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In order to predict and analyze turbulent transport in tokamaks, it is important to model transport
that arises from microinstabilities. For this task, quasilinear codes have been developed that seek
to calculate particle, angular momentum, and heat fluxes both quickly and accurately. In this
tutorial, we present a derivation of one such code known as QuaLiKiz, a quasilinear gyrokinetic
transport code. The goal of this derivation is to provide a self-contained and complete description
of the underlying physics and mathematics of QuaLiKiz from first principles. This work serves
both as a comprehensive overview of QuaLiKiz specifically as well as an illustration for deriving
quasilinear models in general.

1. Introduction

The development of tractable transport models is crucial to further the study and operation
of tokamaks. Accurately characterizing the particle, angular momentum, and heat transport in
the tokamak core requires the understanding of turbulence driven by microinstabilities, as these
instabilities drive much of the particle, momentum, and heat transport in the core. Integrated
modeling codes seek to predict and simulate tokamak discharges via the inclusion of various
different physics and sources, including from microinstabilities. Nonlinear simulations of the
kinetic equations are the most accurate way to compute the transport from microinstabilities. For
reference, the cost of such a nonlinear simulation is on the order of 10* CPUh to 10° CPUh at a
single radial point, while integrated modeling frameworks require thousands of flux calculations
for every second of a plasma discharge in a large tokamak device (Citrin ef al. 2017). Multi-
scale simulations that take into account the interplay of instabilities across wide ranges of time
scales are even more expensive (Waltz et al. 2007; Gorler & Jenko 2008; Howard et al. 2016).
Even linear kinetic simulations can prove to be intractable for integrated modeling if not reduced
enough. Thus, it is imperative to develop and refine kinetic models that are both accurate enough
to account for transport from microinstabilities and fast enough to be coupled to an integrated
modeling framework.

QualL.iKiz is a quasilinear gyrokinetic transport model originally based on the linear eigenvalue
code Kinezero. Pieces of the derivation have been published throughout the years including in
Bourdelle (2000), Bourdelle er al. (2002), and Bourdelle et al. (2007). The underlying principles
of the code regarding the variational and action-angle approaches can be traced to Garbet et al.
(1990), and upgrades to the physics including angular momentum transport (Cottier ez al. 2014)
and numerical improvements (Citrin et al. 2017) have been made since its original development.
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The goal of QuaLiKiz is to calculate the quasilinear transport that arise from microinstabilities.
The core principle is to linearize the kinetic equations and solve the dispersion relation to find the
complex frequencies for microinstabilities, namely the ion temperature gradient (ITG), electron
temperature gradient (ETG), and trapped electron mode (TEM) instabilities. Upon solving the
linear problem, we then incorporate nonlinear physics to compute particle, angular momentum,
and heat fluxes. We do so via a quasilinear approach by coupling the linear characteristics of
the problem together and using previously performed nonlinear kinetic simulations to saturate
the perturbed state. Thus, while the amplitudes of the modes are set by nonlinear physics, the
key transport features can be constructed from the linear regime. Quasilinear methods have been
shown to be valid in the tokamak core. Moreover, the quasilinear codes are much faster than fully
nonlinear kinetic codes. QuaLiKiz in particular can perform a full computation in ~ 1 CPUs per
wavenumber (Citrin et al. 2017).

As a gyrokinetic code, QuaLiKiz is well suited to model the core of tokamak devices which
are strongly magnetized. Gyrokinetics is a popular approach to investigate turbulent phenomena
in magnetized plasmas such as those of fusion devices (Brizard & Hahm 2007; Cary & Brizard
2009). Gyrokinetics is well suited in scenarios where the microscopic dynamics are subject to
the gyrokinetic ordering. Essentially, we apply gyrokinetics to situations where we can decouple
the fast gyromotion of the charged particle from the slow drift motion; this can be done when
the time scale of the gyromotion is significantly faster than all other time scales in the system
and when the gyroradius is smaller than almost all other length scales in the system. In such a
scenario, the magnetic moment is conserved, leading to a significant reduction in the complexity
of the dynamics (Stephens et al. 2017). Moreover, gyrokinetics incorporates an ordering where
the modes are anisotropic and flute-like, meaning that the characteristic parallel wavelength of
the mode is large but perpendicular wavelengths can be comparable to the gyroradius. Thus,
gyrokinetics is well suited for theoretical and quantitative investigations of magnetized plasma
microturbulence. As a result, gyrokinetics has been used and applied in a wide variety of systems
(Wan et al. 2005; Rogers et al. 2007; Wang et al. 2008; Pueschel et al. 2011, 2014; Howes et al.
2008, 2011; Told et al. 2015; Navarro et al. 2016; Told et al. 2016). Even beyond tokamaks,
progress is being made in simulating stellarator plasmas in gyrokinetic codes (Jenko & Kendl
2002; Xanthopoulos & Jenko 2007; Mynick et al. 2010; Nunami et al. 2010; Baumgaertel et al.
2011). QuaLiKiz in particular, however, assumes an axisymmetric geometry to simplify the
dynamics, meaning QuaLiKiz is only suitable for tokamaks and not stellarators.

Aside from the well established gyrokinetic approach, the key assumption behind QuaLiKiz is
the quasilinear approximation. In nonlinear simulations, turbulent fluctuations eventually saturate
due to coupling mechanisms between different modes. However, it has been found that the
nonlinear mode structure can resemble the underlying linear mode structure; in particular, the
cross phases between fluctuating quantities in nonlinear simulations are identical to that of linear
simulations (Dannert & Jenko 2005; Jenko et al. 2005). The key parameter that characterizes the
validity of the quasilinear approximation is the Kubo number, defined as the ratio between the
decorrelation time of the potential and the eddy turn-over time (Kubo 1963; Krommes 2002). If
the Kubo number is less than unity and the fluctuations are small compared to the equilibrium
quantities, then the quasilinear approximation is well justified. It has been found that both ETG
and ITG-TEM turbulence both generally exhibit Kubo numbers less than unity (Lin ef al. 2008;
Casati et al. 2009; Citrin et al. 2012). In such situations, one also finds that ratios of the particle
and heat fluxes calculated in the linear regime match those calculated in the nonlinear regime
and that the real part of the nonlinear mode frequency resembles that of the linear mode (Merz &
Jenko 2008; Gorler & Jenko 2008). This implies that the physics that drives anomalous transport
in the tokamak core can be well described by quasilinear theory (Bourdelle 2015). Moreover,
it has been found that when different instabilities are found in the linear regime, their interplay
can manifest in the nonlinear regime (Merz & Jenko 2010). We also note that while a less than
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unity Kubo number guarantees the validity of the quasilinear approximation, there exist parameter
regimes with a Kubo number close to unity where the quasilinear approximation remains valid
(Ottaviani 1992). Thus, a smaller than unity Kubo number is not a necessary condition.

That the linear mode structure is often retained in nonlinear mode structure motivates a
quasilinear approach where the equilibrium distribution function slowly evolves in comparison
to the time scale of the instability, essentially taking a mean field theory approach. Then, the
linear response is acquired and used to inform the first order nonlinear behavior of the system.
Quasilinear flux ratios are then calculated and each flux is appropriately saturated to the correct
magnitude using a nonlinear saturation rule informed by nonlinear physics. The approach allows
us to exploit the fact that the nonlinear state resembles the linear state to perform flux calculations
without needing to carry out a full nonlinear simulation (Citrin et al. 2012).

However, constructing a quasilinear code instead of a nonlinear code is alone not enough to
increase the speed of calculations. Rather, a litany of approximations and reductions are necessary.
Aside from other typical approximations for gyrokinetic tokamak codes (e.g. nonrelativistic
particles, quasineutrality), QuaLiKiz makes use of the following assumptions:

o Adiabatic invariance. By exploiting the adiabatic invariants of the system, we can formulate
the Vlasov equation with action-angle variables. This requires that the single-particle Hamiltonian
be slowly varying in time in comparison to the characteristic frequencies of motion. These
frequencies correspond to the cyclotron motion, the bounce-transit motion, and the toroidal drift
and precession.

o Shifted Maxwellian with low Mach number and the J f approximation. QuaLiKiz linearizes
the Vlasov equation by assuming a small perturbation from the shifted Maxwellian. Although we
include the effect of bulk plasma rotation, we operate in the limit that the Mach number associated
with the rotation is small.

o Electrostatic fluctuations. The code allows for electrostatic perturbations and an equilibrium
electric field. The absence of magnetic perturbations allows for the exclusive use of Poisson’s
equation while neglecting Ampere’s law, thus simplifying the linear problem. To simplify the
guiding center motion, we require that the equilibrium electrostatic potential is small compared
to the characteristic thermal energy.

o Trapped electron collisions. As an approximation, we utilize a Krook collision operator for
trapped electrons and neglect collisions entirely for passing electrons and all ions.

e Shifted circle geometry with small inverse aspect ratio. We take the geometry to be s — @
model (Connor et al. 1983) to calculate the magnetic drifts and perform integrals over the pitch
angle with ease. The s — @ model gives rise to a radial shift in the concentric flux surfaces called
the Shafranov shift. The effect of this shift is included when calculating the magnetic drifts,
but ignored when considering the bounce-transit motion. Thus, the treatment of guiding center
motion with respect to the geometry is inherently inconsistent. Moreover, the s — @ model is
ad-hoc and does not solve the Grad-Shafranov equation.

o Gaussian eigenfunctions. Instead of using a self-consistent eigenfunction for the electrostatic
modes, QuaLiKiz assumes the modes take the form of a Gaussian with radial extent. The shift
and width of the Gaussian are calculated in the high mode frequency limit as functions of the
mode frequency, and substituted back into the dispersion relation.

e Strong ballooning. The electrostatic modes are assumed to be heavily localized around their
rational flux surface. This allows for a Fourier link between the minor radius r and the poloidal
angle 6, thus simplifying the calculation. The localization also creates a separation of scales, thus
allowing integrals over the radial extent of the electrostatic modes to be more easily approximated.
The ballooning transformation allows us to instead cast the modes in terms of the poloidal angle;
with the strong ballooning approximation along with a Gaussian ansatz, we acquire a Gaussian
eigenfunction that varies with 6 over an infinite domain.

e Strongly passing and strongly trapped particles. Trapped and passing particles are considered
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to be respectively strongly trapped and strongly passing. For trapped particles, this greatly
simplifies the relation between the physical toroidal and poloidal angles and the action angles and
leads to a kinetic bounce average that is similar to the gyro-average. For passing particles, the
strongly passing assumption simplifies the integrals over the pitch angle due to the dominating
parallel velocity.

We note that not all approximations have been explicitly validated against higher-fidelity linear
gyrokinetic models on a case by case basis. Many of these approximations are performed for the
sake of analytic tractability. Of course, there are physical scenarios where the approximations are
well justified. For instance, it is known that the small Mach number approximation is justified for
rotationless or rotating but low Mach number tokamak plasmas (Citrin e al. 2017). Moreover,
the use of QuaLiKiz is restricted to scenarios where electrostatic microturbulence dominates the
driving of anomalous transport, such as in relevant tokamak core scenarios. For high-performance
regimes where electromagnetic (EM) stabilization of ITG instabilities has been identified as a
significant effect, an ad-hoc EM-stabilization model has been introduced (Casson et al. 2020).
We also restrict QuaLiKiz to parameter regimes without strong shaping; in particular, extreme
elongation or spherical tokamak geometries strongly break the s — @ model assumption. Global
effects and up-down asymmetries are not captured by QuaLiKiz, nor any mode that breaks the
even parity of the electrostatic eigenfunction. As QuaLiKiz is under active development, efforts
have been and are constantly made to relax assumptions and improve approximations as necessary.
For instance, the collision operator has recently been improved in light of discrepancies between
QuaLiKiz predictions and high collisionality TEM regimes (Stephens et al. 2021). Moreover,
verifying the strongly passing approximation is a subject of future work.

The goal of this work is to derive the analytic equations for QuaLiKiz step by step. Although
various overviews of the QuaLiKiz and Kinezero framework have already been published
(Bourdelle 2015; Bourdelle et al. 2016; Citrin et al. 2017), no combination of currently published
works derive the entirety of the model from first principles. We seek to fill this gap by offering
a comprehensive and complete formulation of QuaLiKiz. In particular, we focus this work on
the most complex and uncovered aspect of QuaLiKiz, the derivation and computation of the
linear dispersion relation. Detailed discussions of the nonlinear saturation rule can be found in
Citrin et al. (2012) and Citrin et al. (2017). Meanwhile, validation of QuaLiKiz against nonlinear
gyrokinetic simulations can be found in Cottier et al. (2014), Bourdelle et al. (2016), and Linder
(2016), while validation against experimental results can be found in Bourdelle (2015), Citrin
et al. (2017), Casson et al. (2020), and Marin et al. (2021).

This work will thus serve as a guide for improving upon QuaLiKiz and attaining physical
and mathematical intuition as to its key principles, approximations, and computational methods.
In addition, we also outline the new computational method used to numerically calculate 1-
dimensional and 2-dimensional integrals. Moreover, this sort of work serves as a tutorial for
those seeking to understand the fundamental considerations in the formulation of any quasilinear
tokamak code. While many codes offer comprehensive manuals and describe the key principles
at play, the process of creating such a code from scratch can often appear opaque and unintuitive.
Thus, this derivation also serves as a tutorial for those who seek to understand the physical,
mathematical, and computational aspects of quasilinear modeling in all their gory details.

The paper is organized as follows: Section 2 reviews the action-angle formalism and derives
explicit expressions for the action-angle variables from physical variables. In Section 3, we
linearize the Vlasov equation and expand the perturbed distribution function and electrostatic
potential using a Fourier series to derive the dispersion relation. To solve the dispersion relation,
we must integrate over all of phase space, resulting in a functional that depends on the complex
frequency of the mode. Section 4 examines the ballooning transform and its role in simplifying
the dispersion relation as well as the characteristics of the electrostatic perturbation. Sections 5 - 7
calculate the adiabatic, trapped, and passing parts of the functional, respectively, resulting in a
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reduced expression for the dispersion relation. Section 8 applies these results to the quasilinear
problem to derive expressions for the particle, toroidal angular momentum, and heat fluxes.
Section 9 connects the quasilinear results with nonlinear physics with the use of a saturation rule.
Section 10 explains the method of contour integration used in QuaLiKiz to find the eigenmodes
and the newly implemented numerical integration method based on the Genz and Malik algorithm
(Genz & Malik 1980). Finally, we summarize our work Section 11. We include Appendix A to
serve as a brief explanation of Fried and Conte integrals. In addition, we derive the magnetic
drift velocity in an s — a equilibrium in Appendix B and briefly discuss the inclusion of trapped
electron collisions in Appendix C. The derivation is performed in SI units, and we set the
Boltzmann constant kg = 1 such that our temperatures are in units of energy.

2. Action Angle Variables

We first restrict ourselves to the collisionless Vlasov equation. Since the inclusion of collisions
do not affect the fundamental approach, we examine them later in Appendix C. The Vlasov
equation is

af

ot
where f is the distribution function, H is the single particle Hamiltonian, and {-, -} denotes the
Poisson bracket. Using phase space coordinates, this can be written as

of . of . of

PP A PR P
where, for a single particle g is the position, p is the canonical momentum, and the time derivatives
are given by Hamilton’s equations of motion. For electromagnetic fields relevant to a tokamak,
the Hamiltonian of a single charged particle is non-trivial. Although this form of the Vlasov
equation and others like it offer an intuitive physical picture, these coordinates can make solving
the system quite cumbersome. QuaLiKiz instead employs an action-angle formalism to simplify
the perturbative analysis. Such a formalism in the context of tokamak physics was first elaborated
by Kaufman (1972) and expanded upon by Mahajan & Chen (1985). The core principle is to
define a canonical transformation,

+{f,H} =0, 2.1)

2.2)

(g.p) = (@, ), (2.3)

for which Hamilton’s equations of motion simplify in the new phase space (e, J). By restricting
ourselves to a canonical transformation, we preserve the form of Vlasov’s equation. The
coordinates @ and J respectively correspond to the action angles and adiabatic invariants of
our system. It is well known (Goldstein e al. 2001) that Hamilton’s equations of motion then
reduce to

oH _ -Jj=0, (2.4)
oa

0H

ﬁ =a = Q, (25)

where  are the constant angular frequencies associated with each adiabatic invariant and the
time derivatives are written in Newton’s dot notation. At first glance, it may seem that we
have simply shifted the difficulty of the problem to calculating this new canonical transformation
itself. The power of this method comes from analyzing the unperturbed system and then including
electromagnetic fluctuations in the Hamiltonian.

We define the Hamiltonian to be

H = Hy + 6h, (2.6)
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where the unperturbed Hamiltonian is simply
1
Ho= > (p* - eA}) + 0. 2.7)
2m
Here, m and e are respectively the mass and charge of the particle, Ay is the equilibrium

vector potential, and @ is the equilibrium electrostatic potential. Since QuaLiKiz operates in the
electrostatic limit, we therefore apply a perturbation ¢/ such that

Sh =eg, (2.8)

where ¢ is the electrostatic perturbation. We then define the action-angle coordinates in reference
to the unperturbed Hamiltonian,

0Hy
— =0, 29
S (2.9)
0Hy
— =Q. 2.10
oJ (10
Hamilton’s equations of motion then become
OH . 9¢
e _jze—2— 2.11
da J=e da’ @11)
0H 0¢
— —a=Q+e—. 2.12
a7 TG @12

We note that because the unperturbed Hamiltonian is a function of J and not e, all equilibrium
quantities are also only functions of J. Furthermore, any function of « is periodic with respect
to «; thus, the perturbed quantities in our system admit a Fourier series expansion. Moreover, it
can be shown that e, J are canonical coordinates even after introducing a perturbation (Mahajan
& Chen 1985). These features will simplify the derivation greatly.

The next task is to define the canonical transformation by specifying the action-angle variables
in terms of the position r and the velocity v of the particle. The three adiabatic invariants in
a tokamak correspond to the magnetic moment, the longitudinal invariant (also known as the
bounce-transit action), and the poloidal flux. They are defined as follows:

=" (2.13)
e
1 1
Jr= Ej{mpndl = g}g (mvy +eAy) dl, 2.14)
mvHRoB?p
J3=P¢=T—elﬁ. (215)

Here, u = W, /B is the magnetic moment, where W, = %mvi is the kinetic energy associated
with the velocity perpendicular to the magnetic field B. Meanwhile, v and A are the components
of the velocity and vector potential parallel to the magnetic field, respectively, with dI being the
signed differential length along the particle orbit. We also define ¢ to be minus the poloidal
magnetic flux normalized to 27, which is calculated by integrating the flux of the magnetic field
through a disk tangent to the flux surface everywhere:

T

lﬁz_i‘/B’dS- (2.16)
21 Js

The following subsections discuss each of the three adiabatic invariants and define their associated
action angles and angular frequencies. For the remainder of the derivation, we also use the spatial
coordinates r = (r, 6, ¢), where r is the minor radial position, 6 is the geometric poloidal angle,
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and g is the geometric toroidal angle. We use a right-handed coordinate system such that #x8 = @.
For further references characterizing the action angles @, we refer the reader to Garbet’s work in
Garbet (2001) and Garbet et al. (1990).

2.1. Magnetic Moment

In the presence of a magnetic field, charged particles gyrate about the field line at the cyclotron
frequency Q; = eB/m. With a strong enough magnetic field, the cylcotron frequency is much
larger than any other characteristic frequency in the plasma. Under such conditions, the magnetic
moment u is adiabatically conserved (Brizard & Hahm 2007; Stephens e al. 2017), and the
gyromotion can be decoupled from the guiding center motion:

r=rg+pcos(ay), (2.17)

6= 6c + L sin(ay), (2.18)
r

¢ =9G. (2.19)

where a1 is equivalent to the gyrophase, p is the gyroradius, and the subscript “G” refers to the
location of the particle’s guiding center. These guiding center variables obey the guiding center
equations of motion. Ordinarily, the exact invariant associated with the gyromotion depends on
the electrostatic potential. For QuaLiKiz, we assume that the electrostatic field is small compared
to the kinetic energy. Thus, we simply take J; to be the ordinary magnetic moment u = W, /B.

Later in the derivation, we will need to average various functions over the gyrophase a; by
integrating over a|. We therefore consider the general integral

da —ln a
g =/ o Le(r)e ma, (2.20)
-7

where n; is an integer. It will be shown that later that factors of e~ iMa1 arige from taking Fourier
expansions in terms of @;. We define the Fourier transform of g to be

g(k) = / Prg(r)er, 221

with the corresponding inverse Fourier transform

g(r )—/ o )3g( Je (2.22)

We use the Fourier transform to obtain

dal —ik-r—i / d“l / ~ —ik-p—i —ik-R
= k IK-r—1inj)a = k IK-p—In| @) L G.
8n, [” /(zﬂ)3g( )e . 238 g(k)e e

(2.23)
Here, we have decoupled the gyromotion from the guiding center motion via r = Rg + p. We
then write

k-p=kypcos(ay), (2.24)

klz)k—kﬁ’z,/k%+ké. (2.25)

Because the toroidal magnetic field is much stronger than the poloidal field, we neglect k, terms
when computing k, and approximate it as above. Note that according to our definition of the

where
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Fourier transform, &, and k¢ are operators in real space such that

k, > i—, (2.26)
or
i 0
k iy 2.27
0> 5a (2.27)
We may then integrate over a; independently, leading to
/n @e—ikipcos(m)—i"l ar _ (_i)nIJnl (klp), (228)
_x 2m
where J,, is the nth Bessel function of the first kind. Therefore, we finally have that
d3k AN ~ —ik-Rg N
&n = W(_l) I (k1p)g(k)e = (=)™ (Jn, (k1rp) - &) (RG)- (2.29)

As a shorthand, we treat the Bessel function in real space as a differential operator that acts on
g, after which we evaluate the resulting function at the guiding center. The Bessel function is
simply a scalar function in Fourier space instead of a differential operator. The case of n; = 0
corresponds to the well known gyro-average. After completing the gyro-average, all functions
are evaluated at the guiding center. Thus, we drop the subscript “G" for convenience and treat
all spatial variables as those corresponding to the guiding center. The adiabatic invariants J, and
J3 are explicitly calculated within the guiding center framework where we hold u constant and
ignore the cyclotron motion.

2.2. Longitudinal Invariant

To calculate J>, we consider the guiding center particle motion along a magnetic field line;
such a particle completes bounce-transit orbits with frequency €2,. This is the bounce frequency
for trapped particles and the transit frequency for passing particles. Here, we neglect excursions
from the field line due to various guiding center drifts by holding r constant. For an extended
treatment of bounce-transit motion, see Brizard (2011) and Stephens et al. (2020).

Assuming that the equilibrium electrostatic potential is small, the guiding center velocity

parallel to the magnetic field is
2
[vil = /= (E - uB), (2.30)

where E is the total kinetic energy of the particle. As an approximation, we take the typical
equilibrium magnetic field to be of the form

B=B,(r.0)¢+By(r.0)0 = B‘;(r)¢+3‘;(r)é), 2.31)

1
1+47r/Rgycos(8) (
where Ry is the major radius. This corresponds to the magnetic field in a circular-cross section
tokamak without any Shafranov shift. Defining the inverse aspect ratio € = r/R, we recognize
that this circular equilibrium is the small € limit of a more general axisymmetric equilibrium.
QuaLiKiz is thus well suited to machines where the aspect ratio of the device is ~ 3 or larger.
Devices which smaller aspect ratios such as spherical tokamaks, however, cannot be reliably
simulated in QuaLiKiz.

A particle is considered trapped if it reflects at a bounce angle 6;,, which requires

uB°(r)
E

Otherwise, the particle is considered passing since it will simply continue traveling along the

>1-e (2.32)
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magnetic field line without reflecting. We rewrite v to be

[or
v = ;e”\/zw/l — Ab(r,6). (2.33)

Here, ¢ = E/T where T is the temperature and € = +1 determines the sign of the parallel
velocity. We also define

_uB(r,6=0) vi
A= E ~v2b(r,6)’ 3%
_ B(r,0)
b(r,0) = —B(r, 0=0) (2.35)

It is clear then that A is a pitch angle parameter and determines whether the particle is trapped or
passing.
The bounce-transit frequency is defined as

2r
Q| = —, 2.36
Q| o (2.36)
where
do
‘E

‘We note that one full poloidal orbit for trapped particles includes both the forward motion, where
0 goes from —6), to 6y, and the backward motion, where 6 goes from 6, to —6;. For passing
particles, the poloidal orbit only includes one full pass where 6 goes from —x to m. The sign
of the transit frequency for passing particles is aligned with that of the parallel velocity and
is thus determined by €|, while the bounce frequency is always positive for trapped particles.
Assuming that B, > By, then b, the direction of the magnetic field, is approximately ¢. We
again emphasize that this approximation breaks down for devices such as spherical tokamaks.
Therefore, we write

v =v-b~¢(Ro+rcos() ~ gRob, (2.38)

where we have taken the toroidal field to lie mostly in the toroidal direction to make the above
approximation. Here, we have defined the safety factor

(=2 10
) =40 ~ RoBy

(2.39)

The safety factor describes how many times a magnetic field line wraps around toroidally per
poloidal turn. The magnitude of the bounce-transit frequency is then

2T —
0= /2L Y 5,0, (2.40)
m qRy
where we define
— 2
Qs(r, 1) = de—ﬂl' (2.41)
?§ \I1-Ab(r,0)

Note that for passing particles, we take the sign of the transit frequency to be the sign of the
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parallel velocity and multiply by € accordingly. We then calculate Q; in the small € limit to

ﬂ—\/E if 0 < « < 1 (trapped),

— 2V2K (k)

Q ~ (2.42)
_TKVE i < 4 < oo (passing)
V2K (k1) '

Here, K is the complete elliptic integral of the first kind and « is a trapped parameter defined such
that

A=1-2ek’. (2.43)

In the small € limit, 0 < « < 1 for trapped particles and 1 < k < oo for passing particles. We also
calculate the bounce-transit action to be

8maRoVE/mye (E (k) - (1 - K2) K(K)) if0 < « < 1 (trapped),

Jo ¢ (2.44)
4mqgRo\E [m~Je .
e (K )

+ ed, if 1 < k < oo (passing),

where E is the complete elliptic integral of the second kind and ®; is the toroidal flux normalized
by 27. The flux term is absent for trapped particles since the closed line integral of A is zero for
trapped orbits.

Calculating the angular variable @, requires the explicit equation of motion

d(lz _

dr

This is of course the definition of @, such that it is conjugate to the action variable J;. To find an
explicit expression for a; in terms of the poloidal angle 8, we make use of the chain rule,

Q. (2.45)

day day . day Vv

- Lp="=_"1 _Q,. 2.46

dr o do qRy ° (2.46)
We emphasize that Q, is not dependent on a; or 6. Thus, this differential equation can be

integrated using elliptic functions, leading to an expression of a» in terms of 6. We use the
convention that a; (6 = 0) = 0, leading to

0 RyQ o RoQ
@ = / dor 4002 / e’ 970%% . (2.47)
0 V2T [me VEVT - Ab

For trapped particles, we must keep in mind that € switches sign after the particle bounces. The
integral can then be simplified in the small € limit, leading to

< F (sin_l [«sin ()], K)

_ i <

5 ) if 0 < « < 1 (trapped),
F(3.«7")

K ()

a) X

(2.48)

if 1 < k < oo (passing),

where F is the incomplete elliptic integral of the first kind. Essentially, the integral takes the same
form as when calculating €, the primary difference being that we integrate up to arbitrary
rather than up to the bounce angle 6}, for trapped particles or up to r for passing particles.
Finally, let G (€], 6) be a quantity that varies over the bounce-transit orbit along the field line.
It is often of interest to time average G over the orbit; we define the bounce-transit average
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<G (6”, 9)> to be

G(4.9)
1 de ?g do Vi
(G (e1,0)) = 7 |de (e).0) = F——7—=. (2.49)
dt
For passing particles, the average is explicitly
EH 0) (fn, ) 2.50)
\/1 _ - \/
while for trapped particles the average is instead
fn, % G le0)+G(-€,0) 2.51)

\/1— —0p V1-2ab

Note that because the line integral must be closed, a sum over € must be performed for trapped
particles so that quantities such as v average to 0.

In this discussion so far, we have neglected any magnetic drifts and excursions from the field
line. We include such effects in the next section, as they characterize the third adiabatic invariant
— the poloidal flux.

2.3. Poloidal Flux

In an axisymmetric equilibrium, the canonical toroidal momentum, P, is conserved since no
external quantities depend explicitly on the toroidal angle ¢. From guiding center theory, we can
write the canonical toroidal momentum as

mV”RoB?O
#° B
This is an exact invariant of the system. We construct J3 such that it approximates P, provided
that the poloidal flux term dominates. For typical parameters in a tokamak plasma this is indeed
the case, since (P, +ey) /(ey) ~ VmT/(eBRy). Inputting JET-like parameters, T = 5 keV,
m = mp,B = 3T, Ry = 3 m, then W/(eBRO) ~ 1073, making this a very reasonable
approximation. We therefore write

— ey (2.52)

J3 = —ey. (2.53)
To calculate the poloidal flux, we utilize Stoke’s theorem; the surface integral of B simply becomes
a closed line integral of A to find

A 0)= —— B 0)(1 R 0))dr’ —f By (r)dr 2.54
0.0 = e [ Ba (1 Rocostonar = L2 sy
Thus, we obtain
1 2n r
J3 = —ey = ~5s / e(1+e€cos(0)A,dy = e/ RoBY(r)dr’. (2.55)
T Jo
We see then that J3 is purely a function of r such that
aJ B
s e (2.56)
dr q

We next calculate Q3, which is the toroidal precession frequency for trapped particles and
the toroidal rotation frequency for passing particles. Along the bounce-transit orbit, guiding
center drifts cause radial excursions from the magnetic field line. In addition, passing particles
wind around the magnetic field line toroidally due to the lack of any bounce point. To calculate
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this frequency, we need to first calculate deviations from the field line orbit, noting that radial
excursions from the field line are of the order of the gyroradius. To aid in the calculation, we
exploit the exact conservation of the canonical toroidal momentum:

_ mB?DR()V” _
Y=y+———0—— =y +y (2.57)
eB
Here, i corresponds to the reference magnetic flux surface defined to be
- P
v =-——2 (2.58)
e

and ¢ is the deviation from that flux surface. Recall that the field line orbit assumed that
g v
dt - qRo ’
where we hold 7 and thus ¢ fixed. Since the exact field line-following orbit breaks P, conservation,
we need to include deviations from the field line caused by conservation of P, along with guiding
center drifts in order to consistently expand the guiding center equation of motion with respect

to the gyroradius.
The guiding center equation of motion is

(2.59)

== (vib+vp)-vx, (2.60)

where x is any spatial coordinate and v p, are the guiding center drifts. We then expand the guiding
center equation of motion for variables ¢, 8, and ¢ and find that

d
YW vp- Yy, (2.61)

dt
ot (—V” ) Y1+ (vp - V)|, (2.62)
dy \qRy v : v ’

do Vi

dt ~ qRo
de ﬂdﬁ L4 (i de
dt qRy db dy \qRy do

We take the vp to be the the sum of the classical curvature, grad-B, and E-cross-B drifts:

)‘ Y1+ (vp-Vo)ly. (2.63)

b
o= (mv”k +uVB+ eVCD) (2.64)

where k is the curvature vector defined such that
Bxk:Vxl?-(B.Vxls)B. (2.65)

We can simplify the equation of motion in the toroidal direction by noting that

iﬂd_wwziﬂ_w @Vﬂw
dy \qRy a0 )"~ dy \ Ry 'y

d d@ d (de\ v d v d (2-66)
=S| i - 2L -2 v, ve),
de dt dlﬂ qRo do gqRy db
Where we used the equation of motion in the poloidal direction. Substituting this in and evaluating
de , we obtain
. d q Vi q q do
=—|— —+vp - Vo—-———vp - VO+ —— — (2.67
¢ d¢(1+ecos(0))l//lqR0 Yo Ve 1+ecos(0)vD 1+ ecos(0) dt 2.67)
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where we evaluate all radial coordinates at 7 such that
W (F) =y (2.68)
Finally, we take the bounce-transit average of ¢ and find that
Q3 = (¢) = (wa) + €q(F)Q = Qg + €q(F)L2. (2.69)

Here, € is O for trapped particles and 1 for passing particles, Q is the frequency purely due to the
guiding center drifts, and wy is associated with the instantaneous deviation from the magnetic
field line. The extra term for passing particles is due to the toroidal rotation from following the
field line in a complete poloidal turn. This parallel velocity dependent term is absent for trapped
particles since their average toroidal position does not change as a result of a complete field
line-following bounce. We approximate w, as

L gy
%7 v
The poloidal component of the magnetic drift dominates, thus we ignore the toroidal component.

Using the s — @ equilibrium, we calculate the guiding center drift in Appendix B. Thus, Q3 is
computed with a finite Shafranov shift. The poloidal component of the guiding center drift is

+vp-Vo—qvp - V. (2.70)

2
N m Vi .2 E,
vp - VO ~ “eBIRq (v + 7) (cos (0) — apy sin (9)) -5 2.71)
where E, is the radial electric field. We also define @, such that
Ro dP
2 0
=—qB——. 2.72
am =-q°B P ar (2.72)

Here, 8 = 2uoP/B?* with ug being the vacuum permeability. The E-cross-B drift can be separated
from the magnetic drifts, so that we obtain

VD,B

vp.p- VO~ — (cos (0) —apm sin? (9)) , (2.73)

where vp p characterizes the magnetic drifts and can be written as

2
m VI éT
= — + | = 2 — /lb N 274
"D:B = UBR, (V” 2 ) ¢BR; . ) (2.74)
where the magnetic shear is
d
s=14 (2.75)
q dr

We can therefore rewrite Q, as

d r eBRy

<(2 ~Ab) (cos(e) —auy sin2(9)) + % (1- /lb)> + <"r’;r > = a0l Fa(K) + wi,

(2.76)
where F = F;(k) is the bounce-transit averaged term, wgqo is characteristic of the magnetic
precession frequency and defined to be

qT

= — 2.77
reBRy’ @.77)

wdo

and wg corresponds to the E-cross-B velocity. We explicitly carry out the bounce-transit average
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by rewriting the Ab terms in terms of « and 6 and find that

1+ 2;((:)) +4s (K2 1+ E((';)))
-MTM(l—KZ—(1—2K2)EE?)) if 0 < « < 1 (trapped),
Fat=1 _ (2K2 - 1) +2K2Eii_11)) +4S’<2E§’:1))
_ “‘”TMKZ ((2;8 - 1) EE’::)) ~ 23 +2) if 1 < k < oo (passing).

(2.78)

Rather than calculating a3 explicitly, it suffices to write its generic integral form. We also

include the various oscillating quantities associated with the precession motion. In general, we
have

=g+, (2.79)
p=a3+ q(f)é + @, (2.80)
0 =€ +0. (2.81)

Here, ¢ represents the excursion from the reference flux surface  during the poloidal orbit.
Meanwhile, ¢ is the difference in toroidal precession between a circular geometry and a more
general equilibrium magnetic field. Later, we will use 7 instead of / with the understanding that
W () = . Meanwhile, § is associated with the oscillatory poloidal motion. We define these
quantities as

~ @ da),
¥ =/ o, W= (2.82)
2
e (1 de
0= / da2 (Q_zd_ - E) . (283)
R d"‘z dq dq
¢ = —w e—lpgz +vp Vg - a0 YV —qvp -VO-Qu. (2.84)
(2.85)

This guarantees that
d
;: = Qu+Eq. (2.86)

Note that in the above, g and dq/dy are evaluated at 7 and thus are time independent. Having
characterized action-angle coordinates, we can proceed to solving the Vlasov equation using these
coordinates.

3. The Vlasov Equation

To begin, we write the Vlasov equation in action-angle variables:

af _ af .c?f . Of
ar e T ge v W" G-I
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We remind ourselves that Hamilton’s equations of motion in these coordinates are

0H 6(15

J=- oa - ‘oa 3-2)
_OH _ 9¢
= Sy egg te 3.3)

We later generalize the above equation with a Krook-style operator to add collisions for trapped
electrons in Appendix C, but for now we work in the collisionless limit. The next step is to
linearize the system by assuming the distribution function is composed of an equilibrium part
fo = fo(J) and a perturbed part 6 f = d f (e, J,t). Dropping any quadratic perturbative terms,
we obtain

05 . 088 _ 06 0fs_

ot da  ‘da’ 0]

As stated earlier, any perturbative functions we consider must be periodic in the angular variables
«. Therefore, we utilize a discrete Fourier transform in 6 f and ¢:

5f = Z fa (D)t =), (3.5)

(3.4)

$= > dulDe M. (3.6)

To extract the physical quantity, we take the real part of the Fourier series. Here, n corresponds
to the mode number of the Fourier term and w is the complex frequency of oscillation. We
decompose the complex frequency as w = w, + iy, where w, is the real frequency and v is the
growth rate. Note that in QuaLiKiz, we only consider unstable modes with y > 0 and ignore stable
modes; although this does not change the fundamental approach, it does afford us some slight
computational simplicity since we do not have to search for solutions in the entire complex plane.
As an ansatz, we treat w = wy, to be dependent on n3 only, not n; and n,. To consistently solve
the dispersion relation, we will eventually need to sum over n; and n,. The individual Fourier
components can be calculated from the physical quantity via

d3a —in-a

fu= [ Ssoru= 0, G.7)
d’; —lnll’

bn= [ ot =0e (33)

where we integrate each angular variable from O to 2.
To proceed, we assume the equilibrium distribution is a shifted Maxwellian:

_ 32 my-U2\ [ m\32  [~Ho+e®+my U- 2"
o0 =g e (PO o (1) P [
(3.9)

Here, ny is the equilibrium number density, T is the temperature, and U is the equilibrium plasma
rotation velocity. In general, ng, T and U will vary with position and therefore depend on J. By
only considering toroidal rotation, we make the approximation

Uy ~ Uyb, (3.10)

which allows us to write
U* ~Uj, (3.11)
v-U=vUyj. (3.12)
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We also take into account gradients of the parallel rotation velocity. Due to the presence of
rotation, we also include the radial electric field as well as its gradient. We use the natural
frequency parameter for the electric field shear yg defined as

1 dE,

=— ) 1
YE=—p o (3.13)
This will allow us to Taylor expand the characteristic E-cross-B frequency such that
WE = a)EO+a);5x, (3.14)

where we expand about the radial distance x = 0 and J,wg = w% is related to the radial electric
shear.

Additionally, in QuaLiKiz we ignore terms that go as the square of fluctuating quantities. Since
we assume a small Mach number as well as a small derivative in the parallel velocity, we thus
assume that

(9V||

mU|| <K Wy (3.15)

This term is responsible for turbulent acceleration and arises from the presence of rotation in the
equilibrium distribution function. We expect this term to be negligible for non-impurities in the
low Mach number limit and will thus neglect it as an approximation (Garbet et al. 2013).

Substituting the above expressions as well as the Fourier series into the linearized Vlasov
equation, we isolate each term mode by mode due to completeness and orthogonality of the
Fourier series to find f;, in terms of ¢,. The result is

3
_ e¢nn'5_§) _ Joepun  (wi +wg — Q)

- ) 3.16
"ThnQ-w T n-Q-w ( )
where the diamagnetic frequency w. is
1 dny 3 U 10T 2(V||—UH) au
=T ——— -——-——(2 U)l ==+ ——————. 3.17
¢ ( 0o 0J (f 2 vz vy I TaJ " v aJ ©-17

where the thermal velocity is v = /2T /m and the frequency associated with the E-cross-B drift
is

e dd
= ——, 1
WEg TdJ (3.18)
We then rewrite the equation to be
edn W—N W,— N WE
=— 1- 1
Jo Th( w-n-Q % (3-19)

where it is now clear that there is an adiabatic part and a frequency dependent part of the equation.
The next step to solving the dispersion relation is to use Poisson’s equation,

V=S &l 3.20
¢ZO (3.20)

€

where the s subscript labels the particle species and €y is the vacuum permittivity. In the
earlier parts of the derivation, we had suppressed the subscript for various quantities (e.g.
m, T, ng, fo,0f,...); we include the subscript for the time being. The total number density n; is

m:/&ﬁ; (3.21)
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The perturbed electrostatic potential is calculated using the perturbed number density

Sng = / d*vé . (3.22)

We obtain the perturbed charge density by then multiplying the perturbed number density by the
charge of the species. To enforce quasineutrality, we take the sum of the total charge density to
be null and require that

Vo
where Ap is the Debye length. Because we are interested in length scales much longer than
the Debye length, the Laplacian term in Poisson’s equation is negligible. The quasineutrality

constraint then becomes
3 / Pesf, = 0. (3.24)
N

Since ¢ = ¢(r) is independent of velocity, if we multiply both sides of the above equation by ¢,
the complex conjugate of ¢, we can simply move it inside the integral. We then integrate over
space, resulting in

Ap < R (3.23)

> / dPrdves¢*sf, = 0. (3.25)

By multiplying by the electrostatic potential and integrating, we have recast the differential
equation via a weak formulation using the variational method(Samain 1970; Garbet et al. 1990;
Garbet 2001; Nguyen et al. 2008). Instead of solving for the exact function ¢ or ¢ f that satisfies
Poisson’s equation, we can simply approximate ¢ and ¢ f with a suitable function and focus on
the dispersion relation itself. Typically, when the Laplacian is kept, the differential equation is
put into the weak formulation by integrating the Laplacian term by parts; this technique is well
established in other fields such as finite element analysis (Johnson 1991).

We next substitute in the Fourier expansions and the expression relating ¢, and f,,. The result
is

2 *
Z Z / d3rd3"%fo,s (1 W n-W,—n-WE ) ei(n—n’)‘ae—i(w—(w’)*)t ~0. (3.26)
N

s n,n’ w-n-Q
To simplify this integral, we first perform the change of variables (r,v) — (r, p); the Jacobian
of this transformation is simply m;!. We then perform the change of variables (r, p) — (@, J);
the Jacobian of this particular transformation is 1 because this is guaranteed to be a canonical
transformation. We therefore obtain

2 *
e , -n-w,—n- N n il (Y
S5, [ s St (1 ) gt 2o, 020

s n,n

We note that the exponential terms are @ dependent. We then use orthogonality of the Fourier
series to find that

I e RS

S np,np

Because we developed the Fourier series such that w only depends on the mode number n3, we
can solve for each value of n3 individually while summing over n; and n,. While the summation
arising from this convention seems to make the problem more difficult at first glance, we shall
see later it allows for a variety of simplifications. Moreover, the integrand is now completely
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independent of @. As such, we integrate over the action angles again and transform back to
conventional variables, leading to

2

|

> /d%d%&fo,s(l—w_n'w*_n'wE):O. (3.29)

T. w—-—n-Q
S np,np

Even though the integrand is a function of only J, the parameters in the integrand are more
naturally expressed in terms of other coordinates such as the minor radius and the pitch angle
parameter. Thus, further coordinate transformations to simplify this expression are inevitable. As
such, they are most easily carried out when starting from the typical configuration space variables
(r,v).

For ease of notation, we split up the dispersion relation as follows:

Z ~£0,s - Lpassing,s - Ltrapped,s =0. (330)
s

Here, £ is the portion of the integral that is simply multiplied by 1, which we call the adiabatic
part. Lpassing 18 the portion of the integral that is frequency dependent and integrated over the
part of velocity space that encompasses passing particles, while Liappea consists of the trapped
particles instead.

To proceed with solving the dispersion relation, we must first calculate |¢,|°. This requires a
3-dimensional integral over d>a as shown in Eq. (3.8). Once that is done, we then proceed to
calculate the integral in the dispersion relation itself for the adiabatic part, trapped part, and passing
part separately. Although our expression appears to be a 6-dimensional integral, we can utilize a
number of symmetries, transformations, and approximations to simplify the form down to at most
2-dimensional integrals. Although integrals of higher dimension can be in principle calculated
numerically, the curse of dimensionality renders such integrals computationally expensive. Thus,
a reduction to two dimensions affords us a great deal of speed at the cost of some amount of
accuracy.

| 2

4. Ballooning Representation
Before integrating | ¢, > with respect to the action angles, we review key results regarding the
ballooning representation. Because ¢(r, 6, ¢) must be periodic in 6 and ¢, we may expand ¢ as

a Fourier series,

(r,0,9) = )" bmn(r = ro)e "), @.1)

Here, r¢ is the location of the resonant flux surface for each given m and n; in other words,
q(ro) = —m/n. We take these modes to be localized around the resonant flux surface. These
modes are often radially localized such that the distance between any two adjacent resonant
rational flux surfaces is much longer than the characteristic length scale of the plasma equilibrium.
If that condition holds, then all modes ¢,, , all have nearly identical radial envelopes where each
radial profile is centered on their corresponding reference flux surface (Connor ez al. 1979). These
flux surfaces are all rational flux surfaces since m and n are integers. Meanwhile, the general
ballooning representation of ¢ is

(r,0,¢) = > > $a(0+2pm, fg)e (¢4 O o2pm) 42)
4 n

where 6 is the ballooning angle and p denotes the various harmonics. Here, we have approximated
the potential by separating it into a quickly varying eikonal and a slowly varying envelope.This
representation ultimately comes from the fact that the instabilities in question are strongly
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anisotropic and flute-like where k|| > k. In absence of toroidal rotation, the ballooning angle
is typically taken to be zero since the most unstable modes are localized around 6, = 0. In the
presence of finite toroidal rotation and an equilibrium electrostatic potential, the ballooning angle
is shifted away from zero (Bourdelle et al. 2016). However, it is known that the shift due to rotation
is typically on the order of 107! in the tokamak core (Candy et al. 2004). Although up-down
asymmetries and global effects can lead to an effective nonzero ballooning angle not necessarily
close to zero, QuaLiKiz does not take into account global effects nor up-down asymmetries. For
the rest of the derivation, we therefore take the ballooning angle to be zero as an approximation.
This is equivalent to assuming that the envelope is radially independent. Moreover, if the profile
is heavily localized around 6 = 0, we can use the strong ballooning approximation and ignore all
harmonics except for p = 0, leading to

¢(}", 0, (’p) = Zén(g)ein(éo_q(")a). (43)

It is important to note that the decomposition in terms of ¢,, , describes how the same radial
profile is localized about adjacent flux surfaces. Meanwhile, the decomposition in terms of ¢,
describes how the linear eigenmode balloons along the field line. This can be seen more explicitly
if one considers that

B-Vy =0, (4.4)
B-V(p-q6) =0, 4.5)
B-V6 #0, (4.6)

indicating that with the above set of variables that € indicates the location on any given field
line. Because the magnetic curvature is unfavorable on the low field side of the tokamak when
one considers the interplay between the curvature vector and the pressure gradient for normal
tokamak profiles, we expect fluctuations to peak about 8 = 0. We can demonstrate a direct link
between ¢,,, , and ¢,, by calculating the Fourier components of ¢, leading to

/' / —¢ve¢km¢m“wWArrw=/ ﬂ%(mﬂﬂwmmﬁ (4.7)

We then make two approximations. First, we Taylor expand the term in the eikonal around the
reference flux surface,

r—ro r—ro X 7
= = = — -, 48
ng(r) + m=nqy+ y +m y d+d (4.8)
where go = q(ro), the radial difference between different rational flux surfaces is defined as,
1 dq
4.9
nd ~ dr rro 4.9)
and x is defined as
X =7—rp, (4.10)
where we ignore second derivatives of the safety factor. After doing so, we find that
do . (' 0)
bmatr=ro) = [ a0 @.11)
-7

Second, we invoke the strong ballooning approximation by treating ¢,, as heavily localized around
6 = 0; this allows us to integrate from —co to oo instead of from —z to z. The result is

do . H(V 0)
¢Ww—mz/ O gaiore @.12)
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Comparing it with our previous definition of the Fourier transform, we find that ¢,,(6) is simply
the Fourier transform of ¢, ,(r), with k, = 8/d. The transformation is given by

.0(r— rO)

én(0)=/m |d|¢>mn(r ro)e' = a . (4.13)

We are now in a position to integrate over the action angles to fully calculate ¢,,. The procedure
to integrate over «; has already been discussed in Section 2, with the relevant result being
Eq. (2.29). We therefore only need to discuss in detail the integrations over @, and a3 while
treating all variables within the guiding center framework. Trapped particle motion and passing
particle motion differ such that the two cases must be handled separately.

4.1. Trapped
For deeply trapped particles, the equations for the action variables simplify to
r=r+0dpcos(az), (4.14)
0 = 6 sin(az), (4.15)
¢ = a3z +q(F)bp sin(ay) + ¢. (4.16)

Here, we define the banana width ¢, as

a»
Ve
While more exact expressions for the bounce motion can be given using Jacobi elliptic functions,

we use the above equations for all trapped particles as an approximation. We first integrate over
ay, once again utilizing the Fourier transform,

day oy mimar day —ier—inyas
[ﬂ ¢(r)e [ /(2 )3¢(k)e . (4.18)

We then proceed in fashion similar to the gyro-average derivation in Section 2 by noting that
k-r=k-r+k,0pcos(ay). The result is

§p = 4.17)

3
[F 52 0meme = [ X oo dioe ™. (4.19)
- (27)3

In essence, we obtain a bounce average over the banana width (Depret ef al. 2000). We note that
this in particular is a rather crude approximation. The particularities of the bounce motion such as
the bounce angle and the radial excursion technically depend on the pitch angle of the particle; we
are in essence smearing this out by taking a representative trapped particle such that the banana
width is constant. The averaging procedure is also approximate as we only take into account the
radial deviation. As seen in Biglari & Chen (1986), we would normally obtain a # dependence in
the argument of the Bessel function; the &, term manifests as the Fourier link established earlier.
As a result, trapped particles have two Bessel operators acting on the potential corresponding to
the gyromotion and the banana orbit respectively.

We now proceed to the integration over a3, for now leaving the Bessel functions aside and
evaluating the position at r = 7. In doing so, we must be aware that for trapped particles 8 = 0;
that is, the variation of € only comes from the bounce orbit which we averaged over. We also
ignore ¢ for the same reason. Moreover, because we assume the modes to have an identical radial
envelope, we are free to keep only one of the poloidal harmonics as there is an effective decay in
the other poloidal harmonics. Making the strong assumption that the actual radial envelope can be
approximated in this way, we pick mg = —n3qo, as this forces any 8 dependence we approximately
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neglected in the eikonal to vanish. Thus, we obtain

-7

T da — —in g da‘ = i(naz—-ma =
/ G / S (P = r)e BT = G (P = r0). (420)
n -7

To compensate for choosing only one poloidal harmonic, when we later perform the integrals
required for the dispersion relation, we extend the radial limits of integration to —co < r < oo.
Essentially, because the mode structure corresponding to different flux surfaces does not change,
integrating over a finite domain while retaining the sum over all harmonics is equivalent to
taking one harmonic and integrating over an infinite domain (Garbet ef al. 1990). Aside from the
Bessel functions, nothing in the trapped part of the dispersion relation is dependent on 6 = k,.d.
Therefore, we are free to take the amplitude squared of the averaged potential to obtain

16> = [Ty (k)T (50K 1) - S| (F = 70) = [y (K 1.0) s S5k ) - g s (x), (421

where we evaluate the function at x = 7 — rg.

4.2. Passing

We now calculate ¢, for passing particles. Instead of utilizing the poloidal harmonics, it is
more useful to use the ballooning representation directly. Substituting in the expression for a3
and then integrating over @3 leads to

/n %qﬁ(r)e_m”” _ Z ‘/n @(Z;n(Q(QZ))ein(ftﬁsﬁ—Q(r)flz+(¢I(f)—fI(r))5)—1"1303. (4.22)
-7 T 7 - 2r

Here, 6 is taken to be a function of ;. It is crucial that we recognize not all the safety factors in
the eikonal are evaluated at the same point. We have both ¢(r) = g(7 + 7) and ¢(7). The term
q(r) — q(7) can be Taylor expanded about ry:

r—ro r—ro r—r

F
—q(F) = qo + - qo - = = — 4.23
q(r) =q(F) ~ qo+ ——= —qo— —— el (4.23)
Carrying out the integral then gives us
T d . R e (Gt (F) o G
/ (e = gy (0(az))e™ TP TmD, (424)
-7

We now multiply by e=2?2 and integrate with respect to a>. The eikonal can be simplified if we
only keep n, = my = —ngqq,

i (n395 —n3q(r)az - 29 - 7710012) =i (n395 - 302 - 2 (a2 + 5))) =i (n3¢ - gaz - 29(012)) ,
(4.25)
where we have used

r—ro r—ro
@) —moay = —

@ =-Lay - 2&2 (4.26)

—n3q(r)ay — moay = —n3qo@ — i y

and the expression @y = 6 — §. We then obtain

s N oo .
/ %(Igm(9(02))ei("3¢‘§"2‘§9(“2)) z/ %ng(9(02))6i("3¢‘59(“2))6_’%"2, (4.27)
— T T 2

/9 —00

where we have invoked the strong ballooning approximation. We can see that this is simply an
inverse Fourier transform going from «; to x. Thus, we write that

On = b = (I (kep) - T ($na(0(@2) P70 (), (428)
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where 7! inverts the Fourier transform as described above with respect to a. While the @
dependence can be approximately ignored in a circular geometry, the 76(a;) dependence in the
eikonal must be kept.

We shall see that the mode numbers n; and n;, do not appear explicitly in the final expression.
For convenience, we thus write n3 = n and identify it as the toroidal mode number.

4.3. Gaussian Eigenfunction

We now introduce the functional form of the potential. We use the ansatz that the poloidal
harmonic structure is a shifted Gaussian:

(x-x0)?

Bmg,n(X) ~ poe w2, (4.29)

This Gaussian corresponds to the lowest-order eigenfunction from the corresponding ballooning
equation; the higher-order terms utilize the Hermite polynomials and are neglected here. This
Gaussian has a complex width w and shift xg. In the limit of no rotation, xo = 0 and the
Gaussian is centered about x = 0. An asymmetry in the eigenfunction about the origin is required
to produce quasilinear angular momentum flux. We also note that we restrict ourselves to up-
down symmetric geometries, thereby neglecting intrinsic momentum transport (Ball et al. 2014).
Moreover, even in the absence of rotation, a Gaussian eigenfunction cannot describe modes with
odd parity in the electrostatic eigenfunction. Although ETG, ITG, and TEM instabilities often
have even parity in the electrostatic potential in the absence of rotation, these modes can have
odd parity eigenfunctions at strongly driving gradients such as in the pedestal (Pueschel et al.
2019). In addition, electromagnetic modes such as the microtearing mode do not have even
parity electrostatic potentials (Smith ez al. 2011), not to mention that the parallel vector potential
would need to be described. Thus, full incorporation of electromagnetic modes and odd parity
electrostatic modes would require a generalization of the Gaussian eigenfunction assumption and
thus the use of th aforementioned higher-order terms using the Hermite polynomials. Allowing
more general geometry, relaxing the eigenfunction ansatz, and including electromagnetic modes
would allow for additional mechanisms related to the generation of angular momentum flux.
Although the amplitude ¢o cannot be obtained from quasilinear theory, it factors out of the
dispersion relation and does not affect the linear mode frequency calculation. Setting the amplitude
will be necessary to calculate the quasilinear fluxes and requires the use of a saturation rule, which
is detailed in Section 9.

To obtain expressions for w and xo, we move into the high-frequency fluid limit. The original
derivation can be found in Cottier ef al. (2014) and an extensive, revised derivation can be found
in Citrin et al. (2017); here, we shall only discuss the basic principle. We consider the dispersion
relation

W — NWE — NWy g

Prmog.n(X). (4.30)

D (w) = Z / d3vaTf%

This is the local dispersion relation obtained if we consider the strong form of Poisson’s equation
rather than the weak form; we do not multiply by ¢* and integrate over space. The Bessel function
is such that Jo 5 = Jo (kLps) Jo (k,éb,s) for trapped particles and Jy s = Jo (kL ps) for passing
particles. Meanwhile, we define the parallel wave number as k|| = (kgsx) /(gRp). The local drift

1-J3,
P w—nwg — kv — hwg,s
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frequency wy s 18

wdogsg(—l + 2;((:)) +4s (K2 -1+ I]i((g)
Wd,s = 4 E (4.31)
¢ a;)M (1 - (1 - 2/<2) Kii;) if trapped,

wa0.s& (2 — Ab) (cos (6) + (s6 — apr sin (0)) sin (0))  if passing.

The passing form of the drift frequency is due to the radial structure of the eigenfunction as
covered in Section 7. We also note the Fourier link in the passing drift frequency that 6> — k2d>.
To proceed, we take w = w — nwg to be larger than kv and wyo,s, and for trapped particles
we approximate kv = 0. We also take 65, < 0p,; and p, < p;, where the “e” subscript is for
electrons and the “i” subscript is for ions, to obtain

2,2
- (-222) |4 20 T Ve
T, o w w? .
2,2 242
— T o o w? 2 2 )
<( nw*,[) ( nwa; kv (nwd,[ kyvy )2)
—((1-— 1+ ——+ —+ — + —
w w w w w

k7 kZp?
x (1 ool _ 2p)> )l¢m0,n(x),
p

D (w) =

(4.32)
where Z; is the proton number of the ion species. We define the averages over velocity space as
() = / d*vfog (v), (4.33)
trapped
o= [ dvig ). (4.34)
passing

To do the 6 dependent terms, this is a differential equation. We approximate the differential
operators on ¢ in the limit of small mode shift xg, leading to

B¢ _ (¥ 2xox 1
ax?

Next, we carry out the integrals both analytically and numerically as appropriate and multiply
the dispersion relation by w? to obtain a modified dispersion relation,

w’D (w) = Dy (w) + D} (w) x + Dy (w) x> = 0. (4.36)

(4.35)

Here, we separate terms proportional to x%, x!, and x?. With three equations we can solve for the
three unknowns (wg, w, xg). We then find the solution wg such that

Dy (wo) = 0. (4.37)
Having found this zeroth-order solution, we then find x and w such that

D (wp) =0, (4.38)
D> (wp) = 0. (4.39)
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We do not cite the full solution here and direct the reader to Citrin et al. (2017) for a complete
derivation. Now that we have characterized ¢, by calculating xo and w, we move to the dispersion
relation itself, beginning with the adiabatic term.

5. Adiabatic Functional

We first examine the adiabatic part of the functional, as it is the simplest to treat. It takes the

form
Lo= Z/d3 e |¢"| € @l . (5.1)

np,ny
Here, we have suppressed the subscript s as we will be working with each species independently.
We first define a new function ¢,, = ¢, (@1, a2, J) such that

d ,
On = / Tob(re = T gt (52)
B ni,ny
We then note due to the orthogonality of the Fourier series that
dal da2
/ / o 10alP = D 10ul®. (5.3)
- ni,ny

Thus, it is more convenient to switch back to action-angle coordinates for an intermediate
calculation:

LOZZ/d3 d3e|¢n fo= Z/ 47tda d3€|¢n fo= / 4nda d3e|¢n| fo.

ni,nz ni,nz
(5.4)
This then simplifies to

2 T d d 2
Lo:/47r2da3d3Je—f ‘“/ ﬂ|¢n _/d* d*v < |¢”' — . (5.5)
mT -7 -7
The velocity space integration is straightforward,

2 2 2 2
LO:/d3rd3V—e |§f"| foz/d3r—e ”°T|¢"| . (5.6)

so all that is left is the spatial integration. Because we use toroidal coordinates, the differential
volume element is

d*r = rRy (1 + ecos (0)) drdode. (5.7)
We proceed to calculating ¢,, using the poloidal harmonic expansion as detailed in Section 4,
$(r,0,0) = D" Gy = ro)e O+, (5.8)

m,n

When we examined the trapped Fourier modes, we already calculated ¢,. We simply need to
generalize it for passing particles as well, resulting in

bn = Z ¢m,n (r _ ro)ei(m0+nq(f)6’~+n¢). (5.9)

As before, we only keep the poloidal harmonic corresponding to my = —nqo and expand the
limits of integration for r to compensate. The result is

1Bul? = | Gmpon O = r0) [ (5.10)
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Because the integrand in the adiabatic functional now only depends on r, the integral simplifies
to

Lo= / <2nRo)2nrdr N P G | R / deoro(zn)2 !zzsmon(x)l (5.11)

Here, we make use of the localization approximation which transforms the factor of r in the
integrand into r¢. Due to the Gaussian structure of ¢,,,, ., this integral is easily performed and we

find that
2 2 m (xp)* [
Lo =4n"Rorg |¢0| [w| exp( Ro (wz) ) Re (wz)' (5.12)

Now that we have calculated the adiabatic functional, we next calculate the trapped functional.

6. Trapped Functional

The trapped part of the dispersion relation reads

n-w,+n wg—w

Lo = Y [ @ravSn ) l6al2 ©.1)

ni,nz

n-Q-w

We emphasize that although this aspect of the derivation is collisionless, QuaLiKiz includes
collisions for trapped electrons. Strictly speaking, this section concerns trapped ions. The majority
of the derivation remains the same for trapped electrons, the key difference being that the eventual
integral over the particle energy cannot be analytically simplified.

The first step is to determine the appropriate variables to integrate over. For the spatial variables,
we use once again use toroidal coordinates,

d*r = Ro7 (1 + ecos (0)) dFdbde. (6.2)

For velocity space, we use the variables (v, 4,v4) which correspond to the speed v, pitch angle
parameter A, and cylindrical velocity phase v 4. The result is

b
& =)V ———dvdidv,, (6.3)
~ 2VT-2b

where the sum over € accounts for both possible signs of the parallel velocity. Because the
integrand is independent of ¢ or v 4, we obtain

b
drd®v =) 21°RoF (1 + e cos (0)) didov> ———dvdA. (6.4)
2 T

€|l

It is important to note that the limits of integration depend on the order of integration. For a
given 6, the pitch angle parameter A for a trapped particle is bounded by
l1-¢€ 1+ ecos(6)

<A<
1+€ 1+€

(6.5)

The lower bound corresponds to the trapped-passing boundary, while the upper bound corresponds
to a particle that has v = 0 at a given angle 6. We can, however, exchange the order of integration

as follows:
2n
o

1+e cos(H)

Op
dAf(8,2) = / d/l/ dof(8,2). (6.6)
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We recall that the definition of a bounce average is

Op dGG(E”,9)+G(—€”,9)

-6 Vi_1b Q (% Gle,0)

(G(ey,0)) = . = Z =2 dg——""L 6.7)
o ). N
/_ei, \/thjib g NI 1-4b

By exchanging our limits of integration and integrating over 6 first, part of the trapped functional
simplifies to become a bounce average.

Next, we approximate the equilibrium distribution function assuming the Mach number U, / ¢,
is small, where ¢y = 4/T/m is the sound speed. We thus note that high rotation tokamaks will
break the assumed ordering in QuaLiKiz. In addition, even if the electron and ion species each
have low Mach number, care must be taken with regards to heavy impurities, as the larger mass
can lead to a higher Mach number for the same rotation velocity and temperature (Citrin et al.
2017). Using the low Mach number ordering, the distribution function then simplifies to

2 2

m \32 _ 20Uy U2y
fozno(m) e§(1+++—2” V_ZII_l)) (68)

T

v Vr
Moreover, because |Q]|, |Q>| > |w|, we can approximate this integral by truncating the sum at
ny = ny = 0. We also perform a change of variables from v to & to obtain

2 n0€2 Ror \/Ee_‘f

-Ltrapped = / dfd/ldé: (277)

T Vi o
. > (2,2 (6.9)
<<n.w*+n.w,5_w)(1+2|_§f|+”_;(Lz_l))>
vr Yr \'Vr 2
x 05— o |¢0,0.n| -

The Bessel functions from the gyromotion and the banana motion are implicit in ¢ o ,. We next
simplify the partial derivatives with respect to J. Because n; = np = 0, we only keep the partial
derivative with respect to J3. Knowing that J3 = J3 (¥), we perform a change in variables from
J3 to 7 and find that

dg _0dg di  —Rowao 08

=2 ~ =, 6.10
0J3 or dJs T or ( )
where g is a generic scalar function. We then define the following normalized gradients:
Ry d
A, = -0 (6.11)
n dr
Ro dT
Ap = ———, 6.12
L T (6.12)
Ry dU
=202 (6.13)
vr dr

To perform the bounce average, we note that only v is dependent on 6. We perform the calculation
explicitly to find that

(vi) = Vﬁ>=0, (6.14)
E (k) — (1 —«*) K (k
(vh) = 4%( = (K(K;( JKO) _ 2 e o, (6.15)

where we define

_2e(E(0) — (1~ K*) K (x))

H (k) = X0 (6.16)
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To simplify our expressions, we also fold n - wg into the mode frequency such that
(T):w—n-a)Ezw—nwEzw—nwEo—nw’Ex, (6.17)

where, as discussed earlier, we Taylor expand wg about x = 0 and 9, wg = a)% is related to the
radial electric shear. Rather than including x fully, we instead approximate the term by averaging
it over the Gaussian eigenfunctions:

_ LS (I
[ dx gy O

Im (x0) Im (w?)

b Re (n?)

Re (xo) + (6.18)

We then obtain
O~ W-NWE) — MWE (X), . (6.19)

Ignoring all terms that are order cubic or higher with the Mach number, we then find that

2 2
(n-w,+n-wg-w)|l 2, Y ﬂ—1 = B 2 6.20
* E—-w) |1+ ) ) 2 =nwgqo | A + B:E+CE7),  (6.20)
VT YT \ VT
where
2
A =1 ul A, — Ay — 2F i (pa, - Yla 6.21
1= |1 | |An — 5Ar — T Fa ()| = |24y — AT, (6.21)
Vr VT vr
Ui Uj Ui 2
B, =11 ar +44y 2L H (0 + =L H (1) (2An ~TAr - 27°F, (K))
v2 vr v2
T T
U? U
~|1- | Ar +44p 2L H (10, (6.22)
vr vr
2
Ci =247 5 H (x) ~ 0. (6.23)
vr

Here, we have defined
2 (1_)
= —. (6.24)
nwaoFa (x)
Moreover, we take note that H (x) ~ O (€); since the inverse aspect ratio € is small, we can safely
ignore all terms proportional to UﬁH (k) [V

Substituting the above into the integrand, we obtain
2 noe® Rof VEe™* 16000 A+ B,
T Nx Q "7 Fa(w)(6-2%)

Due to the localization of the mode, we evaluate any functions of 7 at r in the above expression
aside from the electrostatic potential. We then rewrite the trapped functional as

Licapped = / dFddé (2r) (6.25)

2 _
B _ , npe? Rorg VEe™% _ 2 A+ B¢
-[:trapped = / di"d/ldf (27T) T \/; £—22 ij() (kip) J() (kréb) ¢mo,n| Fd (K) (f _ ?;)26)

The gyromotion and bounce motion appear in two separate Bessel functions. Since the only
explicit radial dependence is contained in the electrostatic potential, we can change variables
using Plancherel’s theorem to integrate over k.,

/_ dxf()g(x)" = / K ko k). 627)

o o 27
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After transforming to Fourier space, we treat the Bessel functions as normal scalar functions
instead of differential operators. We next note that the Bessel functions are dependent on velocity
through the gyroradius and banana width,

Vi

(6.28)
Sp ~ ——p. (6.29)

We approximate this energy dependence by averaging each Bessel function separately over
velocity space using a Maxwellian distribution. Doing so allows us to retain finite Larmor radius
and finite banana width effects while also making the energy and pitch angle integration tractable.
We find that

[ &vdo(kip) fo T P
/dSVfO 0 2

where [ is a modified Bessel function of the first kind and the characteristic thermal gyroradius

Pth 1s defined as
V2T /m
P = g (6.31)

) =To (kipw), (6.30)

Similarly, for the average over the banana orbit we obtain
[ (ip) fo _ B (K6,
[ v

where the thermal banana width is

) = F() (kl_é\b,th) , (632)

Opth = ﬁpth' (6.33)
Note that k2 is written as
2,2
n
K=k k= k2 + %, (6.34)
0

where we have evaluate kg at ro. That kzg = n%q?/r* comes from differentiating with respect
to 6 in the ballooning expansion due to the eikonal term. Because the k, dependence is now
completely separable from the « and ¢ dependence, we write the trapped functional as

)2 noe2 Ryro \/Ee_f A + B¢

Ltrapped = / dAdé (2n

T \/E ﬁz Fd (K) (§ - Zz) (635)
< dk, .
X/ 5F0(klpm) Lo (kr-6p.m) |d¢n(krd)|2,

where ¢,, is computed using a Fourier transform:

K2w?

bn (kyd) = V2rwege "7 e'kro, (6.36)
We next simplify the integral over &, which is of the form

/w '\/Eﬂ["'Bf _é:: ood M2 ﬂt+8tu2 —u?
0

deXoltT o

Vr é-2 0 ) M Rt w-0°

where we performed the change of variables & = u?. Using the plasma dispersion function detailed

(6.37)
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in Appendix A, this simplifies to
i duu—z ﬂt + B,uz e
o Nm(u+z)(u—72)

where the final simplification is made using the fact that Z,, is an even function for n > 0.
Meanwhile, we rewrite the integration over A with a change in variables,

da

A Z B, Z
= A,Gy (2,-2)+B,Gy (z,-2) = — Z(Z): (2 6 38

— =41, K (k) kdk, (6.39)
(9))
where we utilize the transformation
A~ 1-2ek? (6.40)
and define the flux surface averaged trapped particle fraction
fi= 2\7{2. (6.41)

Thus, the trapped functional simplifies to

2
Lugpea = (2m)° S210Ro i (T o (To (kipw) To (ki) |4 (ks ') . (6.42)
where
2 ' K
Dew=2 [ an WK A,2, () + 8,24 (2)) (6.43)
nJo  2Fq(k)
and

Lo (kipm) To (kr-6b,m) |dd (krd)|2 .

(6.44)
The remaining integrals are to be calculated numerically, where we note that z is a function of both
w and k. Thus, the trapped functional is the product of two separate 1-dimensional integrals, one
of which is w independent; we therefore characterize the trapped functional as a 1-dimensional
integral that must be calculated numerically. Now that we have simplified the expression for the
trapped functional, we turn to calculating the passing functional.

A “ gk,
<F0(kipth) To (krOp.m) |dd (krd)|2>k :/ >

7. Passing Functional

The passing part of the dispersion relation reads

e n-w.+n-wp-w
Lpassing = Z / d3rd3v7f0 ( = ) |¢n|2- (7.1)

n-Q—-w

ni,nz
We reuse many of the same arguments in Section 6 regarding changes in variables and

approximating the equilibrium distribution function. One key difference is that instead of the
bounce average, we use the transit average

T G(E”,O) —
(G (€. 0)) = L5 8 6819
’ - T _do_ ) Vi—1b
T T J-n 1-4b
We note here that the bounce angle 6, is set to 7 and that we do not perform a sum over €| to

compute the transit average. Moreover, the integration bounds for A are such that

(7.2)

0</1<1—E

(7.3)
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These bounds hold regardless of whether we integrate over 6 before or after integrating over
A. Since they are independent of 6, the order of integration of the two variables can be freely
interchanged. As in the trapped case, we only keep n; = 0 since |Q;| > |w]|. As discussed in
Section 4, n, refers to the poloidal harmonic. We keep only n, = mg and use the approximation
that

mo +ngq (7) ~ 3. (7.4)
In the resonant denominator we then obtain

nQs + moQy — w =~ nwaoéF + 392 +NWEQ + NWEX — W, (7.5)

where we also expand wg about x = 0. The passing functional is then

noe RoF VEe ¢
= drdAd¢ (2n)?
Lpnsing = zljf rarag (om? NS
. ’o 2V|\Un U (2
(n Wi + NWEQ + WX u)) 1+ +—= | -1
% VT Vr \ Vr i(ﬁ |2
nwaoéF + 5Q0 + nwgo + nwpx — w 0.mo.n

(7.6)

Here, we have evaluated all functions at r = rg except for the terms proportional to x in the
resonant denominator and numerator. These terms must be kept if we wish to take into account
the effects of the poloidal motion as well as the radial electric field shear. We now evaluate the
integration over 7 while leaving aside the term proportional to x in the numerator.

To proceed, we use Plancherel’s theorem to integrate over «; instead of 7,

o) _ ~ . (o) d(}’z R R .
[ arrmeer = [ G211 i@ an
For convenience, we compute the radial integral in isolation and relabel variables,
© 1 2 day o, .
/ A ——|$o.mo.n| = / 5 ld |¢( =7 | (omon)”- (7.8)
—c0 d —00

‘We calculated in Section 4 that

~ .. .7 (ap)
F (P0,mo.n) = Jo(k 1 (@2)p)hn(B(az))e e @) =i=a 0laz), (7.9)

‘We note that &k, is defined such that

P 2 2.2
ki (@) = (522) + =2 (7.10)
o
We next use the convolution theorem to calculate the other Fourier transform,
¢0 mo,n ]
| = — . 7.11
T(aﬁ—b 7 7:(¢0m0n)”‘7: g_b ( )

Computing the Fourier transform of both functions and performing the convolution, we find that

a) — @

1 ) 12 n ’
77(¢0,m0 nm) = [md 2|L|®( p 2) Jo(kL(a3)p)dn(6(ay))

_ Ly F(ap) ’
w oL (a5=a) ying (ap)-i 2 0(a)

(7.12)

where O is the Heaviside step function. Here, we have assumed that Im () > 0. This is justified
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since b ~ w and we are only interested in positive growth rates. Combining the results, we obtain
for the passing integral I, , that

1 2 dayda) j|d| (a2 —aj) ,
Iy, = / dF—— [0.ml’ = / 2800 (22| g (k. (@)K, (@))p)
d

2 |al
X (ﬁn(g(az))*(ﬁn(g(aé))eA(nz)—A(aé) ,

(7.13)
where
Aao) =i (gaz —ng (a2) + ”;’2)9(@)) . (7.14)
We then substitute in
a=Q+ndwy, (7.15)
b =w—nwioéF —nweo (7.16)
and rewrite the eikonal term to obtain
Aan) =i [ 2= gdfizaz‘““ - n () + - (ZZ) ()] . (7.17)

It is important to recognize the physical importance of A. In the ballooning representation, we
encoded a certain particle trajectory in the eikonal that differs from the magnetic drift trajectory.
The function A encapsulates the phase difference between these two trajectories.

Before proceeding, we must recognize that integrating over @, and «; is inconvenient. The
function (ﬁn has Gaussian structure in 8, but not in . Thus, the next goal is to write the integrand
in terms of 8 and @’. First, we introduce new variables,

’
g, =% (7.18)
2
0-=6-0". (7.19)

We next Taylor expand the terms in the exponential around 6. to find that
’ da ’
A@2) — A(a}) ~ e,d—; (0=0,)N (6=6.), (7.20)

where A’ denotes the derivative of A with respect to a,. Due to the rapidly varying phase in the
exponential, the factor of iw ~ —y in the exponential, and the Gaussian integrand, we ignore
higher order terms to obtain the dominant contribution. From the equations listed in Section 2,
we find

d%z(ngz—g)=Qiz(vD-v¢—qu-ve—ej—im-w—gd). (7.21)
The leading terms can be computed explicitly in much the same manner as when calculating the
magnetic precession frequency,

Qu=vp Vo —-qvp -V9—9d—qu -Vy
dy (7.22)
= wqoé (2 - Ab) (cos (0) + (s@ — ap sin () sin® (9))) + %
Although somewhat similar to the magnetic drift frequency proper, there are two key differences.
Firstly, the magnetic shear term is different and proportional to 8 sin (). Secondly, this frequency
is explicitly 8 dependent and no bounce-transit average is performed. In carrying out the
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calculation the bounce-averaged magnetic drift terms partially cancel; for sufficiently small radial
electric field shear we obtain

’ . I’lﬁd (0+) —w
A -A ~ - | ——— 7.23
(@2) (02) ! Q> + nda);E ( )
where
nQy ~ nwaof (2 - b) (cos () + (se — ap sin (6) sin? (9))) + nwE. (7.24)
We next change the variables of integration from a», cxé to 6, 0" using
de 1-2b
—_— = — . (7.25)
da'2 QZ
The integral then becomes
dodo’ ild| 0_ N A
I,,= ® J 0)*J. b, (6
= [ S ] (g 2o @0 s
5_22 f_lz g & (nfd(?)jw) (7.26)
e m o +nd wlp,

8 V1 =2b(0) {1 - 2b(8)

where the Bessel functions are evaluated in terms of 6 and 6’. We now substitute in an expression
for ¢,, in terms of a Fourier transform to obtain

dodo’ dxdx’ iQ2 0
I = ] * J/ ’
pr / 27 | +ndw),|1d] ~ \ Q2+ nda)}g) 0mo.n (Mo Po.n ()
_io 52 nﬁd(éh.)—w ., (7'27)
e Y-t ion | Qatndar, e—i% el O

V1= 2b (6)\1-2b (0")

We then make the following substitutions

x= o (7.28)
X=X — _x/’ (729)
0.
ky = -, 7.30
Sl (7.30)
0.
ko= —, (7.31)
|d|
d0de’ dxdx’ = dk,dk_dx.dx_ |d|*, (1.32)
@'x" 6 d
YO ey — kx4 (7.33)

d d d’
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to obtain

—\2
1d] (@
dkydk_dxydx_ 1] ( 2) k- X X
Iy, = 0 Jod’ Vi =
pr / 2 1Q; + ndwl| \Q +ndw), 0y (x++ 2) 0Pmo.n (x+ 2)

—ik_|d|Q, nQq (ki|d|)-w —t(k_x++k+x )M‘
exp Orndas,
V1-2b(k,|d]) 2Hnd Wy

: .
\/1 — b (k+|d|+"-T'd')\/1 _ b (k+ | - ledl)

(7.34)

At first glance, it seems like we have only made the derivation more difficult. We are now
performing a 4-dimensional integration over variables which do not have a convenient Gaussian
structure. Fortunately, this simplifies. First, we notice that the integration over k_ can be done via
an integration by parts procedure. In general, for a complex parameter ¢ we obtain

b b
/ ng (S)eics / ds l;{ (dd (g( ) lLS)_ dg lLS)

ds
ics |b b 2
8 (S) € / 1 d dg ics d 8 ics
82 V- as = - S8 gies)
ic |, Ja (ic)* \ds ds© ds? ¢ (7.35)

N m
~ D% o | - d—g()]-

This is the asymptotic expansion for sufficiently large c. We apply a similar expansion to the
integral over k_ and keep only the first term. Because Im (w) > 0 and the integrand contains a
Heaviside step function, the first term is guaranteed to converge. Note that we would normally
need to apply the method of steepest descent to properly approximate the integral; however, this
requires that the term in the exponential have a saddle point somewhere in the complex plane. Due
to our previous approximation, the term in the exponential is monotonic in k_, thus the method
of steepest descent is not necessary for our purposes. We find then that

/ dk ild| (k) ok exp —ik_|d|Qy [nQq(ky |d|),— w
—o0 \Qz+ndwE| 1 —Ab(k, |d]) Q) +ndwry,
N 2(0) (7.36)
S R (ng_ld (ky |d]) - w) + Q%+ nw'.x .
1=2b (k. |d]) ’ d BT

For convenience, we next replace all instances of k.. |d| with k., d; this is allowed since §_2d and b
are even functions and the bounds of integration are symmetric. We obtain

N / dk.dx.dx_  Qye 'k~ Jo (PkL)* Gmon (X1 + %) Gmon (x4 = 5)

p.r =~ — ,

27 NT= (kd) nQy (k) + (2% 40, ) VT= 26 (hyd) -
(7.37)

where
n2 2
K2 = k2 + ZO (7.38)
I,
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As with the trapped functional, we separately average over the Bessel functions,

[ d*vo (kip)® fo
f d3vf()

=To (kLpm) - (7.39)

We next carry out the integral over x_ by identifying it as the inverse Fourier transform of the
product of two Gaussians, leading to

2 Im(xo)
dx+dk+ £—22 FO (klpth)\/Re( 2) +Re W )e 'D e eXp(Re( 2))
Ip,r = s
Vi =00 (ked) 1@y (ko) + (2% + n'gx, ) JT= 26 (ked) -
(7.40)
where
. + kyIm (w?) — Re (xo)’ (7.41)
Re (w?)
kiRe (w?) +1
. = eRe (w?) +Im (xo) (7.42)

Re (w?)

It is more convenient to numerically integrate this over k. and p, to take advantage of the explicit
Gaussian structure. Because the Jacobian of this variable transformation is 1, the change of
variables is easily carried out. In addition, we approximate the A dependent terms by averaging
over the pitch angle parameter. We also use the extremely-passing particle limit, where 6 ~ a;.
We then obtain

e (R e ol )
o nwaoé Fp (k+d)+€|\\/§%+\/:£7 -
where
© =W —NWE) — NWEXy, (7.44)
and
Fp (kid) = g (cos (kyd) + (skyd — apy sin (kid)) sin (ko d)) . (7.45)

We note here that the factor of 4/3 comes from taking the pitch angle average of 2 — Ab in the
small € limit. This approximation can be improved by considering higher-order € terms, although
this is not done in the current formulation of QuaLiKiz (QuaLiKiz version 2.8.1).

We now address terms in the numerator of the original integrand that are proportional to x;
these terms arise from the radial electric field shear. In principle, their inclusion can be treated
fully consistently by using the appropriate Fourier transforms as well as the convolution theorem
in much the same way we did before. However, as a crude approximation, we simply map x — x
in the numerator as is effectively done in the denominator.

Next, we address the integration over A and £ in the full passing functional. Once these integrals
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are calculated, we fold them into the integration over p. and k.. We wish to compute

(-0, 102804 (21

2 npe? RyF \/Ee“f vz el e

Ipe=Y [ didé(2n) Ror v&e |
€| T \/71' Qz X 3T m _

H na)dO‘pr (k+d) + 6”\/37 \

S

qRo
(7.46)

Because we averaged out the pitch angle dependence in the denominator of the integrand, the
pitch angle integration in the numerator is completely separable and only dependent on the inverse
aspect ratio €. This is perhaps the largest single approximation used in the passing part of the
dispersion; it is necessary to ensure that the numerical integral is 2-dimensional rather than 3-
dimensional. It is of potential interest to study the impact this approximation has. Calculating
a more exact (albeit slower) integral to quantify the exact impact this approximation has on the
resulting solutions and flux calculations is the subject of future work.

Since only v terms in the numerator are dependent on 4. We also use the fact that

T dd
'/0‘ _—_— = fp, (747)

where f), = 1 — f; is the flux surface averaged passing particle fraction. We then compute

1-€
e dA
/ kd <v'”"> = 2f Ve e A, (7.48)
0 Q
2
where we define A, as
fa T do(Vi-10)
Ap= ———F VAP (7.49)

We numerically calculate 1,, separately from the rest of the dispersion relation since A4,, is only
dependent on €. Once again ignoring terms order cubic or higher with the Mach number, we find

that
2Vﬁ ))>
g —
2
VT (7.50)

2f,nwao (ﬂ,, + By €2+ Cpt + Dypee? + 5,,52) ,

e aa _ 2y Yj
_— (n c Wy — (1)) 1+ 3 + -
0 92 vT VT
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where we define the terms

2
|, Y 3 > Uj Uj
Ap = 1= 2|40 - 247 = 2F, | - L[240 - Tar), (7.51)
va. 2 vr vr
UZ
8, = [Au (2-6— | +U) (24, - 547 - 212F,,)) A1 (7.52)
\%
T
Uﬁ Uj Uﬁ
Cp=1- L) A7 +440 L2 + L2, (2A,, — Ay - 2z2F,,) , (7.53)
VT vr VT
U Ui
Dy =247 T2, + 44y 4, (7.54)
vr VT
Ui
&p = 2Ar = 2, (1.55)
Vr
and where
. S— (7.56)

nwaoFp (ked)

Thus, the integral simplifies to

* 2R Ay + Bpe €2 + Cpé + Dy + 8,82
IP,E=Zpr/O dg(zn)z noe” Koro 14 pels P& p€I€ pé '

T . Xy
€ \/; F,J (k+d) (f+€||\/37m_22)
(7.57)
We then perform a change in variables to u = v/€ and note that

Z‘/Omdf\/é_fg (ell\/E) =Z|:/Omdu2u2g (eu) ZI:dMZMZg W), 758)

The integral then becomes

® 2R A, + Bou+Cpu® + Dyu® + Eut
IP,E:4fp/ du (2m)> 200 2 T TP T L

o T NT F, (k.d) (u2 S v vov zz) ' 759
To simplify this integral further, we rewrite the denominator as
u2+u%m—z2 = (u—z.)(u—z2-), (7.60)
where
o Ixy VT 1xy vr 2 2
Z+——§gmi\/(zgm + 2. (7.61)

This allows us to simplify the integral using the plasma dispersion functions defined in Ap-
pendix A, allowing us to obtain

2
R
Iyp=4f, 22> 28 00 (.G, + 8,63 +CpGa+ D,yGs +E,Gg) ., (1.62)
T F, (ked)

where the associated Fried and Conte integrals G, = G, (z4+,z-) are evaluated at z, and z_.
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Thus, the passing functional simplifies to

dp.dk, e’n
-Epassmg = / / L (2 )3 OrOROfp < >§ 1 Iy (kJ_pth)

(7.63)
y ¢ Im (wz)2 2 (Im (xo)z) ’

+Re (w?)e Pl ek exp

where
2

(Zp) e = T, () (A,G + B,Gs3 +CpGy + D,Gs +E,Gs) . (7.64)

We have now reduced all parts of the dispersion relation to a numerically tractable form. The
adiabatic piece can be calculated analytically, whereas the trapped and passing functionals require
1- and 2-dimensional integrals, respectively. With the dispersion relation in hand, we can proceed
to applying quasilinear theory.

8. Quasilinear Approximation

The core principle of quasilinear theory is to consider the slow time variation of the total
distribution function f and the resultant fluxes that attempt to drive the distribution function back
to equilibrium. The validity of the quasilinear approximation depends on the decorrelation time
of the potential being shorter than the eddy turn-over time. The ratio of these two quantities is
known as the Kubo number (Kubo 1963; Krommes 2002). The single particle analogue to this
is that the individual particle must not be trapped in the field; this allows the dynamics to be
characterized as a random walk process, leading to a justification for the quasilinear approach.
These characteristic times have been calculated and compared for both ETG and ITG-TEM
turbulence in various parameter regimes (Lin ef al. 2008; Casati et al. 2009; Citrin et al. 2012).
For all cases reported in the aforementioned references, the Kubo number is less than unity, even
for those with normalized gradients of ~ 20. Well developed turbulence for these tokamak plasma
parameters thus manifest random walk processes, and thus driven anomalous transport in the core
is successfully modeled by quasilinear methods.

Moreover, it has been found that quasilinear models are successful in reproducing experimental
results such as temperature profiles within 15% rms error (Kinsey et al. 2008). We acknowledge,
however, that successful quasilinear modeling of the total fluxes is not strictly indicative of
the validity of the quasilinear approximation. For instance, the saturation rule for a quasilinear
model can in principle correct for errors in the unsaturated quasilinear flux calculations. Thus,
validation of quasilinear flux ratios before saturation is an important piece in confirming the use of
the quasilinear approximation. We note that investigating full range of validity for the quasilinear
approximation is an active area of research, and that cases whereby the quasilinear approximation
breaks down have been found (Laval & Pesme 1983; Besse ef al. 2011). For QuaLiKiz, we restrict
ourselves to the aforementioned parameter regimes whereby the quasilinear approach has been
thoroughly verified.

To proceed, we first recall the Vlasov equation for a given species (again omitting the species
label):

of of .+ of

Er +d - P +J- 37 =0. (8.1)
When we obtained the dispersion relation, we considered the linear response and neglected terms
that are quadratic in the fluctuations. Moreover, we also assumed fy was time independent. To
proceed with the quasilinear approximation, we now suppose that f; varies slowly in time on a

time scale longer than that of the linear modes. We may then perform a time average over the
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Vlasov equation such that (f), = f, and the linear response averages to zero. We define the time
average as

1 T2
GO =7 [ sGrrar, 82

where T is the time scale associated with the linear modes. The time averaged Vlasov equation
then reads

<6f Of g0 > 2+ (Re(0). Re(ed)}), = 0. 8.3)

+ _
ot o v oJ o
Here, we take the real part of 6 f or ¢ to obtain the physical quantity in accordance with our

convention. To proceed, we rewrite the Poisson bracket as
6Re(e¢) ) 0

(8.4)

(Re(6f), Re(ed)) = - ( 0N~ 5

(R e(5f) 6Re(e¢))

The time average can be simplified by noting that for any two general vectors A and B we have
. . 1
(Re (Ae™™') -Re (Be™'“")), = 7Re(4-B). (8.5)

Due to the Fourier structure of ¢ f and ¢, we also note that

2 (Re (5) Re (), =0 (8.6)
(04

Essentially, the @ dependence disappears after performing the time average. Moreover, taking the
real part of 0 f and ¢ commutes with taking derivatives of real variables. We therefore obtain

3f0

e aJ Tp =0, (8.7)

where we define the quasilinear flux I'p as

2 2 —-n- -n-
D e P e = = | BT

Here, f, and ¢, are related via the dispersion relation in the linearized problem. Thus, the
quasilinear flux is computed by substituting in the solution of the dispersion relation including
the found eigenvalues w, again only considering unstable modes. Modes that lack unstable
solutions do not contribute to the quasilinear flux.

We are now in a position to calculate the flux surface averaged particle, toroidal angular
momentum, and energy fluxes by averaging the Vlasov equation over velocity and space. This
is analogous to calculating the fluid equations by taking moments of the Vlasov equation. The
radial fluxes can be calculated via a change in variables from J3 to ». We find that

d(n) dI' _
) (8.9)
0 (mnRU||> dTl
T + W = 0, (810)
394p) 4O _ 8.11)

2 0Ot dr
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where I', I1, and Qf are the particle, toroidal momentum, and energy fluxes defined as

1 3 3 1 nq .
I'= 102d / d’vd rzlm( ,,E rBf"¢")’ (8.12)
1 I nq )
II=— 3vd? 1 — . 1
aa )] e g (8-13)
2 _U2
_ 1 3.3 m(v ”) Z ng . .
QE = 47{2d / d’vd VTIHI A @fn¢n . (814)

Here, we can see that the integrations to calculate the particle, toroidal momentum, and energy
fluxes are of the same form to solve the dispersion relation. The particle flux calculation is identical.
Meanwhile, we must take into account an extra factor of v and v2 for the angular momentum
flux and energy flux integrations, respectively. These changes can be easily accommodated for
without affecting the fundamental approach. For instance, the inclusion of v? simply changes
the associated Fried and Conte integral. The physical significance of these fluxes can be further
solidified by examining the perturbed E-cross-B velocity. We find that

.. VOpXB ikodn ing
OvExs - F=F-- ~> ‘;E"S"’ (8.15)

B2 B

n

where we have again used the convention that kg — (i/r) d¢. We then find that
R 1 ing * 1 nqg .,
(Re (6vExp - F)Re (61)), = ERG (; Jn (Eﬁﬁn) ) = zIm (; In E(ﬁn) . (8.16)

This lets us write the fluxes as

['=(6(n)6vEexs - F)rr s (8.17)
Il = (5 (mnRU)) 6vExs - F), ., (8.18)
QO =0 (P)6vExp “ F)y ) - (8.19)

Therefore, the particle, angular momentum, and energy fluxes are simply related to moments of
the perturbed distribution function integrated against the perturbed E-cross-B velocity, where
(..., denotes a time and spatial average. We also define

on = / d*véf, (8.20)
§ (nmRU)) = / d*vmvsf, (8:21)
5P=/d3v%m (vz—Uﬁ) 5, (8.22)

where we calculate the particle, angular momentum, and energy fluxes for every species. We note
that the toroidal angular momentum flux is only non-zero in the presence of rotations. The energy
flux calculation can be approximated by noting in the small Mach number limit that

1 1 1
0P =6 (nT) = —EmUﬁén + / d3v§mv2 R / d3v§mv2. (8.23)

We also note that often we are concerned with the heat flux Q relative to the convective energy
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flux %TF (Horton 1984). The heat flux is simply

3T
0=0Qr-—T. (8.24)

Itis important to note that while we may obtain quasilinear flux ratios from the above procedure,
we cannot with linear physics alone obtain the physical fluxes. Throughout the derivation, we have
kept the amplitude of the fluctuating potential §¢ arbitrary. The amplitude ¢ can only be obtained
through the use of nonlinear physics by saturating the amplitude. Thus, the complete calculation
of these fluxes must be obtained via a saturation rule obtained from a nonlinear computational
code, in this case from the Gyrokinetic Electromagnetic Numerical Experiment (GENE) (Jenko
et al. 2000). This saturation rule is the topic of the next section.

9. Saturation Rule

To formulate a saturation rule, we introduce the well known mixing length estimate with an
effective diffusivity D:

n
(k1)

where we compute the value of 7, such that the quantity y,, /(k? ) is at its maximum over the linear
spectrum for a given mode. Meanwhile, we average k2 over the electrostatic mode. We enforce
this mixing length estimate for our various flux calculations by approximating the underlying
process as a random walk (Bourdelle ez al. 2007). For instance, we mandate that the particle flux
for a given species must be

D= , O.1)

max

kg

ké),max
max

Sn Yn
I=)YC
2N o (i)

Lx,n,O, (92)

where Cni is a dimensionless constant from nonlinear physics, the form factor S, is a mode-
dependent form factor, kg max corresponds to the mode that maximizes y,/ ki, and L 50 is the
dimensionless integral that actually computes the flux terms. The above expression is only valid
when there is only one mode present in the linear spectrum. We can generalize the expression to
account for the existence of multiple types of linear modes by introducing another form factor S,/
into the expression and summing over both n and n’, while we compute the maximum y,,/k2 for
a given n’.

We model Cyni, with the use of nonlinear gyrokinetic simulations. We distinguish between ITG
scales, which we define as kgps < 2, and ETG scales, which we define as kgps > 2. Here, p; is
the gyroradius of the main ion species such that p; = /T /ms/Q; s (note that lack of V2). The
ITG scales are tuned to the GA-Standard nonlinear ion heat flux computed by GENE, whereas
the ETG scales are tuned to a single-scale nonlinear GENE simulation based on JET parameters
(Citrin et al. 2017). These parameters are current as of QuaLiKiz version 2.8.1 and are subject to
future change depending on updates to the nonlinear physics. The result is

271/t if kgps < 2 (ITG),
NL =

. (9.3)
122 finulti-scale / Sfac if kgps > 2 (ETG).

Here, we have also introduced an ad hoc factor sg,. for the case of low magnetic shear (Citrin
et al. 2012),

9.4)

2.5(1—1s|) if |s| < 0.6,
Sfac = .
1 if |s| > 0.6,
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as well as a multi-scale rule determined from the maximum of the respective spectra,

1
YETG, max __ m; ’
1+ eXp ( ( YITG, max me ))
where m, and m; are the masses of the electron and main ion respectively. Here, the sigmoid
guarantees a smooth transition from a strongly driven ion-scale mode regime and a strongly
driven electron-scale mode regime, since it has been observed that ETG turbulence is suppressed
when the ion-scale instability dominates (Howard et al. 2016; Maeyama et al. 2015).
Lastly, we provide an explicit expression for k2 . In the ITG regime, we need to take into account
contributions to k% that arise from the magnetic shear, the mode structure of the electrostatic

perturbation, and nonlinear effects. Meanwhile, in the ETG regime we assume full isotropization
of the mode such that k7 = k2. The result is

9.5)

fmulti—scale =

(2 kg + (ky-NL + kr—shear)” if kgps < 2 (ITG), ©6)
2k if kgps > 2 (ETG). '
The shear contribution can be calculated analytically as
k sd
Kr—shear = ko Is] [(62) = —2 \/R ) +2Im (x0) ©.7)
where we use
AN AGIRG & Im (xo) |
(6°) = = +(d = - 9.8)
[T16@fde 2Re(w?)  \"Re(w?)
Meanwhile, the nonlinear contribution has been tuned (Citrin ef al. 2012) such that
kr_nLps = 0.4¢72151g703 + 1 5max {kgps — 0.2,0} . (9.9)

Having now fully derived analytic expressions for the dispersion relation and quasilinear fluxes,
we now discuss the numerical implementation of QuaLiKiz.

10. Numerical Implementation

Recall that the dispersion relation is written as

Z LO,S - Lpassing,s - Ltrapped,s =0. (10.1)

The trapped and passing functionals discussed in Sections 6 and 7 are both functions of the
complex frequency w. Solving the dispersion relation is therefore a matter of finding the zeros of
the complex analytic function D (w), where

D (‘U) = Z "EO,S - Lpassing,s - -Ltrappcd,s' (102)
s

To solve this, we use the Davies method, a numerical technique developed by Davies (1986) to
find the zeros of an analytic function within the complex plane. The strategy takes advantage of
the argument principle in complex analysis, which states that given a meromorphic function f (z)
that

1 @)

2ni Je f(2)
where N and P are respectively the number of zeros and poles of f (z) contained within the simple
counter-clockwise contour C. Here, zero multiplicity and pole order are taken into account. For

dz=N-P, (10.3)
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our purposes, we assume that f (z) has no poles, leading to

LS P,

27 Je f(2)

The key of the method is to recognize from Cauchy’s residue theorem that, for integer »n such that
1 < n < N, we can calculate the integral S,, such that

, N
1§ al@, =Yz, (10.5)
=1

=N. (10.4)

" 2 f (Z)

where zg; is the jth root of f (z) (counting repeated roots as separate). We then construct the
polynomial
N

Py ()= ] (e~ 20) ZA,zN g, (10.6)

j=1
where the coefficients A; can be computed from the relatlons

Ao =1, (10.7)
S +A; =0, (10.8)

Sy+A1S; +24, =0, (10.9)

Sp+A1Sp_1 +AsSpo+--+nA, =0, n=12,...,N, (10.10)

Excluding the trivial Ag term, this is a linear system of N equations. After solving this system,
we can then construct the polynomial Px which has zeros that are precisely the solutions of the
dispersion relation. We then extract a zero from the polynomial Py using a Newton solver and
then define a new set of coefficients such that

sV =8,-z8, n=01,... ,N-1 (10.11)
where z(; is the first zero found. With this new set of coefficients, we may then construct a new
polynomial Py _; (z) and extract another zero. This process is repeated until all zeros are found.
If the contour of integration is a unit circle, then a clever integration by parts results in

n 2

S1="32 | d6e? In (e’iN(’f (e(’)) n> 0. (10.12)

The inclusion of e~V ¢ inside the logarithm is to handle the branch cut of the logarithm, and
can be obtained by using z7V f (z) instead of f (z) in the preceding formulas; such a substitution
does not affect the value of S, for n > 0. For the n = 0 case, we simply compute the total change
of the argument of f (eig) for 0 < 6 < 27 while keeping track of any jumps in the argument that
would indicate a full winding. Thus, S, can be computed via standard quadrature methods for
1-dimensional integration.

To apply this to the dispersion relation, we make use of a bijective mapping w = w (z) (to
be determined momentarily). This will allow us to retain the simplifications that come from
integrating around a unit circle. The first step is to define f (z) such that

f (@) =D(w(2). (10.13)
Then, we compute S,, via numerical quadrature, leading to roots zq, such that
f (zon) = D (w (zon)) =0 (10.14)

Because the mapping is bijective, we may then simply apply the mapping onto the roots z,0 to
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obtain
won = @ (Zon) » (10.15)
where wy, are all the roots within the contour C in the complex w-plane such that
D (won) = 0. (10.16)

The only task remaining is to define a suitable bijective mapping w (z). Because QuaLiKiz only
considers unstable modes, we demand that Im (w) > 0 along the entirety of the contour in the
z-plane. We first define the bijective mapping (u,v) — (x,y) as

sgn (uv)
x (u,v) = =——Ju? +v2 — [ (u? +v2) (u? +vZ — 4uv?), (10.17)
v V42 )
y(u,v) = M u2+v2—\/(u2+v2) (u? +v2 = 4u?v?). (10.18)

uv2

The inverse mapping is given by

X2+ y2 — x2y2

u(x,y) = , (10.19)
Va2 +y2
21 v2 _ 122

vix,y) = INXTH YT T YT (10.20)

Since this mapping does not satisfy the Cauchy-Riemann equations, it is merely bijective, not
conformal. This is known as a squircle mapping since it appears to be a square with rounded
edges, and this specific kind was first formulated in Guasti (1992). Denoting w = x’ + iy’ and
Z = u +iv, we modify this mapping such that

X =Ry + Zx (au,av) (10.21)
a

, 1
y =Ry + - (Ry — &) y (au,av), (10.22)

With C being the unit circle in the complex z-plane, let C’ be the mapped curve in the complex
w-plane. Here, (Ry, Ry) determines the approximate center C’, r, and a are scaling factors chosen
to manipulate C’ into a rectangular shape, and €, is chosen to guarantee that C’ lies above the
real axis. While the mapping is not conformal, it is sufficient for our method, since not only is it
bijective but points interior to C are mapped to the interior of C’. Thus, if we make the interior
area of C’ sufficiently large and place it slightly above the real axis in the complex w-plane, then
we will determine all eigenmodes of interest to us. After the solution frequencies are found, they
are then refined using a standard Newton root-finding method.

While the contour integral and the Newton root-finding are done when QuaLiKiz is used on its
own, when coupled to an integrated modeling suite a slight modification is made to the algorithm.
We assume that the quasilinear transport changes slowly compared to the timescale of evolution
of the plasma equilibrium. A typical transport solver iterates on a time step that is on the order of
< 10721, where 7 is the energy confinement time. To speed up the code, QuaLiKiz will often
only use the previous solution as an initial guess for the Newton solver rather than perform the
full contour integral. Since codes like QuaLiKiz are often the bottleneck for the whole integrated
modeling suite, such a speedup is necessary to make the simulation tractably feasible. In practice,
QuaLiKiz will only perform the full contour integral once every ~ 10 iterations.

Lastly, we discuss the numerical integration scheme currently in use by QuaLiKiz to calculate
the trapped and passing functionals, which require 2-dimensional integrations. Although Qua-
LiKiz used to rely on integration routines provided by the Numerical Algorithms Group (NAG),
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it now uses open source routines based on the Genz and Malik algorithm, dubbed “hcubature”.
This algorithm was originally developed by Genz & Malik (1980); the current implementation is
based on the C++ implementation Johnson (2017). The version of the algorithm in QuaLiKiz has
been ported to Fortran and is slightly modified as a result.

The goal of hcubature is to estimate

b by by,
1=/ / / f(x)d"x. (10.23)

Here, I is the estimate of the integral, while a; and b; are respectively the individual components
of the lower and upper bounds of the integral a and b, which are both constant vectors with
dimension n. Meanwhile, f is a vector function of arbitrary dimension, and x is the argument
of the function f and is of dimension n. The vectors I and f are of the same dimension. Thus,
hcubature approximately integrates a vector integrand over a hyperrectangle (or equivalently a
scaled hypercube, hence the name “cubature”). The routine terminates when the global estimate
of the absolute or relative error of the integral reach the desired tolerance and also calculates an
error vector e with the same dimensionality as the integrand. While calculating the error vector
is straightforward, incorporating it into the convergence criterion is non-trivial. In general, to
estimate the error, we make a higher order estimate Iy and a lower order, less accurate estimate
I and set the ith component of € to be

& = |(Jo)i — ()il - (10.24)

For simplicity, we first consider a scalar function that we integrate over a hypercube,

1 1 1
1:/ / / Froxa . x)dx. (10.25)
-1 J-1 -1

We estimate the integral using the following rule,
I ~1Iy=wif(0,0,...,0) +szf(/lz,0,O,...,0)+W3Zf(/13,0,0,...,0)
#wa Y f (A 24,0,0,...,0) +ws Y f (A5, ds,., As)

Here, we sum over all possible permutations of coordinates while also allowing for sign changes.
For example, if f takes three arguments, then

DU F(41,0,0) = £ (41,0,0)+£ (0,41,0) + £ (0,0, )
+ f(-11,0,0) + £ (0,-21,0) + £ (0,0, -2y) .

(10.26)

(10.27)

Genz and Malik constrain the parameters w; and A; by requiring that the integration be exact for
the functions

fir (e x2, .00, x0) = 1,

5 (X1, %2, ..., Xp) = X7,

S (xr,x Xn) x%

3 (X1, X2, .0, X,) = X7,

S (x1,x Xn) x‘l1

fa(x1,x2,. ., xp) = x5, (10.28)
1

f5 (X1.%2, .+ 2, Xp) = X725,

fo (x1,%2, .+ . xp) = X123,

Jr (X1, X2, Xn) = X7X3%3.

In addition, they also fix the parameters A3 = A4 to be a specific number, and solve the resulting
nonlinear system of equations. The result can be found in Genz & Malik (1980). To estimate the
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error, we reuse A; but calculate different weights w L’ to make a lower-order estimate,

I~ 1 =wif(0,0,...,0) 4w} > f (42,0,0,...,0)

+wg2fug,o,o,...,0)+W;qu4,a4,o,o,...,0).
(10.29)

We calculate the weights with the same method as previously discussed and require the integration
be exact for the functions fi, f>, f3, and f5. By keeping A; the same, we can estimate the error
with the reuse of function evaluations. The error is taken to be

e=lp-1|. (10.30)

The estimate procedure easily generalizes to that of a hyperrectangle by using linear transforma-
tions. The calculation of Iy, 11, and € can also be extended to the case of vector integrands by
integrating every component simultaneously.

In the case that n = 1, the above rule no longer applies. Instead, hcubature uses a 15-point
Kronrod extension of a 7-point Gaussian quadrature rule. For n-point Gaussian quadrature, we
estimate the integral

1 n
I= L F(x)dx ~ ;w;f(x,-). (10.31)

To calculate the weights w; and the abscissa x;, we require that the integration be exact for all
polynomials up to degree 2n — 1. It can be shown using Lagrange interpolating polynomials and
the theory of orthogonal polynomials that the abscissa x; correspond to the roots of the Legendre
polynomial P,, and that the weights are

2

wi= (10.32)

) B

where the Legendre polynomials are normalized such that P, (1) = 1.

One downside to this method is that the abscissa will in general be completely different for
different order rules. Thus, naively comparing an n-point rule with an n + 1-point rule to estimate
the error is inefficient. Kronrod discovered that for an n-point Gaussian quadrature rule, one could
add n+1 abscissa to exactly integrate polynomials up to order 3n+ 1, reusing the previous abscissa
and computing new weights w;. These new nodes correspond to the zeros of Legendre-Stieltjes
polynomials, and their derivation will not be covered here. Thus, the 15-point rule corresponds
to

I=Iy= i wif (xi), (10.33)

the 7-point rule to .
I~1 = 27: wif(x), (10.34)

and the estimated error .
e=|lh-1. (10.35)

Extending this to more general limits of integration simply requires a linear transformation.
Now that we have our integration schemes and error estimation rules for arbitrary n, we may
proceed to describe the general algorithm. Here, f is the vector integrand, @ and b are respectively
the lower and upper bounds of the integrand, €, and €, are respectively the requested absolute and
relative error tolerances, maxEval is the maximum number of function evaluations to be allowed
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Algorithm 1: hcubature

Input: f, a, b, €,, €., maxEval, norm

Output: 7, e, ifail

Initialize eval = 0

Create a hyperrectangle from a, b

Calculate Iy, I, € in the hyperrectangle

Calculate s, the suggested dimension along which to further discretize, in the
hyperrectangle

Update eval to be the number of points evaluated so far

6 I =1 0,6 =€

7 Push hyperrectangle into the binary heap with associated value max; |¢;| and with stored

values Iy, €, s
8 if converged then exit;

AW N =

wm

9 else

10 repeat

11 Pop a hyperrectangle from the binary heap

12 Update I = I — Iy, e = e — € from the popped hyperrectangle

13 Split the hyperrectangle in half along the suggested dimension s

14 Calculate Iy, I, €, and s for each hyperrectangle

15 Update eval to be the number of points evaluated so far

16 Update I =1 + ) Iy, e = e + ), € from the two hyperrectangles

17 Push each hyperrectangle into the binary heap with associated value max; |¢;| and
with stored values Iy, €, s

18 until converged or eval > maxEval,

by the routine, and norm determines the convergence criterion (in conjunction with the requested
error tolerances). The integer eval keeps track of the total number of function evaluations, the
vectors I and I correspond to the integration estimates for a given hyperrectangle, € is the error
estimate for the hyperrectangle, and s is the suggested dimension of splitting. As for the output,
I is the total integration estimate, e is the total error, and ifail is an integer denoting whether any
errors occurred while carrying out the procedure or whether the eval reached maxEval before
convergence. Convergence is determined using the global error vector e.

The algorithm splits the initial hyperrectangle into pieces and stores them in a binary heap.
The heap is sorted according to the largest component of the local error vector, where the root
of the heap corresponds to the region with the largest error. Until the integral converges, we
pop a hyperrectangle from the root of the heap, split it into two regions, evaluate both regions
accordingly, update the global integration and error estimates, and push both regions into the heap.
This guarantees that the split region contributes the greatest to the global error. To determine
which direction to split the hyperrectangle along, we calculate a fourth divided difference using
the same evaluation points,

Di = 3|£;0.0.....0,-1,0.0.....0)
J

=2j(0,0,...,0) + £;(0.0,...,0,4,,0.0....,0) (10.36)

22 |

_Ii [£;(0,0,...,0,-11,0,0,...,0) — 2£,(0,0,...,0)
2

+£j(0,0,...,0,21,0,0...,0)]|.
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Here, i corresponds to the dimension at which we evaluate the functions at. For example, if i = 2,
then

Dy = 3 ]£7(0,-2,0,0,...,0) = 2£;(0,0,...,0) + £(0, 12,0,0...,0)
J

2 (10.37)
- 4—; [£;(0,-21,0,0,...,0) —2£;(0,0,...,0) + £;(0,2;,0,0...,0)]|.
2

Note that here we take the difference along each component of f and sum the absolute value
of each difference. We determine s, the dimension along which we split the hyperrectangle, by
calculating the maximum component of D. The coordinate corresponding to the maximum of D
is the one in which we split the hyperrectangle in half. For the 1-dimensional case using the Gauss-
Kronrod rule, no such calculation is required. We continually split the whole hyperrectangle into
smaller and smaller pieces until convergence is achieved.

11. Conclusions and Outlook

In this work, we derived the linear dispersion relation of quasilinear gyrokinetic transport
code QuaLiKiz from first principles. With the aid of nonlinear simulations, we also extended
the linear physics to a quasilinear regime to calculate particle, toroidal angular momentum, and
heat fluxes. The formulation of QuaLiKiz relies upon multiple theoretical principles in fusion
plasma physics. First, we examined single particle motion in a circular magnetic geometry and
identified the adiabatic invariants of motion within a guiding center framework. This allowed us
to characterize electrostatic perturbations to the system with the aid of action-angle variables. We
used this formulation to analyze the linearized Vlasov equation and Poisson’s equation. We then
simplified the resulting dispersion relation using the ballooning representation, an eigenfunction
ansatz, and various approximations. The solution of this dispersion relation is computed using
the Davies method and numerical cubature methods. Finally, upon finding the eigenmodes of the
system, we use the solutions to compute the quasilinear fluxes with the aid of a saturation rule
informed by nonlinear simulations.

This derivation serves not only to help explain the inner workings of the model, but also to guide
potential improvement in QuaLiKiz. With the formulation finally laid out, it is now clear where
each individual approximation enters the derivation. This will ease future QuaLiKiz development
that aims to extend the underlying physics or relax the various approximations. We reiterate that
QuaLiKiz is only equipped to describe quasilinear transport arising from electrostatic modes
in an axisymmetric, up-down symmetric equilibrium. The geometry cannot be strongly shaped
(such as by strong elongation), global effects are not taken into account, and the Mach number of
the rotation must be sufficiently small. Incorporating electromagnetic modes would also require
a generalization of the Gaussian eigenfunction ansatz. Examples of future work that could extend
the applicability of QuaLiKiz include introducing electromagnetic perturbations, incorporating a
more general magnetic geometry, and a more accurate pitch angle integration for passing particles.
Improvements made to QuaLiKiz will allow for more accurate integrated modeling as well as
further optimization of the code.

An additional goal of this work is to provide an extensive, line-by-line derivation for the sake of
demonstrating how such a model can be formulated in principle. Explicitly drawing upon multiple
theoretical principles, such as the action-angle variable formalism, helps to illustrate the utility of
these principles and their physical motivation. It is also useful to lay out the various mathematical
and numerical techniques necessary in a model such as this, since many such tricks, methods, or
approximations are often crucial in making a problem computationally tractable. We hope that
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this work will function not just as a tutorial for understanding and improving QuaLiKiz, but also
further development in quasilinear fusion codes in general.
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Appendix A. Fried and Conte Integrals

The Fried and Conte integral, also known as the plasma dispersion function, is utilized
frequently in kinetic plasma physics. It is defined as

L[ gyt if Im(x) > 0
Vi J—c0 v-x’ ’
(e8] *Vz
Z(x) = PL; [ dve—+ Vrie™, ifIm(x) = 0, (AD)

v2

\LE f_o:o dvi— + 2mie™, if Im(x) < 0,

where the case Im(x) < 0 is calculated by analytically continuing the integral defined for x > 0.
When solving the Vlasov equation as an initial value problem in time, a Laplace transform is
implied when obtaining this integral. To apply the Laplace transform correctly for the case of
stable modes, we must analytically continue the function. Luckily, since we only consider unstable

modes, we are free to restrict ourselves instead to the related function
1 © v’
ZO(X):ﬁ[oo dvv—x' (A2)
If Im(x) = 0, we take the Cauchy principle value of Zj.

In carrying out the calculation, we define a generalization of the plasma dispersion function
defined as

2

Zon(x) = %/mdvvme_v , (A3)

/s o0 X =V

where m is a nonnegative integer. It can be shown that these associated Fried and Conte integrals
can be written in terms of Zy(x):

XM Zo(x) + L T 2kp(m g, if m odd,

— W “k=0 2

ZM(X) - m 1 51 okl m—1 _ . (A4)
x"Zo(x) + 7= 2o XTT(H5 — k), if meven,

where I'(x) is the gamma function. For integer n we note that Z,,,; (x) is an even function and
Zo (x) is odd. The first few of these associated Fried and Conte integrals are

Zi(x) =1+xZy(x), (AS)
Zo(x) = x + x> Zy(x), (A6)
Z3(x) = % +x2+x°Z) (%), (A7)

Z4(x) = %C +x° +x4ZO(x). (A8)
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We also define a further generalization of the Fried and Conte integral as described in Giircan
(2014):
ymev?

] (o]
Gm(xi,x2) = vr [m dvm "

Through partial fraction decomposition, we can rewrite this as

1 e 1 X o2
Gm(x1,x2) = ﬁ/ dv (V . (V_XI)Z(V_)CZ))V'" ™ = Zyo1 (x1) +12G o1 (31, %2).
(A 10)
Because G, (x1,x2) = G, (x2,x1), we obtain

Gm(x1,x2) = Zp1(x1) + X2G 11 (X1, X2) = G (x2,X1) = Zyo1(x2) + x1G 1 (X1, x2), (A11)

which allows us to write
Zim(x1) = Zm(x2)
X1 — X2 '

G(x1,x2) = (A12)

Note that Gm(xl,XQ) = Gm(—xl, —x7).

Appendix B. Derivation of the Magnetic Drift Velocity

The goal of this section is to calculate the magnetic drift velocity v p_g in the s — @ equilibrium
by including a finite Shafranov shift. We define the right-handed coordinate system (r, 6, ¢) using
Cartesian coordinates and include the Shafranov shift explicitly:

x = (Ry+rcos(8) + A(r)) cos(p), B1)
y = (R + rcos(6) + A(r)) sin(¢), B2)
z = rsin(6). (B3)

Here, A is the outward radial shift of the circular flux surface’s center. The coordinate system
(r, 8, ) is right-handed but not orthogonal, so we must specify the metric coefficients. They are

grr =14 (A)? +2A cos (6) (B4)
gro = gor = —A'rsin (), B5S)
800 =17, (B6)
Spp = (Ro+7cos () +A)?, (B7)
8ro = 8¢r = 80p =8¢0 =0, (BY)
where A’ = 9, A. This leads to the Jacobian
J=\/§:m:r(R0+rcos(9)+A)(1+A’cos(9)). B9

We next define a magnetic field for the s — a equilibrium. As an approximation, we ignore the
poloidal magnetic field and only consider the toroidal magnetic. Thus, the magnetic field is

B ~ ByRyV . (B 10)
This guarantees that the magnetic field strength is

B BoRo _ BoRy
" Ro+rcos()+A R’

where R = R (r, 0). It is well known that one can obtain an approximate expression for A’ from
the Grad-Shafranov equation to lowest-order in € (Connor et al. 1983; Candy 2009; Linder 2016).

B11)
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The expression is

Ry dP
N~ —ay =¢*p— —. B12
am =4 B B12)
The next step is to calculate the magnetic drift velocity,
2 mv?
m (., Vvi\BxVB | B BxVp

= — + = _ B13
"DBE= B (V” 2) B2  eB2p B B13)

The first term is the sum of the grad-B drift as well as the dominant component of the curvature
drift. The second term is the portion of the curvature drift that arises from considering the lowest-
order MHD equilibrium. Since QuaLiKiz is applied in the regime where aj; is small, we ignore
the second term entirely; this is equivalent to assuming that the magnetic field is approximately
curl-free. Taking note that we are not using an orthogonal coordinate system, we find that the
relevant cross product is

B B
(B xVB) = RoBy (Z—Vgo X Vr+ ‘;—evga x Vo|. B14)
r

We can evaluate each component of the expression to obtain

OB RoBy OB B?sin ()
B xVB)-Vr=RyBy—Vr- (Vo xV0) =— — = B 15
( ) Vr=RoBog g Vr- (Vg x V6) J 90 R(+dcos(a) B
0B RoB 0B B? (cos () + A)
B xVB) -V =RyBy—V0 - (Vo xVr)= — == , B 16
( ) 0Bo g VO (VX V) = = = R+ deos(9) 01O
(BXVB)-Vp=0. B17)
We then use the approximation
1 1
~—(1-A 0 B 18
Ro(I 0 cos(0) ~ Ry cos (8)) (B18)
and substitute in A’ = —a, to obtain to lowest-order
1)) -Vr ~ —VD.B Sil‘l(@), (B 19)
vp - VO~ _!b.B (cos (6) — ap sin? (9)) , (B 20)
vp - Vo =0, (B21)
where we define the characteristic magnetic drift speed to be
2
m 2, V1
= —— +—=. B22
VD.B ¢BR, (V” ) ) ( )

Appendix C. Collisions

The main sections of this work only consider the collisionless Vlasov equation. In actuality,
QuaLiKiz implements a Krook-type collision operator for trapped electrons. To account for its
inclusion, we modify the Vlasov equation to

66f9 aéfv a(b af()s _ %
o1 +Q.W_ES£.W_ V((sfv"'TSfOs), ChH

where v is the collision frequency. Note that the e ¢ fy, /T term accounts for the adiabatic
response from the electrostatic perturbation. We only include this term for electron-ion collisions
as ion-ion collisions and electron-electron collisions would produce only a small correction. Thus,
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we drop the “s” in favor of “€” and take e, — —e. Substituting in our Fourier expressions for J f
and ¢, we find that

foe —€pn (- w.—n-Q—-v) ep, W-—n-w,

fOe 1-

T. n-Q-w-iv T. o+iv-n-QJ’

o= (C2)

Therefore, we can simply substitute w — w + iv in the denominator of the resonant term to
capture the effect of this collision operator. The drawback is that we lose the ability to simplify
the functional. In QuaLiKiz, we take the collisional frequency to be

€ 0.1116 +1.31
(1-2e-2)2 11.796 +1 °

Ve(é,4,€) = vei (€)1 Ze (C3)

vei 1s the electron-ion Coulomb collision frequency, Z.g is the effective charge of the ion species
interacting with the electrons, and the parameter ¢ is defined as

j@le |\
0= 12.0(—) . (C4)
VeiZeff
The explicit definition of v,; is
4
A
L (C5)

Vei = ,
“ 47T63 (2Te)3/2 mi/2

where A, is the Coulomb logarithm relevant for electron collisions. Details for this collision
operator can be found in Romanelli ef al. (2007). The numerical values as well as the derivation
of ¢ were originally calculated in Kotschenreuther et al. (1995) and then modified for QuaLiKiz’s
purposes. Because v is a function non-trivial of &, we cannot simplify the functional using this
collision operator using Fried and Conte integrals, and the integration over the energy must be
done numerically. The inability to simplify the ¢ integration results in 2-dimensional integral.
That aside, all other aspects of the trapped functional derivation remain intact.

We note this specific form of the collision operator is modified in comparison to the one
found in Romanelli et al. (2007). It was found that the previous form of the collision operator
led to incorrect predictions for density profiles when used in QuaLiKiz (coupled to integrated
modeling suites) in highly collisional regimes. In response, numerical parameters in the Krook
operator were tuned to linear simulations in GENE. In doing so, we keep unchanged the generic
dependence and numerical parameters derived from fundamental principles unchanged (Stephens
et al. 2021).
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