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NEW GENERALIZED APOSTOL-FROBENIUS-EULER
POLYNOMIALS AND THEIR MATRIX APPROACH

MARIA JOSE ORTEGA!, WILLIAM RAMIREZ!, AND ALEJANDRO URIELES?

ABSTRACT. In this paper, we introduce a new extension of the generalized Apostol-
Frobenius-Euler polynomials J{Lm_l’a] (z;c,a; A;u). We give some algebraic and
differential properties, as well as, relationships between this polynomials class
with other polynomials and numbers. We also, introduce the generalized Apostol-
Frobenius-Euler polynomials matrix U™~ (z; ¢, a; \; u) and the new generalized
Apostol-Frobenius-Euler matrix U™~ 1] (¢, a; \; u), we deduce a product formula for
Ulm=Lel(z: ¢, a; A; u) and provide some factorizations of the Apostol-Frobenius-Euler
polynomial matrix U1l (x;¢,a; A;u), which involving the generalized Pascal
matrix.

1. INTRODUCTION

It is well-known that generalized Frobenius-Euler polynomial H® (z;u) of order a
is defined by means of the following generating function

n

1— @ )
(1.1) < u) e =3 Héa)(:c;u)zﬁ,
n—0 n:

eF —u

where u € C and a € Z. Observe that H{!(z;u) = H,(v;u) denotes the classical
Frobenius-Euler polynomials and H{™(0;u) = H(®(u) denotes the Frobenius-Euler
numbers of order . Hy(x; —1) = E,(x) denotes the Euler polynomials (see [2,7]).
For parameters \,u € C and a,b,c € RT, the Apostol type Frobenius-Euler polyno-
mials H,(z; A\;u) and the generalized Apostol-type Frobenius-Euler polynomials are
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defined by means of the following generating functions (see [8]):

n

(1.2) ( L-u ) e = i H,(x; A;U)%,

Ae? —

n=0
a? —u\% 00 o
Tz (@) (. ).
(1.3) ()\bz —u> c —ng_OHn (z;a,b, c,)\7u)n!.

If we set z =0 and o = 1 in (1.3), we get

z n

a” —u

)\bz—u:

> Hy(a,b,c; A u)

z
n!’
n=0 :

H,(a,b,c;u; \) denotes the generalized Apostol-type Frobenius-Euler numbers (see
[3]).

In the present paper, we introduce a new class of Frobenius-Euler polynomials
considering the work of [8], we give relationships between this polynomials whit
other polynomials and numbers, as well as the generalized Apostol-Frobenius-euler
polynomials matrix.

The paper is organized as follows. Section 2 contains the definitions of Apostol-
type Frobenius-Euler and generalized Apostol-Frobenius-Euler polynomials and some
auxiliary results. In Section 3, we define the generalized Apostol-type Frobenius-Euler
polynomials and prove some algebraic and differential properties of them, as well
as their relation with the Stirling numbers of second kind. Finally, in Section 4 we
introduce the generalized Apostol-type Frobenius-Euler polynomial matrix, derive
a product formula for it and give some factorizations for such a matrix, which in-
volve summation matrices and the generalized Pascal matrix of first kind in base c,
respectively.

2. PREVIOUS DEFINITIONS AND NOTATIONS

Throughout this paper, we use the following standard notions: N = {1,2,...},
No = {0,1,2,...}, Z denotes the set of integers, R denotes the set of real numbers
and C denotes the set of complex numbers. Furthermore, (A\g) = 1 and

A= AXA+1)A+2)--- A+ k—1),

where £ € N, A € C. For the complex logarithm, we consider the principal branch.
All matrices are in M, (K), the set of all (n + 1) x (n + 1) matrices over the field
K, with K = R or C. Also, for 7,7 any nonnegative integers we adopt the following
convention

J
Now, let us givel some properties of the generalized Apostol-type Frobenius-Euler
polynomials and generalized Apostol-type Frobenius-Euler polynomials with parame-
ters A, a, c, order « (see [4,8,11]).

<Z> =0, whenever j > 1.
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Proposition 2.1. For a m € N, let {H(® (z;u)}n>0 and {H,(z; \;u) }nso be the se-
quences of generalized Apostol-type Frobenius-Fuler polynomials, generalized Frobenius-
Fuler polynomials respectively. Then the following statements hold.

(a) Special values: for n € Ny,
HO(z;u) = 2™

(b) Summation formulas:

M=

H (2 0.0,b,6:)) = (”)fﬁﬁka:u;a,ac;AXxlncy%*,

k

i
o

NE

H (w4 yiusa b ) = 3 ()

(i)k (y7 u;a, b7 G, A)‘[—IIE;_O[) (I’, u;a, b7 (6% >\)a

<n> H (w5u5.0,0, ¢ NV H, (y; 05,0, ¢ 0),
k

(¢ +y) o) = H

= T

3

HE (20?6, b2, A0 = Y (Z) Hk_a)(x;u; a,b,c; /\)Hr(l:i)(x; —u;a,b,c;\).
k=0

Definition 2.1. ([5, p. 207]). For n € Ny and = € C, the Stirling numbers of second
kind S(n, k) are defined by means of the following expansion

=3 <x> k1S(n, k).
o \k
The Jacobi polynomials of the degree n y orde («a, 8), with o, > —1, the n-th
Jacobi polynomial P(*#)(z) may be defined through Rodrigues’ formula
(_1)n d" n+ao n+ao
S %{(1—@ (1+ )"}

and the values in the end points of the interval [—1,1] is given by

P = ("), P = (")

n n

PP () = (1 —2)" 1 +xz)7"

n

The relationship between the n-th monomial z" and the n-th Jacobi polynomial
P{8) () may be written as

n e (nta) (I+a+B+2k) s,
(2.1) T —n!];)(n_k)( 1)k(1+a+ﬁ+k)n+1pk (1—2x).

Proposition 2.2. For A € C and m € N, let {B"(2)},50, {Gn(2)}nzo and
{€n(x; N) }aso be the sequences of generalized Bernoulli polynomials of level m, Genoc-
chi polynomials and Apostol-Euler polynomials, respectively, we have the relationships:

(a) [12, Equation (4)]

n __ " n k' [m—l] .
. = <k> R
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(b) [9, Remark 7]

23) S - [z (” . 1) Gule) + GnH(:c)] ;

(c) [10, Equation (32)]
(2.4) 2" = ; lxkz: (Z) Ex(z ) + Enla; )\)] .

Definition 2.2. Let z be any nonzero real number. For ¢ € R, the generalized
Pascal matrix of first kind in base ¢ P.[x] is an (n+ 1) X (n 4 1) matrix whose entries
are given by (see [13,14])
(;)(xln o) I, 1> 7,
Pije(®) =
0, otherwise.

When ¢ = e, the matrix P.[z] coincides with the generalized Pascal matrix of first
kind P[x]. Furthermore, if we adopt the convention 0° = 1, then P.[0] = I,,41, with
I, = diag(1,1,...,1).

An immediate consequence of the remarks above is the following proposition.
Proposition 2.3 (Addition Theorem of the argument). For z,y € R is fulfilled
Pc[x + y] - Pc[x]Pc[y]'

Proposition 2.4. For ¢ € R", let P.[x] be the generalized Pascal matrixz of first kind
in base ¢ and order n+ 1. Then the following statements hold.

(a) P.[z| is an invertible matrixz and its inverse is given by

P a] = (Rfa]) ™ = Pf—al.

c

(e) The matriz P.[x] can be factorized as follows
(2.5) P.lz] = Guo|z|Grot ] - - - Gicl],

where Gy, [z] is the (n+ 1) X (n+ 1) summation matriz given by

[I"O’“ s O[x]] o k=1,...,n—1,
Gk,c['r] — k,c
Sn.clx], k=n,

being Sk.c[z] the (k+1) x (k+ 1) matriz whose entries Sk.(x;1,7) are given by
(xlnc)™7, i>j,
Skel(x;i,j,¢) = 0<1,j<k.
0, J >,
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3. GENERALIZED APOSTOL-FROBENIUS-EULER POLYNOMIALS
HIm=1el (25 ¢, a5 Ay u)

Definition 3.1. For m € N, a, \,u € C and a,c € RT, the generalized Apostol-type
Frobenius-Euler polynomials in the variable z, parameters ¢, a, A\, order a and level
m, are defined through the following generating function

(zlna)t “

hz%) et S~ e clm—1,0] "
3.1 — 7 = ST e (¢ 0 )
( ) Ac? — um ¢ — n (.1', G a; >u> nl’
In(u™)  In(})

where |z] < W o |

For x = 0 we obtain, the generalized Apostol-Frobennius-Euler numbers of param-
eters A € C, a,c € RT, order a € C and level m € N

Hm=tel (e a; A u) = HME(0; ¢, a5 X ).
According to the Definition 3.1, with e = exp(1), we have (1.1) and (1.2)
HO (zre, 115 u) = HY (23 X u),
H ’”(:c;e, Lu) = HY (2 X ).

n

ST S

Ezxample 3.1. Forany A € C, m =2, c=2,a =3, a = % and u = 2 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable z, parameters

¢, a, A\, order a and level m are:
1

3 2,3 02) = St

1 -3 1/ In3 3AIn2
g_([l’<2)] c2.3:-)\:92) = - In4
i (x;2,3;A;2) 4% |3 )\_44-(/\_4)2 +zlnd|

2
[1.(2)] 1, (—3 -3 In3 3AIn2
2.3 \:92) = = _ -
RS i | Gl el wieri s wri
+1 | =3 —2In3In2 6% In 4 n 3AIn4
2V A —4 (A—4)? (A—4)3  (A—4)?

-3 In3 3In2 -3
In 2 Indy | ——1| .
e /\—4<)\—4+(>\—4)4>+$ ! \/)\—4]

Example 3.2. Forany A € C,m =4, c =2, a =3, a = 1 and u = 2 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable x, parameters
¢, a, \, order o and level m are:

—15
%[3:1] -9 3-)\:2) =
0 (.Z', )y 7Y ) )\ _ 167
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In3 Al51In2 15In2
%[371] 2923\ 2) = .
U (m 2N 2) = e e T YA s 6|
1 In9 2In31n2 2In31n2 30In4
FHEY (2,2, 3:0:2) = ~a2 — A —\2
2 (@230 = 50 s T A T ieE T A= 16 (A — 16)3

+x

)\ _
=162 ‘=162 " A—16

Ezxample 3.3. Forany A\ e C,m =2, c=3,a=¢e, a = %, and u = 5 the first the
generalized Apostol-type Frobenius-Euler polynomials in the variable z, parameters
¢, a, A\, order a and level m are:

LG a o yomy s —24
H (x;3,e;\;5) = T

2
L] e e |l (A—25 w 241n3
9-Cl ($a3767)‘a5)_1‘ 3 )\_25+)\()\_25)2

30\ 1In 4 151n 4 2151114]

Wl

Wl

2
, 1 2. (A—25\° 241n3
j{y( )](x;3,e;)\;5):23:2 {( 3( ) 3 d + A - 2)

o\N\ =24 ) x—25 T\ 25)
2 J/A—25)\" w 241n 3
el 1

3" (-24) n3<>\—25+)\()\—25)2>
14/A=25)\" w , —481n9
3222 (21 —A

T3 ( —24) ( BT TN -2

1.1 (3060513257434037
where w = In (1125899906842624)'

Theorem 3.1. For m € N, let {HI")(z;¢,a; A\;u) }nso be the sequence of general-
ized Apostol-type Frobenius-Euler polynomials, whit parameters \,u € C and a,c € RT,
order a € C and level m. Then the following statements hold.

(a) For every a =0 and n € Ny
Hm=L0 (2 e a; M) = (zlne)”

(b) For a, A € C and n,k € Ny, we have the relationship

HI (s cas Au) =y <Z> 3 (0 X w) (w )
k=0
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—Z( ) nmkla 1}(c a; A; u)ﬂ{[m 11](x Ca; A u).

(c) Differential relations. For m € N and n,j € Ny with 0 < j < n, we have
n!
(n—j)!
(d) Integral formulas. For m € N, is fulfilled

3 s 0 As )0 = (In )’ 365 (¢, 05 0 )

x 1 _ _
[ 9 s v de = 2 [ s A — B s ).
x0 n -+ 1

(e) Addition theorem of the argument.

(3.2) J{L?‘_l’O‘J“ﬁ](x—i—y;c,a;/\;u) = zn: (k) ﬂ{[m la}(x c,a;\; u)f}{[m 1B](y,c a; A\;u),
k=0

(3.3) 9{,[1”71’04 (x+y;c,a; A\ u) = Z <Z> I]-C?[lni;l’a] (y; ¢, a3 A u)(z1n ),
k=0

n

(34)  (@+y)logo)" =) (’,j) N6 h w3 (s a; ).
k=0

Proof. (3.2) From Definition 3.1, we have

n

Zf}f[m LatBl(z +y, ¢, a3\ u) —

n=0 n!
[ (zlna)h - (@+5)
_ h=0 ) (z+y)z
AC? —u™ ¢
fm— 1 :a m—1 h B
lna o (zlna) m
Z ] —u
_ h=0 xz | h=0 Yz
Ac? —um ‘ Ac? —um ¢
= m=Lal( . e . - 7 & (m=1,81(,, ~e e )~ 2"
:Zf}cn ’ (IE,C,(I,)\,U)*Z%TL 7 (’y,C7CL,)\,U)7
= n! = n!
—ZZ()U‘Ckm la](xca)\u)ﬂ-f[m 1ﬁ](y,ca/\u)z‘. O
n=0 k=0 "

Proof. (3.4) Making an adequate modification § = —a and aplply (3.2)

n

ZU—C’” LatBl (e 4y eas A u)

n=0

n!
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rm—1 h 7 (e tB)
'« (#lna)"
_ h=0 C(achy)z
ACZ — u™
(el (zlna)" 1" el zlnah o ’
o Z
_ | r=0 : o7 | h=0 e
ACE — u™ ACZ — u™

- —l«a m—1,—a z"
:z_:oﬂ-dlm L ](x;c;a;/\;u i Z:OU'C[ L ](y,c a; \; u)n'
—clety)z

o0 nZTL
=3 (g loge)" -

n=0
Therefore, (3.4) holds. O

From (2.1) and Proposition 2.2 we deduce some algebraic relations connecting the
polynomials HI™=49 (2 ¢, a; \; u) with other families of polynomials.

Theorem 3.2. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=19(x; ¢ a; \;u), are related with the Jacobi polynomials PP (z), by
means of the identity.

(3.5)

Hm=tel(z 4 ys e, a3\ u)

< 1 2 -
:Z Z] (Inc)? ]+a n (L+a+ 5+ 2k) %[ni-l’a](y;c,a;)\;,u;y))P(a’ﬁ)(l—233).
pat —k/ NI/ Y ’

IT+a+pB+k)j

Proof. By substituting (2.1) into the right-hand side of (3.3) and using appropriate
binomial coefficient identities (see, for instance [1,5,6]), we see that

J-Cq[lm_l’a](x +y;c a3\ u)
" (n [m—1,0] ) n_»n_j r(n—J+ta

= CFHE yic,a; \u)(n— 7)) (Ine)"™? -1 ( , )
Z(J) ( = ey 3=

(1 + o+ ﬁ + 2]{3) P(a’ﬁ)
(I+a+B+k)n "

n—i

g( ) v M](Z/;C,G;A;U)(n—j)!(lnc)nj(_1>k<n—j+a>

(1—2x)

n—j—k
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y (14 a+ B+ 2k)
1+a+B84+k)n_j

= zn:(_l)k ”z:: (n) (n - j j_L Z) %E«m_l’” (y; ¢, a; A u)(n — §)!(Inc)" ™7

n—=17

PP(1 = 22)

y (14 a+ B+ 2k)
(1+Oé+ﬁ+/€)n —j+1

S

] l+a+ 6 + k)j+1
X %L’ijl’a](y; c,a; \; u)Pk(:a’ﬁ)(l — 2x).
Therefore, (3.5) holds. O

Theorem 3.3. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=4(x: ¢, a; \;u), are related with the generalized Bernoulli polynomials
of level m BI™~U(x), by means of the following identity

k(1 ; _ _
Fm—tel(x +y e, a5\ u) = }:X:kf; ()(iﬁﬁ%“ﬁ%am&uwﬂﬁﬁuwl

kO]k

PO (1 - 2)

Proof. By substituting (2.2) into the right-hand side of (3.3), it suffices to follow the
proof given in Theorem 3.2, making the corresponding modifications. 0

Theorem 3.4. For m € N, the generalized Apostol-type Frobenius-FEuler polynomials
of level m HI™=1(x; ¢ a; \;u), are related with the Genocchi polynomials G, (x), by
means of

J{Lm_l’o‘] (x;¢,a; A u)
(3.6)

;Z (3o [mwy,cmwz()() 31 g e,z g ) (n )

Proof. By substituting (2.3) into the right-hand side of (3.3), we see that
HIm=bel(z: ¢, a5 \;u)

Gk+1($).

n n—j
2: gclm— 1a] (lnc”J <n—j+1>
- y,c,a;)\ u Gk+1($) +Gn7j+1($)
- ( ) 2n—j+1) [\ k+1
n n— n—j .
n [m—1,a] IHC J n—j+1
= gl ce,ap\; G
- o<j) J (y; ¢, a; ,U) 2(n—j+1) O( k41 k+1(7)

" m lnc)™—7
+3 gelm=tel( )= ).
2 ( ) y,c,a,)\,u)2(n ) j+1(x)

Then, using appropriate combinational identities and summations (see, for instance
[1,5,6]), we obtain

J{Lm_l’a] (z+y;c,a; N u)
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L= (Ino)* | (n\ [ m—1,a i n m—1,a
:2,§(k+)1 [2 @@9%17 (s e X ) (mcy ”(k)ﬂfiﬁ Wwse 0 hu) | G (o).
Therefore, (3.6) holds. 0

Theorem 3.5. Form € N, the generalized Apostol-type Frobeniu-FEuler polynomials of
level m HI™=1(2: ¢, a; \;u), are related with the Apostol-Euler polynomials €, (z; \),
by means of the following identity

(3.7) F @ + i e a5 A )
1Z .
=3 > (n) [)\U-Cg”_l’a](y + 1ic,a; M u) + (Ine) K1 (y: e ap ) u)] En_j(x; N).

Proof. By substituting (2.4) into the right-hand side of (3.3), we can see that
(3.8)

Flm—1al (x 4+ y;c,a; A u)

n

(1) gglm-to wkin—k
:1§)<k>g{]{f ](y;c,a Xu)ine) () [)\Jgo< j )89(35 A)+ Eni(x )‘)]
:kZi‘; (Z)j—(][fm 1a](y,c a; \;u)(Inc)"F <2> n;o n;k) &i(z;\)

J
B 1
n Z (Z) g_CI[Cm 1,a] (y’ ¢, a: /\, U) (11’1 c)n—k <2> 8n—k(l‘; >\)

k=0
The first sum in (3.8) becomes

(3.9) 3 Z) F 1 (s e, a5 s w) (In €)™~ ()Z( ) (23 0)

par ~
:éj: (Z) (Inc)"* (;) <”;’“>:H[m Yl (e as \u) € ()
-3 (5) (et v g ("ot e
:Jz;(;) @e (s NIy 4 L as s u).

For the second sum in (3.8), we obtain

(3.10) Z ( )9{,;” 1a](y,c a; \;u)(Ine)” ™" (;) En—k(z; N)

n

;Z ( )J{Lmkla(y,c a; \; u)(lnC) Er(z ).

k=0
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Combining (3.9) and (3.10) we get
Hm=bel(z + y; e, a5\ u)

-(3);

DO | >

(?)8 (23 NHI Yy 4+ 1605 A w)

+
N | —

Melmz

(j.) For (s e, a3 M) (In ) €5(x3 )

o

n

/= |
<.

HMM s

) [A%Lm_l’a](y + Lic,a; \u) + (Ine) HM 19y ¢, a5\, u)} En—j(z; N).

Therefore, (3.7) holds. O

Proposition 3.1. Form € N, a, \,u, € C, a,c € RT and n € Ny, we have

9{£Lm_17a](x+y;c,a;/\;u) = Zk"( ) Z ( )ﬂ[m 1a](y70 a; A u)(Ine)" 7 S(n — j, k)

-3 k'( ) 3 ( )%[m Yy . a: ;) (0 P S ). K).
— 7 \n— 7
4. THE GENERALIZED APOSTOL-FROBENIUS-EULER POLYNOMIALS MATRIX

Definition 4.1. The generalized (n+1) x (n+1) Apostol-Frobenius-Euler polynomials
matrix U1 (z; ¢, a; A\ju) with m € N, a, A\, u € C and a, ¢ positive real numbers is

defined by

()3 s e s Aw), i >,
u[m—l,a}

i, (5155 C,a; A U) =

0, otherwise.
While, the matrices
U=z e, a3 A u) == U (e a; A ),
U= (e, a; A u) == U105 ¢, a; \; )

are called the Apostol-Frobenius-Euler polynomial matrix and the Apostol-Frobenius-
Euler matrix, respectively.

Since HIM1%(z; ¢, a; A\;u) = (zIn(c))”, we have U1 (z; ¢, a; A\;u) = P.[z]. It is
clear that (3.3) yields the following matrix identity:

U@ 4 ys e, a; A u) = Wy e a5 M\ w) Pz

Theorem 4.1. For a fized m € N, let {HM™ 1 (z;c,a;\u)}s0 and
{HM=101(2; ¢, a5 \; u) }uso be the sequences of generalized Apostol-type Frobenius-Euler
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polynomials in the variable x, parameters \,u € C, a,c € RT, order a € C and level
m. Then satisfies the following product formula:

(41)  umhet e oyie as A ) = U (@ e as A w) U (s e a; A )
= U (s e A ) U (y: e a3 A )
= Ylm-1el (y; ¢, a3 A u) ylm—1o (x;¢,a; \;u).

Proof. Let B[m_l’a’ﬁ](a;)\;u)(az,y) be the (7,7)-th entry of the matrix product
(

,3,¢
U=bel(2: ¢, a; A u) W8 (y; ¢, a; A; u), then by the addition formula (3.2) we have

BZ-[?;L%B] (a; Asu)(z,y) = Z (;) HZ[T;;LQ] (x;¢,a; A5 u) (f) HLW_Z;I’M (y; ¢, a5 A\ u)
(0 g m—1,0] kN 1 m—1,6
=3 (k) U RN TR (J.)Ufkj (y; ¢ a; s w)

Z) (Z B ]>9{£mk1’a] (z5¢,a5 A, u)ﬂ'fgf;l’m (y5c,a5 A5 u)

=\ i k
i\ 2 (0= 5\ aim—tal [m—1,4]
=" P R CHET RN (y; ¢, a; \su)
1) k=0
= (;) " @ e as A ),
which implies the first equality of the theorem. The second and third equalities of
can be derived in a similar way. O

Corollary 4.1. For a fized m € N, let {HM™5(z;¢,a;\u)} 0 and
{HIm=101(2; ¢, a5 X; u) }so be the sequences of generalized Apostol-type Frobenius-Euler
polynomials in the variable x, parameters \,u € C, a,c € R, order a € C and level
m and P.[x] the generalized Pascal matriz of first kind in base c. Then

um=tel(z 4y e, a; A ) = WM (2 e, a; X w) Pyl
= P[z)um =y ¢, a; A u)
= U (y; e a; Asu) Pz,
In particular,
Uz 4+ y; e, a; M) = Pala]UWm Y (y: ¢, a3\ )
= PyJuUm™ (2 ¢, a; \yu).
Proof. The substitution 5 = 0 into (4.1) yields
um=tel(z 4y e, a; M) = WM (256 a; X w)UMm 0 (g e a M u).
Since UM=1%(y; ¢, a; \;u) = P.[y], we obtain
(4.2) ubm—tel (x+y;c,a; A u) = ubm—1el (x; ¢, a; A\;u) Pyl
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A similar argument allows to show that

um=tel(z 4y e, a: \u) = Poz]Um =ty ¢, a: A w)
= Uty ¢ a3 Ay u) Pela].

Finally, the substitution @ = 1 into (4.2) and its combination with the previous
equations completes the proof. O

Using the relation (2.5) and Corollary 4.1 we obtain the following factorization for
U=tel(x 4 y; ¢, a; A\; u) in terms of summation matrices.

u[m—l,a] (ZC + Y5 ¢, a; >‘7 U) = u[m—l,a] ([L’, C, @; /\7 U)Gn,c[y]Gn—l,c[y] o Gl,c[y]'

Under the appropriate choice on the parameters, level and order, it is possible
to provide some illustrative examples of the generalized Apostol-Frobenius-Euler
polynomials matrices.

Ezample 4.1. For m = 1, ¢ = a = e = exp(1), a = 1, A = —1, The first four
polynomials 5{,[3_1’1] (x;e,e;1;u), k=0,1,2,3 are
Hy " are e liu) =1,
1
j_(:[l_lvl] . 1 — _
1 (ZL‘,G,@, ,U) T 1_u7
_ 2 14+u
fH[Zl 1’1](x;e,e;1;u) =z2 — . _uar—i- A=
3 5 3(1+w) u? +4u+1
x x—
1—u (1 —u)? (1 —wu)3

J'C:[;_l’l](x; e,e;l;u) =% —

Hence, for n = 3, we have

1 0 0 0
m=11]( . o o1y — (W0 10 0
u (z;e,e;1;u) v w1 0|
uzo Uz usp 1
where
ug =ty = uzy = M} (e, 5 1 u),
uzo = uz = H5 M (ase, 5 15 u),

uzp = }fgl_u] (z5e,e;15u).
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Ezample 4.2. Form =1, ¢ = a = e = exp(l), A = 1 and u = —1, The first four
polynomials J—C,[Cl_l’a] (x;e,e;1;—1), k=0,1,2,3, are

5{8_1’0‘] (z5e,e;1;—1) =1,

3G w615 -1) = — %
e —1
}C[Ql 1 ](:c;e,e;l;—l) :$2—ax+a(a4 ),
A 3 3 —1 3a’(a— 1
) (e e 15 —1) = 2P — S0g2 4 afa—1) ~ 3a’(a—1)
2 4 8
Then, for n = 3, we have
1 0 0 0
[m—1,a] (... 1. _ U10 1 0 0
uzg 3uzr 3uzy 1

where
Up = U1 = U3z = 5{[11_1’(1](37; e,e;1;—1),
Ugp = U3 = gf[zl—l’a] (z5e,e;1;—1),
uso = M5~ (wse 615 1),

Example 4.3. For A\ e CCm=c=2,a=3, a = %, u = 2, we have the Example 3.1.
Therefore,

[1.(3)] - : ’
L)oo oy, 3
U[L%]($;2,3;)\;2) = G (22,3, A;2) A—4 0
| Vi 1 0 0
J{Q’(ﬁ)] (x;2,3;X;2) 29’41’(5)] (x;2,3;X;2) ﬁ
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