GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS TO
POROUS MEDIUM EQUATION AND PSEUDO-PARABOLIC
EQUATION, I. STRATIFIED GROUPS
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ABSTRACT. In this paper, we prove a global existence and blow-up of the positive
solutions to the initial-boundary value problem of the nonlinear porous medium
equation and the nonlinear pseudo-parabolic equation on the stratified Lie groups.
Our proof is based on the concavity argument and the Poincaré inequality, estab-
lished in [30] for stratified groups.
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1. INTRODUCTION

The main purpose of this paper is to study the global existence and blow-up of the
positive solutions to the initial-boundary problem of the nonlinear porous medium
equation

ug(z,t) — Ly(u™(z,t)) = f(u(z,t), xe€D,t>0,
u(z,t) =0, x€0D, t >0, (1.1)
u(z,0) = up(x) >0, r €D,
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and the nonlinear pseudo-parabolic equation

w(z,t) — Vi - ([Vgu(z, t) P2V gu(x, t) — Lou(x, t) = f(u(z,t)), x€ D, t>0,
u(z,t) =0, xredD, t>0,
u(z,0) = ug(x) >0, €D,

(1.2)

where m > 1 and p > 2, f is locally Lipschitz continuous on R, f(0) = 0, and such
that f(u) > 0 for u > 0. Furthermore, we suppose that ug is a non-negative and
non-trivial function in C'(D) with ug(z) = 0 on the boundary 9D for p = 2 and in
L>®(D) N S*»(D) for p > 2, respectively.

Definition 1.1. Let G be a stratified group. We say that an open set D C G is an
admissible domain if it is bounded and if its boundary 0D is piecewise smooth and
simple, that is, it has no self-intersections.

Let G be a stratified group. Let D C G be an open set, then we define the
functional spaces

SYP(D) = {u: D — R;u,|Vyu| € LF(D)}. (1.3)

We consider the following functional

g = ([ |vHu<x>|pdx); |

Thus, the functional class S¥?(D) can be defined as the completion of C}(D) in the
norm generated by J,, see e.g. [7].

A Lie group G = (R", o) is called a stratified (Lie) group if it satisfies the following
conditions:

(a) For some integer numbers Ny + Ny + ... + N, = n, the decomposition R" =
RN x ... x RM is valid, and for any A > 0 the dilation

on(x) == (!, N2 ™)

is an automorphism of G. Here 2/ = 2 € RM and 2 € RN for k =2,...,r.

(b) Let Ny be as in (a) and let X7, ..., Xn, be the left-invariant vector fields on G
such that X;(0) = %|0 for kK =1,..., N;. Then the Hormander rank condition must
be satisfied, that is,

rank(Lie{X1,..., Xy, }) =n,
for every x € R™.
Then, we say that the triple G = (R", 0, d,) is a stratified (Lie) group.
Recall that the standard Lebesgue measure dxr on R" is the Haar measure for G

(see e.g. [11], [37]). The left-invariant vector field X; has an explicit form:
- )
Xp=—+ al (2, 2 — (1.4)
o 2 Oul
see e.g. [37]. The following notations are used throughout this paper:

VH = (Xl,...,XN1>
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for the horizontal gradient, and
Epf = VH . (|VHf|p_2va), 1< p < 00, (15)
for the p-sub-Laplacian. When p = 2, that is, the second order differential operator

Ny
L=) X}, (1.6)
k=1

is called the sub-Laplacian on G. The sub-Laplacian L is a left-invariant homogeneous
hypoelliptic differential operator and it is known that £ is elliptic if and only if the
step of G is equal to 1.

One of the important examples of the nonlinear parabolic equations is the porous
medium equation, which describes widely processes involving fluid flow, heat transfer
or diffusion, and its other applications in different fields such as mathematical biology,
lubrication, boundary layer theory, and etc. Existence and nonexistence of solutions
to problem (1.1) for the reaction term u™ in the case m = 1 and m > 1 have
been actively investigated by many authors, for example, [3, 4, 9, 11, 12, 15, 16,

, 21,22, 27,29, 39, 40, 41], Grillo, Muratori and Punzo considered fractional
porous medium equation [17, 18], and it was also considered in the setting of Cartan-
Hadamard manifolds [19]. By using the concavity method, Schaefer [12] established
a condition on the initial data of a Dirichlet type initial-boundary value problem for
the porous medium equation with a power function reaction term when blow-up of
the solution in finite time occurs and a global existence of the solution holds. We
refer for more details to Vazquez’s book [13] which provides a systematic presentation
of the mathematical theory of the porous medium equation.

The energy for the isotropic material can be modeled by a pseudo-parabolic equa-
tion [10]. Some wave processes [0], filtration of the two-phase flow in porous me-
dia with the dynamic capillary pressure [5] are also modeled by pseudo-parabolic
equations. The global existence and finite-time blow-up for the solutions to pseudo-
parabolic equations in bounded and unbounded domains have been studied by many

researchers, for example, see [25, 26, 31, 32, 35, 15, 16, 17] and the references therein.
In [11], Veron and Pohozaev have obtained blow-up results for the following semi-
linear diffusion equation on the Heisenberg groups
ou(x,t
% — Lu(z,t) = |u(z, t)P, (x,t) € Hx (0,4+00).
Also, blow-up of the solutions to the semi-linear diffusion and pseudo-parabolic equa-
tions on the Heisenberg groups was derived in [1, 2, 13, 23, 24]. In addition, in [38]

the authors found the Fujita exponent on general unimodular Lie groups.
In some of our considerations a crucial role is played by

e The condition

aF(u) <u™f(u) + u™ 4+ ay, u >0, (1.7)
where .
F(u) = mpT1 i s" 1 f(s)ds, m > 1,

introduced by Chung-Choi [8] for a parabolic equation. We will deal with
several variants of such condition.
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e The Poincaré inequality established by the first author and Suragan in [30]
for stratified groups:

Lemma 1.2. Let D C G be an admissible domain with Ny being the dimension
of the first stratum. Let 1 < p < oo with p # Ni. For every function
u € CP(D\{2' = 0}) we have

/ Vyurde > =Pl / lufPdz, (1.8)

where R = sup,¢p |2/

Note that condition on nonlinearity (2.1) includes the following cases:
1. Philippin and Proytcheva [33] used the condition

24 €)F(u) <uf(u), u>0, (1.9)

where € > 0. It is a special case of an abstract condition by Levine and Payne

[30].

2. Bandle and Brunner [{] relaxed this condition as follows
24 €)F(u) <uf(u)+v, u>0, (1.10)
where € > 0 and v > 0.

These cases were established on the bounded domains of the Euclidean space, and it
is a new result on the stratified groups.
Also, the condition (1.7) depends on a domain D, due to the term fu? where (3 is

related to constant (1 )p ” which can be interpreted as a measure of the size of the

domain D. Then f in (1.7) is dependent on the size of the domain D. If we choose
B as arbitrary small in (2.1), then it gets closer to condition (1.10). For small 5 and
~v = 0, condition (2.1) gets closer to (1.9) in the case p = 2 and m = 1. Since the case
m > 1 is equivalent to m = 1 we refer to Section 4 in [3] for more detailed discussion
to condition (2.1).

Our paper is organised so that we discuss the existence and nonexistence of positive
solutions to the nonlinear porous medium equation in Section 2 and the nonlinear
pseudo-parabolic equation in Section 3.

2. NONLINEAR POROUS MEDIUM EQUATION

In this section, we prove the global solutions and blow-up phenomena of the initial-
boundary value problem (1.1).

2.1. Blow-up solutions of the nonlinear porous medium equation. We start
with the blow-up properly.

Theorem 2.1. Let G be a stratified group with Ny being the dimension of the first
stratum. Let D C G be an admissible domain. Let 2 < p < oo with p # Nj.
Assume that function f satisfies

aF(u) <u™f(u) + puP™ + ary, u >0, (2.1)

where

Flu) = % 0 s f(s)ds, m > 1,
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for some

M= plP (0 —m— 1)
(pR)P  m+1

where R = sup,¢p |2'| and x = (2',2") with o' being in the first stratum. Let uy €

L>(D) N S*(D) satz'sfy the inequality

v>0, 0<p< and o >m+1,

J(0) :=— ] / |V gug' (x)|Pdx + /D(F(uo(x)) —y)dx > 0. (2.2)
Then any positive solution w of (1.1) blows up in finite time T*, i.e., there exists
M
0<T" < 2.3
UfD m+1 ( )
such that .
lim / / " (z, 7)drdr = 400, (2.4)
t—=T*

where M > 0 and 0 = Y75 — 1> 0. In fact, in (2.3), we can take

Mo (1+0)(1+1/0 ([ ug ™ (z)dx)? ‘

Proof of Theorem 2.1. Assume that u(x, t) is a positive solution of (1.1). We use the
concavity method for showing the blow-up phenomena introduced by Levine [28]. We
introduce the functional

J(t) = — p— 1/ |Vygu™(x,t)|Pde + /D(F(u(ac,t)) —v)dzx, (2.5)
and by (2.2) we have

J(0) = e / |V gul'(x)|Pde + /D(F(uo(a:)) —7)dx > 0. (2.6)
Moreover, J(t) can be written in the following form

bdJ
ﬂw:ﬂm+/ ) s, (2.7)
o dr

where

bdJ
/ d<:) m—|—1/ / dT]VHu $T|pdxd7+/ / o ,T)) — y)dxdr
0

- m+1//|VHu (z,7)|P 2V gu™ - Vg (u™(z, 7)) dzdr

+/t/ Fu(u(z, 7))us (x, 7)dadr

m+1// (w)](u™(, 7)) dxdr
m+1// "Nz, )k (z, T)ddr.
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t
:/ /um“(x,T)dxdT—l—M, t>0,
o Jp

with M > 0 to be chosen later. Then the first derivative with respect ¢ of E(t) gives

E(t) = /D Wz, t)de = (m + 1 / / " (2, s (w, T)drds + / U (2)de.

D

Define

< [N1—p|? (a=m—1)

oRp mii o+ We estimate the second

By applying (2.1), Lemma 1.2 and 0 < 3
derivative of E(t) as follows

E"(t)=(m+1) ; u™(x, )uy(x, t)de

— m+1) /D V™ (@, )P + (m + 1) / W (1) f(u(e, 1)) da

D

> —(m+ 1)/ Vyu™(x,t)|Pde + (m + 1)/ [aF (u(z,t)) — BuP™(z,t) — ay] dx

D

:a<m+1)[ m+1/ IV (z, t)|pdx+/D(F(u(x,t))—7)dx}
+(a—m—1)/D]VHum(x,t)|pdx—6(m+l)/ (2, 1) d

D

> a(m+1) [—mLH/Dvaum(a;,z)Vd:c+/D(F(u(x,t>) —fy)da:}

N {%@ Cm—1) - B(m+ 1)} /Du”m(x, £)da

Za(m+1)[ m+1/ IV ™ (z t)|pdx+/D(F(u(x,t))—7)dx}
= a(m+1)J(t)

= a(m+1)J(0) + pam /Ot/Duml(x, Tz (x, 7)dwdr.

By employing the Holder and Cauchy-Schwarz inequalities, we obtain the estimate
for [E'(t)]* as follows

B0 < (1+06) ( /D /0 t(umﬂ(x,T))Tdex)Q—i- (1+%) ( /D I (a )dx>2
~ o200 ([ [an e i)+ (10 1) ([ upriae)

t 2
= (m+1)*(1+4) (/ / u(m+1)/2+(m1)/2(x,7)u7(x,7')dxd7'>
pJo

(e (o)
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2

< (m+1)2(1+5)( Ot Dum“dxdT) (/;/Dum Y2 (x, T)dade)
1

for arbitrary ¢ > 0. So we have

[E'(t)]* < (m+1)%(1+5) </Ot/Dum+1dde) </0t/Dum—1u$dxdT>+<1+;> (/D ugmdx)Q.
(2.8)

The previous estimates together with o = = —j}fﬁl — 1 > 0 where positivity comes
from o > m + 1, imply

E"()E(t) — (1 + 0)[E'(1)]

> aM(m + 1) [—L / VP + / (F(uo) — ’y)dx]

m+1

o ([[ [ v piade) ([ st i
— (m+1)*(1+0)(1+90) </0 /DudeIdT) (/0 /Dum_luz(x,T)dxdT>
—(1+o0) (1+§) (/D ug ™ (x )da:)

1 2
>aM(m+1)J0)—(1+o0) (1 + 5) (/ uS”l(x)dx) :
D
By assumption J(0) > 0, thus if we select

(o) (143) (fpug ™ (@)da)”
M= a(m +1)J(0) ’

that gives
E'"t)E(t) — (14 0)(E'(t)* > 0. (2.9)
We can see that the above expression for ¢ > 0 implies

' ' # Lo (¢ 7
% [Eit(f()t)} > 0= {gg))i]{fﬁ © )} B ()

Then for o = Vpr“ — 1> 0, we arrive at

- [E=7(t) — E~7(0)] > (o)
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and some rearrangements with F(0) = M give

E(t)z( 1 o fyuti t>—;'

MO’ MO'+1
Then the blow-up time T™ satisfies
M

0<T*<
afD de

That completes the proof.

O

2.2. Global existence for the nonlinear porous medium equation. We now
show that under some assumptions, if a positive solution to (1.1) exists, its norm is

globally controlled.

Theorem 2.2. Let G be a stratified group with Ny being the dimension of the first

stratum. Let D C G be an admissible domain. Let 2 < p < oo with p # Nj.

Assume that
aF(u) > u™f(u) + fu™ 4+ ay, u >0,

where .
F(u) = W:;Tl i s f(s)ds, m > 1,
for some
[N = plP (@ =m —1)
(pR)P m+1
where R = sup,¢p |2'| and © = (2, 3(1):”) with ' being in the first stratum.
Assume also that ug € L>(D) N SYP(D) satisfies inequality

J(0) := /D(F(uo(x)) )dm——/ |V gui'(x)|Pdz > 0.

720, a<0 and >

(2.10)

(2.11)

If w is a positive local solution of problem (1.1), then it is global and satisfies the

following estimate:

/um+1(ac,t)dx§/ uf () da.
D D

Proof of Theorem 2.2. Recall from the proof of Theorem 2.1, the functional

J(t) = — /|VHu x t)|pdzv+/(F( (z,t)) —v)dx

m+1

—Jo—i-—// u™ N, T)ui(z, T)dzdr.

Let us define
E(t) = / u" M (z, ) d.
D
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By applying (2.10), Lemma 1.2 and § > IJE;};)ZZJP (a;ﬁzl), respectively, one finds

E't)=(m+ 1)/ u™(x, t)u(x, t)dx

D

=(m+1)| /D W (2, )V g - (V™ (@, 8) P2V ™ (2, 1)) + /D W (2, 1) f(u(x,t))dx]
=(m+1) :—/D]VHum(x,t)|pdx+/

D

u™(z,t) f(u(x, t))dx}

< (m+1) :—/D|VHum(:p,t)|pdx+/

: [aF (u(z,t)) — Bul™(z,t) — ay] dx}

1

=a(m+1) [—m+1

/D|VHum(x,t)\pdx+/D(F(u(ag’t))_,y)dxl

< a(m+1) [—mLH/DWHW(x,WH /D(F(u(x,t)) - v)dx}

_ {|N1 —pl

W) (m+1—a)+ pB(m+ 1)] /Dupm(:v,t)das

1
<a(m+1) [——/ IV gu™ (z,t)|*dx + / (F(u(x,t)) — ’y)d:c]
m+1Jp D
=a(m+1)J(t).
We can rewrite £'(t) by using (2.7) and a < 0 as follows

t
E'(t) < a(m+1)J(0) +pam/ / u™ N, T)ud(z, T)dzdr < 0. (2.12)
0o JD
That gives
E(t) < &(0).
This completes the proof of Theorem 2.2. O

3. NONLINEAR PSEUDO-PARABOLIC EQUATION

In this section, we prove the global solutions and blow-up phenomena of the initial-
boundary value problem (1.2).

3.1. Blow-up phenomena for the pseudo-parabolic equation. We start with
conditions ensuring the blow-up of solutions in finite time.

Theorem 3.1. Let G be a stratified group with Ny being the dimension of the first
stratum. Let D C G be an admissible domain. Let 2 < p < oo with p # Nj.
Assume that

aF(u) <uf(u)+ pu? +ay, u>0, (3.1)
where

P = [ " fls)ds,
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for some

N1 —pl? (. — p)

a>p and 0< B < ) 3.2
(bR} p 82
v>0 and R =sup|z'].
zeD
Assume also that ug € L®(D) N S¥P(D) satisfies
1
Fo = _Z_?/ |V gug(x)|Pdx + / (F(up(z)) —v)dz > 0. (3.3)
D D

Then any positive solution u of (1.2) blows up in finite time T*, i.e., there ezists

M
0<T* < , 3.4
= o [pug+ 2 Vhuolrda (3:4)
such that
! 2
lim / / [u® + = |V gulP]dedT = +oo, (3.5)
=T Jo Jp p

whereaz\/g—1>0 and

2
(14+0) (14 1) (fDug + %\VHuoypda:>

M =
204‘/_"[)

Proof of Theorem 5.1. The proof is based on a concavity method. The main idea is
to show that [£7(t)]” < 0 which means that E_°(t) is a concave function, for £, (t)
defined below.

Let us introduce some notations:
1
F(t) =~ [ Va0 e+ [ (Flute,t) - )da,
pPJp D
and

F(0) := —l/D|VHu0(x)|pd:v+/(F(u0(x))—’y)d:z:,

p D
with
Flu) = / £(5)ds.
0
We know that

Fi = 70)+ | pediabl (3.6)
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where

t
/d :——// |VHu|pdxdT+// v)dxdr
0 dr
//|VHu]p Vu - VHqu:ch—i-// w)u,drdr
_ / / L+ f(u)]usdedr
0o Jp

t
:/ /ui—uTVH (| VaulP 2V gu, ) dzdr
0 Jp

t
= / / u? + |V gul|P?|\V gu, P dzdr.
0o Jp
Let us define
t
2
E,(t) := / / [u® 4+ = |V gu|Pldedr + M, t >0,
o JD p
with a positive constant M > 0 to be chosen later. Then
2 b d 2 2
E(t) = / [u? 4+ = |V gulP)de = / —/[u2 + —|VyulPldxdr +/ ui + = |V gug|Pdx.
D p o A7 Jp p D p (3.7)

Now we estimate E}(t) by using assumption (3.1) and integration by parts, that gives

2
E](t) :2/ uutdx+—/(|VHu|”)tdx
D PJp
2
:2/[u[,pu+uVH-(\VHu|p_2VHut)~|—uf(u)]d:v—|—23/(\VHu|p)tda7
D D

2
= —2/[\VHU|”+ |VHu]p2VHu-VHut]dx+2/ uf(u)da:—i——/(!VHu\p)tdx
D D P Jp
> —2/ |VHu|pd$+2/ [aF(u) — puP — ay] dx
D D
= 20 [—l/ |VHu|pdx+/(F(u)—7)dx}
P Jp D

+M/ |vHu|pdx—2@/ wPdz.
p D D

Next we apply Lemma 1.2, which gives

> 20 {—% /D IV ulPde + /D (F(u)—v)dm}

o[ o] f

> 24 [—% /D IV uldz + /D (F(u)—y)dx}

= 2a.F(t),
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with F(t) as in (3.6), then EJ(t) can be rewritten in the following form
¢
E](t) > 2aF(0) + Qa/o /D[uz + |V guP 2|V gu, [*)dzdr. (3.8)

Also we have for arbitrary 6 > 0, in view of (3.7),

(B, (1) < (1+9) (/Otd%/D[UQ +§‘VHu\p]dxdT)2
* (1 * %) (/D[u% + §|Vﬂuo|p]dx>2.

Then by taking o =0 = \/g — 1> 0, we arrive at

Ey () Ep(t) — (14 0)[E, (1))

> 2aMF(0) + 2« ( /0 t /D [uZ + |vHu|P—2|vHuT|2}dxdT) ( /0 t /D [u2—|—§|VHu|pdx]dT)
C (14 0)(140) (/Ot%/D[u2+§|VHu|p]d$dT>2— (140) (1+%) (/l)[ug+§|VHuo|p]dx)2

— 2aMF(0) - (14 0) (1+§> </ 2 + 2]VHu0|p]da:>2

+2QK//U +[Viul" | Viu, ] da:dT) (//U + - |VHu|de] )
(/ / [wr + [V aul ™V iu- VHuT]dxdT>]

> 2aMF(0) — (1+0) (1+%) </Du0 %\Vguolpdm)z.

Note that in the last line we have used the following inequality

</ / u® + |V gul?] dxdT) (/ / u? + |VgulP 2|V yu,|? ]d:ch)
(/ / [ut, + |V gulP~ 2V yu - VHUT]CZZECZT)
> [(//u%h-dx) (// ]VHu\p2|VHuT\2dex)
pJo pJo

1 142
t 5 t 5
—(// |VHu]pdex> (//uidmx)] > 0,
D JO D Jo
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where making use of the Holder inequality and Cauchy-Schawrz inequality we have

([ ftwmie s i)’ o
g( /D ( /ud)( /ud) dr+ / ( / \VHu!pdT>2 ( / t|vHu\p2|vHuT\2dT)2dx> |
(L) (o) ) ([ 19) ([ 199 )
([ ([ v (ffozar) ae) ([ ([ rwomiin) ([ awmuin) o)

< (/v (], [ e (], 1) (], ot
(] ) (], f o) (] ) (] . ot i)

By assumption F(0) > 0, thus we can select

2
(1+0)(1+1) (fD ul o+ §|vHu0|pdx)
2a.F(0) ’

NI

D=

M=

that gives
E)(t)E,(t) — (1+ o)[E,(t)]* > 0. (3.9)
We can see that the above expression for ¢ > 0 implies
/ / E (0) 1+a'
4 By(1) 20 {502 || B,
di | EZ+i(t) E,(0) = M.

Then for o = /§ — 1> 0, we arrive at

_1
B s (L - ol L 5 Viollde 3 7
p =\ Me Mo+l :

Then the blow-up time 7™ satisfies

M

o fplud+ %]VHUOP]CZJ:

0<T*<

This completes the proof. O

3.2. Global solution for the pseudo-parabolic equation. We now show that
positive solutions, when they exist for some nonlinearities, can be controlled.

Theorem 3.2. Let G be a stratified group with Ny being the dimension of the first
stratum. Let D C G be an admissible domain. Let 2 < p < oo.
Assume that function f satisfies

aF(u) > uf(u) + pu” + oy, u>0, (3.10)
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where .
Flu) = [ fes

for some

8> (p;a) and a <0, v>0. (3.11)

Let ug € L(D) N S*(D) satisfy

Fo = —% /L; |V gug(x)|Pdx + /D(F(uo(x)) —y)dx > 0. (3.12)

If w is a positive local solution of problem (1.2), then it is global and satisfies the
following estimate:

2 2
[ 12+ 219l < exp(—(0 = a)e) [ [+ 2Vl
D p D p
Proof of Theorem 3.2. Define
2
E(t) = / 12+ 2|V yul?lde.
D p

Now we estimate £'(t) by using assumption (3.10), that gives
2
E't) = 2/ uuydr + —/(lVHu\p)tdx
D pPJp
2
= 2/ [ulyu+uVy - (|VyulP 2V gu) + uf(u)|dr + p / (|IVyulP)dz
D D

2
= —Q/HVHu\p—i—\VHu]”_QVHu-VHut]dx—irQ/ uf(u)dm+]—?/(]VHu|p)tdx
D D D

<2« [—%/DlvHuPd:v—l—/D(F(u)—’y)dx} — 2(pp— a)/D|VHu|pd:B—2ﬁ/Dupdx

<% {—% /D IV ulPde + /D (F<u>—»y)dx1
—(p— ) [E,(t) - /D Wdaldr — 28 /D W,

=2aF(t) — (p—a)é(t)+ [p— a—205] / u?de,

D

with
1 p
F(t) := - /D \Vuu(z,t)Pde + /D(F(u(:v,t)) — )dx

t
= Fo +/ / u? + |VgulP2|V gu, | *dvdr.
o Jp

Since 3 > 55% we arrive at

t
E't)+ (p— )&(t) < 2a {.7:0 —i—/ / u? + |V gulP?|V gu, | *dedr| <O0.
0o Jp
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This implies,

E(t) < exp(—(p — a)t)€(0),

finishing the proof. O
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