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Detailed Dynamic Model of Antagonistic PAM
System and its Experimental Validation:

Sensor-less Angle and Torque Control with UKF
Takaya Shin, Student Member, IEEE, Takumi Ibayashi, Student Member, IEEE,

and Kiminao Kogiso, Member, IEEE

Abstract—This paper proposes a detailed nonlinear mathe-
matical model of an antagonistic pneumatic artificial muscle
(PAM) actuator system for estimating the joint angle and torque
using an unscented Kalman filter (UKF). The proposed model
is described in a hybrid state-space representation. It includes
the contraction force of the PAM, joint dynamics, fluid dynamics
of compressed air, mass flows of a valve, and friction models.
A part of the friction models is modified to obtain a novel
form of Coulomb friction depending on the inner pressure of the
PAM. For model validation, offline and online UKF estimations
and sensor-less tracking control of the joint angle and torque
are conducted to evaluate the estimation accuracy and tracking
control performance. The estimation error is less than 7.91
%, and the steady-state tracking control performance is more
than 94.75 %. These results confirm that the proposed model
is detailed and could be used as the state estimator of an
antagonistic PAM system.

Index Terms—Nonlinear Model, Pneumatic Artificial Muscle,
State Estimation, Unscented Kalman Filter, Sensor-less Control,
Experimental Validation.

I. INTRODUCTION

THE McKibben pneumatic artificial muscle (PAM) actua-
tor system has a high strength-to-weight ratio and excel-

lent flexibility. It consists of an internal rubber tube surrounded
by a cylindrical mesh braided by inextensible threads. Both
ends of the two-layered tube are closed by caps to retain
the cylindrical form, and one cap has a connector to supply
compressed air. The tube diameter increases when compressed
air is supplied; further, the long axis shortens because of the
inextensible threads. In this manner, the PAM generates a
contraction force, and it returns to its original shape through
its elasticity when the compressed air is released from the
inner tube. Because a PAM can generate only a contraction
force, an antagonistic structure consisting of two PAMs in
parallel, with one connected on each side via a rotational joint,
is often used. A PAM is a suitable actuator for devices such as
assist robots, nursing care robots, rehabilitation orthoses, and
other robots that are often in contact with humans. However,
a PAM has high nonlinearity owing to the pressure dynamics
and friction, and therefore, the modeling and control of an
antagonistically structured PAM actuator system are difficult
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and challenging. Several studies have conducted numerical
simulations of PAM behaviors, such as the geometric-model-
based approach [1] and Hill-model-based approach [2], [3].
Studies have also investigated PAM control methods such as a
sliding mode control [4], adaptive control [5], and guaranteed-
cost control [6] by considering the modeling uncertainty and
high nonlinearity of PAM actuators.

The characteristic compliance of a PAM actuator system
plays an important role in its flexibility [7], [8]. [9] noted
that the control bandwidth becomes smaller at low pressure,
and therefore, PAM control becomes difficult. A nonlinear
dynamic model of the PAM actuator system can overcome
the difficulty of control in the lower-pressure range and enable
maintaining the high compliance of the actuator system. For
example, a sliding mode controller with a pressure model was
used to achieve angle-compliance control of an antagonistic
PAM actuator and was applied to rehabilitation orthoses [4];
however, this study did not consider the hysteresis. Hysteresis
increases the complexity of the actuator system, and when
it is left unmodeled, it makes the control of PAMs difficult
[10]. Indeed, hysteresis compensation has been shown to
improve the control performance [11], [12]. Furthermore, the
contraction force plays a crucial role in the PAM actuator
system, and a contraction force model is associated with PAM
pressure through a static and nonlinear function [13]. However,
it is difficult to identify the mechanism by which a contraction
force is generated because of the large number of parameters
and the complex structure of a PAM [14]. Therefore, some
studies have employed an empirical model (experimentally
approximated function) [15]–[18]. Overall, a model-based
approach is effective for developing and improving a PAM
actuator system.

With a precise model of the PAM actuator system, the
measured pressure information can be used to estimate the
joint angle and torque behaviors of this system. The use
of a force sensor (i.e., a load cell) and an encoder enabled
torque and stiffness control of a PAM joint actuator [19]–
[21]. Among sensor-less approaches, one study [18] showed
that the use of a force map instead of a force sensor helps
to estimate the joint torque of the PAM system, and another
study applied a force-sensor-less approach to achieve torque
control of an antagonist PAM actuator system under a fixed
joint angle [22]. However, conventional studies still use a
sensor, such as an encoder, for measuring the joint angle.
Simply estimating the joint angle could further reduce the
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time required for designing and constructing a PAM actuator
system. An unscented Kalman filter (UKF) [23] is used to
estimate the state of nonlinear systems from control inputs and
measured data. It was experimentally demonstrated in [24] that
the UKF enables the estimation of the contraction ratio for a
practical single PAM system. Further, it was shown in [25]
that the UKF helps achieve position-sensor-less control for a
PAM system. Therefore, a sensor-less control scheme shows
promise for developing a practical antagonistic PAM actuator
system with low weight and high flexibility.

In this light, this paper proposes a detailed nonlinear model
of an antagonistic PAM system that is actuated by a propor-
tional directional control valve (PDCV). The proposed model
has two inputs—control commands to the two PDCVs—and
four outputs—joint angle, torque, and two PAM pressures.
This model is constructed by using the geometric relations
and motion equations of two PAMs and a rotational joint with
friction, fluid dynamics, a contraction force, and compressed
air flows in a PDCV in the same manner as the single
PAM modeled in previous studies [26] [27]. The proposed
model employs the Kikuuwe model based on an implicit Euler
integration for friction [28] and the Itto model that associates
an input voltage to a PDCV with its open ratio, a model
parameter [26]. A remarkable feature of the proposed model
is that it captures systems behaviors in an absolute pressure
range of 200–700 kPa, which enables adjusting the compliance
sufficiently. In addition, our study provides a classification
result for model parameters that indicates how they can
be estimated using measured data. Furthermore, this study
evaluates the proposed model by confirming the angle and
torque control performance of an antagonistic PAM actuator
system with an UKF-based estimator. This UKF uses the
proposed model to estimate the angle and torque from only the
measured pressure through the following procedure. First, the
angle and torque estimation results are compared with/without
the UKF in a numerical simulation that uses experimental test
data measured in advance. Second, the UKF-based estimator
is implemented in the antagonistic PAM actuator system and
an online estimation of the angle and torque is conducted
to evaluate estimation errors. Finally, a UKF-based sensor-
less proportional-integral (PI) feedback control system is con-
structed to evaluate whether the proposed model provides good
control performance. The experimental validation reveals that
the proposed nonlinear model of the antagonistic PAM actuator
system is valid and detailed enough to be applied to model-
based sensor-less control. This study makes the following main
contributions: it is the first study to implement a UKF into an
antagonistic PAM actuator system to achieve joint angle and
torque estimations, and it provide novel forms of the pressure-
dependent Coulomb friction and the frictional force acting on
the shaft for facilitating the improvement of the UKF’s state
estimation.

The reminder of this paper is organized as follows: Section
II introduces the antagonistic PAM system and its mathemati-
cal model. Section III describes the validation of the proposed
model using UKF in both offline and online estimations.
Section IV presents the experimental results of the UKF-based
angle and torque control; these results confirm that the joint

angle and torque can be used for feedback control instead of
sensors. Finally, Section V presents the conclusions of this
study.

II. ANTAGONISTIC PAM SYSTEM AND ITS
MATHEMATICAL MODEL

A. Experimental Setup of Antagonistic PAM System

The antagonistic PAM system is a joint actuator powered by
two PAMs. Figs. 1(a) and (b) respectively show the appearance
and the structure of the antagonistic PAM system. This system
consists of two PAMs (Airmuscle, Kanda Tsushin Kogyo),
two PDCVs (5/3-way valve, FESTO), an air tank (6-25, JUN-
AIR), sensors, and a control PC. One side of each PAM is
connected with a movable part. The tank stores compressed
air and is connected to the PDCVs and PAMs by air tubes. The
pressure controlled by the PDCVs drives the PAMs to make
the movable part rotate with a seesaw motion. A rotary encoder
and a torque meter (TM II-10 Nm(R), UNIPULSE) are used to
measure the joint angle and the torque, respectively, and two
pressure sensors (E8F2-B10C, OMRON) are used to measure
the inner pressure of PAMs. The system inputs are the voltage
signals to the two PDCVs (u1 and u2), and the measured
values are the joint angle ψ, torque τ , and inner pressures of
the two PAMs (P1 and P2). The PC has a 3.2 GHz CPU and
8 GB RAM, and the operating system used is Ubuntu 12.04
with the preemption-patched Xenomai 2.6.2.1. The sampling
period of the PC was set to 1 ms. The range of the rotation
angle is ±25◦, and the range of the output torque is ±3.0 Nm.

B. Nonlinear Mathematical Model

The state-space model of the PAM system in consideration
of noise is expressed as follows:

ẋ(t) = fσ(x(t), u(t)) + v(t) if x(t) ∈ Xσ, (1a)
y(t) = h(x(t)) + w(t), (1b)

where t ∈ R≥0 is the time; u := [u1 u2]
T ∈ U ⊂ R2 is a

control input with input voltages u1 and u2 to the PDCAs
connected to the PAMs, respectively; and U := [0, 10]2

is a set of allowable control inputs. The state variable is
x := [ψ ψ̇ P1 P2]

T ∈ R4. The output variable is y :=
[ψ P1 P2 τ ]T ∈ R4. v and w are the process noise and
observation noise, respectively. fσ : R4 → R4 is a nonlinear
function with 18 subsystems; it switches according to if-then
rules. Xσ := {x ∈ R4|Ψσ(x) > 0} are the state sets, where
σ ∈ Σ := {1, 2, · · · , 18} is the index of the subsystem.
Ψσ(x) is a function derived from the modes in the form of
if-then rules. The function h : R4 → R4 is an observation
equation. The model is obtained by summarizing the following
components of the PAM system:

1) Geometric equation: The length of the two PAMs is
denoted by l1 and l2 and is given by

l1(t) = L0 −∆L(t), l2(t) = L0 +∆L(t), (2)

where ∆L(t) ≈ r sinψ(t) is the vertical displacement of the
PAM length; r, the radius of the seesaw; and L0, the PAM
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(a) Photograph of antagonistic PAM system.
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(b) Schematic of antagonistic PAM system.

Fig. 1. Experimental antagonistic PAM system.

length at the horizontal position of the seesaw. Indeed, rotation
of the seesaw causes vertical and horizontal displacements; in
this study, the horizontal displacement is ignored because it
negligibly affects the PAM length. As a model of the PAM
volume, this study employs a quadratic polynomial function
of the contraction rate, as is used in [29], [30], because an
accurate model of the PAM volume is too complex to obtain
analytically. The PAM volume is given by

Vi(t) = D1li(t)
2 +D2li(t) +D3, ∀ i ∈ I := {1, 2}, (3)

where D1, D2, and D3 are experimentally determined co-
efficients. The time derivate of (3) is given as V̇i(t) =
(2D1li(t) + D2)l̇i(t) (∀ i ∈ I), where l̇i can be calculated
by differentiating (2).

2) Fluid dynamics: The change in the inner pressure of the
PAM can be modeled thermodynamically. The energy balance
in a PAM is used to formulate the pressure change rate [26],
[31]:

Ṗi(t) = k1
RT

Vi(t)
mi(t)− k2

V̇i(t)

Vi(t)
Pi(t), (4)

where mi is the mass flow rate of compressed air streaming
from the PDCV to a PAM, k1 and k2 are polytropic indexes,

R is the gas constant, and T is the absolute temperature of air.
Hereafter, the subscript i is omitted to simplify the notations.
The PDCV is characterized by using the mass flow rate that
is expressed as [26], [31]

m(t) = α(t)min(t)− (1− α(t))mout(t), (5)

where min and mout are respectively the mass flow rates
entering and leaving the intake port of the PDCV. α ∈ [0, 1]
is equivalent to the open rate of the valve and depends on the
voltage signal u. α is written as a function of u as α = κ(u),
where κ is a monotonically increasing function with respect to
u ∈ U := [κ−1(0), κ−1(1)]. α characterizes the inner pressure
of the static PAM; the function is described in Section II-C.
min and mout are respectively expressed as

min(t) =


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,

mout(t) =


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,
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) 1
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if Pout > P (t)
(

2
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.

Mass flow loss is seen at the orifice, and it differs at the
orifice for entering and leaving the PDCV. This study considers
a different orifice area A0 according to the flow direction;
specifically, A0 = A1 if m(t) > 0 and A0 = A2 if m(t) ≤ 0.

3) Contraction force: Because a contraction force is stat-
ically associated with the inner pressure under a fixed PAM
length [32], this study experimentally clarifies the relationship
between the inner pressure and the contracting force, as
shown in Fig. 2(a). In this figure, the black circles indicate
experimental data, and the relationship for each length is
approximated as a linear function of pressure. The linear
function outputs a contraction force F and is expressed as

F (P (t)) = vP (t) + w, (6)

where v and w are respectively the slope and intercept of the
line graph. The fitted results obtained using (6) are indicated
by the colored solid lines in Fig. 2(a). This figure shows that
v and w depend on the PAM length, and therefore, they are
described as a function of l. For the relations between l and
v and between l and w, the blue circles in Fig. 2(b) indicate



This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMECH.2021.3086218, IEEE/ASME
Transactions on Mechatronics

IEEE/ASME TRANSACTIONS ON MECHATRONICS 4

Pressure (kPa)

0

20

40

60

80

100

120

140

160

C
o
n
tr

a
ct

in
g
 f
o
rc

e 
(N

)
0.17445 m
0.17134 m
0.16818 m
0.16500 m
0.16182 m
0.15866 m
0.15555 m

100 200 300 400 500 600 700 800

(a) P − F relationship of the PAM.

0.14 0.15 0.16 0.17 0.18 0.19

-1

0

1

2

3

4

PAM length (m)

-10

0.20

0.14 0.15 0.16 0.17 0.18 0.19 0.20

-25

-20

-15

(-
)

(-
)

(b) v − l and w − l relationships of the PAM.

Fig. 2. Static characteristics with regard to P , F , and l of the PAMs.

the computed pairs with respect to v and w; these are seen to
be linear in length.

v(l(t)) = pv1 l(t) + pv2 , (7a)
w(l(t)) = pw1

l(t) + pw2
. (7b)

The fitting results obtained using (7a) and (7b) are indicated
by the solid red lines in Fig. 2(b).

4) Joint dynamics: The equation of the seesaw motion is
written as

Jψ̈(t) = τ(t)− Tf (t)− ksψ(t), (8)

where J is the moment of inertia of the seesaw, τ is the
torque generated by PAMs, Tf is the resistance torque caused
by friction, and ks is the experimentally determined torque
coefficient caused by the seesaw motion with respect to the
angle. Considering the geometric relationship shown in Fig.
3, τ is expressed as follows:

τ(t) = r cosψ(t) (F1(t)− F2(t)) , (9)

The resistance torque is given by a discrete-time friction model

O

Fig. 3. Illustration of forces acting on the joint.

[28]:

Tf (k) =



(Ts(k) + Tp(k))sgn(ψ̇(k)) + csψ̇(k)

1 + Zcs
,

if
∣∣∣ψ̇(k)∣∣∣ > Z(Ts(k) + Tp(k)),

ψ̇(k)

Z
if

∣∣∣ψ̇(k)∣∣∣ ≤ Z(Ts(k) + Tp(k)),

(10)

where ψ̇(k) is the rotational velocity at step k ∈ Z≥0, where
t = kTstp holds with a sampling time Tstp. The velocity is
calculated using the Euler method ψ̇(k) = ψ̇(k−1)+ZT0(k),
where Z = J/Tstp and T0 is the torque except for the
frictional force at step k, that is, T0(k) = τ(k) − ksψ(k).
Ts and Tp are the frictional forces acting on the shaft and
rubber tube, respectively. From Coulomb’s law of friction, Ts
is proportional to the force applied to the shaft as follows:

Ts(k) = rpµs|F1(k) + F2(k)−Mg|,

where rp is the shaft radius and µs is a constant coefficient.
Tp denotes the frictional force effect on a tube and a mesh
inside the PAM. In [27], it was observed that if the PAM
inner pressure increases, then Tp decreases. Therefore, this
study makes an observation in the following novel form:

Tp(k) = µp

(
1

(P1(k)− Pout)2
+

1

(P2(k)− Pout)2

)
,

where µp is a constant coefficient.
5) State-space model of antagonistic PAM system: The

state-space equation fσ(x(k)) (1a) and the output equation
h(x(k)) (1b) are described as follows:

fσ(x(t), u(t)) =


ψ̇(t)

(τ(t)− Tf (t)− ksψ(t))/J

k1
RT
V (t)m1(t)− k2

V̇ (t)
V (t)P1(t)

k1
RT
V (t)m2(t)− k2

V̇ (t)
V (t)P2(t)

 , (11a)

h(x(t)) =


ψ(t)
P1(t)
P2(t)

r cosψ(t)(F1(t)− F2(t))

 . (11b)



This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TMECH.2021.3086218, IEEE/ASME
Transactions on Mechatronics

IEEE/ASME TRANSACTIONS ON MECHATRONICS 5

TABLE I
PARAMETERS OF ANTAGONISTIC PAM SYSTEM

rp : radius of shaft (m)
r : radius of seesaw (m)
L0 : initial length of PAM (m)
M : weight of seesaw (kg)
g : gravitational acceleration (m/s2)
Ptank : source absolute pressure (Pa)
Pout : atmospheric pressure (Pa)
k : specific heat ratio for air (–)
R : ideal gas constant (J/kg·K)
T : absolute temperature (K)
J : moment of inertia of seesaw (kg·m2)
ks : coefficient of static torque of seesaw (N·m/rad)
cs : viscous friction coefficient (N·s)

D
ir

ec
tly

m
ea

su
ra

bl
e

D1, D2, D3 : coefficients of polynomial (m, m2, m3)
pv1i, pv2i, pw1i, pw2i : coefficient of force for PAMi (–)
A1i, A2i : orifice area of PDCVi (m2)
k1, k2 : polytropic indexes (–)
T ′
p : Coulomb friction coefficient of PAM (–)
µs : Coulomb friction coefficient of shaft (–)

E
st

im
at

ed

C. Model Parameters

Table I lists the model parameters of the antagonistic
PAM system; these include directly measurable and estimated
parameters. From the steady-state analysis of the model given
by (11a), the following feature is stated.

Proposition 1. The model parameters (shown in Table I) that
need to be estimated are divided into two groups: A0, k1, and
k2 affect transient responses, and T ′

p and µs affect steady-state
responses.

Proof: Let the steady-state parameters of pressure Pi(t)
and ψ(t) be P̄i ∈ [Pout, Pin] and ψ̄ ∈ R. In the steady
state, m, V̇ , Ṗ , ψ̇, and ψ̈ are zero. Then, both sides of (4)
become zero, and thus parameters k1 and k2 do not affect the
steady-state characteristics. The mass flow rate equation (5)
becomes αmin = (1−α)mout. Therefore, P̄ is obtained from
u irrespective of A0. The equations of the seesaw motion (8)
and the friction model (10) can be rewritten with τ − Tf = 0
and

Tf =


(Ts + Tp)sgn(τ) + csZτ

1 + Zcs
, if |τ | > Ts + Tp,

τ, if |τ | ≤ Ts + Tp.

Therefore, the parameters T ′
p and µs affect the steady-state

characteristics. Considering the above-described analysis, the
estimated parameters are divided into two groups: transient
and steady state.

Next, a three-step method is used for obtaining the function
α = κ(u) appearing in Section II-B2. First, we obtain the
relationship between the given open rate and the steady-state
pressure through numerical simulations with the proposed
model (Fig. 5(a)). Second, we obtain the relationship between
the input voltage to the PDCV and the experimentally obtained
steady pressure (Fig. 5(b)). Finally, by using the obtained
relationships, we compare the steady pressure and obtain the
relationship between the input voltage and the open rate, indi-
cated by blue circles in Fig. 5(c). Then, a linear interpolation
of these points is conducted to obtain the red solid line in Fig.
5(c).

TABLE II
IDENTIFIED PARAMETERS OF ANTAGONISTIC PAM SYSTEM

rp (m) 0.006 D1 (m) −2.440 × 10−2

r (m) 0.0365 D2 (m2) 6.824 × 10−3

L0 (m) 0.165 D3 (m3) −4.254 × 10−4

M (kg) 0.256 pv11 (–) 7.045 × 10−3

g (m/s2) 9.80 pv21 (–) −1.017 × 10−3

Ptank (Pa) 0.7100 × 106 pw11 (–) −5.568 × 102

Pout (Pa) 0.1013 × 106 pw21 (–) 72.86

k (–) 1.40 pv12 (–) 6.423 × 10−3

R (J/kg·K) 287 pv22 (–) −9.184 × 10−4

T (K) 293 pw12 (–) −197.8

J (kg·m2) 4.263 × 10−4 pw22 (–) −15.75

ks (N·m/rad) 4.117 × 10−4 A11 (m2) 5.184 ×10−8

cs (N·s) 2.256 × 10−3 A12 (m2) 7.776 ×10−8

k1 (–) 1.100 T ′
p (–) 4 × 108

k2 (–) 0.4545 µs (–) 0.2

Based on Proposition 1, this study provides a time-domain
parameter identification procedure for the proposed model. In
this procedure, first, we determine the directly measurable
parameters. Second, we identify D1, D2, and D3 using a
graduated cylinder [33]. Third, we identify pv1i, pv2i, pw1i,
and pw2i by using measurement data and (6). Then, we
determine the parameters T ′

p and µs, which affect the steady-
state characteristics of the see saw, such that the steady-state
error between the measurement and the simulation data of
the joint angle becomes relatively small through trial-and-
error. Finally, we determine the parameters A0, k1, and k2,
which affect transient characteristics, such that the transient
response error between the measurement and the simulation
data becomes relatively small. The resulting model parameters
are listed in Table II, where i ∈ I denotes the number of
PAMs. In addition, we provide a guideline that as T ′

p or µs
increases, the steady-state value of the joint angle decreases,
and that as A0, k1, or k2 increases, the transient response
becomes faster. This guideline helps determine the parameters,
and it is illustrated in Fig. 4.

III. UKF-BASED ANGLE AND TORQUE ESTIMATORS

This study uses the UKF, proposed in [23], to estimate the
state of the antagonistic PAM actuator system. The antag-
onistic PAM system used in this study contains a pressure
sensor, a rotary encoder, and a torque meter. The torque
meter and rotary encoder are installed on the joint part of the
devices for performing measurements. However, this increases
the device weight and load acting on patients wearing real
assistant devices. The pressure sensor need not be set up at
the actuator joint part. If the joint angle and torque can be
estimated, the time required for designing and constructing
a PAM actuator system could be further reduced. This study
uses the information observed by only the pressure sensor for
the UKF.

The UKF needs a discrete-time model of the system, and
two noise signals are assumed to be added to the system:

x(k + 1) = fσ(x(k), u(k)) + v(k) if x(k) ∈ Xσ,
y(k) = g(x(k)) + w(k),
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Fig. 4. Influence of changing parameters.
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where

g(x(k)) =

[
0 0 1 0
0 0 0 1

]
x(k).

The discrete representation of (1) is obtained using the fourth-
order Runge-Kutta method. v ∈ R4 and w ∈ R2 are the
process and observation noise in the system, respectively;
specifically, these are a zero-mean white noise with the co-
variance matrix Q ∈ R4×4 and R ∈ R2×2, respectively. Fig.
6 shows a block diagram of the state estimator. The estimated
variables are the state values P̂1, P̂2, and ψ̂; the contracting
force F̂1 and F̂2; and the torque τ̂ . F̂1 and F̂2 are obtained
from (6) with the estimated state values. τ̂ is obtained from
(9) using F̂1 and F̂2. The UKF assumes the process noise
and observation noise in a system to be regular white noises.
This assumption simplifies the calculation of the probability

Prediction
Step

Update
Step

Fig. 7. Algorithm of unscented Kalman filter

distribution. The UKF can remove these noises and estimate
unknown variables by updating the covariance matrix and the
mean of the probability distribution of the state value.

The UKF algorithm involves two steps: prediction and
update. In the prediction step, the state at the current time
step is estimated using the estimated state at the previous
time; the estimated state in the prediction step is called a
priori state estimate because it is calculated using previous
information. In the update step, the estimated states are refined
using observation information; the updated state is called a
posteriori estimate. Fig. 7 shows the block diagram of the
UKF. The detailed algorithm of the UKF is described below.

A. Prediction Step

In the prediction step, the priori state x̂−(k) is estimated
from the estimated state of the previous time step x̂(k − 1).
x̂−(k) is obtained from the probability distribution of the state
vector. The UKF calculates a probability distribution after
nonlinear transformation by using some sample points. These
sample points are called sigma points, and the sigma points at
step k, Xi(k − 1), are chosen as follows:

X0(k − 1) = x̂(k − 1), (13)

Xi(k − 1) = x̂(k − 1) + (
√
(n+ κ)P (k − 1))i, (14)

Xi+n(k − 1) = x̂(k − 1)− (
√
(n+ κ)P (k − 1))i, (15)

where i = 0, 1, 2 . . . , n is the number of sigma points, n = 4
is the dimension of the state vector, and (

√
(n+ κ)P (k))i is
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the ith row of the square root matrix for (n+ κ)P (k). Next,
the sigma points Xi(k) are updated using the state equation
fσ as follows:

X−
i (k) = fσ(Xi(k − 1), u(k − 1))), i = 0, 1, 2 . . . 2n. (16)

A priori state estimate and a covariance matrix are calculated
as follows:

x̂−(k) =
2n∑
i=0

WiX−
i (k), (17)

P−(k) =

2n∑
i=0

Wi(X−
i (k)− x̂−(k)) · (X−

i (k)− x̂−(k))T +Q, (18)

where W0 = κ/(n+κ) and Wi = 1/2(n+κ) (i = 1, 2, ..., 2n),
where κ is the scaling parameter. The sigma points X−

i (k) are
recalculated using x̂−(k) and P−(k), and the sigma points are
converted using h as follows:

Y−
i (k) = g(X−

i (k)). (19)

The observed value and covariance matrix are calculated as
follows:

ŷ−(k) =

2n∑
i=0

WiY−
i (k), (20)

P−
yy(k) =

2n∑
i=0

Wi(Y−
i (k)− ŷ−(k)) · (Y−

i (k)− ŷ−(k))T +R, (21)

P−
xy(k) =

2n∑
i=0

Wi(X−
i (k)− x̂−(k)) · (Y−

i (k)− ŷ−(k))T . (22)

B. Update Step

In the update step, the estimated state is refined using
the observed information y(k) and the modified state at the
current time step x̂(k) is calculated. A posteriori estimate and
a covariance matrix are calculated as follows:

x̂(k) = x̂−(k) +K(k)(y(k)− ŷ−(k)), (23)

P (k) = P−(k)−K(k)P−
yy(k)K(k)T , (24)

where K(k) = P−
xy(k)/(P

−
yy(k) + R). A UKF algorithm for

estimating the state is summarized in Algorithm 1.

IV. MODEL VALIDATION

The model validation procedure consists of three steps: (1)
comparison of the angle and torque estimations in the offline
simulation, as described in Section IV-A; (2) implementation
and confirmation of the possibility of real-time estimation with
the UKF, as described in Section IV-B; and (3) evaluation of
whether the proposed model helps to design and configure
sensor-less control systems. In addition, the root mean square
error (RMSE), an ℓ∞-norm of the error, and the maximum
estimation ratio to a sensor signal ξ(k),

I(z,N) :=

√√√√ 1

N

N∑
k=0

z2(k), z ∈ R, N ∈ Z≥0,

M(z) := ||z||∞ = max
k∈Z≥0

|z(k)|,

Q(z, ξ,N) :=
M(z)

maxNk=0 ξ(k)−minNk=0 ξ(k)
,

Algorithm 1 Unscented Kalman filter
1: function UKF(x̂(k − 1), P (k − 1), u(k − 1), y(k))
2: ▷ Prediction step
3: for i = 1 to n
4: Calculate (13) to (15)
5: endfor
6: for i = 1 to 2n
7: Calculate (16)
8: endfor
9: Calculate (17) and (18)

10: for i = 1 to n
11: Calculate (19)
12: endfor
13: Calculate (20) to (22)

14: ▷ Update step
15: Calculate (23) and (24)
16: return x̂(k), P (k)
17: end function
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Fig. 8. Control input profiles to PDCV1 (upper) and PDCV2 (lower)
considered in the offline and online estimations.

are introduced to quantify the estimation accuracy through
N = 130×103 steps, as described below. The UKF parameters
are determined as P (0) = diag(10−5, 10−4, 106, 106),
R = diag(108, 108), Q = diag(10−5, 10−4, 106, 106), and
κ = 0.

A. Offline Estimation

A numerical simulation is conducted to qualitatively demon-
strate that the model-based UKF is better than the model
alone in terms of the estimation of state information. This
study considers the following two methods. The estimation-
by-model method computes (estimates) the time response of
the state variable from the proposed model, and the estimation-
by-UKF method with the proposed model obtains estimates
of the state variable by using the control input signals and
the experimentally measured output signals. In addition, the
simulation considers the common control inputs shown in Fig.
8 that cover a wide pressure range of 200–700 kPA.

1) Joint angle estimation: Fig. 9 shows a simulation result
of the pressure, joint angle, and its estimation error. The
black line indicates the value measured by the sensor; blue
line, the value estimated by the model; and red line, the
value estimated by the UKF. As shown in Fig. 9(a), although
there is a deviation in P2 from the sensor signal at around
20 s, both pressure estimations are almost the same as the
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Fig. 9. Comparison of offline estimations of the joint angle in the simulation.

signal measured by the sensor. Fig. 9(b) shows comparisons
of the responses of the joint angle and its estimation error.
The RMSEs with the proposed model alone and the UKF-
based estimation are respectively I(zψ, N) = 1.053 and
I(zψ, N) = 0.838, and the ℓ∞-norm values with the proposed
model alone and the UKF-based estimation are respectively
M(zψ) = 3.50◦ and M(zψ) = 2.42◦, where zψ := ψ− ψ̂. The
ratio of M(zψ) to a range of used signals is maxψ(k) = 19.1
and minψ(k) = −20.3, that is, Q(zψ, ψ,N) = 0.0887 (8.87
%) with the proposed model alone and Q(zψ, ψ,N) = 0.0613
(6.13 %) with the UKF-based estimation. These smaller values
indicate that the model-based UKF better estimates the joint
angle.

2) Torque estimation: For torque measurements, the joint
angle was fixed at 0◦. Fig. 10 shows a simulation result of
the pressure, the torque, and its estimation error. The line
colors in this figure have the same meaning as those in Fig. 9.
Fig. 10(a) shows that both pressure estimations are almost the
same as the signal measured by the sensor. Fig. 10(b) shows
comparisons of the responses of the torque and its estimation
error. The RMSEs with the proposed model alone and the
UKF-based estimation are respectively I(zτ , N) = 0.162 and
I(zτ , N) = 0.108, and the ℓ∞-norm values with the proposed
model alone and the UKF-based estimation are respectively
M(zτ ) = 0.494 and M(zτ ) = 0.238, where zτ := τ − τ̂ . The
ratio of M(zτ ) to a range of used signals is max τ(k) = 2.15
and min τ(k) = −2.68, that is, Q(zτ , τ,N) = 0.1023 (10.23
%) with the proposed model alone and Q(zτ , τ,N) = 0.0494
(4.94 %) with the UKF-based estimation. These smaller values
indicate that the model-based UKF better estimates the torque
as well.
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Fig. 10. Comparison of offline estimations of the torque in the simulation.

B. Online Estimations

The UKF-based estimation method is implemented in the
computer of the antagonistic PAM system, and online estima-
tion is conducted to show that this process can be performed
in real time with a sampling period of 1.0 ms. The control
inputs are the same as those shown in Fig. 8, and the online
estimation results and measured processing time are shown in
Figs. 11 and 12, respectively.

Fig. 11 shows experimental results of the joint angle and
torque. The black line indicates a value measured by the
sensor, and the red line indicates a value estimated by the
UKF. The estimation accuracy of the joint angle in Fig. 11(a)
is I(zψ, N) = 1.16 and M(zψ) = 3.06. The estimation
accuracy of the torque in Fig. 11(b) is I(zτ , N) = 0.0899
and M(zψ) = 0.299. The maximum estimation ratio is
Q(zψ, ψ,N) = 0.0791 (7.91 %) with maxψ(k) = 17.2 and
minψ(k) = −21.5, and Q(zτ , τ,N) = 0.0601 (6.01 %) with
max τ(k) = 2.50 and min τ(k) = −2.89. These smaller
values indicate that the model-based UKF provides relatively
good estimation performance. Further, Fig. 12 confirms that
the processing time required to estimate the joint angle and
torque using the UKF is within the sampling period; the
average processing time is 0.346 ms. Therefore, the online
estimations confirm that the proposed nonlinear model is
detailed enough to be used for real-time sensor-less control
of the PAM actuator system with relatively good estimation
accuracy of ≤7.91 %.

To evaluate the estimation performance of the proposed
model, this study compared it with other models in the online
estimation. As for the joint angle estimation, we used the
following four models: (1) Linear model, (2) Simple friction
model found in [34], [35] F1 = sgn(ẋ)Fr, (3) Tondu’s friction
model in [36], [37], F2 = sgn(ẋ)[(fs − fk)e

−ẋ
ẋk + fk], and
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Fig. 11. Results of online estimation of the joint angle and torque in a practical
setting.
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(4) our proposed model without the friction term (10). Here,
model (1) means that the whole of the proposed model is
replaced with a linear model, and models (2) and (3) mean that
only the friction term (10) in the proposed model is replaced
with the respective friction model. The model parameters were
set to Fr = 13.7, fs = 0.146, fk = 0.03285, and ẋk = 0.8.
As for the joint torque estimation, we used three empirical
models: (1) Eq. (6) in [15], (2) Eq. (2) in [38], and (3) Eq.
(3) in [17], instead of the contraction force (6). Tables III
and IV show the resulting estimation performances, where the
best performances are emphasized. The scores confirm that the
proposed model has the best estimation performance.

C. Application to Sensor-less Control

The UKF-based estimation is integrated into a practical
antagonistic PAM control system, and the proposed nonlinear
model is demonstrated to help in constructing sensor-less con-
trol systems. The control object considered in the application
is tracked to a given reference, and a PI control system is em-

TABLE III
QUANTITATIVE COMPARISON IN ONLINE ANGLE ESTIMATION.

Model RSME I l∞-norm M Q
Proposed model 1.16 3.06 0.0791
Linear model 2.61 6.74 0.192
Simple friction model [34], [35] 1.36 3.39 0.0990
Tondu’s friction model [36], [37] 1.43 3.38 0.0983
No friction term 1.57 3.87 0.113

TABLE IV
QUANTITATIVE COMPARISON IN ONLINE TORQUE ESTIMATION.

Model RSME I l∞-norm M Q
Eq. (6) 0.0899 0.299 0.0601
Polynomial model 1 [15] 0.422 0.687 0.135
Polynomial model 2 [38] 0.323 0.544 0.106
Polynomial model 3 [17] 0.550 0.985 0.193

ployed for this purpose. Figs. 13(a) and (b) respectively show
block diagrams of angle-sensor (encoder)-less and torque-
sensor-less PAM control systems, with a feedback error e
between an estimation ·̂ and a reference ·̄. The controller is
written in the state-space representation as follows:{

x(k + 1) = x(k) + e(k),

u(k) = Cx(k) +De(k) + β,

where x ∈ R is the state of the controller,

u =

[
u1
u2

]
, C =

[
TI/Tstp
−TI/Tstp

]
, D =

[
TP
−TP

]
, β =

[
5.5
5.5

]
.

TP is a proportional gain and TI is an integral gain. TP
and TI were respectively set to 5.45 and 1.55 for angle
tracking control and to 7.45 and 4.75 for torque tracking
control; these values were determined by trial-and-error. β
is a bias determined by the PDCV specifications. Tracking
control experiments with respect to the joint angle and torque
were conducted under step-like references set within a range of
±20◦ and ±2.0 Nm, respectively. Fig. 14 shows the resulting
responses. Further, the actual tracking errors ζψ := ψ̄−ψ and
ζτ := τ̄ − τ are evaluated using the measured signals ψ and τ
for the validation. It should be noted that the feedback error
e differs from the actual tracking errors ζψ and ζτ .

1) Angle-sensor-less control: Fig. 14(a) shows the result
of encoder-less control. The upper graph shows the time
responses with regard to the angle, where the black dashed
line indicates the reference; the red line, the estimation; and
the green line, the sensor value. The bottom graph shows the
tracking error ζψ . The steady-state error is seen to be less than
2.1◦ at around 60 s, where the worst-case steady-state error is
2.1/40 = 0.0525 (5.25%). Therefore, the UKF-based encoder-
less angle control system is confirmed to achieve steady-state
tracking control performance of 94.75%.

2) Torque-sensor-less control: Fig. 14(b) shows the result
of torque-sensor-less control. The upper graph shows the time
responses with regard to the torque; the line colors have the
same meaning as those in Fig. 14(a). The bottom graph shows
the tracking error ζτ . The steady-state error is seen to be less
than 0.2 Nm at around 10 and 50 s, where the worst-case
steady-state error is 0.2/4.0 = 0.05 (5.0%). Therefore, the
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Fig. 13. Block diagrams of UKF-based sensor-less control system, where ψ
and τ are used only to evaluate the control performance.
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Fig. 14. Experimental results of UKF-based sensor-less tracking control.

UKF-based sensor-less torque control system is confirmed to
achieve steady-state tracking control performance of 95.0%.

V. CONCLUSION

This paper proposed a detailed nonlinear mathematical
model of an antagonistic PAM actuator system that can
estimate the joint angle and torque with a UKF. The proposed
model is described in a hybrid state-space representation. It

consists of the contraction force of the PAM, joint dynamics,
fluid dynamics of compressed air, mass flow of the valve, and
friction models. The friction models include the novel form of
the Coulomb friction that depends on the inner pressure of the
PAM. For model validation, offline and online estimation using
the experimental data and sensor-less tracking control with
regard to the joint angle and torque of the rotational joint were
conducted to evaluate the estimation accuracy and tracking
control performance. The following results were obtained: (1)
In the offline simulation, the UKF-based estimation achieved
an estimation accuracy of 6.13% and 4.94% for the joint angle
and torque, respectively. (2) The computer on which the UKF
was implemented could estimate the joint angle and torque in
real time, for which the UKF achieved worst-case estimation
errors of 7.91 % and 6.01 %, respectively. (3) From sensor-
less control applications, the UKF-based sensor-less control
systems were confirmed to achieve steady-state tracking con-
trol performance of more than 94.75 % and 95.00 % with
respect to the joint angle and torque, respectively.

Future studies will address problems such as the devel-
opment of an antagonistic PAM actuator system for en-
abling sensor-less stiffness control, constrained control for a
lightweight and flexible actuator, and development of a safe
and force-interactive PAM actuator system for estimating the
reaction torque against humans or the environment.
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