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Abstract

Here we generalize the higher-order divergence-form elliptic differential equations
studied by Barton in [4] by the inclusion of certain lower-order terms. The methods used
here compare to those used in [4], with the addition of further Sobolev-type estimates to
handle included lower-order terms. In section 3 we derive a Caccioppoli inequality in which
we bound the L? norm of the m'™" order gradient, in terms of the L? norm of the solution.
In section 5 we adapt some of the ideas from [9] to derive L? bounds on gradients of
solutions as a substitute for a reverse Holder inequality. Finally in section 4 we study the
fundamental solution of the operator L. We prove existence and bounds first in the case
that L is of sufficiently high order (2m > d), then in section 6.2 we extend these results to

operators of lower order where 2m < d.
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1 Introduction

The focus of this paper is the study of higher-order, divergence form elliptic operators L of

order 2m, in dimension d, with certain lower-order terms

N
(La); => > (=)o*(AL50%uy)
k=1 m—g<|a|§m

m—%<\ﬂ|§m

and in particular systems of the form given by

(1) (Lajy= ), (~)o0"F,.

m—g<\a|§m

In the case of lower order operators, for instance where 2m = 2 and d > 3, the

d
2

assumption that |o| > m — ¢ is automatically satisfied but it will be necessary here for
certain technical reasons which will be outlined shortly.

First in section 3 we will use the methods of [4] to derive a Caccioppoli inequality
similar to that of Campanato in [10] in which the L? norm of the m™ order gradient of the
solution is bounded by a sum of L? norms of the lower-order gradient terms. Once we have
this bound, we improve it to only include the L? norm of the solution via ideas from [4]
and [19].

In section 5 we improve our Caccioppoli inequality to an LP version for certain values
of p close to 2. Here we use interpolation theory on the Banach spaces where our solutions
lie. The ultimate goal here would be to prove some type of reverse Holder inequality, but
the presence of the lower order terms in our operator disallow us from using the Poincaré
inequality, which is most commonly the main tool that is used to derive reverse Holder

inequalities. We are able to apply the interpolation theory result Sneiberg’s lemma and

derive a reverse Holder type inequality in terms of the norm of the solution space Y"™P({)



as defined in section 2.

In section 4 we study the fundamental solution, and prove existence and L? bounds, as
well as study properties of the dual operator L*. In section 6.1 we focus on the high order
case where 2m > d, then in section 6.2 we extend our results from section 6.1 to the case

where 2m < d.

1.1 HISTORY

The theory of higher order partial differential equations is a relatively recent field of study
when compared with its second order counterpart. Much of the recent history is discussed
at great length by Barton and Mayboroda in the survey paper [7]. Many of the methods of
dealing with second-order equations do not translate well into the higher-order setting.

In [16] Hofmann and Kim derive Green’s function estimates for strongly elliptic

systems of the form

(Li)j==> > Y oA (2)0 uy)

k=1 |a|=1]8]=1
in the case that d > 3. Here A%?(z) are N x N matrices that are strongly elliptic in the

sense that there is some A > 0 such that

N N
Y Y A@EE =AY Y lar
k=1 la|=1]8]=1 7=1 |a]=1
for all z € R? and & € R,
This paper utilizes many of the methods discussed in [4] with the difference that the
presence of lower-order terms causes technical differences. We are not able to obtain

analogues to all of the results of [4], however we are able to obtain some desirable results.



In [4] and [1] the authors study solutions to operators of the form

L=(-1)" )" 0%aas0)
|a|=m

|Bl=m

where L is a divergence form operator which only considers the m'" order gradient terms.
Here the solutions have m'™ order gradients in L? and coefficients are simply bounded and
measurable. Many of the techniques used generalize those used in the second order case
(m =1) to great avail, however due to the nature of higher-order operators there are
certain complications that arise.

In [11] the authors study local Hardy spaces associated with inhomogeneous
higher-order elliptic operators with bounded, measurable, complex coefficients. In

particular the operator L is of the form

L= 3 (1) (aa50°)
0<|a]<m
0<|B|<m

where the solutions lie in W™2(R?) and the coefficients are bounded, measurable and
complex valued. Two parabolic Caccioppoli inequalities are derived which involve the
square of the m'" order gradient on the left-hand side, and sums of the squares of
lower-order gradients on the right-hand side. One main difference between [11] and this
paper is the assumption on the gradients of the solutions and coefficients which will be
outlined in section 2.1.

The second order Caccioppoli inequality states that when L is a second-order bounded
and elliptic operator, and L = divF in B(zg, 2R) for some F L?*(B(z0,2R)), we have the

inequality

C .
[ owapsg [ jpsc e
B(zo,R) R? ) B(ao,2R) B(z0,2R)

In [4] Barton proves a similar Caccioppoli inequality for the previously mentioned



higher-order operator where Lu = div,,F, of the form

C .
/ |le_[|2 <= / |l_[|2 + C/ |F|2
B(xo,R) R* (o 2R) B(x0,2R)

We will generalize this result to our operator L in section 3.
Furthermore, Meyer’s reverse Holder inequality states that if L is a second order
elliptic operator and L = divF in some ball B (x0,2R), then there exists a p > 2 that

depends on L for which the following inequality holds when F € L?(B(z, 2R))

1 1 1

» C 2 .\ 7

|va|p> s—(/ |w|2) +C(/ |F|p> .
</B(1‘07R) R\ [ g2y 2r) B(x0,2R)

In [4] Barton is able to achieve an analogous reverse Holder inequality for an operator L
which is elliptic and of order 2m where L@ = div,,,F in B (o, R). In this situation for
0 < R, there exists a p™ > 2 which depends only on L so that for 0 <p <2 < ¢ < p* we

have the inequality

Y 8. N\ .\«
/ |Vmu\q S W / |Vmu\p + C / ‘F‘q .
B(wo,R) RAYP=U\ [ gy 2m) B(z0,2R)

We are not able to derive an analogous result for our operator L, however we are able to

derive several desirable bounds.

2 Definitions

We consider divergence-form elliptic systems of N partial differential equations of order 2m
in d-dimensional Euclidean space RY. We employ the use of multiindices in N¢. When

v = (71, --,74) is a multiindex, then

d
Iyl = Z Vi
i=1



We also define a! = aq! - an! - - - g,

When ¢ is another multiindex in N¢ we say that § < if §; <, for each 1 < i < d.
Futhermore, we say 6 <« if §; < ~; for at least once such 1.

We will employ the use of the Liebniz Rule for multiindices, i.e. that for all suitably

differentiable functions v and v and a multiindex «, we have that

a! _
8a(uv) = Z mfﬁuﬁa PYU.

r<a

We will commonly use the notation a, = #lv)" and then use the fact that
(a0 = Qoo = 1.

We consider arrays F = (F}) indexed by integers 1 < j < N and multiindices 7 for
which |y| < k for some integer k. We define the inner product of two such arrays F and G

by
. . N —
(2) <F, G> = Z FjﬂGjﬁ'

If F and G are two arrays of L? functions defined in a measurable subset  of R, then

the inner product is given by

When E C R? is a set of finite measure, we let f, f = ‘—é' [ f, where |E| denotes the
Lebesgue measure of E.

We denote by LP(£2) and L*(2) the standard Lebesgue spaces with respect to



Lebesgue measure, with norms given by

1/p
lll ey = ( / |u|p)
Q

if 1 <p< oo, and

Jull <0y = ess supglul.

We also define the space of local L? functions Lj .(€2) as the space of functions f for which

f € LP(K) for all compact sets K C €. We define the inhomogeneous Sobolev spaces as

k
WHEP(Q) = {ii = Y ||Vl ooy < 00}
§=0
That is, the space of functions whose gradients up to order k are all in LP(€2). We then

define the homogeneous Sobolev spaces as
WEP(Q) = {T : ||V o) < o0}

That is, the space of functions whose k'-order gradient is in LP(2). In section 2.1 we
define our solution space as the intersection of different Sobolev spaces both homogeneous
and inhomogeneous. Similar to the definition of L} (2), we define the space of local
Sobolev functions W ""(§2) as the space of functions f for which f € W™?(K) for all

compact sets K C €.

2.1 ErLripTic OPERATORS

Let A = (Ai’fg) be an array of measurable real or complex coefficients defined on R?

indexed by integers j and k such that 1 < 7 < N and 1 < k£ < N and multiindices a and



with |a| < m and |8] < m. If F is an array, then

N
(AF)jo=)_ > AR,

k=1 |8|<m

Recall from [12, Section 5.6] that for 1 < p < d, the Sobolev conjugate of p is defined to

be
_ _dp
Notice that
1 1 1
(4) —_ = 7
D« b

We now mention a result which serves as motivation for the space where solutions to our

systems will lie.

Theorem 2.1. [12, Sec 5.6.1 Theorem 1 (Gagliardo-Nirenberg-Sobolev Inequality)] Assume

1 <p<d. Then there is a constant C which depends only on p and d so that
1wl Lo (mty < Cl[Vull Lo gay,

for all u € CL(RY).

We will now generalize equation (4). Let i be an integer so that m — % <1< m. We

then define p,, 4; = p; so that

@ — -

In section 3 we will focus on the case where p = 2 and multiindices « such that
m — % < |a| < m. We will write pjo| = pa. Notice that when |a| = m we have that 2, = 2,

when |a| =m — 1 then 2, = 2, and so on. This definition for 2, will help keep the notation

7



throughout this paper relatively clean and help us to avoid any backwards summation.

We consider solutions @ € Y™?(B(zq,r)) where
d
Y™ (B(xg,7)) = {ii € W™*(B(z¢,7)) : 0%u € L**(B(wy,7)), for each m — 5 < la] < m}.

We want to define the first integer ¢ < m for which 2; exists. Based on equation (5) we

see that the first finite value of 2; will be when ¢ = m — g + 1, if d is even, or when

i=m — g + % for odd values of d. It is by this fact that we define w, so that wy > 0 as

below.
m—g—i—l if d is even, d < 2m
(6) wp=4¢ m—2%4+1 ifdisodd, d<2m
0 ifd>2m

For each i < m we will use the notation

(diviF); = (=1)' > 0°Fja.

|ar|=1

For each j such that 1 < j < N, we define F; := {Fj g where || = i}. We shall then write

the system (1) as
Li =Y (-1)'div;F;.

1=w9
We endow the following norm on the space Y?(2), and note that in section 5 we

extend our results to allow for values of p in a range around 2.

(7) lullymag) = D IV ullp2i o)

1=w2



Recall that many Sobolev type inequalities, such as theorem 2.1, bound ||u|| e+ in terms
of something involving ||Vu| r» where we have introduced a gradient, and moved from p, to
p. It is for this reason that we define Y™?2 as above. The inclusion of the lower order terms,
and our assumption that V@ € L?(B(x, 7)), lead us to V™14 € L?*(B(x¢,7)), and so on.

Whenever m — £ < |a| <m and m — ¢ < |8] < m, we define

d
2m — |af — |B]

2a,ﬁ =

We then require that our coefficients A, g satisfy the following, so that
0%pA, 50°u € L .(Q) for appropriate ¢, u, and Q:

(8) Agp € LFTaTT (Q) 1= L2#(Q).

We then assume that there exists A > 0 so that

(9) A= max [[Aapllp2as) <00,  sup [|Aaslle@) = 0.
m—g<|a|]<m |a\§m—g
m—5<|B|<m 18|1<m—2

»

We arrive at this definition for L?~# by considering a three way Holder inequality in which

1= i + i + ﬁ. However, when |a| < m — ¢ or || < m — £ we assume that 4,5 = 0.
This assumption is given for free to many lower-order operators such as second order in R?
when d > 3, but our methods limit us here to this assertion.

We will consider operators which satisfy the Garding inequality

N
(10 ReYS 3 3 [ 0 a0t 2 AV Bl

Jk=1]a|<m|B|<m

for all ¢ € Y™2?(R?) and for some A > 0 independent of .

Remark 1. Notice that by the Gagliardo-Nirenberg-Sobolev inequality, and the definition



of the Y™2(2) norm, we have the following inequalities for = R<.
ollymemsy < OV r2ray < Cl¢@llym2raey where C' depends on d and m. Thus we have
the relation &|/¢|lymara < [Vl r2@ay < C|l@|lyme@asy which gives us an equivalence

between ” : ||Ym,2(Rd) and ||vm ||L2(Rd) = H . HWm,z(Rd).
We will also consider operators which satisfy the weak Garding inequality
N
Do, AT m,= =
(11) Re Z Z Z / 9 %’Ai,gaﬁ% > \|V 90’\%2(9) _5H90H%2(Q)
jk=1 |a|<m |8|<m &’

where A > 0 and ¢ > 0 are real numbers, for all ¢ which are smooth and compactly
supported. In [1], Auscher and Qafsaoui consider higher order elliptic systems under
divergence form in which ellipticity is in the sense of the weak Garding inequality (11)
rather than (10).

In section 5, we generalize the space Y™2(Q) and allow for varying values of p # 2, but
still finite. Here we describe the spaces Y?({2) and note several properties for the

functions therein and relations based on our elliptic operator.

d
Y™P(Q) = {u e W™P(Q) : 0% € LP(Q2), for each m — p <la| < m}.

We also define the norm on these spaces similarly as for Y™?2 above with,
(12) w, := the smallest natural number such that p, exists, for o with |o| = w,.

Notice that w, is also the smallest non-negative integer greater than m — %. We then define

the norm on Y™?(Q) to be

lullymry = D IV ullzrsco).

1=wp
Notice that the definitions of w, and w, are equal when p = 2. Also note that by our

10



definition above, we have that f € Y"™P(Q1) is defined modulo polynomials of degree up to
m — %. This definition is derived from the values of p for which we are able to apply the
Gagliardo-Nirenberg-Sobolev inequality.

We would also like to describe the the “negative” Sobolev space Y ~™P(£2). Recall that
for 1 < p < oo the space W~"?(1) is usually defined as the dual space of W™ (Q), it is
for this reason that we define Y =2(Q) := (Y™ (Q))* where Q C R,

We would like to consider function spaces Y™P(Q2) where we specify at least as many
derivatives as we do in Y™2(Q). For f € Y™?2(Q), if d is even, then when p = 2, we have
that m — % is a whole number and we specify the m — % + 1 derivatives of f up to the m-th
derivatives of f. This leads us to the inequality m — g +1>m— g. However when d is odd,
we then specify the m — g + % derivatives of f up to the m-th derivatives of f. This leads
us to the inequality m — 4 + l >m — 4, and thus regardless of the parity of d, we have that

p < 75. We will also in section 5 need the inequality p’ < which leads us to the range

dl’

d+1 < p < 55 Thus for p and ¢ in the interval (m, 24, we have that for @ € Y™?(Q)

and U € Ym’q(Q) we specify the same number of top derivatives for the functions @ and v.

3 The Caccioppoli Inequality

The Caccioppoli inequality is a fundamental result when discussing elliptic partial
differential equations. In [4] Barton derives a Caccioppoli inequality for a divergence-form

elliptic operator of the form

in which the coefficients A”* %5 are bounded and measurable, and @ € W™2(Q). First, a
preliminary lemma establishes a bound on ||V™l|12(p(g,,r)) in terms of the lower order

gradient L? norms. Next, the dependence on the gradient terms is removed, resulting in a

11



bound which depends only on an L? norm of the solution. We begin with a few preliminary
lemmas that will help us to deal with bounding our various L?* norms of the gradients in
terms of the L? norm of the solution. We will also show that the product of certain
functions lies in Y™2(Q). After we have these lemmas, we will proceed by first bounding
V™| L2(B(2o,R)) In terms of all lower order derivatives, then improve to the case of a

bound only in terms of the solution.

Lemma 3.1. [12, Sec 5.6.1 Theorem 2] Let U be a bounded open subset of R%, and suppose
that OU is C'. Assume 1 < p < d, p, is as in (4) and u € WHP(U). Then u € LP+(U), with

the estimate ||ul| oy < Cllullwrrwy, where the constant C' depends only on p, d, and U.

Corollary 3.2. Let u, U, d, and p be as in Lemma 3.1. Let k be a positive integer such

that 1 < k <m and py be as in (5). Then ||[ul|prm-k @y < CU)||ullwrrw-

Proof. We will proceed by induction. For the base case we wish to show that

||| Loy < C||Vull oy + Cllullrwy = ||u|lwre@), which follows from Lemma 3.1. For the
induction step, we assume that the statement holds for j derivatives, i.e. that

[ull Lom—s @y < Cllullwisw).-

Notice by lemma 3.1 we have [[v[| rm—¢+1) 17y < C||v|[yy10m—; 1y for any function v, thus
HuHme—(J'“)(U) < OHuHme_j(U) + C||Vu||me_j(U).
Then by the induction step,

[l ppm—cirv oy < Cllul| prm—s @y + ClI Vullwirw)

< Cllullwie@) + ClIVullwisw) < Cllullwitiew)

Where we have reiterated the above inequality on |[u|| rm—; (), collected extra terms in

C||Vullwir@), and we have our result. O

12



The next lemma will be used at the end of the proof of lemma 3.9 to bound our L%

norms in terms of L? norms, and provide the right scale for our powers of R.

Lemma 3.3. Let u € W*?(B(zo, R)), d >3, and 1 — % > 0. Then

k
ull 2k (5ao.ry < C D BT IVIUll 2 (a0,
=0
Proof. Let v(z) = u(zo + Rz) so that V/v(z) = R/ (Viu)(zo + Rz), and thus
v € WE2(B(0,1)). Notice by a change of variables that

Rt 2t (pag.ry) = IVl 2mr (5(0.1))» @0d thus by the previous corollary,

k 1/2
R’d/Qm*’f||u||L2m7k(B(xoyR)) < CZ (/B(O Y |V]v(:v)|2dx) . Then by using the definition

=0
of v(z), and a change of variables,

k 1/2
B2t oo ey S € D ( / o @0+ Rx>|232fdx)

J=0

k 1/2
=C (/ Viu)(y 2R2j_ddy)
5 fya (7000

k
_ CZ R'™2||V7ul| 12(B(wo,R))

J=0

Recall that ﬁ = 222k "and multiply both sides of the above inequality by R%?n-* to

obtain the result. O

Our next goal will be to show that when we multiply a solution @ € Y™?(B(x, R)) by
a cutoff function x € C>°(R?), which has support in B(zg, R), then the product @ is in

the space Y™2(R%). Before we can prove this, we need the following results.

Lemma 3.4. [12, Morrey’s Inequality] Suppose that 1 < q < oo, that k > d/q, and that

VFv € LY(B(zo, R)) for some ball B(xg, R) C RY. Then v is Hélder continuous in

13



B(zo, R), and satisfies the local bound

k
0]l oo (Bao.ry < Cla, k) Y RV|| Lo(B(ao.ry)-

=0
Furthermore, in the case that d < p < oo, there is a constant C(p,d) such that for
y € B(x, R) we have the bound

[u(x) — u(y)| < CR' ( / WZ”%) 1/p

(z,2R)
for all w € CY(B(x,2R)).

In the following lemma, we prepare ourselves to take advantage of the fact that for the
operator L, we have that A, 3 = 0 when || <m — £ or when |8] < m — 4. We are not able
to normalize @ with a polynomial to use the Poincaré inequality, but we will be able to use

the next few results to derive a bound on the lower order gradient terms of .

Lemma 3.5. Let  C R"™ be an open set, F a function, and @ € Y™?*(Q). If Lii = F in Q,

and P s a polynomial of degree at most m — %l, then L(i — P) = F in Q as well.

Proof. Let p € C°(R%). We then have the following.

wLa-P) =Y ¥ [ rean0ta-p

la]<m |B|<m

=> > / 0°pAa 50"t
R4

lo]<m |B]<m

= (¢, Lti) = (¢, F)

Note that the above equality is true for terms involving |5] < m — g since here A, 3 = 0,

and for terms involving |3| > m — £ since here we have 9°(@ — P) = 8°@ (by the degree of

P). Thus we have that L(d — P) = F. O

We now use lemma 3.5 and choose such a polynomial P with certain properties to give

14



us the following result.

Lemma 3.6. Let u € Y™?(B(zo, R)), and let the dimension d of R be odd. Then there is

a polynomial P of degree at most m — g — % such that
. m_d_
107 (@ — P)|| 200 (B(zo,r)) < CR™ 27 M|ullyme(p@o,ry for all v such that |y <m — % — 1.
Proof. We will proceed by reverse induction, beginning with the case where
|y =m — g — % First we choose a polynomial P of degree at most m — % so that

9°(& — P)(wo) =0, for all 0 < |B] < m — £ — 1. Observe that 2,,—d41 = 2d so then by

Morrey’s inequality

_d_1, Liom_tdil, o
(V™ 272(ti — P)(z)| < CR2|[|[V™ 272 (i — P)|| 124(B(20,R))-

For the |y| = m — ¢ — 2 case, notice that by the above bound and because

fB(mR) IN(u—P)=0
07(@ — P)(x)] < CR- ||V (@ — P)| 180 < CR||Tlym2(Bao.5))-

d 1

Thus by how we have chosen P, for each 0 < |y| < m — 5 — 5 we have a bound in the

following form,
— — m_d_ —
VM@ — P)(2)| < OR - |V (T — P)|| 1 (Bao,ry) < -+ < CR™ 27 |d||yme50.m))

which gives us our result. O

We now turn our attention to proving an analogue to lemma 3.6 in the case where d is

15



even. One of the main differences between lemma 3.6 and lemma 3.7 is the presence of the
space BMO (see [18] for further discussion on BMO). We use the standard argument in the

following proof from [12, Section 5.8.1].

Lemma 3.7. Let u € Y™%(B(z¢, R)), ¢ < 00 be a real number, and the dimension of R? be
even. Then V™ 51 € BMO(B(xo, R)), and there exists a polynomial P of degree m — g
such that

_a, =
f V(@ P)|? < Clidllymaoenn)
B($0,R)

where C' depends on d and q. Furthermore,

107(@ — P)|| Lo (B(zo,R)) < CRm_‘W_MHtum,z(B(mR)) for all v such that |y| < m — %l — 1.

Proof. Recall from (6) that if d is even, then wy = m — £ + 1. Then from (5) we have that

2,, = d. If we can show the bound
_d, me—d1
F vt P < Ol ity
B(yr)

for all B(y,r) C B(xo, R) then V™27 € BMO(B(x, R)) since by the definition of the

Y™2 norm

_diq1 _diq .
v 2+1U||Ld(B(:cO,R)) = [|[v™ 2’HU”L? < “uHYva(B(:L’o,R))-

m=$+1 (B(xo,R))

Let P be a polynomial of degree m — ¢ so that fB( Vm_%(ﬁ — P) = 0. Notice then

Y,r)

by the Poincaré inequality that

][ V™2 (i — P) < C (v atlg)d < 0/ (vt
B(y,r) B(zo,R)

B(y,r)

Thus we have that V=27 € BMO(B(x, R)). Now by the John-Nirenberg inequality [18],
we can change the exponent d to any ¢ < oco. It is here that we pick up the dependence on

q for C'. To get the last part of the conclusion we now may apply the same argument from
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the proof of lemma 3.6 if we change the degree of P to be at most m — g — 1, and 7 so that

0<|y|<m— g — 1. Putting these facts together we finish the proof. m
We are now ready to prove that the product @y is in the space Y™?(R%).

Lemma 3.8. Let B(xg, R) C R? be a ball, i € Y™?(B(xg, R)), and x € C(R?) be a test

function with supp(x) C B(xg, R). Then we have that @y € Y™?(R%).

Proof. Here we will be not be providing a bound on [|ux ||y m.2ga), but merely showing that
the norm is finite, thus proving our result. We begin by using the definition of the

Y™2norm (recall the definition of wy from equation (6)), and the Leibniz rule.

1/2;

m m 7 24
Jixllymags = 3 IV @0 <€ 3 | [ (z [Tty - |vka|)
k=0

1=w2 1=w2a

Now we bound |Vi™*y| by sup |V *x| < oo for each k.
k

<i<m

1/2;

m 7 2
lixllym < C / sup [V - |V*a
(=9 Z B(zo,R) ;k<z‘<m

1=w2
1/2;
QZ)

m i
ey Yow( [ v
B(xo,R)
We now only need to bound the ([, 5 |VFi|%)1/2 terms. Notice that 2; < 2; so for

i=wg k=0

terms where k£ > m — g, we may use Holder’s inequality to bound these terms. For terms

d

where k < m — § we apply lemmas 3.6 and 3.7 and we have our result. O

Next, we will prove a preliminary Caccioppoli inequality in which we bound the L2
norm of the m* order gradient of the solution of L = Z(—l)idiviFi in terms of the L?
1=wao
norms of the lower-order gradient terms. A key distinction between Lemma 3.9 and [4,

Lemma 9] is the appearance of the L* norms which appear on the right-hand side, which

we must bound in terms of L? norms via lemma 3.3.
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Lemma 3.9. Let L be the operator of order 2m associated to the coefficients
{Aa s}al,18/<m, which satisfy (9) and the weak Garding inequality (11).

Let 2o € R? and R > 0. Suppose that @ € Y™2(B(xo,2R)), that ¥ is an array so that
each Fy, € L)' (B(xo,2R)) and that Lii = i (—1)*divy, Fy. Then we have that

k=wo

(13)
/ W|2§fc’/ Vraf+ O af? Z R )™
B(xo,R) R | pla 2R) B(x0,2R) B(x0,2R)

where C' is a constant depending on the dimension d, the order 2m of L, the number X\ in

(11), and A as outlined in equation (9).

Proof. Let ¢ be a smooth, real valued test function with 0 < ¢ < 1, supported in
B(wg,2R) and identically equal to 1 on B(zg, R). We require also that |[V*p| < C,R™* for
any integer k£ > 0.

Notice that ¥ = @™ is a function supported in B(zg, 2R) and also that by lemma
3.8, U € Y™2(B(x9,2R)). By the definition of Li, and the density of smooth functions in

Y™2(B(z0,2R)), we have

(14) Z Z / T ) P /B( R) 904””‘@])%12”25,8%'
0,2

J=1 wa<|a|<m (z0,2R) ]k 1\a|<m|ﬁ|<m

We first consider the left hand side, and note by the Leibniz rule, and separating the v = «
terms,

N
> L(MWW%jN Yy [ Ym0

J=1 wa<|a|<m B(x0,2R) y<a

Y Y [ e,

=1 wy<|a|<m ¥ B@0,2R)

+Z > Z/ (ary @ (©*™T,)0 7 (0P F .

J=1 wo<|ar|<m v<a (z0,2R)

18



Thus using Holder’s inequality, and properties of our ¢, we get

\Z > / 0 (¢ ;) Ja|<ZHV’“ (™™ D) | 2t (8w, 20 | Fll L (oo 2y

J=1 we<]a|<m B(o,2R) k=ws2
m k-1

DN

ka’LO

Hsz (B(z0,2R)\B(z0,R)) HFkHL(Qk)/(B(x(LQR))'

Now by Young’s inequality we have

RS / o (o) m|<cZ||v’f o] -

J=1 wa<|a|<m B(zo,2R)

m k=1 )| Vid)2, A
L2k (B(x ,2R)\B(x , m "
Z R2 : ol | E CHFk“Lm) xo,QR))+Z|’v (™ D200 2m

k=wo

where A is the number in our ellipticity condition (11).
We now consider the right hand side of (14). By the Leibniz rule, and again separating

out the v = « terms, we see the following.

N
Z Z Z aa( 4m— A]k‘a,é’uk _ Z Z /B(xo . ¢2mﬂj)AJ7Bw2maﬁ

k=1 |a|<m |8|]<m * B(@0,2R) jE=1 |a|<m |8|<m

+ Z Z Z / Zaaﬁaa*'y((p2m)av(¢2mﬂj)Aﬁzaguk

B(z0,2R)

Jk=11<|a|<m |B|<m 'y<a
Now as in [4], we write
(16) D a0, TP () = Y @ D0 (0T
y<a (<o

for some functions ®, ¢ which are supported in B(xzo,2R) \ B(xo, R), and satisfy
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|®c| < CREEIAL Thus we have

(17)
N
Z / 0° (") AL, 0P uy = / go ;) ALY 0P 0wy,
ik=1a|<m |g|<m * B@o2R) = 1\a|<mlﬁl<m Blao,2R

— ik 2m
55 D ol HEND SN FEEEN
jk=11<[a|<m |8|<m ’ B(z0:2R) (4
It is desirable to have our sum on the bottom of (17) in terms of 9°(p?™uy) rather than
©*™0Puy, so after one more application of the Leibniz rule, and writing as in (16), we have
for some functions W which are supported in B(xg,2R) \ B(x¢, R), and satisfy

[Wse| < C RI¢I-18l

(18) Z > 2 / 0% (") AL 50 i =

5.k=1|a|<m |8|<m * B(@0,2R)

SDID N IR

k=1 |a|<m |B|<m I072R)

+ Z > / D @0 WAL (0P uy,)

jk= 11<|a|<m 1Bl<m ¥ B(20:2R) ¢4

SN IED S BIND SN

k=1 1<|a|<m 1<|g|<m ” B@0:2R) ¢4 £<p
Similar measures as taken above also give us,

1) YN Y[ et -

J.k=1|a|<m |B\<m IO’2R)

SX S [ e Y v

Jk=1|a|<m 1<|8|<m m0»2R £<p

N
DIDIDIY R L
B(z0,2R)

Jk=1|a|<m |B|<m
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Thus combining (18) and (19) we see that

W LYY [ e -

k=1 |a|<m |B|<m ¥ B@o; QR)

SN[ ke

k=1 |a|<m |B|<m * B@0,2R)

vy )N D SRR

jk=11<[a|<m |8|<m ’ B(@0:2R) (4

N
DD D S N SLRTLA) SES AT

.k 11<\a|<m1<|5|<m B(20,2R) (<4 £<p
_ ik
D3P0 S MRS A
5.k=1|a|<m 1<|8|<m ¥ B0,2R) £<B

We write this as [=II4+III4+1V+V. By (11), we have that
(21) MV ™ (@ D)1 22 B2y 2my < Re T+ 810”0725 (w0 27))-

For II, we use (14) and (15) along with monotonicity, and reindexing the sum to get the

following bound.

hj<c Z Z HﬁcﬁH?ﬁa(B(x0,2R)R2(|q_|aD
wa<|a|<m (<«

2) X
+ ZCHFkHL(zk> (B(z0,2R)) +1va( 2WH)HL2 B(x0,2R))

k=wo
The remainder of III, IV, and V use Holder’s inequality, Young’s inequality, and (16).

(23) I <C Z ZHacqjui%w(wm?m)R2(\<|f|a|)

wa<]al<m (<o

+C Y DOl gy BT IV D 0 2

wa<|Bl<m £<P
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By using our bounds on the ®’s, as well, we obtain,

(24) |IV|<C Z Z”8%}‘”%2&(B($072R))R2(|C\*|a\)

wa<la|<m (<a
€2 2(l¢l-16)
+C Z Z 10 UHLQB(B(mozR))R ‘

w2 <|B|<m £<B

Splitting up V between our « derivatives, and our 3 derivatives, as well as using the

bounds on the ¥’s, we have

(25) IVI<C Y > 105050 (3w omy BT

wa<|al<m (La

ﬁ _ Aliom, 2m—
FC Y DO sy ayy BT IV DI 00 2

w2<|B|<m £<B
Now combine (21)-(25), change the order of summation, and reindex our sums to get

)\ m m—» o
(26) JIV™ (" Dl eomy SC D D D N0 20 e oy B

[¢|<m—1 C<a wa<|al<m

+ Z OHFkHL@k)' (z0.2R)) T 5H()02mﬁHi2(B(aco72R))'

k=wo

Notice that the right-hand side of (26) is in terms of L?* norms. By Lemma 3.3, we can

write
m—|a|+[C]
(27) HaCUHLQa(B(xO,R)) <C Z ”VkuHL2(B(xO7R))R((kf\cl)f(mf\al))_
k=Ic]
Thus by combining (26) and (27) we obtain the result. O

We may note at this point, that if we wanted to improve inequality (26) on the
right-hand side by integrating over the annulus B(zg, R) \ B(zo,r) (where r is any number

such that 0 < r < R) rather than the ball B(zg,2R) our methods would allow us to do that
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at a cost of not being able to use Lemma 3.3. Thus we would not be able to end with
L?-norms on the right hand side, but rather L?>-norms instead.

We now wish to improve the bound (13) in terms of ||u||z2 rather than in terms of all of
the lower-order derivatives. The first step is to use the Vitali covering lemma so that the
ball on the left-hand side is not half the radius of the ball on the right-hand side, but

rather an arbitrarily smaller radius.

Lemma 3.10. ([13, Theorem 1.24]) Let F be any collection of nondegenerate closed balls
in R with sup{diam B|B € F} < oo. Then there exists a countable family G of disjoint

balls in F such that U B C U 5B, where 5B is the concentric closed ball with radius 5

BeF Beg
times the radius of B.

In terms of what we need to improve our bound from (3.9), let

E = B(z¢,R) = U B(z, p), where 0 < p < R. Then there exists a disjoint
z€B(z0,R—p)
J
collection of balls, { B(z;, p)}/_, with each z; € B(xo, R — p) such that £ C U B(z;, p).
7j=1

Corollary 3.11. Ifx € B(xo, R) then x is in at most C(d) of the balls B(x;,10p), where d
is the dimension of R,

Proof. Let © € B(xg, R), and define the set I(x) = {j : € B(x;,10p)}. If j € I(z) then
B(z;,p) C B(x,11p). Since the B(x;, p) are disjoint, we have

1) = <91 | By, C[ff)w(x,upn:ou). -

JEI(z)

We can use corollary 3.11 to improve the bound (13).

Corollary 3.12. Let L, {Aag}jal,81<m: {Fr}iew,, and @ be as in lemma 3.9. Then for
0 < p < R, u satisfies the inequality
‘ =2

il

m—1
C
/ (V™2 < 5 m/ IVFd)? + C§
B(zo,R) o P B(wo,R+10p) B(wo,R+10p)

m oy
ey (f Rl )
B(zo,R+10p)

k=wo

(28)
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Proof. The proof is short, and employs lemmas 3.10, 3.9, and 3.11. Let I(z) and z; be as

in the proof of corollary 3.11, and j € I(x). We then have

IV < / Va2
/B(a:()7 Z B(x;,5p)
J m—1 C m ﬁ
< —/ |Vkﬁ|2—|—6’5/ |ﬁ|2—|— (/ |Fk|(2k)/)
Z p2 2k B(x;,10p) B(x,10p) k:zcug B(x;,10p)

where 0 < p < R comes from lemma 3.10. Now by lemma 3.11, we can eliminate the sum

in 7, and obtain the result. O

In the next theorem we will combine the above corollary with ideas from [4] and [19] to

obtain a bound on ||V"™||12(p(z,r)) in terms of only ||%] r2(B(zo,R))-

Theorem 3.13. Let xyp € R, and let R > 0. Let @ € Y™?B(xg, R) be a function that

satisfies the inequality

>—‘

(29) / |V g P %/ Va2 + F
B(zo,p) B(zo,T)

for all r,p with 0 < R/2 < p <r < R for some F > 0. Then u satisfies the inequality

=0

C
(30) / (V™ < —m/ |ii]* + CF
B(zo,p) (7" - p) B(zo,)

for some constant C' depending only on m, the dimension d, and the constant Cy.

Proof. We prove this as in [4], except for the fact that we only establish the bound for a
ball, rather than an annulus. We proceed by induction, showing that each term

[V¥]| 12(B(20,r)) can be controlled by a sum involving gradients of order strictly less than k.
Upon iterating this argument for gradients of order m, down to order 0, we effectively
reduce our sum on the right-hand side of (29) to a single term. Thus if we can show this is

true for all k£ in the range 0 < k < m then we will have the result. The argument is
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summarized in the following claim.

We claim that @ satisfies the following. If 1 <k <m and R/2 <n < ¢ < R, then

k—
|vkﬁ|2 S Z/ |Viﬁ|2+R2m_2kF
/B(xoﬂl) z; 5 77 Zk 2 B(z0,£)

The fact that the claim is true for k£ = m is formula (29), so we will work by induction and
show that if the claim is true for some k£ + 1 < m, then it is indeed true for k as well.
Choose an ascending sequence of balls B; = B(xo, pj) such that n = py < p1 < p2 < ... <¢
for some sequence {p;}32, to be chosen later on. Set d; = p;41 — p; > 0 and define the ball
E» = B(xg, p; + 0;/2) so that we have the strict inclusion B; C éj C Bjyy for all j. Now
choose a sequence of smooth cutoff functions ¢; € C’C’O( ;) such that ¢;|p, = 1. We will
also need each ¢; to satisfy |[Vi,|| < £, and also [|[VZg,| < for some constant C.

First by the monotonicity of integratmn and our choice of ¢;, we have for each

/|VWPs[»me“ww.
B, B,

Recall by Plancherel’s theorem, if f € W22(R%) then ||V f||z2gay < CIV2f || 2@yl f1l 2®a)-

1 <k <m that

Apply this to f = »; V¥ 14 and use the Leibniz rule so that we have the bound

/|V%P<c(/rv2%Vkl ) (/r%Vkl )
k7|2 k=172 1/2 1/2
<ol f et 5 T (] )

B; 0; 0; Bj

Now we may apply the claim to the |V*14|? term to get

/2

k

vk 2 < Ck vi —2 CRQm—Qk—2F 12 vk—l —2 V2
V< (2 e [ IV [Vl
Bji1 B;

J
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Move the £ to the right most integral, and use Young’s inequality so that
.7

1< 1 1 C

N 1 — m— k k—1 -2
IVFa]? < = —_/ \Viad]> + - R*™2FF 4 —/ AR
/Bj 2 ; 532'k ’ Bj+1 2 592 B;

By monotonicity since éj C Bji1, and separating the k-term, we then see that

k—1
1
Vi S O / Vi g B / VEa2

j+1

Since we have proven the above inequality for all j > 0, we can iterate on the above

fB-+1 |V*i|? term to gain the inequality,
J

/ |vkﬁ|2 S (Ok’z 62k 21/ VZ —»|2 RQm QkF)
<C - — 27 712 4 R2m-2
< Z > VPt .

7=0 "J

Lastly we need to choose p; appropriately so that the above sums converge. Choose

pi=n+E—n)(1-7) ZTZ ! where 0 < 7 < 1, so that py = 1 and hmp] ¢ (using the

=1
convention that in the case j = 0 the empty sum is equal to 0). Thus we have the bound

o0

k2 < ‘ izl2 4 p2m—2k
/Bo V] —C’”Z<Z 272k2i) 77)21@21) /Boo V'al®+ R

when 7 < 1. Choose 7 so that 27%% > 1, so the sum converges in j and the claim holds.
Now from the claim, we are able to bound each of the terms involving |V¥i|? by a single

term, only involving |]?, and thus we are done with the proof. ]

Now if we combine corollary 3.12 and theorem 3.13, we obtain the desired Caccioppoli

inequality in which we bound |V™#|? without the intermediate gradient terms, as stated in

the following corollary.
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Corollary 3.14. (A higher order Caccioppoli inequality) Let xo € R, and
0 < R/2 <1 < R. Suppose ii € Y™2(B(xo, R)) and ¥ are as in lemma 3.9, so that
Liu = Z(—l)idiviFi. Then u satisfies the inequality

1=w9y

(31)
C Ei
/ oA L — / @2+ C Z (/ |Fk](2k)) +05/ ]2
Blzo,r) (R=7) JBo.R) (0, R) B(wo,R)

where C' depends on A\ and A, the dimension d and the order 2m of L.

4 The Newton Potential

In this section we will construct the Newton potential, that is, the solution operator to the
m

equation Lu = Z(—l)idiviFi. Recall the definition of wy from equation (6). We will
follow the methiggQOf [4], [15], and [16], where we assume that our solutions # lie in the
space Y™2(RY), and our array F satisfies F, € L)' (R) for m — ¢ < |a|] < m. Notice that
this requirement on F is derived from the fact that for ¢ € Y™2(R%) and m — ¢ <lal <m

we have 0%p € L% (R?).

Definition 4.1. Let  C R? be a connected open set. We say that an array of functions F
is in the space F,(12) if for each 1 < j < N and each integer ¢ such that w, <i < m we

have that F, € L®)(Q). We then write ||F||;p = Z Il Lo

1=wp
Notice that in section 3 we assumed that F € Fy(B(z0,2R)) so that we could derive a

Caccioppoli inequality.

Remark 2. Every array F that is in F5(£2) gives rise to a bounded linear operator T} on

Y™2(Q), that is an element of Y ~"2(2) given by Ty ( Z Z / 0“u,Fj . Notice
J=1 wa<|ar|<m

that Ty (w) € C with T ()| < Cl[td]|ym.2(q). Conversely by the Hahn Banach theorem if
T € Y~™2(Q) then there exists F € F»(Q) such that T(¢) = Ty () for all p € Y™2(Q2) and

1Ty =m22) = IFll 7@
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Now we will use the complex valued Lax-Milgram lemma to construct the Newton

potential. Recall the complex Lax-Milgram lemma:

Theorem 4.1. [3, Theorem 2.1] Let Hy and Hy be two Hilbert spaces, and let B be a

bounded bilinear form on Hy, x Hs that is coercive in the sense that

B B
wp B Bl w)

> Al|ull
weH1\{0} HwHHl weH2\{0} HwHH2

for every uw € Hy, and v € Hy, for some fired A > 0. Then for every linear functional T

defined on Hy there is a unique up € Hy such that B(v,ur) = T'(v). Furthermore

lurllm < 51T .

Let L be an operator of order 2m which satisfies the ellipticity conditions outlined in

(9) and (10) from section 2.1. Let B(u, %) be the form given by

N
(32) B(i, o)=Y > / 0°u; A%, 0P vy,
Rd

Jk=1|a|<m |B|<m

where each A, 5 € L?#(R?). Notice that by the ellipticity assumptions and Holder’s

inequality B is coercive and a bounded, bilinear operator on Y™2(R%) x Y"™2(R¢) with the

bound
(33) B, )] < Alllyms |y e

Let T be a bounded linear operator on Y™?(R?). In the case that
F={F,1<j<N,|al <m} is an array of functions that lies in F»(R%), then we may

N

define such an operator 1" by T4 (v) = Z Z / m@avj. Similarly to our bound on
=1 wp<|al<m K

B, by Holder’s inequality we have that T} is a bounded linear operator on Y™?(R?) with
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the bound

(34) T3 ()] < |0]lym2 e [F]| 7 ).

Let up = L7'T € Y™2(R%) be the unique element given by the Lax-Milgram lemma, if

T = Ty we write @ty = HLF so

(35) Z > Z/ DUp AT 9P (TTHF),, ZZ/ 9°oF;

J.k=1|a|<m |B|<m

or

(36) > Y Y [ Feakow = TG
|B]<m

k=1 |a|<m

for all ¢ € Y™2(R?).
Notice that by the uniqueness given by the Lax-Milgram lemma, the Newton potential
LT or TIEF is well defined as an element of Y™2(R%) up to adding polynomials of order

at most m — £, and we have that if ® € Y™2(R?) then by equation (35)

N

(37) O =T"(F), when Fjo = > Y A0/,
k=1 |B|<m

Remark 3. Depending on the context, it may be convenient for us to switch between
notation for ITX and L~1. In sections 4 and 6 we will describe our results in terms of IIZ ,
and in section 5 we will phrase our results in terms of L™!. Also note that in section 4 and
6 we will phrase results in terms of the spaces F, and in section 5 we phrase our results in
terms of Y ~™P-spaces, which consists of linear operators associated to arrays in F, (as

described in remark 2).

29



Let us now introduce some new notation to aid in brevity, and write
(38) VI = (vernih, vttt L v

where ws is as in definition (6). Next we will describe the adjoint of the operator A& 1

in the following lemma.
Lemma 4.2. The adjoint to the operator V™IIE is V™IIE".

Proof. We first recall the inner product mentioned in section 2 given by equation (3). Let
each F, be in the corresponding Lebesgue space, L)' (R?) so that T(¢) := (F, V™) is
bounded on Y™2(R%). Let u = II*(F) € Y™2(R?). By our definitions of T'(-) and B(-,-)
above and of I1* we have

(F, V™) = T(p) = B(IILF, ) = (AV™IILE, V™), for all ¢ € Y™2(RY).

Similarly, let 7 = X" G € Y™2(R?) so (G, V™) = (A*V™F, V™) € Y™2(R?). Notice
first that (F, VMIIL' G) = (R, V) = (AV™IILE, V5) = (AVIIER, VPIIL G).

Next we observe,

(G, VILF) = (G, V™) = (A*VTIY G, VD) = (A*VIY G, VT IIER)

— (VPIILF, ATt G

— (AVPIILER, VeIl G).
Where we have used the definition of our inner product to pick up the complex

conjugate, then move over the A* term. Thus we have (G, VIILEF) = (VML G, F), and

finally that ((V™IIL)*G, F) = (VX G, F). O

In the case of the operator L given in [4], Barton is able to use a reverse Holder
inequality and a duality argument to show that the Newton potential is bounded on a
range of LP spaces where |p — 2| < € for some € > 0. As we do not have a reverse Holder
inequality available to us, we will next use a combination of the Lax-Milgram lemma,
previous results, and Sneiberg’s lemma (lemma 4.3 below) to show that the Newton

potential is bounded on a range of F,(R?) spaces.
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We now must explore a bit of interpolation theory in order to be able to apply
Sneiberg’s lemma to the current problem. We first note that from [20], combining the facts
that TW™P(Q) forms a complex interpolation scale, and the map which sends an element of
TW™P(Q) to its unique representative in Y?(Q) is a retract [17, Lemma 7.11], we have
that Y™P(R?) forms a complex interpolation scale. Next we have from [8, Theorem 4.5.1]
that the space (Y™P(R?))* also forms a complex interpolation scale.

As in [9, Lemma 3.4] the values of p around p = 2 for which L is invertible will depend

on a range provided in Sneiberg’s lemma, as stated below.

Lemma 4.3. (Sneiberg’s lemma [2, Theorem A.1]) Let X = (Xo, X1) and Z = (Zy, Z,) be
interpolation couples, and T € B(X,Z). Suppose that for some 0* € (0,1) and some r > 0,

the lower bound ||T'x|| z,. > k||z| x,. holds for all x € Xg«. Then the following are true.

(1) Given 0 < e < 1/4, the lower bound ||Tx||z, > ekl||z||x, holds for all x € Xy, provided

that |0 — 0*] < “(1_46)321:16{]\?’1_9*}, where M = max;—o1 || T||x,-z,-

(ii) If T : Xg« —> Zy« is invertible, then the same is true for T : Xg — Zy if 6 is as in

(7). The inverse mappings agree on Xg N Xy« and their norms are bounded by i

Now we are ready to show that the Newton potential is bounded on a range of F,

spaces.

Lemma 4.4. Let L be an operator of order 2m that satisfies the ellipticity conditions (9)
and (10). Then there is a 6 > 0 such that TIZ extends to an operator that is bounded from
Fp(RY) to Y™P(RY) where 2 —§ < p < 2+, and L™ extends to an operator that is

bounded Y ~™P(R?) — Y™P(RY).

Proof. First recall that the Lax-Milgram lemma provides us with the invertibility of L
Y™P(RY) — Y™P(R?) when p = 2 by bound (33). Next by lemma 5.1 we have that L is
bounded from Y™?(R?) to Y~"7(R?) when p is in the range (74, 24). Let

F e Fao(RY) N F,(RY). Recall the Garding inequality (10), and apply Sneiberg’s lemma 4.3.
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We then have that L is bounded and invertible Y ~™P(R%) — Y™P(R%) when |p — 2| < 4,
where 4 is as dictated by (i) from Sneiberg’s lemma. Combining this with the fact that

MLk = L~ Y(Ty), invertibility of L and boundedness of Ty we have our result. O

5 L? Bounds On The Gradient

In the case of the operator L from [4], Barton employs techniques from the lower order case
(for example the Laplacian L = A) to derive a higher order version of Meyers’s reverse
Holder inequality for the m™ order gradients of the solutions to L@ = div,,F in 4,
Theorem 24]. One of the main tools used to accomplish this is the Poincaré inequality,
which is of the form [ju — ug||zr(0) < C||Vu| rr(), where ug = f, u. In order to use the
Poincaré inequality in this context we must be able to normalize @ by adding polynomials p
of degree m — 1 so that & = @ + p satisfies Ug = 0 and LU = div,, F’ (i.e, w is a solution to
the same equation as 4, and u — g = ).

However in the case of our operator L as defined in section 1, we are unable to employ
this technique (specifically we are unable to normalize solutions by adding polynomials of
degree greater than m — g and still obtain a solution to Lu = Z div;F;). As a substitute
we will adapt the ideas of [9] to L in order to prove L? boundszj)o;l2 solutions, where p is in a
certain range as given by Sneiberg’s lemma.

In this section, we will explore how L behaves when paired with functions in certain

Y"P spaces when p is in the range <p<i5 (thls range on p is precisely that from

e
section 2.1 which guarantees us the right number of derivatives that we need for functions
in our Y"™P(Q2) spaces). We then prove a bound on @y (where «x is as in lemma 3.8) and

use this bound to prove the invertibility of L in that range of values for p.

Lemma 5.1. Let p be a real number such that =% d+1 <p< 2—dl. Then

L:Y™P(RY) — Y~-™P(R?) is bounded.

Proof. Let i € Y™P(R?), and ¢ € Y™ (R?%). Recall that pi =
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( L —1—1_mol 454 that each coefficient Aq 4 of L is in the space L7 () where
P)a p d ’

Observe that ﬁ + piﬂ + % = 1, and we can then apply Holder’s inequality

to bound the following inner product.

_ d
2m—|a|-|B]"

(o, Liy= Y > /R daasoAa,ﬁaﬁﬁ

la]<m |8|<m
Therefore, using the fact that A, 53 =0 for |o| <m — % or || < m — ¢ we have the

following bound.

1< Y /|aaso|-\Aa,gr-raﬁa\
wp<la|<m Rd
wp<|BI<m
< S 100 e |0 ey | Amp
wp<lal<m

wp<|Bl<m

< C”@”Y*ﬂm/(Rd)HﬁHYm,p(Rd)

where C' depends on A from the coefficients A, 3, and the order m of the operator L. Note
that we have only included terms where the coefficients A, 3 are non-zero. Observe that
the right side of the inequality is finite by the assumptions on « and ¢, and the proof is

complete. [

Recall that in lemma 3.8 we showed that the product @Y is in the space Y™2. We will

now explore how we can write L(@y) when  is such that Lud = 0 in the weak sense.

Lemma 5.2. Let R > 0 be a real number. Suppose that @ € Y™?*(B(xg, R)) satisfies
Li =0 in B(xg, R) in the weak sense. Then for all x € C>(B(xo, R)), we have that
L(xt) = Z (=1)Pl°Fy in the weak sense, where

[5]<m

F(; = Z ZA(;”gaMéWﬁ@ﬁ_”X — Z ZAaﬁaa,g(‘)Bﬁao‘_‘sx.

|8]<m v<p [8]<m a>6
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Here the second sum is taken to be 0 if || =

Proof. We first outline our assumption that Li = 0 in the weak sense. Using our definition

of the inner product, we have that for all ¢ € C(R?),

Z / ,Baﬁu = (pX; L) B(zo,r) = 0.
550»

la|<m |B|<m

We now compute (p, L(ix)), and use the above assumption, along with the Leibniz rule to

derive Fs as above.

o L) s = 3 Y / e ()

la|<m |B]I<m

= <90X7 Lﬁ)B(xo,R) + Z Z / 0%pAa BAB~ oTTo s X
B(zo,R)

laj<m |B]<m v<B

(39) - > / aa,(;a%paa*éXAaﬂaﬁg
7/‘07

lal<m |8|<m d<a

SPIPID O B YR

la[<m |B]<m v<B

I / aa,aa‘ssoa“_éXAa,ﬁaﬁ i

la|<m |B|<m 6<a

Our goal is to collect the terms in ¢ with the same number of derivatives. Now in the first
sum of the last row above, replace o with 9, then switch the order of summation in the

second sum to get

(@, L(1X)) B(xo,R) Z/ o D0 Y Y Aspag,d"ud"x
1’0

5|< <m y<B
(40) [6]<m |Bl<m v
SOl B D) BINTHEL A
16|<m—1" Blzo,R |B|<m a>6
Writing Fj as in the statement, we finish the proof. n
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Remark 4. Notice that in lemma 5.2 when [§| = m, equation (40) gives us that the second

sum is equal to 0 and so

Fg = Z ZA(;,B%W@”&@B_VX

|B|<m v<B
Essentially lemma 5.2 shows us that when a solution of Lu = 0 is multiplied by a test
function, we end up with a divergence form equation (with of course the presence of lower
order terms). We will now use the inner product as written in lemma 5.2 to show that

L(ix) € Y~™P(R%), where p is in a range around 2.

Lemma 5.3. Let p,q € (24, 24), 0 < R < oo be a real number, xo € RY,

T do
@ € Y™2(B(z9, R)) N Y™4(B(zg, R)) be such that Li = 0, and x € C=(R?) be a test
function such that supp(x) C B(xg, R). We extend ix by 0 outside of B(xg, R). Then

L(ix) € Y=™P(RY) and there is a normalization of @ that satisfies the bound
(41) 1L (@) |y -mp(gay < CRYP=Y|| |y moa (a0, 7))

Recall that if m > g then elements of Y™2(Q) are defined only up to adding
polynomials of degree < m — %l; the bound (41) is valid for an appropriate choice of

polynomial.

Proof of lemma 5.3. Let ¢ € Y™ (R%) where o = 1— . Recall that Y ~"™P(R?) is the dual
space to Y™ (R9). So to show that L(uy) € Y ~™?(R%), we need only bound (¢, L(ux))ga

for all ¢ in Y (R?). From lemma 5.2 equation (39) we have

(@, L(tix))pa =

> 2. / O pAapas 0" X = D N N / (0 507000 Au 50”1
B(zo,R) B(zo,R)

la|<m |B|<m y<B la|<m |B|<m 6<a

We will write this as (¢, L(1WX))B(zo,r) = I — I1. Since A, g =0 if |a| <m —d/2 or

18] <m —d/2, we can assume |a| >m — % and |8 > m — d/2.
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We begin with the case where |y| > m — d/2, as here we can bound the integral in I

using a four-way Holder inequality if p is in an appropriate range, and each 9°~7y is in the

qpd

WM and then notice that we have

correct Lebesgue space (call it L*). Set =

U SN S B
(p/>a 204,5 q’y X '

Notice that % =< —24 \ﬁ\;lvl' By our range on p and g, since || < m, and since

1_ 1
P
18] > |y| > m — ¢+ 1, we have that
<d+1_d—1+m—(m—d/2+1/2) 1 1

=04 T 24 d TR

and so 0 < % < 1. We are now able to apply a 4-way Holder inequality. Let A be as in (9)

with © = R?. Now using the fact that y € C°(R?) we have that when |y| > m — £,

11<C > 10l e @y | A sl 12000 ey 107 v (B0, 1) 10° X e et
m—§<\a|§m
m—24<|81<m
m—g<|vI<|B]

o 1 - _
<CA D 10% £ (ray | B(wo, R)|= 07| Lo (B, ) 107 x| oo ety
m—-<3 <la|<m
p

(42) m—4<|B|<m
m—2<|y|<|g|

d . i
<CA ) 10| o7 ety B 107 10+ (0, B4~
m—4 <|a|<m
P
m—5<|B|<m
m—g<lyl</6]

qd

< CR"%|g|

ym! ®e) |8l yma(B o, R)-

Here we have used ¢ — (|8 — |7]) = qdq_ppd, the definition of the Y norms, and C'
depends on m and the ellipticity constant A. Similarly in /7, in the case where

6] > m — ¢, we need each 0% in the correct Lebesgue space (call it LY). Set
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qpd

Y = qapdrap(al—op S° We have that

1 1 2m—|al — 1
11 2mjal-j8 1 _

1.
P)s vy d qs

This yields i == — % + @, and therefore by our range on p, and since |o| < m and

1
p
|5|2m—§+%,wehavethat0§§<l.

We again are able to use Holder’s inequality to obtain the following bound on /1 when

0] >m — 4

Il <C Z ||3590||L<P/>5(Rd)||3a_6X||Ly(Rd)||Aa,ﬂ||L2a,6(Rd)||aﬂ77||L%(B(mO,R))

m—ﬁ<|a\§m
m—pi,<|5|<|oc|
m—g<|ﬁ|§m

1na— R
<CA E ||5590||L(p'>5(Rd)|B(950,R)|y||8 6X||L°°(]Rd)||85U|ILQB(B(J:O7R))
m—-4 <|a|<m
p

(43) m—§<|5|<|o¢\

m7g<|ﬁ|§m

d al— .
< CA Z ||36S0||L<P’>5(Rd)RyR (ol |5|)||aﬁu||Lq5(B(xo,R))

m—pl,<|a|§m
mf§<|5|<|a\
m—$<|8|<m

qd

7pd -
< CR- (|ollymp gay [ llyma(s o, r),

where C' depends on m and A.

In the case where || <m — £ or |§| < m — £ we subtract off a polynomial P of degree
at most m — ¢ from @ so that L(@ — P) = L@ = 0 and L(@x — P) = L(ix) and we may
apply lemmas 3.6 and 3.7, (recall that @ € Y™ functions are defined up to polynomials of

degree m — ) and we are done. O

From lemma 5.3 we have a bound on L(uy). We are now in a position to derive a

bound on |[t]lym.s(p(. ry) where p is in a range around 2 given by lemma 4.3.

0,
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Theorem 5.4. Let R > 0 be a real number and xo € R%. Then there exists a § > 0 that
depends on L, so that for real numbers p and q in the range 2 — 0 < g <p <2+96, if
@ € Y™*(B(zo, R)) NY™(B(z0, R)) and Lt = 0 in B(xo, R), then @ € Y™?(B(z0, %)) and

HﬁHYm,p(B(mO’%)) < CRYP=44|@||ym.a(p(zo,r)), where C depends on A, m, p, and d.

Remark 5. Notice that theorem 5.4 is trivially true by Holder’s inequality in the case that

p<q.

Proof of theorem 5.4. Let x € C2°(B(xo, R)) be a test function so that x =1 in B(zo, £),
and |V'x| < CR™". By the discussion following theorem 4.1, we have that L is invertible
YR — Y -™2(R?) via the Newton Potential. Since by lemma 3.8 we have that

iy € Y™?2(R?) and since L : Y™?(RY) — Y ~™%(RY) is invertible we have that

wy = L7Y(L(w@y)). By lemma 4.3 there is a § > 0 so that for p in the range

2 —0 < p<2+6 we have that L=! is defined and bounded Y ~™?(R%) — Y™?(R?). By
lemma 5.3, L(wy) € Y™™P(R?) so then L= (L(wy)) € Y™P(RY). All of this together gives
us that since @y € Y™?(R?), we have that @y € Y™P(R?). Then applying lemma 5.3 and

since we have chosen x so that y = 1 in B(x, %) we have the result. ]

We can now combine the above results, with results from section 3 along with a Holder

argument to obtain a bound on ||ﬁ||Ym,p(B($07§)) in terms of ||1_[||L,,(B(x0’g)).

Corollary 5.5. Let i € Y™?*(B(xo, &)) such that Li = 0 and p be a real number such that

2 <p<2+49 whered is as in theorem 5.4. Then we have the bound

1@y (Bao, 2y < CR™™ (1@ o520, m))

where C' depends on m, A, p, and d.

Proof. First from theorem 5.4 we have the bound

Hﬁ||ym’p(3(x07§) < CRYP=42||d||lym2(B(s.r)). Now by lemma 3.3, note that every term of

38



| @][ym2@) = Z HV’%IHWGD is bounded by CZ RV | p2(B(wo,r))- Thus by
1=w2y 7=0
rearranging the sum, we have the bound

m m—i

HﬁHYnL’p(B($O7§)) < CRd/P*d/Q Z Z ijeri||vj+iﬁ||L2(B(xo,R))

i=ws j=0
= CRUPI2 Y LRIl 2 300,y

Jj=w2

Then by the induction argument in theorem 3.13 we obtain the following bound
Hﬁ”ym’p(B(xo,g)) S ORd/p_d/Q_QmHﬁ||L2(B(x07R))-

Next let s = £, and since 2 < p, by Holder’s inequality notice that
p—2
1| 2(B(x0,R)) < C’de/QSHﬁHLp(B(xO’R)). This gives us the bound

1y o (a2 < CRYP= 22042 ] Ly, m)) = C R[] o2, - =

Despite not being able to fully normalize & with an appropriate polynomial, we are
able to take advantage of the fact that we're able to normalize the lower order derivative
parts where the derivative is sufficiently low. We have shown via Sobolev embedding where
the resulting derivatives lie, and used properties of functions in those spaces along with

properties of our Y™ space, to obtain the bound in 5.5.

6 The Fundamental Solution

Here we will construct the fundamental solution as the kernel of the Newton potential from
section 4. We first study the fundamental solution in the case that L is high enough order,

then extend our results to the case that L is of lower order.
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6.1 THE FUNDAMENTAL SOLUTION FOR OPERATORS OF HIGH-ORDER

We now turn our attention to constructing the fundamental solution in the case that L is
of sufficiently high order 2m > d. In this case, by Morrey’s inequality (lemma 3.4) any
element of Y™?(RY) is continuous. Similar to [4] where we wish to extend these results to
an operator of arbitrarily higher order, we need to treat this case with some care. Later on
in section 6.2 we will extend these results to operators of low order where 2m < d.

Recall that if F € Fy(R%) the Newton potential of F is an element of Y"2?(R%), and as
such is defined up to adding polynomials of order m — g. We must choose a normalization
so that the Newton potential is well-defined for any z in R?. Choose distinct points
hi,ha, ..., hy € R% in B(0,1) (so |hs| <1 for all 1 <i < q) where ¢ is the number of
multiindicies 7 so that |y| <m — £. If the points {h;}{_, are chosen appropriately (see [14]

for a survey on polynomial interpolation in several variables) then for any numbers a; there

is a unique polynomial P(x) = Z pya” of degree at most m — ¢ such that P(h;) = a;

ly|<m—4

for 1 <1 < p. Also there is some constant H < co depending only on h; such that
Ipy| < H sup; |aj].
Now choose some point 2y € R? and r > 0 and fix a normalization

(44) 1% = 1% with the condition that ﬁfo,,«F(Zo +rh;) =0forall 1 <i<gq.

20,7

Our goal is to now use duality to construct the fundamental solution as the kernel of some
operator on F»(R?). With this normalization, we now have that I1Z  F(z) is well-defined
for any z € R%. Let S, = ﬁfo,,F(x) so that S, ¥ is a well-defined linear operator on

Y™2(R%). We must now establish boundedness of S, F.

Lemma 6.1. Let r > 0 and 2o € R%. Let © € Y™*(RY) and normalize i such that
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(20 +71hi) =0 for all1 <i < q. Then if v € R? and R =r + |x — 2|, we have the bound

. R wa—1 4,
|u<x>|sc( ) B4 ]y magon ).

s
Proof. Recall that since 2m > d and V™ € L*(R?) (this comes from the fact that

@ € Y™%(R?)) we may apply Morrey’s inequality (lemma 3.4) so we have that @ is

continuous and we also have the bound

m 1/2
i) <c|S R ][ vig?2| .
()| (Z <zo,2R>‘ |

i=0 B

Let P(z) be a polynomial of order at most wy — 1 < m — %l so that

][ J"P(x)dx = ][ u(z)dx
B(20,2R) B(20,2R)

for all |[y| < m — 4. Then we have the following bound

wo—1

wo—1
()] < 0( RQ"][ Vi — V' P> + RQi][ IViP|?
; B(20,2R) ; B(20,2R)

+iR2i][

i=wo B(Z072R)

1/2
\v%zy?) "

Since the degree of P is at most m — g, we may apply the Poincaré inequality in the first

sum so that

R”][ Vi — V'P]? < R ][ Va2,
B(20,2R) B(20,2R)

We can then improve this using Holder’s inequality with

1/2 u 1/204
Rv2 (f |Vw2’l_[|2> S C«de2—m (/ |szﬁ|2w2)
B(20,2R) B(20,2R)

—4 _d, 5
S Cdez 2wy ||u\ Y™2(B(20,2R)) — CRm 2 ||uHYm,2(B(ZO’2R))
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Where we have used that 2 % — =2 50 then wy — 2i =m—3 Applylng this bound
w2 w2

we have then that

(45) [i(x)] < CR™ % |[]lym(p(eo 2m)

wo—1
<C Z RZZ][ VPP + Z RZZ][

(20,2R) i=ws B(z0,2R)

1/2
|viﬁy2) "

Next we can bound the last sum in (45). We have by Hélder’s inequality, and the
definition of the norm on Y™?(B(2,2R)),

m 1
R ][ Via 2) < R’( ][ AVAT
Z ( B(z0,2R) | | Z B(z0,2R) |

1/2;
2i>

1=w2 1=w2
m —d 1/21
< Z R'R </ |V 2i> < B(20,2R))
1=w2 B(z0,2R) i=ws
_d
S CR™ 2 ||u||Ym’2(B(Z(),2R))‘
. d .
Where we have used that QL = ; T2 — RiT3tm—i — B3 We can now

improve the estimate in (45) to obtain the following bound on |i(z)].

w2—1 . 1/2
(40 Ja@)] < CR™Edlynaoan) (CZR% ][ VzPF) |

B(z0,2R)

We now bound the sum in (47) in terms of @. By Morrey’s inequality, and the bound

provided by the Poincaré inequality, if 1 <7 < ¢ then

— m_i wo —
|P(20 + rhi)| = |P(20 + 1hi) — (20 + 1hi)| < CR™ 2{|[V*24| 205 g0 2R))

< CRm_EHUHsz B(20,2R))"

Let P(z) = Q((x — 29)/r) so that Q(h;) = P(zy + rh;) and Q(z) = Z ¢,2” for some g,

[y|<w2—1
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where |¢,| < CR™ 2 ||u||ym 2(B(z0,2R))- Now we have the following for P

O P(z) = Z r~Mg, ® 1'5)! (z — 29)77°.

v=>6

If x € B(zp,2R) then
(48) VP| < C(R/r)** 'R sup |, | < C(R/r)** ' R™ 72 [illlym2se0. 2y
gl

Combining (47) and (48) we have our result. O

We can now apply a duality argument to the operator ng, but before we do so, we
will need one more technical lemma to identify vector fields that arise as m'® order
gradients. The following lemma is from [4, Lemma 41] which generalizes the classical result

that irrotational vector fields may be written as gradients.

Lemma 6.2. Let (fo)jaj=m be a set of functions in Ly, (), where Q is a simply connected
domain. Suppose that whenever o + €, = [+ €,, we have that (Opp, fa)a = (O, fa)a (in
the sense of L*(Q)) for all smooth and compactly supported functions ¢ on ). Then there

is some function f € W} Y(Q) such that f., = d*f for all o.

We can now apply lemma 6.1 to S.F to obtain the following theorem. In theorem 6.4

we will extend theorem 6.3 to operators of order 2m < d.

Theorem 6.3. Let L be an operator of order 2m > d whose coefficients satisfy the
ellipticity conditions (9) and (10). Then for each zy € R? and r > 0 there exist functions
EJLk w0 (T, y) with the following properties. For every x € R, and F € F2(RY), we have that

(OFEE, o (. Vewsislem € (Fo(RY)* and for all 1< j < N

(49 M@= Y [ e e

k=1 wya<|B|<m
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When we < |y| < m, and F e Fo(RY) has compact support, and for each i with wy < i < m

satisfies F; € L¥ (R?) for some q; > d/((m —i)+ (m—|y])), ¢ > 1, we have for a.e. x € R?

loc

(50) QVHLF Z Z / 8785E (2, y)Frp(y)dy.
k=1 wy<|B]<m
When |y| = m equation (50) is still true for ¥ € Fy(R%) when additionally x ¢ supp(F)
and supp(F) C R%.
Also for any fixed 7 and k with 1 < k < N and 1 < j < N, and multiindices ¢ and &

with we < |C] < m and wy < €] < m we have the following symmetry property

(51) acasEij 20, r( ) a&aCElgj 20, r( ZE)

For these indices we also have that 0485EL

ik 20, (z,y) doesn’t depend on zy and .

We also have that for fized g, yo € R? so that |vo — 20| = |yo — 20| = |0 — yo| = 87, and

for 0 <i<m and 0 <l <m we have the bound

52 [ OB ey < O
B(zo,r) / B(yo,r

In the case that both i > wy and | > ws, then for any p > 0 and points xo,y, € R with

|zo — yo| = 8p we have the bound

(53) / / (VAT B o) i < O
Z0o,p Yo,p

Proof. By lemma 6.1 with u(z) = ng, and along with the fact that I~ is bounded on

Fo(R?) we have for R = |x — 2| + 1,

. R\ .
5.8 < OR™ (F) T [l
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Now there is some array E¥ € (Fo(R?))* such that

—

N
([ B0 = 8, =3 2 [ Blsaslen) Py

k=1 w<[B|<m

Also we have the following bound

R

wo—1
e d
(54) 1B ey < CRME ()

Note that by the duality of LP spaces for p in the range 1 < p < oo we have that
G € (F(R%))* if and only if Gy € L2 (R?) for all § with w, < || < m. Now we wish to

show that there is some function Eij o

(x,y) such that E]{’kﬁgw(x,y) = 85EJ»L’,€’ZO7T(:1:,y).
Suppose that |a| = |8] = ws, a + €, = B+ &, and ¢, ¥ € C>°(R?) are smooth functions

. . . .. . =39
with compact support. Fix j and k. Then by the definition of the Newton potential IT;; .

we have

N
Z Z /Rd aC\I/lAlé;ast:ZOm(ab(pég,k) = /}Rd 8B\I/kabg0

il=1|¢|<m
|€|<m

and again by the definition of the Newton Potential

N
SN [ Fwmatont, o) = [ oo
R4 R4

il=1¢|<m
gl<m

Then using integration by parts we have that

0B\I/k.8b<p = / —856b‘11kg0 and 8a\11kaagp = —8a@a\11kgo.
R4 R4 R4

R4

Since a + €, = B + €, both sets of the above equations are equal. So with the bilinear form

B as in (32), we have shown B(U,TIL  (9,¢¢ar)) = B(V, ﬁﬁoyr(abgoég,k)). By the coercivity

Z0,T

of B, we have IIZ

L (Oaplar); =1L (Dppépi); as Y™ functions, and by our normalization
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(44) they are equal pointwise. Combined with the definitions of E]Lk B.zgr a0 ET we

],k,Ol,ZO T

have

/]Rd E]{/k,ﬁ,zo,rabwdy = Hg@,r(abgpéﬂ,k)(x)j = Hgo,r(aawéa,k)(x)j = /]Rd Ef;k,a,zo,r<x7 y)@agpdy

for all a,b, a, f with |o| = |B] and o + €, =  + €,. Thus we can apply lemma 6.2 so there
is some EFy _(x,y) such that EYy | (x,y) = 03EL, . (x,y) for all || = ws.
We now consider the case of wy < |a] < m. Let v < a so that |y| = we. It suffices to

show that EF

_ Qo= 1. : .
ez (T Y) = 0V Ej ko 2o r(xy) 0 the weak sense. That is we need to show

(59) | Bty = [ (Do (e
R R

for all ¢ € C5°(RY). We begin with the left-hand side of (55). By the definition of
EL

kzor W have

/R ) CE oo r (@ y)dy =TI (o) (x);.

By the definition of the Newton potential we have that if ¥ € Y™?(R%) then

N
> / O W AL O T (péa) = / Wy,
R4 R4

il=1|¢|<m
[€|<m

For the right-hand side of (55) we have

/d(_l)a_waa_vngﬁk,'y,zo,rﬁr? y>dy - Hﬁg,r((_1)|a_’y‘aa_’ygoé%k>(x)j‘
R

Now by the definition of the Newton potential for ﬁfoyr((—1)'0‘_7|8a_7g0é%k) and integration
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by parts,

N
D B B R A
Q=1 Rd R4

13

<m
<m

= 8()4\1]%0'
R4

Thus TiE | (0éar) = TE ((=1)e19 706, 1) as Y™2(RY) functions. By our normalization

20,T 20,7

of ﬁfO,rF(Zo + rh;) = 0 they are equal pointwise as well. This establishes equation (55).

Thus there exists a function E* for any S with

j,k,ZO,T’

L = 98 EL
such that £y 5. . = 0 E;

Jk,zo0,7
wy < |B] < m, and we have established equation (49).

d

Notice that EjL’k’ZO’T(:);, y) is defined up to adding polynomials in y of degree m — §.

Similar to earlier we can fix a normalization so that EZL0 ,

(z, 29 +rh;) = 0 for all z € R? and
1 <14 < gq. Also since ﬁwa(zo + rh;) = 0, by the discussion preceding lemma 6.1 we see

that OJ EL (20 + rhi,y) = 0 for all m — ¢ <|B] <mand 0 < i < g. Thus we have that

20,7

EL (2 +rhi,y) is a polynomial in y of order w, — 1 and since it is zero for y = 2o 4 rh; we

also have EX (29 + rhy,y) = 0 for all y € R? and 0 < i < ¢. We can also apply lemma 6.1

Z0,T

and the equation (54) to obtain the bound

. B N e RPN A
(56)  |EE ()] < Crrmt(14 1+ .

r T

Now we will begin our proof of equations (51) and (52). Let n be a nonnegative, smooth
cutoff function so that fB(O,l) n =1, and n = 0 outside of B(0,1). We will use a standard
mollifier argument (see [12, Appendix C.5]) to prove the symmetry property of EzLo,r(fl% Y).

Let € > 0 be a real number, and denote 7. = ¢ %(%). Let %, denote convolution in the z

variable, and *, convolution in the y variable. Let €,0 > 0 be real numbers, (,§ be
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multiindices, so that ws < |(] < m, and wy < €] < m, and lastly let

(57) EjL,k,C,E,é,e(x7 y) = 85%(% *z EjL,k',zo,r Ky 1) (T, ).

Notice that for each ¢ and &, we have Efy . 5 (2,y) = ((05) %2 ETy ¢ o0 ¥y 1) (T, Y)-
Choose some F € F»(R?). Notice that since F € F,(R%) we have Fy¢ € (L% (R%))*.
Multiply EjL,k,C,E,é,e(g;’ y) by Fr¢(y) and integrate over R%. Notice then by equations (49)

and (57), when |£| > wy we have

58) /]Rd Eﬁk,(,g,&,e(‘ra ) Fre(y)dy = (015) *x /Rd 3§E]L’k’zw(x, Y)(Ne *y Fre)(y)dy
58

= Ns * 8CHJL<77€ *y Fék7§).

By the definition of ITZ, we have that F — 15 %, OIIE (ne *y Fépe)(x) is bounded
F2(R?) — C, in this case with that bound also depending on d. Thus EJ, . . 5. is the kernel
of this operator and if |(| > ws and |£| > wy, it does not depend on the previous

normalization in zy and r. We can also apply lemma 4.2 to obtain

(59) EjL,k,g,g,a,e(xa y) = Eif,*‘,g,c,e,a(ya ).

Next we will prove a similar symmetry property for E* (z,y) and use that to prove

Jik,z0,m

equation (52). First, let ¢ have |[(| = wy so that from equation (59) and (57) we have

agEjL,k,O,ﬁ,é,e(xa y) = 8§E,§},5,0,675(y, x).

Again this is by the construction of E¥

])k)ZOJ' 55650,

B c0.e5(y, ) differ by a polynomial in x of degree wy — 1. Also by the definition of 2, r
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and h;, for 1 <1 < g,

Ejyoese(zo+rhiy) =0= B e0.06, 20+ hi)

which implies

EjL,k,o,g,zs,e(xv y) = Eif,},g,o,e,a(ya ).

Now let ¢ be a multiindex with || = ws, and then by a similar argument to above we obtain

EjL,k,o,o,a,e(ma y) = EkL,;',O,O,e,(S(y’ ).

Recall that E” is continuous, and so as we take limits as § — 0 and € — 0 and obtain

(60) Eﬁk,zo,r<x>y) Elf] 20, r(yvx)'

We can now use equation (60), theorem 3.13, and equation (56) to bound derivatives of

Ely e i L2(RY) to prove equation (52). Let ¢ € Y™2(R%), and recall by equation (37)
that ¢;(z) Z Z AF aﬁcpkéi’a)(x). Combined with our equation (49) we have
1,k=1|8|<m
la|<m

N
(61) SEES DD Dl T W) 3 pp sy

I=1 |¢|<m

as Y™2(R?) functions. Furthermore if ¢ is normalized by the condition @(zy + rh;) = 0 for
1 <1 < q then (61) is true pointwise for all . So then for the function @(y) defined by
ur(y) = By ., (2, y) we have that L@ = 0 in R?\ {z} \ B(z, 7). Now choose some points

xo and yg so that |xg — yo| = |yo — 20| = |70 — 20| = 8. By theorem 3.13 and the definition
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of EjL,k,c,g,a,e(fE, y) we have

/;( ) |EjL7k7C,£,5,e<xa y)|2dy - /B( ) |775 *y (ag(acne *z Ej{/k,zo,r)('ra y>>|2dy

Yo, Yo,T

(©2) </ e Bl )y Py
Y0,27

S OT_2|£‘ / |(a<7k *g Eﬁk,zg,r)(x7 y)|2dy
B(yo,4r)

Now once we bound the last part of (62) in terms of x, we will arrive at equation (52).

Now use theorem 3.13 again in x, along with (60) and (56) to get

(63)
/ / |Ef 1 ese (@, y)Pdyde < Cr—?F / / (0N %4 BTy o) (@,y) [Pdady
B(zo,r) ¥ B(yo,r) B(yo,4r) ¥ B(zo,r)
—or [ e G ) 0.0 Pdady
B(yo,4r)  B(zo,r)

<cre [ [ R () Pdudy
B(yo,4r) J B(xo,2r)

<crr [ [ gE ) Pdedy
B(yo,4r) J B(zo,4r)

< OpAm=21él-2c]

Thus we have that Ef, 5 (z,y) € L*(B(wo,7)) x L*(B(yo,7)) independent of § and e.
Taking the limits as 6 — 0 and € — 0 we obtain a weakly convergent subsequence. By the
definition of weak limit and weak derivative, the limit must be 9S95EL (x,y) which

provides us with equations (52) and (51). From equation (52) we see that we have a bound

on EL

k2o When we take derivatives in both z and y.

Recall that we have already established boundedness of - for 2 —6 < p<249Jin
lemma 4.4. Now in terms of equation (50), we must show that the integrand on the

right-hand side of equation (50) is in L(B(z9, R) x R?). Notice by splitting up the integral
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we have the following bound

(64)

N

/ ‘0735E (2, y)Fr sy ’dydm
(z0,R) /R4

OZ / / VHIVE B (2, y)] - | Fldydz
B(zo,R) Y B(z0,2R)

+czz/

n=1 i=ws

k=1 wa<|BI<

/ VDIV B (2,y)| - | F|dyda
(z0,R) ¥ B(z0,2"t1R)\B(z0,2"R)

We will write equation (64) as I + I1. First for I, we will bound

[ e e e dyds
B(Z’o,R) B(:C(),QR)

where s < d/2,t <d/2, ¢ <d/(d— (s+1t)) and ¢’ < 2. We cover B(zg, R) by cubes Q
and use a dyadic decomposition. We then let )y be a cube of sidelength 2R and
B(zg, R) C Q) so that

) [ e ey < [ [0y Et )| dyds
z0,R) z0,2R 0 J2Q0

Now let G, be a grid of dyadic subcubes of Qg of sidelength 2'7*R. If y € B(zg, R) let
Q.(y) be the cube that has y € Q. (y) € Gu. If Q € Goy1, let P(Q) be the dyadic parent of

the cube @, that is the unique cube with @) C P(Q) € G,. Then we have the following
[ [ veevp B el dyds
0 v 2Qo

(66) = /Q > / e ()|V?_SV?‘tEL(x,y)Iqldydx
0 a=0 a( a+1Y

= Z / / VsV B ()| dyda.

a=0 QGG +1 P(Q)\2Q
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By Holder’s inequality since ¢’ < 2, and by equation (53)

(67)
/ / VIV B (o, )| dyda
Q J2P(Q)\2Q

q/2
< cyQye ( | |v;"—8v;"‘tEL<x,y>|2dyda:)
Q J2P(Q)\2Q

< Cg(Q)d(2fq/)+sq'+tq/ )

Notice that there are 29 cubes in each G,, then by equations (66) and (67) we have

/ / VT B ()| dyda
0 v 2Qo

< CRd(z—q’)+q’(s+t) Z 2fad+a(d7tfs)q’.
a=0
By how we have chosen ¢/, we get —d + (d —t — s)¢’ < 0 and the above series converges and

gives us the bound

(69) / / |v;nisvlryn*tEL(x7 y)’qldydx S CR2d7q/(d7$*t).
B(zo,R) J B(20,2R)

For each i so wy <17 < m, let ¢; > 0 be such that i + ﬁ =1, then if

g >d/((m—1)+ (m—|vy])), then (¢;) < d/(d— (m —1) — (m — |v|)). From equations (64)
and (69), we have by Holder’s inequality since F; € L%(B(x,2R))

e /(@)
I1<C Z RY 4 1

1=wo

( de%qi)’<d7<mf|v|>f<mfz’)>) '

Fi|| Lo (B(wo,2R))

=C Z ”EHLqi(B(meR))Rd_d/Qi+2m—|7|_i < .

1=w2

Now for the second part of equation (64) we have to bound /1. Define A,,(x¢, R) to be the

annulus A, (xo, R) = B(z, 2" R) \ B(x,2"R) and notice that since F has compact
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support, there exists some M > 1 such that

(71) H:OZi/

n=1 i=ws B

: R>/A VIR )] Fdyds
%0, n{T0,

Fix i and n, we have for equation (71) by Hélder’s inequality

[ VM) Fldyds
B(zo,R) Y An(z0,R)
1/(2:) 1/2;
(72) < / ( / |F; @i)’) ( / VIV E (2, y) 2idy> dx
B(zo,R) An(x0,R) An(x0,R)

1/2;
| ( [ 1vaviE ey %dy) i
B(zo,R) An(x0,R)

Notice by the discussion preceeding equation (62) we have that the function

U(y) := 0 E*(z,y) is a solution to L*& = 0 in A,(zg, R). Then by the
Gagliardo-Nirenberg-Sobolev inequality, and the Caccioppoli inequality (theorem 3.13) we

have

i m—i ' ' 1/2
2¢) < C«ZRmfkfz (/ ’VkJ”Q_fP)
n(B(

z0,R)
1/2
<7 ([ )
R™ \J 7, (B(zo,R))

where Z;(B(SCQ, R)) is the enlarged annulus B(zg, 2" R) \ B(x, (3/4)2"R). Again recall

( / Vi
An ($0,R)

that ¥ is defined up to adding polynomials of degree at most wy — 1, so we may use the

Poincaré inequality to give us the bound

(74) ( / Vi
An(z0,R)

1

i 1/2
2¢> < Rmtw2 (/ ’vw26|2) )
An(B(=0,R))
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Now by combining equations (72) and (74) we have

/ / |Vhiv! VEM ()| - | Fy|dydx
(zo,R)

n(zo,R)
1/2
< RN Eill pew (a, (wo,m) /B( 0 ( /N(Blvz)YL”'EL(w,y)\zdy> dz.
xo, n Zo,

Next use Holder’s inequality, and the bound from equation (53) to get

/ / VEIVE B (2, y)] - |Fldyde
B(zo,R)

(zo,R)

1/2
< CR_m-‘rwz-i-dHF ||L(2) (An(z0,R)) (/ / VWQVMEL(I' y)| dydl’)
(zo,R)

moR)

1/2
< CRT™ N E Lo an wom) </X'(B( ) /B( |V|J|VZ2EL($’?J)|2d$dy>
xo

Io,Qn_lR)

< CRfm+w2+dHFiHL(2i)’ (2nR)2m7w27M

(An(z0,R))

= C2"Cm= =B RPN B Lo 4 w0,y

Now by combining equations (71) and (76) we have

(77) 1< 0222" DD R oo g,y < 00

n=1 i=wsy

Then by combining equations (70) and (77) we have that the integrand from the right-hand
side of equation (50) is in L(B(zo, R) x R?). Thus by Fubini’s theorem, we are able to
bring the derivative into equation (49) and get equation (50). This completes the proof. [J

6.2 THE FUNDAMENTAL SOLUTION FOR LOWER-ORDER OPERATORS

In this section we will extend the results of theorem 6.3 to operators of order 2m < d. We

will proceed as in [4], [5] and [6]. For an operator L of order 2m < d we will use the
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poly-Laplacian AM where M is chosen to be large enough so that AM LAM is an operator

of order high enough so that we are able to apply results from section 6.1.

Theorem 6.4. Let L be an operator of order 2m < d that satisfies the ellipticity conditions
(8) and (10). Let r > 0, and q and s be integers so that ¢ < d/2 and s < d/2. Then there
exists some array of functions E']Lk(av7 y) that satisfies the following properties. First we have

that EY,(z,y) satisfies the following symmetry property where || =m — s and |§| =m —q
(78) 005 B (w.y) = 0:0,E[(y, ).

x [?

loc

Furthermore we have the L? bound for all xo,yo € R with |zg — yo| = 8r

loc

(79) / / |V;”_SV21_qEﬁk(x, y)|? < Or?at?s,
B(zo,r Yo7

Next we have that when wy < || < m and F e F2(RY) has compact support, and for
each i with wy < i < m satisfies F; € LT (R?) for some q; > d/((m —1i)+ (m —|y])), ¢ > 1,

loc

we have for a.e. x € R?

(80) OIIEF (2 Z > / 008 EF, (x,y) Frs(y)dy.

k=1 wy<|B|<m
When |y| = m equation (80) is still true for ¥ € Fy(R%) when additionally x ¢ supp(F)
and supp(F) C R%.

Proof. We will begin by constructing an operator L of order high enough so that we can
apply theorem 6.3. Let M be large enough so that m = m + 2M > ¢ then define the
operator L by L = AMLAM in the weak sense, where AM = > lal=M M 5% is the

poly-Laplacian. That is for @ € Y™2(Q2) and ¢ € C=(Q) we have

(81) (B, Lid)o = (AM 3, LAMi)q
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in the sense of the L?(Q) inner product. Notice that L is a bounded elliptic operator of
order 2m > d and so by theorem 6.3 we have that a fundamental solution E]Zk(a:, y) exists,
and equations (49), (51), and (52) hold in terms of L and . Notice that since @ is
smooth, we may write AY@ =37 ) ac0°F where a are all constants depending on m

and (. Now write

(82) E]Lk(x ) Z Z acagagaiE] (T, )

[C1=2M |§|=2M
and we will show that E%,(z,y) is the fundamental solution for the operator L. Notice that
Ejzk (x,y) must satisfy the symmetry property (51) based on our choice of M. Observe that

by equation (51), for |(| =m — s and [{| = m — g,

8<3§EJLk( 8485 Z Z aaaﬁaaagE%k(x,y)

|a|=2M |B|=2M

=005 > Y apan0) 0B (y, x)

|B|=2M |a|=2M

and so (78) holds. Next notice that by equation (52)

Lo I i < © VMM B (1) Py
B(zo,r)

B(yo r B(zo,r) ¥ B(yo,r)

< Cr4mf2(mfs)72(qu)78M — C?“QquQs

which is equation (79). Let F € F,(R%) where p is in the range 2 — 6 < 2 < 2+ as in
lemma 4.4. Notice that F3 = 0 if |3| < wy. We now wish to relate the Newton potential

TIF, to the Newton potential HLF where F is constructed so that we may extend
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theorem 6.3. For each B where | B | < m, define

(83) Fig= Y ackj
l€l=2M

£<B

Notice that ﬁk,ﬁ =0 for ]3] < wy + 2M. Similarly to equation (58), multiply 8;765E£k(x, Y)

by F 3 and sum in § for 0 < |8| < m and define the operator t; by

(34) el / 5100 EL (2, y) Fis(y)dy.

k=1 |8|<m

Then by equations (82), (83) and (84)

N
ti(z) = ZZ Z Z / m+<aﬁ+fa<a£E (2, y) Fy pdy

k=118|<m |¢{|=2M [¢|=2M

(85) N o
= 2w D | GO () pdy
=221 k=1 B
By equation (49) we have
(36) tix) = Y a0y IEF(z) = ] AMIIEF (2).

I¢|=2M

Now in order to finish proving equation (80), we need to show that AM ﬁzf‘ = II'F. In
order to distinguish between the varying level of gradients, we will need to utilize the
notation from equation (38), again where the inner product is in terms of the L? inner
product. Choose @ € Y™2(R%), then there is some function ¢ € Y™2(R%) so that

@ = AM3. Then we have

(87) (V" AVHAMIEF)) g = (7, LAMEF)) g = (AVE, LAMEF))
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Recall that L = AMLAM , so then using the definition of the Newton potential we have

~ o~ =

(AME, LAMTER)) o = (Z, LOAEF)) o = (V7F, F) o

Recall from equation (83) we have that

. ~ ~ N ]
(VG B = S (05 Fyghea = > (0°Bk, acFy 5 )pa-

k=1 |5|<m k=15)<m [§|=2M
£<p

=
IN

Then by the definition of 5 and rearranging the sums, and definition of 5 we have

(V"G F)g Z > D (aed™ Gk, Fig)za

k=1 |B|<m |g|=2M

Z (0°AM By, Fy. g)pa
Bl<m

%
WE TMZ

Z (0%r, Fr. g)pe

|<m

e
Il

1|

=

== <%m _’, F>Rd.
Now combining equation (87) and equation (88) we are left with

(V"3 AV™ (AMTIEF))pa = (V73 F)pa

which by the uniqueness of the Newton potential gives us that AY TILF = EF and we

have established equation (80).
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