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Alfvén eigenmodes (AEs) destabilized by the neutral beam injection (NBI) in a Large

Helical Device (LHD) experiment are investigated with the multi-phase magnetohy-

drodynamic (MHD) hybrid simulation, which is a combination of the classical and

MHD hybrid simulations for fast ions. The fast ion distribution is simulated with

NBI, collisions, and losses in the equilibrium magnetic field in the classical simulation,

while the MHD hybrid simulation takes account of the interaction between fast ions

and an MHD fluid in addition to the classical dynamics. It is found in the multi-phase

hybrid simulation that the stored fast ion energy is saturated due to the interaction

with AEs at a lower level than that of the classical simulation. Two groups of AEs

with frequencies close to those observed in the experiment are destabilized alternately

at each hybrid simulation. Firstly destabilized are two toroidal Alfvén eigenmodes

whose frequency is close to the local minimum of the upper Alfvén continuous spec-

trum. Secondly destabilized is a global Alfvén eigenmode whose frequency is located

well inside the Alfvén continuous spectrum gap. In addition, two AEs whose fre-

quency is close to that of the ellipticity-induced Alfvén eigenmode are observed with

lower amplitude. When the hybrid simulation is run continuously, an interchange

mode grows more slowly than the AEs, but it becomes dominant in the long time

scale. The interchange mode oscillates with a constant amplitude and frequency

∼ 1kHz. The interchange mode reduces the stored fast ion energy to a lower level

than the AEs.

PACS numbers: 52.65.Kj, 52.65.Ww, 52.55.Pi, 52.35.Bj
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I. INTRODUCTION

Fast ions created by the neutral beam injection (NBI) and the ion-cyclotron-range-of-

frequency (ICRF) wave have the important function of heating the bulk plasma in magnetic

confinement fusion. In burning plasmas, alpha particles born from the deuterium and tritium

(D-T) reaction are expected to heat the plasma to maintain the high temperature that is

required for the D-T reaction. The fast ions can resonate with Alfvén eigenmodes (AEs)

in the collisional slowing-down process, and may destabilize and amplify the AEs. The fast

ion transport by the amplified AEs flattens the fast ion spatial profile and leads to fast

ion losses. The interaction between fast ions and AEs is an important research subject for

tokamak and stellarator/heliotron plasmas1–3.

Computer simulation is a powerful tool to investigate the interaction between fast ions

and AEs. The multi-phase MHD hybrid simulation, which is a combination of classical

simulation and the MHD hybrid simulation, has been developed to investigate the fast ion

distribution formation process with the interaction of the MHD instabilities in the colli-

sional time scale4. The multi-phase hybrid simulations were successfully validated with the

DIII-D experiment on the significantly flattened fast ion pressure profile and the electron

temperature fluctuations brought about by the AEs5. Alfvén eigenmodes have been studied

extensively not only in tokamak plasmas but also in stellarator/heliotron plasmas6–13. In this

work, we apply the multi-phase MHD hybrid simulation to the LHD experiment #476458

and compare the simulation results with the experiment. In the LHD experiment, recurrent

AE bursts were observed with two major peaks in the frequency spectrum at t ∼ 0.58s.

The first peak in the frequency spectrum appears at f = 50− 60kHz, and the second peak

appears alternately at f = 65 − 70kHz in the burst duration shorter than 1ms. The hole

and clump structures were found in the fast ion velocity space distribution with the Neutral

Particle Analyzer (NPA) on LHD8. The hole and clump structures are formed in the recur-

rent AE bursts. The fast ion radial transport over 10% of the minor radius was inferred by

comparing the slowing-down time between the hole and the clump.

The AEs observed at the LHD experiment were analyzed using the AE3D code14, and

even and odd toroidal Alfvén eigenmodes (TAEs) were found for the candidates for the

AEs at the bursts15. Reduced simulations, where the spatial profiles and the frequencies

of the AEs are given by the AE3D code and fixed in the simulations, demonstrate that
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the AE bursts take place recurrently with neutral beam injection (NBI) and collisions16,17.

The amplitude of the MHD velocity v and the magnetic fluctuation δB that is consistent

with the beam ion transport over 10% of the minor radius was investigated and found

to be of the order of v/vA ∼ δB/B ∼ 10−3, where vA and B are the Alfvén velocity and

magnetic field at the plasma center, respectively15,17. The AEs in the LHD plasma have been

recently analyzed with the gyrokinetic particle code GTC18. In this work, we investigate

the AEs in the experiment with the multi-phase hybrid MHD simulation, and also the fast

ion redistribution brought about by the AEs. In addition, we find that an interchange mode

becomes dominant with a constant amplitude and low frequency f ∼ 1kHz when we run the

MHD hybrid simulation continuously.

II. SIMULATION MODEL

A. MHD hybrid simulation model for energetic particles

We use the MEGA code19, in which the bulk plasma is described by the nonlinear MHD

equations and the energetic ions are simulated with the gyrokinetic particle-in-cell method.

Several hybrid simulation models have been constructed19–25 to study the evolution of Alfvén

eigenmodes destabilized by energetic particles. An extended MHD model given in Ref.26 has

been implemented together with the equilibrium toroidal flow in MEGA5,27. In this paper,

we use the standard MHD equations with the energetic ion effects:

∂ρ

∂t
= −∇ · (ρv) + νn△(ρ− ρeq), (1)

ρ
∂

∂t
v = −ρv · ∇v −∇p

+ (j− j′h)×B+
4

3
∇(νρ∇ · v)−∇× (νρω), (2)

∂p

∂t
= −∇ · (pv)− (γ − 1)p∇ · v

+ (γ − 1)
[
νρω2 +

4

3
νρ(∇ · v)2 + ηj · (j− jeq)

]
+ χ△(p− peq), (3)

∂B

∂t
= −∇× E, j =

1

µ0

∇×B, (4)

E = −v ×B+ η(j− jeq), (5)

ω = ∇× v (6)
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where µ0 is the vacuum magnetic permeability, γ = 5/3 is the adiabatic constant, ν, νn and

χ are artificial viscosity and diffusion coefficients chosen to maintain numerical stability. In

this work, the dissipation coefficients ν, νn, χ, and η/µ0 are assumed to be equal to each

other. The dissipation terms play a physical role to enhance the damping of AEs in the

MHD simulation that does not include kinetic damping such as radiative damping28 and

thermal ion Landau damping. In this paper, we use one value of the coefficients, 5 × 10−7

normalized by vAR0 where vA is the Alfvén velocity at the plasma center, and R0 is the major

radius at the geometrical center of the simulation domain. The subscript “eq” represents the

equilibrium variables. The MHD momentum equation [Eq. (2)] includes the energetic ion

contribution in the energetic ion current density j′h that consists of the contributions from

parallel velocity, magnetic curvature and gradient drifts, and magnetization current. The

E×B drift disappears in j′h due to the quasi-neutrality19. We see that the electromagnetic

field is given by the standard MHD description. This model is accurate under the condition

that the energetic ion density is much less than the bulk plasma density. The MHD equations

are solved using a fourth order (in both space and time) finite difference scheme.

The energetic ions are simulated using the full-f particle-in-cell (PIC) method, and a

guiding-center approximation29, where we employ the gyrokinetic approach to account for

finite Larmor radius (FLR) effects. The electromagnetic fluctuations are averaged over the

energetic ion gyro orbit for the energetic ion dynamics (gyro-phase averaging)30. However,

the gyro-phase averaging is turned off in the simulations presented in this paper. The

equations of motion for each computational particle are solved using a fourth-order Runge-

Kutta method. MEGA code participated in the code benchmark of the Energetic Particle

Physics Topical Group of the International Tokamak Physics Activity31. Good agreements

were found in the spatial profile, frequency, and growth rate of a TAE among the 7 codes

without the energetic ion FLR effects and among the 6 codes with the FLR effects. The

MHD part of the MEGA code is the same as the MIPS code, which gives good agreements

with the CAS3D code on the ballooning modes in LHD32,33.

B. Equilibrium, beam injection, collisions and losses

We try to simulate the LHD experiment #47645 at t = 0.58s. The equilibrium data is con-

structed with the HINT code34,35. The magnetic field at the plasma center isB0 = 0.62T, and
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FIG. 1. Radial profiles for (a) rotational transform, electron density, (b) electron temperature, and

drag rate (inverse of the slowing-down time).

the major radius is Raxis = 3.75m. Cylindrical coordinates (R,φ, z) are used for the HINT

equilibrium and the simulations. For the purpose of the data analysis, Boozer coordinates36

(r, ζ, ϑ) are constructed for the MHD equilibrium where r is the radial coordinate with r = 0

at the plasma center and r = a at the plasma edge, and ζ and ϑ are the toroidal and poloidal

angle, respectively. The profiles for rotational transform, electron density, electron temper-

ature, and drag rate (inverse of the slowing-down time of beam ions) are shown in Fig. 1.

We notice that the electron density has the hollow profile which increases from the center

to the edge. Both the bulk and beam ions are hydrogen.

In the LHD experiment, three tangential neutral beams were injected8. As the magnetic

field direction was reversed, two beams were co-going to the effective plasma current, and

one beam was counter-going. The three beams have injection energy 181keV, 160keV, and

169keV, respectively. The beam injection power was 4.5MW, 2.6MW, and 2.8MW, respec-
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tively. In this work, we assume that the injection power of each beam is equally 3.0MW.

We employ the beam deposition profile calculated with the HFREYA code37. For the total

beam injection power 9.0MW, the HFREYA code gives the beam deposition power 5.0MW.

The numbers of grid points are (128, 640, 128) for (R,φ, z) coordinates, respectively, and

the number of computational particles is 2.1×107. It was confirmed in a reduced simulation

of bursting evolution of five AEs with toroidal mode number n = 1−5 that 2 million particles

are sufficient for numerical convergence in burst interval, modulation depth of the stored

fast ion energy at each burst, and saturation level of the stored fast ion energy38. Good

convergence was also found with the similar number of particles per cell for the AEs and the

energetic particle redistributions in an ITER plasma39. The reason why the relatively small

number of particles works well may be that the phase space of energetic particles can be

efficiently covered by the computational particles when we apply PIC only to the energetic

particles and not to thermal particles. Another reason for the hybrid simulation with full

MHD is that the time step width is limited by the Courant condition for fast magnetosonic

wave. This may reduce the effective numerical noise for AEs because the energetic particle

distribution is computed more frequently.

Collisions of energetic ions with thermal electrons and ions40 are implemented in the

MEGA code. The slowing-down is included in the time integration of total particle velocity

v by (
dv

dt

)
slowing down

= −νs

(
v +

v3c
v2

)
, (7)

where νs is the drag rate (inverse of the slowing-down time), and vc is the critical velocity

above which the energetic ion collisions with electrons dominate the slowing-down process.

Pitch-angle scattering and energy diffusion are taken into account at the end of each time

step using a Monte Carlo procedure41, where a particle’s pitch λ and total velocity v is

altered according to the relations

λnew = λold(1− 2νd∆t)±
[
(1− λ2

old)2νd∆t
]1/2

, (8)

vnew = vold +
νs∆t

mhvold

[
Te −

1

2
Ti

(
vc
vold

)3
]
±
{
νs∆t

mh

[
Te + Ti

(
vc
vold

)3
]}1/2

, (9)

where νd is the pitch-angle scattering rate, mh is the energetic ion mass, ∆t is the time step

width, Te, Ti are respectively electron and ion temperature, and± denotes a randomly chosen

sign with equal probability for plus and minus. We performed a classical simulation using
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the MEGA code for the MHD equilibrium and the beam deposition profile, and compared

the fast ion distribution with that simulated with MORH code42. We found good agreements

for the velocity space distribution and the fast ion pressure profile between the two codes43.

C. Multi-phase simulation

We would like to investigate the energetic ion distribution formation process with beam

injection, collisions, losses, and transport due to the AEs. A complicating factor is that

the time scale of the classical processes without MHD perturbations is the slowing-down

time, which is roughly ∼ 100ms, and longer by four orders of magnitude than the typical

oscillation period of AEs ∼ 0.01ms. The time step width is limited by the Courant condition

for fast magnetosonic waves in the hybrid simulation. On the other hand, in the classical

simulation where the MHD part of the simulation is turned off, the time step width can

be taken to be greater by one order of magnitude than in the hybrid simulation. To deal

with this efficiently, a multi-phase simulation, where the classical simulation and the hybrid

simulation are run alternately, was constructed4. In the classical phase of the simulation,

the energetic ion distribution is built up with the beam injection and collisions. In the

subsequent hybrid phase, the built-up energetic ion distribution destabilizes AEs leading

to the relaxation of the distribution. We should note that the classical processes, beam

injection and collisions, take place also in the hybrid phase. We repeat this combination of

the classical and hybrid simulations until the stored energetic ion energy is saturated.

III. SIMULATION RESULTS

We performed multi-phase MHD hybrid simulations alternating classical phase for 4ms

and hybrid phase for 2ms until stored energetic ion energy is saturated. The time step

widths for the classical phase and the hybrid phase are 5ns and 1.7ns, respectively. The

time step width for the classical phase is relatively short compared with that in the tokamak

simulations, because the grid size in the toroidal direction is small for the simulations in the

LHD equilibrium which is twisted 10 times in toroidal direction. Computational particles are

injected at a constant rate over a beam injection period tinj = 100ms. In the LHD experiment

#47645, the AEs observed have toroidal mode number n = 1. We restrict the fast ion current
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FIG. 2. Time evolutions of (a) stored fast ion energy in classical and multi-phase MHD hybrid

simulations and (b) MHD kinetic energy in multi-phase MHD hybrid simulation.

FIG. 3. Frequency spectrum of radial MHD velocity fluctuation at r/a = 0.68 for 34ms ≤ t ≤ 36ms.

The mode number is m/n = 2/1.
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FIG. 4. Spatial profiles of radial MHD velocity fluctuation for 34ms ≤ t ≤ 36ms with toroidal

mode number n = 1 and frequency (a) f = 52kHz, (b) f = 72kHz, and (c) f = 78kHz. Solid

(dashed) lines show cos(mθ+nζ) [sin(mθ+nζ)] harmonics with poloidal mode number m labelled

in the figure.

density j′h in Eq. (2) to have only the modes of n = 1 family (n = 1, 9, 11, 19, 21, ...) to focus

on the n = 1 modes destabilized by fast ions.

A. GAE and TAEs

The time evolutions of stored fast ion energy and MHD kinetic energy are shown in Fig.

2. We see in Fig. 2(a) that the stored fast ion energy is saturated at lower levels in the
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FIG. 5. Alfvén continuous spectra for toroidal mode number (a) n = 1 (blue) and (b) n = 11 (red).

The frequency and spatial location of each AE with frequency f = 52, 72, 78, 94, 101kHz is shown

with horizontal line.

multi-phase MHD hybrid simulation. Figure 3 shows the frequency spectra of the radial

MHD velocity fluctuation at r/a = 0.68 for poloidal and toroidal mode number m/n = 2/1

for 34ms ≤ t ≤ 36ms. The dominant peaks are f = 52kHz, f = 72kHz, and f = 78kHz.

The spatial profile with each peak frequency is shown in Fig. 4. The frequency and the

location is shown for each mode with the Alfvén continuous spectra for the major toroidal

harmonic n = 1 and n = 11 in Fig. 5. The Alfvén continuous spectra was analyzed with

the STELLGAP code44. The mode with f = 52kHz whose spatial profile is shown in Fig.

4(a) has only one dominant poloidal harmonic m = 2. The frequency is located well inside

the spectrum gap, but is separated from the TAE gap for ι/2π = 2/3 at r/a = 0.64. This

mode can be classified as a global Alfvén eigenmode (GAE). The modes with f = 72kHz

and = 78kHz shown in Fig. 4(b) and (c) have two dominant poloidal harmonics m = 1 and

2. They are located around the TAE gap at r/a = 0.64. The frequencies are close to the

upper continuous spectrum, and the sign of the m = 1 harmonic is opposite to the m = 2

harmonic. These are the properties of odd TAE45. These modes are classified as TAEs.

The time evolutions of the radial MHD velocity fluctuations at r/a = 0.34 and 0.73

are shown in Fig. 6. The fluctuation at r/a = 0.34 belongs mainly to the GAE with

f = 52kHz, and the fluctuation at r/a = 0.73 is mainly the TAEs with f = 72kHz and

f = 78kHz. We see that the TAEs with f ∼ 75kHz at r/a = 0.73 grows earlier in Fig.
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FIG. 6. Time evolution of radial MHD velocity fluctuations with m/n = 2/1 at (a) r/a = 0.34 and

(b) r/a = 0.73 for 34ms ≤ t ≤ 34.5ms.

6(b), and the GAE with f = 52kHz at r/a = 0.34 appears later in 6(a). Such an alternate

appearance of two frequency ranges was observed in the LHD experiment #47645 [Fig.

9(d) of Ref.8]. In the experiment, the mode with f = 50 − 60kHz appears earlier, and the

mode with f = 65− 70kHz appears later. Two frequency ranges appear alternately in both

the simulation and the experiment, whereas the order of the appearance is different. The

maximum amplitude is vr/vA ∼ 2− 3× 10−3 for both the fluctuations, which is comparable

to those inferred for the fast ion transport suggested by the NPA measurement15,17. The

fast ion pressure profiles are compared between before and after the AE burst in Fig. 7. We

see that the fast ion profile is flattened and reduced at r/a ≤ 0.6.
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FIG. 7. Comparison of fast ion beta profiles at t = 34.0ms (dashed line) and 34.6ms (solid line).

B. Modes close to the EAE gap

In addition to the GAE and TAEs, modes with frequency∼ 100kHz close to the ellipticity-

induced gap are found. The frequency and location of the modes are shown in Fig. 5.

Figure 8 displays the spatial profiles. The mode with f = 94kHz shown in Fig. 8(a) has

two dominant poloidal harmonics m = 1 and 3. The coupling between poloidal harmonics

m and m+2 is the property of ellipticity-induced Alfvén eigenmode (EAE). However, since

the frequency is located below the upper continuous spectrum, this mode might be classified

as a GAE. The other mode with f = 101kHz shown in Fig. 8(b) also has two dominant

poloidal harmonics m = 1 and 3. This mode might be an EAE, although the frequency is

located slightly lower than the EAE gap in Fig. 5.

C. Continuous hybrid simulation

In our previous multi-phase MHD hybrid simulations for tokamak plasmas, we ran the

hybrid simulation continuously at the end of the simulation, and confirmed that the AE

amplitudes reach to steady levels or the AE bursts take place recurrently. For the simulation

presented in the preceding subsections, we have run the hybrid simulation continuously for

t ≥ 30ms. The time evolutions of stored fast ion energy and MHD kinetic energy are shown

in Fig. 9. We see in Fig. 9(a) that the stored fast ion energy decreases for t ≥ 30ms and

reaches to lower levels than in the multi-phase simulation shown in Fig 2(a). We do not see
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FIG. 8. Spatial profiles of radial MHD velocity fluctuations for 34ms ≤ t ≤ 36ms with toroidal

mode number n = 1 and frequency (a) f = 94kHz and (b) f = 101kHz. Solid (dashed) lines show

cos(mθ + nζ) [sin(mθ + nζ)] harmonics with poloidal mode number m labelled in the figure.

any burst in the MHD kinetic energy after the first increase at t = 30ms in Fig. 9(b). The

dominant mode for t ≥ 30ms is not the AEs discussed in the preceding subsections, and is

the interchange instability. The MHD equilibrium we employed for this work is unstable

for the interchange instability. Figure 10 shows the spatial profiles of radial MHD velocity

fluctuation and radial magnetic fluctuation of the interchange instability that is analyzed

with an MHD simulation where no fast ion is considered. The growth rate of the interchange

instability is 5.5 × 10−3vA/Raxis. The interchange mode grows more slowly than the AEs,

but becomes dominant in the continuous hybrid simulation.

Figure 11 shows the spatial profile of the radial magnetic fluctuation at t = 42ms and

the time evolution of the m/n = 1/1 harmonic at the peak location. We see that the mode

is oscillating with a constant amplitude and frequency ∼ 1kHz. Without fast ions, the fre-

quency of the interchange mode is 0. The significant reduction in stored fast ion energy after

t = 30ms shown in Fig. 9 is brought about by the interaction with the interchange mode.

The finite frequency and the reduction in stored fast ion energy indicate the interaction of
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FIG. 9. Time evolutions of (a) stored fast ion energy and (b) MHD kinetic energy for the multi-

phase MHD hybrid simulation where the hybrid simulation is continuously run after t = 30ms.

the interchange mode with fast ions.

IV. SUMMARY AND DISCUSSION

We investigated AEs destabilized by the NBI in an LHD experiment with the multi-phase

MHD hybrid simulation, which is a combination of the classical and MHD hybrid simula-

tions for fast ions. In the classical simulation, the fast ion distribution is simulated with

NBI, collisions, and losses in the equilibrium magnetic field. The MHD hybrid simulation

takes account of the interaction between fast ions and an MHD fluid in addition to the

classical dynamics. It was found in the multi-phase hybrid simulation that the stored fast

ion energy is saturated due to the interaction with AEs at a lower level than that of the

classical simulation. Two groups of AEs with frequencies close to those observed in the

experiment are destabilized alternately at each hybrid simulation. Firstly destabilized are
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FIG. 10. Spatial profiles of (a) radial MHD velocity fluctuation and (b) radial magnetic fluctuation

for the n = 1 interchange mode with poloidal mode number m labelled in the figure.

FIG. 11. (a) Spatial profile of radial magnetic fluctuation at t = 42ms and (b) time evolution of

m/n = 1/1 harmonic of radial magnetic fluctuation at the peak location.
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two TAEs whose frequency is close to the local minimum of the upper Alfvén continuous

spectrum. Secondly destabilized is a GAE whose frequency is located well inside the Alfvén

continuous spectrum gap. Such an alternate appearance of two frequency ranges was ob-

served in the LHD experiment #476458. Two frequency ranges appear alternately in both

the simulation and the experiment, whereas the order of the appearance is different. The

maximum amplitude is vr/vA ∼ 2 − 3 × 10−3 for both the fluctuations in the simulation,

which is also comparable to those inferred for the fast ion transport suggested by the NPA

measurement15,17. The fast ion pressure profile is flattened at r/a ≤ 0.6 at each AE burst.

In addition, two EAE-like modes were observed with lower amplitude. When the hybrid

simulation is run continuously, an interchange mode grows more slowly than the AEs, but it

becomes dominant in the long time scale. The interchange mode oscillates with a constant

amplitude and frequency ∼ 1kHz. The interchange mode reduces the stored fast ion energy

to a lower level than the AEs.

We would like to point out two interesting research subjects that are suggested by the

simulation results in this paper. The first subject is the GAE whose frequency is well inside

the Alfén continuous spectrum gap. The frequency of Aflvén eigenmodes is, in general, close

to an extremum of the continuous spectrum. It is interesting to note that the frequency of

the GAE is close to the extrema of the n = 11 continuous spectrum as is shown in Fig. 5.

Although the n = 11 harmonics of the GAE is negligibly small compared with the dominant

m/n = 2/1 harmonic, the GAE seems to avoid the continuum damping with the n = 11

harmonics. It would be important to investigate also the non-perturbative effect of energetic

particles on the properties of the GAE46,47. The second subject is the interaction between

energetic particles and interchange mode. Though the interchange mode is not observed in

the particular LHD experiment #47645, energetic-particle driven interchange modes have

been observed in LHD48. In the simulation result presented in this paper, the interchange

mode oscillates with a constant amplitude and frequency f ∼ 1kHz for a long time ∼ 9ms.

The interchange mode with the constant amplitude looks similar to the long lived modes

observed in tokamak plasmas49. The interaction between the energetic particles and the

interchange mode for both the linear and nonlinear regimes should be carefully examined in

the near future.
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13R. Jiménez-Gómez, A. Könies, E. Ascaśıbar, F. Castejón, T. Estrada, L. G. Eliseev, A. V.
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