(D5V1),31U11 + C My + C/, at 0.

On the other hand, by tangentially differentiating Dgu = ¢(-,u) twice, with § = S(x) on 0Q, we

have

(379) Urrp = (DZSO)UTT - 2(DTBk)uk‘T - [uk‘DTTﬁk —Dyg,0—2ur Doy 0 — U72_Dzz¢],
on 09, where D, = 7-D,. At the point 0 € 01, taking 7 = e in (3.79), recalling that {uij+%uiuj}i7j<n
is diagonal at 0, we have

ur1g > (Dyp —2D1B1)ur — 2 kz (D1Bk)ury — C'
>1

(3.80) > (D —2D1B1)uir — 2(D1Bp)uin + Y, (D1fk)uiug, — C’

1<k<n
> (D2 —2D1B1)urn — 2(D1Bn)urn — C',
at 0. By expressing e, in terms of 5(0) and the tangential components, we have e, = — > frer +

k<n
at 0. Since {u;; + %Uin}i7j<n is diagonal at 0, we have

1
(3.81) Ui, = —frun + 5 Z Bruiug + g,

1<k<n
at 0. From (3.78), (3.80) and (3.81), we obtain

(3.82) [D.¢ —2D1 51 + 2(Dgr1)B1 + 2(D16n) 1] (0)u11(0) < CMy + C'.
For the desired estimate (3.66), we can rewrite (3.82) in the form

(3.83) D,(0,u(0))u11(0) < CMy + C',
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where the terms [—2D1 31 + 2(Dgv1)B1 + 2(D15,)51](0)u11(0) in (3.82) are absorbed into C'M; on the
right hand side of (3.83). The estimate (3.66) now follows immediately from (3.83).

(ii). As in (i), we suppose that the function v = urr + 3|u-|? attains its maximum over 9 and
tangential vectors 7 satisfying |7| < 1, at a point zy € 9 and a vector 7 = 75. Without loss of
generality, we may assume xg = 0, 79 = e; and v(0) = ¢,. We can assume that u11(0) > 0. Following
the analysis in (i), the inequalities (3.69), (3.70) hold on 092. Then we have

(3.84) v1— <0, ondf, andwv; — f=0, at 0 € 99,
where v; and f are functions defined in (3.70). From (3.80), we have

(3.85) us(0) = —(CMy + )

Using (3.27) and (3.85), we have

(3.86) Dg(vy — f)(0) > —(CMy + C").

Then the function

(3.87) vi=v; — f— (CMs+Cop

satisfies Dgv(0) > 0 for properly larger constants C' and C’, where ¢ € C2%((2) is a negative defining
function for Q satisfying ¢ = 0 on 92 and D, ¢ = —1 on 9f2. Therefore, v must take its maximum over
Q) at an interior point in Q. We assume that v takes its maximum at 2° € Q. Then we have Lv < 0,
at 2°. Under our assumptions for F, A and B, by direct calculation as in (i), we have
Lo > F9(D,A;j)uiy — (CMy +C)T

> kT ui — (CMy +CT.
Combining (3.88) with Lv(2?) < 0, and using F5, we have

(3.88)

(3.89) un(xo) < (CMQ + C/)/K}.

By the forms of v, f and ¢, we can derive the desired pure tangential estimate (3.68) and complete the

proof for (ii). O

Remark 3.7. The explicit form of the coefficient of u11(0) in the estimate (3.82) permits some refinement
of the constant x in case (i). In particular if  is convex with minimum and maximum boundary
curvatures, 1 and k,_1 respectively and |3'| < ari/kp—1 for some constant o < 1, then we can take
K= Iggiln[cpz(‘, u) + 2(1 — a)k1]. Note that without the normalisation 8- v =1 on 092 we should divide
B by B-v.

Combining the global estimate (3.3) or (3.23), together with the boundary estimates (3.27), (3.66)
and (3.68) in the semilinear G case, we can obtain the full second derivative estimate under strong

monotonicity condition on either G or A with respect to z. For this purpose we will employ the
following refinement of (3.66)

(3.90) supugg < eMsy + C.Mj + CY,
o0
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for any € > 0, where C, is a constant depending on € and § and C! is a constant depending on
e, A, B,G,Q and |ul1,. To get (3.90) from the proof of Lemma 2.2 in [6], we have in (2.29) of [6]
FY9Biujn = 2F (DB )ujy, — (Dap) FVui;

so that by using the inequalities (1.9) and (1.10) in [6] to estimate F¥u;;, (see also (3.24) in [6] and
(2.12) in this paper), the constant C'in (2.29) of [6] need only depend on /3 provided instead the constant
C¢, is allowed to depend on €1, F, A, B,G,Q and |u|1.o. By examining the rest of the proof of Lemma
2.2 in [6], we then obtain (3.90). Moreover we can take C. = % for some constant C' depending on
F,A,B,G,Q and fy. Also to avoid dependence on |u|;.q in global estimate (3.3), we will use the sharper
form in (3.23) in Remark 2.1, where the coefficient of supyg, |D?u| is 1. From the above considerations,
we now have the following full second derivative estimate for semilinear G. As in Theorem 1.2 in [6], we
need to assume the cone I lies strictly in a half space in the sense that r < trace(r)I for all » € I. For
simplicity we also assume that ¢, A and B are non-decreasing in z, which implies that the constants
C in Lemma 3.2 depend only on F,Q, 8 and A.

Theorem 3.3. Let u € CHQ) N C?(Q) be an admissible solution of the boundary value problem (1.1)-
(1.2) in a C*! domain Q C R™. Assume that F satisfies conditions F1-F5, A € C?(1 x R x R")
satisfies (3.67) with constant A in Q, B > ag, € C*(Q x R) satisfies (3.20) and is convex in p, G €
C?(0Q x R x R") is oblique and semilinear, A, B and ¢ are nondecreasing in z, u € C*(Q) N CY(Q) is
admissible with respect to u and Q is uniformly (I', A)-convex. Assume either F5* holds or @ satisfies
the subsolution condition (2.15) and B is independent of p. Then there exist constants K depending
on F,Q, B and A such that if either p,(-,u) > K on dQ or A,(-,u) > KI in Q, we have the estimate
(3.56), where C' is a constant depending on F, A, B,G,Q,u and |u|y.0.

Proof. As in Lemma 3.2, we assume - v = 1 on 0. By the assumption of the cone I', the quantities
M}, and M2Jr are equivalent. From (3.68) in Lemma 3.2, and taking K > 1, we have

CoM,

(3.91) M} < + ',

with Cy depending on F,Q, 8’ and A. Substituting (3.91) into (3.90), we have
C1 ,
(3.92) supugg < (e + — )Mo + C,
90 eK
for any € € (0,1), for a further constant C; > Cy depends on the same quantities as Cy. Consequently,
from (3.27), (3.91) and (3.92) we have

Uy = Upp — 2upp + Uy

(3.93) Cy
< - /
(e + ; )My + C,

for further constants C; and C’ depending on the same quantities. Fixing K = Cie 2, € = %, and

using the concavity F2 we thus obtain, from (3.91) and (3.93),
1

(3.94) sup | D%u| < =M,y + C'.
o0 2

Combining (3.94) with (3.3), we obtain the estimate (3.56). O
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Remark 3.8. When F6 is satisfied, the pure second order oblique derivative estimate in the simpler
form (3.28) holds and the proofs of Lemmas 3.2 and Theorem 3.3 become simpler. We can just take
v1 = uqp in the proof of Lemma 3.2 and the estimate (3.56) can be directly obtained without the

assumption of the cone I'.

Remark 3.9. In the special case A = 0, which includes the standard Hessian equations, the (I', A)-
convexity condition becomes simply I'-convexity and the existence of an admissible function # is not
needed in the hypotheses of Theorem 3.3 as the function |z|? serves the purpose, see Remark 3.1. In
particular for a linear boundary condition, Dgu = yu + ¢, we would obtain a global second derivative
bound if v > K for some constant K depending on F,{) and 3, thereby extending the special case of

the Monge-Ampere equation in [19, 23] to general Hessian equations.

4. EXISTENCE THEOREMS

In this section, we shall present some existence theorems for admissible solutions to the boundary
value problem (1.1)-(1.2). In accordance with our treatment of the second derivative estimates in
Theorems 3.2 and 3.3, the situations for the nonlinear G case and semilinear G case will be discussed
separately.

With the second derivative estimates in Section 3, in order to establish the existence results, we also
need solution and gradient estimates. The necessary higher order derivative estimates follow from the
global Holder estimates for second derivatives in [10] and [15] and the linear Schauder theory in [3].
For the solution estimates, we can assume the existence of admissible subsolutions and supersolutions
of the problem (1.1)-(1.2) or alternative conditions such as in Remark 4.1 in [6]. Various local and
global gradient estimates for the oblique boundary problem are established in Section 3 in [6], which
we will expand here to fit the situations in this paper.

First, we consider global gradient estimate for admissible solutions of the problem (1.1)-(1.2) when
I' = KT, A satisfies a quadratic bound from below and G is tangentially concave in p. For these
estimates and their subsequent application to existence, it will be convenient to express the obliqueness
condition in the form,

(4.1) Gp(z,z,p) - v > Po,

for all z € Q, |2] < M, M € R", p € R", where now [y is a positive constant depending on M.
Similarly we will consider the uniform tangential concavity of G in the form,

(4-2) kapz (x,Z,p)Tle < _'70|T|27

for all tangential vectors 7, z € 99Q, |z2] < M, M € RT, p € R", where 7 is a positive constant
depending on M.

Lemma 4.1. Let Q C R" be a bounded C? domain, u € C*(Q) N CL(Q) satisfying

(4.3) D*u > —po(1+ |Du*)I, in Q,

and the boundary condition (1.2), where pg is a non-negative constant and G is oblique and tangentially
uniformly concave in p satisfying (4.1) and (4.2). Then we have the estimate

(4.4) sup [Du| < C,
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where C' depends on g, G, and |u|o.q. If we replace (4.3) by the stronger condition,
(4.5) Dyju&i&; > —po(1 + |Deul?)

for any unit vector &, then we need only assume G is tangentially concave in p.

Proof. By two applications of the Taylor’s expansion and (1.2), we have
1
(4.6) 0=G(-u,0)+ [Gp, (-, u,p")i] Dyu + Gp, (-, u, 0)du + §Gpipj(-, u, p**)djudju, on A9,

for some fixed vector functions p* and p**. Specifically we can take p* = du+t*(D,u)v and p** = t**du
where t* and t** are scalar functions on Jf) satisfying 0 < ¢*,¢** < 1. From (4.1) and (4.2), we then

obtain

1 1
(4.7) Dyu = o (=G w, 0)] = |Gp(-5 u, 0)[du] + 5’70|5U!2) > —C
0

if D,u < 0, by Cauchy’s inequality. The gradient estimate (4.4) then follows immediately from Lemma
3.2 in [7]. If we only assume G is tangentially concave, we obtain from (4.6),

1
Bo
so that if (4.5) holds we obtain (4.4) from Theorem 2.2 in [11] as condition (4.5) implies the function

1
(4.8) Dyu+ —Gp, (-, u,0)6;u > —ﬁ—|G(-,u,0)| > _C
0

e is semi-convex for large x; see also Lemma 4.1 in [7]. O

Lemma 4.1 provides a gradient estimate for u satisfying (4.3) and (1.2) with nonlinear and tan-
gentially uniformly concave G, which is a counterpart for the Dirichlet boundary condition case in [8]
and the semilinear Neumann and oblique boundary condition cases in [7]. For I' = K+, an admissible
u € C2(Q)NCL(Q) satisfies M[u] € K. When we assume a quadratic bound for A from below, namely,

(4.9) A, 2,p) = —po(1 + Ip)1,

forall z € Q, 2| < M, p € R" with M € RT and some non-negative constant o depending on
M. Then the admissibility in K+ and the condition (4.9) imply that u satisfies the inequality (4.3).
Therefore, we can apply the gradient estimate in Lemma 4.1 to the admissible solutions of the problem
(1.1)-(1.2) in K for A in (4.9) and tangentially uniformly concave G in p. As in [6], we can also use
A > O(|p/*)I as |p| — oo to simply denote the condition (4.9). Also under the stronger condition

(4'10) Aij(x7 Z,p)ngj > _:U'O(l + |p : 5‘2)7
for any unit vector £, we need only assume G is tangentially concave in p.

For the maximum modulus estimate of the solution, we will assume the existence of an admissible
subsolution u € C%(2) N CY(Q) and a supersolution @ € C?(2) N C(Q) of the oblique boundary value
problem (1.1)-(1.2) in the sense of

(4.11) F(M[u]) > B(-,u,Du), in Q, G(-,u, Du) > 0, on 01,
and
(4.12) F(Mlua]) < B(-,u, Du), in , G(-,a,Du) <0, on 01,

respectively. If we assume that A, B and G are non-decreasing with respect to z, with at least one of
them strictly increasing, by the comparison principle, an admissible solution u € C?(Q)NCH(Q) of the
problem (1.1)-(1.2) satisfies u < u < @ in §2, see Section 4.1 in [6].
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Combining the solution bound from the subsolution and supersolution, gradient bound in Lemma
4.1, and the second derivative bound in Theorem 3.3, we can now formulate an existence theorem for
admissible solutions for regular A and locally uniformly concave G when I' = K.

Theorem 4.1. Assume that F is orthogonally invariant and satisfies F1-F4 and F6 in the positive
cone KT, Q is a C3! bounded domain in R", A € C?*(Q x R x R") is reqular in Q with DypA = 0
in 0Q x R x R", B > ag,€ C*(Q x R x R") is convex in p, G € C>1(9NQ x R x R") is uniformly
oblique satisfying (4.1) and locally tangentially uniformly concave in p, u and u,€ C?*(Q) N CHQ)
are respectively an admissible subsolution and a supersolution of the oblique boundary value problem
(1.1)-(1.2) in the sense of (4.11) and (4.12), with @ < up, where ug € C*(Q) is also admissible and
Q is uniformly A-convex with respect to the interval T = [u,u]. Assume also that, A, B and —G are
non-decreasing in z, with at least one of them increasing, either A satisfies (4.9) and G is tangentially
uniformly concave satisfying (4.2) or A satisfies (4.10) and either (i) F57 holds, or (i) B is independent
of p and ug is a subsolution of (1.1). Then there exists a unique admissible solution u € C>*(Q) of

the boundary value problem (1.1)-(1.2) for any a < 1.

Since the condition F5 itself is a consequence of F2 and F4, (see [6]), we only assume conditions
F1-F4, F6 and omit the condition F5 in the statement of Theorem 4.1. The admissible function wug
corresponds to the function @ in Lemma 2.1 and is not needed in the hypotheses when A and B are
independent of z. With the a priori derivative estimates up to second order, Theorem 4.1 is readily
proved by the method of continuity, similarly to the proof of Theorem 4.1 in [6]. Here we note that
Theorem 4.1 requires that the matrix A(x, z,p) is affine in p when x lies in 9€). Such a condition is
not needed in the strictly regular case in [6]. Moreover using Lemma 4.1, we can remove the second
inequality in condition (4.3) in the hypotheses of the corresponding existence Theorem 4.2 in [6] if
either G satisfies (4.2) or A satisfies (4.10). Note that we also need only assume that G is tangentially
concave in Theorem 4.2 in [6], (as well as in Theorem 1.2 and Lemma 2.3 in [6] and Theorems 4.1 and
4.2 in [7]).

We remark that there is a natural example for a regular matrix A satisfying the assumptions of
Theorem 4.1, obtained by taking A(z,z,p) = ((z)A(z,2,p) for a non-negative function ¢ € C?(Q)
vanishing on JQ and a non-decreasing regular matrix A € C?(Q x R x R"). In such an example, and
more generally when D, A = 0 on 052, uniform A-convexity reduces to simply uniform convexity.

Next, we consider a global gradient estimate for admissible solutions of the problem (1.1)-(1.2) for
semilinear G, under suitable conditions on ¢, A and B corresponding to the hypotheses of the second
derivative estimate in Theorem 3.3. For simplicity we will assume that ¢, A and B are all non-decreasing
with respect to z and as in Remark (3.9), ¢ is affine in z, that is
(4.13) o(+,2) =7z + o,

where v > 0 and ¢¢ are functions on 9€2. Also as in Remark 3.8 we will also consider the special case
when A = Ag(z, 2) is independent of p, as well as B = By(z, z), although as we shall indicate below
such restrictions are not needed in the proof of the case when A, is large.

Lemma 4.2. Let u € C3(Q) N C%(Q) be an admissible solution of the boundary value problem (1.1)-
(1.2) for an oblique, semilinear boundary operator G in a C*' domain Q C R™. Assume that F satisfies
F1-F}, A= Ay € C*(Q xR), B = By > ap,€ C*(Q x R), B € C?(00), p € C2OQ x R) is given by

(4.13) with A, B and ¢ non-decreasing in z. Then there exist constants K depending on F,Q) and 3
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such that if either (i) A.(-,u) > KI in Q or (ii) v > K on 9Q and ) is uniformly I'-convez, we have

the estimate
(4.14) sup |Du| < C,
0

where C' depends on F, A, B,Q, B, ¢ and |u|p.n.

Proof. The proof depends on careful examination and modification of the proof of case (i) in Theorem

1.3 in [6]. First we need to refine the differential inequality (3.9) there with

(4.15) 9= |6’ + |Dgu — (-, u)|?

to obtain, under our assumed conditions on ¢, A and B,

(4.16) Lg > a1[E) + F9(D,Aij)|Dul?] — Co(v*Fuuj + F|Dul?) — C'(1 + 7),

where a; = (14 8}) 2, 8 = sup || and Cj is a constant depending on 3 and  while the constant C’
depends also on ¢, A, B and My = |ulop,o. Here we normalise § - v = 1 and write 8’ = 8 — v, as in the

proof of Lemma 3.2.

In place of (3.13) in [6], we will employ auxiliary functions of the form
(4.17) vi= g+ (=)sMEp + xu?,

where g is given by (4.15), ¢ € C%(Q) is a positive defining function for Q satisfying ¢ = 0 on 9 and
Dy¢ =1 o0n 9Q, M; = sup|Du| and « and x are suitable positive constants to be determined. Then
Q
we have on the boundary 0f),
Dgv > 2y|6u|?® — 26,u[(6x58:) Div + Bivi.(Divy) Dyu + Bi(Divi) Dyu — Sxp0]
(4.18) (=) M3E + 2xup
> (7 = Co)|6ul® + (—)rM{ — C'(1 + x),
while in €2, we have from (4.16), taking x = Co(sup |v])?,
(4.19) Lo > F9(D,A;)|Dul® + (=)kM{Lp — CoT|Dul® — C'(1 + 7).

Now it is convenient to separate cases (i) and (ii). For case (i) we will use the “4” sign in (4.17) and
choose x large enough so that Dgv > 0 on 9€) so that the maximum of v must occur at an interior

point of €2, whence the estimate (4.14) follows from (4.19).

For case (ii) we take the “—" sign in (4.17) and use the uniform I'-convexity of €2 to choose ¢ so that
(4.20) Lé< -0, inQ,

for a positive constant o. Such a function ¢ = d — d?/2p, is already used in the proof of Lemma 3.1

where (4.20) is satisfied in a neighbourhood €2, of 9. In our situation here the constants p and o
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depend only on 2 and I". To extend ¢ to all of €2, we may fix a point xy € €2 and define the truncated
function ¢y, = mp{¢,n} in Q,, where my, is the mollification of the min-function of two variables,

2 2
(4.21) n(z) = (2D —822— zo|”)p
and D is the diameter of Q. We then replace ¢ itself in 2, by ¢y, for h sufficiently small, say h < p/16,
with ¢ = n outside Q,. Then we obtain (4.20) with o replaced by min{o, p/4D?}. The estimate (4.14)
follows from (4.18) by choosing k = 2Cy/o in (4.19) so that Lv > 0 for M; sufficiently large and the

maximum of v is taken on 0f2. OJ

Remark 4.1. Similarly to Remark 3.7 we can use (4.18) to replace  in case (ii) of Lemma 4.2 by v+ x1
where k1 is the minimum curvature of 9€). The estimate (4.14) would still hold even if v were negative

on part of 02 provided the curvature was sufficiently large on such a region.

Remark 4.2. In case (i) of Lemma 4.2, we remark that A and B can take more general forms which

have dependence on p, in particular (3.18), (3.20) with D,A;, D,B; € L*(R"); see also Remark 3.5 in
[6]-

Combining the gradient estimate in Lemma 4.2 and the second derivative estimate in Theorem 3.3,
we can establish an existence theorem for semilinear oblique boundary value problem (1.1)-(1.2) under
strong monotonicity conditions for G or A with respect to z.

Theorem 4.2. Assume that F satisfies conditions F1-F/4, Q € C®! is uniformly T'-convez, A = Ag €
C?*(Q1 xR), B = By > ag,€ C?(Q xR), B € C%(09), p € C%2(IN x R) is given by (4.13) with A, B
and ¢ non-decreasing in z. Then there exist constants K depending on F,Q and 5 such that if either
v > K on 0 or A, > KI in Q x R, there exists a unique admissible solution u € C>*(Q) of the
boundary value problem (1.1)-(1.2) for any a < 1.

Proof. Since we are not assuming the existence of sub and supersolutions, as for example in Theorem
4.1, we need a priori solution bounds in order to apply the method of continuity. These follow from
standard arguments when A and B are independent of p and we need only assume either A, or 7 is
positive, that is the constant K need only be assumed positive. Upper bounds follow immediately
from the admissibility of u and the property of the cone I' C I'1, which implies the simple Laplacian

subsolution inequality,
(4.22) Au > An‘(-,u) > cou + AZ‘Z‘(-,O),

whenever u > 0, where ¢g = inf(D,A;;). To get a lower bound in the case when A, > K1, we consider

an auxiliary function
(4.23) v =Ko —u,

where r is a positive constant and as usual ¢ € C?(Q) is a positive defining function for 2 satisfying

¢ =0 on 02 and D,¢ = 1 on 09. By taking « sufficiently large, we have Dgv > 0 on 02 whenever
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v > 0 so that v must take a positive maximum in §2. Since
Lv= /<LL¢ — Fijwz'j — Fiinj

(4.24)
> -KJu—Cl+r)(1+7),

using (2.12), we obtain a lower bound for v at a maximum point of v and hence in . In the case

v > K, we replace v by
(4.25) v=Kn—u

where n(z) = |z|?> and choose k large enough so that v takes a maximum on 9Q. In both cases we

obtain a lower bound for w.

Then we conclude the following maximum modulus estimate for u,
(4.26) sup |u| < C,
Q

with constant C' depending on F, A, B, 3,7, ¢o and ).

Alternatively, using condition F4, we can show functions of the form +(—)(c1¢ — ¢g) are respectively
admissible subsolutions and supersolutions of (1.1)-(1.2) for sufficiently large constants ¢y and ¢; in the
case where A, > K1, while functions of the form +(—)(c1n—cg) are respectively admissible subsolutions

and supersolutions of (1.1)-(1.2) in the case v > K.

Using the a priori solution estimate (4.26), gradient estimate (4.14) in Lemma 4.2, and the second
derivative estimate in Theorem 3.3, we obtain the existence of admissible solution u € C3%(Q) of the
boundary value problem (1.1)-(1.2) for any « < 1 using the method of continuity in [3]. The uniqueness

follows from the comparison principle. O

For the same reason as in Theorem 4.1, we omit the condition F5 for F' in Theorem 4.2. When
v > K on 092, Theorem 4.2 embraces the standard Hessian equations as special cases. When A, > KT
in  x R, Theorem 4.2 permits oblique boundary condition of the form Dgu = ¢o(x) on 9Q2. When
I' = KT, Theorem 4.2 applies to the uniformly convex domain €2 in the usual sense. Note also that we
do not require the orthogonal invariance of F in Theorem 4.2, nor in Theorem 4.1 when A and B are
independent of p.
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