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THE INDEX OF SYMMETRY OF COMPACT NATURALLY
REDUCTIVE SPACES

CARLOS OLMOS, SILVIO REGGIANI, AND HIROSHI TAMARU

ABSTRACT. We introduce a geometric invariant that we call the index of sym-
metry, which measures how far is a Riemannian manifold from being a sym-
metric space. We compute, in a geometric way, the index of symmetry of
compact naturally reductive spaces. In this case, the so-called leaf of symme-
try turns out to be of the group type. We also study several examples where
the leaf of symmetry is not of the group type. Interesting examples arise from
the unit tangent bundle of the sphere of curvature 2, and two metrics in an
Aloff-Wallach 7-manifold and the Wallach 24-manifold.

1. INTRODUCTION

The study of Riemannian homogeneous spaces is a very important research
area inside Riemannian geometry. The symmetric spaces, defined and classified
by E. Cartan [Car26], are a distinguished family among all homogeneous spaces.
The symmetric spaces can be defined in several ways. For example, these spaces
are locally characterized by the property of having parallel curvature tensor, or
globally, by the fact that the geodesic symmetry at any point extends to a global
isometry. Another way of defining a symmetric space M is the following. Given
p € M and v € T,M there exists a Killing field X on M such that X(p) = v and
(VX), = 0. That is, there is a Killing field, in any direction, which is parallel at p.

The symmetric spaces generalize, in a natural way, to larger families of homo-
geneous spaces. This is the case of naturally reductive spaces. Recall that in a
naturally reductive space M = G/H there always exists a canonical connection
V€, which is G-invariant and has the same geodesics as the Levi-Civita connection
(and hence, V¢ has totally skew-symmetric torsion). In particular, the Riemannian
curvature tensor is parallel with respect to the canonical connection, V’R = (. For
a symmetric space, the Levi-Civita connection is a canonical connection.

In recent years, some relevant results on naturally reductive spaces have been
obtained in the framework of connections with skew-symmetric torsion. In partic-
ular, it is proved that the canonical connection of a naturally reductive space is
essentially unique [OR12al, [OR12D] (except for certain well-studied cases, which are
all symmetric).

Notice that the family of naturally reductive spaces contains the compact isotropy
irreducible spaces and, more generally, the normal homogeneous spaces.

2010 Mathematics Subject Classification. Primary 53C30; Secondary 53C35.

Key words and phrases. Index of symmetry, distribution of symmetry, naturally reductive
space, symmetric space.

The work of C. Olmos and S. Reggiani was supported by Universidad Nacional de Cérdoba and
CONICET, and partially supported by ANCyT, Secyt-UNC and CIEM. H. Tamaru was supported
in part by KAKENHI (24654012).



2 CARLOS OLMOS, SILVIO REGGIANI, AND HIROSHI TAMARU

In this article we deal with a geometric invariant 0 < i5(M) < dim M, that we
call the index of symmetry of the Riemannian manifold M. Roughly speaking, the
index of symmetry of M measures how far is M from being a symmetric space, in the
sense that M is symmetric if and only if i5(M) = dim M. The index of symmetry
of M can be defined as follows: it is the greatest non-negative integer k such that
at every p € M there exist at least k linear independent vectors vy,..., v, € T, M
and k Killing fields X4, ..., X on M such that X;(p) = v; and (VX;), =0.

If is(M) = k, given p € M, one can consider the subspace

s, = {X(p) : X is a Killing field on M with (VX), =0} C T, M,

which is a subspace of dimension at least k. So, p — s, defines an, a priori non-
smooth nor even of constant dimension, distribution s on M. The distribution s is
called the distribution of symmetry of M.

If M is a Riemannian homogeneous space, we have that the distribution of
symmetry has constant dimension and it is smooth (since it is invariant under the
full isometry group of M). Hence is(M) = dims, for any p € M. We prove
that s is an integrable distribution with totally geodesic leaves (or equivalently,
s is autoparallel). Moreover, the leaves of s turn out to be intrinsically globally
symmetric submanifolds of M.

The main goal of this article is to compute the index of symmetry of compact
normal homogeneous spaces. More generally, we explicitly determine the distribu-
tion of symmetry for these spaces. Namely,

Theorem A. Let M = G/H be a simply connected compact normal homogeneous
space, where G is connected. Let us assume that M is an irreducible Riemannian
manifold which is not a symmetric space. Then the distribution of symmetry of M
coincides with the G-invariant distribution defined by the fized vectors of H.

The above theorem is still true for compact naturally reductive spaces under the
hypothesis that the transitive presentation group G is the transvection group of the
canonical connection. Namely,

Theorem B. Let M = G/H be a simply connected compact naturally reductive
space, where G is the group of transvections of the canonical connection. Let us
assume that M s an irreducible Riemannian manifold which is not a symmetric
space. Then the distribution of symmetry of M coincides with the G-invariant
distribution defined by the fixed vectors of H.

In order to prove Theorem[A] we deal with the de Rham decomposition of the leaf
of symmetry L(p) of s at an arbitrary point p. We first prove that the (connected
component by p) of the fixed points of H in M, ¥, must be contained in L(p).
Moreover, we show that the flat factor of L(p) by p must be inside ¥. Then, we
finally prove that the semisimple factors of L(p) must be tangent to X. The proof
depends on general arguments and uses strongly Proposition [3.6] and the precise
knowledge of the full isometry group (see [Regl0, [(OR12al [ORI12D]).

For proving Theorem [B] we make use of the so-called Kostant bilinear form, which
allows us to think of a naturally reductive space as a normal homogeneous space
with respect to a bi-invariant pseudo-Riemannian metric defined on the group of
presentation. In this case, the presentation group must be the group of transvection
of the canonical connection. Similar arguments, as for the normal homogeneous
case, work. (Though it is not trivial to adapt some of the arguments.)
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Recall, as it follows from Theorems [A] and [B] that for naturally reductive spaces
the leaf of symmetry is of the group type. We finish the article by giving several
examples of compact homogeneous spaces with non-trivial index of symmetry and
such that the leaf of symmetry is not of the group type. To do this, we work with
triples G D G’ D K', where G/G' and G’/ K’ are symmetric spaces. The examples
arise by perturbing the normal homogeneous metric on G/K’. Interesting examples,
obtained in this way, are the unit tangent bundle of the sphere of curvature 2, and
two metrics that occur in the Aloff-Wallach manifold W{ _; = SU(3)/SO(2) and
the Wallach manifold W?2* = F/ Spin(8).

This article can be regarded as an effort to understand, in a geometric way,
naturally reductive spaces. This is in the same spirit of the articles [OR12al [Reg10]
OR12b, Regl3].

2. PRELIMINARIES AND BASIC FACTS

2.1. Infinitesimal transvections. Let M be a Riemannian manifold. Through-
out this article we will call an infinitesimal transvection, or just a (geometric)
transvection, at p € M, to a Killing vector field X such that (VX), = 0, where V
is the Levi-Civita connection. Recall that M™ a symmetric space if and only if for
all p € M there exist transvections X7, ..., X, at p, such that X;(p),..., X, (p) is
a basis of T, M.

Do not confuse the infinitesimal transvection with the transvection of the canon-
ical connection of a naturally reductive space. In fact, let M = G/H be a naturally
reductive space with associated reductive decomposition g = h & m. That is, M
carries a G-invariant metric, g is the Lie algebra of G, b is the Lie algebra of H
and m is an Ad(H)-invariant subspace such that the geodesics through p = eH are
given by Exp(tX)-p, X € m. Let V¢ be the canonical connection of M (i.e., the G-
invariant connection associated with the decomposition g = h@dm). The Lie algebra
of transvections of V¢ is tv(M, V¢) = m + [m, m], and the connected associated Lie
subgroup is Tr(M, V¢). Recall that Tr(M, V) is a transitive normal subgroup of
G. When the metric on M is also normal homogeneous, then Tr(M, V°) coincides
with connected component of G (see [Regl0]).

Of course, a transvection of the canonical connections needs not to be a geometric
transvection.

2.2. Ad-invariant bilinear forms. In this subsection we want to point out the
following elementary remark, which will be very useful in the sequel.

Remark 2.1. Let g be a Lie algebra and @) an Ad-invariant symmetric bilinear form
on g. Assume that g is the sum of the ideals g = g1 & go where g; is semisim-
ple. Then, such a decomposition must be orthogonal with respect to @, that is
Q(g1,92) = 0. Moreover, if g; is simple, then the restriction Q|g, of @ to the ideal
g1 must be a scalar multiple of the Killing form of g;.

In fact, let X', X" € g1 and Y € go. If X = [X', X”], an standard calculation
gives

QIX,Y)=Q(X',X"],Y)=-Q(X",[X"Y]) = —-Q(X",0) = 0.

Since g; is semisimple, it is linearly spanned by elements of the form X = [X’/, X",
and therefore Q(g1,g2) = 0.

If we also assume that g; is simple, it is well known that Schur’s Lemma implies
that Q|g, is a multiple of the Killing form of g;.
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2.3. The isometry group of naturally reductive spaces. Let M = G/H be
a compact and locally irreducible naturally reductive space. Let V¢ be the canon-
ical connection on M. In [ORI24] it is proved that the connected component of
the group Affo(M, V) of Ve-affine transformations coincides with the connected
component of the full isometry group of M, except for spheres or real projective
spaces. On the other hand, in [Regl0] it is studied the structure of Affo(M,V®)
when M is also normal homogeneous. This gives the following characterization of
the (connected component of the) isometry group of a normal homogeneous space.

Theorem 2.2 (see [ReglO]). Let M = G/H be a compact normal homogeneous
space. Assume that M is locally irreducible and that it is neither (globally) isometric
to a sphere, nor to a real projective space. Write G = G, X Ggs as an almost direct
product, where G,y is abelian and Ggss is a semisimple Lie group of the compact
type. Then
Ip(M) = Gg X F (almost direct product),

where F is the connected component by p = eH of the fized points of H (regarded
as a Lie group).

Recall that the Lie algebra of F may be identified with the Lie algebra of G-
invariant fields on M.

Actually, Theorem remains true if we assume that M is naturally reductive.
In fact, the key factor to prove Theorem in [Regl0] is that G-invariant fields
are Killing fields. This is also true if M is naturally reductive. In fact, the differ-
ence tensor D = V — V¢ where V is the Levi-Civita connection of M, is totally
skew-symmetric. If X is a G-invariant field, then V¢X = 0 (since the canonical
connection is G-invariant). Then

VX =VX-VX=DX

is skew-symmetric, and hence X is a Killing field. Therefore, the proof of Theo-
rem [2.2| given in [Regl0] also works in the naturally reductive case (see [OR12D]).

3. THE INDEX OF SYMMETRY

Let M™ be a Riemannian manifold and denote by (M) the Lie algebra of global

Killing fields on M. For ¢ € M, let us define the Cartan subspace p? at g by
p?:={X € R(M) : (VX), =0}
The symmetric isotropy algebra at ¢ is defined by
¢ ={[X,Y]: X,Y € p}.
Observe that €7 is contained in the (full) isotropy subalgebra £,(M). In fact, if
X, Y € p9, then [X,Y], = (VxY), — (VyX), = 0. Moreover, since p? is left
invariant by the isotropy at g,
g? = 7 & pt

is an involutive Lie algebra.

Remark 3.1. If X € p?, then v(t) = Exp(tX)-q is a geodesic. Moreover, the parallel
transport along () is given by dmgyp(¢x)lg, Where my(z) = g- 2. In fact, for any
Killing field X,

T_¢ O dexp(tX)|q = et(VX)q S HO(TqM),

where 7; is the parallel transport along the curve Exp(tX)-q (see [BCOO03, p. 163]).
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Let G? be the Lie subgroup, of the full isometry group I(M), associated to
the Lie algebra g?. By the previous remark, the orbit GY - ¢ is a totally geodesic
submanifold of M.

Observe that G99 = g-G9-g~! and that G* = G4, for all x € G? - q.

The symmetric subspace at ¢, s, C T;M, is defined by

sg:={X -q: X epl}=p?-q

Definition 3.2. The index of symmetry is(M) of a Riemannian manifold M is the
infimum, over ¢ € M, of the dimensions of s,.

Observe that
L(g) := G- ¢ = exp(sq).
Moreover, for any x € G9 - q, T,,(G? - q¢) = s,. So, the totally geodesic submani-
fold L(q) is a leaf of the a priori non necessarily smooth (and eventually singular)
distribution p — s,, p € M. Note that L(g) is a locally symmetric space, whose
group of transvections is G¢, quotioned by the ideal of elements that acts trivially
on L(q) (we will see later that G7 acts almost effectively on L(q) if M is compact).
Moreover, L(q) is a globally symmetric space, as follows from Theorem A of [EO94]
(see also Lemma 5 of this reference).

Lemma 3.3. If M is compact then G? acts almost effectively on L(q) = G- q, for
allqe M.

Proof. Since M is compact, the isometry group I(M) is compact. Let (-,-) be an
Ad(I(M))-invariant inner product on the Lie algebra of I(M).

Let b C #7 the ideal which corresponds to the normal subgroup of H of G? that
acts trivially on L(q). Let Z € h. Then [Z, p?] C p9, since the isotropy at ¢ leaves
invariant p?. On the other hand, since H acts trivially on T,(L(q)) = s, one has
that [Z,X], = 0, for all X € p?. Then [Z,p9 = {0}. Therefore, if X,Y € p9,
(Z,[X,Y]) = —([Z,X],Y) = 0. Thus, Z is perpendicular to [p?,p?] = ¢4. Hence
b= {0}. 0

We identify T,(GY - q) = s, ~ p? and decompose p? = pd @ p] @ - - @ p?, where
p¢ corresponds to the Euclidean factor and p, ¢ > 1, corresponds to the irreducible
i-th factor in the de Rham decomposition of L(q) = G?-gq. Let €& = [p%,p] for
j=0,...,5 and let gf = £J @ p.

Corollary 3.4. If M is compact then £ = {0}, (g7, gj] = {0}, if i # j and so g*
is the direct sum of the ideals g7, ...,9%. Then
GT=GIx--xG? (almost direct product),
where Lie(GY) = g7.
In the notation of the above corollary, we denote
Li(q) :=G!-q, i=1,...,s,

and we call L;(q) the i-th de Rham factor by q of L(q).
More generally, if J C {0, ..., s} we denote by

¢4 =] Gl
jeJ
The orbit L;(q) :== GY% - ¢ is called a local factor by q of L(q).
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Let
G'={geI(M):g-Lg) = L(g)}o.

Let g € G9, then G4 = G99 = gG% . So, GY is a normal subgroup of GY.
Let
H?={g e I(M): g acts trivially on L(q)}o.

Observe that HY is also a normal subgroup of GY.
Lemma 3.5. G9 = GY x HY (almost direct product).

Proof. By Lemma G9N H4Y is discrete. Let X be a Killing field induced by GY.
Then X|1 4 is an intrinsic Killing field of L(g) which is bounded. Then it must lie
in the Lie algebra of the (intrinsic) transvection group of L(g). Then there exists
a Killing field Y € g? such that Y14 = X|z(q). Then Z =Y — X is null when
restricted to L(q). Then Z lies in the Lie algebra of H9. This implies the desired
decomposition. O

We denote, if J C {0,...,s}, by
(3.1) GY={geI(M):g-Ls(q)=Ls(q)}o-
In the same way as before, one has that G% is a normal subgroup of G’?, Let
H% = {ge€I(M): g acts trivially on L;(q)}o.

One has that H is also a normal subgroup of G%. Observe that G? acts trivially
on Ly(q), if i ¢ J. Then, by Lemma [3.5

HY=HxGY
where
¢4 =1]Gl
i¢J
One has also that
(3.2) G% =G% x HY (almost direct product).

Observe that I(M), C ég, since the full isotropy at ¢ leaves invariant L ;(q).
Then,

(3.3) Lie(I(M),) =t & h? (direct sum of ideals),
where §% = Lie(H?) and &% = Djcs ]

3.1. The bracket formula. We recall the Koszul formula, which gives the Levi-
Civita connection in terms of the Riemannian metric tensor and the Lie bracket:
2VxY,Z) = X(Y,Z) + Y (X, Z) — Z(X,Y)
+ <[X7Y]7Z> - <[Xa ZLY> - <[Y7 Z]7X>

Assume now that X,Y,Z are Killing fields. Since the flow of a Killing field
preserves the metric tensor, then the Lie derivative of the metric along this Killing
field is zero. Then

XY, 2) =([X.Y], Z2) + (Y, [X, Z])
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and the same if one permutes X,Y,Z. By making use of these relations in the
Koszul formula one obtains the well known formula for the Levi-Civita connection
in terms of Killing fields:

(3.4) 2(VxY, 2) = ([X,Y], 2) + (X, 2],Y) + ([Y, Z], X).
Assume now that Y is parallel at ¢q. Then
<[Xv YLZ><1 + <[X7 Z]7Y>q + <[Y7 Z]5X>q =0.

Proposition 3.6. Let M be a homogeneous Riemannian manifold and let L be
its foliation of symmetry (i.e., the elements of L are the integral manifolds of the
distribution of symmetry s). Assume that the metric of M projects down to M /L
(only locally, since M /L could be not a manifold if the elements of L are not closed
submanifolds). Let ¢ € M and let X be a Killing field which is parallel at q (observe
that X (q) € T,L(q), where L(q) is the element of L containing q). Let &, n be Killing
fields of M such that their restriction to L(q) is always perpendicular to L(q). Then

(& XL,y = — 50X 6 1)

Proof. In the equality previous to the proposition, rename Y by X, X by £ and Z
by 1. So,

(3.5) (& X]mq + (&) X)g + ([X,m], €)g = 0.
Now observe that
(3.6) 0=X(q){&m = (Vx& g+ (5 Vxn)g

since the metric projects down to the quotient (observe that the Killing fields are
projectable since their flow preserve the foliation of symmetry).

Observe that, since V is torsion free and (VX), = 0, then (Vx¢&), = [X, ], and
(Vxn)q = [X,n]q. So, from equality [3.6] one obtains that ([X,£],m)q+ (&, [X,n])q =
0. Thus, ([X,n],&)q = ([§, X],m)q. Therefore, by making use of this equality in
one gets the desired formula. O

Remark 3.7. Proposition [3.6] remains true is one replace £ by the foliation L;,
whose leaves are L;(z). If ¢ > 0, then the quotient is a manifold since the leaves
are compact and hence the orbit of a compact Lie group.

4. PROOF OF THEOREM [Al

Assumption. In the following we will assume that M = G/H is a compact nor-
mal homogeneous Riemannian manifold, which is locally irreducible and not locally
symmetric (G compact and connected).

If the isotropy H, let us say at g, has fixed non-zero vectors on T,M, then
the full (connected) isometry group Io(M) is in general bigger than G. If G C
Io(M), then the metric on M is not anymore normal homogeneous with respect to
the presentation M = Iy(M)/(Io(M)),. Otherwise, the transvection group of the
canonical connection would be Io(M). A contradiction (see Section [2).

A transvection X at g, i.e. a Killing field which is parallel at ¢, may not lie in g.
In fact, as it will follow from our main result, it will never lie in g (unless the fixed
vectors of H coincides with T;(Gy - q), where G is the abelian part of G).
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Since M is homogeneous, the distribution x — s, is G-invariant and thus non-
singular and C*°. In particular, is(M) = dim(s,). Observe that p9'9 = Ad(g)p?
and £9°7 = Ad(g)e9.

Lemma 4.1. Let 3(q) be the connected component of the fixed points of H in M
(or, equivalently, ¥(q) is the integral manifold by q of the distribution D of fized
vectors of the isotropies). Then 3(q) is a local factor of L(q).

Proof. From [Regl0], one has that the full connected group of isometries Io(M) of
M is Ggs X F', where Gg;s is the semisimple part of G and the Killing fields induced by
F' are the G-invariant vector fields (such a field is determined uniquely by a vector
in D;). Then the flow of any Killing field induced by F preserve the (autoparallel)
distribution D of fixed vectors of the isotropies. Observe that Ggs also preserves D,
since G does so. So, D is preserved by Io(M). In particular, D[y, is preserved by
the transvection group G C Io(M) of L(g). Then D|r 4 is a parallel distribution
of L(q), which contains, by Lemma the whole flat factor Lo(q). This implies
the assertion. a

Lemma 4.2. Let Lo(q) = Go(q) - ¢ be the flat part of L(q). Then Ty(Lo(q)) is
included in the set of fized vectors in Ty M of H.

Proof. Let X be a Killing field induced by H. Then X is bounded, since M is
compact. The one-parameter group of isometries induced by X must leave Lg(q)
invariant. So, X|r, () is always tangent to Lo(q). Since X is bounded and Lo(q)
is flat, then X|r,) must be parallel. Since X(¢q) = 0, then X|; ) = 0. The
assertion follows since H is connected. ]

Lemma 4.3. Let M = G/H be compact locally irreducible normal homogeneous
space which is not locally symmetric. Let L;(q) be a de Rham factor by q of L(q)
which is perpendicular at q to the factor X(q). Let X be a transvection at q lying
in g! = Lie(G?). Then X lies in g = Lie(G).

Observe that the fact that L;(q) is perpendicular to ¥(g) is equivalent, by
Lemma and Lemma to L;(g) not being contained in X(g). Observe that
i > 1, by the previous lemma.

Proof of Lemma [[.3. We have that In(M) = Gy x X where X is $(g), but regarded
as a Lie group: the Killing fields on M induced by f)( ) are the G invariant fields,
which are determined by its initial condition, which is a vector in T,(X(q)) (see
Section ' Let Sy be the semisimple part of the Lie group Y. We need the
following auxiliary result.

Sublemma. 3 C G%, where J ={j €{1,...,s} : Lj(q) C Es(q)} and Xs(q) is
the semisimple local factor of the symmetric space %(q).

Proof. We have that Y is a semisimple normal subgroup of

G% =G% x HY (almost direct product),
since it leaves ¥4s(¢) invariant and it is a normal subgroup of I(M). Let us show
that S N Hg is discrete. In fact, if X is a Killing field in the Lie algebra of this
group, then X (g) = 0, since H? is contained in the isotropy (I(M)),. But a Killing

field in the Lie algebra of Y C X is determined by its value at g. Then X = 0 and
therefore Yo C G?] (we are using here that ¥ has no abelian part). O
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We continue with the proof of Lemma By the above sublemma, Yy C GY.
But, since [g7, Lie(G%)] = {0} and gf NLie(G%) = {0}, one has that [g7, Lie(X)] =
{0} and g! N Lie(Xs) = {0}. This implies that

9! C Lie(Gys) ®a C g® a® Lie(Xy) = Lie(I(M))

(~direct~sum of ideals), where a is the abelian Lie algebra associated to the flat part
Yo of 3. Since g} is semisimple one must have that g/ C Lie(Gss) C g. This shows
the lemma. (]

Let X be a transvection at g which lies in g! = Lie(GY), where the de Rham factor
Li(q) = G} - q is perpendicular at ¢ to the factor X(g) of L(¢). From Lemma
we have that X lies in g = Lie(G). Choose Y € m = h* such that Y - ¢ = %X - q.
Recall that the linear map, from m into itself, U — [W, Uly, is skew-symmetric for
all W € m (since M = G/H has a normal homogeneous metric). Also observe
that any £ € m, regarded as the Killing field « — £ - x, which is perpendicular at
q to L(q) remains always perpendicular to L(q) (see Remark . Then, for any
arbitrary &, € m which are perpendicular to L;(q) at g,

<[§7 Y]a 77>q = _<Ya [67 an
Then, from Proposition [3.6] one obtains that Z = X — Y satisfies

<[§a Z}ﬂﬁq =0.

This implies that the Killing field Z, regarded in the quotient M/L; of M by
the foliation £; is identically zero (since its initial conditions are both zero). The
quotient M/L; can be regarded globally, since the leaves L;(z) are compact. Then,
the Killing field Z of M is always tangent to the leaves of the foliation £;. Observe
that Z - ¢ is an arbitrary vector of T,(L;(q)), since Z - ¢ = %X -q. Observe that the
same argument shows that there is a Killing field, always tangent to the leaves of
the foliation £;, with an arbitrary value in T, (L;(z)), for any fixed x € M.

Let now §; be the ideal of g which consists of the Killing field that are always
tangent to the leaves of £;. Let G'i be the Lie normal subgroup of G associated
to §;. The orbits of G;, by what previously observed, are the leaves L; (z) of the
foliation £;. Let G% be the Lie subgroup of G, associated to the complementary
ideal g/ := (g;)-. We have that

G=GixG, (almost direct product)

and that G acts transitively on the quotient M/L; = Io(M)/GY. Here, we denote
by GY the group C:'%i}, according with the notation given in

Let now Z € §; be such that its associated Killing field on M vanishes identi-
cally on L;(z), for some x € M. If y € M, then there exists ¢’ € G such that
¢’ Li(z) = L;(y), since G} acts transitively on the quotient M/L;. We may assume,
by replacing = by another element in L;(x), that ¢’ -« = y. Then

Z-y=2-(g -x) = dmy (Ad((g))(2)) -2 = dmy (Z - @) = 0,

where m denotes de action of G on M. This shows that the Killing field associated
to Z vanishes identically. So, Z = 0.

Lemma 4.4. We have that the normal subgroup G, of G is contained in the
transvection group G¥ of L;(x), for any x € M.
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Proof. If x € M, then

Gic G =G x HY,
since G; leaves invariant any leaf of £;. We have that G,nNH 1 is discrete. Otherwise,
there would exists a Z € g; which vanishes identically on L;(z) and therefore, as
previously observed, Z = 0. The conclusion follows, by making use that G;is a
normal subgroup of G and the fact that G is semisimple. O

Proposition 4.5. The locally symmetric (irreducible) space L;(x) is of group type.
Namely, G¥ = K x K (almost direct product), where K is a simple Lie group (of
compact type). Moreover, G; coincides with one of the factors K.

Proof. Assume first that G; = G¥. Then any transvection X € p? C g¥ at « lies in
g;- Let now X3,..., X, € p? (i.e. transvections at x) be such that X; -z,..., X, -«
is a basis of Ty, (L;(x)). Then X,..., X, is a local trivialization of the distribution
5; of tangent spaces to the leaves of L£;. Since Xi,..., X, are parallel at x we
conclude that the distribution s; is parallel at . Since x € M is arbitrary we
have that the (non-trivial) distribution s; is parallel and so M locally splits since
dims; < n = dim M because M is not symmetric. A contradiction.

So, G; is a proper, non-trivial, normal subgroup of G?. Since L;(z) is a locally
irreducible symmetric space the isometry group G7 is semi-simple. But it cannot
be simple, since it has a proper normal subgroup. Then L;(x) must be of group
type and G¥ = K x K (almost direct product), with K simple, since L;(z) is locally
irreducible. O

Remark 4.6. Recall that L;(x) is Lie group with a bi-invariant metric (since it is a
globally symmetric space of the group type).

Remark 4.7. Let us fix ¢ € M. Let ¥ : §;, — g, be defined as follows. Given
X € g;, U(X) is the unique element of g} such that U(X)-q¢ = —X -q. We get that
U : g, — ¥(g,) is an isomorphism of Lie algebras. Moreover, g = g; ® ¥(g;) and

B = (X 4 W(X): X € §i)} = diag(d; @ U(g).

Let b’ be the ideal of h = Lie(H) C g which consists of the Killing fields that
vanish identically on the leaf L;(¢q). We have, from Lemma that ¢/ C h. Then
with the same arguments as in [3.3] for the case where § is the full isotropy algebra,
we can decompose

h=bh'@ot] (direct sum of ideals).

Since £ is simple, from Remark the above decomposition must be orthogonal
with respect to the Ad(G)-invariant inner product (-,-) on g (or, more generally,
with respect to any Ad(G)-invariant symmetric bilinear form on G).

Since b’ C h? and b? is an ideal of g7, we get that b’ is an ideal of b’ @ gf. This
decomposition, since g/ is semisimple, must be orthogonal by Remark

On the other hand, the decomposition g = ' ® €/ @ m is also orthogonal. So, we
get that (¢))* Ng? C m.

Let us define

my =)t Ng/cm  and  my = (my)TNm

Keeping the notation of Proposition and Remark [£.6] we have that the de-
composition g; = g; ® g;, where the first summand is regarded as an ideal of g
and the second one as a subalgebra of g, must be orthogonal (see Remark [2.1)).
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Moreover, just by taking a positive multiple of the Ad(G)-invariant inner product
(-,-) on g, we may assume that the restriction of (-,-) to gf = §; @ g; has the form

<'7 '>|gg =B®AB
for some A > 0, where B is the negative of the Killing form of g;.

With these notation and identifications we have

H=twovenh b ={(ju-g0) el

D B S S S Ry
my; = 1+>\U,1+>\’U TVE G-

With this notation, if X = (u,v) € g, then

and

X-qg=(w,0)-g=(u-20)-q
(A —1). Then, for all v € §;,

g Tajv,—3v my.
In fact, if (w,w) € £}, then

(v ((bea) b))~ (e o) oot

_ 1
Leta—§

Note that

<(;+a>v,—;v> g=(1+aw-q

Observe, identifying T, M ~ m, that

my = (T,(Li(q)))*.

Let now £, € ma. As we have previously observed, the Killing fields on M

induced by &, 7 are always perpendicular to L;(q). If X = (%v,—%v) €plisa

transvection at ¢, then, by Proposition [3.6]

(& XL,y = — 50X 6 1)

Since g, is an ideal,
<[§7 (av, O)]v 77>q =0.
Then, if Y = X + (av, 0),

(6 Y] 0 = {16 X)m)g = =50 6y = — 50X 6.0 ).

Since X - g = H%Y - q, the above equality yields

1

(£, Y],m)q = ERET))

(Y -q, 0] -q).
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But on the other hand, since Y € m; C m, one must have that
(& Y]mg ==Y "q[&n]q)

Then, either ﬁ =1, or my is perpendicular to [mg, my]y,. In the first case

1 1
1= = .
204+ 3(A—=1)) 1+A
A contradiction, since A > 0. In the second case the distribution (s;
and hence totally geodesic. Also a contradiction (see Remark .

Then there does not exist a transvection at g which is perpendicular at g to the
vectors fixed by the isotropy. This proves Theorem [A]

Remark 4.8. We denote by é the Killing field on M induced by &, which is given by
fo=¢&-x (and the same for 7). We have that [£, 7]m € ma, and we want to see that
[é, 7] lies in the distribution (s;)*. Recall that if ¢ = g - ¢ and &, 7 are the right-
invariant fields on G with &, = &, and 7. = 7., then éq/ =dn(&,), iy = dm(i,) and
[é, fily = dr([€, 7)), since [£, 7] is right-invariant (here 7 : G — M is the projection
map).

O)n the other hand, we may identify T,, M with Ad(¢g~'m) via Z — Z - ¢’. Note
that the isotropy at ¢’ is Ad(g~1)h and (51-)37 = (Ad(g~1)mz) - ¢'. So,

€,y = dn([€,7]g) = dn(dryl€, 7))
= —dn(drg[€, n)e) = —dn(dly Ad(g™")[€, 7))
= _dlgdﬂ(Ad(gil)[g,n}e) € (Ei)é_’a

where we denote by [, the left-multiplication in G and M. Therefore, (s;
integrable and autoparallel.

Remark 4.9. Let ¢ € m such that the Killing field € defined by & = £ -z is
perpendicular to L(q) at ¢g. Recall that T, L(q) = s, for all x € L(q). Let mg C m
be the subspace such that s, = mg - ¢. Since the distribution of symmetry is G-
invariant, we have that s, = (Ad(mg)) - ¢/, where g € G and ¢’ = g-¢. Now,
£ = (Ad(g)€) - ¢ is perpendicular to s,. Since g is arbitrary, we conclude that if
¢ is perpendicular to L(q) at g, it is always perpendicular to L(q).

)+ is integrable

)t s

Example 4.10 (Stiefel manifolds). Let us consider the Stiefel manifold M =
SO(n + k)/SO(n), with n,k > 2, endowed with the normal homogeneous metric.
It is well known, as it follows from the Serre long exact sequence of homotopies,
that M is simply connected. Moreover, M is an irreducible Riemannian man-
ifold (see Remark . Then M has index of symmetry is(M) = k(k — 1).
Moreover, the (connected) set of fixed points of SO(n) in M, which contains
the orthogonal k-frame B = (ey,...,ex), is isomorphic to SO(k). Here we con-

sider the standard inclusions SO(n) ~ (Ig SOO(n)> and SO(k) ~ (Soo(k) Ion) inside
SO(n + k). Thus, the leaf of symmetry L(B) is the symmetric space of the group
type SO(k) ~ (SO(k) x SO(k))/SO(k).

Remark 4.11. Let M = G/ H be a simply connected naturally reductive Riemannian
manifold, where G is the group of transvections of the canonical connection. If
M is a normal homogeneous space, G must always coincides with the group of
transvections, provided G acts effectively. Let M = My x M7 X --- x M, be the de
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Rham decomposition (Mj is, eventually, trivial). Then G = Gg x G1 X - - - X G, and
H = H() X H1 X o X Hr, where Hl C Gi and Mz = Gz/Hz for all 1 = 071,...,7”'.
It is not easy to find this decomposition through the mathematical literature. We
found such a fact in [AleEM]|, but without proof. So, we next give the argument
for such a decomposition.

Let p = (po,.-.,pr) = eH € G/H and let g = m @ b be the naturally reductive
decomposition associated to the naturally reductive metric on M. Observe, as it is
well known, since G is the group of transvections, that g = m + [m, m].

Identifying T,M ~ m, let m = mg ®my @ --- & m,, where m; = T, M; and
TyM =Ty, My @ Ty, My ®--- DT, M,.

If Z € g, let Z be its associated Killing field ¢ — Z-q. It is well known that (VZ)p
lies in the normalizer of the holonomy algebra at p. So, (VZ), leaves invariant the
tangent space at p of any de Rham factor. Namely, for all + =0,1,... 7,

(4.1) (Ven, Z)p C M.
If X € m, then
(4.2) (VX), = Dx,

where D = V — V¢ is the difference tensor between the Levi-Civita connection and
the canonical connection. Moreover, (DxY, Z) is a 3-form. From one has that,
ifi# ],

Let now X; € m;, then dig.,:x,;) gives the V°-parallel transport along the
geodesic Exp(tX;)-p € M;. If u € (m;)*, then from dlgxp(tx,)u is also parallel
with respect to the Levi-Civita connection, along Exp(tX;) - p.

This implies that lgyp:x,) acts trivially on any other de Rham factor M, j # i.

Then, if we define G; to be the Lie subgroup of G whose Lie algebra is generated
by m; and H; = (G;), we obtain the desired decomposition.

5. THE NATURALLY REDUCTIVE CASE

In this section we assume that M = G/H is a compact naturally reductive
space, with reductive decomposition g = h @& m. We also assume that M is locally
irreducible and non-locally symmetric, and the presentation G/H is given by the
transvection group of the canonical connection of M. That is to say, g = m+ [m, m]
(which is not, in general, a direct sum). From a well known result due to Kostant
[Kos56], there exists an Ad(G)-invariant non-degenerate bilinear form @ on g such
that

Q(bam) =0, Q‘m = <'7'>7
where we denote by {-,-) the Riemannian metric at T,y M ~ m. In particular, it
follows that @ is non-degenerate when restricted to b.

We keep the notation from the previous section. More precisely, if L(g) is the

leaf of symmetry by ¢ € M, the de Rham decomposition of L(g) is given by

L(q) = Lo(q) x L1(q) x --- x Ls(q),

and the leaf of fixed point of the isotropy X(g) by ¢ is a local factor of L(q). That
is, there exist a subset J C {0,1,...,s}, which must contain 0, such that

2(g) = Ls(a) = [ [ L;(@)-

jeJ
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If i ¢ J, we proved that L;(q) is a symmetric space of the group type. Moreover,
the ideal g; C g, which consist of the Killing fields which are always tangent to the
foliation with leaves L;(q), x € M, is a simple ideal of the Lie algebra of geometric
transvections gf = ¢/ @ p?. In particular, there exists an ideal ¢ contained in the Q-
orthogonal ideal to g;, which turns out isomorphic to §;, such that ¢/ ~ diag(g,®g; ).

Recall that Q|gg has the form AB @ uB, where B is the negative of the Killing
form of §; and We'identify g7 ~ §; ® g;. We have that X\ and p are both nonzero,
since @y is non-degenerate.

If @ is not positive defined, then A, p cannot have both the same sign. If A >
0, we get a contradiction with the same argument that we use for the normal
homogeneous case (because, we only use that pu # 0). Therefore, it only remains
the case A < 0 < p. By rescaling the Riemannian metric on M, we may assume
that

Qlgs = —AB & B, for some A > 0.

Recall that A # 1, since @ is non-degenerate on the isotropy h. Let, m; C m the
subspace such that my - ¢ = T,(L;(¢)). So, with our identifications, we have that

H=twovenh b ={(ju-g0) el

j— L L . €A<
my = 1_)\1),1_)\11 TVE G-

In this case, we have that if a = —1(\ + 1), then

1 1
<2v, 2v> + (av,0) € my

for all v € §;. Just by following the calculations from the last part of the previous
section we get the contradiction

and

1 1

2@+1) 1=\

This proves Theorem [B]

6. EXAMPLES WITH DISTRIBUTION OF SYMMETRY NOT OF A GROUP-TYPE

For a compact (simply connected) naturally reductive space M = G/H the
leaves of the symmetric foliation, are always globally symmetric spaces of group
type. In fact, if G is the group of transvections of the canonical connection then
the symmetric submanifold S by p = [e] coincides with the connected component
of the fixed points of H in M.

The full isometry group is given by (see [Regl0l [OR12al)

Io(M) = Gy x S,

where S is the group of isometries which corresponds to the G-invariant vector
fields of M, and G is the semisimple part of the reductive group G. Moreover, the
leaves of the symmetric foliation are given by the orbits on M of the group S. This
implies that the holonomy group ® of a fixed leaf S, of the symmetric foliation,
commutes with S. It is not hard to see that ® must be isomorphic to S and that

H(S)=dxS~SxS.
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In the next we will construct examples of compact (simply connected) homoge-
neous spaces whose foliation of symmetry is not of group type.

Let G be a compact Lie group and let G’, K’ be compact subgroups such that
G D G' D K'. Assume, furthermore, that G’ is simple and that (G',K’) is a
symmetric pair. Observe that (G’, K') is not of group-type, since G’ is simple.

Let (-,-) be an Ad(G)-invariant inner product in the Lie algebra g of G. Let

g/ —¢® ]J,
be the Cartan decomposition associated to (G, K’). Since G’ is simple, then the
restriction of (-, -) to g’ is a multiple of the Killing form. So, ¢ must be perpendicular
to p’ with respect to (-,-) (since both subspaces are perpendicular with respect to
the Killing form of g’). This is in general false if G’ is not simple (e.g., if (G', K’)
is of group type).
Let now
m:=(¢)t
be the orthogonal complement in g with respect to (-, -).
As previously observed, p’ C m. So, if m’ = (p’)* N'm, then

m=m'oyp (orthogonally).

Let (-, -) be the inner product on m defined as follows by the following properties:
a) (¥,p') =
b) the restrlctlons tom’ of (-,-) and (-, -) coincide;
¢) (-,y =2(-,-), restricted to the subspace p’.

Let M := G/K' endowed with the G-invariant Riemannian metric that at p = [e]
coincides with the inner product (-, -) of T, M ~ m. We will also denote by (-, -) this
Riemannian metric. The associated Levi-Civita connection will be denoted by V.

Notatlon If X € g then X denotes the Killing field of M induced by X. Namely,
X(Q) T |0 Exp(tX) - q

Recall, the well known fact that
[X,Y] = —[X,Y].
Lemma 6.1. If X € p’ then (VX), = 0.

Proof. Let us first show that G'/K’ is a totally geodesic submanifold of G/K’.
Observe that m’ is the orthogonal complement, with respect to (-,-), of g’ in g.
Then m’ must be Ad(G’)-invariant, since g’ is so.

Let £ em’ and ¢’ € G'. Since g’ is G'-invariant,

() = dly Ad((g') 1)

Now observe that Ad((g’)~!)¢ belongs to m” and so it is perpendicular to G’/ K’
at eK’. Since I, is an isometry that preserves G’/K’ one concludes that (), g is
perpendicular to G'/K’ at ¢’ K’. Therefore, the Killing field &, restricted to G/ K’
is always perpendicular to this submanifold. If A is the shape operator of G’/ K’
then, for any U,V vector fields on G'/K’,

(AU, V) = ~(VuE, V).
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But the left hand of the above equality is symmetric on U,V and the right hand is
skew (by the Killing equation). Then

Since ¢ is any arbitrary normal direction at p, we have that G'/K’ is a totally
geodesic submanifold of M.

Since X € p’ then X|G//K/ is parallel at p, regarded as a Killing field of G'/K’.
Then, since G’/ K’ is totally geodesic,

(6.1) VyX =0,

for all Y € p’ ~ T,(G'/K"). Observe, from last equality and the Killing equation,
that

(6.2) (VeX,Y) =0,

forany £ em’, Y € p’.
Let &, € m’. Then, from equation

2(VeX,n) = ([€, X]p,m) + <[ ilps X) + (X, 7], €)
—([&, X1, m) = (€, m], X) — ([X,n],§)
—(1& XT,m) = 2([¢, 0}, X) — ([X, 7], 5)
(6.3) = (X, [§,m]) — 26, n], X) + (X, [§,n) =
where (-, -) is the Ad(G)-invariant inner product of g.
From . n and one has that (VX), = 0. O

Let p’ denote the G-invariant distribution on M with p}, = p’. Then the distri-
bution p’ is integrable with totally geodesic leaves. In fact, if g € G, then the leaf
by g-pof p’is g- (G'/K') (see the beginning of the proof of Lemma where it
is proved that G'/K’ is a totally geodesic submanifold of M).

Lemma 6.2. We keep the notation and general assumptions of this section. As-
sume, furthermore, that (G,G’) is an irreducible (almost effective) symmetric pair
and that (G/K',(-,-)) is not a symmetric space. Then the distribution of symmetry
of (G/K',(-,-)) is exactly s = p’ (whose integral manifolds are g- (G'/K'), g € G).

Proof. We have seen that p’ C s. Then the distribution s of M = G/K’ descends
to a distribution § of the symmetric space M = G/G’. Moreover, 5 is G-invariant,
since s is so (because isometries preserve the distribution of symmetry). Then
§=0,0r 5 =TM. In the first case we have that s = p’, as we wanted to prove. In
the second case we obtain that s = T'M and hence M would be symmetric. O

We have not found a general argument for deciding when (G/K’,(-,-)) is not
locally symmetric.

6.1. Explicit examples. We keep the notation and assumptions of this section.

Example 6.3 (The unit tangent bundle of the sphere of curvature 2). Set, for
n>1,

G =S0(n+1), G’ =S0(n), K'=80(n-1).
Let M = G/K' endowed with the SO(n + 1)-invariant metric (-,-). Though, for
n = 4, SO(n) is not simple, the restriction of the Killing form of SO(5) to SO(4)
turns out to be a multiple of the Killing form (i.e., the same multiple on each
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irreducible factor). Then the general results of this section applies also for this
case. We have proved that the (autoparallel) SO(n + 1)-invariant distribution p’ is
contained in the symmetric distribution s of M.

We will prove the equality, or equivalently, from Lemma that

(SO(n +2)/S0(n), (--))

is not a locally symmetric space.

It is not difficult to see that, up to rescaling, (SO(n+2)/SO(n), (-, -)) is the unit
tangent bundle of the sphere of curvature 2 (with the Sasaki metric). From the
following remark we obtain that this space is not locally symmetric.

Remark 6.4. The unit tangent bundle M?"~! to the sphere of curvature 2 is never
locally symmetric. In fact, assume n = 2. Then SO(3) acts simply transitively on
M?3. The universal cover M3 of M3 is compact and diffeomorphic to Spin(3). If
M3 is symmetric then it must be irreducible. Moreover, M3 must be of rank one.
In fact the isotropy representation is an irreducible and polar representation acting
in a 3-dimensional space (which implies that is transitive on the unit sphere). Then
all geodesics in M3 have are closed of the same length. Then all geodesics of M3
would admit a common period. But any horizontal geodesic of M3 has length /2.
But a vertical geodesic has length 27, which is not rationally related to the length
of any horizontal geodesic. Then M?3 is not locally symmetric. Now observe that
M? is in a canonical way a totally geodesic submanifold of M?2"~!. Then M?"~!
is not locally symmetric. Otherwise, M? would be locally symmetric.

Observe that the unit tangent bundle to the sphere of dimension 2 and curvature
1 is a Lie group with a bi-invariant metric and hence a symmetric space.

Remark 6.5. Notice the difference between the above example and taking k =
2 in Example [.I0] In both cases the underlying differentiable manifold is the
Stiefel manifold SO(n + 2)/SO(n), but in Example the metric is not normal
homogeneous. Recall that in Example with the normal homogeneous metric,
the leaf of symmetry is the circle S (and hence, it is of the group type).

Example 6.6. Let us consider the standard inclusions SU(3) > SO(3) D SO(2).
Then M = SU(3)/SO(2), with the metric above defined has index of symmetry
equal to 2 and leaf of symmetry the sphere S2. In fact, let us check that M is
not a symmetric space. Recall that M is the Aloff-Wallach manifold M = W17 1
and hence H*(M,Z) = 0, according with [AW75, Lemma 3.3]. Assume that M is
a symmetric space, then must be one of the following: S7, S° x §2, 4 x S3, or
53 x 82 x §2. The last two cases are excluded by the restriction on the cohomology.
It cannot be M = S7, since SU(3) is not transitive on S7. Finally, if M = S° x S2,
then, projecting down to the second factor, we would obtain an isometric action of
SU(3) on S2. Such an action must be trivial since SU(3) is simple and dim SU(3) >
dim SO(3). So, SU(3) cannot be transitive on M, which is a contradiction. With a
similar argument, we can prove that M is an irreducible Riemannian manifold.

Example 6.7 (The Wallach 24-manifold). Consider Fy D Spin(9) D Spin(8). No-
tice that Fy/Spin(9) is the Cayley plane. The manifold W?2* = F,/ Spin(8) is the
so-called Wallach manifold and it has leaf of symmetry S® = Spin(9)/Spin(8). In
fact, it is well-known that W?2* is topologically different from a symmetric space.
Recall that in this case W?2* can be endowed with a metric of positive curvature.
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