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EXAMPLES OF POINTED COLOR HOPF ALGEBRAS

NICOLAS ANDRUSKIEWITSCH, IVAN ANGIONO, DIRCEU BAGIO

ABSTRACT. We present examples of color Hopf algebras, i. e. Hopf alge-
bras in color categories (braided tensor categories with braiding induced
by a bicharacter on an abelian group), related with quantum doubles of
pointed Hopf algebras. We also discuss semisimple color Hopf algebras.

INTRODUCTION

Color Lie algebras appeared in [Re| (under the name generalized Lie al-
gebra of type x), were rediscovered in [S] and then studied in several papers,
e. g. [BaPl [Hul Kyl [CSO] [ScZl, [CPOL Mo]. A color Lie algebra is a Lie
algebra in a symmetric tensor category, namely the category of G-graded
vector spaces over a finite abelian group G with symmetry given by a skew-
symmetric bicharacter 5 : G x G — k*. Hopf algebras, unlike Lie algebras,
can be defined in braided tensor categories. In this paper we study Hopf
algebras in the braided tensor category of G-graded vector spaces with braid-
ing given by a (not necessarily skew-symmetric) bicharacter 5 : Gx G — k*:
we call them color Hopf algebras. Pointed Hopf superalgebras were consid-
ered in [AAY] in relation with the classification of finite-dimensional Nichols
algebras of diagonal type [H1]. However some of the Nichols algebras in the
list of are neither of standard (close to simple Lie algebras) nor of su-
per type. We wonder whether they are related with color Hopf algebras,
and this is one of the motivations of the present article, whose contents we
describe next. Section [ is devoted to basic constructions and results in
color categories; albeit these are particular instances of constructions and
results in braided tensor categories, we feel that the explicit formulae in this
context might be useful for the reader. We also relate the symmetric color
categories with the classification of semisimple triangular Hopf algebras over
a algebraically closed field [EGI] [EG2]. In Section 2] we adapt the lifting
method [AS] to the setting of color Hopf algebras. In Section Bl we pro-
duce color Hopf algebras versions of the quantum doubles of bosonizations
of color Nichols algebras. We introduce the notion of consistent coloring of
a generalized Dynkin diagram, meaning that is preserved by the movements
of the Weyl groupoid. In Section [, we discuss some examples of semisimple
color Hopf algebras.
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1. PRELIMINARIES AND NOTATION

Let k be an algebraically closed field of characteristic 0 and k* =k —{0};
all vector spaces, algebras and tensor products are over k.

Throughout this paper, G is a finite abelian group, denoted multiplica-
tively, and A = G = Hom(G,k*) is the character group of G. Then (e4)geca
denotes the canonical base of kG and Aut G the group of automorphisms
of G. The elements of the dual basis of (kG)* = k¢ are denoted by d,,
g € G. Let L be an abelian group and suppose that G acts on L; we de-
note by Z'(G, L) (resp. Z?(G, L)) the set of normalized 1-cocycles (resp.
2-cocycles). If A acts on a set X and x € X, then Stab4(X) is the stabilizer
of the action and A¥ is the isotropy subgroup of z. Cn, N € N, is the cyclic
group of order N. For an arbitrary group I', Z(I") denotes its center.

We also denote by G(C) the set of all group-like elements of a coalgebra
C. The category of left, respectively right, C-comodules is denoted by “M;
resp. MC. If B is an algebra, then the category of left, respectively right,
B-modules is denoted by pM; resp. Mp. When B is a bialgebra, P(B)
denotes the set of all primitive elements.

All Hopf algebras in this paper have bijective antipodes. Let H be a
Hopf algebra. We will denote by Aut H the group of Hopf algebra auto-
morphisms of H; and by HZ(H) the Hopf center of H, i. e., the maximal
central Hopf subalgebra of H [A]. We assume that the reader has familiar-
ity with tensor categories, see e. g. [BK], and with Yetter-Drinfeld modules
and bosonization, see e. g. J[AS]. Recall that a tensor functor between tensor
categories C and D (with associativity a) is a pair (F, ¢), where F': € — D
is an additive k-linear functor and ¢xy : F(X ® Y) — F(X) ® F(Y)
is a natural isomorphism such that apx) rr)rz) (Pxy ®1d) pxey,z =
(ild®¢y,z) ¢xyvezF(axy,z) for all X,Y,Z € €, and some compatibility for
the unit. If € and D are braided (with braiding ¢), a monoidal tensor functor
F:C — D is braided when for all X,Y € C

(1.1) cr(x),FV)PxYy = oy x Fcxy)-

1.1. Color categories. We denote by Vect® the category of G-graded vec-
tor spaces. Let V = ©yeqVy € Vect® and v e V. If v € Vy, then we write
|v| = g. The support of VissupV ={g € G : V, #0}. If v = EgeG Vg,
then the support of v is supv = s(v) = {g € G : vy # 0}. The cate-
gory Vect? is a tensor one: if V,W € Vect®, then V @ W € Vect® with
(VoW)y = ®h=gVr® W,. Let k, € Vect®, g € G be given by (ko) =k
if | = g and (kgy); = 0 otherwise. Thus any object is a direct sum of copies
of various k,. Then k; ® k;, ~ kgp,. The unit object is k = ky. The full
subcategory vect® of finite dimensional G-graded vector spaces is rigid: if
V € vect®, then V* = Hom(V,k) = @©geqVy, with V' = Hom(V,-1,k).

A bicharacter on G is a Z-bilinear form S : G x G — k*, that is,
(1.2)  B(gh,1) = B(g,1)B(h,1),  B(g,hl) = B(g,h)B(g,1), g,h,l€G.
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A commutation factor on G is a skew-symmetric bicharacter 3, that is

(1.3) B(g,h)B(h,g) =1, g9,h € G.
Let § be a bicharacter on G. Then Vect® is braided with braiding given by
c=cg: VAW -=WaV, c(veow)=P3ghwev, veV, weW,.

Here it is crucial that G is abelian, for ¢ to be a map of G-graded vector
spaces. Conversely, any braiding in the tensor category Vect® comes from
a bicharacter 8 on G. Furthermore, cg is a symmetry in Vect® if and only
if 6 is a commutation factor on G.

Definition 1.1. Let G be a finite abelian group and § a bicharacter on G.
We denote by Vectg the braided tensor category Vect® with braiding cg-
Any braided tensor category like this is called a color category with color .

Remark 1.2. (i). Let G, T be finite abelian groups,  and ¥ bicharacters on G
and I respectively, ¢ : G — T' a group homomorphism and 7 : GXG — k* a
normalized 2-cocycle. Then there is a tensor functor (F, ) : Vect® — Vect!
given by F(ky) = ky(g), P,k = V(g,h). Assume that for all g,h € G

(g, h)
1.4 B(g,h) = 0(¥(g), ¥(h :
(1.4) (g,h) = D(¥(g) ())v(h,g)
Then (F, ¢) : Vectg — Vect) is a braided tensor functor, see (L.
(ii) Let ¥ : (A x G) x (A x G) — k* be given by ¥((&, g), (n,h)) = n(g).
Then Vectg‘XG and ig‘j@ are equivalent braided tensor categories.

(iii) The color category Vectg is actually isomorphic to a braided subcat-
egory of ﬁg‘j@. Indeed, let x, x° : G — A be given by

(1.5) Xg(h) = B(h,g) = x5(9), g:heG.

Then the morphism G — A x G, g — (Xg4,9), together the trivial cocycle,
induce a braided tensor functor Vectg — Vect?XG ~ ﬁg‘j@. Explicitly, if
V e Vect?, then V € %ﬁg%@ with action and coaction

(1.6) eg-v = PB(g;v])v, 6(v) = €y ® v, veV,ged.

In what follows, we fix a bicharacter 8 and use the adjective graded for
notions in Vect®, that do not require the braiding, and color for notions in
Vectg, that do.

1.2. Graded algebras. A G-graded algebra is the same as an associative
algebra in Vect?. If V € vect®, then End(V) is a graded algebra with
End(V)y = {T € End(V) : T(V}) C Vg, forall h € G}, for all g € G. A
graded representation of a G-graded algebra B on V € vect® is a G-graded
morphism p : B — End(V); for general V, a graded representation is a
morphism into the subalgebra END(V) = @g4eq End(V), of End(V'). Note
that p : B — End(V) is a graded representation if and only if there is an
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action B® V — V that respects the grading. In this case, we say that V'
is a left graded module. Analogously, there are right graded modules. A
graded bimodule is a bimodule such that both the left and the right actions
are homogeneous. The respective abelian categories are denoted by gGM,
GMp and gGMp, with obvious morphisms.

Remark 1.3. Let B be a graded algebra and Bg = B#kG the smash product
algebra; this is the vector space B ® kG with the multiplication given by

(17) (:E#eg)(y#eh) = ﬁ(g7 |y|)$y#egh7 T,y € B7 g7h cG.
Note that if V € gGM then V € g, M by
(1.8) (x#eq)v = B(g, |v|)zv, xr € B, g€Gq, veV.

The reciprocal holds provided that $ is non degenerate. Indeed, if £ € A,
then there exists a unique he € G such that {(g) = B(g, he), for all g € G.
Let V. € p,M. Since G acts in V, V = ®ecaVe. Hence, V is G-graded
with Vj,, = V. The action of B is the restriction of the action of B¢, so
V € gGM. In this way, the abelian categories pGM and .M are equivalent.

1.3. Graded coalgebras. A G-graded coalgebra is a coalgebra C' in Vect®.
For instance, the dual coalgebra of a finite dimensional graded algebra is a
graded coalgebra. A (left) graded comodule over a graded coalgebra C' is a
left comodule V such that V' € Vect® and the coaction A : V — C ® V is
homogeneous. Right graded comodules and graded bicomodules are defined
in a similar way. These categories are denoted by CSM, SMC and CSMC.
Given a graded coalgebra C, we denote the coproduct by the following vari-
ant of Sweedler’s notation: A(c) = ¢ @ ¢®, ¢ € C. Analogously, for a
graded comodule V, we write: A(v) = v") @ v for all v € V.

Remark 1.4. Let C be a graded coalgebra and Cg = C#kG the smash
product coalgebra, i. e. the vector space C ® kG with coproduct and counit

(1.9) A(c#ey) = C(l)#€|c(2)‘g ® 6(2)#eg, e(c#ey) =e(c), ceC, ged.

As a consequence, C¢ is pointed if and only if C' is pointed and the grading
of the coradical Cjy is trivial. In this case, we say that C' is strictly pointed.

The abelian categories “GM and “¢M are equivalent. In fact, if V &
CGM, then V € “eM by

(1.10) A (v) = vk 0 @0, veV.

1.4. Color Hopf algebras. The bicharacter S is not needed to define al-
gebras and coalgebras in Vect®, but to define bialgebras and Hopf algebras.
First, 8 allows us to define the twisted product between G-graded algebras:
if B, B" are G-graded algebras, then BR B’ is the G-graded algebra with mul-
tiplication (z®@z)(y®y') = B(|2'], |y|)zy@2'y, for all z,y € B, 2’y € B'. A
color bialgebra is a bialgebra B in the category Vect, that is, B = DgeaBy
is a G-graded algebra and coalgebra such that A : B — B®B and ¢ are
morphisms of G-graded algebras. A color bialgebra H is said a color Hopf
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algebra when the identity map has a convolution inverse 8 € End(H) (that
we shall always assume is bijective.); 8 is called the antipode and satisfies
(i) 8(zy) = B(|x[, [y]) S(y)S(x) and
(i) A8(2)) = B(|lzW], [2P)]) 8(2®)) @ 8(«M), for all z,y € H.
Evidently, if 8 = ¢ is the trivial bicharacter, then a (G,¢)-color Hopf
algebra is a G-graded Hopf algebra, that is a Hopf algebra which is G-graded
algebra and coalgebra with respect to the same grading.

For example, the dual H* of a finite dimensional color Hopf algebra H is
again a color Hopf algebra.

Let H be a color Hopf algebra. Then H is a Hopf algebra in %ﬁg‘é@ by
Remark (iii). Let Hg = H#KkG be the bosonization of H, i. e. H @ kG
with multiplication and coproduct given by (7)) and (T.9). Observe that

S(atteq) = Blg~ =71, |2])8(@)Heg—1 11, reH ged.
Let 7CM be the category of graded modules with the tensor structure de-

fined as follows. If VW € pCM, then V ® W has the underlying tensor
product of G-graded vector spaces and the action of H given by

(1.11) h-(v@w) =B8R, |w)h Vv e hPw, veV, weW, heH.

The functor FCM — g, M in Remark [[3]is monoidal. The full subcategory
of finite dimensional graded H-modules is rigid; if V is such a module,
r € Hy, v* € V' = Hom(V},-1,k) and u € Vigpy-1, then H acts on V* by

0" Vg1 =k, (2-0")(u) = B(g, h)v* (8(x)u).

Similarly, ¥ @M denotes the tensor category of graded comodules with the
following tensor product. If V,W € 7€M, then

Av @ w) = B[, [w Yo DY @ 0@ @ w®, veV, wew

The equivalence €M ~ H&M in Remark [[4]is monoidal. The subcategory
of finite dimensional objects in €M is rigid. Indeed, given such a comodule
V and f € V*, the coaction A(f) = fY @ fO) is given by f=D fO(y) =
Bl @) 871 wD) f(v?), for v e V.

1.5. Triangular semisimple Hopf algebras and Scheunert’s trick.
The problem of classifying color Hopf algebras with commutation factor is
a particular case of the problem of classifying Hopf algebras in symmetric
categories. To start with this general problem, we may consider the cat-
egories of finite-dimensional representations of triangular semisimple Hopf
algebras. The classification of semisimple triangular Hopf algebras over k
was established in [EGI][EG2], whose notations and definitions we use freely.
We next summarize [EGI, Theorem 2.1] and [EG2, Theorem 3.1].

Theorem 1.5. Let (B,R) be a triangular semisimple Hopf algebra over
k, with Drinfeld element u. Set R, == 1(1®1+1®@u+u®1—u®u)

and R := RR,. Then there exist a finite group L, a subgroup K < L
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and a minimal twist J € kK ® kK such that (B, R) and (kL”, Iyt J) are
isomorphic as triangular Hopf algebras. Moreover, the data (L,K,J) is
unique up to isomorphisms of groups and gauge equivalence of twist. O

There is a well-known one-to-one correspondence between bicharacters of
G and quasitriangular structures on kA. For, consider the isomorphism of

Hopf algebras k¢ — kA given by dg — vg = ﬁ > a(gY)eq; then the
a€A
bicharacter S corresponds to the R-matrix

Rg = Z B(g,h) vy @ vp,.
g,heG
Under this identification, the Drinfeld element of (kA, Rg) is u € k¢ given
by u(g) = B(g,97 "), g € G. Also commutation factors of G correspond to
triangular structures on kA. Assume until the end of this Subsection that [
is a commutation factor of G. Then the Drinfeld element u € A ~ G(k%) is
an involution, hence u(g) = (g, g), for g € G, and

(Rg)u =Y #(g,h) vy @wn,

g,heG
1 if =1 =1
where k(g,h) =< 1 ug) or u(h) ’
—1, if u(g) = u(h) = —1.
Consequently the R-matrix Eﬁ as in Theorem has the explicit form
~ 1
RB = W Z ,Bli(g, h) Vg & vp,.

g,heG
By definition of k, 8k : G X G — k is a commutation factor on G. Set
K :=(kerY)" ={a € A: alery = €a},

where Y : G — A is defined by X,(h) = Bk(g,h), g,h € G. K is identi-
fied with the group of characters of G’ = G/ ker, and Sk induces a non-
degenerate bicharacter ' on G’ with §'(g,g) = 1 for all g € G'. Moreover

~ —_ 1
Rg = Z B'(g,h)vg @ vy, where vg = Il Z a(@ Veq.
g, heG’ ac K

By Scheunert’s trick [S], there is a normalized 2-cocycle 4" on G’ such that

_ (G, h
(1.12) 33, 7) = 7/(3 h
' (h,g)
A well-known and straightforward calculation shows that
Jy = Z ’Y,(ga E) vg & vy
g,heG’

for all g,h € G'.

is a minimal twist for kK such that ]?25 = (J,Y/)Q_ll J; but A being abelian,
kA = kA’ as Hopf algebras. Thus we have:
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Theorem 1.6. The data associated to the triangular semisimple Hopf alge-
bra (kA, Rg) in Theorem [L1 is (A, K, Jy). O

Since u? = 1, it can be thought of as group morphism u : G — Zs. Let

¢ be the commutation factor on Z/2 such that Vect?/ % is the category of
supervector spaces; note £ = ¢(u x u). Consider the normalized 2-cocycle
on G given by v :=+/(p X p), where p : G — G’ is the canonical projection.

Then u and ~y give rise to a braided tensor functor (F, ¢) : Vectg — Vectgz/ 2

by (LI2]), see Remark (i). Thus, every color Hopf algebra in Vectg
becomes a Hopf superalgebra via (F, ¢).

In fact, the cocycle v induces an equivalence of braided tensor categories
F ¢) : VectG. — Vect?, where ¢ is the trivial bicharacter, see Remark
Bk e

(i). (This reflects that (kA”’, ()5 J,) is the twist of (k4,1 ® 1)). Hence

o If u =1, then (F,¢) : Vectg — Vect? is an equivalence of braided
tensor categories, hence any (G, 3)-color Hopf algebra gives rise to
a G-graded Hopf algebra and vice versa.

o If u # 1, any (G, )-color Hopf algebra gives rise to a G-graded Hopf
superalgebra and vice versa.

Compare e. g. with [BaPl Section 2]. By these reasons, and taking into
account that in Heckenberger’s list [HI] there are Nichols algebras that arise
neither from usual Lie algebras nor from Lie superalgebras— see the discus-
sion in [Ang]- we are led to consider bicharacters that are not commutation
factors.

2. CATEGORIES OF MODULES OVER COLOR HOPF ALGEBRAS

As always, G is a finite abelian group, A = Hom(G,k*),  is a bicharacter
on G and x : G — A is given by (LH). We fix a color Hopf algebra H.
The statements below are basically adaptations of analogous statements for
Hopf algebras (and particular cases of statements for braided Hopf algebras
in braided tensor categories) and we omit most of the proofs.

2.1. Color Hopf bimodules and Yetter-Drinfeld color modules. A
(left) color Hopf module over H is an object V € Vect® which is simultane-
ously a (left) graded module over H and a (left) graded comodule over H
such that the coaction A : V' — H®V is a morphism of graded modules over
H; here we use the braiding for the action on HQV, cf. (LIL). If U € Vect®,
then H® U is a color Hopf module with the regular left action and coaction.
If V is a graded comodule over H, then V< .= {v € V : A(v) = 1 ®v}.
The Fundamental theorem of color Hopf modules, a particular case of the
analogous theorem in braided tensor categories [T2], says:

Theorem 2.1. If V is a color Hopf module over H then the multiplication
H® Vet 5V is an isomorphism of color Hopf modules. O
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A color Hopf bimodule over H is an object V € Vect® which is simulta-
neously a graded bimodule over H and a graded bicomodule over H, and
such that the coactions A\:' V - H®V and p: V — V ® H are morphisms
of graded bimodules over H (for what we need again the braiding). The
category gGMg of color Hopf bimodules over H is tensor one with the ten-
sor product ®pg. A left Yetter-Drinfeld color module over H is an object
V € Vect which is simultaneously a left color module over H and a left
color comodule over H with compatibility

A 0) = BIRO AL [oIDBIRE L O PRV DSED) @ b o
for all v € V and h € H. As usual, these notions are equivalent.

Proposition 2.2. The category g‘é@@ of left Yetter-Drinfeld color modules
is tensor equivalent to HCMAE.

Proof. We have functors: gGMg SM sV =MeH Gg YDE, with action
hov = B(|h 2], 0)hNv8(h?) and coaction A; and FYDE 5V ~ M = Ve H,
with actions and coactions

z-(v@h)=8(1z?), |v)zVvezPh, (weh) y=vehy,
Mo ® h) = B(|v(0)|,|h(1)|)v(_1)h(1) ® v @ K2, p=id® A.
These functors are tensor equivalent, inverse of each other. O

The tensor category g‘j@(‘f is braided; explicitly, if V, W eg YDE, then
the braiding cy,w : VW — W oV is

21)  cywwow) =800 |jw) v Nwev®, veV, weW
Indeed, cy, is a natural isomorphism in g‘é@@ with inverse
c‘_,’lw(w @) = B([0 ], oV w)) @ @ T W Nw, veV, weW.
Thus g@Mg is braided, with braiding cps v : M @ g N — N ® gy M given by
men— 6(|m(0) | |m(—1) I |n(0)||n(1) ) m(_z)n(O)S(n(l))S(m(_l)) @ mOn?,
for all m € M, n e N.

Remark 2.3. Let H be a color Hopf algebra and Hg = H#kG. There
exists a full embedding of braided tensor categories i : g‘é@@ — gg‘é@;
indeed, any V € g‘é@@ becomes a Yetter-Drinfeld module over Hg with

the structures (L8] and (LI0).

Example 2.4. Let H be a color Hopf algebra with trivial grading, that is,
H is a usual Hopf algebra. If V' Gg YD and g € G, then V[g] :=V Gg YyDe,
where all elements of V'[g] have degree g. Clearly if V is irreducible in £YD,
then V([g] is irreducible in #YDe. Reciprocally, if W = @yeW, is an
irreducible object in g%@@, then there exists g € G such that W = W,,.
Hence, W = Ulg] with U := W an irreducible object in £YD.
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2.2. Bosonization of color Hopf algebras. Since g%@@ is a braided
category, we may consider Hopf algebras in this category. The equivalence
between Hopf algebras in g‘é@@ and color Hopf algebras with split projec-
tion to H goes in the same way as in [R] [M2]. Namely, given a Hopf algebra
R in g‘é@@, the color Hopf algebra R#H is R® H € Vect® with

(agth) (b# f) = BURP, p)a(h™) - b)#RP) £,
Afa#th) = B(|(@®) O, |1 )aD#(@®) VR @ (a®)04h3),
lrun = 1p#1m, e(a#h) = eg(a)en(h),
S(a#th) = B(1aV|, |h))(Lr#8 1 (a "V R)) (SR (a™)4#1x),

for all a,b € R and h,f € H. By Remark 23] i(R) is a Hopf algebra in
Zg%@. It is straightforward to verify that

(2.2) (R#H)c ~i(R)#Hg.

Conversely, let « : H < L and 7 : L - H be morphisms of color Hopf
algebras such that m o+ =idg. The subalgebra of coinvariants

R:=L°" ={zcL: (demnAx)=z21}
is a Hopf algebra in the category g%@@ with the following structures

hor = B, [r))o(hM)ru(S(RP)), A= (T ®id)A,
Ag(r) = ’r’(l)LTFS(T‘(z)) ®rd), er(r) =ceL(r), Sg(r)= LW(T(U)‘SL(T@))'

The color Hopf algebras L and R#H are isomorphic.

Note that ¢+ and 7 induce morphisms of Hopf algebras v : Hg < Lg and
G : Lg - Hg such that m7g o vg = idy,. Hence i(R) coincides with the
subalgebra of coinvariants (Lg)°He) | see e. g. [AHS, Lemma 3.1].

2.3. Color Nichols algebras. The structure of a Nichols algebra appeared
first in [N]. See [AS] for a detailed introduction to this construction.

Proposition 2.5. Let V € g%@@. Then there is a unique (up to isomor-
phisms) graded Hopf algebra B(V) = @pen,B™(V) in TYDEC such that:

(i) BO(V) ~k,
(i) V = BYV) =P(B(V)) (the space of primitive elements),
(iii) BL(V) generates the algebra B(V). O

We have a similar explicit description of B(V) as in [AAY] 1.7]. Then,
by Remark 2.3 it follows that

(2.3) B(i(V)) =i(B(V)).
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2.4. The lifting method for color Hopf algebras. Let H be a color Hopf
algebra. The coradical Hy of H is a graded subcoalgebra of H. Assume that
Hj is also a subalgebra of H. Because of this assumption on H, the coradical
filtration {H,} is also a filtration of algebras and the associated graded
algebra gr H is a color Hopf algebra. Since the homogeneous projection
m:gr H — Hjis a morphism of color Hopf algebras that splits the inclusion
map, the algebra of left coinvariants R = (gr H)“7 is a braided Hopf algebra
in [0YD and gr H ~ R#Ho; R = @p>oR(n) and R(0) = k1, R(1) = P(R).
Consequently the subalgebra generated by R(1) is isomorphic to the Nichols
algebra B(R(1)). That is, we can adapt the lifting method [AS] to the setting
of color Hopf algebras. However, the classification problems of color Hopf
algebras whose coradical is a subalgebra reduce to classification problems of
Hopf algebras with the same property.

Proposition 2.6. Let H be a color Hopf algebra.

(i) The coradical filtration of Hg is {H,#kG}.

(i) Hy is a color Hopf subalgebra of H if and only if (Hg)o is a Hopf
subalgebra of Hg. In this case,

gr(He) ~ (grH)g ~ (R#Ho)g ~ i(R)#(Ho)c-

(iii) The assignement H ~~ Hg provides a one-to-one correspondence
between finite-dimensional strictly pointed color Hopf algebras H and finite-
dimensional pointed Hopf algebras H such that:

e G(H)=G(H) xG.
o The inclusion kG — H has a Hopf algebra retraction m : H — kG.
o As Yetter-Drinfeld module, H™ comes from the grading as in (LG]).

O

Example 2.7. Let I" be a finite abelian group. Then any finite-dimensional
Vin %g‘é@ has a decomposition in direct sum of sub-objects of the form Vuc ,

uel, (e f, where u determines the coaction and ¢ the action. Consider kI’
as a color Hopf algebra with trivial grading so that %g%@@ is a semisimple
category. By Example 2.4] any finite-dimensional V € HEFH@G has a basis

Z1,...,xe such that x; € qujj[tj], uj el (€ T and tj € G.
Proposition 2.8. Let u; €T', (; € f, tieG,1<75<0. Set
Gij = Cj(ui), aij = B(ti t;)dij, 1<i,j<9.
Let V€ [LYDC with basis x1,...,79 such that z; € Vucj[tj]. Then the
color Nichols algebra B(V') has finite dimension if and only if the connected

components of the generalized Dynkin diagram corresponding to the matrix
(gij)1<ij<r belong to the list in .

Proof. 1t follows directly from (2.1)) and (2.3]). O
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3. EXAMPLES RELATED WITH QUANTUM DOUBLES

In this section we construct examples of color Hopf algebras from Nichols
algebras of diagonal type. We start by a general construction of quantum
doubles extending that of [H2], where quantum doubles of bosonizations
of Nichols algebras by kZ? are considered. We describe in Subsection B3]
quantum doubles of realizations over other abelian groups. A similar con-
struction was studied in for finite abelian groups; see also [ARS| RaS].
We show how to give colors to these quantum doubles, that can be thought
of as generalizations of quantized enveloping (super)algebras. Then we show
examples where the color is consistent with the associated Weyl groupoid.

3.1. General construction. We refer to [KS| [DT] for the definition of
skew-Hopf pairing between Hopf algebras B and B’ and the associated Hopf
algebra B B'. Let I = {1,...,0}. We consider a datum

&= (aq,T, A, (9i)ier, (i)iet, (ha)ier, (Ai)ier, ),
where
e q = (¢ij)ijer has entries in k*,
I', A are two Bbelian groups,
gi € I', v; € I" are such that v;(g;) = ¢,
hi € A, \j € A are such that \;(h;) = gjs,
o i:I' x A = k* is a Z-bilinear form such that 7i(g;, h;) = qi;.

Let 7o : kI' ® kA — k be the skew-Hopf pairing associated to 7.

For example, Section 4] deals with the case I' = A = Z%, while we
are interested in the case I' = Z x G, A = Z% x A, G our finite abelian
group. Another interesting example is: I' a finite abelian group, A = f,
where h; = v;, A; = g; under the canonical identification of I" with the group
of characters of f, and 71 is the evaluation.

First we attach to the datum &€ two Yetter-Drinfeld modules
(31)  Ve&ryYD  withafixed basis  Ey,...,Ey,  E; €Vl
(32) W e YD  withafixed basis  Fi,...,Fp,  F; € Wy

Following [H2|], we consider the Hopf algebras

o A =T(V)#KkT, i. e. the algebra over kI generated by elements F;,
i € I, with relations gE; = v;(g)E;g, and coproduct determined by:

Alg) =g®g, gel, A(E) =E; @1+ g ® E;, i €L

o A" = (T(W)#kA)®P, the algebra over kA generated by elements F;,
i € I, and relations hF; = \;(h)F;h. The coproduct is given by:

A(h)=h®h, hedA, AF)=Foh+10F, icl
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Proposition 3.1. There exists a unique skew-Hopf pairing p: A @ A" — k
such that, for alli,j €l, ge T, he A, E€T(V) and F € T(W),

(33) N|kF®kA = ﬁ) /J(EZ)F’]) = _5i,j7 M(Eh h) = M(gv FZ) = 07
(3.4) u(Eg, Fh) = p(E, F)u(g, h).
Proof. Analogous to that of Proposition 4.3]. In fact we can define an
algebra homomorphism T : A — (A')*, by sending g — g, E; — FE;, the
linear maps determined by the following equations

g(Fh) = e(F)alg,h),  Ei(Ej, -+ Fj,h) = —6,,10j, -

The map Y is well-defined; indeed, g’ = g¢’, 9E; = vi(9)E:g, for all g, ¢’ €
I', 1 <i < 6. Therefore the bilinear form satisfying (3.3]) and (B4]) is defined
by u(a,b) := Y(a)(b). The rest of the proof follows as in loc. cit. O

Let B = B(V)#kD and B’ = (B(W)#kA)P. There exist canonical sur-
jective Hopf algebra maps my : A — B, my : A' — B, M I(V), I(W) denote
the ideals of T'(V'), T (W) defining the corresponding Nichols algebras, then

ker my = J(V)T, ker my = J(W)A.
We prove now Theorem 5.8] in our general setting; cf. also [ARS| [Bt].

Theorem 3.2. The skew-Hopf pairing p of Proposition [31 induces a skew-
Hopf pairing pn : B @ B' — k, whose restriction to B(V) @ B(W) is non-
degenerate; 1 is non-degenerate if and only if 7t is non-degenerate.

Proof. Set VT = T(V)#Z° (and call (K;);cy the canonical basis of this Z%);
V= = T(W)#Z° (and call (L;);e1 the canonical basis of this second copy
of Z9), v : V¥ ® V= — k the bilinear form as in Proposition Bl but with
respect with these copies of Z?, cf. Proposition 4.3]. There exist Hopf
algebra maps ay : V* — A, aw : V- — A’, determined by the conditions
av(K;) = gi, avlrwy = idrwy, aw(Li) = hi, aw|rw) = idpuwy), @ € L
Then

(3.5) v(w,y) = plav(@),aw(y), forallz eV yeV_.

We claim that p(J(V)I',A') = 0, u(A,I(W)A) = 0. To prove this, we use
B4) and argue as in the proof of [H2, Theorem 5.8]. Therefore we induce a
bilinear form p : B ® B’ — k, which is a skew-Hopf pairing because my, my
are Hopf algebra morphisms. The restriction of the pairing to B(V) @ B(W)
is non-degenerate because of ([3.5]) and again the proof of [H2, Theorem 5.8].
The last claim follows from the preceding and ([3.4)). O

Definition 3.3. Let D(&) be the Hopf algebra obtained from B®B’ twisting
by the cocycle associated to [KS]. Tt is presented by generators g € T,
h €A, E;, F;, i € I, the relations in J(V'), J(W), those of I" x A, and
9Ei = vi(9)Eig, hE; = p(gi,h) " E;h,
hE; = Xi(h)Fh, 9F; = ulg, hi) ™' Fig,
EZF}—F}EZ:(SZ](QZ—}IZ), i,jEH,ger,hEA.
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3.2. Coloring quantum doubles. We now define a color version of the
Hopf algebra D(&) above, for the pair (G, [3); we assume that 3 is non-
degenerate in this Subsection. Hence the maps x, x° : G — A as in (LI are
isomorphisms of groups. To start with, we consider the following datum:
e A matrix q = (gij)ijer € (k*)™1 such that g;; # 1, for all 4 € I.
et;ecGiforalliel
e ' =T x G, I'y free abelian with basis K,..., Ky.
e A=Ay x A, Ay free abelian with basis L1, ..., Ly.
Set & = Xt € A, évij = ,B(ti,tj)_lqij = fj(ti)_lq,-j, Z,j €. Let &€ =
(a.T, A, (gi)ier, (vi)iet, (ha)ier, (Ai)ier, i), where
g; = (Ki,ti) erl. -
v; = (G, &) € I, where (j € I'g is given by (;(K;) = qij, j € L.
hi = (L, &) € A
Aj = (nj,t5) € A where n; € j/X\o is given by 1;(L;) = gji, 1 € L.
BT x A — k* is given by (K, t), (Lj, @) = Gijou(t).

We shall say that € is a datum, or a datum for q if emphasis is needed.

O O O O O

Let D(€) be the Hopf algebra as in Definition B3] presented by generators
E;, F;, Kiil, Lfl, 1€l t e, e Awith the relations defining the Nichols
algebras generated by E; and Fj, i € I; those of I x A, and

(36)  KEK'=G;E;, KiFjK' =G F,
(37 LiBL7' =5 B, LiF; L7 = ;iF,
(38)  tEjtT =& E; = B(t.t)E;, Rt = ¢&(t) 7 E,
(39)  EE;ETI =€) By, EFET = &) Fy,
(3.10)  EFj — FjE; = 6;(t:K; — &Li),  i,j €t e G ¢ € A

Here the elements of I' x A are group-like and

Given t € G, tx? is a central element of D(E). Let I(£) be the Hopf
ideal of U(€) generated by {txy — 1, t € G} and U(&) := D(E)/I(E) the
corresponding quotient Hopf algebra; it has a presentation by generators Ej,
F;, Kl.il, LZ:-H, i € I, t € G and analogous relations. Our goal is to obtain
color Hopf algebras from a factorization U(E) ~ R(E)#kG. Therefore we
analyze first such possible factorizations.

Proposition 3.4. There exists a one-to-one correspondence between

(i) group homomorphisms 7 : Ty — G and

(ii) Hopf algebra retractions w: U(E) — kG of kG — U(E).
Indeed, given T : Ty — G, we definen:U(E) - kG by n(t) =t, t € G, and
n(K;) =7(K;), m(L;) = t;7(K;)x (&), n(E;) =7(F;) =0,iel.
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Proof. Tt is easy to see that the extension of 7 : I'g — kG to 7 : U(E) —
kG as above is a Hopf algebra map. Conversely, let 7 : U(E) — kG be
a Hopf algebra retraction of kG — U(&). Since w(K;),n(L;) are group-
likes, 7|ryxA, is a group homomorphism. By (B.6]), (8.8)) and the hypothesis

qii # 1, 7(E;) = 0 = m(F;). Hence m(L;) = t;w(K;)x~'(&) by @B.I0). O

Let m : U(E) — kG be a Hopf algebra map as in Proposition B4 and
R(€) = U(E)°™, a braided Hopf algebra in (SYD. Notice that R(€) is the
subalgebra of U(E) generated by Ej, K, = Kim(K;)™L, L; = Lim(L;) ™1,
F = Fiti_lﬂ(Ki)_l, 1 € 1. Indeed the later is contained in the former;
but the Zf-homogeneous components coincide, from U(€) = R(€)#kG and
U€) ~UT(x,B) ® (kZ* @ kG) @ U~ (x, B).

Next we decide when the braided Hopf algebra R(€) is color.

Proposition 3.5. R(E) is a color Hopf algebra if and only if T is trivial.

Proof. Since A = (m ®id)A is the coproduct in R(E)#kG, MEK;) = 1® K;,
ML) = 1® Li, N(E;) = 7(Ki)t; ® E; and \(F;) = t;'7(K;)™' @ F;. We
have to check that the action is given by (LE). But ¢ - E; = §(t,;)E; and
t-F, = B(t,ti_l)Fi, t € T'. Since [ is non-degenerate, R(€) is a color Hopf
algebra if and only if 7(K;) = 1. O

Proposition B35 gives many examples of color Hopf algebras, namely R(€),
by taking 7 trivial.

An important invariant of Nichols algebras of diagonal type is the Weyl
groupoid, see [HI] for more details and [AHS] for a generalization. Let
a = (gij)ijer € (&)™ such that g;; # 1, for all i € I, as above. Define
app =2 and for j #pel
(3.12) apj = —min{n : (1 + qpp + - + qp,) (1 — ¢, 0pjqjp) = 0}

Let p € T such that all the a,;’s are finite, j € I. We define
e reflections s, : I'gp = I'g and s, : Ag — Ag by

(3.13) sp(K;) = KjKp sp(Lj) = L;L,"”, i €1,
e the p-reflected matrix syq = (g;;), where
(3.14) qgj — qijq;;japiq;?aqugziapjy ijel

The Weyl equivalence relation on the matrices q as above is induced by
q ~ spq, for each p such that all the a,;’s are finite. Indeed, s;(s;q) = q
[H2]. We now extend the Weyl equivalence to data & as above by the
following rule. Let p € I such that all the a,;’s are finite, j € I. Let

8;;8 = 8/ = (q/7 Pu A7 (gg)iEHu (’YZ{)ZEL (h’;)i@lu ()‘;)iE]hﬁ)a
be the datum given by
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e qd =s,q.
e g\ = gigy™'; thus the basis of I'g for & is K| = s,(K1),...,K) =

sp(Kyp), while t; = t;t, . Tt follows that q;; = Bt t;)_lqgj, satisfies

@iy = Qi (Aps) ™™ (Tip) ™" (@pp) %7, i,jel
o v; = (¢}, &) € I', where {} = X, and ¢} € T is given by (j(K) = g,/
j € L. Hence &} =¢; » 7, G = ;¢ 7 and then v = Yive P
o hl = h;h,*""; thus the basis of Ag for & is L} = s,(L1),..., L) =
Sp(Lg).
o \: = (n},t;) € A where n; € Ag is given by 73 (L}) = gj;, i € I. Hence
r_

= 1y ™ and X = A,
Notice that the bilinear form 7 from & satisfies 7i((K/, ), (L, @) = gizo(t).

Definition 3.6. Let (q(*)),cp be the Weyl equivalence class of q. A family
of data &® for q), for b € B, is consistently colored when &@ = S;E(b) for

every two adjacent b,d € B (that is qld = s;‘,q(b) for some p).

The construction above shows that a datum & for q determines a consis-
tently colored family of data &®) for the Weyl equivalence class of q.

Recall from [HI] that the generalized Dynkin diagram of q has set of
vertices I, each vertex labeled with ¢;;, and arrows between 4, j only when
¢ijq5i 7 1, labeled with this scalar.

We introduce also color Dynkin diagrams for the corresponding matrices
q. It is a diagram with vertices in I, where each vertex i is labeled with the
degree t; on GG and the scalar ¢;. Now we put the following set of arrows:

e an arrow between ¢,j € I when ¢;;¢;; # 1, labeled with this scalar;
e an arrow between i,j € I when g;;q;; = 1 but B(t;,t;)5(t;,t:) # 1,
with no labels;
e no arrow between 4,5 € I when ¢;;q;; = B(ti,t;)B(tj,ti) = 1; in
particular, when ¢;;gj; = 1, and either t; = e or t; = e.
We show now examples of consistently colored families of data.

Example 3.7. Consider the abelian group G = Cy x Cy = (o) X (r), and
the non-degenerate bicharacter 5 : G x G — k given by:

B(o,0) = B(v,v) = B(o,v) = —1, B(v,o) = 1.
We fix the following notation for the G-grading on colored Dynkin diagrams:
o for degree 1, e for degree o, ® for degree v, © for degree ov.

Fix g € k*, ¢ # £1, and a matrix (¢;j)1<i j<a associated to the generalized
Dynkin diagram of [HIl Table 3, Row 14]:

(3.15) o4 o o o4
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Set t1 = e, ta =ty = 0, t3 = v. The matrix (g;;)i<i j<a as in Proposition
has the colored Dynkin diagram

q ! 1

-1
o4 ° ®!

q

.q

In the following table we present the associated generalized and colored
Dynkin diagrams of the associated consistently colored family of data.

(gi5) = (B(ti, t;)di;) (¢i;) and G-grading
o1 ol
/ \ % \
e _ _ —1 B
o1 g o1 7 o=a ol g o! LI
—1 —1
- -1 - —1 —1 —1
0t 4 o1 7 o-a 1 o-a 0t 2 o ¢ ®4 1 o1
JR @
-1 - —q ! _ -1
o—4 o1 q o1 ®4 1 q @1 q ®1
O—l ®1
;i/// \\\<i1 ///// \\\1\1
—1 —1
ol q o1 q o—1 o q @l q ®1
o1 ol
1 —1
o1 q o1 o4 ol q oL q ol
1 —1 _ —1 —1
01 1 ot L o1 7 o-a! 01 1 o1 4 ol LI

Example 3.8. Let ¢ be a generator of the cyclic group G = C5 of order 3,
w a primitive third root of unity and q € kX, ¢ # 1, w, w?. Let (gij)1<i <2
be the matrix given by ¢;; = qb’ij, where b11 = 0, big = bag = —1, by = 2.
Let B be the bicharacter on G such that f(0,0) = w and t; = o, to = e.
The matrix (g;; = B(ti,t;)q ;) 1<i,j<2 has the generalized Dynkin diagram

-1
w 4

o o9 .

Its Weyl equivalence class includes only one more diagram, namely

2
qw -1
o¥ o W

Then ) = t, = o2. If o, e, ® denote the vertices of degree 1, o, o2,

respectively, the corresponding colored Dynkin diagrams are

—1
1 9 ol ®1 q ®q71




EXAMPLES OF POINTED COLOR HOPF ALGEBRAS 17

To conclude this subsection, we discuss examples of color Hopf algebras
arising from a version of U(€) but with only one copy of Z¢. More precisely,
we assume that (gi;)i<; j<e is symmetric, so K;L; is a central element on
U(€), for all i € 1. Fix W(E) := U(E)/J, where J is the Hopf ideal of
U(&) generated by the set {K;L; — 1 : i € I}. The next proposition is an
immediate consequence of Propositions 3.4] and 3.5l There is a condition on
the elements t;, not always satisfied as we will see in Example B.101

Proposition 3.9. Let U(E) be as above.
(i) There exists a one-to-one correspondence between

(a) group morphisms 7 : Z0 — G, such that T(K?) =t; 2,
(b) surjective Hopf algebra morphisms m : W(E) — kG that splits the
natural inclusion kG — U(E).

(ii) W(E)°™ is a color Hopf algebra if and only ift? =1, forall1 <i <. O

Example 3.10. The next algebra is described in [Y]. It corresponds to our
construction in Proposition B (i) and gives place to a Yetter-Drinfeld Hopf
algebra, which is not a color Hopf algebra. Let (gi;)i<i j<2, 0 and w be as
in Example B8 The algebra U(E) is presented by generators E;, Fj, Kiil,
o,i=1,2, relations ([B.0]), relations from the group and

oF; = wé“Eia, oF; = w_51iF'i0
B} = (ad.F»)*FE, =0 F} = (ad.J3)*F, =0,

EiFj — F;E; = §ij(— K;0% + K 'o7%).

Note that = : U(E) — kCs5, given by 7(0) = o, n(E;) = 7n(F;) = 0 and
7(K;) = 0% is a Hopf algebra morphism that splits the natural inclusion
kC3 — U(E). In our context t; = o, to = 1, s0 3 # 1 and U(E)°™ is not a
color Hopf algebra by Proposition (ii).

4. EXAMPLES OF SEMISIMPLE COLOR HOPF ALGEBRAS

Throughout this section, G, A, § and x, are as above, see (LT). If L < G
is a subgroup, then Lt := {a € A : a|p = ¢}. Cleartly, if G1,...,G, are
subgroups of G, then (NI_,G;)* = <G1L Uu...u Grl> We start by a general
fact from [Schl Corollary 2]; see also [Dul, formula (9), page 334].

Proposition 4.1. Let H and P be Hopf algebras. Assume that H is an
object in 59@ for some action and coaction, in such a way that it is an
algebra and a coalgebra in 5%@. Then the following are equivalent:
(i) H is a Hopf algebra in 5YD.
(ii) The braidingc: HOH — HQH, c(z@y) = 2V g2z, 2y c H,
18 the usual flip. O
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Remark 4.2. Let H be a Hopf algebra. Then H is a G-graded Hopf algebra
if and only if there exists a morphism ¢ : A — Aut H (i. e. an action of
A on H by Hopf algebra automorphisms); clearly Staba(H) = (sup H)* .
Hence H is a (G, [)-color Hopf algebra if and only if 3|supHxsupu = 1, if
and only if x(sup H) < Stab(H).

4.1. Group algebras. In this subsection, we determine when a group al-
gebra kI', T a finite group, is a color Hopf algebra. By Remark A2 kI’
is a G-graded Hopf algebra if and only if there exists an action by group
automorphisms of A on I'. Fix such an action; then also G acts on I via x.
Clearly Stab4(KkI') = Staby(T"), hence § is trivial on sup kI if and only if

supkI’ < X_l(StabA(F)) = Stabg(I') = NyerG".

Definition 4.3. A (G, )-color group is a group I' provided with an action
of A by group automorphisms such that (G")+ < Stab4(T), for all n € T.

Theorem 4.4. Let I be a group provided with an action of A by group
automorphisms. Then the following are equivalent:

(i) kI' s a color Hopf algebra,

(ii) B(g,h) =1, for all g,h € sup kT,
(iii) T is a (G, ﬁ) color group,
(iv) k' is a color Hopf algebra.

Proof. (i) < (ii) follows by from Proposition AT} (i) < (iv) is clear. (ii) =
(iii): Consider € I and a € (G")*. Since supkl’ C G", a € Staba(T'). (iii
= (ii): If g € supkI, then x,(t) = x¢(g9)" = 1, for all t € x~1(Staba(I)).
Hence, x4 € (NyerG™)*t = (Uper(GM)1) C Staba(I), and consequently,
B(g,h) = x4(h) =1, for all h € supkI. O

Example 4.5. Let G = Cy = (g) be the cyclic group of order 4, i € k such
that i2 = —1 and 8: G x G — k*, B(g%,¢’) = (—1)¥; then A = (a), where
a(g) =1. Let ' = Co®Cy = ()@ (n) with the action of A given by a(y) = v
and a(n) = v+ n. Then kI" is a color Hopf algebra since (z,y) = 1 for all
z,y € supkl = {1, ¢}.

Example 4.6. Let G = Co ® Cy = (g) @ (h), i € k such that i> = —1 and
B:GxG = kX B¢+ h,g" +hl) =i"7% then A = (a) ® (b), where
a(g) = —1,a(h) =b(g) =1 and b(h) =1i. Let I' = Co & Cy = () & (n) with
the action of A given by a(y) = b(y) = v and a(n) = b(n) = v+ n. Then kI’
is a color Hopf algebra since B(z,y) = 1 for all z,y € supkl’ = {1, g + h?}.

4.2. Abelian extensions in color categories. In this subsection, we an-
alyze color Hopf algebras that arise as abelian extensions.

4.2.1. Abelian extensions. Let (I', L) be a matched pair of groups [Mal, [TT],
that is, L and T' are finite groups provided with (right and left) actions
<:LxI'—= Land>: L xI"— I satisfying: for all [,t € L and v,n €T’

lem=(01>y)((<y)>n) and It<y=(1<Q(t>7))(t <)
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Let 0 : T xI' — (k)L and 7 : L x L — (k*)I' be normalized 2-cocycles;
write 0 = ). 0101, T = Y. cp Ty0y. We shall always assume that o and 7
satisfy the following normalization conditions: for all I,t € L and v,n € T’

(41) 0-1(/7777) =1, Tl(l7t) =1

Let H = k" #,kI" be the vector space k¥ ® kI" with the crossed product
algebra and the crossed coproduct coalgebra structures. The multiplication
and coproduct of H are

(42) (5le“/)(5te?7) = 5l<1’y,t0-l(/7777)5le“m7 l7t S L7 Y, M€ F7
(4.3) A(dey) = ZTy(u,u_ll)éue(uﬂl)M ®0y-1ey, €L, ~yel.
uel

Here d;e4 := 0; ® e, € H. Then the following holds:
e [KL [S1, H is a Hopf algebra iff for all z,y €T, s,t € L.

(4.4) ost(x,y)Tay(s, t) = os(trz, (tax)>y)or(z, y) T2 (s, t) Ty (s<(t>x), tax).

This happens e. g. if o and 7 are trivial, case where we denote H = kY#kT .
If (4) holds, then we have an exact sequence of Hopf algebras

(4.5) 1 kfC— s H —T kI' 1.

e [ANL Theorem 2.10] gives necessary and sufficient conditions on o and 7
so that H = k% ™#,kI" becomes a braided Hopf algebra with respect to a
braiding ¢ : H ® H — H ® H. This braiding ¢ is uniquely determined by
o and 7, and is diagonal with respect to the basis (e )icryer. If these
conditions hold, then H can be realized as a braided Hopf algebra over an
abelian group. We discuss this further in Subsection

4.2.2. Automorphisms of an abelian extension with trivial cocycles. In sub-
section [£.2.3] we shall assume that o, 7 are trivial 2-cocycles. We shall give
conditions on H = kP#KI to be a (G, 3)-color Hopf algebra, under the as-
sumption that A < Auteg H := {f € Aut H : f(z) € k¥, for all z € k''}.
In this subsection, we determine Auteg H, H = k'#kI". We first observe
that this group is sometimes the full automorphism group.

Lemma 4.7. Then the following are equivalent:
(i) H2(H) = KL,
(ii) < is trivial and Z(T') = {1}.
If either of these conditions holds, then Aut H = Aute, H.

Proof. (i) = (ii): Since §;.0e = 01(drey) = (drey)0; = 0y ,101€+, for all
l,t € L and v € I', < is trivial. The subalgebra of H generated by {d;e, :
le L, ve Z(I')} is a central Hopf subalgebra of H, hence Z(I') = {1}.

(ii) = (i): Clearly, m7(HZ(H)) = k, because the former is a central Hopf
subalgebra of kI'. Hence 7(y) = e(y)l for any y € HZ(H). Therefore,
HZ(H) C LKer(m) = kP. Since < is trivial, k¥ C HZ(H). The last
assertion follows because the Hopf center is invariant under Aut H. O
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Let f € Autex H. If I € L, then f(6;) = dy, (1), for some fi(l) € L; since
f is a automorphism of Hopf algebras, we see that f induces f; € Aut L.
Analogously, f induces fo € Aut', and we have a homomorphism of groups

D Autexy H — Aut L x Aut T, O(f) = (f1, f2)-
Proposition 4.8. Let (g,h) € Aut L x Aut'. There exists f € Autexy H
such that ®(f) = (g, h) if and only if the following conditions are satisfied:

(i) (1) <h(y) = g(l <) and g(I) > h(y) = h(l>7), L€ L, yeT.

(i) There exists a map f : T — (KX)E, v > fy : L — k* (uniquely
determined, see [@ID))) such that

(4.6) (1) =1, vyel,

(4.7) Al =1, lelL,

(4.8) Fon(1) = [, (D f5 (1 < b (7)), le L, v,mer,
(4.9) F1t) = Fyre (D F5 (1), Ltel, vel.
If (i) and (ii) hold, then f is given by

(4.10) F(G1e3) = F1(9(0)dgwyenca). leL, yel.

Proof. Let f € Autex H such that ®(f) = (g,h). Set e, =1®e,, v €T
Note that f(dey) = f(die1 - €4) = 0y f(€), for all I € L and v € T'. Write

(4.11) &) =33 Ftmdey, f(tn) ek

nel’ teL

Then > ﬁ(l,n)en = 7o f(&y) = h(ey) = ep(y), and consequently,
nel’

(412) f’y(la 77) = 6h('y),77'
Given v, 7 € I, we have that

f@)f@Er) = (Z > ﬂ(m,umeu) <Z > ﬁ(nw)anev)

uel’meL vel' nel
Z Zf’Y (n < u™ w) fr (1, 0)8 qu-1€qu;
u,vel’ lEL
e—y'r Zz.f'y'r l 1 61677
nel leL
Hence
(4.13) fw (1,m) wa lymv™ fT <t v).

vel’
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Also, Ao f(ey) = > > ﬂ(t,n)ére(rﬂt)bn ® 6,146, and
nel’ rtel

(f@f)oA) =(fof) (ZA ) ) = D f(0se(s10)0n) @ f(Gs-1164)

leL l,seL
= Z 5 1]kLe (s~ ll)|>»y) ® 59(3 1l)f( )

l,seL
Z fs 1) >~/ )f“/( ( _ll)7v)5g(s)eu ®5g(sfll)ev
u,vel’
l,sEL
This implies that
(4.14) Fy(rtsn) = Fyi(mn (1ot &> ) F (£,).

It follows from ([@.I2) and [@.14) that fy(r n) = 0 whenever n # h(y).
Consider the map f : T — (kX)L v — fy, given by

(4.15) £ = £ (), Lel.

Then (4G) and (L8) follow, respectively, by (L12]) and (£I3). Also, (£1)
follows since > dje1 = lyrer = f(lyrer) = > fi(l)oser.

leL leL
Using that f(die,) = dq0) f(€y) = f,y( (1))d4(1)€n(y), We obtain
(4.16) F(Brey - 8ten) = S1amt Frn(9(1)0 1) €nirm)

(4.17) F(0rex) £ (Bren) = F2(9D) Fa(9(0)S 1) anir).0() Oa(t) €2 ()

The identity g(I)<th(y) = g(I<7) is immediate from (£I6]) and (£I7)). Using
that (f ® f) o A(dey) = Ao f(de,), we obtain that g(I) > h(y) = (1> 7).
Finally, the last identity and (£I4]) imply (4.9).

Conversely, assume that (i) and (ii) hold. Define f by ([@I0); by a straight-
forward calculation, f € Autexy H and ®(f) = (g, h). O

Remark 4.9. The conditions in Proposition (ii) can be spelled out in
cohomology terms. Indeed, the action <1 induces actions of I' on (k*)”
parameterized by h € AutT: (y —; ¢) (1) = ¢(l < h(v)), v €T, ¢ € (kX)L
and [ € L. Then ([@7) and (48)) imply that fis a normalized 1-cocycle.
When > is trivial, @8) and {9) imply that f € Z*(I', Hom(L,k*)).
Example 4.10. Let I' = C3 = (y) and L = C7 = (I). Then (I',L) is a
matched pair with trivial > and <t: LxT' — L, <1y =1%. Then g € Aut L,
g(l) =171, and h = id € AutT, satisfy the condition . Proposition E8] (i).
Letl#&éksuchthatﬁ-l Themapf I - k%, f1—1 fﬁ,() & and

f’y 2(1) = &3, satisfies (@6), (@1, (E]) and @3). By Proposition A8 there
exists f € Autexy H such that ®(f) = (g, h). By [@IQ), f is given by

f(djie1) = 6p-ien, f(éliev) = f_i5l7¢ey, f(élieyz) = 5_31'5[72'6,),2
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Example 4.11. Let I' = C3 = (y) and L = C12 = (I). Then (I',L) is a
matched pair with the following actions
PRl sy — 2R 2 a2 2k [2EHT 42— 2+

12k+1 le‘

D’yZ:’y, 2:l%, V>1=1.

Also g € AutL, g(I) = I", and h = id € Autl, satisfy the condition
Proposition A8 (i). Let 1 # ¢ € k such that €2 = 1. Then f: I — k&,
fi =1, [,(1%) = ﬁyz(lzk) =1, f,(I**1) = ¢ and f:{z(lzk“) = &2, satisfies
(&5), (@7), (£8) and (9). By Proposition [I.8] there exists f € Auteyt H
such that ®(f) = (g, h). By (&I0Q), f is given by

f((spke,\/i) = (51% Cri f(512k+1 61) = 5l2(k+3)+1 €1,

l%bfy:

f(512k+1 e«,) = f5lz(k+3)+1 €y, f(5lzk+1 e,yz) = 525l2(k+3)+1 €~2.

4.2.3. Color abelian extension. Let p : A — Auteyt H be a morphism of
groups; we investigate when H is a (G, )-color Hopf algebra.

Given a € A, we recall that there exists (a1,a2) € Aut L x AutT' and
ay : I — (k)% such that ®(a) = (a1, a2) and a(dey) = a(a1(1))da, (1)€as ()
l € L and v € I'; see Proposition We denote

Alv ={ac A :ai(l) =1, as(v) =}, Gly ={9eG:x4€ Ai/}

Clearly, the map gpff : Afy — k*, cpfy(a) = a(l), is a character of Aﬂ,. Let
Xfy : Gﬂf — k*, Xﬂf = gofy oy, and pﬂf A — Hom(ny,kX), pﬂ,(a) = a|le'

Definition 4.12. A (G, 8)-color matched pair is a matched pair (T, L) pro-
vided with a morphism of groups p : A — Autey H that satisfies: for all
u,l € Land n,v €T,

(i) (G)* < AL

(i) AL N ()~ () # 0,
(iii) if a € AL N (pf) "1 (xY), then a,(l) = 1.

Theorem 4.13. Let (I, L) be a matched pair provided with a morphism of
groups p: A — Auteys H. Then the following are equivalent:

(i) H is a color Hopf algebra,
(i1) B(g,h) =1, for all g,h € supH,
(iii) (T, L) is a (G, B)-color matched pair.

Proof. (i) < (ii) follows from Proposition[dl (ii) = (iii): Letl,u € L,~y,n €
I'and a € (Gg)l. Sincesup H C Gy, a € Afy. Let b € A such that by = xj
and fix z = §e, = ZgES(x) Tg. Since s(z) C sup H C Gy, it follows that
b(g) = (Xg)p(u) = 1, for all g € s(x). Then, x = b(x) and consequently,
be Aﬂf N (p)~H(x#). Finally, if ¢ € Aﬂf N (pi) " (x4), then c(x) = x. Hence,
¢y() = 1. (iii) = (ii) Let g,h € sup H. Consider [,u € L and v,n € I" such
that g € s(duey) and h € s(djey). If k € Gy, then x,-1(k) = x5 (k), that is,
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Py(Xg-1) = X5 Let a € AlV with pj(a) = xj. Then, ax, € (GZ)L, which
implies that x,-1 € AL. Thus, 1 = (Y,-1),(1) = x,-1(h) = B(g,h) . O

Example 4.14. Let H and f be as in Example[ITT] G = Co®Cs = (g)@®(h)
and B: G x G — k>, B(g" + h?,g" + h) = (=1)"*7*. Then A = (a) @ (b),
where a(g) = —1, a(h) = b(g) = 1 and b(h) = —1. Consider the action of A
on H given by a(u) = b(u) = f(u), ab(u) = u, for all w € H. Then H is a
color Hopf algebra since 5(z,y) = 1 for all z,y € supH = {1,9 + h}.

4.3. Color abelian extensions with non-trivial braiding.

Let 0 : ' x T — (K)l and 7 : L x L — (k*)I' be normalized 2-cocycles
satisfying (@I)) and let H = kU #,kI" with product [#Z) and coproduct
@3). In [AN] Section 3], the authors discuss when k” #, kI is a Hopf
algebra in Hﬁg%@ with respect to an action and a coaction that are diagonal
with respect to the basis (0;e,)icr ~er; namely, they are determined by maps
z:LxT' — G and w: L xT'— Hom(G,k*), by the rules

(4.18) g-0ey = w(l,v)(g)0rey, A(0ey) = z(1,7) ® des.

Since we are interested in the braided tensor category (VeCtG,Cg), it is
enough to fix z because w is given by w(l,v)(g9) = B(g,2(l,7)), see (LG).
Note that (£2) and (£3]) are morphisms of kG-comodules if and only if,

(4.19) 2(Lym) = 2(,7)z(1 <, m), le L, el
(4.20) z(lt,y) = z(l,t > v)z(t,7), l,te L, v eT.
The following theorem is a consequence of [AN|, Theorem 3.5].

Theorem 4.15. Suppose that z : L x I' = G satisfies [EI9) and E20).
Then H s a (G, B)-color Hopf algebra iff for all l,t € L and v,n € T,

a1t (Y, M)y (1 1) = B (2(t,7), (1< (> ), (t <) > 1))
Xy (L) Tl < (t> ), t<y)o(t >, (t<y)>n)o(y,n). O

For the rest of this subsection, in order to determine maps z satisfying
(I9) and ([A20), we assume that > is trivial; this implies that < : L X
I' — L is an action by group automorphisms. Then < induces left actions
of I" on Hom(L,G) and on Hom(L, A); for instance, (v — ¢)(I) = ¢(l <
v), for all v € T, ¢ € Hom(L,G) and [ € L. By [AN, Lemma 4.1], the
correspondence z — 2z : I' - Hom(L,G), z(v)(l) = z(l,y), l € L, v € T,
determines a bijection between the set of maps z satisfying (£19) and ([20])
and ZY(I',Hom(L,G)). We now look for o, satisfying the compatibility
condition (ZZI). We consider the 2-cocycle 7 as a map 7 : ' — Z2(L,k*)
and the action of ' on Z2(L,k*): (v-¢)(l,t) = (I <v,t <), v € T,
o€ Z%(L,k*), I,t € L.

Theorem 4.16. Let z € Z'(T',Hom(L,G)) and suppose that the following
compatibility condition holds

(4.22) ou(v,m) = BEM)@),y = Zn)(1) ai(y,m) oy, n)-

(4.21)
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Then H is a (G, B)-color Hopf algebra if and only if 7 € Z* (I‘, ZQ(L,kX)).
Proof. Immediate consequence of Theorem O

We end this subsection with examples of color Hopf algebras that are
neither commutative nor cocommutative. As in [So, Chapter 3] we consider:

R a finite ring, L = G = the additive group of R,
I" a finite group, v:I' =R* a group homomorphism,
e ZY T, L), ¢ e Z*(I, L),

n,0: L — k", O(ltu) = 0(tlu), Vi, t,u € L,
I>y=7~, lay=lv(y), le L, ~eTl.

z2: LxT =G, z(,v)=1l(y), le L, ~eT,
B:GxG—=k*, B(g,h)=0(gh)? g,h €G.

Define a;(v,v) = n (I¢(v,v)) 0 (IPv(7)$(y)9(v)), for L € L, v,v € T. By [Sd,
3.3], Z, f and o satisfy ([@22)). By Theorem .10l H is a (G, §)-color Hopf
algebra for each 7 € ZY(T', Z2(L,k*)); see [AN, Lemma 4.7] for examples of
such 1-cocycles 7 of I' in Z2(L,k*).
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