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ABSTRACT

The so-called “absorbing method” was first introduced in a systematic way by
Rodl, Rucinski and Szemerédi in 2006, and has found many uses ever since.
Speaking in a general sense, it is useful for finding spanning substructures of
combinatorial structures. We establish various results of different natures, in both

graph and hypergraph theory, most of them using the absorbing method:

(i) We prove an asymptotically best-possible bound on the strong chromatic
number with respect to the maximum degree of the graph. This establishes
a weak version of a conjecture of Aharoni, Berger and Ziv.

(ii) We determine asymptotic minimum codegree thresholds which ensure the
existence of tilings with tight cycles (of a given size) in uniform hypergraphs.
Moreover, we prove results on coverings with tight cycles.

(iii) We show that every 2-coloured complete graph on the integers contains
a monochromatic infinite path whose vertex set is sufficiently “dense” in
the natural numbers. This improves results of Galvin and Erdés and of

DeBiasio and McKenney.
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INTRODUCTION

1.1 THE ABSORPTION METHOD

Some of the most important results in graph theory take the following form: the
presence of some ‘local’ sufficient condition ensures the existence of a ‘global’
structure. Perhaps the archetypical example of a result of this type is Dirac’s
theorem [16], which states that every graph on n > 3 vertices whose minimum
degree is at least n/2 contains a Hamiltonian cycle, that is, a cycle which visits
every vertex of the graph exactly once. The method of “absorption” was developed
during the search for generalisations of Dirac’s theorem, but, in a general sense, it
is helpful for showing the existence of spanning substructures in combinatorial
structures. We use this technique to tackle problems of different natures in both
graph and hypergraph theory.

The absorption method was first introduced in a systematic way by Rodl,
Rucinski and Szemerédi [63] in the proof of a generalisation of Dirac’s theorem to
uniform hypergraphs. It must be remarked that similar ideas were used before by
Krivelevich [49] to study triangle tilings in random graphs; and even earlier by
Erdds, Gyarfas and Pyber [19] to find monochromatic partitions using cycles in
complete edge-coloured graphs.

To discuss the absorption method we introduce the setting of hypergraphs,

as it will form the basis for most of the results that follow. A hypergraph H =
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(V(H),E(H)) consists of a vertex set V(H) and an edge set E(H), where each
edge e € F(H) is a subset of V(H). Given k > 0, a k-uniform hypergraph (or
k-graph for short) is a hypergraph where every edge has size exactly k.

As discussed previously, the absorbing method gives a recipe to find spanning
substructures. Perhaps the easiest example of a spanning structure in the setting
of hypergraphs is that of a perfect matching. A matching M in a hypergraph H
is a collection of pairwise disjoint edges M ¢ F(H). A matching M in H is said
to be perfect if the union of its edges covers the whole vertex set of H. Note that
if H is a k-graph on a vertex set of size n and has a perfect matching, then it
must hold that n is divisible by k.

Suppose € > 0 is given and small, and H is a k-graph on n vertices, with n
divisible by k. The absorbing method applied to the problem of finding a perfect

matching in a hypergraph H would consist in the following three steps.

(i) Find an absorbing set. Find a set A € V/(H) with the following property:
for each subset S € V(H), disjoint from A, which has size at most en and
|S'u Al is divisible by k, there exists a perfect matching in H[S'u A]. Here
H[Su A] is the induced k-graph obtained by restricting the vertex set to
S U A and keeping the edges entirely contained within that set.

(ii) Find an almost-perfect matching. In the induced k-graph H[V (H)\A],
find a matching M’ that covers all but at most en vertices.

(iii) Absorb. Let S =V (H) N (AUUgnre€). By the choice of M’, S has size
at most en. Since M’ is a matching consisting of disjoint edges of size k,
and n = |V (H)| is divisible by k, it follows that |S u A| is divisible by k. By
the choice of A, there exists a perfect matching M” in H[S u A]. Then

M = M'"u M" is a perfect matching in H.

Of course, for this approach to work, we need sufficient structure in H to be
able to carry out steps (i) and (ii). In typical applications of this strategy, to

show that (i) holds, it is necessary to describe an ad-hoc construction, which
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is then found in H using probabilistic methods. To show that (ii) holds, there
are different techniques already existing in the literature to find “almost-perfect”
matchings, which are applicable if H satisfies certain appropriate requirements.

We will encounter different instances of this approach in the following chapters.

1.2  ASYMPTOTIC UPPER BOUNDS FOR THE STRONG CHROMATIC NUMBER

The first problem we consider is related to graph colouring. This is joint work
with Allan Lo, and has been published in Combinatorics, Probability and Com-

puting [54].

Figure 1.1: The cycle Cg has strong chromatic number equal to 3. The picture
shows C using black edges, together with all of the possible ways (up to symmetry)
to choose a spanning collection T' of copies of K3 on V(Cj), using orange edges
in each case. In each case, a 3-colouring for Cg U T is shown. This demonstrates
that Cj is 3-strongly colourable.

On the other hand, note that Cy is not 2-strong colourable, since there exists a
spanning collection M of copies of Ky on V(Cs) (i.e., a perfect matching) such
that Cgu M is not 2-colourable. Indeed, it is not difficult to find a matching M
such that Cg u M contains a triangle, and thus is not 2-colourable.

Let r be a positive integer. Let GG be a graph on n vertices, where r divides n.
We say that G is strongly r-colourable if it can be properly r-coloured after
taking the union of G with any collection of spanning disjoint copies of K,
in the same vertex set. Equivalently, GG is strongly r-colourable if for every
partition {V1,...,Vi} of V(G) with classes of size r, there is a proper vertex
colouring of G using r colours with the additional property that every V; receives

all of the r colours. If r does not divide n, we say that G is strongly r-colourable
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if the graph obtained by adding r[n/r|—n isolated vertices to G is r-strongly
colourable. The strong chromatic number xs(G) of G is the minimum r such
that G is r-strongly colourable.

The notion of strong chromatic number was introduced independently by
Alon [4] and Fellows [24], although with a slightly different definition. In their
version, a graph G is r-strongly-colourable if for every partition {V,...,V;} of
V(@) into sets of size at most r, the graph G’ obtained by adding a clique in
each of the sets V; is r-colourable. For this different notion of “strong chromatic
number” it is known that if a graph is r-strong-colourable, then it is (r + 1)-strong-
colourable [24, Theorem 6]. Instead, our notion of “strong chromatic number”
follows closely that of Haxell [38] and Axenovich and Martin [8], where no such
monotonicity is known to hold.

One of the first problems related to the strong chromatic number was the
cycles-plus-triangles problem of Erdds (see [26]), who asked (in an equivalent
form) if x5(Cs,,) < 3, where Cs,, is the cycle on 3m vertices. This was answered
affirmatively by Fleischner and Stiebitz [25] and independently by Sachs [67].
Figure 1.1 shows a particular instance of this problem using Cg.

It is an open problem to find the best bound on x4(G) in terms of A(G).
Alon [5] proved that xs(G) < cA(G) for some constant ¢ > 0. Haxell [38] showed
that ¢ = 3 suffices and later [39] that ¢ < 11/4 + ¢ suffices given A(G) is large
enough with respect to e. On the other hand, there are examples showing ¢ > 2
is necessary, as described, for instance, by Axenovich and Martin [8]. Such an
example is shown in Figure 1.2.

It is conjectured (first explicitly stated by Aharoni, Berger and Ziv [2, Conjec-

ture 5.4]) that this lower bound is also tight.
Conjecture 1.2.1. For every graph G, xs(G) < 2A(G).

Conjecture 1.2.1 is known to be true for graphs G on n vertices with A(G) > n/6.

This was proven by Axenovich and Martin [8] and independently by Johansson,
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A1 AQ

Figure 1.2:  An example of a graph where xs(G) > 2A(G). For any A > 1,
consider the graph G on AU B;UAyU By where all these sets are pairwise disjoint,
|A;] = A and |B;| = A -1 for all i € {1,2}, and add every possible edge between A;
and Ay. Then A(G) = A and |V(G)| = 2(2A-1). The partition {A;uB;, AsU By}
shows that G is not strongly (2A — 1)-colourable. It is not possible to colour G
with 2A — 1 colours using every colour exactly once both in A; u By and Ay U Bs,
since under that restriction the vertices in A; U Ay would require at least 2A
different colours.

Johansson and Markstrom [42].
In Chapter 3, we prove that Conjecture 1.2.1 is asymptotically true if A(G) is
linear in |V (G).

Theorem 1.2.2. For all c,e >0, there exists ng = ng(c,e) such that the following

holds: if G is a graph on n > ng vertices with A(G) > cn, then xs(G) < (2+e)A(G).

To see where the absorption technique appears in the proof of this result,
we introduce some terminology. Let G be a graph and let P = {Vi,...,V,} be a
partition of V/(G). A subset S € V(G) is P-partite if |S nV;| <1 for every i € [k].
A transversal of P is a P-partite set of cardinality |P|. An independent transversal
of P is a transversal of P which is also an independent set in G. We will write
transversal and independent transversal if G and P are clear from the context.

The crucial observation is that having fixed a graph G and a partition P =
{Vi,...,Vk} of V(@) into parts of size r, to find a proper vertex-colouring such

that each V; receives r colours; it is equivalent to find a vertex-partition of the



CHAPTER 1. INTRODUCTION 6

graph into independent transversals with respect to G and P. Indeed, if we
have a vertex-partition of the graph into independent transversals, colouring each
independent transversal with a different colour results in a colouring where each
V; receives r colours. In the other direction, each colour class of a proper colouring
induces an independent set, hence, if each V; receives r colours, each of the colour
classes induced by the colouring must be an independent transversal, and together
they partition the vertex set.

By doing this, we have shown that to prove Theorem 1.2.2 it is enough to find
a perfect matching (a spanning collection of disjoint edges) in the hypergraph
whose edges correspond to the independent transversals of G and P. This allows
the problem to be attacked using the absorption technique.

Being more precise, to prove Theorem 1.2.2 it suffices to show that given
any partition P of V(G) with classes of size r > (2 + ¢)A(G), V(G) can be
partitioned into independent transversals of P. The assumption of A(G) > cn
in Theorem 1.2.2 implies that the partitions P we need to consider will have
a bounded number of classes, independent of n (namely, at most 1/2¢). Since
Conjecture 1.2.1 is known to be true for graphs on n vertices with A(G) > n/6,
we can restrict ourselves to study graphs with A(G) < n/6, and in such graphs
any partition P of V(G) with parts of size r = (2+¢)A(G) < 3A(G) will have at
least 3 classes. Thus Theorem 1.2.2 is implied by the following theorem, whose

proof is the main objective of Chapter 3.

Theorem 1.2.3. For all integers k >3 and € >0, there exists ro = ro(k,e) such
that the following holds for all v > ro: if G is a graph and P is a partition of V(G)
with k classes of size r > (2+¢e)A(G), then there exists a partition of V(G) into

independent transversals of P.

By considering the complement graph, Theorem 1.2.3 immediately yields the
following tiling-type result as a corollary. A perfect Ky-tiling of a graph G is a

spanning subgraph of G with components which are complete graphs on k vertices.
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Corollary 1.2.4. For all integers k >3 and € > 0, there exists ng = no(k,e) such
that the following holds: if n > ng and G is a k-partite graph with classes of size n
and 6(G) > (k-3/2+¢)n, then G has a perfect Ky-tiling.

We remark that Corollary 1.2.4 is best possible up to the error term en. To
see this, consider a bipartite graph with two classes Vi, V5 of size n each, with
minimum degree [n/2] -1 and without a perfect matching. This can be done, for
instance, by selecting for each i € [2] a subset V' € V; of size exactly [n/2] -1, and
adding only the edges between V; and V5 which intersect V/uV,. The union of the
neighbourhoods of the vertices in V5 \ V) is exactly V/, but [V/| <n/2 <|Va N V]|
This shows (by Hall’s condition) that a perfect matching does not exist.

Now, add disjoint vertex classes V3,...,V of size n each, and, for every
i€{3,...,k}, join every vertex of V; to every vertex in the other classes. The final
graph G satisfies 6(G) = (k-2)n+[n/2]-1, but it does not have a perfect Kj-tiling
since the existence of one would imply the existence of a perfect matching in
G[ViuVa].

The proof of Theorem 1.2.3 is presented in Chapter 3.

1.3 COVERING AND TILING HYPERGRAPHS WITH TIGHT CYCLES

The second problem we consider deals with the notions of covering and tiling
hypergraphs. This is joint work with Jie Han and Allan Lo, and has been accepted
for publication in Combinatorics, Probability and Computing [32].

We start by describing the problem of finding tilings in the setting of graphs.
Let H and F be graphs. An F-tiling in H is a set of pairwise vertex-disjoint
copies of F. An F-tiling is perfect if it spans the vertex set of H. Note that
a perfect F-tiling is also known as an F'-factor or a perfect F-matching. The
following question in extremal graph theory has a long and rich history: given F
and n, what is the maximum 0 such that there exists a graph H on n vertices with

minimum degree at least  without a perfect F-tiling? We call such ¢ the tiling
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degree threshold for F' and denote it by t(n, F'). Note that if n # 0 mod |V (F)|
then a perfect F-tiling cannot exist, so this case is not interesting. Hence we will
always assume that n = 0 mod |V (F')| whenever we discuss t(n, F').

A first result in this sense comes from the celebrated theorem of Dirac [16]
on Hamiltonian cycles, which easily shows that t(n, K3) = [n/2] - 1. Corradi and
Hajnal [11] proved that t(n,K3) = [2n/3] - 1, and Hajnal and Szemerédi [31]
generalized this result for complete graphs of any size, showing that t(n, K;) =
[(1-1/t)n]-1. For a general graph F, Kiihn and Osthus [51] determined ¢(n, F")
up to an additive constant depending only on F'. This improved previous results
due to Alon and Yuster [7], Komlds, Sarkozy and Szemerédi [48] and Komlés [47].

The same type of problems can be studied in the setting of hypergraphs,
as soon as we have selected a notion of “minimum degree”. To do precisely
that, we introduce the following definitions. Given a hypergraph H on vertex
set V =V(H), and a set S ¢V, let the neighbourhood Ny (S) of S be the set
{TcVNS:TuSeFE}, and let the degree degy (S) of S be degy(S) = |Nu(S)],
i.e., the number of edges of H containing S. If w € V', then we also write Ng(w)
for Ny({w}). We will omit the subscript if H is clear from the context. We
denote by 0;(H) the minimum i-degree of H, that is, the minimum of degy ()
over all i-element sets S € (‘z/) Note that do(H) is equal to the number of edges
of H. Given a k-graph H, 6,_1(H) and 6;(H) are referred to as the minimum
codegree and the minimum vertex degree of H, respectively.

Using these notions of codegree, we will generalise the “tiling thresholds” to
the hypergraph case, and investigate their behaviour when we look for tilings
made up of “tight cycles”, which correspond to a generalisation of the notion of

cycles in graphs.

1.3.1 Tiling thresholds in hypergraphs

Let H and F be k-graphs. An F'-tiling in H is a set of pairwise vertex-disjoint

copies of F. An F-tiling is perfect if it spans the vertex set of H. Note that
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a perfect F-tiling is also known as F'-factor and perfect F-matching. For a
k-graph F, define the codegree tiling threshold t(n,F') to be the maximum of
dk-1(H) over k-graphs H on n vertices without a perfect F-tiling.

Similarly to the case of graphs, note that if n # 0 mod |V (F')| then a perfect
F-tiling cannot exist and, so, t(n, F') =n -k + 1. Hence we will always assume
that n =0 mod |V (F')| whenever we discuss t(n, F).

To describe the known results on tiling thresholds for k-graphs, when k > 3,
we need some definitions and notation. Let K} denote the complete k-graph on
t vertices. We say that a k-graph H is t-partite (or that H is a (k,t)-graph, for
short) if V/(H) has a partition P = {V3,...,V;} consisting of ¢ clusters such that
lenV;| <1 for all edges e € £ and all 1 <i <t. That is, every edge of H is P-partite.
A (k,t)-graph H is complete if E(H) consists of all k-sets e such that |enV;| <1,
for all 1 <7 <t. Equivalently, H consists precisely of all the P-partite edges of
size k.

For k > 3, Kiithn and Osthus [51] determined ¢(n, K}') asymptotically and Rodl,
Rucinski and Szemerédi [62] determined the exact value for sufficiently large n.
Lo and Markstrom [53] determined ¢(n, K3) asymptotically, and independently,
Keevash and Mycroft [44] determined t(n, K3) exactly for sufficiently large n.
Myecroft [58] determined the asymptotic value of ¢(n, K) for all complete (k,k)-
graphs K. However, much less is known for non-k-partite k-graphs. For more

results on tiling thresholds for k-graphs, see the survey of Zhao [75].

1.3.2 Covering thresholds

Now we introduce “coverings”, which can be seen as a relaxation of the notion of
“tilings”. Given a k-graph F', an F'-covering in H is a spanning set of copies of F.
That is, we require the copies of F' to cover every vertex of H, but, in contrast
to an F-tiling, we do not insist that the copies of F' are pairwise vertex-disjoint.
Define the codegree covering threshold ¢(n, F') of F' to be the maximum of §;_ (H)

over all k-graphs H on n vertices not containing an F-covering.
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Trivially, a perfect F-tiling is an F-covering, and an F-covering has a copy
of F. Thus,
exp-1(n, F) <c(n, F) <t(n,F),

where exy_1(n, F') is the codegree Turdn threshold, that is, the maximum of §;_; (H)
over all F-free k-graphs H on n vertices. In this sense, the covering problem is an
intermediate problem between the Turdn and the tiling problems.

As observed by Han, Zang, and Zhao [33], for any non-empty (2-)graph F, we

have ¢(n, F) = (ig?;f + 0(1)) n, where x(F') is the chromatic number of F. The
same group of people studied the vertex-degree variant of the covering problem,
for complete (3,3)-graphs K. Falgas-Ravry and Zhao [23] studied ¢(n, F') when F

is K3, K3 with one edge removed, K3 with one edge removed, and other small

3-graphs, obtaining partial, exact and asymptotic results.

1.3.3 Cycles in hypergraphs

Given 1 < ¢ < k, we say that a k-graph on more than k vertices is an ¢-cycle
if every vertex lies in some edge, there is a cyclic ordering of the vertices such
that every edge consists of k consecutive vertices under this order, and every
two consecutive edges (under the ordering of the vertices) intersect in exactly ¢
vertices. Note that an f-cycle on s vertices can exist only if k- ¢ divides s. If
¢ =1 we call the cycle loose, if £ =k -1 we call the cycle tight. We write C* for
the k-uniform tight cycle on s vertices.

When £ = 2, /-cycles reduce to the usual notion of cycles in graphs. Corradi and
Hajnal determined ¢(n,C?) and Wang determined ¢(n,C?) and t(n,C2) [73,74].

Furthermore, El-Zahar [17] gave the following conjecture on cycle tilings.

Conjecture 1.3.1 ([17]). Let G be a graph on n vertices and let ny,...,n, >3
be integers such that ny +--+n, =n. If 6(G) > Y1 [n;/2], then G contains r

vertex-disjoint cycles of lengths ny,...,n, respectively.

The bound on the minimum degree in Conjecture 1.3.1, if true, would be best
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Figure 1.3: A 3-uniform loose cycle on 10 vertices, and a 3-uniform tight cycle on
10 vertices.

possible. In particular, the conjecture would imply that t(n,C2) = [s/2]n/s - 1.
The conjecture was verified for r = 2 by El-Zahar and a proof (for large n) was
announced by Abbasi [1] as well as by Abbasi, Khan, Sarkézy and Szemerédi (see
71)).

Given integers ¢, k such that 1 < ¢ < (k—-1)/2, it is easy to see that a k-uniform
(-cycle on s vertices C' satisfies ¢(n,C) < s+ 1 (by constructing C' greedily). If
s =0 mod k, then the tight cycle C¥ is k-partite. For all ¢t > 1, let K*(t) denote
the complete (k, k)-graph whose vertex classes each have size t. Note that CF is
a spanning subgraph of K*(s/k). Erdés [20] proved the following result, which

implies an upper bound on the Turdn number of C¥.

Theorem 1.3.2 (Erdés [20]). For all k > 2 and s > 1, there exists ng = ng(k,s)

such that ex(n, K*(s)) < nk=Ys"" for all n > ny.

Our first original result surrounding this problem is a sublinear upper bound

for ¢(n,C*) when s =0 mod k.

Proposition 1.3.3. For all 2 <k < s with s =0mod k, there ezist ny(k,s) and

¢ =c(k,s) such that c(n,C*) < en'=1s*" for all n > ny.

There are some previously known results for tiling problems regarding /-
cycles. Whenever C' is a 3-uniform loose cycle, t(n,C') was determined exactly by

Czygrinow [13]. For general loose cycles C' in k-graphs, t(n,C') was determined
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asymptotically by Mycroft [58] and exactly by Gao, Han and Zhao [28]. For tight
cycles CF with s = 0 mod k, Mycroft [58] proved that t(n,C¥) = (1/2 + o(1))n.
Notice that all mentioned cycle tiling results correspond to cases where the cycles
are k-partite (since k-uniform loose cycles are k-partite for &k > 3).

We now focus on the covering and tiling problems for the tight cycle C*, for
all integers k, s which do not necessarily make C* a (k, k)-graph. We show that a

minimum codegree of (1/2+ o(1))n suffices to find a C*-covering.

Theorem 1.3.4. Let k,s € N with k >3 and s > 2k%. For all v > 0, there exists

no =no(k, s,7y) such that for all n >ng, c(n,C*) < (1/2+~)n.

Moreover, this result is asymptotically tight if & and s satisfy the following

divisibility conditions.

Definition 1.3.5. Let 2< k< s and let d = ged(k,s). We say that the pair (k,s)

is admissible if d =1 or k/d is even.
Note that an admissible pair (k, s) satisfies s # 0 mod k.

Proposition 1.3.6. Let 3 < k < s be such that (k,s) is admissible. Then
c(n,C*) > |n/2] - k+1. Moreover, if k is even, then ex;_1(n,C*) > |n/2| -k +1.

Notice that if (k, s) is admissible, k& > 3 is even and s > 2k?, then Theorem 1.3.4
and Proposition 1.3.6 imply that exy_1(n,C*) = (1/2+ o(1))n.
We also have the following lower bounds for exj_1(n,C*) (and hence, also

for ¢(n,C*) and t(n,C*)) which hold in all the cases where s is not divisible by k.

Proposition 1.3.7. Let k > 2 and s > k not divisible by k. Let p be a divisor
of k which does not divide s. Then exy_1(n,C¥) > |n/p| -k +2. In particular,
exg1(n, C¢) 2 [nfk] -k +2.

We also study the tiling problem corresponding to C*. We give some lower
bounds on t(n,C*). Notice that the following bound is significantly higher if
(k, s) is admissible.
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Proposition 1.3.8. Let 2 < k < s <n with n divisible by s. Then
t(n,C¥) > |n/2] - k.

Moreover, if (k,s) is admissible, then
l(1+i)nJ—k if k is even,

K C’“) S 2 2s
n,Lg)2 {(1 k

Se——" \n|-k ifkis odd.
2+45(k;—1)+2k)"‘ Fkis o

On the other hand, recall that the case s =0 mod k was solved asymptotically
by Mycroft [58]; thus we study the complementary case. We prove an upper
bound on t(n,C*) which is valid whenever s # 0 mod k and s > 5k%. Note that

the bound is asymptotically sharp if & is even and (k, s) is admissible.
Theorem 1.3.9. Let 3 <k < s be such that s > 5k% and s # 0mod k. Then, for
all v > 0, there exists ng = no(k,s,7y) such that for all n > ng with n =0 mod s,

1 1
Ry o2, 2
t(n,C’s)_(2+2S+7)n.

We separate the proof of these results between Chapters 4 and 5. Chapter 4
contains the proof of the lower bounds for both problems (Propositions 1.3.6—
1.3.8) and the upper bounds for the covering thresholds (Propositions 1.3.3 and

Theorem 1.3.4). Chapter 5 contains the proof of Theorem 1.3.9.

1.4 DENSE MONOCHROMATIC INFINITE PATHS

The third problem we consider deals with paths in infinite complete graphs. This
is joint work with Allan Lo and Guanghui Wang, and has been published in The
Electronic Journal of Combinatorics [55].

A 2-edge-colouring of a graph G is an assignment of colours to the edges of G,

such that every edge receives exactly one of two possible colours. We will always
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assume that these colours are “red” and “blue”. We say that G is monochromatic
if all the edges of G are coloured with the same colour.

What is the length of the longest monochromatic path we can find as a subgraph
of K,, no matter which 2-edge-colouring we consider? This was answered by
Gerencsér and Gyéarfas [29], who proved that every 2-edge-coloured K, contains
a monochromatic path of length at least 2n/3. This result is sharp, since there
exist colourings of K, where every monochromatic path has length at most 2n/3.

Now consider the infinite complete graph Ky on the vertex set N. For any

subset A ¢ N, the upper density d(A) of A is defined as

d(A) :=limsup A0l ,n}|

n—00 n

Given a subgraph H of Ky, we define the upper density d(H) of H to be that
of V(H). Aiming to generalise the results known in the finite case, it is natural
to ask what are the densest paths which can be found in any 2-edge-coloured K.
This problem was considered first by Erdés and Galvin [22]. Other variants of
this problem have been studied as well. For example, it is possible to consider
other monochromatic subgraphs rather than paths, edge-colourings with more
than two colours, different notions of density or monochromatic sub-digraphs of
infinite edge-coloured digraphs, etc. Results along these lines have been obtained
by Erdés and Galvin [21,22], DeBiasio and McKenney [15] and Biirger, DeBiasio,
Guggiari and Pitz [9].

We focus on the case of monochromatic paths in 2-edge-coloured complete
graphs. By a classical result of Ramsey Theory, any 2-edge-colouring of Ky con-
tains a monochromatic infinite complete graph, and, therefore, also a monochro-
matic infinite path P. However, this argument alone cannot guarantee a monochro-
matic path with positive upper density, as it was shown by Erdés [18] that
there exist 2-edge-colourings of the infinite complete graph where every infinite

monochromatic complete subgraph has upper density zero. Rado [61] showed



CHAPTER 1. INTRODUCTION 15

that in every r-edge-coloured Kpy there are r monochromatic paths, of distinct
colours, which partition the vertex set. This immediately implies that every
2-edge-coloured Ky contains an infinite monochromatic path P with d(P) > 1/2.
Erdés and Galvin [22] proved that for every 2-edge-colouring of Ky there
exists a monochromatic path P with d(P) >2/3 and exhibited an example of a
2-edge-colouring of Ky such that every monochromatic path satisfies d(P) < 8/9.
DeBiasio and McKenney [15] improved the lower bound and showed that for every
2-edge-colouring of Ky, there exists a monochromatic path P with d(P) > 3/4.

Our result is an improvement to the lower bound on d(P).

Theorem 1.4.1. Every 2-edge-colouring of Ky contains a monochromatic path P

with d(P) > (9 ++/17)/16 ~ 0.82019.

We remark that after this work was submitted, Corsten, DeBiasio, Lamaison
and Lang [12], in independent work, obtained a stronger version of Theorem 1.4.1.
They showed that every 2-edge-colouring of Ky contains a monochromatic path P
with d(P) > (12 ++/8)/17 ~ 0.87226 and that this bound cannot be further
improved.

Theorem 1.4.1 is proven in Chapter 6.

1.5 OUTLINE OF THE THESIS

In Chapter 2 we set up the notation to be used for the rest of the thesis, introduce
preliminary concepts, and quote useful results.

Each remaining is dedicated to the study of a different problem. In Chapter 3
we investigate the notion of “strong chromatic number” for graphs. We use the
technique of absorption to prove an asymptotically best possible upper bound
for the strong chromatic number in terms of the maximum degree of a graph.
In Chapter 4 we study the problem of finding coverings with tight cycles in
uniform hypergraphs, and determine asymptotic minimum codegree conditions

which ensure the existence of such spanning structures. Similarly, we dedicate
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Chapter 5 to the investigation of tilings with tight cycles. In Chapter 6 we study
the problem of finding “dense” monochromatic paths in infinite 2-edge-coloured
complete graphs.

We finish in Chapter 7 with remarks and further directions for future research.



727

PRELIMINARY CONCEPTS AND RESULTS

2.1 NOTATION AND BASIC DEFINITIONS

Throughout the remainder of this document, we will use the following notation.
Given reals a, b, ¢ with ¢> 0, a = b+ ¢ means that b—c<a <b+c. We write x < y
to mean that for all y € (0,1] there exists xg € (0,1) such that for all x < zg the
following statements hold. Hierarchies with more constants are defined in a similar
way and are to be read from the right to the left. It is implicitly understood that
the appearance of 1/t in such a hierarchy implies that ¢ is a positive integer.

We gather the notation and definitions for hypergraphs here. For an hyper-
graph H = (V(H), E(H)), we will simply write V and E for V(H) and E(H), re-
spectively, if it is clear from the context. Given a set V' and a positive integer £, (Z)
denotes the set of subsets of V' with size exactly k. Thus, a hypergraph H = (V, E)
is a k-graph if F ¢ (Z)

For a hypergraph H and S ¢V, we let H[S] be the subgraph of H induced
on S, that is, V(H[S]) = S and E(H[S])={ee E:ecS}. Let H\S = H[V\S].
For hypergraphs H and G, let H — G be the subgraph of H obtained by removing
all edges in F(H)n E(G).

For all k-graphs H and all x € V, define the link (k - 1)-graph H(x) of x
in H to be the (k - 1)-graph with V(H(x)) = V ~ {z} and E(H(x)) = Ny(x).

Given integers aq,...,a; > 1, let K*(aq,...,a;) denote a complete (k,t)-graph

17
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with vertex partition Vi,...,V; such that |V;| = a; for all 1 <i <t.

For a family F of k-graphs, an F-tiling is a set of pairwise vertex-disjoint
copies of (not necessarily identical) members of F.

For a sequence of distinct vertices vq,...,vs in a k-graph H, we say P = v+,
is a tight path if all sets of k consecutive vertices form an edge. Note that all
tight paths have an associated ordering of vertices. Hence, v;---v, and v,---v; are
assumed to be different tight paths, even if the corresponding subgraphs they
define are the same.

Suppose that two tight paths P, P, in a graph H are vertex-disjoint and
the juxtaposition of the vertices of P; followed by the vertices of P, (using the
respective orderings in each case) results in a sequence of vertices that also defines
a tight path in H. In that case, we call that path the concatenation of P, and Ps
and we denote it by P, P,. Note that P, P, contains more edges than P, u P,. We
naturally extend this definition (whenever it makes sense) to the concatenation of
a sequence of paths P, ..., P., and we denote the resulting path by P;---P.. For
two tight paths P; and P, we say that P, extends Py, if P, = P, P’ for some tight
path P’ (where we might have |V (P')| < k, so that P’ contains no edge). Also,
we may define a tight cycle C' by writing C' = v;---vs, whenever v;---v,v1---v;_1 is a

tight path for all 1 <7< s.

2.2 PROBABILISTIC TOOLS

We gather some useful statements about probability that we will use later. We start

by recalling the classic Markov’s inequality for non-negative random variables.

Lemma 2.2.1 (Markov’s inequality). Let X be a non-negative random variable

and a > 0. Then

E[X]

a

Pr[X >a]<

Next, we recall the following versions of the Chernoff inequalities.
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Lemma 2.2.2 (Chernoft’s inequalities (see, e.g., [41, Theorem 2.8])). Let X be
a generalised binomial random variable, that is, X is the sum of independent
Bernoulli random variables, possibly with different parameters. For every 0 < A <
E[X],

Pr[|X - E[X]|> A\] < 2exp (—ﬁ;]) . (2.2.1)

Also, for every A >0,

Pr[X -E[X]> ] <exp (_Q(E[X/\]2+ )\/3)). (2.2.2)

Remark 2.2.3. A non-trivial fact from probability theory says that every hyperge-
ometric distribution can be written as a sum of independent Bernoulli variables
(see, e.g., [41, Theorem 2.10]). This implies that the inequalities (2.2.1) and (2.2.2)

also hold when X is a sum of independent hypergeometric variables.

The following lemma is a convenient interpretation of the same Chernoff’s

inequalities in the hypergeometric case.

Lemma 2.2.4. Let ju,y > 0 with p+v < 1. Suppose that S ¢ [n] and |S| > (pu+~)n.

2
n __ym n
s( )e 80+ g( )6—72’”/3.
m m

Then
HM € ([:1]) (M nS|< um}

2.3 HYPERGRAPH REGULARITY

In Chapter 5 we will use the techniques of hypergraph regularity. The celebrated
Regularity Lemma of Szemerédi [69, 70] states that every graph can be decomposed
into “random-like” subgraphs. The simple structure which those “random-like”
subgraphs have makes them easy to analyse, and provides an invaluable tool
to tackle problems in extremal graph theory. After a lot of effort by various
researchers, the Regularity Lemma was generalised to the setting of uniform
hypergraphs [30, 59, 64-66, 72|, enabling the use of “regularity techniques” for

problems in extremal hypergraph theory. As our main tool, we use the notion
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of “regular slices” given by Allen, Bottcher, Cooley and Mycroft [3]. This is a
structure obtained from the Hypergraph Regularity Lemma which is much simpler
but retains many of its useful properties.

In the following subsections we introduce the notation and main results

concerning hypergraph regularity.

2.3.1 Regular complexes

Let P be a partition of V into vertex classes V7, ..., V. Recall that a subset S cV
is P-partite if |SnV;| <1 for all 1 <i<s. A hypergraph is P-partite if all of its
edges are P-partite, and it is s-partite if it is P-partite for some partition P with
|P| = s.

A hypergraph H is a complex if whenever e € F(H) and €’ is a non-empty
subset of e we have that e’ € E(H). All the complexes considered in this thesis
have the property that all vertices are contained in some edge. For a positive
integer k, a complex H is a k-complex if all the edges of H consist of at most k
vertices. The edges of size ¢ are called i-edges of H. Given a k-complex H, for
all 1 <4<k we denote by H; the underlying ¢-graph of H: the vertices of H; are
those of H and the edges of H; are the i-edges of H. Given s >k, a (k, s)-complex
H is an s-partite k-complex.

Let H be a P-partite k-complex. For 2 <k and X ¢ (7;), we write Hx for the
subgraph of H; induced by the set U X (i.e., the union of the vertex classes which
are the members of X). Note that Hy is an (4,4)-graph. In a similar manner we
write Hx< for the hypergraph on the vertex set U X, whose edge set is Ux/¢x Hx:.
Note that if H is a k-complex and X is a k-set, then Hy< is a (k- 1, k)-complex.

Given ¢ > 2, consider an (7,7)-graph H; and an (i — 1,47)-graph H; 1, on the
same vertex set, which are ¢-partite with respect to the same partition P. We write

ICi(H;_1) for the family of all P-partite i-sets that form a copy of the complete
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(i = 1)-graph K!=' in H,; ;. We define the density of H; with respect to H;_1 to be

[Ki(Hi-1) n E(H,)|

d(H;|H ) = KCi(H,))|

it |K;(H;-1)| >0,

and d(H;|H;_1) = 0 otherwise. More generally, if Q = (Q1,...,Q,) is a collection
of r subhypergraphs of H;_;, we define K;(Q) = Uj_; K;(Q;) and

IKi(Q) n E(H;)|

W) = Q)

if - |[:(Q)]> 0,

and d(H;|Q) = 0 otherwise.

We say that H; is (d;, e, r)-regular with respect to H;_q if for all r-tuples Q with
IIC:(Q)| > el Ki(Hy—1)| we have d(H;|Q) = d; £ €. Instead of (d;, e, 1)-regularity we
simply refer to (d;, €)-reqularity. We also say simply that H; is (e, r)-regular with
respect to H;_; to mean that there exists some d; for which H; is (d;,e,r)-regular
with respect to H;_;. Given an i-graph GG whose vertex set contains that of H;_q,
we say that G is (d;,e,r)-reqular with respect to H;_1 if the i-partite subgraph of
G induced by the vertex classes of H; ;1 is (d;,e,r)-regular with respect to H; ;.

Given 3 <k < s and a (k,s)-complex H with vertex partition P, we say that
H is (dy,dg1,-..,ds,ex,&,7)-reqular if the following conditions hold:

(i) Forall2<i<k-land A€ (7;), H 4 is (d;, €)-regular with respect to (H<);_1,
and

(ii) for all Ae (7;), the induced subgraph H 4 is (dy, e, r)-regular with respect

to (HA<)Z-,1.
Sometimes we denote (d,...,ds) by d and write (d, e, e, r)-regular to mean
(dg,-..,ds, e, €,7)-regular.

We will need the following “regular restriction lemma” which states that the
restriction of regular complexes to a sufficiently large set of vertices in each vertex
class is still regular, with somewhat degraded regularity properties. This is a

well-known property of “regular partitions” in the setting of graph regularity. For
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hypergraphs, a version of this lemma (together with a sketch of proof) appears in

[50, Lemma 4.1]. We use the statement of [3, Lemma 28].

Lemma 2.3.1 (Regular restriction lemma [3, Lemma 28|). Let k,m € N and

B,e,ek,da, ..., d be such that

1 1
— KeKep,dy, ..., diq and e K B,E.
m

Let ;s € N and d, > 0. Set d = (dy,...,dy). Let G be a (d,ey,e,r)-reqular
(k,s)-complex with vertex classes Vi,...,Vy each of size m. Let V! € V; with

V| > pm for all 1 < i < s. Then the induced subcomplex G[V] u---uV/] is

(d, /&, Ve, r)-regular.

2.3.2 Statement of the regular slice lemma

In this section we state the version of the hypergraph regularity lemma (Theo-
rem 2.3.4) due to Allen, Bottcher, Cooley and Mycroft [3], which they call the
reqular slice lemma. A similar lemma was previously applied by Haxell, Luczak,
Peng, Rodl, Rucinski, Simonovits and Skokan in the case of 3-graphs [34, 35].
This lemma says that all k-graphs G admit a regular slice 7. In a rough sense, a
regular slice is a regular multipartite (k — 1)-complex whose vertex classes have
equal size, with the crucial property that for most k-sets X of vertex classes of 7,
the k-graph formed by the X-partite edges of G are “regular” with respect to the
X-partite (k- 1)-edges of J.
Let to,t; € N and € > 0. We say that a (k—1)-complex J is (to, t1,)-equitable
if it has the following two properties:
(i) There exists a partition P of V(J) into ¢ parts of equal size, for some
to <t <ty, such that J is P-partite. We refer to P as the ground partition
of J, and to the parts of P as the clusters of J.
(ii) There exists a density vector d = (dy-1,...,ds) such that, for all 2 <i < k-1,
we have d; > 1/t; and 1/d; € N, and the (k- 1)-complex J is (d,e,e,1)-
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regular.
Let X ¢ (7;) We write Jx for the (k-1,k)-graph (Jx<)g-1- A k-graph G on
V(J) is (eg,r)-regular with respect to Jx if there exists some d such that G is
(d,ex,r)-regular with respect to Jx. We also write d’ (X) for the density of G

with respect to Jy, or simply d*(X) if J and G are clear from the context.

Definition 2.3.2 (Regular slice). Given e, >0, 7,t9,t1 €N, a k-graph G and a
(k=1)-complex J on V(G), we call T a (to,t1,e,ex,r)-regular slice for G if J
is (to,t1,¢)-equitable and G is (e, r)-reqular with respect to all but at most 5k(,i)

of the k-sets of clusters of J, where t is the number of clusters of J .

Given a regular slice J for a k-graph GG, we keep track of the relative densities

d*(X) for k-sets X of clusters of 7, which is done via a weighted k-graph.

Definition 2.3.3. Given a k-graph G and a (to,t1,)-equitable (k—1)-complex J
on V(G), we let R7(G) be the complete weighted k-graph whose vertices are the
clusters of J, and where each edge X is given weight d*(X). When J is clear

from the context we write R(G) instead of R7(G).

The regular slice lemma (Theorem 2.3.4) guarantees the existence of a regular
slice J with respect to which R(G) resembles G in various senses. In particular,
R(G) inherits the codegree condition of G in the following sense.

Let G be a k-graph on n vertices. Given a set S € (\2(_(1*))’ recall that degg(.5)
is the number of edges of G which contain S. The relative degree deg(S;G) of S
with respect to G is defined to be

deg(S)

deg(9;G) = ———,

Thus, deg(S;G) is the proportion of k-sets of vertices in G extending S which are

in fact edges of G. To extend this definition to weighted k-graphs G with weight
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function d*, we define

ecE(G):Sce d* (6)

— 2
deg(5:G) = n-k+1

Finally, for a collection § of (k - 1)-sets in V(G), the mean relative degree
deg(S;G) of S in G is defined to be the mean of deg(S;G) over all sets S € S.

We will need an additional property of regular slices. Suppose G is a k-graph,
S is a (k- 1)-graph on the same vertex set, and J is a regular slice for G on t
clusters. We say J is (n,S)-avoiding if for all but at most n(kfl) of the (k-1)-sets
Y of clusters of 7, it holds that |7y n S| < n|Jy|.

We can now state the version of the regular slice lemma that we will use.

Theorem 2.3.4 (Regular slice lemma [3, Lemma 6]). Let k € N with k > 3.
For all tg € N, g, > 0 and all functions r : N > N and € : N - (0,1], there
exist t1,n1 € N such that the following holds for all n > ny which are divisible
by t1!. Let G be a k-graph on n wvertices, and let S be a (k —1)-graph on the
same vertex set with |E(S)| < 0(,",). Then there exists a (to,t1,e(t1),ex,7(t1))-
reqular slice J for G such that, for all (k—1)-sets Y of clusters of J, we have
deg(Y; R(G)) = deg(Jy: G) £ ex, and furthermore J is (30, S)-avoiding.

We remark that the original statement of [3, Lemma 6] includes many other
properties which are satisfied by the regular slice J, but we only state the
properties we need. On the other hand, the original statement did not include
the “avoiding” property with respect to a fixed (k — 1)-graph S. This, however,

can be obtained easily from their proof, as we sketch now.

Proof (sketch). The original proof of the Regular Slice Lemma can be summarised
as follows (we refer the reader to [3] for the precise definitions). First, they
obtain an “equitable family of partitions” P* from (a strengthened version of)
the Hypergraph Regularity Lemma. This can be used to find suitable complexes

in the following way: first, for each pair of clusters of P*, select a 2-cell uniformly
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at random. Then, for each triple of clusters of P* select a 3-cell uniformly at
random which is supported on the corresponding previously selected 2-cells; and
so on, until we select (k- 1)-cells. This will always output a (to,t1,€)-equitable
(k = 1)-complex J, and the task is to check that, with positive probability, J
is actually a (tg,t1,¢, ek, r)-regular slice satisfying the “desired properties” with
respect to the reduced k-graph.

Having selected J at random as before, the most technical part of the proof is
to show that the “desired properties” of the reduced k-graph (labelled (a), (b)
and (c) in [3, Lemma 10]) hold with probability tending to 1 whenever n goes
to infinity. Thankfully, that part of the proof does not require any modification
for our purposes. Moreover, the selected J will be a (tg,t1,€, &g, 7)-regular slice
with probability at least 1/2. This is shown by proving an upper bound on the
expected number of k-sets of clusters of J for which G is not (e, 7)-regular,
and an application of Markov’s inequality (cf. [3, pp. 65-66]). It is a natural
adaptation of this method that will show that J is also (30/2,S)-avoiding with
probability at least 2/3.

Let S be a (k- 1)-graph on V(G) of size at most 0(,;21). We only need
to consider the edges of & which are P-partite. Every P-partite edge of S
is supported in exactly one (k — 1)-cell of the family of partitions P*, which
by [3, Claim 32] is present in J with probability p = Hf:; dgk; 1). Thus the expected
size of |E(S) n E(Jx-1)| is at most |E(S)|p < Gp(kfl). By Markov’s inequality
(Lemma 2.2.1), with probability at least 2/3 we have |E(H)n E(Jx-1)| < 30p(,",).
By the previous discussion, with positive probability 7 satisfies all of the properties
of [3, Lemma 10] and also that |E(S) n E(Jj-1)| < 30p(,",)- Thus we may assume
J satisfies all of the previous properties simultaneously, and it is only necessary
to check that J is (30/2,8)-avoiding.

Let t be the number of clusters of P and m the size of a cluster in P. For each
(k —1)-set of clusters Y, Jy has (1 +¢e,/10)pm*=1 edges (see [3, Fact 7]). We say
a (k- 1)-set of clusters Y is bad if |Jy n E(S)| > V66|Jy| and let Y be the set of
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bad (k —1)-sets. Then

Y

which implies |V] < 3¢/2(,',). Then J is (30'/2,S)-avoiding, as desired. n

2.3.3 The d-reduced k-graph

Once we have a regular slice J for a k-graph G, we would like to work within
k-tuples of clusters with respect to which G is both regular and dense. To keep

track of those tuples, we introduce the following definition.

Definition 2.3.5 (The d-reduced k-graph). Let G be a k-graph and J be a
(to,t1,€, ek, 7)-reqular slice for G. Then for d > 0 we define the d-reduced k-
graph Ry(G) of G to be the k-graph whose vertices are the clusters of J and
whose edges are all k-sets of clusters X of J such that G is (e, r)-regular with
respect to X and d*(X) >d. Note that Ry(G) depends on the choice of J but this

will always be clear from the context.

The next lemma states that for regular slices J as in Theorem 2.3.4, the

codegree conditions are also preserved by R4(G).

Lemma 2.3.6 ([3, Lemma 8)). Let k,r,to,t €N and ,¢, > 0. Let G be a k-graph
and let J be a (to,t1,,ex,1)-regular slice for G. Then for all (k-1)-sets Y of

clusters of J, we have
deg(Y'; Ra(G)) 2 deg(Y; R(G)) —d — ((Y),
where ((Y') is defined to be the proportion of k-sets Z of clusters with' Y € Z that

are not (gx,r)-reqular with respect to G.

For 0 < p,0 < 1, we say that a k-graph H on n vertices is (u,0)-dense if

there exists § ¢ (Vk(ﬁ)) of size at most 9(,{?1) such that, for all S € (Vk(ﬁ)) NS,
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we have deg (S) > u(n -k +1). In particular, if H has 6_1(H) > un, then it is
(1t,0)-dense. By using Lemma 2.3.6, we show that R4(G) ‘inherits’ the property

of being (u, #)-dense, albeit with some degraded parameters.

Lemma 2.3.7. Let 1/n < 1/ty < 1[tg < 1/k and p,0,d, e, e, > 0. Suppose that G
is a k-graph on n vertices, that G is (u,0)-dense and let S be the (k—1)-graph on
V(G) whose edges are precisely {S € (‘;C(_Cj)) tdeg(S) <pu(n—-k+1)}. Let J be a
(to,t1,€, ek, 7)-regular slice for G such that for all (k—1)-sets Y of clusters of J,
we have deg(Y; R(G)) = deg(Jy; G) xex, and furthermore J is (33/0, S)-avoiding.
Then Ry(G) is (1 -V0)u—d - ey, — \/Zx, 30 + 3/Fx)-dense.

Proof. Let P be the ground partition of J and ¢ = |P|. Let m = n/t. Clearly
[V|=m forall V e P. Let Y be the set of all Y € (,”, ) such that | nS| > 3v/0|Fy|.
Since J is (3v/0,S)-avoiding, [1| < 3v/0(,", ).

For all Y € (,:_31), let ((Y') be defined as in Lemma 2.3.6. Let ), be the set of
allY € (];_Dl) with ((Y) > /€. Since G is (e, r)-regular with respect to all but at
most e (}) of the k-sets of clusters of P, it follows that |Va|\/Ex(t—k+1)/k < (}),
wamely, [ < 2,1,

Then it follows that [V U Ys| < 3(V0 + /E)(,},). We will show that all
Ye (,fl) N (V1 U )s) will have large codegree in R;(G), thus proving the lemma.

Consider any Y € (kfl) N (V1udk). Since Y ¢ Vs, ((Y') < \/Ek. By Lemma 2.3.6,

we have

deg(Y; Ra(G)) 2 deg(Y; R(G)) —d - ¢(Y)
> deg(Y; R(G)) —d - /&
> deg(Jy; G) - e, — d — \/zr.

So it suffices to show that deg(Jy; G) > (1-3v0)p. Recall that deg(Jy; G) is the
mean of deg(S; G) over all S € Jy. Since Y ¢ Yy, |Jy nS| < V| Jy|. By definition,
for all S € Jy NS, dego(S) > p(n -k +1). Thus deg(Fy;G) > (1 - VO)pu, as
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required. [

2.3.4 The embedding lemma

We will need a version of an “embedding lemma” which gives sufficient conditions
to find a copy of a (k, s)-graph H in a regular (k,s)-complex G.

Suppose that G is a (k, s)-graph with vertex classes Vi, ..., V;, which all have
size m. Suppose also that H is a (k,s)-graph with vertex classes Xi,..., X, of
size at most m. We say that a copy of H in G is partition-respecting if for all
1 <4 < s, the vertices corresponding to those in X; lie within V;.

Given a k-graph G and a (k —1)-graph J on the same vertex set, we say that
G is supported on J if for all e € E(G) and all f € (kfl), feE(J]).

There are various results in the literature which enable us to count the number
of subgraphs with bounded number of vertices inside appropriate regular complexes,
and in particular, to ensure existence of a single copy. This is usually known as
the “counting lemma for hypergraphs”, and it has appeared in various slightly
different versions, as done by Gowers [30], Nagle, Rodl and Schacht [59], or Cooley,
Fountoulakis, Kithn and Osthus [10].

The version that we use can be easily deduced from a lemma stated by Cooley,
Fountoulakis, Kiithn and Osthus [10, Lemma 4] or, alternatively, from a lemma
used by Allen, Bottcher, Cooley and Mycroft [10, Lemma 27]. We discuss the

differences between those statements and Lemma 2.3.8 afterwards.

Lemma 2.3.8 (Embedding lemma). Let k,s,r,t,mg € N and let ds, ..., dy_1,d, e, &1 >
0 be such that 1/d; €N for all2<i<k-1, and

1 1
— K - eKLep,dy, ..., diq and gL < d,
mo r

)

~+ | =
» | =

Then the following holds for all m > mgy. Let H be a (k,s)-graph on t vertices with
vertex classes X1,..., Xs. Let J be a (dg_1,...,ds,e,e,1)-reqular (k—1,s)-complex

with vertex classes Vi,..., Vs all of size m. Let G be a k-graph on U,<i<s Vi which



CHAPTER 2. PRELIMINARY CONCEPTS AND RESULTS 29

is supported on Ji_1 such that for all e € E(H) intersecting the vertex classes
{Xi, 1 1<j <k}, the k-graph G is (de, ey, 7)-reqular with respect to the k-set of
clusters {V;, : 1 < j < k}, for some d. > d depending on e. Then there exists a

partition-respecting copy of H in G.

There are small differences between the statements of Lemma 2.3.8 and both
of [10, Lemma 4] and [10, Lemma 27], which we discuss. First, the two cited
lemmas are stronger in the sense that they give an approximate count on the
number of partition-respecting copies of H in GG, where as we only need the simple
consequence of the existence of a single copy. Also, Lemma 4 in [10] allows H
to be a complex (instead of a k-graph) and counts the number of copies of H in
JuUd.

The main technical difference between Lemma 2.3.8 and Lemma 4 in [10] is
that their lemma asks for the stronger condition that, for all e € E(H) intersecting
the vertex classes {X;, : 1 < j < k}, the k-graph G should be (d, &g, r)-regular
with respect to the k-set of clusters {V; : 1< j <k}, such that the value d does
not depend on e, and 1/d € N, whereas we allow G to be (d., ey, r)-regular for
some d, > d depending on e and not necessarily satisfying 1/d. € N. By the
discussion after Lemma 4.6 in [50], we can reduce to that case by working with
a sub-k-complex of J u G which is (d,dy_1,dk 2, ...,ds, ek, e, 7)-regular, whose
existence is guaranteed by an application of the “slicing lemma” [10, Lemma 8§].

On the other hand, the main technical difference between our Lemma 2.3.8
and [10, Lemma 27] is that their lemma only allows us to count k-graphs H whose
associated partition X1, ..., X, is such that each class has size exactly one, i.e., every
vertex of H is embedded in a different cluster of the regular complex. However,
that strengthening can also be obtained from their proof (see the discussion in

[10, Appendix A]).
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ASYMPTOTIC BOUNDS FOR THE STRONG CHROMATIC

NUMBER

The goal of this chapter is the proof of Theorem 1.2.3, which ensures the existence
of a vertex-partition of a partite graph into independent transversals, under certain
conditions. As explained in Section 1.2, Theorem 1.2.2 and Corollary 1.2.4 follow
easily from Theorem 1.2.3.

This chapter is organised as follows. In Section 3.1 we prove an “absorbing
lemma” for the independent transversals in a given partition (Lemma 3.1.5). More
precisely, we find a small absorbing set, that is, given a partition P we find a
small vertex set A ¢ V(G) which is balanced (i.e., it intersects each class of P
in the same number of vertices) with the property that for every small balanced
set ScV(G), AuS can be partitioned into independent transversals. Thus the
problem of finding a partition into independent transversals is reduced to the
problem of finding a collection of disjoint independent transversals covering almost
all of the vertices. This is achieved by Lemma 3.2.1, which is proven in Section 3.2.

The pieces of the proof are then put together in Section 3.3.

3.1 ABSORPTION FOR INDEPENDENT TRANSVERSALS

The aim of this section is to prove Lemma 3.1.5, which gives the existence of an

absorbing set. First we need the following simple lemma.

30
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Lemma 3.1.1. Let G be a graph and let P ={V1,...,Vi} be a partition of V(G)
such that |V;| > 2A(G) for all i e [k —1]. Then for any vi, v, € Vi, there exists an
independent transversal T of {Vi,...,Vi_1} such that T u {v,} and T u{v}} are

independent transversals of P.

To prove Lemma 3.1.1 we will use the following result of Haxell [37], which
was first proved equivalently in [36]. For more details and variations, see the

discussion after Corollary 15 in [40].

Lemma 3.1.2 (Haxell [37, Theorem 3]). Let G be a graph and let P = {V1, ..., Vi}
be a partition of V(G). If each I € [k] satisfies |User Vi| > (2|1 - 2)A(G), then

there exists an independent transversal of P.

Now we prove Lemma 3.1.1.

Proof of Lemma 3.1.1. For every i € [k—1], let V/:= VN (N(vg) U N(v})). Let
"= {V, VY and G o= GlUer-17 V] Clearly it is enough to find an

independent transversal of P’ in G'. For every non-empty I € [k - 1], we have

that
UV 2 RA(G) + D[ = [N (vr) U N (v})]
i€l
> (2A(G) + DI -2A(G)
> (2|1 -2)A(G) > (21| - 2)A(G).
By Lemma 3.1.2, G has an independent transversal of P’ as desired. [ |

Next, we prove that appropriate random subgraphs respecting a given partition
preserve the relative maximum degree. The proof is achieved by an application of

concentration inequalities.

Proposition 3.1.3. Suppose 1/r < 1/m «< e,1/k. Let G be a graph and let P =
{Vi,..., Vi} be a partition of V(G) with classes of size v > (2+¢)A(G). For each
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i €[k], let R; € V; be an m-set chosen independently and uniformly at random.
Let v € V(G) and d!, := |[Ng(v) n (Ry U U Ry)|. Then 2d,, < (1 -¢/12)m with

probability at least 1 — exp(—e?m/288).

Proof. Fix v e V(G), and let d := deg,(v). For each i € [k], let d; := [Ng(v) nVj]
and d} := |Ng(v)nR;|. First, note that dy +---+dy = d < A(G) <r/(2+¢). Secondly,
note that, for each i € [k], d! is a hypergeometric random variable with expectation
dim/r, and the random variables df, ..., d] are independent. Since d], = d} +---+d},
we deduce that d! is a sum of independent hypergeometric random variables
with expectation E[d'] = dm/r < m/(2+¢) < m(1/2 +¢/6). This implies that

m/2 - E[d'] > em/6. Using the Chernoff inequality (2.2.2), we get

gm

Pr[2d > (1-¢/12)m] = Pr [d’ ~E[d]> 5 - B[] - E] <Pr [d, _E[d]> %]

c e?m? . ( an)
ex - exX _——
=P\ aax2(m rem/36) ) T P\ 288 )

which proves the proposition. [

Using a supersaturation argument, Lemma 3.1.1 implies the following corollary.
Its proof follows from quite standard methods (see, e.g., [57, Section 2]) which can
be sketched as follows. After fixing vy, v, we will select at random equal-sized
subsets of each cluster V;. By the previous lemma, for almost all of the possible
random choices the induced subgraph in the union of the selected subsets keeps
the relative degree conditions. Then we can find a transversal in each of these
induced subgraphs by using Lemma 3.1.1. Finally, we correct for the possible over

counting.

Corollary 3.1.4. Suppose 1/r,n < e,1/k. Let G be a graph and let P =
{Vi,...,Vi} be a partition of V(G) with classes of size r > (2+e)A(G). Then, for
any two vertices vy, v}, € Vi, there exist at least nr*=! independent transversals T
of {(Vi,...,Vikea} such that T'u {vy} and T u{v,} are independent transversals
of P.
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Proof. Without loss of generality, assume each V; induces an independent set in G.
Select m such that 1/r,n < 1/m <« e,1/k. Note that the choice of m depends on
¢ and k only.

Fix vy, v}, € Vj. For each i € [k - 1] select a random m-set R; € V;, and also
select a random (m - 2)-set R} € Vi~ {vg, v}, with all of these choices done
independently. Let Ry := R} U{vy,v,}, and let G':= G[Ry U Ry U---U Ry] be the
induced subgraph of G according to this random choice of subsets. Let us say
that a choice of Ry,...,Ry_1, R} is walid if 2A(G’) < m. By Proposition 3.1.3,
it is not difficult to deduce that the number of choices of R;,..., R, such that

2A(G") > m is at most

(2)(0) o= 3200

where the inequality follows from the choice of m. Thus there are at least

(72)(7)"" /2 valid choices for Ry, ..., Ry

By Lemma 3.1.1, each valid choice yields one set T'c V} u---u V}_1 such that
both T'u {v;} and T'u {v,} are independent transversals. Since each such 7" can
be yielded by at most (;__22)( -l )k_l different choices of Ry, ..., R}, correcting for

m-1

the overcount the number of different such sets T we get is at least

CAG) /2 1 (Z) " 2w

r=2\( r-1\k-1 m
(m—2)(m—1) m
where the last inequality follows from 1 << 1/m. This gives the desired result. =

We can now state and prove our absorbing lemma. Given a graph G and
a partition P = {Vq,...,Vi} of V(G), a subset S ¢ V(@) is P-balanced (or just

balanced, if P is clear from the context) if [S nV;| =|S nV}| for every i, j € [k].

Lemma 3.1.5 (Absorbing lemma). Let k >3 and r be positive integers, and &, >

0 be reals such that 0 < 1/r < v < e,1/k. Let o = v/(8k?) and = 7?/(64k3).
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Let G be an n-vertex graph and let P ={Vy,...,Vi} be a partition of V(G) with
classes of sizer > (2+e)A(G). Then there exists a P-balanced set A<V (G) of size
at most an such that, for every P-balanced set S € V(G) of size at most fn, AuS

can be partitioned into independent transversals of P.

Proof. Take n such that v < n <« 1/k,e. Let m := k2. Given a balanced k-subset S
of V(G), an absorbing set A for S is an m-subset of V(G), disjoint from S, such
that both G[A] and G[Au S] can be partitioned into independent transversals
of P. For any balanced k-subset S, let £(.S) be the family of absorbing sets for S.

Claim 3.1.6. For each balanced k-subset S of V(G), |L(S)] > V(Z)k

Proof of the claim. Let S ={si,...,s;} with s; € V; for every i € [k].

A tuple (T,Uy,...,Uy) is good if S,T,Uy,...,U, are pairwise disjoint, T =
{t1,...,tx} is an independent transversal of P and, for every i € [k] and ¢; € V;, both
U;u{s;} and U;u{t;} are independent transversals of P. Clearly, if (T,Uy,...,Uy)
is good, then A =T u (Uie[k] Ui) is an absorbing set for S.

Let t; be an arbitrary vertex of Vj \ {s;}, for which we have at least r—1 > r/2
different possible choices. By Corollary 3.1.4, there exist nr*~! independent
transversals 77 of { V4, ..., Vi } such that both Tu{s;} and T"U{t; } are independent
transversals of P. By ignoring those 7" which have non-empty intersection with .S,
we have at least nr¥=1/2 different possible choices for 77. Set T = {t;} v T".
Repeating the same argument with s;,¢; we can find nr*=1/2 choices for U;, for
every i € [k]. Therefore, there are at least (n*+1/2k+2)r™ good tuples. Using v «
n < 1/m, we find these good tuples yield at least V(Z)k different absorbing sets

for S, as desired. O

Recall that m = k? and choose a family F of balanced m-sets by including

each one of the (;)k balanced m-sets independently at random with probability

yr
pi=——:.
16k3(0)"
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By Chernoff’s inequality (2.2.1), with probability 1 -o0(1) we have that

yr

< -
Fl<

(3.1.1)

and, for every balanced k-set .S,

2

.
I£(S) N F| > 372]{:3. (3.1.2)

We say a pair (A1, Ay) of m-sets is intersecting if A1 # As and AynAs + @. We
say F contains a pair (Ay, Ao) if Ay, Ay € F. The expected number of intersecting
pairs contained in F is at most

o 2 e

k k-1)\k (21k3)2(7)  2Bkir—k+1 7 27k

By Markov’s inequality (Lemma 2.2.1), with probability at least 1/2 the number
of intersecting pairs contained in F is at most v2r/(2°k3). Therefore, with
positive probability F satisfies (3.1.1) and (3.1.2) and contains at most ~2r/(26k3)
intersecting pairs.

By removing one m-set of every intersecting pair in F, we obtain a family F’

of pairwise disjoint balanced m-sets such that for every balanced k-set S,

2, 2, 2,
E() N F12 355~ 367 = o

Let A:=Uper F. Recall that a =+/(8k?) and f = 2/64k3. Note that V(A)

has size at most k2?|F'| < k?|F| < an, by (3.1.1) and n = kr. For every balanced

S € V(G) of size at most Sn, we can partition it into at most Sr < ~2r/(64k3)

balanced k-sets, so it is possible to greedily assign a different absorbing m-set in F’

to each one of these sets. Hence, G[ AU S] can be partitioned into independent

transversals of P, as desired. [
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3.2 PARTIAL STRONG COLOURINGS

Let G be a graph and P = {Vj,...,Vi} be a partition of V(G) with classes of
size . A t-partial strong colouring of G with respect to P is a collection of ¢
disjoint independent transversals of P in GG. Note that, if xs(G) = r, then there
exists an r-partial strong colouring of G with respect to P. The aim of this section

is to show the existence of (1 - d)r-partial strong colourings of P.

Lemma 3.2.1. For each integer k > 3 and reals ,e > 0, there exists ro = ro(k, 9, )
such that the following holds for all r > ry. Let G be a graph and P be a partition
of V(G) with k classes of size r > (2+¢)A(G). Then there exists a (1-0)r-partial

strong colouring of G with respect to P.

We need two extra ingredients to prove Lemma 3.2.1. The first will follow from
a fractional version of Conjecture 1.2.1 which was proven by Aharoni, Berger and
Ziv [2]. We say that a graph on n vertices is fractionally strongly r-colourable if,
after adding r[n/r]|-n isolated vertices and taking the union with any collection of

spanning copies of K, in the same vertex set, the graph is fractionally r-colourable.

Theorem 3.2.2 (Aharoni, Berger and Ziv [2]). Every graph G is fractionally

strongly r-colourable, for every r > 2A(G).

Recall that a fractional colouring of a graph G is a function w that assigns
weights in [0, 1] to the independent sets of G, with the condition that for every
vertex v € V(G), ¥, w(I) = 1. The fractional chromatic number of G is the
minimum of Y};w([l) over all fractional colourings of GG, where the sum ranges
over all independent sets of G. Note that if a graph G is fractionally strongly -
colourable, then for every partition P of V' (G) with classes of size r, every optimal
fractional colouring w of P is supported precisely on independent transversals
of P and, for every vertex v € V(G), ¥, w(I) =1. Thus we have the following

corollary of Theorem 3.2.2.
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Corollary 3.2.3. Let G be a graph and P a partition of V(G) with classes of
size v > 2A(G). Let T be the set of all independent transversals of P. Then there
exists w: T — [0,1] such that Yops, perw(T) =1 for all ve V(G).

The second ingredient we need is a result that guarantees the existence of
large matchings in uniform hypergraphs satisfying certain regularity conditions.
We use the following result of Pippenger [60] (see [43, Theorem 1.1]), which is an
instance of the “nibble method” pioneered by Rédl (see, e.g. [27]) to find large

matchings in uniform hypergraphs.

Theorem 3.2.4 (Pippenger [60]). For all integers k > 2 and § > 0, there exists
Dy = Do(k,6) and T =7(k,0) such that the following is true for all D > Dy. If H
is a k-uniform hypergraph on n vertices which satisfies

(i) deg(v) =(1+7)D for allveV(H), and

(ii) deg(u,v) < 1D, for all distinct u,v eV (H),

then H contains a matching M covering all but at most dn vertices.

We now prove Lemma 3.2.1, whose proof is based on previous work of Lo
and Markstrom [52, Lemma 3.5] and Alon, Frankl, Huang, Rédl, Rucinski and
Sudakov [6, Claim 4.1]. The idea is to define a k-uniform hypergraph H whose
edges correspond to independent transversals of P, and moreover H satisfies the
conditions of Theorem 3.2.4. Then, we can find a matching in H covering all but
at most dn vertices, which yields a (1 - d)r-partial strong colouring of P.

We will define H using two rounds of randomness. First, we select a family of
subgraphs of GG, each one selected at random, so that they preserve the relative
degree conditions, and such that no transversal appears in more than one of these
subgraphs. Secondly, we find a “fractional matching” in each of these subgraphs
using Corollary 3.2.3. Finally, we define H by selecting each edge to be present in
H with probability proportional to its weight in some of the fractional matchings

(should it appear in at least one).
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Proof of Lemma 5.2.1. Fix k >3 and §,e > 0. Without loss of generality, suppose
e < 1. Choose rq such that 1/rq < 1/k,d,e. Now consider any r > ry and a graph G
on n =k vertices with r > (2 +¢)A(G). Fix a partition P of V(G) with classes
of size r. Note that k =|P|> 3.

We select constants that will define the parameters for the first round of

randomness. Fix 7y, 7, € (0,1) such that

2m1 > mg >y, and

1> 97]1

(For concreteness, (n1,72) = (0.1,0.15) works.) Let m := [rm | and ¢ := |r1*m].

Claim 3.2.5. There exist t vertex sets R(1),...,R(t) such that
(i) for every j e [t], R(j) is a balanced mk-set,
(ii) every v e V(G) is in r>m £ 2r™ many sets R(j),
(iii) every P-partite 2-set is in at most two sets R(j),
(iv) every P-partite 3-set is in at most one set R(j),
)

(v) for every je[t], m>2A(G[R(j)]).

Proof of the claim. To prove Claim 3.2.5, we will see that properties (i)—(v) hold
with probability close to 1 if each R(j) is a random balanced mk-set, chosen
uniformly and independently, and r is large. Now we detail the necessary calcula-
tions.

Fix 13 € (0,1) such that

n2 > n1 + 13, and

1>97]1+T]3.

(For concreteness, if (n1,72) = (0.1,0.15), then 73 = 0.02 works.) Recall that

m = [rm], and let p := m/r. For every i € [k] and j € [t], choose R’ to be
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a subset of V; of size m, chosen independently and uniformly at random. Let
R(j) := Uiegs) B]. Clearly, (i) holds. Now we show that each of (ii)—(v) holds with
probability which goes to 1 (as r goes to infinity). Since we assume 7 is sufficiently
large, this will show that the desired sets R(1),..., R(t) exist.

Consider j € [t]. Proposition 3.1.3 and a union bound over the vertices in R(j),
implies that m/2 < A(G[R(j)]) with probability at most mk exp(—cm), for some
¢> 0. Another union bound over the ¢ < r?2 possible choices of j implies that (v)
fails with probability at most r?mk exp(—cm), which goes to zero when r (and
thus, m = [r™]) goes to infinity.

Now we check (ii)—(iv). Note that for every v € V(G) and every j € [¢],
Pr{v e R(j)] =p. For a P-partite subset S ¢ V(G), let

Ys:=|{j: S <R}
Since the probability that a particular R; € V; intersects S is p, we have
Pr[Sc R(j)] = p° (3.2.1)

From linearity of expectation we deduce E[Ys] = tplSl. Now, from the definition
of p and t we get that p <r~1*m and ¢ < r*m. Thus we deduce that, for every

P-partite subset S ¢ V(G),
E[Ys] = tp/® < plrm=(mm)IS], (3.2.2)
Moreover, since p > rm=t —r=t and ¢ > ri*m — 1, if |S| =1 we have
E[Ys] =tplS' > (r1m — 1) (rm =t —p7 ) > p2m -yl gy p2m 2 (3.2.3)

where the last bound holds since 7, > 7; and r is large.

In particular, for every v € V(G), from (3.2.3) and (3.2.2) we get that r2m —rm2 <
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E[Y;,)] <r?m. By Lemma 2.2.2, we have that

Pr{|Yyy - r?"| > 2r] < Pr[|Yy) - E[Yiy ]| > 7]

r2n2
<2exp (_47“2’71 )

23
<2exp (_7’4 ) ,

where in the last inequality we have used that n3 < 1, —n;. Thus, an union bound

over all the possible choices of v € V(G), implies that (ii) fails with probability at

r213
4

most 2rk exp (— ), which goes to zero as r goes to infinity.
Let Zy:= |{S € (V(QG)) : S is P-partite, Yg > 3}|. Using (3.2.1), p < r~1*m and

t <rl*m we observe that
K\ 2,3 6 12 149 -
B(Zs) < ()t < K1 <o, (3.2.4)

where in the last inequality we have used that n3 +9n; <1 and that r is large. Let
Zy:=|{S e (V%G)) : S is P-partite, Ys > 2}|. Bounding the terms similarly, observe
that
k
E(Z5) < (3)r3t2p6 < Sy IHSm g s, (3.2.5)

Together with Markov’s inequality (Lemma 2.2.1), (3.2.4) and (3.2.5) imply that
(iii) and (iv) fail with probability which goes to zero as r goes to infinity.

Since each of the properties (ii)—(v) fail with probability going to zero as r
goes to infinity, for r sufficiently large all the properties hold simultaneously with

positive probability. In particular, this proves the desired R(1),..., R(t) exist. O

Let R(1),...,R(t) be given by Claim 3.2.5. By (v) and Corollary 3.2.3, for each
J € [t] there exists a function w’ that assigns weights in [0, 1] to the independent
transversals of P contained in G[R(j)], such that for every v € V(G[R(5)]),
Y s W (T) = 1. Now we construct a random k-uniform graph H on V(G) such

that each independent transversal 1" of P is randomly and independently chosen
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as an edge of H with

wit(T) if T < G[R(jr)] for some jp € [ri+nz],
Pr(T e H] =

0 otherwise.

Note that jz is unique by (iv) as k > 3, so H is well-defined. For each v € V(G),
let J, = {j : v e R(j)} so that |J,| = r?m £ 2r™ by (ii). For each v € V(G),
let E be the set of independent transversals in G[R(5)] containing v. Thus, for

veV(G), degy(v) is a generalised binomial random variable with expectation

Eldeg, (v)] =Y Y w/(T)=|J,| =r*" £ 2™,

jeJv TeE]

Similarly, for every P-partite 2-set {u,v},

E[degy (u,v)]= ) Yoo w(T)<|Jun <2

JeJunJv TeEInE)

by (iii). For every 2-set {u,v} that is not P-partite, deg (u,v) = 0. Fix n4 € (0,1)
such that 2n; > ny > 9. By using Chernoff’s inequality (2.2.1), we may assume
that, for every v € V(G) and every 2-set {u,v} € V(G),

degy(v) = r?m £ ¢, degy (u,v) <rm.

Thus H satisfies the hypothesis of Theorem 3.2.4 (with D = r?n and 7 =
max{rm=2m r~m}) and the proof is completed. [
3.3 ASYMPTOTIC BOUNDS FOR THE STRONG CHROMATIC NUMBER

Now we have the tools to present the proof of the main result of this section,

Theorem 1.2.3.

Proof of Theorem 1.2.3. Let ry and v be such that 1/ry < v < 1/k,e, and let
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r > rg. Consider a graph G on n := rk vertices and a partition P = {V;,...,V,}
with classes of size r > (2 +¢)A(G).

Let o :=y/(8k?%) and (3 := 42/(64k3). By Lemma 3.1.5, there exists a balanced
set A of size at most an such that, for every balanced set S of size at most (n,
G[AuS] can be partitioned into independent transversals of P. Remove A from G
to obtain a graph G’, together with a partition P’ = {V/,...,V/} obtained from
V! =V;~\ A for each i € [k]. Note that A(G') < A(G) and 7" :=|V/| > (1 - a)r and,
therefore, ' > (1 - a)(2+)A(G) > (2+¢/2)A(G").

By Lemma 3.2.1, we obtain a (1 - §)r'-partial strong colouring of G’ with
respect to P’. This gives a collection 7" of disjoint independent transversals of P
that covers every vertex of G’ except for a set S of size at most 5’ < fr. Then
G[AuS] can be covered by a collection 7 of disjoint independent transversals of P.
Therefore, 7 U T" is a spanning collection of disjoint independent transversals

of P, as desired. [ |
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COVERING HYPERGRAPHS WITH TIGHT CYCLES

In this chapter we prove results about covering thresholds using tight cycles on
s vertices in k-graphs. We also prove lower bounds for the existence, covering
and tiling thresholds for tight cycles, and provide constructions that will also be
used during the investigation of the tiling threshold with cycles (which is done in
Chapter 5).

This chapter is organised as follows. In Section 4.2 we prove Propositions 1.3.6—
1.3.8, which give lower bounds for the tiling threshold and covering threshold in
various cases depending on k and s. In Section 4.4 we prove Proposition 1.3.3

and Theorem 1.3.4, which give upper bounds for covering thresholds.

4.1 NOTATION AND SKETCH OF PROOFS

4.1.1 Notation

We will use the following notation during this section. For all k € N, let [k] :=
{1,...,k}. Let Sk be the symmetric group of all permutations of the set [k], with
the composition of functions as the group operation. Let id € Sy be the identity
function that fixes all elements in [k]. We use the standard “cycle notation” for
permutations, which can be described as follows. Given distinct iy, ...,14, € [k],
the cyclic permutation (iyi9--+i,) € Sy is the permutation that maps i; to i,,; for
all 1 <j <r and i, to iy, and fixes all the other elements; we say that such a cyclic

permutation has length r. A well-known fact is that all permutations o € Sj, can

43
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be written as a composition of cyclic permutations o;---0; such that these cyclic
permutations are disjoint, meaning that there are no common elements between
any pair of these different cyclic permutations.

Let H be a k-graph, Vi,...,V, be disjoint vertex sets of V' and let o € S;,. We
say that a tight path P =v;---v, in H has end-type o with respect to Vi, ...,V if
for all 2 <@ <k, vo_gyi € Vo(;). Similarly, we say P has start-type o with respect to
Vieooo sV it v e Vo forall 1 <o <k-1. If H and V,...,V} are clear from the

context, we simply say that P has end-type o and start-type o, respectively.

4.1.2 Sketch of proofs

We now sketch the proof of Theorem 1.3.4. Let H be a k-graph on n vertices
with dx_1(H) > (1/2 + y)n. Consider any vertex x € V(H). We can show that,
for some appropriate value of ¢, z is contained in some copy K of KF(t) with
vertex classes Vi,...,Vi. Suppose that s =r # 0 mod k with 1 <r < k. Suppose
P =wvy--vg is a tight path in K such that v; € V; for all 1 <4<k and v; = . By
wrapping around K, we may find a tight path P, = vy---vy which extends P;, but
if we only use vertices and edges of K, then we have v; € V;, where j = { mod k,
for all j € [¢]. To break this pattern, we will use some gadgets (see Section 4.3
for a formal definition). Roughly speaking, a gadget is a k-graph on V(K and
some extra vertices of H. Using these gadgets we can extend P to a tight path
P’ with end-type o, for an arbitrary o € Sy (see Lemma 4.3.2). Having done that
(and choosing o appropriately), then it is easy to extend P’ into a copy of C¥ (by

wrapping around Vi, ..., Vj).

4.2 LOWER BOUNDS

In this section, we construct k-graphs which give lower bounds for the codegree
Turan numbers and covering and tiling thresholds for tight cycles. These construc-
tions will imply Proposition 1.3.6 and Proposition 1.3.8. A different construction

will prove Proposition 1.3.7 and we postpone it to the last part of the section.
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We remark that the bounds that we obtain are not best possible for all values
of n, s and k. Some improvements can be made by considering the same examples
but being more careful with the calculations of the minimum degree of each
k-graph. Most of the times, this can be done by separating the analysis in cases
depending on divisibility conditions of n, s and k (compare, for instance, with
the extremal examples for perfect matchings in k-graphs [75, Construction 1.1]).
This changes the lower bounds, in some of the cases, by an additive constant. We
did not pursue this direction to simplify the presentation, since our main interest
is in the asymptotics of each threshold function.

Let A and B be disjoint vertex sets. Define HY = H}(A, B) to be the k-graph
on Au B such that the edges of HY are exactly the k-sets e of vertices that satisfy
len Bl =1mod 2 (see Figure 4.1). Note that d,_1(HY) > min{|A|,|B|} - k + 1.

Recall the definition of admissible pairs (Definition 1.3.5): for two positive
integers k, s which satisfy 2 < k < s and d = ged(k, s), we say that the pair (k,s)

is admissible if d =1 or k/d is even.

Proposition 4.2.1. Let 3 < k < s and d = ged(k,s). Let A and B be disjoint
vertex sets. Suppose that HE(A, B) contains a tight cycle C* on s vertices with
V(CEYnA+@. Then |[V(CF)n Al=0 mod s/d and (k,s) is not an admissible

Dair.

Proof. Let C* = vy--v,. For all 1 <i < s, let ¢; € {A, B} be such that v; € ¢;
and let ¢gy; = ¢;. If two edges e and ¢’ in E(HE(A, B)) satisfy lene| = k-1,
then |en A| = |e’ n A| by construction. Thus ¢, = ¢; for all 1 <i < s. Therefore,
Girqg = ¢; for all 1 <i <s. Hence, [V(C¥)n Al =0 mod s/d.

Let = [{vy,...,os} n Al = {i : 1 <i < k,¢; = A}|. Note that » > 0 and
re{k/d,2k/d,... k}. Since {vy,...,vx} is an edge in HY(A, B), it follows that
k—r=1mod 2 and so, r # k mod 2. This implies d > 2 and k/d is odd, i.e., (k,s)

is not an admissible pair. [ |

Now we use Proposition 4.2.1 to prove Propositions 1.3.6 and 1.3.8.
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A "' [nf2]
&

Figure 4.1: Example of the construction in the proof of Proposition 1.3.6, for
k =3 and n =10. All of the triples which intersect A in exactly 0 or 2 vertices are
present as edges, we only draw some of them for clarity.

Proof of Proposition 1.5.6. Let A and B be disjoint vertex sets of sizes |A| = |n/2]
and |B| = [n/2]. Consider the k-graph Hy, = HY(A, B). By Proposition 4.2.1,
no vertex of A can be covered with a copy of C*. Then c¢(n,C*) > é;_1(Hy) >
[n/2| -k +1.

Moreover, if k is even, then HY(A, B) = H}(B,A). So no vertex of B can
be covered by a copy of C*. Hence Hy is Ck-free. Therefore, ex;_1(n,C¥) >

5k_1(H0) > [n/2J—k:+1 |

Proof of Proposition 1.3.8. To see the first part of the statement, let d := ged(k, s)
and s’ := s/d. Note that d <k < s, thus s’ > 1. Let A and B be disjoint vertex
sets chosen such that |A| +|B|=n, ||A] - |B|| <2 and |A| # 0 mod s’. Consider the
k-graph Hy = HY(A, B) and note that dx_; (Hp) > min{|A|,|B|} -k +1>|n/2| -k
(see Figure 4.1). Proposition 4.2.1 implies that all copies C of C* in Hj satisfy
[V(C)nA|=0mod s'. Since |A]| #0mod ', it is impossible to cover all the vertices
in A with vertex-disjoint copies of C*. This proves that t(n,C¥*) > §p_1(Hp) >
[n/2] -k, as desired.

Now suppose that (k,s) is an admissible pair. Let H be the k-graph on
n vertices with a vertex partition {A, B,T} with |A| = [(n —|T])/2] and |B| =
|(n—1T|)/2], where |T| will be specified later. The edge set of H consists of all
k-sets e such that en B = 1mod2 or enT # @ (see Figure 4.2). Note that
Sp-1(H) > min{|A},|B|} +|T| - (k=1) > [(n +1|T])/2] - k + 1. We separate the
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analysis into two cases depending on the parity of k.

Case 1: k even. Since H{Au B] = H}(A, B) = H}(B, A), by Proposition 4.2.1,
H[Au B] is C*-free. Thus, all copies of C*¥ in H must intersect 7" in at least one
vertex. Hence, all C*-tilings have at most |T'| vertex-disjoint copies of C¥. Taking

|T'| = n/s -1 assures that H does not contain a perfect C*-tiling. This implies

that t(n,CF) > [(1/2+1/(2s))n] - k.

5 )

Figure 4.2: Example of the construction in the second part of the proof of
Proposition 1.3.8, for £ = 3. The edges correspond to: (i) triples in Au B
which intersect A in exactly 0 or 2 vertices, and (ii) the triples with non-empty
intersection with 7.

N

Case 2: k odd. Since H[Au B] = H¥(A, B), by Proposition 4.2.1 no vertex in
A can be covered by a copy of C*. Hence, all copies of C* in H with non-empty
intersection with A must also have non-empty intersection with 7. Moreover, all
edges in H intersect A in at most k—1 vertices, so all copies of C* in H intersect A
in at most s(k —1)/k vertices. Thus a perfect C*-tiling would contain at most |T|
and at least k|A|/(s(k—1)) cycles intersecting A. Let |T| = [nk/(2s(k-1)+k)]-1.
Since |T| < nk/(2s(k-1) + k) and |A]| > (n-|T])/2,

k| Al k(n—-1T)|) nk k
s(h=1) = 2s(h=1)  25(k-1) (1‘ 2s(k—1)+k) > 171,

and thus a perfect C*-tiling in H cannot exist. This implies

. n+|T| 1 k
t(n,08)25k_1(H)2l 5 J—k+12[(§+m)n|—k,
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as desired. -

It remains to prove Proposition 1.3.7. We acknowledge and thank an anony-
mous referee who suggested this family of examples during the revision of the
paper containing the research of this chapter [32]. We are not aware of the
appearance of this example in the literature before, although it bears some re-
semblance to examples considered by Mycroft to give lower bounds for tiling

problems [58, Section 2].

Vi

Va

Vo

Figure 4.3: Example of the construction in the proof of Proposition 1.3.7, for
k =p = 3. Every tight cycle in this hypergraph has length divisible by 3.

Proof of Proposition 1.3.7. Since p is a divisor of k& which does not divide s,
it holds that 1 < p < k. Given a vertex set V of size n, partition it into p
disjoint vertex sets Vj,...,V,_; of size as equal as possible, so |V;| > |n/p| holds
for all 7 € {0,...,p—1}. Assume that every x € V; is labelled with i, for each
i€{0,...,p—1}. Let H be the k-graph on V where the edges are the k-sets
such that the sum of the labels of its vertices is congruent to 1 modulo p (see

Figure 4.3).
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It is immediate to check that no edge of H is entirely contained in any sets V;,
and that, for every (k—1)-set S 'in V, Ny(S) =V, N\ S for some j € {0,...,p-1}.
Thus H has codegree at least |n/p| -k + 2.

We show that H is Ck-free. Let C be a tight cycle on ¢ vertices in H. Tt is
enough to show that p divides t (since p does not divide s, it will follow that ¢ # s).
We double count the sum T of the labels of vertices, over all the edges of C'. On
one hand, T" = 0 mod k since each vertex appears in exactly k£ edges of C' and thus
is counted k times. Since p divides k, T'= 0 mod p. On the other hand, the sum
of the labels of a single edge is congruent to 1 modulo p and there are ¢ of them,

thus 7' =t mod p. This implies that p divides ¢. ]

4.3 (G-GADGETS

Throughout this section, let 7 := (123---k) € Sy (recall that we are using the cyclic
notation for permutations, so 7 is a cyclic permutation of length k). Let H be
a k-graph, and let K be a complete (k,k)-graph in H with its natural vertex
partition {Vi,...,Vi}. Let P be a tight path in H with end-type 7 € S;. For
x € Veay N V(P), Px is a tight path of H with end-type 77. We call such an
extension a simple extension of P. By repeatedly applying r simple extensions
(which is possible as long as there are available vertices), we may obtain an
extension Pxi---x, of P with end-type 77", using r extra vertices and edges in K.

In the same spirit, observe that if P; has end-type m and P, has start-type 7,
then the sequence of ordered clusters corresponding to the last k —1 vertices of P,
coincides with the corresponding sequence of the first k — 1 vertices of P,. Thus,
by using one extra vertex x € V) \ (V(P1) uV(F,)) we get that PixPs is a tight
path, i.e., we can join P, and P, into a single tight path by using one extra vertex

If P is a path with end-type 7, we would like to find a path P’ that extends
P such that |V(P")| = |[V(P)| mod k and P’ has end-type o, for arbitrary o € Sj.
The goal of this section is to define and study ‘G-gadgets’, a tool which will allow

us to do precisely that.
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Let G be a 2-graph on [k] and S c V(H). We say Wg € V(H) is a G-gadget
for K avoiding S if there exists a family of pairwise-disjoint sets {W;; : ij € E(G)}
such that W = Ujjep(a) Wij, and for all ij € E(G),
(W1) W] = 261,
(W2) Wi NV(K)|=1, W;;nS =@ and, for all 1 <i' <k,

W Vil 1 ifi"e{i,j},
ig N V| =

2 otherwise,

(W3) for all o € Sy, with o(1) € {75}, H[W;;] contains a spanning tight path with
start-type o7 and end-type (ij)o.

If K is clear from the context, we will just say “a G-gadget avoiding S”. For all

edges ij € E(G), we write w;; for the unique vertex in W;; N\ V(K).

We emphasize that (W3) is the key property that allows us to obtain an
extension of a path at the same time as we perform a change in the end-type. In
words, (W3) says that given any k — 1 ordered clusters that miss V;, there exists a
tight path with vertex set Wj;;, which starts with the same ordered k -1 clusters
and ends with the same ordered k -1 clusters but with Vj; replaced by V;. In
other words, W;; allows us to “switch” the type of a path by replacing ¢ by j. See
Figure 4.4 for an example.

Recall that o is a cyclic permutation if there exist distinct iy,. .., i, € [k] such
that o = (i175--1,), that is, 0 maps i; to i, for all 1 < j <r and i, to 7, and fixes
all the other elements. Suppose P is a tight path with end-type 7 and o is a
cyclic permutation. In the next lemma, we show how to extend P into a tight

path with end-type o7 using a G-gadget, where G is a path.

Lemma 4.3.1. Let k>3 andr > 2. Let o = (iyiz-i,) € Sk be a cyclic permutation.
Let G be a 2-graph on [k] containing the path Q) = iyiy--i,.. Let H be a k-graph
containing a complete (k,k)-graph K with vertex partition Vi,...,Vi. Suppose

that P is a tight path in H with end-type 7 € Sy, such that w(1) = i,. Suppose Wg
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Vi Va Vs

Figure 4.4: An example of a G-gadget in a 3-graph H. Let G be the graph on [3]
consisting of the edges 12 and 23. K is the complete (3, 3)-graph with vertex parti-
tion V1, V4, V3 (edges not shown) and Wy consists of the union of Wi, = {a, b, ¢, d, e}
and Was = {f,g,h,i,7}, including the edges {abc, bed, cde, ace, fgh, ghi, hij, fhy}.
The coloured edges are in H \ K.

We show an example of (W3). Let o =id, and note that (1) =1. In H[Wy2] we
find the tight path abede on 5 = 2k — 1 vertices, whose start-type is 0(123) = (123)
and its end-type is (12)o = (12). This means the first two vertices of abede are in
clusters V5, V3, and its last two vertices are in clusters Vi, V3, respectively.

is a G-gadget avoiding V(P) and |V; N\ V(P)| 2 2|E(G)| for all 1 < j < k. Then
there exists an extension P’ of P with end-type om such that

(1) V(P =[V(P)[+2k(r-1),

(i) forall1<i<k,

2r—1) =1 ifie{ir, g, . 51},
Vin (V(P)NV(P))| =

2(r-1) otherwise,

(ili) there ezists a (G - Q)-gadget We_q for K avoiding V(P') and

(iv) V(PO)NV(PUK) ={w,, :1<j<r}.

i1
Proof. We proceed by induction on r. First suppose that r = 2 and so o = (i17z).
Consider a G-gadget W avoiding V(P). Since ijis € E(G), there exists a
set W;,i, € We disjoint from V' (P) such that |W;,;,| = 2k—1 and H[W;,;,] contains
a spanning tight path P” with start-type 77 and end-type (i1i2)m = omw. Note that
Vi, nWq| <2|E(G)|-1, as |V, n Wi,4,| = 1. Hence V,, ~ (V(P)uWg) # @. Take
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an arbitrary vertex x;, € Vi, N (V(P)uWg) and set P’ = Px;, P". Since 7(1) = io,
it follows that P’ is a tight path with end-type om, and P’ satisfies properties (i),
(ii) and (iv). Set Weg_iyi, = Wa N Wiyi,. Then We_; 4, is a (G —i1i2)-gadget for K
avoiding V' (P’), so P’ satisfies property (iii), as desired.

Next, suppose r > 2. Let o’ := (i9i3:++i,) and note that o = (i1i3)0’. Then o’ is
a cyclic permutation of length r — 1, with 7(1) =4, and the path Q' = iy--+i,_1i, is
a subgraph of GG. By the induction hypothesis, there exists an extension P” of P
with end-type o’m such that |V (P")| = |V (P)| +2k(r - 2) and, for all 1 <i<k,

2r—2) 1 ifie{in g, ... ir1},
Vin (V(P")NV(P))| =

2(r-2) otherwise.

Moreover, there exists a (G — (Q)')-gadget Wg_¢ avoiding V(P”) and V(P") \
V(P U K) = {U}l

G+l

12<j<r}.

Note that o'n(1) = ¢'(i,) = i and iyiy € E(G - @Q'). For all 1 < i < k,
[ViNV(P")|22|E(G - Q'")|. Again by the induction hypothesis, there exists an
extension P’ of P with end-type (i1i2)o’m = o such that |V (P")| = |V (P")|+2k =
[V(P)|+2k(r-1) and, for all 1 <i<k,

, p 1 1f 1= 7;1,
Vin (V(P)NV(P"))|=
2 otherwise.

and V(P') N (V(P"UK)) = {wj,:,}, so P’ satisfies properties (i), (ii) and (iv).
Furthermore, set Wg_g = We - U;;ll W,

Gjtj41°

Then Wg_g is a (G - Q)-gadget for

K avoiding V' (P'"), so P’ satisfies property (iii) as well. u

In the next lemma, we show how to extend a path with end-type id to one

with an arbitrary end-type. We will need the following definitions. Consider an
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arbitrary o € S \ {id}. Write o in its cyclic decomposition as

0= (i1,1i1,2'“i1,r1 )(i2,1i2,2"'i2,r2)"'(it,lit,Q"'it,rt)a

where o is a product of t disjoint cyclic permutations of respective lengths
T1,...,7¢ s0 that r; > 2 and 4, = min{i;, : 1 <7/ <r;} for all 1 < j <¢; and
i1 < 24y < -+ < itp. Define t(o) to be the number ¢ of cycles of o in this
decomposition, and we also define m(c) = it(a),rt(a). On the other hand, if ¢ =id,
then define ¢(0) =0 and m(o) = 1.

Define G, to be the 2-graph on [k] consisting precisely of the (vertex-disjoint)

paths Q; = 7149, for all 1 <j <t(0). So Giq is an empty 2-graph. Note that

for all o,
t(o)
2|E(Gy)|+t(c) =2 rj-t(o) <2k -1. (4.3.1)
j=1
For 1 <i<kandoeSpn{id}, set X;, =1ifie {iy,,... 00,1} for some 1 <t <4,

and X;, = 0 otherwise. Also, for 1 <i<k,set Vi, =1ifie{o(j):1<j<m(o)}
and Y;, = 0 otherwise. If ¢ =id, then define X;, =Y, =0 for all 1 <i<k.

Lemma 4.3.2. Let k> 3. Let H be a k-graph containing a complete (k,k)-graph
K with vertex partition Vy,..., Vi and a tight path P with end-type id. Let o € Sy
and let G be a 2-graph on [k] containing G,. Suppose that K has a G-gadget Wg
avoiding V (P), and |V; N V(P)| > 2|E(G)| +2. Then there exists an extension P’
of P with end-type o)=L such that
() [V(P)] = V(P)|+ 2HE(Go)] + m(0) - 1,

(ii) for all1<i<k, |Vin(V(P)NV(P))| =2/E(G,)| - Xio+Yio,

(i) K has a (G - G,)-gadget avoiding V(P') and

(iv) V(PYNV(PUK) = {wyij € B(G,)}.
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Proof. Let

g = (il,lil,z'”il,m)(i2,1i2,2"'i2,r2)"'(it,lit,z"'it,rt)

as defined above. We proceed by induction on t = ¢(o). If ¢ =0, then ¢ = id and
m(c) =1, so the lemma holds by setting P’ = P. Now suppose that ¢ > 1 and the

lemma is true for all o’ € Sy, with t(o’) < t. Let

01 = (i1,1i1,2"'i1,r1)(12,1i2,2"'i2,r2)"'(%-1,1%—1,2'"it—Ln,l)

and o9 = (i419¢90t,,), SO 0109 = 0301 = 0. For 1 <i <2, let G; = G,, and
m; :=m(o;). Note that G, = G; UGs. Let G':= G - Gy.
Since t(o1) =t — 1, by the induction hypothesis, there exists a path P; that

extends P with end-type ;7171 such that

() V(P = [V(P)|+2k|E(G1)| +mq - 1,

(ii") for all 1 <i <k, [Vin (V(P) N V(P)|=2/E(G1)| - Xig, + Yior,

(iii") K has a G’-gadget W avoiding V' (P;) and

(iv") V(P)NV(PUK) ={wj;:ije E(Gy)}.

Note that for all 1 <7<k,
Vin (V(P) uWe)| 2 2[E(G)[+2 - (2|E(G1)| + 1) - 2|E(G7)| = L.

We extend P; using mo—m; > 0 simple extensions, avoiding the set V (P;)uWe in
each step, to obtain an extension P, of P; with end-type o™ -1rmz-mi = g rm2-1

such that
|V(P2)| = |V(P1)| + 1Mo —My = |V(P)| + 2]{?|E(G1)| + 1Mo — 1

and W is a G'-gadget for K that avoids V(P,). As P, has end-type o;7™ 71,

V(Py) N V(P;) contains precisely one vertex in V; for all i € {o17™1(j):1<j <



CHAPTER 4. COVERING HYPERGRAPHS WITH TIGHT CYCLES %)

mo—my} ={o1(my),...,01(ms—1)}. Since 01(7) = o(7) for all m; <i <msy and

ma = it together with (ii’) we deduce that

Vin (V(P2) N V(P))| = 2lE(G)| = Xig, + Vi (4.3.2)

Note that oy7™271(1) = o1(m2) = 01(ity,) = ity Since G’ contains G, by
Lemma 4.3.1 there exists an extension P’ of P, with [V (P")| = [V (P)|+2k|E(G3)|
and P’ has end-type 9017271 = o7™(?)~1 as my = m(o). Moreover, as G’ - Gy =
G -Gy, K has a (G - G, )-gadget avoiding V(P’), implying (iii). Similarly, (iv)
holds. Note that

VPO = [V (P2)| + 2k E(G2)| = [V (P)] + 2k|E(Go) | + m(o) - 1,

implying (i). Finally, for all 1 <i <k, we have

, 2|E(G2)|—1 if’L.E{Z.tJ,...,’l.t’Tt_l},
Vin(V(P)NV(R))| =

2|E(G)| otherwise.

So |[Vin(V(P')NV(P2))| =2|E(G2)| - Xi s, Note that X;, = X, ,, +X;,, because

o1 and oy are disjoint. Thus, together with (4.3.2), (ii) holds. |

Now we want to use the previous lemmas to find tight cycles of a given length.
Let P be a tight path with start-type ¢ and end-type w. If 7 = o, then there
exists a tight cycle C' containing P with V(C') = V/(P). Similarly if 7 = o777,
then (by using r simple extensions) there exists a tight cycle C' on |[V(P)|+r
vertices containing P. In general, in order to extend P into a tight cycle we use
Lemma 4.3.2 to first extend P to a path P’ with end-type o7 for some suitable r,
using the edges of K and a suitable G-gadget. The next lemma formalises this
construction of the tight cycle C' containing P and gives us precise bounds on the

sizes of V;n (V(C) \V(P)) in the case where o = m, which will be useful during
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Section 5.3.

Lemma 4.3.3. Let k>3. Let o,m€ S, and 0 <r <k. Then there exists a 2-graph
G = G(o,m,r) on [k] consisting of a vertex-disjoint union of paths such that
the following holds for all s > k(2k — 1) with s = rmod k: let H be a k-graph
containing a complete (k,k)-graph K with vertex partition Vi,...,Vy, and let P
be a tight path with start-type o and end-type 7. Suppose W¢ is a G-gadget for K
avoiding V(P) and |V; NV (P)| > |s/k|+ 1. Then, there exists a tight cycle C on

|V(P)| + s vertices containing P, such that
V(C)~ (V(PUK)) = {uy i € E(G)}.
Moreover, if o =7, then for all 1 <1,j <k,
[V n (V(C) N V(P =V n (V(C)NV(P)) < 1.

Proof. Without loss of generality, we may assume that 7 = id. Define 6/ = 677" € S.
Let G := G,. Note that |E(G)| < k-1, t(c') <k/2 and 2|E(G)|+t(c") <2k -1
by (4.3.1). Let H, K, P be as defined in the lemma. By Lemma 4.3.2, there
exists an extension P’ of P with end-type o/7(?)-1 such that |V (P’)| = |[V(P)| +
2E|E(G)|+m(c") =1, for all 1 <i <k,

Vin (V(P)NV(P))| = 2lE(G)] = Xior + Yo

and V(P )N (V(PUK)) = {w; : ij € E(G)}. We use k-m(c’) + 1 simple

extensions to get an extension P of P’ of order
V(P =|V(P)|+(k-m(c")+1) =|V(P)|+2k|E(G)|+ k.

Note that V' (P")\V(P') uses precisely one vertex in each of the clusters V; for all
P o (G) <G < hmm(o?) + 1} = {o() m(0") < < k) = {j Y00 = O,
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It follows that for all 1 <7<k,
Vin (V(P")NV(P))|=2|E(G)|+1-X,,.

Note that P” has end-type o/7m(@)-1pk-m(c)+1 = 5/ = 7= For all 1 <i <k and
O<r<k,set Z;,,=1ifie{o(j):k—r+1<j<k}, and set Z;,, = 0 otherwise.
We use r more simple extensions to get an extension P of P with end-type

o7 "T" = 0 of order

[V(P")| = |V(P")|+r=|V(P)|+2kE(G)|+k+r,
such that for all 1 <<k,

Vin (V(P") S V(PY)| = 24E(G)| + 1+ Zigy - X

Since |E(G)| < k-1 and s = r mod k, it follows that [V (P")| < |[V(P)| + s.
Also, [V(P")NV(P)|=smod k. Forall 1 <i<k,

Vs VP2 Vs V(P) - 21B(G)| - 1+ X = Zirs
kL= 21B(G)| - 1 = (K s/k] - 2K E(G)] - )
1

> |
7 (

s =1 =2k|E(G)| - k) = % (s = (VP = IV(P)]))-

Since P has start-type o and end-type o, then we can easily extend P (using
simple extensions) into a tight cycle C on [V(P)| + s vertices. Note that V(C') ~
(V(PUK))={w;;:ij € E(G)}, as desired.

Moreover, for all 1<, <k,

[Vin (V(C)N V(P -1V n (VE)NV(P)))
=[[Vin (V(P")NV(P))| =V 0 (V(P") N V(P)))|

= |(Zi,a,7“ - Xi,o’) - (Zj,dﬂ” - Xj,o’)|'
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Suppose now that o = 7 = id. We will show that -1< Z; ,,-X; »» <0Oforall 1 <i <k,
implying that, for all 1 <i,j <k, ||[V;n(V(C)NV(P))|-|V;n(V(C)\V(P))|| < 1.
It suffices to show that if Z;,, =1, then X, ,» = 1. If r = 0 then it is obvious, so
suppose that 1 <7 < k. Let 1 <7 <k such that Z,,, = 1. Since 0 =7 = id, then
o'=77".50if Z; ,, =1, then k—r+1<¢<k. To show that X, ;- =1, we need to
show that ¢ is not the minimal element in the cycle that it belongs in the cyclic
decomposition of 777, that is, there exists m < ¢ such that ¢ is in the orbit of
m under 77". Let d = ged(r, k). Choose 1 < m < d such that m =i mod d. The
order of 77" is exactly k/d and the orbit of m has exactly k/d elements. There are
exactly k/d elements i’ satisfying 1 <4’ <k and i’ = m mod d, and all elements 7’
in the orbit of m also satisfy ¢ = m mod d, so it follows that ¢ is in the orbit of m

under 77". Finally, m <d <k —r <. This proves that X, .-~ =1, as desired. =

4.3.1 Finding G-gadgets in k-graphs with large codegree

We now turn our attention to the existence of G-gadgets. We prove that all
large complete (k, k)-graphs contained in a k-graph H with 0;_;(H) large have a

G-gadget, for an arbitrary 2-graph G on [k].

Lemma 4.3.4. Let 0<1/n,1/to < v,1/k. Let H be a k-graph on n vertices with
dp-1(H) 2 (1/2 +v)n containing a complete (k,k)-graph K with vertex partition
Vi,.oo, Vi Let S € V(H) be a set of vertices such that |[V(K)uS|<yn/2 and
[ViN S| >ty for all 1 <i < k. Let G be a 2-graph on [k]. Then there exists a
G-gadget for K avoiding S.

Proof. Choose 0< 1/t < ~y,1/k and let ¢y :=t + k2. Suppose that ij € E(G) and
[VeN S| >t +2|E(G)| for all 1 <0< k. Let Uy €V, N S with |Uy| =t for all 1 <l<k
and let R =[k]~{i,7}. Let U := U< Up and

T {Ae(kUl):|AnUT|:1 for all r € R and |Am(UiuUj)|=1}.

Then T has size 2t*~!. By the codegree condition, all members in T have (1/2 +
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y)n = |V(K)uS| > (1/2 + v/2)n neighbours outside of V(K)u S and by an
averaging argument, there exists a vertex w ¢ V/(K) u .S such that H(w) satisfies
|H(w)nT| > (1+~)t*1. For all u € U; uUj, Nywyar(u) is a family of (k- 2)-sets
of U,er U,.. We have that

Z |NH(w)ﬁT(ul) r-\'A]\[H(w)ﬁT(uj)|
(ui,u]-)EUixUj

2 (dunr(w) + dagor (uy) ~1°7)
(ui,ug)eU;xU;

=t|H(w) nT|-t* 2 t*(1 +7) - t* = yt*,

and by an averaging argument, there exists a pair (z} ,$J*) € U; x U; such that
|Neruwynr (27) 0 Ny (27)] 2 7772,

By the choice of ¢ and by Theorem 1.3.2, we have that NH(w)mT(xj) N
Ni(uwynr () contains a copy K’ of Ky=3(2). Define Wi; = V(K') u{w,z}, x5
and note that [W;;|=2(k-2)+3=2k-1.

We now check that (W3) holds for W;;. Recall that, informally, this means
that given any k — 1 ordered clusters that miss V;, there exists a tight path with
vertex set W;;, which starts with the same ordered k -1 clusters and ends with
the same ordered k -1 clusters but with V; replaced by V;. Now we formalise

this. For all r € R, let U, nV(K') = {z,,z!}. Consider an arbitrary o € Sj with

o(1) =i and o(j") = j. By construction, we have that

To(2)La(3) Ta(j'-1)L] Lo (j41) Ta(+2) " Ta (k)WL (9) L0 3y T (ir-1)Ls Lo a1y T (r2) " Lor(h)

is a spanning tight path in H[W;;], of start-type o7 and end-type (ij)o. Clearly
W;j is an ¢j-gadget avoiding S.

Set S":=SuW;; and G’ := G —1ij. Repeating this construction for all edges
in £(G -1ij) and using that to =t + k2, it is possible to conclude that K has a

G-gadget avoiding S. [ |
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4.3.2 Auxiliary k-graphs F;

Given a tight cycle C*, we would like to find a k-graph Fy such that C* ¢ F, and
F is obtained from a complete (k, k)-graph by adding “few” extra vertices. This
will be useful in Section 5.3.

Let K be a (k, k)-graph with vertex partition Vi,...,V,. Consider a 2-graph
G on [k] with E(G) = {jij/ : 1 <i < (¢} and let y1,...,y, be a set of ¢ vertices
disjoint from V' (K). Let Wg :=={y1,...,y,}. We define the G-augmentation of K
to be the k-graph F = F'(K,G) such that

V(F)=V(K)uWg and

E(F) = E(K)u U (E(H (y:, ji) v E(H (y:,5i)))

1<i<t

where H(v,j) is a complete (k, k)-graph with partition

{U}a‘/b‘/%"-7‘6—1)‘/]417-"7‘/]6-

The easy (but crucial) observation is that if |V;| > 2¢ for all 1 <i <k, then the
G-augmentation of K contains a G-gadget for K avoiding @. Using that, we can

prove the following.

Proposition 4.3.5. Let k > 3, s > 2k? and s # 0mod k. Then there exists a
2-graph G on [k] that is a disjoint union of paths, and asy,...,ask, L € N such
that |as;—as ;| <1 foralli,je[k], { =|E(Gs)| <k-1, and if K = K*(as1,...,0s5%),
then Fy, the G-augmentation of K, contains a spanning copy of C* and |V (Fy) ~
V(K)|=¢.

Proof. Let r € {1,...,k -1} be such that s = r mod k. Let G, be the 2-graph
obtained from Lemma 4.3.3 (with parameters ¢ = 7 = id and r). Note G is a
disjoint union of paths and thus ¢ = E(Gy) < k- 1.

Suppose that Vi,...,V, are disjoint sets of size |s/k|+ 1 and let K’ be the
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complete (k,k)-graph with partition {Vi,...,V,}. For each i € [k], let v; € V]
and consider the tight path P = v;---v;. Note that P has both start-type and
end-type id. Let F” be the G -augmentation of K'. It is easily checked that
[Vi N V(P)| > 2(k—1) > 2¢ and therefore there is a G-gadget for K’ in F’
avoiding V(P). By the choice of Gy, F’ contains a tight cycle C' on s vertices
containing P such that V(C)\NV(K) =V (F')\V(K') = W, and, over the range
i € [k], the values |V(C) n'V;| differ at most by 1. Tt is easily checked that letting

as; = |V (C)nV;| we obtain the desired properties. [ ]

4.4 COVERING THRESHOLDS FOR TIGHT CYCLES

In this section, we prove the upper bounds for the covering codegree threshold for
tight cycles, proving Proposition 1.3.3 and Theorem 1.3.4. We first prove Proposi-
tion 4.4.2, which immediately implies Proposition 1.3.3 since K*(s) contains a
C*-covering for all s’ = 0 mod &k with s’ < sk. We will use the following classic

result of Kévari, Sés and Turdn [46].

Theorem 4.4.1 (K6véri, Sés and Turan [46]). Let z(m,n;s,t) denote the maxi-
mum possible number of edges in a bipartite 2-graph G with parts U and V' for
which |U|=m and |V| =n, which does not contain a Ks; subgraph with s vertices

i U and t vertices in V. Then
z2(m,n;s,t) < (s = DY (n-t+1)mV + (t-1)m.

Proposition 4.4.2. For all k > 3 and s > 1, let n,c > 2 such that 1/n,1/c <
1/k,1/s. Then c(n, K*(s)) < enl=1/s"",

Proof. Let H be a k-graph on n vertices with 0,y (H) > en'~1/s"". Fix a vertex
x € V(H) and consider the link (k- 1)-graph H(z) of x. Let Uy := E(H(x)).
Note that

n—-1
(kfz)ék—l(H) > l/2pk-1-1/sF"1

Uy| >
o] > S22

(4.4.1)
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Let Uy := V(H) ~ {x}. Consider the bipartite 2-graph B with parts U; and Us,
where e € U; is joined to u € Uy if and only if eu {u} € E(H). By the codegree
condition of H, all (k—1)-sets e € U; have degree at least dx_1(H)—1in B. Hence

\E(B)| > [Uy|(65-1 (H) = 1) > [Uy](en' V" = 1). (4.4.2)

. . . . k-2 .
We claim there is a K, k2, as a subgraph in B, with nk-1-1/s"" vertices

in U; and s — 1 vertices in U;. Suppose not. Then, by Theorem 4.4.1,

|B(B)| < 2(|U],n = 1m0 s - 1)

1
< <nk_1‘1/sk72>571 n|U1|1_$ +(s=1)|U4]

nkz—l—l/s’“’2 )sil
=\l n| ——— +s5-1
| 1'( ("

4.4.1
U 0l (T s 1) < |y

This contradicts (4.4.2).

Let K be a copy of K a2y in B. Let W := V(K)nU; and X :=
{21,..., 251} = V(K)nU,. Since [W|=nk-1-1/s"* and 1/n < 1/k,1/s, by Theo-
rem 1.3.2, W contains a copy K’ of K*71(s). By construction, for all y € {z} u X
and all e e E(K"), {y}uee F(H). Hence, H[{z} u X UV (K")] contains a K*(s)

covering x, as desired. [ ]
We are ready to prove Theorem 1.3.4.

Proof of Theorem 1.3.4. Let t € N be such that 1/ng < 1/t < 7,1/s. Let H be a
k-graph on n > ny vertices with dx_1(H) > (1/2 +v)n. Fix a vertex x and a copy
K of K}(t) containing x, which exists by Proposition 4.4.2. Let Vi,...,Vj be the
vertex partition of K with x € Vj. By the choice of ¢, |V;| > max{2k? +2,|s/k]| +2}

forall 1<i<k.
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Let x1 = x and select arbitrarily vertices x; € V; for 2 <7< k. Now P = xy---x,
is a tight path on k vertices with both start-type and end-type id. Let G be
a complete 2-graph on [k]. By Lemma 4.3.4, there exists a G-gadget for K
avoiding V(P). Thus, by Lemma 4.3.3, there exists a tight cycle C'in V/(H) on s

vertices containing P, and in turn, x. [
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TILING HYPERGRAPHS WITH TIGHT CYCLES

This chapter is dedicated to the investigation of tiling thresholds in hypergraphs,
using k-uniform tight cycles on s vertices, which we denote by C*. The main
objective is the proof of Theorem 1.3.9, which gives an asymptotic upper bound
for the tiling threshold of C¥*.

This chapter is organised as follows. In Section 5.2 we prove the “absorbing
lemma for C*-tilings” (Lemma 5.2.4). Next, we ensure the existence of “almost
perfect C*-tilings”. This is the content of Lemma 5.3.1, whose proof is done
in several steps. First, in Section 5.3 we use the tools of hypergraph regularity
and various reductions, to reduce the proof of Lemma 5.3.1 to a statement on
weighted fractional matchings (Lemma 5.3.10). Then Lemma 5.3.10 is proven in

Section 5.4.

5.1 SKETCH OF THE PROOF

The proof of Theorem 1.3.9 uses the absorbing method. We first find a small
vertex set U € V(H) such that H[U u W] has a perfect C*-tiling for all small
sets W with |U| + |[W|=0mod s. Thus the problem of finding a perfect C*-tiling
is reduced to finding a C*-tiling in H \ U covering almost all of the remaining
vertices.

However, we do not find such a C*-tiling directly. First, we use the results

of Section 4.3.2 to find a k-graph F, on s vertices which contains a C¥, and

64
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furthermore has a particularly useful structure: it is obtained from a complete
(k, k)-graph by adding a few extra vertices.

Since Fy contains a spanning C* to find an almost perfect C*-tiling it is
enough to find an almost perfect Fi-tiling. Instead, we show that there exists
an {Fy, E}-tiling T for some suitable k-graph FEj, subject to the minimisation
of some objective function ¢(7). To study this new problem, we consider the
fractional relaxation and we call the objects under study “weighted fractional
tilings” (see Section 5.3.3).

Our approach to link the “fractional” and “integral” tilings follows, at least
in spirit, the work on Komlés on graph tilings [47], where an iterated regularity
approach is used: “integral tilings” are used to find “good fractional tilings” and
viceversa. In our particular setting, to argue about the existence of fractional
tilings with good properties, we will use the existence of “integral” tilings, which
we will transform to an improved “fractional tiling” by making a series of local
modifications. Similarly, to translate the results about fractional tilings to integral
tilings in graphs, we use the hypergraph regularity lemma in the form of the

‘regular slice lemma’ of Allen, Bottcher, Cooley and Mycroft [3].

5.2  ABSORPTION FOR CK-TILINGS

Now we begin our investigation of the tiling thresholds for tight cycles. We will
proceed by an application of the absorption technique. The first step is to prove
an absorbing lemma for tight cycle tilings, which in this case will correspond
to Lemma 5.2.4. Proving this lemma is the goal of this section.

The results in this section are analogous to the lemmas used in Section 3.1 of
Chapter 3, used to prove Lemma 3.1.5.

As a preliminary, we need the following “absorbing lemma”, which is a special

case of a lemma of Lo and Markstrém [53, Lemma 1.1].
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Lemma 5.2.1 ([53, Lemma 1.1]). Let s > k > 3 and 0 < 1/n < n,1/s and
0<a<<pu<<n,1/s. Suppose that H is a k-graph on n vertices and for all distinct
vertices x,y € V(H) there exist nn®~! sets S of size s—1 such that both H[Su{z}]
and H[S u{y}] contain a spanning C*. Then there exists U € V(H) of size
|U| < un with |U| =0 mod s such that there exists a perfect Ck-tiling in H[U u W]
for all W cV(H)NU of size [W| < an with [IW|=0mod s.

Thus, to find an absorbing set U, it is enough to find many (s - 1)-sets S as

above for each pair x,y € V(H). First we show that we can find one such S.

Lemma 5.2.2. Let s > 5k? with s # Omod k. Let 1/n < v,1/s. Let H be a
k-graph on n wvertices with dx_1(H) > (1/2+ ~)n. Then for all pair of distinct
vertices x,y € V(H), there exists S € V(H) N~ {z,y} such that |S|=s—-1 and both
H[Su{z}] and H[S u{y}] contain a spanning C*.

Proof. Let 1/n < 1/t < v,1/s. Consider the k-graph H,, with vertex set V (H,,) =
(V(H)~A{z,y})u{z} (for some z ¢ V(H)) and edge set

E(Hyy) = E(H N {z,yp) v {{z}uS: 5 e Nu(x)n Nu(y)}.

Note that |V (Hyy)| =n—1 and ;-1 (Hyy) > 7|V (Hyy)|. By Proposition 4.4.2, H,,
contains a copy K of K(t) containing z. Let V,...,V} be the vertex partition
of K with z¢€ V).

Select arbitrarily vertices v; € V; for 2 <i < k. Let H' = Hyy ~ {2,02,..., 0}
and K’ = Kx{z,vq,...,v}. Note that o,_1(H") > (1/2+~/2)|V(H')| and K’ < H".
By Lemma 4.3.4 with H’" and K’ playing the roles of H and K respectively, there
exists a Kj-gadget for K’ in H’. Hence, there exists a Kj;-gadget for K in H,,
avoiding {z, vy, ..., v}

Now we construct a copy of C¥ in H,, containing z. Note that P = zvg---vy, is

a tight path on k vertices with start-type and end-type id. Since there exists a
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Kj-gadget for K avoiding V' (P), by Lemma 4.3.3 H,, contains a copy C of C*
containing z.

Finally, let S = V(C) ~{z} ¢ V(H). By construction, |S| = s — 1 and both
H[Su{z}] and H[S u{y}] contain a spanning C* in H, as desired. |

For the next lemma, we show that a large k-graph with large codegree has a
lot of induced subgraphs which satisfy the assumptions of Lemma 5.2.2. To show

this, we will use the Chernoff inequalities in the form of Lemma 2.2.4.

Lemma 5.2.3. Let k>3 and 0 < 1/m «< ~,1/k. Let H be a k-graph on n >m
vertices with 0;_1(H) > (1/2+~)n. Let z,y € V(H) be distinct. Then the number
of m-sets R<V(H) ~{z,y} such that §y_1(H[RU{z,y}]) > (1/2+~/2)(m+2) is
at least ("7;2)/2

Proof. Let T be a (k—1)-set in V(H). Note that, since 1/n < 1/m < ~,

INg(T) N~ {z,y}| > (% +Py)n—2 > (% + %fy) (n-2).

We call an m-set R V(H)~{x,y} bad for T if INg(T)nR| < (1/2+37/5)m. An
application of Lemma 2.2.4 (with 1/2 +3~/5, v/15, n -2, Ng(T) ~ {z,y} playing
the roles of u, v, n and S, respectively) implies that the number of m-sets which

are bad for 7" is at most

HR g (V(H)T;{l”’ y}) (N (T) N R| < (1/2+ 37/5)m}

< (n - 2)6'\/2711/675_
“\m

Say an m-set RS V(H) ~{z,y} is good if dp_1(RU{x,y}) > (1/2+3v/5)m (and

bad, otherwise). Note that for any good m-set R,
Op-1(H[RU{z,y}]) > (1/2+37/5)m 2 (1/2 +~/2)(m + 2),

thus it is enough to prove that there are at most (";LQ) /2 bad m-sets. Note that
R is bad if and only if there exists a (k—1)-set T'¢ Ru {x,y} such that R is bad
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for T'. Therefore, the number of bad sets is at most

(m+ 2)(n— 2)6“’2’"/675 < l(n— 2)
E-1)\ m "2\ m /)

where the inequality follows from the choice of m. [ |

With all of the tools at hand, we can now prove our “absorbing lemma”, the
goal of this section. We will apply the standard supersaturation trick to find many

sets S as in the statement of Lemma 5.2.2. Then we can finish with Lemma 5.2.1.

Lemma 5.2.4. Let k >3 and s > 5k?. Let 1/n < a < u < v,1/s. Let H be a
k-graph on n vertices with 0x-1(H) > (1/2+~)n. Then, there exists U ¢ V(H)
of size |U| < un with U] = 0 mod s such that there exists a perfect Ck-tiling in
H[UuW] for all W cV(H)\NU of size [W|< an with |W|=0mod s.

Proof. Let u < n < 1/m < ~,1/s. Let x,y be distinct vertices in V(H). By
Lemma 5.2.3, at least (”%2)/2 of the m-sets R ¢ V(H) ~ {z,y} are such that
k1 (H[Ru{x,y}]) > (1/2 +v/2)(m + 2). By Lemma 5.2.2, each one of these
subgraphs contains a set S € R of size s — 1 such that H[Su{z}] and H[Su{y}]

have spanning copies of C*. Then the number of these sets S in H is at least

1(n-2 n-2
732(_22_)1) _ (s—TrlL) > 77715_1-
( m—(s-1) ) 2(8*1)
Then the result follows from Lemma 5.2.1. [}

5.3 ALMOST PERFECT CK-TILINGS

We continue with our investigation of C*-tilings. Having already proved an
absorbing lemma for tilings, the second step corresponds to a lemma which
ensures the existence of an almost perfect C*-tiling. The following lemma will

play that role in the context of our application of the absorption technique.
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Lemma 5.3.1. Let 1/n < a,v,1/s, k>3 and s > 5k? such that s # 0 mod k. Let
H be a k-graph on n vertices with 6p_1(H) > (1/2+1/(2s) +y)n. Then H has a

C*-tiling covering at least (1 — a)n vertices.

The aim of this section is to prove Lemma 5.3.1, that is, finding an almost
perfect Ck-tiling. Throughout this section, we fix k& > 3 and s > 5k? with s #
Omod k. Let G5, Wq,,as1,...,ask,¢, Fs be given by Proposition 4.3.5.

Here we summarise some useful inequalities that will be used throughout the

chapter. Let M, = max; a,; and my = min; a,;. We have
k
(+Y as;=s, My<my+1, and 1<l(<k-1. (5.3.1)
i=1

From this, we can easily deduce

s—-0 s—-k+1
> .

st+1>M,> > 5.3.2
ms + : - ( )

5.3.1 Almost perfect {F;, E,}-tilings

As a first step, we introduce a family of auxiliary tilings. Recall that the k-graph
in F, contains a spanning C*. Therefore, an F,-tiling in H implies the existence of
a C*-tiling in H of the same size. We prove now that we can reduce the existence
of almost perfect C*-tilings (Lemma 5.3.1) to the proof of almost perfect tilings
with some auxiliary graphs, including F; (Lemma 5.3.2).

Define F, = K*(M,), the complete (k,k)-graph with each part of size M,.
Given an {Fy, E}-tiling T in H, let F7 and £ be the set of copies of Fy and Ej

in 7, respectively. Define

o(T) == (n=s(1771+ 2lerl)).

The function was designed so that, over all { Fy, E,}-tilings, it attains its lowest

possible values whenever most of the edges are covered by copies of F,. For
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instance, note that if £+ = @, then T is an F,-tiling covering all but ¢(7)n
vertices. The value 3/5 was chosen with two criteria in mind: first, it should
be less than one, so that if 77 is obtained from 7 by removing one copy of F,
and replacing it with one copy of Fy, then ¢(T") < ¢(T). Secondly, it should be
more than 1/2, so that if 7" is obtained from 7 by removing one copy of Fy and
replacing it with two copies of Ey, then ¢(7") < ¢(T). Roughly speaking, these
two properties will allow us to gradually “improve” on a {Fj, E,}-tiling (i.e., to
decrease the value of ¢) by doing local changes. This is an idealisation only: in
the actual proof, this will be done in a fractional setting which will be described
with detail afterwards.

Recall that (as defined in Section 2.3.3), for 0 < u,6 < 1, we say that a k-graph
H on n vertices is (u,#)-dense if there exists S ¢ (Vk(ﬁ)) of size at most 6(,",)
such that, for all S € (Vk(i)) NS, we have degy (S) > u(n-k+1).

Let ¢(H) be the minimum of ¢(7) over all {Fj, E,}-tilings 7 in H. Given
n>kand0<pu,0<1,let ®(n,u,0) be the maximum of ¢(H) over all (u,0)-dense
k-graphs H on n vertices. Note that ¢(H) and ®(n,pu,0) depend on k and s but
they will be clear from the context.

The next lemma says that ®(n,1/2+1/(2s) +,60) can be made arbitrarily
small by choosing # small enough and n large. In other words, for this range of
parameters, the k-graphs which are (1/2+ 1/(2s) + v, 6)-dense admit {F, E}-

tilings 7 with ¢(7T) very close to zero.

Lemma 5.3.2. Let k>3 and s > 5k? with s # 0 mod k. Let 1/n,0 < «,7,1/k,1/s.
Then ®(n,1/2+1/(2s) +,0) < .

We now show that Lemma 5.3.2 implies Lemma 5.3.1. The idea behind is that
if a k-graph H is such that ¢(H) is very small, then (because of the definition
of ¢) this must because it admits a {Fj, E}-tiling where most of the vertices are

covered by copies of Fj.
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Proof of Lemma 5.5.1. Fix a,v > 0. Note that |V (F)| = s and |V (Es)| = kM,.
Using s > 5k% and (5.3.2), we deduce kM /s > 1 - (k—1)/(5k?). Since k > 3 by
assumption, the right-hand size of the inequality is minimised over the possible
choices of integer k precisely when k = 3, where it attains the value 43/45. Thus
we deduce that kM/s > 43/45 holds. Let § = (3s/5)/(kM;). The previous
calculations imply that 6 < (3/5)/(43/45) < 1.

Define a; = a(1 - §) and choose some 6 «< «,v,1/k,1/s. Since 1/n <
a,v,1/k,1/s as well, Lemma 5.3.2 (with oy in place of «) implies that ®(n,1/2 +
1/(28) +7,0) < .

Let H be a k-graph on n vertices with 0,1 (H) > (1/2+1/(2s) +y)n. Then
O(H) < ®(n,1/2+1/(2s) +7,0) < P(n,1/2+1/(2s) +7,0) < a;. Let T be an
{F,, E,}-tiling in H with ¢(7) < a;. Hence,

3 1
L=y < 1-0(T) < (17| + ZIerl ) = - (o1 + SRMER).

where the last equality follows from the definition of . As T is a tiling, we have

that s|Fr|+ kM|Er| <n. Hence, 1 —ay < (1-9)s|Fr|/n+7, and so

7

s|.7:7|2(1— 1_5)n=(1—a)n.

Therefore H contains an Fs-tiling F covering all but at most an vertices, implying

the existence of a C*-tiling of the same size. u

5.3.2 Strongly dense k-graphs

In the previous subsection, the problem of finding an almost perfect tiling with
tight cycles was reduced to that of proving Lemma 5.3.2. We will proceed by using
regularity methods, and in this subsection we will prove a useful structural lemma
to be used in the reduced graph which is obtained by the use of the regularity
lemma.

Recall that, for 0 < u, 6 < 1, we say that a k-graph H on n vertices is (u, #)-dense
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if there exists S ¢ (Vk(_l?) of size at most 9(,;_‘1) such that, for all S € (Vk(_l?) NS,
we have degy(S) > u(n—-k+1).

We now strengthen this definition. For 0 < p,0 <1, a k-graph H on n vertices
is strongly (u,0)-dense if it is (u,0)-dense and, for all edges e € F(H) and all
(k—1)-sets X ce, degy, (X) > u(n-k+1). We prove that all (u,0)-dense k-graphs
contain a strongly (u/,6")-dense subgraph, for some degraded constants p/ and 6.

As mentioned before, this will be applied to the reduced graphs obtained from

the regularity method later in the proof.

Lemma 5.3.3. Let n > 2k and 0 < p,0 < 1. Suppose that H is a k-graph on n
vertices that is (p,0)-dense. Then there exists a sub-k-graph H' on V(H) that is
strongly (p — 2501 (2k=2) 9 4 1/(2k-2))_dense.

Proof. Let S be the set of all S e (Vk(ﬁ)) such that degy(S) < u(n—k+1). Thus,
|S1] < 9(,:1). Let B = 6Y/(+-1) Now, for all j € {k-1,k-2,...,1} in turn we
construct A; ¢ (V(jH )) in the following way. Initially, let Ax_; = S&;. Given j > 1
and A;, we define A4, ¢ (V;(_If)) to be the set of all X € (Vj(_lf)) such that there
exist at least f(n —j+ 1) vertices w e V(H) with X u{w} € A;.

Claim 5.3.4. For all 1<j<k-1, |4 <pi(7).

Proof of the claim. We prove it by induction on k —j. When j = k-1 it is
immediate. Now suppose 2 < j <k -1 and that |A;| < /57 (T;) By double counting
the number of tuples (X, w) where X is a (j—1)-set in A;; and X u{w} e A;

we have |A;_1|8(n - j +1) < j|A;|. By the induction hypothesis it follows that

. I Al ™
Al < gl (1) =

For all 1 <j <k-1, let F; be the set of edges e € E(H) such that there exists
SeAj with Sce, and let F = Uf;ll F;. Define H' = H - F'. We will show that it

satisfies the desired properties.
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For each j-set, there are at most (Z:j) k-edges containing it. Thus, for all

1<j<k-1, the claim above implies that

i) <o ()G ) =2 G)G)

Therefore

EEIZR)> ()7 <24(;)

i1 i1

Let 8o be the set of all S'e (Vk(ﬁ)) contained in more than 28\/3(n -k + 1) edges
of F. It follows that |Ss| < +/B(,",). This implies that |S; US| < (6 ++/B)(,",) =
(0 +6Y@=2)(," ). Now consider an arbitrary S e (Vk(f{)) N (S1USy). As S¢S,
it follows that degy (S) > pu(n-k+1). As S¢Sy, it follows that

degy/(S) > degy (S) =25/ B(n—k+1) > (u— 28012 (n - k + 1).

Therefore, H' is (u — 2k01/(k=2) 9 + §1/(2k-2))_dense.

Let e € E(H') and let X € (kfl) It is enough to prove that X ¢ S; U Ss.
As e ¢ F,_q, it follows that X ¢ A,y = S;. So it is enough to prove that
X ¢ 8. Suppose the contrary, that X € S;. Then X is contained in more than
26\/B(n -k +1) edges ¢’ € E(F). Let W = Np(X). For all w e W, fix a set
A, € Ui! A; such that A, ¢ X u{w} and let T, = X n 4,. If A, ¢ X then
A, € ee E(H'), a contradiction. Hence w € A,, for all w € W, and therefore
Ty = |Aw| — 1 < |X] for all w e W. We deduce T,, #+ X for all w e W. By the
pigeonhole principle, there exists T'¢ X and Wr € W such that for all w e Wy,
Ty =T and |Wp| > [W]/(251) > 2/B(n -k + 1) > \/Bn.

Suppose |[T| =t > 1. Then for all w e Wy, Tu{w} = A, € A1, so there are
at least \/fBn > B(n —t) vertices w € V(H) such that T'u {w} € A;;. Therefore,
TeA and T € X ¢ e, which is a contradiction because e ¢ F;. Hence, we may

assume that T'= @. Then for all w e Wp, {w} € A;. And so |Ai| > [Wr| > /fBn,

contradicting the claim. [ ]
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5.3.3 Weighted fractional tilings

Now we return our focus to Lemma 5.3.2. The strategy we follow to prove
Lemma 5.3.2 is to apply the Regular Slice Lemma (Theorem 2.3.4), and find a
{F, E}-fractional tiling, for some some simpler k-graphs F¥, E¥ in the reduced
k-graph. By using the regularity methods, the fractional tiling in the reduced
k-graph can be lifted to an actual tiling with copies of Fj, F, in the original

k-graph, which covers a similar proportion of vertices.

To define the k-graphs F} and E?

S

we use the notion of “G-augmentation”
introduced in Section 4.3.2. Let K be a k-edge with vertices {z1,...,zx}. Let Gy
be the 2-graph on [k] given by Corollary 4.3.5. Let F* be the G -augmentation
of K (with respect to the vertex partition V; := {x;} for all i € [k]). Let V(F;) =
{z1,.. ;2 U{y1,...,ye}, where £ = |E(Gs)|. We refer to c¢(Fy) = {z1,..., 2}
as the set of core vertices of F¥ and p(Fx) = {y1,...,y¢} as the set of pendant

vertices of F. Define the function a.: V(F;) — N to be such that, for ue V(FY),

as; it u =,
a(u) =
1 ifuep(Fy).

Note that there is a natural k-graph homomorphism 6 from F; to F¥ such that,
for all uwe V(FY), |0~ (u)| = a(u). Observe that (5.3.2), s > 5k2 and k > 3 imply
that a(u) = 1 if and only if u is a pendant vertex.

Let Fr(H) be the set of copies of F* in H. Given v € V(H) and F* € F}(H),
define

a(u) if v corresponds to vertex u € V(FY),
CYF*(U) =

0 otherwise.
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Given ve V(H) and e € E(H), define

M, ifvee,
O‘e(v) =
0 otherwise.

We now define a weighted fractional {F, E*}-tiling of H to be a function w* :

F:(H)u E(H) - [0,1] such that, for all vertices v e V(H),

wi (W)= > W (Fap(v)+ Y wie)ae(v) <1

FreFr(H) ecE(H)

Note that if (contrary to our assumptions) as; = -+ = asy = 1, then we would
have ap«(v) = 1{v e V(F*)} for every F* € F*(H) and a,(v) = 1{v € e} for every
ee E(H), so w* would be the standard fractional { F§, E,}-tiling. Note that the
definition depends on k and the functions ag«, a, but those will always be clear
from the context.

Define the minimum weight of w* to be

i = i (J .
Whin Je.?-"s*(IIn?l)IL}E(H)w ( )aJ(U)
veV (H)
w*(J)ay(v)£0

Analogously to ¢(T), define

gb(w*):%(n—s( > w*(F*)Jrg > w*(e))).

F*eF*(H) ecE(H)

Given ¢ > 0 and a k-graph H, let ¢*(H,c) be the minimum of ¢(w*) over all
weighted fractional {F}, E} }-tilings w* of H with w?, > c. Note that ¢*(H,c)
also depends on k, s, ap+ and «a., which will always be clear from the context.
Let T be an {Fj, E,}-tiling. We say that a vertex v is saturated under T if it
is covered by a copy of Fy and v corresponds to a vertex in Wy, under that copy.

Let S(T) denote the set of all saturated vertices under 7. Define U(T) as the
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set of all uncovered vertices under 7, that is, all vertices which do not belong to
any copy of Fy or E of T.
Analogously, given a weighted fractional {F, E}}-tiling w*, we say that a

vertex v is saturated under w* if

Y, W (Fap(v) =1,
F*eFX(H)
apx(v)=1

that is, w*(v) = 1 and all its weight comes from copies of F¥ such that v corresponds
to a pendant vertex. Let S(w*) be the set of all saturated vertices under w*. Also,

define U(w*) as the set of all vertices v € V(H) such that w*(v) = 0.

Proposition 5.3.5. Let k >3 and s > 5k? with s # 0mod k. Let H be a k-graph
on n vertices. Let w* be a weighted fractional {F}, E*}-tiling in H. Then the
following holds:
(1) s Lpeers W (F*) + k- My ¥eepimyw*(€) <n. In particular, ¥ pscrs w*(F*) <
nfs and ¥eepimw*(e) <nf(kM;),
(ii) [S(w*)|<4n/s, and
(iii) of S" € S(w*) with |S’| >n/s, then there exists F* € Fr(H) with w*(F*)>0
such that |p(F*)n S’ > 2.

Proof. For (i), note that

n> >y Yoo W (Fap(v)+ Y > wi(e)ae(v)

veV (H) F*eF; (H) veV (H) e E(H)
= > Ww(F) Y ap(v)+ Y wie) > a(v)
F*eFr(H) veV (H) ecFE(H) veV (H)
=s Y W (F)+kM, > w(e).
F*eF*(H) ecE(H)

To prove (ii), recall that all of the vertices v € S(w*) only receive weight from

pendant vertices, and all copies of F' € F7(H) have precisely ¢ pendant vertices,
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and therefore

SEHl= Y Y W (Fam@) <l Y W (F) Linfs.

veS(w*) F*eF*(H) F*eF*(H)

Finally, for (iii), suppose the contrary, that, for all F'* € Fr(H ) with w*(F*) > 0,
we have Y .o ap«(v) = [p(F*)nS’| < 1. Then

B Z Z W (F)ap-(v) = Z w (F™) Z aps(v)

veS" F*eF; (H) FeeFy (H) ves”

< ) WwH(FY)<nfs,

F*eFr (H)
a contradiction. [}

Note that F; admits a natural perfect weighted fractional F-tiling, defined
as follows. Let a = [T, as,. Let F' be a copy of F; and suppose that V(F) =
Viu--uVpuW, where Vi,...,V} forms a complete (k,k)-graph with |V;| = as;
for all 1 <7<k and [W|=/. Note that a < MF. For all (vq,...,v) € Vi x -+ x V},
the vertices {vy,...,vx} UW span a copy of F, where we identify {vq,..., v}
with the core vertices of F¥ and W with the pendant vertices of F. Define w*
by assigning to all such copies the weight 1/a. A similar method shows that Fj
admits a perfect weighted fractional E*-tiling, by setting w*(e) = M;* for all
ee F,.

We can naturally extend these constructions to find a weighted fractional
{F, E*}-tiling given an {F;, E,}-tiling, by repeating the above procedure over
all copies of F,; and F,. The following proposition collects useful properties of the
obtained fractional tiling, for future reference. All of them are straightforward to

check by using the construction outlined above, so we omit the proof.

Proposition 5.3.6. Let k>3 and s > 5k? with s # 0mod k. Let H be a k-graph
and let T be an {Fy, Es}-tiling in H. Then there exists a weighted fractional
{F, Ex}-tiling w* such that
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(i) &(T) = o(w*),

(i) |Frl= Xpeersmy w* (F7),

(iil) [E7] = eeE(H)W*(e);

(iv) S(w*) =S(T) and U(w*) =U(T),

(v) for all F* e Fr(H), w*(F*)e{0,a 1}, where a =TT @si

(vi) for allee E(H), w*(e) € {0, M;*}, moreover if e € E(Ey) for some E € &,
then w*(e) =

(vii) wyy, > Mz*, and

(viil) w*(v) €{0,1} for allveV(H).

The next lemma assures that if R is a reduced k-graph of H, then ¢(H) is
roughly bounded above by ¢* (R, ¢).

Lemma 5.3.7. Let k>3 and s > 5k% with s#0mod k. Let ¢> >0,
In<elfr<<e, <1/t <1ftg < B,¢,1/s,1]/k, and g < d.

Let H be a k-graph on n vertices and J be a (to,t1,€, e, r)-reqular slice for H, and
R = R4(H) be its d-reduced k-graph obtained from J. Then ¢(H) < ¢p*(R,c)+s8]/c.

Proof. Let w* be a weighted fractional {F}, E}-tiling on R such that ¢(w*) =
¢*(R,c) and w, >c. Let t = |V(R)| and let m = n/t, so that each cluster in J

has size m. Let n} be the number of F € F7(R) with w*(F;) >0 and n}, be the
number of E € F(R) with w*(E) > 0. Note that

* *
np+ny<tle

For all clusters U € V(R), we subdivide U into disjoint sets {U;}jezs(ryur(r) of
size |Uy| = |[w*(J)a s (U)m].
In the next claim, we show that if w*(J) > 0 for some J € F(R) u E(R) then

we can find a large Fi-tiling or a large E,-tiling on Uyey () Uy.
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Claim 5.3.8. For all J € F*(R)U E(R) with w*(J) >0, H [Uyev sy Us] contains
(i) an Fs-tiling F; with |F;| > m(w*(J) - B) if J e F(R); or
(ii) an Es-tiling £; with |E;| > m(w*(J) - B) if J € E(R).

Proof of the claim. We will only consider the case when J € F7(R), as the case
J € E(R) is proved similarly.

Suppose ¢(J) = {X1,..., Xx} and p(J) ={Y1,...,Ys}, so V(J) = e(J) up(J).
We will first show that if X/ c X; forall1<i<kand Y/ cYj forall1<j</
are such that |X]| = [Y]| > Sm, then H [(Ulsigk Xu (Ulgjsg Y;’)] contains a copy
F of Fy such that [V(F)nX]| =ay; for all 1 <i <k and [V(F)nY][=1 for all
1<j<t.

Indeed, take X/, Y, as above and construct the subcomplex H' obtained by
restricting H along with J to the subsets X/, Y/ and then deleting the edges
in H not supported in k-tuples of clusters corresponding to edges in E(J). Then
H'is a (k,k + ¢)-complex. Since J is (to,11,¢)-equitable, there exists a density
vector d = (dy_1,...,ds) such that, for all 2<i< k-1, we have d; > 1/t;, 1/d; e N
and J is (dg-1,...,ds,e,6,1)-regular. As J € R, all edges e in E(J) n E(R)
induce k-tuples X, of clusters in H with d*(X.) = d. > d and H is (d.,eg,7)-
regular with respect to X.. By Lemma 2.3.1, the restriction of X, to the subsets
{X1,...,X],Y/),.... Y/} is (de,\/Ek, /€, 7)-regular. Hence, by Lemma 2.3.8, there
exists a partition-respecting copy F' of F in H', that is, F satisfies [V (F)nX/| = as;
forall 1 <i<sand [V(F)nYj[=1forall 1 <j</{, as desired.

Now consider the largest Fi-tiling F; in H[UUGV(J) UJ] such that all F' e
Fy satisfy |V(F)n X;| =as; forall 1 <i <k and [V(F)nY;| =1 forall 1<
j <l Let V(Fy) = Urer, V(F). By the discussion above, we may assume
that |Uy N V(F;)| < Bm for some U € V(J). A simple calculation shows that
|(Y;)s~NV(Fy)| < Bm for all 1 < j < £ and [(X;); NV (Fy)| < as;6m for all
1 <i < k. Therefore, F; covers at least sm(w*(J) — 3) vertices and it follows that

|Fsl >m(w*(J) - B). O
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Now consider the {Fy, E}-tiling 7 = Fru&r in H, where Fr = U ers(r) Fs
and &7 = Ugep(r) €7 as given by the claim (and we take F; = £; = @ whenever

w*(J) =0). Therefore

Frivllerlz ¥ m@ (E)-f)+E Y mlwt(B)-5)

F*eF?(R) 5 pE(R)
w*(F)>0 w*(E)>0
Zm( > w*(F;)Jr§ > w*(E)—ﬂ(n}+n*E))
FreFr(R) 5 BeEB(R)
Zm( Y w(F) S Y w*(E)-@)
FreF:(R) 5 BE(R) ¢
1-¢(w*) B\_n o D8
S (=02 ) =S (e - )
Thus we have ¢(H) < ¢(T) < p(w*) + s8/c = ¢p*(R, c) + sB/c. u

5.3.4 Proof of Lemma 5.3.2

In this subsection we will prove Lemma 5.3.2. The proof can be sketched as
follows. Suppose k,s and ~, as in the statement of the lemma are fixed. To find
a contradiction, we will assume that there exists a value of a > 0 such that, no
matter how small 1/n and 6 are chosen, ®(n,1/2+ 1/(2s) +~,6) > a. We choose
the supremum of all the possible values of o which make the statement fail. We
consider a very large k-graph H which is strongly (1/2+1/(2s) ++,0")-dense, with
0" very small. By applying the Regular Slice Lemma (Lemma 2.3.4), we obtain
a reduced k-graph R, which is (1/2+ 1/(2s) +4/,0")-strongy dense, with some
slightly degraded parameters 1/2+1/(2s)+~' and 6”. We can assume that [V (R)|
is large and 6” is small.

Even though the “relative codegree” in R has decreased slightly with respect to
the codegree of H, as a first step we show that we can relate the tilings in R with
the tilings found in graphs with slightly larger codegree (Lemma 5.3.9). Next, since
« was chosen as the supremum of all the values of o which make the statement

fail, and since we assume that R is very large, in R we will find an (integral)
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{Fs, Es}-tiling T with ¢(T") “close” to a. The next crucial step is to show that
given an integral tiling in R with ¢(7") close to a;, we can find a fractional tiling
showing that ¢*(R,¢) is substantially smaller than o (Lemma 5.3.10). Finally, by
using the tools from the previous section we can lift the fractional matching in the
reduced graph to an integral tiling 77 in H with ¢(7") < o, which will contradict
the choice of o and thus prove the result.

The next lemma relates the value of ®(n,u,0) to the value obtained over
k-graphs with slightly better codegree properties. As explained before, this will

be applied to a reduced graph.

Lemma 5.3.9. Let k >3 and s > 5k? with s #0mod k. Let p+v/3<2/3. Then

D(n, p, 0) < O((L+7)n, pu+7/3,0) + s7.

Proof. Let H be a k-graph on n vertices that is (u,0)-dense. Consider the k-graph
H' on the vertices V(H) U A obtained from H by adding a set of |A| = yn vertices
and adding all of the k-edges that have non-empty intersection with A. Since

Hry
1+

> pu+7/3

as u+v/3<2/3, H is (u+/3,0)-dense.
Let 7' be an {F;, E,}-tiling on H' satisfying ¢(T") = ¢(H'). Consider the
{F, Es}-tiling T in H obtained from 7’ by removing all copies of F; or E,

intersecting with A. It follows that

3 3
1-0(T) = = (17l + Slerl) > 2 (177l + Zlerl) - 57

s 3 ,
2 T+ )m (|fT'| + g|5T'|) —sy=1-¢(T") - s7.
Hence, ¢(H) < ¢(T) <d(T") + sy < P((1+y)n, u+7/3,0) + s7. u

The next lemma shows that given an { F§, F}-tiling T of a strongly (u, #)-dense

k-graph H with ¢(T') “large”, we can always find a better weighted fractional
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{F7, E7}-tiling in terms of ¢*.

Lemma 5.3.10. Let k > 3, s > 5k? with s # 0mod k, and ¢ = s7?. For all
v >0 and 0 < « < 1 there exists ng = no(k,s,v,a) € N and v = v(k,s,7y) >0
and 0 = 0(a, k) such that following holds for all n > ng. Let H be a k-graph
on n vertices that is strongly (1/2 + 1/(2s) +~,0)-dense and ¢(H) > o. Then

¢*(H,c) < (1-v)o(H).

The proof of Lemma 5.3.10 is deferred to the next subsection, but we use it

now to prove Lemma 5.3.2.

Proof of Lemma 5.5.2. Consider a fixed v > 0. Suppose the result is false, that is,
there exists o > 0 such that for all n € N and 6* > 0 there exists n’ > n satisfying
O(n',1/2+1/(2s) +7,0*) > a. Let ag be the supremum of all such . Apply
Lemma 5.3.10 (with parameters v/2, ap/2 playing the roles of 7, «) to obtain
ng =no(k,s,v/2,a0/2), v=v(k,s,v/2) and 0 = 0(/2,k). Let

0<n<v,y,a01/s.

By the definition of «y, there exists 1 >0 and n; € N such that for all n > nq,

D(n,1/2+1/(2s) +,01) < ag+n/2. (5.3.3)

Now we prepare the setup to use the Regular Slice Lemma (Theorem 2.3.4). Let

c:=s% Let B,er,e,d,0%,0",4' >0 and tgy,t1,7,no € N be such that

v <<n,c1/s, 1]k, 1/ng,1/nq,
1/ne < e, 1fr <ep, 1/tg < 1Jtg < <+,
e Kd<<,

g <0 <0 <+,0,0q,
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and ny = 0 mod t;!.

Let H be a (1/2+1/(2s) +,60")-dense k-graph on n > ny vertices with
¢(H) > ap -1, (5.3.4)

such H exists by the definition of ag. By removing at most ¢;! — 1 vertices we get
a k-graph H’ on at least ny vertices such that [V (H')| is divisible by ¢! and H’
is (1/2+1/(2s) +v—~',260")-dense.

Let S be the set of (k- 1)-tuples T of vertices of V/(H') such that deg, (T") <
(1/2+1/(28) +~v =)V (H")| — k+1). Thus |S| < 26'("V ). By Theorem 2.3.4,
there exists a (to,t1,¢,¢ex,7)-regular slice J for H' such that for all (k- 1)-sets Y
of clusters of 7, we have deg(Y; R(H")) = deg(Jy; H') + €}, and furthermore, J
is (3v/207, S)-avoiding.

Let R = Ry(H') be the d-reduced k-graph obtained from H’ and J. Since
0'.d, e, <, e, <0 and J is (3v/26',S)-avoiding, Lemma 2.3.7 implies that R
is (1/2+1/(25) + v - 27/,5V/0")-dense. By Lemma 5.3.3, there exists a subgraph
R’ ¢ R, on the same vertex set, that is strongly (1/2+ 1/(2s) +~ —3~',0*)-dense
as 0" < ', 1/k,0*. Since the vertices of R’ are the clusters of 7, we note that
[V(R")| >ty > ny. By the fact that 6* < 6, using Lemma 5.3.9 (with 99" playing
the role of v) and (5.3.3) we deduce

(') <(|V(R)|,1/2+1/(25) +v - 37,67)
<®((1+99) |V (R, 1/2+1/(25) +7,0%) + 97's

< +1n/2+99's<ag+.

We further claim that ¢*(R/,c) < ag —2n. Note that ¢ = s and ag > 47.
Therefore, if ¢(R') < /2, then the claim holds by Proposition 5.3.6. Thus we

may assume that ¢(R’) > ag/2. Note that [V (R)| > tg > ng, v - 37" > /2, and
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0* < 6. By the choice of ng, v, and 6 (given by Lemma 5.3.10), we have

¢" (R, c) < (1=v)o(R') < (1-v)(ag +1) < g =20,

where the last inequality holds since 1 < v, . Finally, recall that § < n,c, so an

application of Lemma 5.3.7 implies that
o(H) < ¢"(R,c) +sBlc< ¢"(R,c) + sBlc<ag—n),
contradicting (5.3.4). [

5.4 IMPROVING FRACTIONAL MATCHINGS: PROOF OF LEMMA 5.3.10

Before proceeding with the full details of the proof of Lemma 5.3.10, we first
give a rough outline of the proof. Let 7 be an {Fj, E,}-tiling of H satisfying
o(T) = ¢(H). By Proposition 5.3.6, we obtain a weighted fractional {F*, EX}-
tiling wg with ¢(wy) = ¢(T), U(wg) = U(T) and (w§)min > M7*. Our aim is to
sequentially define weighted fractional {F}, E; }-tilings w},wj,...,w; such that
o(wi 1) = o(wy) 2 vi/n for all j € [t], where v; is a fixed positive constant. We
will follow this procedure for ¢ = (n) steps, and we will show that w; satisfies
the required properties.

Moreover, we will construct Wi based on wy by changing the weights of
Fs(H) and E(H) on a small number of vertices, such that no vertex has its
weight changed more than once during the whole procedure. Recall that U(T) is
the set of uncovered vertices under the “integral tiling” 7, which is equal to the
set U(wg) of vertices which receive zero weight under wg. If |U(T)| is large then
we construct w

J+1

vertices in U(7). Suppose that |U(T)] is small. Since ¢(7) > a, not all of the

from w} via assigning weights to edges that contain at least k-1

weight of w§ can be used in copies of F7. Thus there must exist edges e € E(H)

with positive weight under w;. We use this to find e € E(H) with w(e) > 0. The
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crucial observation is that a copy of F; can be obtained from an edge by adding a
few extra vertices to it. We use this to obtain w},, from w} by reducing the weight
on e before assigning weight to some copy of F¥ which originates from e. More
care is needed to ensure that w7, is indeed a weighted fractional {Fy, B} }-tiling.
Ideally we would like that the extra vertices which are added to e to form a copy
of ¥ are not saturated, if possible.

We summarise and recall the relevant properties of ¥, which was originally
defined at the beginning of Section 5.3.3. There exists a 2-graph G on [k] with
¢ < k-1 edges which consists of a disjoint union of paths. Suppose eq,..., e, is
an enumeration of the edges of G and e; = j;j! for all ¢ € [s]. If X ={zy,..., 24},
we can describe F¥ as having vertices V(F7) = X u{y1,...,y¢}, and the edges of
Fy are X together with (X~ {z;,}) u{y:} and (X ~{zy}) u{y;} for each i € [(].
We call ¢(Fy) =X and p(F}) ={yi,...,ye} the core and pendant vertices of F,
respectively.

The following two lemmas are needed for the case when U(7) is small. The
idea is the following: suppose H is a k-graph on n vertices with d;_1(H) >
(1/2+1/(2s) +v)n. If X is a k-edge in H, we would like to extend it into a copy
F of Fy such that ¢(F) = X. Lemmas 5.4.1 and 5.4.2 will indicate where should

we look for the vertices of p(F).

Lemma 5.4.1. Let k>3, s >2k? and { <k —1. Suppose that N; € [n] are such
that |N;| > (1/2+1/(2s) +v)n for all 1 <i< k. Let G be a 2-graph on {Ny,..., Ny}
such that N;N; € E(G) if and only if [N; n N;j| < (¢/s+~)n. Then G is bipartite.

Proof. We will show that G does not have any cycle of odd length. It suffices to
show that N; NN,

iy € E(G) for all paths Nj ---Nj, ., in G on an odd number of

vertices.

For any S ¢ [n], write S := [n]\ S. First, note that if N; is adjacent to N; in G,
then [Nj N Nj| < (¢/s +~)n and [N\ Ni| < (n=|Ny[) = (INi| = [N; ANy |) < (¢/s =) n.
For any three sets N;, N;j, Ny, it holds that |N; N Ng| < |N; \ﬁj| + |ﬁj\ Ny|. Hence,
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if N;N; Ny, is a path on three vertices in G, then

|N; N Ni| < |N; \ﬁj| + |ﬁj\ Ni| <2n/s.

Now consider a path in G on an odd number of vertices. Without loss of
generality (after a suitable relabelling), we assume the path is given by Ny Np---Noj 1
for some 7 which necessarily satisfies 27 + 1 < k. By using the previous bounds

repeatedly, we obtain

205n < l(k-1)n

|N1 N Nojiq| <Ny N Na|+ N3 N Nj|+ -+ [Nojog N Nojiq| < S

To conclude, since £ < k-1 and s > 2k? we obtain

— _ 2
|N10N2j+1|2|N1|—M2(1 L1 +7)n_w>(€+7)n'
S

2 2s s s
Hence, N1 Nyji1 ¢ E(G), as desired. [ ]

Lemma 5.4.2. Let k > 3,s > 5k% with s # 0mod k. Let ¢ = |E(G,). Let 1/n <
v, 1/k and 6 > 0. Let H be a strongly (1/2 + 1/(2s) + v,0)-dense k-graph on
n vertices. Let X = {x1,...,x} be an edge of H, and for all 1 < i < k let
N; = Ng(X~{z;}). Let S c V(H) with |S| < ({/s+7v/3)n and yo € NynNy. Suppose
either I[Ny Ny| < (€/s+27/3)n or [IN;AN;| > (0]/s+2v/3)n for all 1 <i,j <k. Then
there exists a copy F* of Fr such that c(F*) =X and p(F*)n (S~ {yo}) = @.

Proof. Note that |N;| > (1/2+1/(2s) +y)(n—-k+1) > (1/2+1/(2s) + 27v/3)n, for
all 1 <i < k. Let G be the 2-graph on [k] such that ij € E(G) if and only if
|N; 0 N;| < (¢]s +2v/3)n. Note that if ij ¢ E(G), then |N; n N;| > (€/s+2v/3)n >
|S|+¢.

Recall that G, the 2-graph which defines F/, is a disjoint union of paths. By
our assumption, either 12 € F(G) or G is empty. We claim that in either case, there

exists a bijection ¢ : V(G,) — [k] such that {¢(j:)o(4!) : jigl € E(G5)} n E(G) ¢
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{12}. Indeed, if G is empty this is obvious. Otherwise, we use Lemma 5.4.1 which
says that G is bipartite, say, with parts A and B such that 1€ A and 2 € B. Since
(s is a union of paths, there exists a path P 2 G4 on V(G,). We define a bijection
¢ : V(Gs) — [k] by assigning the first |A| vertices of P to A and ending with
1; and assigning the remaining |B| vertices of P to B, beginning with 2. Then
clearly {¢(j:)¢(j!) : jijl € E(Gs)} n E(G) ¢ {12}, as desired.

Let e1,...,e, be an enumeration of the edges of E(G,). For a given i € [/]
and e; = jijl € E(Gy), if {¢(j:),0(j))} = {1,2}, then let y; = yo. Otherwise,
¢(ji)9(j]) ¢ BE(G) and therefore [Ny(;,y N Ny(jn| > |S| + £, thus we can greedily
pick y; € (Ngj) N ng(jl{)) NS such that y, ...,y are pairwise distinct. Then there
exists a copy F* of F¥ with ¢(F*) = X and p(F*) = {y1,...,y¢}, which satisfies

the required properties. [
Now we are ready to prove Lemma 5.3.10.

Proof of Lemma 5.3.10. We may assume that v < «, 1/k,1/s. Recall that our

aim is to define a sequence of fractional { F¥, £ }-tilings wg, ..., w;, for some ¢ > 0.
Let
S Y d 140%)
M=——— Vyg=——=— and v=—-.
YT95kMET P T 40k3sE 2

Choose 6 «< a, 1/k and 1/ng < a,v,1/k,1/s. Let H be a strongly (1/2+1/(2s) +
7,0)-dense k-graph on n > ng vertices with ¢(H) > a. Choose t = |vo¢(H)n].

Recall that G, ¢, Fs, m,, M, are given by Proposition 4.3.5 and they sat-
isfy (5.3.1) and (5.3.2). Let T be an {F}, E,}-tiling on H with ¢(T) = ¢(H).
Apply Proposition 5.3.6 and obtain a weighted fractional {F;, E;}-tiling w;
satisfying all the properties of the proposition.

Given that w} has been defined for some 0 < j <7, define
Aj={veV(H):VJeF;(H)vE(H),w;(J)a;(v) =ws(J)as(v)}.

*99

So A; is the set of vertices such that w? is “identical to wg”. Note that, by
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definition, if v € A; then every copy of F; or E} which is incident with v must
have the same weight as in wg; it is not enough that the sum of weights in v is
identical both in wy and wy.

Note that by Proposition 5.3.6(viii), for all v e A;,
wi(v) =wj(v) €{0,1}. (5.4.1)

Clearly we have Ay =V (H). Let T;" ={J e F:(H)U E(H) :wi(J) > 0}. The set
Aj will indicate where we should look for graphs J € 7" whose weight on wj is
known (by knowing the weight on J € wj), and we will modify those to define the
subsequent weighting W1

By the definition of A;, the following is true for all J e 7, if V(J)n A, # &,
then wy(J) = w5(J). Proposition 5.3.6 indicates the weights of wg, and using
this together with the bounds of (5.3.1) we get that, for every J € 7" such that

V(J)n A, + @, we have

1 |=0 if Je E(H) or my= M,

w;(J)—M—S_k

(5.4.2)
>c¢ otherwise.

Now we turn to the task of making the construction of wyj,...,w; explicit.

*

Claim 5.4.3. There is a sequence of weighted fractional { F}, E} }-tilings w}, . .., w;
such that for all 1< j<t,
(i) AjcAjy and |Aj] > |A,1] - 5k%;
(i) (W} )min 2 ¢ and
(iii) (wy) < d(wj ) —va/n.
Note that Lemma 5.3.10 follows immediately from Claim 5.4.3 as ¢(w;) <

o(H)-wmt/n<(1-v)o(H).
Proof of Claim 5.4.3. Suppose that, for some 0 < j <t, we have already defined

wy, Wy, ..., wy satisfying (i)-(iii). We write U; = U(wy), for each i € {0,...,j}.
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Observe that Uy = U(T) by the choice of wi and Proposition 5.3.6(iv). Note
that (i) implies that |A;| > |Ao| - 5k?j > n - 5k%e¢(H)n > n(1 — ay/40), and

therefore

oy
n—|4;| < o™ (5.4.3)
Now our task is to construct wy, ;. We will use the following shorthand notation.
For all J e F;(H)u E(H), if we have already defined w7, ,, then we let

) =wi () - w3 (J).

Alternatively, we will define w7, by setting the values 9(.J) for every J e F5(H)u
E(H).

The proof splits into two cases depending on the size of Uy. The idea behind
each case is as follows. If Uy is “large” then we will find disjoint (k — 1)-sets
in Uy with large codegree. We can extend those (k — 1)-sets into edges which
receive weight zero in w? by construction. Then we will build w?,, by increasing
the weight in those edges and decreasing the weight in some edges or copies of
Fr, if necessary. Otherwise, if Uy is small, then we find some X € E(H) with
positive weight in wy, and we will find a copy F' of Ff with X as “core vertices”
by carefully choosing some “pendant vertices”. Then we will construct wy,; from

w; by increasing the weight in J, and decreasing the weight on X and some other

edges and copies of F (which intersect with the “pendant vertices” of J).

Case 1: |Uy| > 3an/4. Note that (Uy~ U;) n A; = @, which implies that A;nU, ¢
A;nUj. Then, by (5.4.3), |A; nU;| > |A; n Uyl > U] — ayn /40 > 3an/4 — ayn /40 >

an/2. Thus, together with 1/n < o we get

. . k-1
A N = K Y R )
k-1 k-1 2k \k -1 k-1 k-2
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as 0,1/n < a, 1/k. Since H is strongly (1/2+1/(2s)+~,6)-dense, we can (greedily)
find k disjoint (k—1)-sets W1,..., W, of U;nA; such that deg(W;) > (1/2+1/(2s)+
v)(n—k+1) for all 1 <i<k. Define N; = N(W;)nA;. Then

1 1 G43) (1 1 ~
NI> (345 +0) ke == 140 57 (S e s a4

Suppose that for some 1 <i <k, there exists z € N;nU;. Then e={z}uV, €
E(H), so we can define w?,,(e) = 1 and wj,,(J) = w;(J) for all J e (F;(H)uv
E(H))~{e}. In this case, [Aj] = [Aj] =k 2 [A] = 5k?, (W], 1 )min = (W] )min 2 ¢ and
P(w3,1) = d(wy) = 3s/(5n) < p(wy) —v1/n so we are done. Thus, we may assume

that

1<i<k

For all F* e Fr(H), define

k
dp = 3 [Ny 0 e(F*)|.

i=1

Similarly, for all e € E(H), define

k
de = Z |N1 N €|.
i=1

Case 1.1: there exists F'* € F;(H) with w; (/™) >0 and dp- >k + 1. In this

case, we will construct wr,,

from w} by replacing the weight of one copy of F
and increasing the weight of two edges. This will turn out to be an improved
fractional weighting by the definition of ¢ (here, the choice of the constant 3/5 in
the function plays a crucial role).

By the case assumption, there exist distinct 4,4’ € {1,...,k} and distinct

x € Nync(F*), x' € Nynce(F*) such that both e; = Wu{z} and e; = Wy u{z'} are

edges in H. Note that since x € Aj, by (5.4.2) we have w;(F*) = wg(F*) > M;*.
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Also, since z, 2" € ¢(F*), ap«(z), ap:(z') 2 m;. Define wy,; to be such that
m M; D T € ey, €0},

O(J) =4 -M:* if J=F*,

0 otherwise.

Then wy,, is a weighted fractional {Fy, E7}-tiling. First, note that [A;,| =
|Aj| = (8k +£-2) > [A;[-5k?. Secondly, using (5.4.2) we have that wj(F*) is either

0 or at least ¢. Thus we obtain

(w;+1)min 2 min{(w;)mina Msw;ﬂ(el)a c}

> min{c,m,M.*, c} > c.

Finally,

6(w;) - o(w5) = = (0(F) + £ (0(e) ro(e)) = T (EZZ -1).

Using (5.3.2), s > 5k2, £ <k -1 and k > 3, we can bound ms/M; below by

ms My-1 s-¢-k k k 40
> > =1- l-—>—.
M, 5k2-k+1 43

>
s—/ s—/

=

We deduce ¢(w?) - d(wy,,) 2 5s/(43MFn) > v1/n, so we are done in this subcase.

Case 1.2: there exists e ¢ E(H) with wi(e) >0 and d. > k+1. We will use a
similar argument as the one used in Case 1.1, this time exchanging (the weight
of) one edge by two edges. If this holds, then there exist distinct ,7" € {1,...,k}
and distinct x, 2’ € e such that both e; = W;u {x} and ey = W, u {z'} are edges

in H. Since z € A;, Proposition 5.3.6(vi) and (5.4.2) implies that wy(e) = M;*.
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Define W;+1 to be such that
-M;F if J=e,

a(']) = Ms_k if Je {61,62},

0 otherwise.

Then wy,, is a weighted fractional {Fy, E; }-tiling with [A;,] = [A;[ - (3k - 2) >
|Aj|-5k*. Note w3, (e) = 0 and wy,, (e;) > w; (e;) for i € [2], so we have (W], )min 2
(w;)min > c. Note that

3s 1

v
2 —,
SMkn ~ n

6]) = 6(7) = 22 (Der) + 0lea) +0(e)) =

so this finishes the proof of this subcase.

Case 1.3: Both Case 1.1 and Case 1.2 do not hold. Thus dp+ < k for
all F* e F;(H) with wi(F*) >0, and d. < k for all e € E(H) with wj(e) > 0.
Recall that aps(v) < My if v e c(F*) and ap«(v) =1 if v € p(F*). Thus, for all
F* e Fr(H) with wi(F*) >0, we have

Y > ap() < Z; (M,|N; ne(F*)| +|N; np(F*)|)

i=1 $€N1‘

k
= Mde* + Z'NZ ﬂp(F*)| < ]{Z(MS +€) <s+ ]{32.

1=1

Therefore,

k
SOY D wi(F)ap-(z) < (s+ k%) > wi(F). (5.4.6)

F*eF# i=1 zeN; FreFr(H)

Similarly, for e € E(H) with w7 (e) > 0, we obtain

k k
YN ae(z) = > Milen N;| = Myd, < kM.

i=1 zeN; i=1
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Hence,

> Y Y wile)ac(w) kM, Y wie). (5.4.7)

eeE(H) i=1 xeN; ecE(H)

Combining everything, we deduce that

k 5.4.5),(5.4.1) &
DAED SIS Rkl Y Y7169

i=1 i=1 LIJENi i=1 $6Ni

>, wi(Nay(x)

i=1 zeN; JeFr (H)UE(H)

Y Y Y s (Das)

JeF (H)UE(H) i=1 zeN;
(5.4.6),(5.4.7)

M=

< (s+k*) > wi(F*)+kM, > wg(e)
F*eF*(H) ecE(H)
Prop. 5.3.5(i) k2 6
ve n+k* ) wS(F*)Sn+—nS—n,
F*eF?(H) s 5

where the last inequality uses s > 5k2. This contradicts (5.4.4) and finishes the

proof of Case 1.

Case 2: |Uy| < 3an/4. Write F, & for Fr, Er, respectively; that is, F is the
set of copies of Fy in the integer tiling 7 chosen at the beginning of the proof;
similarly, £ is the set of copies of Eg in 7. Note that n = s|F| + kM,|E| + |Uy|.

Hence,

1
0 <o(T) <1- 217 < X (karje]+ ug)) < FMLIEL 3
n n n 4

Using that s > 5k%, k>3, 1/n < a, v <1 and (5.4.3), we have

an >w+12n—|Aj|+1.

&l >
| |_4kMs_ 40

Hence there exists a copy of E € € whose vertices are completely contained in A,;.

Let X ={z1,...,2} € E(H) be any edge belonging to that copy of E,. By the
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choice of X and Proposition 5.3.6(vi), it holds that X ¢ A; and
wi(X) =wy(X) = M;*.

We would like to use Lemma 5.4.2 to find copies F' of F¥ with ¢(F') = X, and
decrease the weight of X to be able to increase the weight of an appropriate copy
of F¥. Recall that S (wj*) is the set of saturated vertices with respect to w;. We
write S; = S(w;) and let 5" =S;u (V(H) \ A;). Proposition 5.3.5(ii) and (5.4.3)
together imply that |S’| < (¢/s +~/40)n.

For all 1 <i <k, let N; = Ng(X ~{z;}). We may assume (by relabelling) that
either [Ny n Na| < (¢/s+2v/3)n or [N;n N;| > (£/s+2v/3) for all 1 <i,j < k.

Case 2.1: (N;nNy)~S"+ @. In this case, select y € (N1 n Ny) N S" and apply
Lemma 5.4.2 with S” and y playing the roles of S and g, respectively. We obtain
a copy Fy of F} such that ¢(Fy) = X and p(Fy)n S’ =@. Then, p(Fy) € A; N S;.
Let Py = p(F1) \ U;. For each p € p(F1) nUj, by (5.4.1), wi(p) = 0. For every
p € Py, by the definitions of A; and Uj, there exists J, € ;" such that p e V(J,),
and since p ¢ S; we also can choose J, such that oy (p) > m,. (The J, might

coincide for different p € F%.) Define w7, to be such that

M+ if J=F,

— Mk if J= X,
a(J) =

-M;*|mg if J = J, for some p € Py,

0 otherwise.

Then, wy,, is a weighted fractional {Fy, Ey}-tiling. First, note that [A;.| >

+ s
A5l = (VDI + Sper V(D) 2 1471 - (26 -+ 282) 2 |4y] - 5K2. Secondly, (5.4.2)
implies that w3, (X) = 0 and wj,, (F1) > ¢, and, moreover, for all p € Py, wj,(J,) 2

M:#(1-1/mg) > M;*1 > ¢. Thus, (w;

F1)min 2 ¢ Finally, since |Po| < Ip(Fy)| = ¢,
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we have

d(wi) = Pp(wjyy) 2 % (8(F1) + ga(x) - 8(Jp)) 8 (g B @)

oy nMF\5  m;
5 (2 14 )
> mp_—
nMEF\5  my

By (5.3.2), £< k-1 and s > 5k2, we get

k-1 k < k? < k?
Mg-1" My~ s—¢  5k?2-k+1

12 1
— < < -,
My 4

where the last inequality holds for every k > 3. Thus ¢(w})-¢(w]

J+1

) > 3s/(20nMF) >

v1/n and we are done.

Case 2.2: Nyn Ny €S’ Since H is strongly (1/2 + 1/(2s) + 7,6)-dense and
1/n < ~,1/k, we deduce [Ny n Ny| > (1/s +~)n. Using Ny n Ny € S” and (5.4.3),
we have [Ny n Ny n S;nAj| > (1/s+~/2)n. By Proposition 5.3.5(iii), there exists
Fye Fr(H)n Ty and [p(F2) n Nyn Nan S;nAjl > 2. Let yi,y) be two distinct
vertices in p(F2) n Ny n Ny n S;nAj. We claim that

there exists F € F;(H) such that p(Fy) ~\ p(F2) € A; N (S;uX), their

(5.4.8)
core vertices satisfy c¢(Fy) = ¢(Fy), and {y},y} N p(F3) + @.

To see where we are heading, if we have found such Fj, then our aim will be
to define wy,; by decreasing the weight of F5 and X, which will allow us then
to increase the weight of Fj and a copy F] of Fy such that ¢(F]) = X and
{y1. 97} np(F)) + @.

Let us check (5.4.8) holds. Let Z = c¢(Fy) ={z1,...,2,} and for every 1 <i<k
let Z; = Ng(Z ~{z}). Since y; € p(Fy), without loss of generality (by relabelling)
we may assume that y] € Z3 n Zy. Suppose first that (Z; n Zy) N (S"u X UV (Fy))

is non-empty. Select any y;” € (Zy n Z2) ~ (S’ u X UV(F,)). Thus there exists

Fy e F(H) such that ¢(F3) = Z, p(F3) = (p(F2) ~ {y1}) v{yi"}, p(F3) ~ p(F2) =

nr

{y"} € A; ~ (S;uX) and ) € {y},y}} ~ p(Fy), as desired. Hence, we may
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assume Z; N Zy € S"u X UV (Fy). This implies that |Z; n Z,| < |S"u X UV (Fy)| <
(U/s+~]40)n + | X |+ |V (Fy)| < (¢/s + 2v/3)n. Apply Lemma 5.4.2 (with Z, Z;,
S"u X uV(F,), y; playing the roles of X, N;, S and g, respectively) to obtain
Fj e Fr such that ¢(Fy) = Z and p(Fy) n (S’uX UV (Fy) N {y;}) =2. It is easily
checked that Fj satisfies (5.4.8).

Now take such an Fj and assume (after relabelling, if necessary) that y; ¢ p(F}).
Apply Lemma 5.4.2 (with X, N;, S’UV (F}), y; playing the roles of X, N;, S and v,
respectively) to obtain F| such that ¢(FY{) = X and p(F{)n (S"~{y1}) = 2.

Let P = (p(F) ~{y1}) u (p(Fy) ~ p(F>)) and observe that P’ ¢ A; N\ S;. Let
Pj=P'\U,. Arguing as in the previous case we see that for every p e P’ nUj,
wi(p) = 0, and for every p € Iy there exists J, € 75" such that p € V(J,) and
ag,(p) > m,.

Let w;ﬂ be such that

M-k if J = F,
M5V, i J = F,
O(J) =1 -Mz* if Je{X, R},

-M:%[mg if J = J, for some p € P,

s

0 otherwise.

Since p(F]) up(F;) € P'up(Fy), the decrease of weight in Fy and the J, implies
that the vertices in p(Fy) up(Fy) get weight at most 1 under wy,,. Using that, it
is not difficult to check that wy,, is indeed a weighted fractional {F}, £} }-tiling.

Note that A;\Aj,1 € V(F])uV (F2) UV (F)0(Upep; V(Jp)) and | Py < [p(F))|+
Ip(Fy)| = 2¢. Using that £ <k -1, we deduce [A;.1] > |A;| - 3(k +£€) - |P|(k+ () >
|A;| - (3+20)(k+1¢) > |A;]-5k2. Similarly as in the previous case, we deduce from

(5.4.2) that (W, )min 2 C.
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Using that |F}| < 2¢, we deduce

B()) - Blej) > (am') +O(]) +(Fy) + 20(X) + 3 a(Jp>)

3t
-7 1+m3_1_§_@ Zi(ms_§_2_£)'
nMk M, 5  mg nME\M, 5 my

From (5.3.2), s >5k? and £ < k -1, we deduce

ms_§_2_£ g_i_Q_ﬁ g_1+2€>g_k(1+2€)
Mg 5 mg 5 M, mg b ms b s—-{-k
2k2 -k k+2 k+2 1

- = > > .
bk?-2k+1 25k2-10k+5 ~ 25k% ~ 25k

Thus we get ¢(wy) - d(w3,,) > 8/(25MFkn) 2 v1/n and we are done. This finishes

the proof of Case 2.2 and of Claim 5.4.3. O

This concludes the proof of Lemma 5.3.10. [ |

5.5 TILING THRESHOLDS FOR TIGHT CYCLES

Now we finalise our application of the absorbing method to prove our result
on tiling thresholds, Theorem 1.3.9. We do so by applying the “absorbing

lemma” (Lemma 5.2.4) in conjunction with the “almost perfect tiling lemma’

(Lemma 5.3.1).

Proof of Theorem 1.3.9. Choose 1/n < a < p < v,1/k,1/s. By Lemma 5.2.4
there exists U € V(H) of size |U| < un with |U| = 0 mod s such that there exists
a perfect Ck-tiling in H[U u W] for all W ¢ V(H) \ U of size |W| < an with
[W|=0mod s.

Define H' = H~U. Then 61 (H") > 81 (H)-|U| > (1/2+1/(2s)+7/2)|V (H")|.
An application of Lemma 5.3.1 (with ~/2,|V(H')| playing the roles of v,n, re-
spectively, and noting the hierarchy of constants in both lemmas are consistent)
implies that there exists a C*-tiling 7' in H’ covering at least (1 - a)|V (H’)|

vertices. Let W be the set of uncovered vertices by 7' in H’. Then [W| < an and
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[W|=0mod s. By the absorbing property of U, there exists a perfect C*-tiling
T"in H{UUW]. Then T'uT" is a perfect C*-tiling in H. u
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DENSE MONOCHROMATIC INFINITE PATHS

In this chapter we prove Theorem 1.4.1, which finds “dense” infinite monochro-
matic paths in complete 2-edge-coloured graphs over the natural numbers.

We start in Section 6.1 by setting the notation to be used during this chapter,
and giving a short sketch of the proof. In Section 6.2 we state our main lemma
(Lemma 6.2.1) and use it to deduce Theorem 1.4.1. In Section 6.3 we collect some
useful miscellaneous tools that will be used during the proof of Lemma 6.2.1. In
Section 6.4 we describe in detail the main tool used in this chapter, an algorithm
(Algorithm 1). We also deduce crucial properties of its output. Finally, in

Section 6.5 we use the outputs given by the algorithm to deduce Lemma 6.2.1.

6.1 SKETCH OF PROOF AND NOTATION

6.1.1 Sketch of proof

Our proof follows the strategy of Erdds and Galvin [22], where they reduce the
problem of finding monochromatic paths to the problem of finding collections of
monochromatic disjoint paths (“monochromatic path-forests”) satisfying certain
conditions, which are then joined together to form an infinite path. Thus the
problem is reduced to the search for monochromatic path-forests.

We tackle that problem by using an algorithm (Algorithm 1), which takes
as its input a 2-edge-coloured complete graph on the positive integers, examines

the vertices one by one in increasing order, and builds a sequence of increasing

99
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monochromatic path-forests, one for each colour. An analysis of the outputs of
the algorithm will show that, in every colouring, one of these monochromatic

path-forests must attain the desired density.

6.1.2 Notation

Given a graph G, we write V(G) and E(G) for its vertex and edge set, respectively,
and let e(G) = |[E(G)|. Given S ¢ V(G), we write G[S] for the subgraph of G
induced by S. If S,T ¢ V(G) are disjoint, we write G[S,T'] for the bipartite graph
with classes S and T consisting precisely of those edges in G with one endpoint
in S and the other in 7.

Let G be a 2-edge-coloured graph. Throughout this chapter, we assume its
colours to be red and blue. For a vertex x € V(G) and a subset S ¢ V(G), we write
the red neighbourhood of x in S for the set NF(z,S) := {y € S: xy is coloured red},
that is, the set of vertices in S connected to x with red edges. We define the
blue neighbourhood of x in S analogously and we denote it by N5 (z,S). For each
+ € {R, B}, we also define d},(z,S) := |N}(z,S)| whenever N}(z,S) is finite, and
df,(x,S) = oo otherwise.

For every ¢ > 0, let [i] := {1,...,4} and [i]o := [¢]u{0}. If G is a graph and v is
a vertex not in V(G), define G + {v} as the graph obtained by adding v to V(G),
and keeping the edges from G. If G is a graph and F' is a set of edges (possibly
joining vertices lying outside of V(G)), then define G + F' as the graph on the
vertex set V(G)u (UfeF f) whose edge set is E(G)U F.

6.2 MONOCHROMATIC PATH-FORESTS

As mentioned before, we reduce the problem of finding monochromatic paths
to the problem of finding collections of monochromatic disjoint paths satisfying
certain conditions.

Consider a 2-edge-coloured Ky. We say a vertex x € N is red (or blue) if x

has infinitely many red (or blue, respectively) neighbours in Ky. Note that every
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vertex is red or blue, and also that it is possible for a vertex to be both red and
blue. A 2-edge-colouring of Ky is restricted if there is no vertex that is both
red and blue. We write R and B for the set of red and blue vertices of Ky,
respectively.

A path-forest is a collection of vertex-disjoint paths. Let Ky be a 2-edge-
coloured graph. A path-forest F' of Ky is said to be red if every edge of F is
red, all endpoints of every path in F' are red, and for every path P in F, its
vertices V' (P) alternate between red and blue. Note that a red path-forest may
contain isolated red vertices. A blue path-forest is defined similarly.

Our main lemma states that, given a restricted 2-edge-coloured Ky, there
exists a monochromatic path-forest F' and an arbitrarily long interval [¢] such that
[V (F)n[t]] is large with respect to t. Recall that (9 ++/17)/16 is approximately
0.82019.

Lemma 6.2.1. Lete € (0,1/2) and ko € N. For every restricted 2-edge-coloured Ky,
there exists an integer t > ko and red and blue path-forests F'Tt and F'B, respectively,

of Ky such that

max{|V (F®) n [t]|, [V(EP) n [t]]} > ((9+ V17)/16 - )t

We defer the proof of Lemma 6.2.1 to Section 6.5. We note that Lemma 6.2.1
implies the following corollary, which is valid for arbitrary 2-edge-colourings, not

only restricted ones.

Corollary 6.2.2. Let ¢ € (0,1/2) and ko € N. For every 2-edge-coloured Ky, there
exists an integer t > ko and red and blue path-forests F® and FB, respectively,

such that

max{[V(FE) n[t]|,|V(FB) n[t][} > ((9 + V17)/16 - )t.

Proof. Let W be the set of vertices which are simultaneously red and blue under
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the vertex-colouring of Ky. Suppose first that N \ W is finite. Then for t > &
large enough, |W n[t]| > (1 —¢)t. The vertices of W n [¢] form a monochromatic
red path-forest F' with [V (F)n[t]|> (1 -¢)t > ((9++/17)/16 - £)t, as desired.

Hence, we can suppose that N\ I is infinite. Suppose NN W = {vy,vq,...}
where v; <wv; for all 7 < j. Consider the induced subgraph of Ky on N\W, together
with the inherited edge-colouring. Note that the induced edge-colouring in N\ W
yields a vertex-colouring of N\ W which corresponds exactly to the restriction of
the original vertex-colouring to N\ W. In particular, the vertex-colouring in N\ W
is restricted. Then Lemma 6.2.1 implies the existence of a (say) red path-forest £ in
Ky with V(F)nW =@ and t > k such that [V (F)n{vy,..., v} > ((9+V17)/16-¢)t.
Then F’:= Fu (W n[w]) is a red path-forest in Ky with

V(E) a[v]] = W v]l+|V(F)n[v]| > v -t + ((9+V17)/16 — &)t

> ((9+V17)/16 - €)vy,

as desired. -

We use Corollary 6.2.2 now to deduce Theorem 1.4.1. The proof is based on
the proof of [22, Theorem 3.5].

Proof of Theorem 1.4.1. Consider an arbitrary 2-edge-colouring of Ky. Suppose
that there exist two red vertices x1, x5 € N and a finite subset S of N such that
Ky~ S does not contain a red path between x; and z5. For i € [2], let X; be the set
of vertices reachable from z; using red paths in N\ S. Let X3 =N~ (X;UuX,uS).
Then X; and X, are infinite; X7, X5 and X3 are pairwise disjoint and there are
no red edges between any X;, X; for distinct 4, j € [3]. Thus there is an infinite
blue path P on the vertex set X; U X, U X3 =N~ S. Since S is finite, d(P) = 1,

and thus we are done. An analogous argument is true if red is swapped with blue.
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Hence, we can assume that

for any two red (or blue) vertices x1,x2 and any finite set S € N\
{x1, 75}, there is a red (or blue, respectively) path joining x; and z, (6.2.1)

in KN\S.

For all i € N, let ¢; := 1/(2:¢). If the vertex 1 is red, set P = ({1}, @) to be the
red path with the vertex 1 and PP to be empty. Otherwise, set PJ to be empty
and PP = ({1},2). Set n; = 1. Suppose that, for some i € N, we have already
found an integer n; and red and blue paths P/ and P?, respectively, such that

the endpoints of P/t are red, the endpoints of PP are blue; and

max{|V (PF) 0[], |V (PP) n [n:]]} > ((9 + V17)/16 - 22, (6.2.2)

We construct n;,1, P, and P, as follows. Let 7; := max{V (PE)uV(PB)u{n;}}

and k; :=r;/e;41 = 2(i + 1)r;. Considering the induced subgraph of Ky on N~ [r;],
Corollary 6.2.2 implies that there exists a monochromatic path-forest Fj,; and
t; > k’z such that |V(E+1) N {ri + ]_, o, Tyt tz}| 2 ((9 + vV 17)/16 - 61‘_,_1)751‘. Let

n;41 = 1; +t;. By the choice of k; and since t; > k;,

i S ki orifea 10 Eirl o _.
= > = = = 21 -¢€4,
Mg Titt T+t ritrifenn g+l L+ein

so we deduce
[V (Fii1) 0 [nia]] > (9 +V17)/16 = €41t > ((9 +V17)/16 = 22101 ) njn -

Suppose Fj,; is red (if not, interchange the colours in what follows). Let PZ, := PB.
Apply (6.2.1) repeatedly to join the endpoints of the paths in PR u F; (while
avoiding what is constructed so far) and obtain a red path P[, containing PF

and F; with red vertices as endpoints.

By construction, we have n;;; > n; and (6.2.2) holds for all ¢ > 1. Without
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loss of generality, we may assume that |V (Pf) n[n;]| > ((9+/17)/16 - 2¢;)n; for
infinitely many values of i. Let P :=U;s; P. Therefore, P is a monochromatic

path and d(P) > (9 ++/17)/16. [

6.3 AUXILIARY RESULTS

In this section, we first consider two ways of extending a path forest.

Proposition 6.3.1. Let G be a graph. Let F' € G be a path-forest and let J €V (F)
be such that every j € J has degree at most one in F. Let x € V(G) NV (F) be
such that dg(z,J) > 3 and j, € Ng(x,J). Then there exists jo € J such that

F +{xj1,xj2} is a path-forest.

Proof. Since dg(x,J) > 3, there exist at least two neighbours of x in J, jo and j3
say, which are distinct from each other and from 7;. In particular, one of them,
say Ja, is not joined to j; via a path in F. This implies that F' + {zji,xj>} is a

path-forest, as required. [ |

Proposition 6.3.2. Let G be a graph and F € G a path-forest. Let Y < V(G) ~
V(F) and X c V(F'). Suppose that

() Eoex(2-dp(z)) 22[Y], and

(i) for every v e X, dg(z,Y) > |Y]|-2.
Then there exists a path-forest F' € G[X,Y]| such that every path in F' has both
endpoints in X, F+ F' is a path-forest, and |V (F')nY|>|Y]|-4.

Proof. Without loss of generality, we may assume that dp(x) < 2 for all x € X.
We proceed by induction on |Y|. It is trivial if |Y| < 4 (by setting F” to be empty).
So we may assume that |Y| > 5. Note that |X| > 5 by (i). Let x1,22 € X be
such that z; and x5 are not connected in F. By (ii) and Y] > 5, there exists
y € Y n Ng(z1) n Ng(x). Set Fy := F + {z1y, 20y} and Y’ := Y ~ {y}. Tt is
casy to check that Fy, X,Y" also satisfy the corresponding conditions (i) and (ii).

Therefore, by our induction hypothesis, the proposition holds. [
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The next lemma is a useful statement about difference inequalities. We include

its proof for completeness.

Lemma 6.3.3. Let 7,75 > 0, ¢g > 0 be given and let sg,S1,... be a strictly
increasing sequence of non-negative integers. Suppose there exists ng such that for

every n 2 no,

Sp+1 S T1Sp = T2Sp-1 + Cp. (6.3.1)

Then 12 > 475.

Proof. Suppose 72 < 475. Choose ¢ € (0,1) sufficiently small such that 72 <
475(1-0) and let py :==71/(1-0) and py := 72/(1 = 9). Since {s, }ney is a strictly

increasing sequence of non-negative integers, there exists ny; > ng such that

08, > ¢o for every n > ny.

In particular, for n > ny, 08,41 > ¢o and together with (6.3.1) we deduce s,,1 <

T1Sp — ToSn_1 + 0S,41. Rearranging, we get that for every n > nyq,

Sni1 < P1Sn — P2Sn_1- (6.3.2)

Consider the function f: (-oco,p;) - R given by f(z) = po/(p1 — x). It is well-
known that f is continuous. We claim that x < f(x) for all = < p;. Indeed, using
the quadratic formula together with the condition p? < 4ps, it is straightforward
to deduce that the quadratic polynomial x? — pyx + ps has no real roots. Thus, for
all real x it holds that 0 < 22 — pyz + ps = z(x — p1) + p2. In particular, if x < p; we
can rearrange the last expression to get x < f(x), as desired.

For every n > nq, let 3, := $,41/8,. From (6.3.2), for every n > ny,

1<Bn<p1-
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Using (6.3.2) it also follows that p1S, — p2Sn-1 > Bnsn, which can be rearranged to
get

_ Sn P2 _
s = 2 = (5 > B

Since 3, is monotone decreasing and bounded, it converges to a limit 3 € [1, p1).
Moreover, the sequence f([3,) converges to the same limit. The continuity of f

implies that g = f(8) > (3, a contradiction. [ ]

6.4 THE PATH-FORESTS ALGORITHM

In this section we describe our main tool to prove Lemma 6.2.1, Algorithm 1. The
algorithm will take as an input a red-blue edge-colouring of Ky, and will output
two sequences of monochromatic path-forests, {F{f*};so and {FP};s0, formed of
red and blue path-forests, respectively. Before the ¢-th round of the algorithm, the
algorithm will have already constructed the first ¢ path-forests in both sequences,
{F}ocict-1 and {FP}ocict-1. During the ¢-th round, the algorithm will examine
the vertex t, and by the end of the round it will output the new path-forests Ff
and FZ. The sequences will be increasing, meaning that Ff*, ¢ FF and FP, c FP
for all £ € N.

Unfortunately the algorithm and its analysis are quite involved, so we will give
outlines of its description in increasing levels of detail. In Section 6.4.1 we give
a rough outline of the algorithm, and we explain the intuition behind its design.
Next, in Section 6.4.2 we describe the algorithm in detail, both by giving a formal
description (Algorithm 1) and by explaining with detail the “meaning” of every
step. Finally, in Section 6.4.3 we verify formally that the output of Algorithm 1

satisfies some useful properties.

6.4.1 Rough outline

As outlined above, the algorithm will output two sequences of monochromatic

path-forests, {F#}50 and {FP};50, which are respectively red and blue. The role
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of the red and blue colours in the algorithm will be symmetric with respect to
each other.

The first red path-forest F* will contain every red vertex in N and no edges.
Given FF,, we will build the next red path-forest F® from F%, only by adding
red edges which alternate between red and blue vertices. By doing this, the
path-forests { F/'},5o form an increasing sequence of subgraphs, meaning that for
every i < j, F/* will be a subgraph of F*. The blue path-forests will evolve in a
similar way.

Our algorithm is based on the following simple idea. For now, suppose that
t € N is a blue vertex and we have constructed red and blue path-forests Ft}fl
and FB,, respectively. Since ¢ is blue, by construction we will have t € V(FP) at
the end of the round.

We would like to add ¢ to the red path-forest Ft]fl as well. That means, we
should add the red edges tji,tj, to Ff,, for some two different red vertices j;
and js. We will only consider red vertices ji, j» which satisfy either j;,js >t or
J1,J2 <t. The edges tji,tjs in the first case will be referred to as forward edges,
in the second case we will call them backward edges. We remark that the red
path-forest Ff¥ (or the blue path-forest F}B, respectively) will contain all the red
(or blue, respectively) vertices contained in [¢], but it might be possible that some
vertices are never included in the path-forest of the opposite colour.

The algorithm will try to include the blue vertex ¢ in the red path-forest F[,
as follows. As a first step, we try to include ¢ in the red path-forest by using red
forward edges. That is, the algorithm will check if there exist red forward edges
which allow ¢ to be included in the red path forest, and will use them straight
away (see Figure 6.1). If this fails, we will check the existence of red backward
edges. Thus we would like to check the existence of previous “useful” red vertices
t’ <t which connect to t with red edges. If they exist we could, in principle, use
them to include t in the red path-forest.

The crucial observation is that the failure of ¢ to be included in the red-path
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Hf N[t R~ (H[E U[t])
t Ji J2

-

Figure 6.1: Step 1 of an iteration of Algorithm 1: “forward-succesful” case.
At the beginning of round ¢, we have already constructed the monochromatic
path-forests F?, and F,, and we must examine vertex ¢ to construct F* and FP.
Suppose vertex ¢ is blue. By construction, we will have ¢ € V(FP|). Next, we
try to include ¢ in F%, using red forward edges, that is, we look for red vertices
J1,J2 >t such that tjy,tjs are red edges, and such that F% + {tji,tjs} is a path-
forest. In particular, we need to avoid the “forbidden” red vertices HE,, which
correspond to red vertices which already have degree 2 in F®, and thus cannot
be used. We will also define ¢(t) = j1, and it will hold that “most” of the red
vertices in R\ (H[, u[p(t)]) will be connected to ¢ with blue edges.

forest using forward edges implies that ¢ is connected with “most” of the upcoming
red vertices using only blue edges. Thus, in the future, when a red vertex t" >t
fails to be included in the blue path-forest by using blue forward edges, the vertex ¢
serves as a ‘“useful” blue vertex, that is, endpoint of blue backward edges which
connect with the red vertex t”. Thus, roughly speaking, the failure to include
blue vertices in the red path-forest means that, in the future, it will be easier to
include red vertices in the blue path-forest (and vice versa).

This is a simplified description of the algorithm. In the full description, the
classification of vertices is more complicated. First, we handle the addition of
backwards edges in a more careful way. Instead of joining every blue vertex which
failed to be connected using red forward edges immediately with blue backward
edges if they exist, we will proceed in batches. We will initially “collect” useful
red vertices one by one in a set AF, using the red vertices which failed to use

blue backward edges. After the set reaches a desired size, we will set apart a set
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Qf c AP, t HE N [t] R~ (HE u[t])

Figure 6.2: Step 2 of an iteration of Algorithm 1: if the “backwards-successful”
case fails. In round ¢ we examine vertex t, suppose vertex t is blue. If ¢ does not
have two red neighbours in R~ (HE, u[t]), then it will not be joined to F%, by
using forward red edges. Note that ¢ (and also the vertices in Qf,) are joined
mostly with blue edges with the vertices in R~ (HE, u[t]). Thus ¢ will be added
as an “useful” vertex in AR. At a later round ¢’ > ¢, the vertex ¢ will become
an “available” vertex in QF. Moreover, if certain conditions are given (if “¢ is
a backwards-successful” vertex) then ¢ will belong to Y;®, which later could be
included in the red path-forest using backward edges.

of “available” red vertices QFf ¢ A which will deal with the next upcoming blue
vertices. Only after that point, we will start collecting “waiting” blue vertices I'?
which failed to use the red forward edges, without adding any red backward edges.
Only when the set of “waiting” blue vertices reaches a certain size, we add the
red edges between the “available” red vertices and the “waiting” blue vertices
in a single step, and ensuring that the addition of the red edges guarantees we
still have a red path-forest. The reason for proceeding in batches is that to find
this set of backward edges we will use Proposition 6.3.2. This will ensure that
all but a constant number of the blue waiting vertices will be included in the red
path-forest after using the red backward edges. By choosing the size of these
batches large enough, proportionally “most” of the blue waiting vertices will be
covered by the red path-forest, which will be enough for our purposes.
Furthermore, we will exploit the fact that vertices which were connected using

forward edges of the opposite colour can become “useful” but not immediately:
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they will become useful at a later round. In fact, we will classify every vertex
using four different possible “types”, which will indicate whether (and how) the
vertex can be included in the path-forest of the opposite colour, and the round

which the vertex becomes “useful” (either immediately or at a later step).
6.4.2 Detailed outline

Now we describe the algorithm in full detail. We introduce the notation to describe
the algorithm and its output. The formal description appears in Algorithm 1.

The algorithm receives as an input a restricted red-blue edge-colouring of
KN and an even integer ¢ (which controls the size of the “batches”). Let R, B
be the red and blue vertices under the canonical vertex-colouring given by the
edge-colouring, respectively.

The output of the algorithm will be

two sequences of monochromatic path-forests, {F/®},5o and {FP};5, which

are red and blue monochromatic respectively,

for each ¢ > 0, sets AR QF TR WE XEYE ZEc R,

for each t >0, sets AP, QB TB WB XB YP ZB c B,

a function ¢ : N - N.

Initially, Ff* is defined as the red path-forest on vertex set R with no edges,
and FP is defined similarly. All of the “auxiliary sets” A%, Qs Ty, Wi, X5, Yy, Z;
are defined as empty, for all * € {R, B}.

The algorithm will proceed in rounds, one for each ¢ > 1, in increasing order.
At the end of round ¢ of the algorithm, the monochromatic path-forests F* have

*FX—

RE

been constructed, as well as the sets A¥,Q Wr Xr,Y* ZF for all e {R, B}
and i < ¢, and a partial function ¢ : [t] > N (which we have obtained from the
previous round by defining ¢(t)).

We define

HE:={zeR: degpr(z) =2},
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that is, H is the set of the red-coloured vertices which have degree 2 in Fff. We
will refer to HE as the set of forbidden red vertices at the end of round t. Define
the set HP of forbidden blue vertices at the end of round ¢ analogously with
respect to the blue path-forest FZ. The idea is that these vertices no longer can
be used to extend the path-forest of its colour by joining them to vertices of the
opposite colour.
Now we further discuss the auxiliary sets AZ QF TE whose role was outlined
in the previous discussion.
(i) A c Rn[t], the red useful vertices at round t,

(i) QF c Rn|[t], the red available vertices at round t, and

(iii) TF c R, the red waiting vertices at time t.
We will also use the same names (“useful”, “available”, and “waiting”) for the
corresponding sets of blue vertices AP, QB TB ¢ Bn[t]. Their role will be
symmetric to those of A% QF T'E but for our discussion we will focus on the sets

of red vertices only.

Useful vertices. The sets { Aff};zo will form an increasing family, i.e. Afc AFc R
for all ¢ < j. Moreover, each of the sets AZ will be ordered, where the order might
be different from the natural order induced by N. These orders will always be
increasing, meaning that A%, will be obtained from Al always by appending
some vertices “at the end” of the order given by AfF. The reason for this is as
follows. It might happen that a vertex t is not included as an useful vertex after
round ¢, but it becomes useful only at a later round ¢’ > ¢ (i.e. t € AR~ AR ).
Then the vertices of AZ will be ordered according to the first round in which they
appeared as a useful vertex.

The role of the function ¢ : N - N is to describe and control the order of the
sets Af'. More precisely, a red vertex ¢ will be part of A% only when ¢ > (%),
similarly with the blue vertices. Moreover, if the vertices of A® appear in order

as (v1,...,0), say, then p(v1) < p(vg) < < p(vy,). Imprecisely speaking, for a
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red vertex t we would like ¢(t) to be “the last” of the blue vertices connected
to t via forward blue edges (this makes sense since ¢ is red, and the colouring is
restricted, so t is connected with a finite number of blue forward edges). If no
such blue vertices exist, then we define p(t) =¢. If t/ = ¢(t) is chosen like this,
then when the algorithm reaches step ¢/, the red vertex ¢ will now be connected to
“most” of the upcoming blue vertices using only red edges, which makes ¢ suitable

to belong in A%

Awailable vertices. Now we introduce the setup required to define the available
vertices from the set of useful vertices. Given an ordered vertexset V = {v;: i € [n]}

and * € { R, B}, define
pi (V)= 3, (2= dry (v)).

veV
Since a path-forest has maximum degree at most 2, we can interpret p; (V') as
the number of additional edges that we can theoretically add to V' (joined with
vertices outside of V') while keeping F}* as a path-forest.
The following properties are immediate from the definition of p;, and therefore

we omit the proof.

Proposition 6.4.1. Let 51,55 ¢ [n] be disjoint and t > 0. Then
(i) pff(S1) <2[81;
(if) pff(S1u S2) = pff(S1) + pfi(S2), and
(iii) if dpr(s) =2 for all s € Sy, then pf'(Siu S2) = pi*(Sh).

The corresponding statements hold with R replaced by B.

Suppose an even ¢ € N is given and V = {v; : i € [n]} is an ordered set. If
pi (V) 2 £, then we define o} (V') in the following way: let s € [n] be minimal
such that p;({v;:i € [s]}) > £ and then select V' c {v;:i € [s]} €V to be minimal

with respect to inclusion such that p; (V') > ¢, and let o; (V') := V'. Note that, by
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choice, drx(v) <1 for all v e V. Note as well that

p; (o, (V) e{l,(+1}. (6.4.1)

This gives us the necessary tools to formalise the outline of the previous subsection,
where we said that we define a “batch” of available red vertices among the “useful”
vertices whenever it reached a certain “size”. We do this as follows: if pft(Af) > ¢,

we will define the available red vertices Qf as Qff = oF(AL).

Waiting vertices. We have described the procedure to collect “useful” red and
blue vertices. The set of “waiting” red vertices T'f* will consist of red vertices
which failed to use blue forward edges and thus are “waiting” to be included in
the blue path-forest by using backward edges. As discussed before, we will work
in batches. First the algorithm will collect useful and available vertices in AP
and QF, as sketched. Only when QP is non-empty at the start of round ¢ we
will start declaring red vertices as “waiting”, in I'?. When the set of “waiting”
vertices has reached a certain size, we will join the useful blue vertices in QF with
blue edges with (most of) the red waiting vertices in I'#. Then we will empty the
set of red waiting vertices for the next round, and redefine the “available” blue
vertices as the next batch of useful blue vertices, if it exists, or as empty, if there
are not yet enough useful blue vertices.

To describe precisely the process which decides which vertices belong in '
we need to describe the role of the remaining red auxiliary sets W/ XE YV,E ZE.
At the end of round ¢, all the red vertices in R n [t] will be partitioned in
{WE XE Y] ZEL The classification of the red vertices into W, X! Y,/ and
ZE will determine whether, and how, the vertices can be included in the blue
path-forest, and when they can be included as “useful vertices” in AZ. The

meaning of this classification goes as follows.

(i) Wl < Rn[t], the red forward-successful vertices which were included in the
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(iii)

blue path-forest using blue forward edges.

If t e WL, then ¢ forms part of the blue path-forest at round ¢, i.e., t € V(F?P).
Thus, it will not form part of I'f*. Furthermore, ¢ will be included as an
useful red vertex at the end of round ¢(t) (thus t € A% ,).

XE c Rn[t], the red backward-spoiled vertices. A red vertex x < ¢ will
be included in X}/ if it failed to use blue forward edges, but could not be

declared as red waiting vertex because there were no blue available vertices

when they were examined (i.e. Q8 | = @).

If t € X[, then ¢ will never be included in the blue path-forest (i.e., ¢ ¢
Uiso V(FP)). But ¢ will be included as a useful vertex at the end of its own
round, i.e., we have t € AF.

Y,® ¢ Rn[t], the red backward-successful vertices. A red vertex z < ¢ will be
included in X7 if it failed to use blue forward edges, and can be declared
as a red waiting vertex: both because the set of blue available vertices is
non-empty when z was examined (i.e. QF | # @) and because x was not a
“forbidden red vertex” when the last blue vertex of QF | was added as an

useful vertex (i.e., for all ye QF,, x ¢ HY ).

If t € Y;®, then ¢ will be included as a waiting vertex at this step (i.e., t € T'F).
It might be included in the blue path-forest (proportionally, most of the
waiting vertices will be included in the blue path-forest). Furthermore, ¢
will be included as an useful red vertex at the end of its own round, thus
o(t) =t and t € AZ.

ZE c Rn[t], the red forbidden-spoiled vertices. A red vertex z <t will be
included in Z[ if it failed to use blue forward edges, and the set of blue
available vertices at the beginning of round z is not empty (22 | # @), but
x could not be declared as a red waiting vertex because x was a “forbidden
vertex” when a vertex of QF | was added as useful (i.e., there exists y € Q58 |

such that x € HE ).
e(v)
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If t € ZE, then its behaviour is similar to the “backward-spoiled” vertices.

That is, ¢ will never be included in the blue path-forest, and ¢ € AR.

Sometimes we will refer to the vertices in Xfu ZF as the red spoiled vertices.
Analogously, at the end of round ¢, the algorithm will output the corresponding
partition { X2 V.2, ZB WB} of Bn[t].

We discuss a subtle distinction between the vertices included in Y;# and Z[.
In both cases, t failed to be included in the blue path-forest using forward edges,
and the set of blue available vertices QF | is non-empty, but depending on the
case t can be declared as “waiting” or not. Suppose tq is the maximum of ¢(v)
over all v € QB,. Thus all the available blue vertices collected at round ¢ were
declared as “useful” at time tq, i.e., QF, ¢ AP . Let z € QP,, and suppose that x
was included first as an useful vertex at round x’, where x <z’ <t <t. The key
property that characterises the useful vertices is that x is incident with blue edges
to (almost) every non-forbidden upcoming red vertex at the time when it was
declared useful. Thus, x will be “useful” to deal only with the red vertices which
are not in H’. Since the red path-forests are increasing, the sets of forbidden red
vertices can only increase, and thus we have Htffl > HE. For this reason, we can
look at the set of forbidden red vertices at round tq (instead of t) to decide if ¢

can be declared as waiting or not.

Rounds and steps. Having defined the meaning of every object built by the
algorithm, each round of the algorithm can be split naturally in four different
“steps”, as follows. These steps are written formally in Algorithm 1; here we give
an equivalent but longer explanation in words, which (we hope) will be helpful to
the reader.

For all i < ¢t and = € {R, B} the algorithm has constructed path-forests F,
and sets A7, QI Wr X Y Z*. We also have defined the partial function
¢ :[t-1] - N. At the end of this round we must construct, for all * € {R, B}

the path-forests F}*, the sets A;, Qf, I'y, W, X[, Y,*, Z;} and extend the partial
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Algorithm 1: Path-forests algorithm
Input: An even integer ¢ € N, and a restricted red-blue edge-colouring of
KN,

Let A5, Q5. T8 0, X, Yy, Z5, Wi be empty for all * € {R, B}, let F{* be
such that V(F) = R and no edges, and F? be such that V(FP) =B
and no edges.

foreach t > 1 do

[uy

N

3 if ¢ is red then
/* Step 1: Adding ¢t to the red path-forest */
4 Fff < FfEy.
/* Step 2: Classifying . */
5 Let J=Ng (t,B)~ (Hf, u[t]), i.e., J is the set of future blue
neighbours of ¢ which are blue and not forbidden.
6 (WtR,Xf,KR,Zﬁ) < (Wt}—zlﬂXﬁDY?—?l’Zﬁl)'
7 if QP  + & then
8 | Let tq = max{ep(v) : v e QP } (it will hold that ¢ <t).
9 end
10 if |J| > 3 then
11 | WE < WU {t}.
12 else if |J| <2 and QP | = & then
13 | XE < XEo{t}.
14 else if |J| <2, QF  #@ and t ¢ Hf then
15 | YR <YRU{t).
16 else if |J| <2, QF  # @ and t € Hf then
17 | ZE < ZFu{t}.
18 end
/* Step 3: Adding ¢t to the blue path-forest. x/
/* Step 3A: t is forward-successful. */
19 case t € WF do
20 Let ji,jo € J be such that FB, + {tji,tjs} is a blue path-forest
and min{j;, jo} is maximised.
7 () < min{jy, jo}.
22 FP < FZ + {tji, tja}.
23 AR« AR
24 Qt <~ Qft .
25 If<Tk
26 end
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/* Step 3B: t is spoiled. */
27 case t ¢ Xfu Zl do
28 o(t) «t.
29 FtB <« Ffl.
30 AR« AR U {t}.
31 if pf(AR) >0 and QF | = & then
32 | QF <« of(AR).
33 else
34 | Qf < Qf,.
35 I'FeTEk .
/* Step 3C: t is backwards-successful. x/
36 case t € Y, do
37 Let p(t) =t and AR QF as in the case t € XFu ZE.
38 if [T, u{t}| <¢/2 then
39 FB <« FB,.
40 IR <TE u{t}.
41 else
/* Step 3D: Using backward edges. */
42 Let F' ¢ E(QB,,TE u{t}) be such that F2, + F' is a blue
path-forest and (T, u{t})\V(FB, + F")| < 4.
43 FP <~ FB +F".
44 'R g.
/* Step 4: Updating blue useful, available and waiting
vertices */
45 B T8, .
46 AB < AB u(p ' (t)nBn[t-1]).
47 if OB, =@ or Step 3D was executed then
48 if pP(AP) >/ then
49 | QF < oP(AP).
50 else
51 L OB « @
52 else
53 L OB QB .
54 else if ¢ is blue then
55 L The same as the “t is red” case, exchanging the roles of R and B.
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function to ¢ : [t] - N.

Suppose the current vertex under examination, ¢, is coloured red (otherwise,

exchange the roles of red and blue in what follows).

Step

Step

Step

1: Adding t to the red path-forest (Line 4)

In this step, we define the current red path-forest F? exactly as F/t,. Note
that t e R=V(F}) cV(EE)) =V (FE).
2: Classifying t (Lines 5-18).

In this step, we include ¢ in exactly one of the four possible sets WFE, X Vi
or Z[t as sketched before. First we let J be the set of future non-forbidden
blue vertices which are blue neighbours of ¢ (Line 5). Then, if QF, # @ we
gather the value tq = max{p(v) : v e QB }. (Lines 7-9). Intuitively, the
available vertices of QP can deal with all the waiting red vertices which
were found after round tq. It will hold that to < ¢ (we will check this later

in Lemma 6.4.5(x)).

If |J| > 3, then ¢ has “blue forward” edges, and we include ¢t in W[ as a
“red forward-successful” vertex (Lines 10-11). Otherwise, |J| < 2. If the
current set of available blue vertices that we can use is empty (i.e., Q| = @),
then there are no blue backward edges that we can use, and we include ¢ in
XPE as a “red backward-spoiled” vertex (Lines 12-13). Otherwise, |J| < 2
and QB # @. If t was not a forbidden red vertex at time tq, we include
t € Y, as a “backward-successful” vertex; otherwise it is included in Z[ as
a “forbidden-spoiled” vertex (Lines 14-18).

3: Adding ¢ to the blue path-forest (Lines 19-44)

In this step we update the blue path-forest. We try to include ¢ in the blue
path-forest, or as a waiting vertex, depending on its classification in the
previous step. Also, we define the value of (), which defines the round

when t will become a “useful” red vertex.
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Step 3A: t is forward-successful (Lines 19-26).

If t e WE, we will add ¢ to the blue path-forest using blue forward edges.
We look for forward blue edges which are as far away as possible from ¢ and
such that its inclusion does not violate that F}?, is a path-forest. To check
that the algorithm is well-defined, we will verify later (Lemma 6.4.5) that it

is always possible to find the required edges in this step.

As we will see later, Proposition 6.3.1 will tell us that we can always select
two blue edges among the “last” three vertices of J which are connected to
t using blue edges. This allows us to define ¢(t) as one of these last vertices.
(The reason for doing this is that when ¢ becomes useful at the end of round
(), it will be connected with blue edges with at most two of the upcoming

blue vertices.)

The sets AR, QF T'F do not change from the previous round.

Step 3B: t is spoiled (Lines 27-35).

If t e X/'u Z[ then the red vertex is spoiled, and thus will not be included
in the blue path-forest nor as a waiting vertex. Also, the blue path-forest
will not change from the previous round. However, ¢ will be included as
an useful red vertex straight away (Line 30) and, as a consequence, we will
need to update the current set of available red vertices (Lines 31-34).

Step 3C: t is backwards-successful (Lines 36-40).

If t € YR, first we define p(t) = ¢ and include ¢ as an useful red vertex
straight away. This means we have to update the set of available vertices as

well, this is done as in the previous case (Line 36).

Next, we can include ¢ as a waiting red vertex. If T'/ “has not reached”
the correct size after adding ¢, then we do not update the blue path-forest
at this step (Lines 38—40). Otherwise, we can extend the blue path-forest

using the red waiting vertices, which means we proceed to Step 3D.
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Step 3D: Using the backward edges (Lines 41-44)

In this case, t is backward-successful and T'? has reached a size compa-

rable with Q8 and we can join Q8 and I'? using backward blue edges.

We find a blue path-forest F’ that joins these vertices and can be added
to FB,, and covers all but at most 4 vertices of I'f* (Lines 41-43). To check
the algorithm is well-defined, we need to prove that in this step F” always

exists, this will be done later in Lemma 6.4.5.
After this is done, we empty the set of red waiting vertices (Line 44).
Step 4: Update blue useful, available and waiting vertices (Lines 45-53).

In each of the possible scenarios of Step 3 we have defined the latest blue
path-forest F}?. We need to update the remaining blue auxiliary sets. The

set of waiting blue vertices will not change (Line 45).

Since some previous blue vertices v < ¢ might have p(v) = ¢, we need to

include them in the set AZ of useful vertices at round ¢ (Line 46).

We need to define the definitive set of available blue vertices for the next
round (Lines 47-53). This needs to be done in two cases: if QF | = @ (since
in the previous line we might have reached enough useful blue vertices) or if
Step 3D was executed in this round, since in that case we have added blue
edges to 28, and we need to get fresh available vertices for the following
rounds. In this case, we update QF as usual using p? if the available vertices
have reached the correct “size” (Line 48), otherwise we just declare the set
of available vertices to be empty. If we are not in one of the cases where the
set of blue available vertices might have changed, then we define it to be

the set of the previous round (Line 53).

This finishes the description of the algorithm. In what follows, we will deduce

properties of the objects constructed by the algorithm in every step.
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6.4.3 Basic properties of the algorithm

In this subsection we will gather very basic properties of Algorithm 1, and then
we will check that Algorithm 1 is well-defined. The only thing that needs any
verification is that, during some parts of the algorithm, we claim we can find a
certain set of edges that we add to FE, or FP, such that the obtained graph is
still a path-forest and satisfies certain properties.

This occurs twice during the algorithm: Lines 19-21 and Lines 41-43. To
verify these steps can be executed, we will appeal to Propositions 6.3.1 and 6.3.2
respectively. Thus, to prove the correctness it is necessary to verify that the
assumptions of those propositions hold when we invoke them. To do this, we
first verify that the auxiliary sets and objects we have constructed satisfy certain
desirable properties.

We begin by gathering very basic properties of the algorithm, which can be

easily checked from Algorithm 1. We state them as a lemma for future reference.

Lemma 6.4.2. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-
colouring. Let F, Qf, 'y, Af, o, Wi, X}, Y, Z} be as defined by Algorithm 1,
for all x e {R,B}. Then the following holds for allt € N (and similar statements
hold if we interchange R and B):

(1) = Tuermy X1+ Y7+ 127+ W)

(il) (i) =14 for all i€ [t];

(iii) for all i € Rn[t], i €e WR if and only if ©(i) > i. Further, in this case,
(i) € B;

(iv) EFc Ff for alli,je[t] withi<j;

(v) the sequence {Af'}iy is increasing, i.e., A ¢ Al for all i,j € [t] with
i < j. Simalarly, {(W}iery, {XE ey, Y Ve, {2 iepy are increasing
sequences;

(vi) IF YR,

(vil) Rn[t]c V(FE);
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(viii)
(ix) A
(x)
(xi)
(xii)
(xiii)
)

(xiv

AR QE TEc Rn[t], QF c AR;
R=XFuZFuYRu{weWE:p(w)<t};

{o(v):ve A} c [t];

if QF = @, then pR(QF) e {¢,0+1};

ITR| < ¢)2;

ify>t andye R, then y ¢ V(EP); and

ify>t, yeR and degpr(y) >0, then Npr(y) € WP

Proof. All the properties can be easily checked from Algorithm 1, using induction.

Nevertheless, for completeness, we give a brief explanation and description for all

of them.

Since the properties are easy or vacuously true for ¢t = 0, we will assume that

t>0.

1)

2)

Without loss of generality, we assume ¢ is red.

Note (i) follows simply because every vertex in [t] is classified in exactly
one of the sets X', XP VR Y,B ZE ZB WE or Wh.

We check (ii) and (iii) now. By using induction, we can assume those
statements hold for all ¢/ < ¢, so it is only necessary to check them for .
There are two possible cases depending on the classification of ¢ in Step 2. If
t is red spoiled (t € XFu ZF in Step 3B) or red backwards-successful (¢ € Y,?
in Step 3C) then it will hold that ¢(t) = t. Otherwise, t is forward-successful
(t € W[ in Step 3A) and ¢(t) will be such that ty(t) is a forward blue edge
which joins ¢ with a blue vertex. Thus ¢(t) > ¢, and if this happens then
the vertex ¢(t) is blue.

Items (iv)—(viii) just state simple facts from the algorithm. We build FF from
FZE, only by adding edges and vertices (possibly none), we build AZ from AZ,
only by adding vertices (possibly none) and similarly with W}, XE W2E ZE.
Only vertices which are “backward-successful” are classified as “waiting”
(Step 3C), thus I'? c Y. Every red vertex in [¢] forms part of F (Step 1).

Every available red vertex is an useful red vertex, thus Qf ¢ Af and every
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red available and red waiting vertex is red.

To see (ix), first note that every vertex v € [t] which is in XFu ZFuY/F
is in A (Steps 3B or Step 3C). Thus it is only necessary to check that
AR WE = {w e WE : p(w) < t}. Note that if v € W[ then v € WE.
From (iii), we get ¢(v) > v. Now, if v € W[ note that v is not added at AR
in its round (Step 3A). Now, let v’ be the minimum v’ > v such that v e A%,
Note v’ < ¢, since the sets {Af'},,y are increasing. The only line in the
algorithm where A% gets updated to include vertices from previous rounds
is in Line 46, thus we deduce that v’ is a blue vertex and (by minimality
of v'), that v e p=1(v"). Thus ¢(v) =0’ <t. To summarise, we have proven
that for ve WE, ve AR if and only if p(v) < t, as desired.

We prove (x). Let v e AR, If v €e W[, then from (ix) we deduce p(v) < t.
Otherwise, v € XFu ZE U Y. From (iii) we get p(v) =v < t.

To see (xi), note that if Qf is defined to be non-empty, then it is set to be
equal to off(V') for some V ¢ N. Then the statement follows from (6.4.1).
We check (xii). By induction, we can assume that ||, |TF| < /2 for all ¢’ < ¢.
Since we assume ¢ is red, note that I'? is defined to be equal to I'2, (in
Step 4), and we are done by the inductive hypothesis. So it is only necessary
to consider T'F. The set T' is defined in Step 3. In Steps 3A and 3B
I'E=TE,  and we are again done. Otherwise, we are in Step 3C. There are
two cases: if [I'E, u{t}| < £/2 then 'R, =T U {t} and the statement holds.
Otherwise, I'ft = @, and the statement again holds.

To see (xiii), let y € RNV (FP). Note we only add red vertices to F}Z in two
ways: by using blue forward-edges or blue backward-edges. If y was added
using blue forward-edges, then those edges were added in round y after
vertex y was classified as a forward-successful vertex (in Step 3A). Thus
y < t. Otherwise, if y was added using backward-edges, then y € Y7 (it was
classified as a backward-successful vertex in round y), and the backward

edges were added in Step 3C for some y’ > y (when the “waiting vertices”
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Fff, reached the correct size). We deduce that y <y’ < t, as desired.
9) Finally, to see (xiv), let y > ¢ be a red vertex with degpr(y) > 0. Let
y' € Ngr(y). Since y' is a blue vertex with non-zero degree in FE by (xiii)
we deduce 3’ <t <y. In words, 3 is connected to y with a red forward-edge.
This implies that that y’ was classified a forward-successful vertex at round

y', and thus is in W7 ¢ W/, where the inclusion follows from (v). Since y’

was arbitrary, Npr(y) ¢ WP, as desired. n

The following lemma will only be used to prove Lemma 6.4.5, i.e., that
Algorithm 1 is well-defined; it will not be used for the posterior analysis. Essentially,
it states that, at any given round, when red available vertices and blue waiting
vertices are defined and non-empty, “most” of the edges between them are red

(and the corresponding statements are true if the colours are interchanged).

Lemma 6.4.3. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-
colouring. Let Fy, Qf, I'f, Af, o, W), X;, Y, Z be as defined by Algorithm 1,
for all » e {R,B}. Then, for allteN, if QF T8, + @ and t € Y;B, then for all
veQf

£, di (v, T2 u{t}) <2. A similar statement holds if we interchange the

roles of R and B.

Proof. We begin by proving an auxiliary claim, which essentially makes precise

that the vertices from Qf are all located “before” the vertices of T'E.

Claim 6.4.4. For all t >0, if QF TB = @, then max Q' < max{p(v) :v e QF} <

min '8 (and the same is true with the roles of R and B interchanged).

Proof of the claim. Let tq = max{p(v) : v e QF}. Consider any v € QF. We have
v < p(v) <tg by Lemma 6.4.2(ii). Since v was arbitrary, we deduce max Qf < tq.

Now consider w = minI'?. When w was added to I'Z in round w, it was
classified as a backwards-successful vertex in Y. In particular, this could only
have happened if Qf | # @. Since w € I'? and the available vertices only get

updated when the set of waiting vertices is emptied (in Step 3D), it follows that
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the set of available vertices must have not changed between the end of round w -1

and the end of round ¢. In particular, Q2 | = QF. Thus

{e()ivef} ={o(v) veQ } c{p(v)ive A} clw-1],

where the penultimate inclusion holds by Lemma 6.4.2(viii) and the last inclusion
holds by Lemma 6.4.2(x). In particular, [to] € [w - 1] and thus tg < w = minT'Z.

This finishes the proof of the claim. O

Let to = max{p(v) : v € QF }, and let IV = T'Z, u {t}. Using that t € V;?
and Lemma 6.4.2(vi), we get that IV ¢ Y;®. Given any v € QF  let J, :=
NE (v, B)~ (H, u[v]), which is J as defined at round number v (as in Line 5).
For all u e I" ¢ Y2, we must have dpe (u) < de2 (u) < 2, where the first inequality
follows from Lemma 6.4.2(iv) and the second one from the classification of
uweVYP. Thus I"nHE, = @. From Claim 6.4.4 (with ¢ -1 in place of t) we
have minI7 = minT'Z, > maxQf, > v and thus I n (HZ, u[v]) = @. We have

shown that
NE (v,I") = J,nI". (6.4.2)

Now we separate the analysis in cases, depending if v € Qf, is a forward-
successful vertex or not. If v ¢ W/ then dﬁN (v,I") < |J,| < 2, where the first
inequality follows from (6.4.2) and the second from v ¢ W/ and the classification
in Step 2 in round v.

Thus, we can assume that v € W[, To find a contradiction, suppose that
dg. (v,T7) > 3. In particular, using Claim 6.4.4 again we get (v) < minT” and
therefore ' n [¢(v)] = @. From (6.4.2) we get N (v,T7) € J,  [¢(v)]. Together
with d (v,T") > 3, this means that there exist at least 3 vertices in J, \ [¢(v)]
that are connected to v with blue edges. Let j; be the minimum of such vertices.

By Proposition 6.3.1 (with F2, v and j; playing the roles of F, z and ji,
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respectively) there exists jo > j; is such that F2, + {vj;,vjs} is a red path-forest.
In Lines 20-21 of round v, we have set ¢(v) to be the minimum of two vertices
a,b such that F2 +{ta,tb} is a red path-forest; so this means that p(v) > j;. But

Jre Ng (v,T7) € J, ~ [p(v)] means that j; > p(v), a contradiction. u

Now we will use Lemmas 6.4.2 and 6.4.3 to check that Algorithm 1 is well-
defined.

Lemma 6.4.5. Algorithm 1 is well-defined.

Proof. As discussed, we need to check that Propositions 6.3.1 and 6.3.2 can be

invoked during Lines 19-21 and Lines 41-43 of the algorithm, respectively.

(i) Lines 19-21. We assume ¢ is red and we are in Step 3A, which means that
t € Wl Recall that J is defined as NB(t, B)\ (HE,u[t]), and since t € W[,
then |J] > 3. Since HP, is the set of degree-two vertices of FE,, we can
apply Proposition 6.3.1 with FZ,, J and ¢ playing the roles of F', J and x
to deduce there exist ji,jo € J such that FP| + {tji,tjo} is a path-forest, as
desired.

(ii) Lines 41-43. We want to apply Proposition 6.3.2 with the path-forest F}5,
playing the role of F' (the path-forest we want to extend), I'?, u{t} playing
the role of Y (the vertices which we want to cover), and Q2| playing the role
of X ¢ V(FP,) (the vertices of the path-forest which will be connected with
the vertices which we want to cover). Note that QF, ¢ Bn[t-1]c V(F}B,),
where the first inclusion holds since ¢ is red and Lemma 6.4.2(viii), and the

second inclusion follows from Lemma 6.4.2(vii).

We need to verify that conditions (i)—(ii) from Proposition 6.3.2 hold. Note
that [T/, u {t}| < £/2 by Lemma 6.4.2(xii) and Y,cqp (2 - dps (7)) =
pB (QB,) > ¢, by Lemma 6.4.2(xi). Thus (i) holds. To check condition (ii)
we need to check that for every x € QF |, d (z,Tf, u{t})>|TF u{t}]-2,

and this is given by Lemma 6.4.3. [ ]
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6.4.4 Properties of the algorithm

In this subsection, we will collect some useful information from the algorithm and
its output. The idea is to gather the properties that we need from the output
of Algorithm 1 so that the rest of the proof can be done just by referring to the
lemmas (and Lemma 6.4.2), and not to the full description of the algorithm.

We make the following crucial definition. For all * € {R, B} and t € N, we
define

ci = |V(F)n[t]]-

Thus, for ¢ > 1, ¢?/t corresponds to the proportion of vertices in [¢] which are

covered by V(FE), and similarly with ¢Z/t.

Lemma 6.4.6. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-
colouring. Let Fy, Qf, 'Y, Af, o, W), X[, Y, Z be as defined by Algorithm 1,
for all x e {R,B}. Then the following holds for allt € N (and similar statements
hold if we interchange R and B):

if ve WP, then dpr(v) >0 and Npr(v) € RN [p(v) - 1];
if pR(AR) >4, then QF + @;

if there exists t' >t such that QF

B +@ forallt<t"<t', then X=X

)
)
)
)
(v) if there exists t' >t such that pff | (Al) > ¢, then X = X[F;
) cft > (1=-8/0)(t - |ZF| - |XP]) - ¢/2;
) 27 NY P+ 02 pf(Af) - pfi(AF) for ¢/ > t;
) if plt [ (AR) > € for some t' > t, then we have QE ¢ AR for all t <t < t';
) if pfi (Af) 2 £ for some ' > ¢, then for every z € Z, degpr(2) = 2 and
Npr(z) € Wi

(x) if pi [(AR) > € for some t' > t, then |ZB] < |[WH|.

Proof. We begin by checking (i). If v € B satisfies dpr(v) > 0, then in particular
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ve BnV(FE). By Lemma 6.4.2(xiii), we have v € Bn[t]. Now it is just a matter
of looking at the classification of v in Step 2: only blue forward-successful vertices
in W2 and blue backward-successful vertices in Y,® can be in V(F}[), so we are
done.

We check (ii). Let v € WP. Thus, at round v, the vertex v was classified
as a “forward-successful vertex” (Step 2), and therefore joined to FF using red
forward edges. In particular, 0 < drr(v) < dpr(v). Note that in Step 3A, p(v) is
defined as the minimum of its two red neighbours in [, thus Npr(v) = Npr(v) €
R~ [p(v) - 1] holds.

To see (iii), suppose its validity holds for all ¢’ < ¢ by induction and that ¢
is red. We need to check the steps where we define QF and QF. The red useful
and available vertices AR and Qf are defined during Step 3. In Step 3A the
sets do not change from the previous round, so we are done by the induction
hypothesis. In Step 3B and 3C we define AF = AR U {t}, and if pF(AER) > ¢ then
QF is defined as non-empty (Lines 31-34 and 36). The blue useful and available
vertices are defined during Step 4. After AP is defined, we analyse it and use it
to define QF (Lines 47-53). The only case where QF is defined as empty happens
when pB(AP) < ¢, and this finishes the proof of (iii).

Let us prove that (iv) holds. Suppose there exists ¢/ >t such that X% # X[
Let t* be the minimum of such ¢”, and note that it is enough to show that ¢* > ¢’.

We have t* € XE

i+, and therefore during round t*, the vertex t* is in R and was

classified as a “backwards-spoiled” vertex during Step 2. That could only happen
if Q8 | =@. Our assumption then implies that ¢* > ¢/, as desired.

Now we check (v). Note that (iv) implies that it is enough to check that for

all ¢ e {t,...,t' =1}, QFt + @. Let " € {t,...,t' — 1} be arbitrary, and note that
pin(AGh) > piiy (A > p 1 (AF) 2 ¢,

where the first inequality holds since F¥¥ ¢ F® (by Lemma 6.4.2(iv)), the second
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inequality holds since AR ¢ A% (by Lemma 6.4.2(v)), and the third holds by
assumption. Thus (iii) implies that QF # @, as desired.

To prove (vi), we first estimate V(FF) nY,Z. The vertices of Y, might get
included in the red path-forest whenever Step 3D is executed, that is, when
I'B, u{t} is joined by red edges with vertices of QF,. We will need the following
observations about the evolution of the sets Y;® and T'B. If ¢ is red, then Y,?, = Y,Z.
Otherwise, t is blue and Y,? differs from Y;Z, only if ¢ is a backwards-successful
vertex, i.e., t € Y;B. If this happens, then Step 3C is executed in round ¢ and
we try to add t as a “waiting vertex” in I'B. There are two cases: in the first,
ITB,] <¢/2-1 and if this happens then ' =T'Z U {t} and thus [['?| = |T'3,| + 1.
Otherwise, [I' | = ¢/2 -1 and we execute Step 3D, which means I'? is defined
as empty. We observe that Step 3D is executed exactly on those rounds t > 0
whenever Y,? reaches a non-zero size which is divisible by ¢/2, and at the end of
those rounds it holds that T'? = .

Now, given ¢ > 0, partition Y,® into I'|,T',... , T7 T, (with ", possibly

empty) such that, for all i € [s], |I'}| = /2, maxI’ < minI,, and |I',| < ¢/2.

s+1

In other words, T4, T, ..., T, ", is a partition of Y;Z into sets of “consecutive”
(/2 vertices. Now consider any ¢ € [s] and let ¢; := maxI"}. By the previous
observations, and since t; € Y;%, we have |[I'f_j| = £/2-1, T, u{t;} =T} and

I'? = @. Moreover, all but at most 4 vertices of I'; are added to F{* (whenever

Step 3D is executed at round number ¢;). Thus, we deduce

VD AY> T -4)= S A-8/0IT = A-8/oP|-02 (643

Note that by our construction, we have R n [t] ¢ V(F/). Furthermore,
WpB c V(FE), since every vertex in W2 gets included in V(FF) (in Step 3A).

Therefore, using (6.4.3),

o =[V(ES) nlt] 2 |Ralt]]+ W]+ Y]
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=R [t]]+ W7+ (1-8/O)Y,"| - ¢/2

> (1-8/0)(t-1XP|-1Z]]) - /2,

where the last line follows from Lemma 6.4.2(i). Hence (vi) holds.

To see (vii), note that pft(Af) is a decreasing sequence in ¢ > ¢, because the
path-forests {F/}}».; form an increasing sequence by Lemma 6.4.2(iv). The value
PR (AF) decreases at some ¢” if and only at round " we join some vertices of Al
to some vertices in I'P U (V7 \Y,?) with red edges to extend the red path-forest (in
Step 3D). Each vertex of y € T2 u (V.2 \ Y,P) reduces pf(AF) by at most 2, thus
we deduce pft(Al) - pl(AR) <2(|TP| + |Y,? N Y;P|). Further, by Lemma 6.4.2(xii),
ITB| < £/2, hence (vii) follows.

Now we check (viii). Suppose (viii) fails, thus there exists a minimal ¢" €

{t,...,t" = 1} such that Qff ¢ AR. Note that AR c A%

t// t//

by Lemma 6.4.2(v), and

the assumption implies that pf (AR) > pR(AE) > ¢. Let us examine round ¢ of

R
tll

the algorithm. It must have happened that €2, got redefined to be non-empty

and different from QZ

&, which only leaves the possibility that Qf = o (AL).

t”
Thus Qff ¢ A% is a minimal subset (according to the order of A%) such that

pR(QE) > ¢. But we know already that Aff c A%

o I and pll (AF) > ¢, thus by the
minimality condition it must hold that o/t (A%) ¢ AR, a contradiction.
We check (ix). Let t" e {t,...,t' = 1}. By (viii), Qff ¢ AF. Then, by

Lemma 6.4.2(x),
max{p(v) :v e L} <max{p(v) :ve Af} <t

Consider any z € Z? and note from the previous observation that max{y(v): v €
Qf |} <t. By the classification in Step 2 of Algorithm 1, z € ZZ means that during
its round, z was classified as a “backwards-spoiled” vertex. This implies that
2= dthss_z(z), where tq = max{p(v) :v € QF,}. Since tq <t, we deduce 2 = dpp(2).

Moreover, since to < z we deduce that Ngs(z) = N P (2) € W c W, where the
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first inclusion follows from Lemma 6.4.2(xiv) and the second from Lemma 6.4.2(v).
This holds for every z € ZF, thus proving (ix).
Finally, to check (x), we use (ix) to estimate the number of edges in FE[ZF W/[].

We have
21Zf| = e(FP[ZF W]]) < 2Wf,

implying (x). [ |

The next lemma collects more properties of the output given by the algorithm.
Item (iv) is crucial: for every ¢, it states an inequality involving both cf,c¢P and
pR(AR), pB(AB). In a nutshell, the inequality says that not all of those values
can be small. Since in our setting we will have 1/t « 1/¢ «< 1, the right-hand side

of the inequality is essentially 2t.

Lemma 6.4.7. Let { € N be even. Suppose that Ky has a restricted 2-edge-
colouring. For allt € N and * € {R, B}, let F},Qf T, Af o, Wr X[} Y, ZF be
as defined by Algorithm 1. Then there exist Y,;* € D} ¢ Wr uY,* for allt e N
and * € {R, B} such that

(1) pR(AR) - pR(AR) <2|DE N~ DE|+2|X[F N XE|, for every t' > t;

(i) 2|DB|>2|DEFu XEu ZE| - plt(AR);

(iit) iof pB (AP) >0 for some t' > t, then 2|DP| > 2|DF| + | X[t u Z[}| - pR(AR);
(iv) cf+cP+ LpR(AF) + 5pP(AP) > 2(1-8/0)t - ¢,

and similar statements hold if we interchange R and B.

Proof. Let UF := {w e Wl p(w) <t} and let DF := Ut uY,E. Intuitively speak-
ing, DI corresponds to the red vertices in [¢] which form part of the blue path-
forest F* and, at the same time, are already declared as useful vertices at round ¢.

Note that A® = DEu XFu ZE, where this follows from Lemma 6.4.2(ix).
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Hence, using Proposition 6.4.1(ii), we have
P (AL) = o (D7) + pif(X[) + i (Z7) = pit (DY) + prt (X[F). (6.4.4)

as dpr(z) =2 for all z € Z%.
Now let ¢ < #'. Note that Ut ¢ UJf for ¢ < ¢'. Thus we can write D} u X[}
as a disjoint union, as (D[ ~ DF) u (X[F ~ X[) u (D u X[?). Hence, using

Proposition 6.4.1(ii), we have

(6.4.4)
pi(AR) = pf(DF) + pl(XF

= pir (D~ DY) + pif (XS XF) + py (DfF 0 XTF)
(6.4.4

)
= p (Dif S DY) + pif (X~ X + o (AFY)

2D~ D+ 2 X5 X+ pf (A7),

where the last inequality follows from Proposition 6.4.1(i). This proves (i).

Now we check (ii). Let GIt:= FE[{1,...,t}]. Since F[ is a red path-forest, G
is a bipartite graph. Since every edge of I joins a red vertex with a blue vertex,
we might assume one of the bipartite classes of GI* consists only of red vertices, and
the other one has only blue vertices. If v € B with dpr (v) >0, then ve WP UY,B
by Lemma 6.4.6(i). If v e WP with dgr(v) >0, then by Lemma 6.4.6(ii) we must
have ¢(v) <, and so v € UP. Hence if v € B with dpr(v) > 0, then v € Df.

Therefore,
e(GF) <2|DP|. (6.4.5)

Now we want to estimate e(Gf*) by counting ¥,cpap dgr(u). First, we claim that
for every uwe Rn[t], dgr(u) = dpr(u). Indeed, otherwise there exist u € R n [t]

and v € B\ [t] such that uv is an edge in FF. In particular, v € V(F[), but this
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contradicts Lemma 6.4.2(xiii). Using this we can calculate

e(Gi)= Y dgn(u)= % dpr(u)

ueRN[t] ueRN[t]

2 Z dFtR(u) = Z dFtR(u)

ueDFUX[FUZE ueDFUX[FUZE

=2Dfuxfuzf- Y (dpr(u)-2)

ueDFuXFuZE

=2ID v X" U ZF| - pit(AY).

Together with (6.4.5), we obtain (ii).

To see (iii) proceed similarly while considering the graph FE[{1,... ,t} uX}u
Z%]. We use the assumption that ¢ > ¢ and pf | (AP) > 0 to get XF\ XF =2
from Lemma 6.4.6(v). Thus (X~ [t])u ZF = ZF. Lemma 6.4.6(ix) says that,
for every u e (XFN[t])uZl = Z]}, Npr(u) ¢ W2E and dpr(u) = 2. Counting
the edges of FE[{1,...,t} uXFuZEF] in two different ways, as before, gives the
desired inequality.

By adding (ii) and its analogous version, we get
SO(AR) + SpP(AP) 2 X0 ZF U XP U 2P (646
Lemma 6.4.6(vi) implies that
B o(1-8/0)t—|XFuzZFuXPUZE -0,
which together with (6.4.6) implies (iv). |

6.5 Proor or LEMMA 6.2.1

6.5.1 Evolution of p?(AF) and pP(AP)

To prove Lemma 6.2.1, we will consider the path-forests F*, FP for every ¢ > 1,

as constructed by Algorithm 1. If given € and kg, for some t > ky we have
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max{cF cP} > ((9+17)/16 - ¢)t, then we are done. Therefore, assuming this is
not the case, we will deduce information about the evolution of the parameters
pR(AE) and pP(AP) as t increases, which we will use to finish the proof. We
remark that for the rest of the proof it suffices to use the properties of Fff and F}P
ensured by Lemmas 6.4.2, 6.4.6 and 6.4.7, instead of appealing to Algorithm 1.
First, we show that if pP(AP) > ¢ then there exists ¢’ > ¢ such that pZ(AP) < ¢
(or we are already done). That is, almost all vertices AZ have degree 2 in the red
path-forest at round t’. In words, the blue useful vertices which are defined at
round t will eventually get used (i.e., joined with red waiting vertices) at some

round in the future.

Lemma 6.5.1. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-
colouring. Let FyF,Qf Ty Af, o, W XY, Z) be as defined by Algorithm 1.
Suppose pP(AB) > (. Then there exists t' > t such that pF(AP) < € or cf >
(1-9/0)t".

Proof. Suppose that pZ(AP) > ¢ for all ¢ > ¢ (or else we are done). Using
Lemma 6.4.6(v) we deduce that X[f = X for all ¢’ > ¢. Using Lemma 6.4.6(x), we

deduce that |Z[| < |WJ| for all ¢’ > t. We have shown that for every ¢’ > ¢,

X +1Z | < X+ WP < e, (6.5.1)

where the last inequality follows from Lemma 6.4.6(i). Now choose t* = ((t + (/2),

and note that t* >¢t. Then Lemma 6.4.6(vi) implies that

cE>(1-8/0)t-|Z}
(6

- X3

02
5.1)
> (1=8/O) —t—1)2

= (1-8/0)t" = (t+/2) = (1-9/0)t".

This completes the proof. [
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Now, we show that if p? (AP) > ¢, then there exists a ¢’ > ¢ such that pZ(AZ) < ¢
(or we are already done). This differs from Lemma 6.5.1 in the following: in the
previous lemma we argued that, for a fixed t, there was another round ¢’ in the
future such that the useful blue vertices from AP were “used” (i.e., pf(AP) < 0).
Now, we show that there exists a round t’ in the future where the set of available
vertices of that round is empty (i.e., pF(AF) < £). Thus, there is always some

round where “all” of the available vertices at that round are used.

Lemma 6.5.2. Let { € N be even and 1/ty < 1/{ < & < 1/2. Suppose that Ky
has a restricted 2-edge-colouring. Let F, Qf, I't, Ay, o, Wi, X[, Y, Z} be as
defined by Algorithm 1. Suppose that ptBO(AtB;) > (. Then there exists t' >ty such
that pB(AB) <0 or max{cl,cB} > (2v/2-2-¢e)t.

Proof. Let a:=3-2v/2~0.1715. Suppose the contrary, that is, for all ¢t > ¢, we

have
pB(ABY >0 and cf,cP < (1-a-e)t. (6.5.2)

Note that (6.5.2) together with Lemma 6.4.6(iii) implies that for all ¢ > ¢y, QF # .

Together with Lemma 6.4.6(iv) we deduce that, for all ¢ > ¢,
X = X1 (6.5.3)

Since 1/¢ «< ¢, from (6.5.2) we deduce that max{c?,cf} < (1 -9/¢)t holds for
all t > tg. Therefore, by Lemma 6.5.1, there must exist some ¢ > ¢y such that
pi(Af) <.

We use similar arguments to define the following sequences of integers, t;, !, t?
and tP, for all i > 0. Given ¢;, define I, to be the minimum ¢ > ¢; such that
pit(AfY) < £ (similarly as before, this exists by Lemma 6.5.1, (6.5.2) and 1/¢ < ¢).
Define ¢;,1 := max{t®,,t2 } and t/,; := min{¢f, ¢8 }.

Analogously, define t2

i+1°
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This defines sequences ¢;,t; such that, for all > 1,

ti-1 < t; < ti,
win{pf(AT ) pE(AP)) <.

pr(AL

ti-1

)7/)5(145_1) < g

For convenience, let t_; := 0 and, for every i > 0, let I; := {t;, 1 +1,...,t;}. For

every i >0 and * € {R, B}, let
xi=|Ln X | and 27 = |[;n Z]|.
Lemma 6.4.6(vi) and (6.5.2) imply that

(L-a-e)t;>cff > (1-8/0)t;—|ZE| - |X[P| - ¢/2

>(1-8/0)t; = > (a7 +27)-1/2,

Jjelilo

and a similar inequality also holds for };c;, (xéLz + z]R) In summary, using

1/t; < 1/ty < 1/0 «< €, we have, for all * € { R, B},

Y (@ +20) 2 (a+ef/2)t;. (6.5.4)

je[i]o

Consider any i > 1. Write T; = ¥ ;) ;. Lemma 6.4.2(v) and Lemma 6.4.6(vii)

imply that

1 1
VPN Y22 ViR N Y2 2 5 (o (AR = o (AL, ) = 0 2 5 (orl, (A7) = 20)

ti-1

and that a similar inequality holds for [Y;® \Y;® |. Hence by combining both

inequalities and using Lemma 6.4.7(iv), we have

1
Vo N Y2+ S Vi 2 S (ol (AL ) + o, (AR) = 2



CHAPTER 6. DENSE MONOCHROMATIC INFINITE PATHS 137

Lem. 6.4.7(1
> 2(1 8/0)ti1 — it —cf 30

(6.5.2)
> 2(1—8/6)751'_1—2(1—Oé—€)ti_1—3£

= 2(0& + €)ti,1 - 1615@,1/6 -3¢

> 2(& + E/Q)ti_l,

where the last inequality follows from 1/t; 1 < 1/ty < 1/¢ < . Hence, for all i > 0,

summing over all j <7 we get

Y2 UYE > 2(a+¢e/2)T;. (6.5.5)

Claim 6.5.3. For alli>1, WEUWPuXPuZP|> (a+¢/2)(Ti1 - Tio1) - to.

Proof of the claim. Recall that for all ¢ > 0, T; = ¥, t5. Thus Thy = Tiq =
t; +t;;q for all ¢ > 1. Hence, to prove the claim is equivalent to proving that
WEUCWE UXPUZP| > (a+€/2)(tin +t;) —to holds for all i > 1. Let i > 1 be
fixed for the rest of the proof.

We divide the proof into two cases. First suppose that t2, > tF,. Thus t;,; =

i+l =

t5,, which by definition is the minimum ¢’ > ¢; such that pf(A) < ¢. In particular,

i+10

pr 1 (AP) 2 (. By Lemma 6.4.6(x), we deduce [W/2| > |Z]!

tiv1

= Zjé[i+1]o Zj . Hence

WEOWEUXPUZE| > W+ IXPuZP|> Y 2f+ Y (2P +2P)

jeli+1]o Jelilo
(623 > (x +zR) ol + Z(:L‘ +zB)
jG z+1 ]e
(6.5.4)

> (a+¢e/2)(ti+ti) -

so the claim holds in this case.

B R
i+1 < tz+1

By the choice of t#,, Lemma 6.4.6(x) implies that

i+10

Now, suppose that ¢
(Wil 212

= Yje[i+1]o 7y - By a similar argument together with Lemma 6.4.2(v),

tiv1

we get |WP| > |Zt%1| 1ZE| = ¥jefig, 25~ The choice of t;,, = tf, implies that
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pit 1 (Af) 2 £, thus Lemma 6.4.6(v) implies that X = X{ and so 2, = 0.

Using these bounds together, we get

WEOWEuXPuZl > W+ WP+ |XP

> ) Y g ) A

je[z’+1] jeilo jelilo
Z (w +ZB)+ Z (x +ZR) ol
je[i+1]o je[e
(6.5.4)
> (a+¢e/2)(t; +tir1) — to.
This finishes the proof of the claim. 0

Now we use Lemma 6.4.2(i), Claim 6.5.3 and (6.5.5), to get

Lem. 642

ti -2 - | XE |YB Vi +WihuwPuXxPuZzp

Clalm 6.5.3

|YBUYR|+ (Oé+€/2)(,I’H1 7;,1) —to

(6.5.5)
> 2(a+¢e/2)Tio+ (a+e/2)(Ti —Ti-1) - to

= (a+¢/2)(Tie1 + Tiva) — to. (6.5.6)

Now, by the definition of T} = D jefilo by 1t follows that for all ¢+ > 1, T; - T;_1 = t;.
Hence, (6.5.2) and Lemma 6.4.6(vi) imply that

(652) g
(I-a)(T;-Tis) = (1-a)t; > ¢

Lem. 646 (vi)

(1=8/0)(t; - |Z[| - | X)) - ¢/2
(6'2 (1-8/0)[(c+&/2)(Tizy + Tinr) — to] - £/2
> (1-8/0)(a+¢e/2)(Tia + Tiva) —to - £/2

> (Oé +5/4)(,-Ti—1 +,-Ti+1) -ty —6/2,

where the last inequality follows from 1/¢ « e. Rearranging, we get 0 > (o +

e/d)Ti1 - (1-a)T;+T;_y — tg— /2. Therefore, Lemma 6.3.3 (and our choice of «)
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implies
0<(1-a)®-4(a+e/d)<1-6a+a*=0,

a contradiction. n
Now we are ready to prove Lemma 6.2.1.

Proof of Lemma 6.2.1. Let «:= (7T-\/17)/16 ~ 0.27214. Without loss of generality,

we can assume € < «. Choose ¢, k{ € N such that ¢ is even, k{ > ko and
0<1/k) <1l < e < a. (6.5.7)
We will repeatedly use Lemma 6.4.2(i), which says that, for all ¢ >0
t=" 3 XTI+ |+ 12|+ [Wy) . (6.5.8)
+e{R,B}
Lemma 6.4.6(vi) and (6.5.8) imply that for all ¢ >0,

off 2 (1=8/0) (W v Y|+ WP uYP|+ X" u Z[T]) - {2, (6.5.9)

and a similar bound is true after replacing R by B.

We can suppose that for all ¢ > ky we have
kP <(1-a-et, (6.5.10)

or else we are done. Now, suppose t > kj. From (6.5.10) and Lemma 6.4.7(iv), we

get

2(1—;)—es2(1—a—a)t+%(pf(Af)ertB(AtB)),



CHAPTER 6. DENSE MONOCHROMATIC INFINITE PATHS 140

which, after rearranging, becomes
pR(AR) + pB(AP) > 4(a+5— %)t—%z 20,
where the last inequality follows from (6.5.7) and ¢ > k. We deduce that
pR(ARY > Cor pP(AB)Y >0 V> K. (6.5.11)
Without loss of generality, we may assume that p,f% (A,f% ) > {. Note
1-a=(9+/17)/16 < 0.82020 < 0.82842 < 21/2 - 2,

thus, using (6.5.10) together with Lemma 6.5.2 and € < a, we deduce there exists
t > k{ such that pP(AP) < (. Let t; be the minimum of all such possible ¢. Note
that pff(Afl) > £ by (6.5.11). Similarly, we can define ¢; to be the minimum ¢ >
such that pft(AF) < ¢. Now proceed in a slightly different way and define ¢, to be
the minimum ¢ > ¢; such that pf(Af) < £. Note that ¢, exists by Lemma 6.5.1
and (6.5.10), and that ¢y <t < ts.

Lemma 6.4.6(vi) and (6.5.10) imply that for all * € {R, B} and i € [2],

1X:uZi| 2 (a+e/2)t;. (6.5.12)
Claim 6.5.4. There exist
HEcYROUWS and HP cYP oW} (6.5.13)
such that
|HR =|XPuZf| -, and  |HP|=|XPuZP|+|XEuzZF -t (6.5.14)

Proof of the claim. For every € {R, B}, consider D; ¢ Y,* uW} as given by
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Lemma 6.4.7. Note that pg (Af) <. Then Lemma 6.4.7(i) implies

PP (AD) =< pP(AD) - pP(AR) <2|DP N DP|+ 2| X2~ X

<2|Df|+2|XP \ XP|.

By the choice of ¢y and t1, pf(AF) > ¢ for all 5 < ¢’ < ¢;. Lemma 6.4.6(iii) then

K +gforalt’e{ty,...,t1—1}. Therefore, Lemma 6.4.6(iv) implies

implies that €2

that X ~ X = @. Hence,
pr (AP) <2|Df| + . (6.5.15)
Lemma 6.4.7(ii) and (6.5.15) together imply that
2|Df| > 2D+ 2| X2 u ZP) - pP (AP) > 2|XP u ZP| - 0. (6.5.16)

Recall that pff(Aff) < and p_(Af) > £. By Lemma 6.4.7(iii),

21D > 2IDf|+2|X[FuZE - pit(AfR) > 2|Dff| + 21X u Z[H| - ¢

(6.5.16)
> 2XPuZzp+21xuZf] -2
Thus |Df| > | XP u ZP|+|XFu ZE| - € and |Df| > | X u ZP| - ¢, which implies the

existence of a set H* ¢ D} ¢ Y,* UW}* of the desired size for each * € {R,B}. O

Since k{ < tg <ty < to, we have 1/ty,1/t; < 1[0 < a,e. Let H® and H? be

given by Claim 6.5.4. Let

a:=|XPuZf,
bi=|XuZf,
c=[(XFuZ)~ (XPuZzp), and

d:=|(XFouzZE)y~ (X[FuZh).
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Thus, by 6.5.14, |Hf| = a -/ and |HB| =a+b+d-{. Also note that, by (6.5.8)
and (6.5.13), we have

= Y2 oWl +|YEoWE +|XP o ZP|+ | XFuzf
> [HP|+ |H" + | X v Z7| + X v Z]

=(a+b+d-0)+(a-0)+a+b=3a+2b+d-20. (6.5.17)

Let § :==¢/2 and p:= a+ 0. Since a = (7-+/17)/16 is the least real root of the
polynomial 822 - 7x + 1 and 0 < € < 1/2, it follows that 1 < 7p — 8p2.
Now we use the previous bounds to get
6.5.10) clt
l-a-¢ ( > gt
t1

059 (L-8IOWEO Y]+ W2 0YE|+ X80 ZE) - 1
> i
(6:3.) WEOYE +[WEuYP|+|X[EuZE -1/2 8
WEOY R+ WP OYB|+ | XEuZE|+ | XPuZB|

Now, note that for z > 0 and a > b > 0 it holds that (a+x)/(b+x) > a/b. By (6.5.13)
it holds that [HE| < [WuYH| and |[HB| < |[WP uY,P|. Using this, we deduce

|quY;?|+|quYf|+|X§uZ§|—€/2 8
WEOYE + WP Y B+ | XFuZE| +|XPuZP| ¢
(6:3.13) |HE|+ |HB|+ | X u Zf| - ]2 8
|HE|+|HB |+ | XFuZE|+ | XPuZP| ¢
20 +2b+d-50/2 8 2a+2b+d ¢

>-__ - — _ -
3a+2b+d-2¢ ¢ 3a+2b+d 2’

l-a-¢

where the last line follows from (6.5.7), (6.5.12) and 1/t; < 1/¢ < a,e. Rearrang-

ing, we get p <a/(3a+2b+d), and, recalling that 1< 7p —8p?, we have

3a+2b+d< (7-8p)a. (6.5.18)
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A similar argument (by estimating ¢/ /t1) shows that
3a+2b+d< (7-8p)b. (6.5.19)

Next, we would like to estimate ¢f}/t; and cff/t,. By the choice of t,

Lemma 6.4.7(iv) and (6.5.10),

PP (AP) > 4(1=-8/0)t1 =20 = 2(cft + ) - prt(Af
>4(1-8/0)t1 -20-4(1-a—e)ty -4

> 4(a +2¢/3)ty,

where the last inequality follows from (6.5.7). Together with Lemma 6.4.6(vii)

and the choice of 5 we get

VNV 2 p(AR) - (AD)
> A(a+2e/3)t; 20
(6.5

17
3 40+ 2¢/3) (30 + 2+ d - 20) - 2

> 4p(3a+2b+d),

where the last line uses 1/t; < 1/¢ «< . Thus we deduce

YD NYP>2p(3a+2b+d). (6.5.20)
Using Claim 6.5.4, we get
6.5.10) cB
l-a-¢ ( 2 ) G
to
659 (1=8/O)/(IW L Y|+ [WiZ uYZ|+ X5 v ZE) - /2
> i
(6.5.8) WEOYE + WEUY S|+ XBuZE| -2 8

|W£UY;§| + |V[/t’2B uY;f| +|XBuZB|+ |X£UZ£ 14

t2 2
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6513)  |[HE|+|HB|+|Y,E VB +|XBuZB|-1)2 8
© HR P YN YA XEOZE < [XE oz 1
65200 |HE[+|HB|+2p(3a+2b+d) +|XJuZE|-(/2
~ |HE|+|HB +2p(Ba+2b+d) + | XE v ZP|+ | XFu Zf
(65.14)  2a+b+d+2p(3a+2b+d)+a+c—3(/2 8
“ 2a+b+d+2p(3a+2b+d)+a+c+b+d-20 (
3a+b+c+d+2p(3a+2b+d) €

3a+2b+c+2d+2p(3a+20+d) 2

8
(

where the last inequality follows from (6.5.7), (6.5.12) and 1/t < 1/{ < a,e.
Rearranging, we get p < (b+d)/[(1+2p)(3a +2b+ d) + c+ d]. Recalling that
1<7p—-8p?, we get

(1+2p)(Ba+2b+d)+c+d< (7-8p)(b+d). (6.5.21)

A similar argument (by estimating cf /t;) shows that

(1+2p)(3a+2b+d)+c+d<(7-8p)(a+c). (6.5.22)

By (6.5.18), (6.5.19), (6.5.21) and (6.5.22), we deduce that Az < 0, where
x = (a,b,c,d)! and

Tp—=2 1+2p 4p-3 1+p

3+6p 12p-5 1 10p -5

Now consider the column vector y = (7 - 12a,2 - 4, 1,3 — 4a)t. Then y > 0 and
y'A = ((81-120cx)d, (54 —80cx)d, 40, (31 —40cx)d) > (9, 6,9,0) > 0. Since Az <0 and

z,y >0, we get

0> (y*A)x > (6,,0,0)x=6(a+b+c+d) >0,
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which is a contradiction. ]



777

FURTHER DIRECTIONS

In this chapter, we discuss possible directions for further research, based on the

different topics contained in this thesis.

7.1 ASYMPTOTIC BOUNDS FOR THE STRONG CHROMATIC NUMBER

Recall that the main result of Chapter 3 was Theorem 1.2.2; which established
an asymptotically tight upper bound on the strong chromatic number, valid for
graphs with linear maximum degree, thus obtaining a weak asymptotic version of
a conjecture of Aharoni, Berger and Ziv (Conjecture 1.2.1).

The obvious open question is the validity of the whole conjecture.
Question 7.1.1. Does every graph G satisfy xs(G) < 2A(G)?

We suspect that the full answer is difficult and requires fundamentally new
ideas. As a more attainable goal, it would be interesting to establish some
strengthening of Theorem 1.2.2. Our proof works in the case where the graph G
has a “linear” lower bound on the maximum degree, the number of vertices is
large, and gives xs(G) < (2+¢)A(G) as a result. Under the same hypotheses, is

it possible to remove the error term in our result?

Question 7.1.2. Let ¢ > 0. Does every sufficiently large graph G on n vertices,

with A(G) > en, satisfy xs(G) < 2A(G)?

146
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A possible strategy to tackle this question would be to use our method combined
with some stability analysis of the extremal cases. However, we suspect this could
be difficult, as the extremal examples can be very far from having “partial strong
colourings”. For instance, Szabé and Tardos [68] described examples of graphs G
with maximum degree A(G) = A, together with a partition of P into clusters of
size 2A — 1 such that P does not admit any independent transversal.

In a different direction, another possible strengthening would be to remove
the lower bound on the maximum degree. We remark that, even with the error
term in the conclusion, our proof collapses in this case, since we need some lower

bound on A(G) to build the absorbing structures.

Question 7.1.3. Let € > 0. Does every sufficiently large graph G satisfy xs(G) <
(2+e)A(G)?

Now we concentrate on tilings. Recall that we deduced Theorem 1.2.2 from a
result on tilings with independent transversals (Theorem 1.2.3), which is easily
seen to be equivalent to an statement on tilings with complete graphs in partite
graphs (Corollary 1.2.4). More precisely, the corollary states that for any > 0,
any positive integer k£ > 3, and n large enough, all k-partite graphs with classes of
the same size n and minimum degree at least (k—3/2 +¢)n contain a Kj-tiling,
which is best possible up to the error term en.

This result is related, but different, to multipartite versions of the Hajnal-
Szemerédi theorem, as obtained by Lo and Markstrom [52] and Keevash and
Myecroft [44,45]. In their results, they consider a “multipartite” notion of minimum
degree. Assume that the partition of a k-partite graph G is given by {V1,..., Vi }.
In their setting, they ask that for every distinct 7,5 € [k], the minimum degree of
G[V;uV;] is bounded below uniformly over the choice of ¢ and j. In our case, the
lower bound is on the minimum degree of G only.

It would be interesting to generalise these results to the setting of finding

KF-tilings (i.e., tilings with complete k-graphs on ¢ vertices) in t-partite k-graphs.
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It is also probably very challenging to do so, since for general values of t > k > 3 the
values of t(n, KF) (i.e., the codegree threshold which guarantees perfect KF-tilings)
are not known. That is, there is no known analogue of the Hajnal-Szemerédi
theorem for k-uniform graphs, let alone a “multipartite” version.

For KF-tilings in general graphs, Lo and Zhao [56] proved that that there exist

constants ¢y, co > 0, depending on k only, such that

Int Int
(1 = 0(1))n <t(n,KF) < (1 = 0(1)) n.

Some results about KF-tilings in ¢-partite k-graphs were obtained by Lo and
Markstrom [52], which we proceed to describe. Let ¢t > k > 3, and v > 0, and
suppose n is sufficiently large. Let H is a t-partite k-graph with a vertex partition
P = {Vi,...,Vi} into clusters of size n each. Assume that for every P-partite

(k—1)-set S, and for every cluster V; disjoint from S, the set S has at least

1
1l + 7) n
-1 -2
( (1) +2(:2)
neighbours in V;. Then H has a K}-tiling. It is not known if this value is best

possible for general values of k£ and ¢, and further research would be interesting.

7.2 COVERING AND TILING HYPERGRAPHS WITH TIGHT CYCLES

Now we discuss results on covering and tiling thresholds for tight cycles, as
discussed in Chapters 4 and 5.

We start by considering covering thresholds. Let s > k£ > 3. Theorem 1.3.4 and
Proposition 1.3.6 together imply that ¢(n,C¥) = (1/2 + o(1))n for all admissible
pairs (k,s) with s > 2k2. A natural open question is to determine c(n,C¥) for the
non admissible pairs (k,s). The smallest case not covered by our constructions is

when (k,s) = (6,8), and Proposition 1.3.7 implies that ¢(n,C§) > |n/3] - 4.

Question 7.2.1. Is the lower bound for c(n,C¥) given by Proposition 1.3.7
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asymptotically tight, for non admissible pairs (k,s)? In particular, is c¢(n,C$) =

(1/3+o(1))n?

Now, we consider the Turan thresholds. Theorem 1.3.4 and Proposition 1.3.6
also show that ex;_1(n,C*) = (1/2 +o(1))n for k even, s > 2k? and (k,s) is an
admissible pair. We would like to know the asymptotic value of ex;_(n,C¥)
in the cases not covered by our constructions. Proposition 1.3.7 implies that
ex_1(n,C*) > |n/k]| - k + 2 for s not divisible by k; but on the other hand, if
s =0 mod k then exy_1(n,C*) = o(n), which follows easily from Theorem 1.3.2.

The simplest open case is when k = 3 and s is not divisible by 3. Note that
C3$ = K3, and the lower bound exs(n,C?) > (1/2+ o(1))n holds in this case, as
shown by Czygrinow and Nagle [14]. We conjecture that in the case k = 3, for s > 4
and not divisible by three, the lower bound given by Proposition 1.3.7 describes

the correct asymptotic behaviour of exy_1(n, CF).
Conjecture 7.2.2. exy(n,C3) = (1/3 +0o(1))n for every s >4 with s # 0 mod 3.

Finally, we discuss tiling thresholds. Let (k,s) be an admissible pair such
that s > 5k2. If k is even, then Theorem 1.3.9 and Proposition 1.3.8 imply that
t(n,C*) = (1/2+1/(2s) + o(1))n. We conjecture that for & odd, the bound given

by Proposition 1.3.8 is asymptotically tight.

Conjecture 7.2.3. Let (k,s) be an admissible pair such that k > 3 is odd and
s>5k%. Then t(n,C*) = (1/2+k/(4s(k —1) +2k) + o(1))n.

Note that, for k£ odd, the extremal example given by Proposition 1.3.8 is an
example of the so-called space barrier construction. However, it is different from
the common construction which is obtained by attaching a new vertex set W to
an F-free k-graph and adding all possible edges incident with WW. On the other
hand, for k even, it is indeed the common construction of a space barrier.

It also would be interesting to find bounds on the Turédn, covering and tiling

thresholds that hold whenever k < s < 5k2. The known thresholds for these kind
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of k-graphs do not necessarily follow the pattern of the bounds we have found for
longer cycles. For example, note that C’,’j .1 is a complete k-graph on £+ 1 vertices,
which suggests that for lower values of s the problem behaves in a different way.

Concretely, when (k, s) = (3,4), it is known that t(n,C?) = (3/4 + o(1))n [44,53].

Question 7.2.4. Given k > 3, what is the minimum s such that t(n,CF) <

(1/2+1/(2s) + o(1))n holds?

Finally, it would be interesting to see what is the analogous of “El-Zahar’s
conjecture” (Conjecture 1.3.1) in the case of k-uniform hypergraphs and tight

cycles of length at least £ + 1 each.

Question 7.2.5. Let k> 3. Let H be a k-graph on n vertices and let ny,...,n, >
k+1 be integers such that ny +---+n, =n. What is the minimum value of §x_1(H),
which ensures that H contains r vertex-disjoint tight cycles of lengths nq,...,n,

respectively?

It is not clear what a plausible value for the best lower bound should be. We
describe a family of extremal examples for the case of graphs, when k = 2. Given
ny,...,n, not all even, an example that shows tightness of the lower bound in
Conjecture 1.3.1 consists on a complete tripartite graph where one cluster has
size one less than the number of n; which are odd, and the other two remaining
clusters have size as equal as possible. Since every odd cycle in this graph must
intersect all three clusters, it cannot contain vertex-disjoint cycles of the required
lengths.

How should one adapt such a construction for the k£ > 3 case?” The lower
bounds given by the constructions in Propositions 1.3.6-1.3.8 deal with a single
cycle length s, and the constructions themselves are usually different for each value
of s. Thus it is not immediately clear how to adapt them to construct graphs with

large codegree which avoid vertex-disjoint cycles of different lengths nq, ..., n,.
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7.3 DENSE MONOCHROMATIC INFINITE PATHS

We discuss possible further questions around Chapter 6, where we investigated
monochromatic infinite paths.

The most natural question would be to ask for the best possible lower bound in
Theorem 1.4.1. This has already been solved by Corsten, DeBiasio, Lamaison and
Lang [12], who showed that every 2-edge-colouring of K}y contains a monochromatic
path P with d(P) > (12 +v/8)/17 ~ 0.87226 and that this constant cannot be
further improved.

Perhaps the next natural question is to ask what happens if we consider
r-edge-colourings of Ky, for r > 3. Recall that by the result of Rado [61], every r-
edge-colouring of Ky contains a monochromatic path P with d(P) > 1/r. DeBiasio
and McKenney [15, Example 3.4] show that if r — 1 is a prime power, then there
exists a r-edge-colouring of Ky where every monochromatic connected subgraph
H satisfies d(H) < 1/(r —1). They conjecture that this upper bound can be

attained with monochromatic paths when r = 3.

Conjecture 7.3.1 ([15, Conjecture 8.2]). Fvery 3-edge-colouring of Ky contains
a monochromatic path P with d(P) > 1/2.

The use of prime powers in the previous upper bounds arises from the use of
finite affine planes of order r — 1 to define the colourings, which are only known
to exist for values which are powers of primes. By using these constructions,
DeBiasio and McKenney [15, Corollary 3.5] show that for general r > 3, if ¢ is the
largest prime power satisfying ¢ < r—1, then there exists a r-colouring of Ky where
every monochromatic connected subgraph H satisfies d(H) < 1/q. Elementary
arguments about prime numbers show that this choice of ¢ satisfies 1/¢q < 2/r; but
also that ¢/r approaches 1 whenever r goes to infinity. It would be interesting to

establish further upper bounds for general r.

Question 7.3.2. Giwen r > 3, what is the best possible value of d >0 such that
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every r-edge-colouring of Ky contains a monochromatic connected subgraph with

d(P)>d?
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