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systems, where the MA order is smaller than or equal to the AR order. Here, it is shown
that in the VMA case and in the VARMA case, where the MA order exceeds the AR order,
results are completely different. Then, for the case, where the innovation covariance matrix
is non-singular, “typically” non-identifiability occurs - not even local identifiability. This is

Keywords:
VARMA due to the fact that, e.g., in the VMA case, as opposed to the VAR case, the not directly
VMA observed autocovariances of the output can vary “freely”. In the singular case, i.e.,, when
Mixed frequency the innovation covariance matrix is singular, things may be different.
Non-identifiability . . .
© 2016 The Author(s). Published by Elsevier B.V. on behalf of EcoSta Econometrics and
Statistics.
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1. Introduction

In many applications we encounter mixed frequency (MF) data in multivariate time series, i.e., the univariate component
series often are available only at different sampling frequencies. A common and simple solution is to use the data only at the
lowest sampling frequency and to run the statistical algorithms with these single frequency data. Clearly, such an approach
is associated with a loss of information. For a number of reasons, such as the joint modeling of real and financial data, the
problem of information extraction from mixed frequency data has attracted increasing attention (see Nijman, 1985; Ghysels
et al., 2007; Wohlrabe, 2008; Marcellino and Schumacher, 2010; Foroni and Marcellino, 2013; Koelbl et al., 2016). There are
several settings and different approaches in dealing with the problem of estimation from MF data, depending, for instance,
on the model classes considered, the observational schemes producing the data and the estimation procedures used.

In this contribution we deal with linear stochastic models of ARMA type and mainly with stock data. Our focus is on
identifiability of the underlying high frequency system generating the outputs at the highest frequency available and on
the well-posedness of the relation between the second moments of the outputs which can be directly observed and the
underlying parameters of the high frequency system. An analogous problem for time continuous systems has been analyzed
in Chambers (2016).
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For the VAR case g(eneric)-identifiability results have been obtained using two different approaches: one approach uses
the so-called extended Yule-Walker equations proposed by Chen and Zadrozny (1998). G-identifiability results using this
approach have been derived in Anderson et al. (2012, 2016a). The second approach is based on blocked observations as de-
scribed in Filler (2010), Anderson et al. (2016a), Ghysels (2016). An extension to the VARMA case has been given by Anderson
et al. (2016b), Zadrozny (2016), where in Anderson et al. (2016b) g-identifiability has been shown for the case where the
MA order is smaller than or equal to the AR order. We want to mention that condition 5 in Zadrozny (2016) excludes the
case that the AR order is smaller than the MA order and thus the case considered in this paper. Here, we show that the
situation is completely different in case of VMA systems and of VARMA systems with MA order exceeding the AR order.
This is a consequence of the fact that non-observed autocovariances of the VMA output process can freely vary in a certain
neighborhood without violating the assumptions. For the VARMA case considered here, this is true for special non-observed
autocovariances. The central result of this paper is, in a certain sense, a negative result, as it shows that naive estimation
approaches may fail in the case where the MA order exceeds the AR order.

In Section 2 we give a detailed analysis of non-identifiability of VMA systems from MF data for the case of stock as
well as for the case of flow variables. In Section 3 we show non-identifiability for the VARMA case, where the MA order
exceeds the AR order. Whereas Sections 2 and 3 deal with the case, where the innovation variance matrix is non-singular,
Section 4 gives generic identifiability results for the case, where the innovation variance matrix is singular with rank being
sufficiently small.

2. High frequency VMA systems and MF data: non-identifiability results

We consider (high frequency) multivariate MA(r) systems of the form
Vi=Ve+Bive1+---+Bve, tez, (2.1)

where r is a specified integer, B; ¢ R™" and (1|t € Z) is white noise with ¥ = E(vtvtT). In addition, we impose the strict
miniphase condition

detb(z) #0, |z] <1, (2.2)
where
b(z) =1, +Biz+---+B.Z", (2.3)

is the corresponding VMA transfer function. We use z for a complex variable as well as for the backward shift on Z. In this
and in the next section we assume that

q=rank(X) =n, (2.4)
holds. The VMA parameter space considered is of the form
Oma = {vec(By.....B) e R™T| deth(z) £ 0, |z| < 1}

Sma

y {vech(E) RS =37 % > 0}.

)

Before going into the details let us outline the basic ideas in the flow of arguments behind Lemma 1, Theorem 1,
Theorem 2 and Theorem 3. Consider Fig. 2.1 below. In this figure I"ya is the set of autocovariances corresponding to Oya,
(g is the mapping describing this correspondence, (), relates autocovariances to spectra and (p MA parameters to transfer
functions. The basic idea is as follows: first we show for the MA(r) case that for every corresponding spectrum there is a
neighborhood, which is contained in the set of MA(r) spectra, not violating the strict miniphase assumption. In the next
step we demonstrate that by the bijective nature of the mapping between parameters and spectral densities in the high
frequency case, we obtain that varying a particular autocovariance, that cannot be directly observed from mixed frequency
data, leads to a corresponding variation of parameters; thus giving a (non-singleton) subset of a class of observationally
equivalent parameters under mixed frequency observations.

Let ®ya be endowed with the usual Euclidean norm. As can be seen easily (as “det” is a continuous mapping) the set
. . . . @4+1) .
Suva defined above is open in R™" and ¥ is open in R™2. For every T =vec(B;,...,B;) € Sya, of course, (p(7) = b(e~i*)

is uniquely given by (2.3). Conversely, for given b(e~**), T is uniquely given by

Bj= oo /_Z b(e~*)eida.

Thus, tp is a bijection between Sya and (p(Spa) and in this sense we identify Sya and ¢p(Sya)- The following lemma is
straightforward to show:

Lemma 1. Sy5 (endowed with the Euclidean metric) and tp(Sya) endowed with the supremum norm
Hb(e*“\) Hsup = Sup Hb(eiik) Hmax’ (25)
re[-m,7]
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are homeomorphic. Here, ||.||max denotes the max norm for matrices with complex entries.

In other words, the above lemma says that Sya, when endowed with the Euclidean metric and then endowed with the
sup norm (2.5) has the same open sets, i.e., the two metrics are topologically equivalent.
Now consider the autocovariance sequence y : Z — R™" of the VMA(r) process (2.1), where

Y () =E(y¥0)- (2.6)

The corresponding spectral density is given by

f) = 5= Y v (e 27)

j=-r
= b(e™*)Tb*(e™™),

where * denotes the conjugate transpose. As is well known, there is a bijection between the covariances and the corre-
sponding spectral density; let us write (y(y) = f. The set of all autocovariance sequences has to be non-negative definite;
in addition, for the MA case considered here y (j) =0, V|j| > r. Moreover, y(0) is symmetric and positive definite and due
to (2.2) we have f{L) > 0, VA € [-m, mr]. Thus, for the VMA(r) case, we can parameterize the set of all autocovariances by

Tya = {y — (vech(y (0))".vec(y (1).....y (M)T) e R*F#7TF(1) = t(y)(h) > 0. VA € [—:m]}.

Here, we have identified (vech(y )T, vec(y (1), ..., y(r))T)T with y. As above, we identify I'yjy and ¢y (I'ya) and we can
endow I'y4 with the Euclidean norm as well as with the sup norm for spectral densities and these norms are topologically
equivalent. We have:

Theorem 1. Under the assumptions (2.2) and (2.4) T'ya is open in R

Proof. Let y € I'ya. Then, ill) > 0 VA € [—m, ] is equivalent to all leading principal minors of f being positive on [—m, 7 ].
Since these minors are continuous functions in y, they are bounded away from zero. Thus, there is a neighborhood of f
(in the sup and therefore also in the Euclidean norm), where f > 0 and thus a neighborhood of y which is contained in
FMA. ‘:’

In the next step, let us consider the relation between 6 € ®ys and y € I'ya, denoted by (z(0) = y, defined by (2.7).
Clearly ¢ is continuous. By the spectral factorization theorem (see Rozanov, 1967; Hannan, 1970; Hannan and Deistler, 2012),
t is bijective. In Anderson (1985), the continuity of the spectral factorization with the sup norm for spectra and the L, norm
for transfer functions has been stated. As can be seen easily, on ®y4 the L, and the Euclidean norm are the same up to
normalization. Thus, we have:

Theorem 2. The mapping tg: Oya — ['va IS @ homeomorphism.

Summarizing, this can be depicted in the following diagram: note that, strictly speaking, (p maps 7 onto b(e*"’\), but the
extension of (p to Oy, is evident.

In this diagram the index M stands for moments, F stands for the factorization and P for parameters.

Now consider the MF case: let

f
Ye= (y ) (2.8)
Yi

where the ny-dimensional fast component ytf is observed for every t € Z and the ns-dimensional slow component y; is
observed only for t € NZ (N being an integer larger than one). Thus, we consider the MF stock case here. Throughout we
assume that n; > 1 and ng > 1. Without loss of generality we restrict ourselves to the case N =2 here. Let

7/(].):(J/”(j) )/fs(j)>
vIa o v/

LR
>
0 e @MA v e I‘MA
LPI ILM
(b(e™), %) f

Fig. 2.1. Diagram of the homeomorphisms.
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denote the corresponding partitioned autocovariance matrices. Then, y#(j), y5(j), y¥(j) and y*(2j), j € Z can be directly
observed, i.e., directly estimated from data, but this is not the case for y%(j), j odd. Consider, for instance, the case r =
1; then, under the mixed frequency scheme described above, the autocovariances y*(1) € R"s*"s can be freely varied in a
certain neighborhood corresponding to the “true” (vech(y(0))T, vec(y(1))T)T without leaving the set T'y;a due to its openness.
This variation corresponds to a set O C 'y of dimension ns x ns say, and, by what was stated before L;l (0) is a subset of
the class of observationally equivalent VMA systems of topological dimension ns x ns. Thus, we have shown:

Theorem 3. Under the assumptions (2.2) and (2.4) in the MF stock case, the VMA(r) parameters are not identifiable.

As immediately can be seen we do not even have local identifiability in this case. A heuristic argument concerning the
non-identifiability can be given by the counting condition, e.g., for the case n =2, r=1, N =2 we can directly observe 6
autocovariances whereas the corresponding VMA(1) system is described by 7 free parameters. As shown in the following
example, such an argument may be misleading:

Example. Consider the VMA(1) system, where n =2, bfS = 0 is fixed

bff 0 off ofs
0e(t D)3 () )es -

O-sf o5
and |b7], |b%5| < 1. Now let us define an equivalent (in terms of directly observable autocovariances) VMA(1) system with

— 0 0 _ o'ff o'fs
s e )
off
2 2 ()
(14 (%)) + (2565 + 62) "
>0,

1+ (b5 +8)?

6.55

_ _ 7T
where § € (=1 - b%,1 - b*) is the free variation. It follows that (vec(Bl)T, vech(E)T) € Opa, ¥(0) =y (0) but
0 0
P =Bx=ym+o, (555 _ (of‘)z) |

off

and therefore 75(1) # ¥ (1) for § # 0. If we assume that the class of equivalent VMA(1) systems satisfies b/s = 0, it can be
shown that the formulas above, by varying §, define a class of observationally equivalent systems, which is not a singleton.
Note that in this case we have 6 unknown parameters (3 for B; and 3 for ¥) and 6 directly observable autocovariances and
therefore the “counting condition” fails.

Until now, only the case where stock variables are observed, has been considered. Now we assume that the observed
slow component w; is obtained by the linear observation scheme

we = koyi +kiyi_i + -+ kno1Yi_ny,. £ eNZ, (2.10)

where k; € R%*"s are known and kg is non-singular. Then, the corresponding autocovariances which can be directly ob-
served, are y/f(j) = E(yjf(yg)T),

v (i) = E(ywp),
7 () = E(wi(v))")
and
Y™™ (Nj) = E(wnwg).  jeZ.
As shown in Anderson et al. (2016a), Section 5, 3(j) and y¥(j) can be reconstructed from yf(j) and y/%(j). Therefore, in a

last step, we have to reconstruct y55(j) from

N-1
YWWINj) =Y kiyS(Nj+i-hki, jeZ (2.11)
i,h=0

since yWW(Nj) are the only directly observed autocovariances depending on y%(j). Note that yWW(Nj) =0 for |j| >
| 5§t + 1], where |a] denotes the largest integer smaller than or equal to «, and therefore we only have | “gl +1] +1
directly observed autocovariances from y"" and r 4+ 1 unknown autocovariances from y* (with non-negative lags) which
are unequal to zero. For simplicity, we only consider the case ng = 1, generalizations being straightforward. In this case
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(2.11) changes to y""(Nj) = Z?’h;]o kikyy$(Nj+i—h) and thus we obtain a system of equations with | "gl + 1] + 1 equa-
tions and r + 1 unknown autocovariances y*. Under the additional assumption that ky_; is unequal to zero, we can uniquely
reconstruct the y* for the case r =1 and therefore we obtain identifiability. Nevertheless, in the case r > 1 we have more
unknown autocovariances y** than equations and thus we do not obtain identifiability. For the case r=1, ng > 1 and N e N
we have to assume that ky_; and Zf’:‘o] k; ® k;, where ® denotes the Kronecker product, are non-singular to obtain identi-
fiability. Note that this excludes the case of stock variables.

If we relax the strict miniphase assumption (2.2), in the sense that we allow roots on and outside the unit circle, we
may have g(eneric)-identifiability in certain “extreme” cases, e.g., for r =1, n =2 and b(z) has zeros at 1 and —1. Here, we
say that a subset of a given set is generic, if it contains an open and dense subset of this set.

3. High frequency VARMA systems and MF data: non-identifiability results

In this section we consider VARMA(p, r) systems
Ve+AYe1+-+AY p=ve+ B+ + B, teZ, (3.1)

where A;, B ¢ R™" are parameter matrices, p,r € N are specified integers and (v¢|t € Z) is white noise with ¥ = E(vtv[).
Let a(z) =1y +A1z+---+ApzP and b(z) = I, +B1z+ --- + B;Z". We impose the usual stability condition

deta(z) #0, |z| <1, (3.2)
as well as the strict miniphase condition (2.2). Throughout this section we assume that
r>p. (3.3)
The case r < p has been treated in Anderson et al. (2016b). The spectral density of (y;) is given by
L N R S
f) =5_a (e"*)b(e"*)Zb* (e ™)a~*(e™™) (3.4)
1 & i
=5 Z y (e ™.
Jj=—00

The parameter space considered here is of the form
Oarma = {(A1,...,Ap.B1,....By)|deta(z) #0, |z] <1,detb(z) #0, |z] <1
rank(A,) = rank(B;) = n, (a(z), b(z)) is left co-prime} x
{ZIZ=2"2 >0} (3.5)

Note that in the high frequency case ®arma is identifiable (see Hannan, 1971; Hannan and Deistler, 2012) and that the
conditions (a(z), b(z)) is left co-prime and rank(Ap) =rank(B;) = n are generically fulfilled. In the next step we show that

T
the AR parameters (A1,...,Ap) are generically identifiable from MF stock data. If we postmultiply (3.1) by (ytf_j) , j=

r+1,...,r+np, and take the expectation, we obtain analogously to Chen and Zadrozny (1998)
T T T
E(yt<(y{—r—1) ’ (y{—r—Z) v (ytf—r—np) ))
Ve
. f T f T f T
= (_Al? cees _Ap) E : (yt—r—l) , (yt—r—Z) s (J/f,r,np) ) (36)
Yt—p
ZpRMA

where Zagma € R™"P"f. With the same techniques as in Anderson et al. (2016a, 2016b), it can be shown that Zagma has
generically full row rank. Thus, we get:

Theorem 4. Under the assumptions (3.2), (2.2) and (2.4) the AR parameters of (3.1) are g-identifiable.
Let G = (I, 0,..., 0) and

—Ay o —Apy A
In
A= _ ,

Iy 0
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be the companion form of the system parameters (Al, ... ,Ap) corresponding to a(z). For k = [%1 where [«] denotes
the smallest integer larger than or equal to «, we obtain the following system of equations
y (kN) GAKN-T
Y ((k+1)N) GANT AN y ()
)/((k+ 2)N) _ gAkN—rAZN
yr—p+1)
J/((k +np— ‘l)N) gAkN—rA(np—l)N
O 0
Analogously to Koelbl (2015), Anderson et al. (2016b) it can be shown that O has generically full column rank. Thus, we
can uniquely obtain y55(j), r > |j| >r—p+1 > 2 from (Al ..... Ap) and the second moments contained in ©¢, which can be
directly observed in the case of stock data, by using the formula
y ()
: = (0"0) 0" oy (3.7)
y(r—p+1)

We obtain y%(j), |j| > r from y(j) = —Zf’zl A;y (j —1). Obviously, we cannot reconstruct (1) from (3.7). To be more
specific, there are still n?(r — p — | 52 |) autocovariances missing.

Theorem 5. Under the assumptions (3.2), (2.2) and (2.4) in the MF stock case, for r > p, ®arma is not identifiable.

Proof. Let the VARMA spectral density f{A) be given by (3.4). For simplicity of notation, we restrict ourselves to the case
ns = 1. We define

fL, 8 A 0 0 3.8
f(,>=f()+<0 5( ) (3.8)

e—ih 4 ei,\)
and

- . . . . 0 0 .
ale™)f(r. 8)a*(e™™) = a(e™) f(M)a*(e™™) + a(e™) (0 5(e +em)>a*(e_"\)' (3.9)

Note that the left hand side of (3.9) is a trigonometric polynomial matrix of degree r. As can be seen easily, Theorem 1 im-
plies that for § in a suitable neighborhood of zero this left hand side is a spectral density of an MA(r) system. Thus, (3.8) cor-
responds to a VARMA(p, r) spectral density where all second moments of (y;) stay the same with the exception of y5(1)
(and of course y*(—1)), which has been disturbed by 8, where § varies in a certain neighborhood of zero. Because left
co-primeness of (a(z), b(z)) and the rank conditions rank(Ap) =rank(B;) = n are open properties, the system correspond-

ing to f(A,8) can be described in the parameter space ®agma. Since the mapping between the second moments and the
parameters is homeomorphic, the variation of § gives the corresponding variation in the parameter space. O

Note that the basic idea of the proof is not applicable for the case p > r. Now we consider the more general observation
scheme (2.10). First of all, observe that again y5(j) and y¥(j) can be reconstructed from y#(j) and yf%(j). Therefore, we can
g-identify the AR parameters, see (3.6). In a second step, we want to reconstruct the missing autocovariances y%(j), j e N
from (2.11). For simplicity, we just investigate the case ns = 1, generalizations are straightforward. For k = [% + l—| we can
arrange the following system of equations

Y™ (aN) (0, )G (X1 kil AThHEN=T) yI5(r)
Y™ ((a + 1)N) (0. 1)G (X kiky Al-hHkN=T) AN 55 ()
YW ((a +2)N) _ (0, ])g(zf’h;lo kikhAi—thkN—r)AZN . ’
: . (ny(r—pH))
Y™ ((a¢ +np—1)N) (0. )G(X o kiky ATHN=T) g (np-DN yS(r—p+1)
or o

where Of and OF can be constructed from the observed autocovariances and the AR parameters. Again it can be shown that
OF has generically full column rank and therefore we obtain y55(j), j = r—p+1> 2. In a last step, we have to reconstruct
the remaining unknown autocovariances y(j), j=0,...,r — p with the help of y™"(Nj), j=0,..., [ 2. Thus, we get
a system of equations with [%1 + 1 equations and r — p+ 1 unknown autocovariances and therefore we cannot expect
to uniquely reconstruct the remaining autocovariances except for the case r = p+ 1 (under the additional assumption that
kn_1 # 0). Thus, VARMA (p, p + 1) systems are g-identifiable in the flow case, but not for r > p+ 1.
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4. High frequency VARMA systems and MF data: the singular case

Here, we consider the singular case, i.e., the case rank(X) = q < n. In this case, as is shown below, as opposed to the
regular case rank(X) = n, we may have identifiability for VMA and VARMA systems with r > p, if q is smaller than or equal

to nf.
In an evident notation we write the spectral density f{A) of the VARMA system as
(A Jiles
f) = *) *) . (4.1)
IRACS I S

Clearly, f has normal rank equal to q. Let
Sff xfs
Y= ,
Esf 3ss
be partitioned accordingly.

Lemma 2. For ©f > 0 it follows that ff()\) is non-singular almost everywhere.

Proof. Let #H(t) =Span{y;: j <t} and H(t) = spﬁ{yﬁr : j <t} be the Hilbert spaces spanned by all univariate components
of y;, j < t and yf, j < t, respectively. Furthermore, let yf‘Fl and z; be the projection of ytf onto H(t —1) and H/(t —
1), respectively. Then, it follows that ytf :y{lF1 + vtf =2zt + 1. Now HS(t) € #(¢) implies E(nen)) > ]E(vtf(v[f)T) and thus
= ~ 0 implies ff(1) > 0 almost everywhere. O

If ¢ = ny holds, then generically (in the parameter space of singular VARMA systems, where q = rank(X) has been pre-
scribed) already ff(A) has normal rank equal to q. In the mixed frequency case ff(A), f5(A) and ff(1) are obtained from
mixed frequency data. This is true for the stock, but also for the more general linear observation scheme (2.10). Then, we
obtain f(1) (according to the Wiener filtering formula) as

o) = IOV (), (4.2)

and thus, in this case, i.e., if ff(A) has already normal rank equal to g, f{A) is generically unique from the second moments
which can be directly observed or reconstructed in the case of more general linear observation schemes. As is easily seen,
this argument can also be applied to the case q < ny, if f(A) has rank g. In this way we have directly reconstructed,
generically, the high frequency spectral density and therefore the well known high frequency identifiability result holds.
Note that this result hold for all p, r, not depending on the relation between p and r.

Theorem 6. For ny > q, the VARMA(p, r) classes are g-identifiable.
5. Conclusions

This paper deals with the non-identifiability of VMA and VARMA(p, r) r > p systems in the case of mixed frequency
observations. The main result is that opposed to the classes of VAR and VARMA systems, where the MA order is smaller than
or equal to the AR order, generic identifiability cannot be obtained in case of regular systems and stock variables. With some
modifications, these results hold through for more general observation schemes. For the singular case g =rank(X) <ny
generic identifiability can be obtained.

In a certain sense, the main contribution of the paper is a negative result, saying that the case considered here is sub-
stantially different from the VAR and the VARMA(p, r) r < p case. We think that the result is of some interest, in particular,
since negative results in our opinion are also important and since they are not known up to now. The practical consequence
of our results is, that naive approaches, e.g., using the EM algorithm in the case of mixed frequency VMA systems, will fail.
The consequences of our results for model selection need further investigation.
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