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I. INTRODUCTION

A. PRELIMINARY STATEMENT

Progress in technology requires more efficient
utilization of materials by the engineer. Hence the
engineer in designing a load-carrying member must
be informed as to the various properties of the
materials and also as to the design procedures for
making use of these properties, One property which
has become increasingly important in design is
creep. The design procedures, as well as the experi-
mental data, presented in this bulletin should aid
in alleviating some of the difficulties in the problem
of design for creep.

As the authors see it, the problem of design for
creep is that of predicting the load and resulting de-
formation of a load-earrying member necessary to
produce a specified strain in the most strained fibers
of the member in a specified time. An exact analysis
requires that the stress-strain-time-temperature re-
lation be known for the material. Usually the prob-
lem is simplified by assuming constant temperature;
however, even then the stress-strain-time relation
i not known for real materials. This means that
the design proeedure must be based on certain ap-
proximations. In general, investigators in this field
have made 1 or 2 types of approximations. One is
to idealize the material so that the stress-strain-
time relation is known, and the other is to assume
that the stress-strain-time relation for the material
is given by the constant stress-ereep curves.

In idealizing the material, some investiga-
tors™ * ®* have assumed that the material was
viscoelastic and could be represented by various
models composed of springs and dashpots. In deriv-
ing load-deflection relations for beams and ee-
centrically loaded columns, Kempner in one paper™
assumed that the material could be represented by
linear springs and dashpots, and, in another
paper, by a linear spring and nonlinear dashpot.
In treating the column problem, Hilton® assumed
that the column was made of a generalized visco-
elastic material. One of the difficulties in idealizing
the material lies in the fact that a model which

* Superseript numbers in parentheses refer to corresponding entries
in the bibliography.

approximates closely the material behavior is too
complex to be easily analyzed.

Based on the assumption that the stress-strain-
time relation for the material is given by the con-
stant stress-creep curves, two different approaches
have been used in deriving theoretical load-deflec-
tion relations for beams and eccentrically loaded
members for which the action line of the loads is
parallel to the axis of the member. In one approach
an equation is sought which will represent a family
of creep curves such as those shown in Figure 1.
The other approach considers design for a specified
time ¢,. From the intersection of a wvertical line
AB (Fig. 1) with the creep curves for time ¢, a plot
may be obtained for corresponding values of stress
and strain as shown in Figure 2. This plot is called
the isochronous stress-strain diagram for time ¢,
and is used in the derivation of the theoretical
relations for time ¢,.

In attempting to find a relation which would
represent a family of creep curves, many investi-
gators™ ® &7 have neglected the nonlinear first

4
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Figure 1. Typical creep curves



10 Bul. 460. THEORETICAL AND EXPERIMENTAL ANALYSES OF MEMBERS MADE OF MATERIALS THAT CREEP

Stress

Strain

Figure 2. Typical isochronous stress-strain diagram

stage of the creep curve and have assumed the time
dependence of ereep to be a linear function of time.
Theories based on this analysis cannot be used to
predict behavior of members loaded for only a short
time. Other investigators™ %% 19 have considered
the fact that creep is a nonlinear function of time.
Pao and Marin® assumed that the stress-strain-
time relations in tension and compression are iden-
tical and are defined by the relation

e=-%;+Kar“(1—e_"")+ﬁo'“t (1)

where e is total strain, o is stress, ¢ is time, and E,
K, «, q, n, and B are experimental constants. Find-
ley, Poczatek, and Mathur®' assumed that the
stress-strain-time relation in tension and compres-
sion could be represented by an equation of the form

. €

o = 09 sinh—! m (2)
in which ¢/, m’, n, and o, are experimental constants
which may be different for tension and compression.
This expression was found to give an excellent
representation of creep data for several plastics. It
should be noted that the stress dependence in Equa-
tion 2 is of the same form as that in the activation
energy theory advanced by Kauzmann.®" In a

recent book by Finnie and Heller,” several of the

relations, which have been proposed to represent the
creep curves, are discussed relative to their use in
the design of load-earrying members.

If the time variable is assumed constant, Equa-
tion 2 becomes

¢ = gy sinh~! <. 3)

€
Equation 3 represents the isochronous stress-strain
diagram in Figure 2 if Equation 2 represents the
ereep curves in Figure 1. It will be noted that
Equation 3 has 2 variables instead of 3 and only
2 experimental constants must be determined in-
stead of 4. Experimental constants o, and ¢, in
Equation 3 may be different for different values of
time; however, o, will have to remain constant if
Equation 2 is used. Hence, Equation 3 will in gen-
eral give a better approximation of the isochronous
stress-strain diagram than either Equation 1 or 2

will approximate the creep curves.

Carlson and Manning®® used the isochronous
stress-strain diagrams of the material to derive
theoretical buckling loads for eccentrically loaded
columns; however, they did not represent the dia-
grams by an arc hyperbolic sine curve (Eq. 3).
They found the theory to be conservative by 20%
to 60%. This great difference between the theo-
retical and experimental collapse loads is believed
to result from the fact that the isochronous stress-
strain diagrams obtained from compression creep
specimens were probably in error. The authors
have undertaken many investigations in recent
years(18: 14, 15, 16, 17, 18,19, 20, 21} and have found that
theories based on Equation 3 adequately predicted
the experimental results.

B. PURPOSE AND SCOPE

The purpose of this investigation may be sum-
marized as follows:

1. To present a theory for predicting the load-
deflection curves for beams, centrally loaded col-
umns, and eccentrically loaded tension members
and columns, based on the are hyperbolic sine curve
representation of the isochronous stress-strain
diagram.

2. To bring together the results of several ex-
perimental investigations comparing theoretical and
experimental load-deflection curves for metal mem-
bers at elevated temperatures and for plastic mem-
bers in a controlled atmosphere room.

3. To consider the suitability of using a modi-
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fied secant formula for predicting the collapse loads
and the maximum deflections of eccentrically
loaded columns made of materials that creep.

In the development of the theory referred to as
the are hyperbolic sine theory, simplifying approxi-
mations were used. A qualitative analysis of the
effect of these approximations is presented to de-
termine whether they will make the theory conserv-
ative or nonconservative. A theoretical analysis is
presented for a general T-section member made of
a material whose isochronous stress-strain diagrams
in tension and compression are identical and can
be represented by Equation 3. Using the theory,
dimensionless moment vs. angle-change curves were
constructed for beams to be used in the design of
beams for either strength or deflection. Also, 2
families of dimensionless curves were constructed
for eccentrically loaded members (tension members
or columns for which the action line of the loads is
parallel to the axis of the member). One family of
curves is used to locate the neutral axis of the ec-
centrically loaded member and to determine the
deflection. The other family of curves is used to
caleulate the load once the neutral axis has been
located. Except for the rectangular section, these
families of curves have to be constructed for each
cross-section having different relative dimensions.
If the initial eccentricity is less than 5%, a modi-
fied secant formula may be used to compute the
collapse load and column deflection without the
use of these families of curves.

The experimental part of the investigation in-
cluded tests of members made of two plasties and
two metals, High pressure canvas laminate and
Zytel 101 nylon members were tested in a con-
trolled-atmosphere room, 17-7TPH stainless steel
members were tested at 972° F. and Ti 155A
titanium alloy members were tested at 772° F.
Tension and compression ereep specimens were sub-
jected to constant loads in order to obtain the ex-
perimental constants for Equation 3. The beams
and eccentrically loaded members had either a
rectangular section or a T-section in order to check
the validity of the theory for various eross-sections.

The duration of each test for test members made

of plastics was 1,000 hours or until collapse in the
case of the columns. In the investigations of mem-
bers made of canvas laminate, constant load tests
were made on 4 beams subjected to pure bending,
8 statically indeterminate beams, 4 eccentrically
loaded tension members, and 27 eccentrically loaded
columns with slenderness ratios of 30, 50, and 70
and initial eccentricities of 2%, 5%, and 25% of
their depths. Nylon test members were limited to
4 straight beams and 4 eccentrically loaded tension
members. In all cases good agreement was found
between the experimental data and the are hyper-
bolic sine theory.

Only short-time tests were considered for the
metal members. Except for the columns which
buckled at various intervals of time, the test dura-
tion was 30 minutes for all test members. Constant
load tests were made on 11 eccentrically loaded
tension members and 29 eccentrically loaded col-
umns made of 17-7 PH stainless steel. The columns
had slenderness ratios of 50, 60, 75, and 100 and
were subjected to initial eccentricities of 5% and
25% of their depths. Good agreement was found
between the are hyperbolic sine theory and the
experimental data.

The test members made of Ti 155A titanium
alloy were subjected to 2 different aging tempera-
tures in their heat treatment. Three eccentrically
loaded tension members and 20 eccentrically loaded
columns were aged at 1085° F.; the columns had
slenderness ratios of 50, 60, 75, and 100 and were
subjected to initial eccentricities of 5% and 25%
of their depths. Four columns were aged at 972° F.;
they had a slenderness ratio of 75 and were sub-
jected to initial eccentricities of 5% and 25% of
their depths. In the case of the titanium alloy, the
inelastic deformation was primarily time independ-
ent, and the isochronous stress-strain diagram
could best be approximated by 2 straight lines.
Consequently, the experimental data were analyzed
using the interaction curve — moment-load curve
theory presented in a previous bulletin.®* Good
agreement was found between theory and experi-
ment.
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This section presents the theoretical relations
necessary to construet theoretical load-deformation
curves for beams and eccentrically loaded mem-
bers for which the action line of the loads is parallel
to the axis of the member. Two different theories
are considered.

If the inelastic deformation of the material is
time-dependent creep, the isochronous stress-strain
diagram of the material is represented by an are
hyperbolic sine curve, Equation 3. The theory
based on this stress-strain diagram is called the are
hyperbolic sine theory. A discussion of the assump-
tions necessary to develop this theory will be pre-
sented, followed by the derivations of the necessary
theoretical relations, :

If the deformation of the material is predom-
inantly time independent, the isochronous stress-
strain diagram of the material can be more accur-
ately approximated by 2 straight lines. The theory
for this stress-strain representation is called the
interaction curve — moment-load curve theory.
Since this theory was presented in a previous bul-
letin,*®) only the derived relations will be presented
herein.

A. ASSUMPTIONS

Theoretical relations will be derived to predict
the load-deflection curves of beams and eccentri-
cally loaded members made of materials that creep.
The assumptions made in this theory for time-
dependent inelastic deformation will be the same as
that made in a previous bulletin®® for time inde-
pendent inelastic deformation. In deriving the
theoretical relations, 3 assumptions were made:

1. Plane sections remain plane.

2. The stress-strain relation for each fiber of a
beam or eccentrically loaded member is the same as
that obtained from tension and compression speci-
mens.

3. The deflected configuration of the eceentri-
cally loaded member is either a segment of a circle
or a cosine curve.

The first assumption is usually made by all

12

investigators. The second assumption is also gen-
erally accepted by all investigators as long as the
inelastie deformation is time independent.

In case the inelastic deformation is time de-
pendent creep, an isochronous stress-strain diagram
for a specified time can be obtained from constant-
stress tension or compression creep curves. For a
theory based on this stress-strain diagram it is
assumed that the stress in any fiber of a member
does not change with time. Since the stress distri-
bution in beams and eccentrically loaded members
changes with time as the result of ereep, the second
assumption, listed above, introduces an error into
the theory. In the most strained fibers of beams and
eccentrically loaded tension members subjected to
constant load, the stress decreases with time from
some value o, to the final value ¢ (corresponding
to the specified time) so that the strain in the most
strained fibers of the beam corresponding to stress
o is greater than that obtained from tension or com-
pression specimens subjected to constant stress o
for the same duration of time. Thus, the deflection
in these members is greater than that predicted by
the theory. In contrast to the beams and eccentri-
cally loaded tension member, the assumption results
in a conservative estimate of the deflection for
eccentrically loaded eolumns.

The load and moment at various sections of the
eccentrically loaded member are related through
the configuration of the deformed member, since the
moment at a given section is equal to the product
of the load and the distance from the action line of
the load to the centroid of the section. The exact
configuration of the member is difficult if not im-
possible to obtain; therefore, 2 different approxima-
tions of the configuration of the member are con-
sidered as indicated by the third assumption. The
assumption that the member deforms into a seg-
ment of a circle requires that every section of the
eccentrically loaded member be subjected to the
same moment as the central section. For an eccen-
trically loaded tension member, the central section
has the smallest eccentricity. Since every other
section has a greater moment than that assumed
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Figure 3. Il-section member showing dimensions of cross-section loading arrangement and strain distribution

by the theory, the theoretical deflection will be non-
conservative (i.e. less than actual). In the case of
cccentrically loaded columns, the eentral section
has the largest moment; therefore, the theoretical
moment at all other sections will be greater than
actual, and the theoretical deflection will be con-
servative (i.e. greater than actual). The segment of
circle assumption is exact if the initial eccentricity
approaches infinity; conversely, the error becomes
large for small initial cccentricities.

In many ecases, the initial eccentricity of col-
umns is small and so the error introduced by the
segment of cirele assumption is too large although
conservative. If the column is assumed to deform
into a cosine curve, the theoretical moment at the
end 1z assumed to be zero while the actual moment
at the end is equal to the product of the load and
the initial ecceentricity. For this assumption the
theoretical moment at every section except the cen-
tral section is less than actual, and the theoretical
deflection will be nonconservative (i.c. less than
actual). If the initial eccentricity of the column is
small, the cosine curve assumption gives an aceur-
ate estimate of the column deflection.

The second assumption introduces an error into
the theory for beams, while the second and third
assumptions introduce errors into the theory for
eccentrically loaded members. The beam test data
indicate that the error iz not large and that the
theory can be made conservative in most cases by
reducing the theoretical load by 5%. The test data
for the eccentrically loaded members indicate that
good agreement will be found between theory and
experiment if the theoretical load is decreased by

10% for eccentriecally loaded tension members as-
sumed to defleet into a segment of a circle and
inereased by 10% for eccentrically loaded columns
assumed to deflect into a cosine curve.

B. ARC HYPERBOLIC SINE THEORY

If the inelastic deformation of a member is com-
pletely time dependent, i.e., due to ecreep, the
isochronous stress-strain diagram of the material
can be accurately approximated in most cases by
an are hyperbolic sine curve relation represented by
Equation 3. Using this relation between stress and
strain, theoretical relations will be derived in this
article for constructing load-deflection curves for
beams and eccentrically loaded members.

It is assumed that the problem in design for
creep is to determine the load and resulting deflec-
tion necessary to produce a specified strain in the
most strained fibers of a member in a given time.
Consider the general I-section member shown in
Figure 3. The member is subjected to a load P
and moment M necessary to produce a strain ¢ in
the most strained fibers and to locate the neutral
axis at a distance ght from the most strained fibers.
With the strain distribution known, the stress dis-
tribution is obtained using Equation 3, and the
magnitude of P and M can be determined from the
equations of equilibrium.

P =fcr da 4)

M -——f(y —d) o da )

In integrating these equations, it is convenient to
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Figure 4. Dimensionless curves for obtaining bending moment and angle change in beams

make e the variable instead of ¥ by using geometri-
cal relations. Equations 4 and 5 integrate into the
following equations:

2
P =%[bl Bx — (b — 1) Buex

+ (b — 1) Biex — by Beig | ()
25243
M= &gcf‘ [bl C — (by — 1) Catng
+ (be — 1) Cobrge — by C’«T-'K:l
—(g—B) Pht (7)

in which K = & /¢. In these equations the func-
tions By and Cy are defined as follows:

By=Nlog. (N +vVNe+1) =N +1 (8)

R
(,N—-4

= NN 1 9

in which N represents the various subscripts for B
and C in Equations 6 and 7. Four-place tables of
By and Cy are given in appendix A. The values in
these tables are for positive values of N; in case N
is negative, B(..N} — Bl+.\'] and C;_‘\r) == C(+N;.
Equations 6 and 7 are sufficient to analyze
beams made of materials that creep. If the load
P is assumed zero for a specified strain ¢, Equation
6 is used to locate the neutral axis, and the moment
is determined by using Equation 7. Additional re-
lations are needed for the eccentrically loaded
members, since the load and moment are related
through the initial eccentricity and the deflection.
Equations 6 and 7 are based on the assumption
that the properties of the material are the same for

[(1 + 2N?) log, (N ++/ N2 + 1)
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tension and compression. More general equations
are available in the literature®; however, it is
recommended that the average isochronous stress-
strain diagram be used in predicting the load and
deflection for beams. Calculations have been made
which indicate that the load-deflection diagram for
a beam, made of a material whose tension and com-
pression isochronous stress-strain diagrams are
10% on either side of the average, lies within 2%
of that obtained by using the average isochronous
stress-strain  diagram. It is recommended that
either the tension or the compression isochronous
stress-strain diagrams be used to analyze eccentri-
cally loaded tension members and columns, respec-
tively. Except for large initial eccentricities, the
stress in most fibers of the eccentrically loaded
members is of one sign.

Using Equations 6 and 7, dimensionless moment
versus K design curves were construeted for beams
having a rectangular section and the I- and T-
sections shown in Figure 4. A design curve is also
shown for a circular cross section in Figure 4. Since
it is assumed that ¢, = Ke, (e, is an experimental
constant, see IEquation 3) is specified for a given
design, the design of a beam for strength is readily
obtained from the appropriate curve in Figure 4.
Once the moment diagram is known, the angle
change diagram for the beam ecan be readily con-
structed using the appropriate curve in Figure 4
and the relation shown directly below the beam
eross section. The beam defleetion ean be obtained
from the angle change diagram using the numerical
integration procedure given by Newmark.*®

The load-deflection curve for an eccentrically
loaded member can be obtained using Equations 6
and 7 and the following relation:

M =P+ 5 (10)

in which e is the initial eccentricity and § is the
deflection of the center section of the member. The
plus and minus signs in Equation 10 are for com-
pression and tension, respectively. Using Equations
6, 7, and 10, an expression relating the variables q,
3, and K ecan be obtained as follows:

e+ d
ht

b1 Cx= 0r=1) Cobo 4 (0= 1) Cote =, o
by Bx— (bi—1) Bekrg+ (b2 — 1) Bekug — by Buix
=g 8 (11)

Equation 11 is diffieult to work with, unless avail-
able in graphic form. The families of curves shown
in Figures 5 and 6 were constructed using Equation
11 for a rectangular section (b, = b, =1) and for a
T-section (h = 6, b, =4, b, = 1, and v = 1.5), re-
spectively.

In the design of a given eccentrically loaded
member, it i1s assumed that K is known. However,
the appropriate curve in either Figures 5 or 6 can-
not be used unless either ¢ or & is known. Another
relation between ¢, 8, and K can be obtained if the
configuration of the deflected member is known.
If the deflected axis is assumed to take the shape
of a segment of a circle or a cosine curve, the de-
flections®® of the members are given by the re-
lations

K e
s A
S ¢ ht and (12)
_ PKe
= Eht respectively. (13)

By adding and subtracting the initial eccentricity
to each side of Equations 12 and 13, the following
relations may be obtained:

P!\’ €
Sh* ¢*
R T R
TTht Tt
K e
7w h?
=% . e¥3s (15)
T T M
For a given value of K, assume a value of ¢ and
e+ 34

read off the value of — from the appropriate

ht
curve in Figures 5 or 6, and calculate ¢ by Equa-
tions 14 or 15. If the calculated value of ¢ does
not equal the assumed value, assume a new value
of ¢ and repeat the process. The trial and error
solution does not require much time. Once ¢ is
known, the magnitude of the load P is obtained
from Equation 6. As an aid to solving Equation
6, the families of curves in Figures 7 and 8 were
constructed for rectangular and T-section mem-
bers, respectively.

Typical theoretical load-deflection curves for
columns having an initial eccentricity of 5% and
25% of their depths are shown in Figure 9 for both
the cosine-curve and segment-of-circle assumption
of the configuration of the column. It will be noted
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that the load-deflection curves based on the cosine-
curve assumption lie appreciably above those based
on the segment-of-circle assumption.

C. ELASTIC LOAD-DEFLECTION RELATIONS

In designing for ecreep it may be desirable to
know the load-deflection curve for an eccentrically
loaded member for zero time. If the material is
elastie for zero time, the load-deflection curve can-
not be obtained from the theory presented in Article
ITA since Equation 3 is nonlinear except for ex-
tremely small values of K, and the design curves
shown in Figures 5 through 8 were not constructed
for small values of K. For elastic conditions, the

£ 2
( 7 )

e+ 6 = esec 1AL

(16)

gives an exact load-deflection curve for eccentri-
cally loaded columns.

In case of an eccentrically loaded tension mem-
ber, an approximate load-deflection relation can be
derived based on the assumption that the member
deflects into a segment of a circle. If the member
is elastie, the radius of eurvature can be written in
terms of the moment,

1 M
® T BT an
The radius of curvature can also be written in
terms of the strain distribution shown in Figure 3
to give

1 €1

B ~qhi (18)

Using Equations 10, 12, 17, and 18, the load P can
be written in terms of the deflection & as follows:
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Plg =3 =—ag— (19) * o _ -
[ Hyperbollc sine theory (cosine) 5% eccentricily
Hyperbolic sine theory fcircle) 5% eccen — — — — — — =
Modified secant formula 5% BCCEN —mmm —— — —
D. MODIFIED SECANT FORMULA 30| eaparbolic sine theory fosing 25% sccen s
If the initial eccentricity and the deflection are Hyperbolic sine theory (circle) 25% €6CEN —mm = = —m
Pl . Modified secant formulo 25% eccen — = = = —— = ==
small, the resisting moment is small; consequently, 25| -
the difference in stress between the outside and ]
inside fibers of the column is small. Under these = - |
e 3 3 e o |
condifions an assumption of linear stress distribu- 5 ~
- - - . 1
tion is reasonable. The secant formula is valid for g - - = |
a linear stress distribution so that the column 3 1- —
formula for a material whose stress-strain proper- % =~ 1 T
fies are given by Equation 3 is represented by the * e — | — - —
following equation:
ST ———— '
/ En(—"i— T ‘\/1 + K“ [
Fy i
8 = e| secy/ —11(20 - [
1 (20)
[
% . i ay u
in which the ratio ————— is the tangent |
EU.\/ 1 + K? 40 A5 .20 25 3o
modulus obtained from Equation 3 and the average 8, Detlection in inches

iy T > : s .
stress [ /‘1 Is also O‘btalned from EQlldtIOI] 3. Figure 9. Comparison of theoretical P/A-deflection curves
The load-deflection curves I'Cpl‘ﬁSCl‘lth l)}-' E(]UEL- for rectangular-section columns
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tion 20 are shown in Figure 9 for columns having
initial eccentricities of £% and 25% of their depths.
It will be noted that the modified secant formula
(Eq. 20) lies between the 2 theoretical load-
deflection curves based on segment-of-cirele and
cosine-curve approximations of the deflected axis
of the column. Since the assumption based on the
segment of circle gives a conservative defiection,
and the assumption based on a cosine curve gives a
nonconservative deflection, IEquation 20 might be
expected to give a reasonably accurate prediction
of the column deflection within its range of appli-
cability. For eccentricities up to 5% of the column
depth, Equation 20 was found to give a good esti-
mate of the column deflection for any load up to
the collapse load. As the initial eccentricity in-
creases, Equation 20 becomes less reliable, since
the stress distribution can no longer be assumed
linear. At an eccentricity of 25% of the depth,
Equation 20 was found to give a reliable value of
the deflection only up to a load of one half the
collapse load.

Since Equation 20 gives a reasonably good ap-
proximation of the deflection for columns having
small eccentricities, a question arises as to its ap-
plicability for predicting the collapse load. If the

radical in Equation 20 is equal to #/2, the de-
flection becomes infinite. The resulting load is equal
to the tangent modulus load for the eolumn having
an initial eccentricity equal to zero. Since the ex-
perimental collapse load is approximately 10%
larger than that predicted by the are hyperbolic
sine theory, there will be an eccentricity for which
Equation 20 will agree with the experimental re-
sults. Based on the 10% difference between theory
and experiment, correction coefficients were com-
puted for the tangent moduli loads for columns
having a rectangular section and the T- and I-
sections shown in Figure 10. The T-section shown
in Figure 10 is the one used in the experimental
investigation. The experimental data for the ec-
centrically loaded columns will be analyzed in
Article VA using both the are hyperbolie sine
theory and the corrections shown in Figure 10.

E. INTERACTION CURVE — MOMENT-LOAD
CURVE THEORY

For some metals at an clevated temperature, the
inelastie deformation may be mostly time independ-
ent. In this ecase, the isochronous stress-strain
diagram cannot be represented by Equation 3 but
can be approximated by 2 straight lines (Fig. 24).
The theoretical load-deflection curves for eccentri-
cally loaded members made of this material can
best be constructed using the interaction curve —
moment-load curve theory which was developed in
a previous bulletin.®*® The derivations of the rela-
tions required for this theory will not be repeated;
however, the desired relations will be listed.

Theoretical moment-load and load-deflection
curves for eccentrically loaded members are con-
structed using constant depth of yielding moment
and load interaction curves. Consider a T-section
member whose cross-sectional dimensions are depth
h, flange width b, flange thickness ¢, and web thick-
ness t. Let a short length of this member be sub-
jected to a load P acting along the centroidal axis
and to a moment M of sufficient magnitudes to
initiate yielding to a depth @, on the flange side and
to a depth a, on the web side. For conditions that
@, is less than or equal to ¢,, the magnitude of P
and M are given by the following relations:

I P
a

(61 — )

= Pl ‘;— (ab — as?t) (21)
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N S CICEE

+ a:t (c'.g S —“;i)] (22)

in which A is the eross-sectional area, o, is the yield
stress in compression and «F is the slope of the
stress-strain diagram for post-yielding conditions
(Fig. 24a).

For conditions in which yielding has progressed
through the tension flange into the web, the load
and moment expression are

M=

P=.P;— _Q;ia'c (¢t —ay) — (1 —a) —T:—- [bas®

— (b — 1) (a1 — t2)? — a2 ] (23)
r_ 20,1 _yet 21
M - a (1 —a) a [ t

ot oo - 2T @)

+ ay (c - a;—)] (24)

Interaction curves for a rectangular-section
member can be constructed using Equations 21
and 22 (let b = t) while Equations 21 through 24
are used for a T-section member. It should be
noted that Equations 21 and 22 are valid if either
@, or a, is zero and Equations 23 and 24 are valid if
@, is zero. In this report the interaction curves are
made dimensionless by dividing the load P by P, =
oA and the moment M by M, = ol /c..

The theoretical moment-load curves for the
cceentrically loaded members were constructed by

finding their intersection with each of a family of
interaction curves. The slope of a straight line
drawn from the origin of the interaction curve to
the intersection of the moment-load curve with a
given interaction curve is given by the relation

E ]
tan 6 = 2 — . (T) - .
- re 4k h IM(,'

(25)

if the deflected shape of the member is a segment
of cirele and

[ \2
tan 0 = 2% — = (T) oM (26)
' I w2 kh My

if the deflected shape of the member i1z a cosine
curve. In Equations 25 and 26 e is the initial
eccentricity, = I/A, ¢ = o./E, and k = (h — a,
— a,) /h. 1f the line intersects the interaction curve
in the curved portion (see Figure 37) the ratio M,/
M, is taken to be unity. If the intersection is in
the straight line portion of the interaction eurve,
the solution is by trial and error since M, is the
moment at the unknown intersection and M is the
moment for the upper end of the straight line por-
tion of the interaction curve. After the moment-
load curve has been determined, the deflection & for
assumed configurations of segment of ecircle and
cosine curve are

- {2 € jf{‘
5 7Y T and @7
g 2P e i‘ff:_ respectively. (28)

2kh My



lll. MATERIALS AND METHOD OF TESTING

A. MATERIALS AND TEST MEMBERS

Four different materials were considered in the
experimental investigations. Two of the materials
were plastics, high pressure canvas laminate and
Zytel 101 nylon, and the others were metals,
17-7PH stainless steel and Ti 155A titanium alloy.
The canvas laminate test members were all ma-
chined from a 3 ft. by 4 ft. plate having a thickness
of 15 in. The nylon test members were all machined
from a 10 in. by 20 in. plate having a thickness of
34 in. All of the test members for each metal were
machined from one 16 in. by 2 in. bar of that mate-
rial. The chemical analysis of the 2 metals are as
follows:

G Mn P S
17-7PH 0.066 0.59 0.030 0.010
Si Cr Ni Al
0.30 17.09 7.25 1.06
C Fe N, Va
Ti-155A 0.015 1.4 0.009 1.5
Mo . Al
1.1 0.009 5.4

To obtain the theoretical curves for the beams
and eccentrically loaded members, tension and com-
pression creep properties of the materials were re-
quired. These properties were obtained from tension
and compression specimens having the dimensions
shown in Figures 11, 12, and 13. A hollow compres-
sion specimen was chosen for the nylon since the
minimum thickness for this material had to be less
than 14 in. to moisture-condition the plastic.
Sketches of the nylon beams and eccentrically
loaded tension members are shown in Figure 11. In
Figure 12 are shown sketches of the canvas laminate
simply supported, and statically indeterminate
beams and the eccentrically loaded tension mem-
bers and columns. In the case of the 17-7PH stain-
less steel and Ti 155A titanium alloy, only eccentri-
cally loaded tension members and columns were
considered in the investigation. Sketches of these
members are shown in Figure 13. The test lengths

22

of the columns shown in Figures 12 and 13 were
1.20 in. longer than the values shown, since knife-
edge fixtures were added to each end of the column.

The 17-7TPH stainless steel test members were
precipitation hardened after machining. They were
heated to 1400° F. for 90 minutes, cooled to 60° F.
in 60 minutes, held at 60° F. for 30 minutes, heated
to 1050° F. for 90 minutes, and air cooled. Most of
the Ti 155A titanium alloy specimens were tested
in the “as received” condition; the manufacturer
reported that the bars were heated to 1650° F. for
1 hour, water quenched, heated to 1085° F. for 12
hours, and air cooled. This heat treatment resulted
in properties lower than those usually reported for
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Figure 11. Nylon test members
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Figure 12. Canvas laminate test members

this material. Therefore, some of this material was
given another heat treatment prior to machining.
The material was heated to 1625° F. for 1 hour,
water quenched, heated to 1,000° F. for 2214 hours,
and air cooled.

The room temperature properties of the 17-7PH
stainless steel material were modulus of elastieity
of 28,400,000 psi, vield stress at 0.2% offset of
181,000 psi, and elongation in 2 in. gage length of
9.5%. The modulus of elasticity of the Ti 155A
titanium alloy at room temperature was 16,600,000
psi, When the titanium alloy was aged at 1,000° F.
following the water quench, the yield stress at
0.2% offset was 165,000 psi and the elongation in

2 in. gage length was 11.7%. When the titanium
alloy was aged at 1085° F., the yield stress at
0.2% offset was 130,000 psi and the elongation
was 19.0%.

B. METHOD OF TESTING

Since the strength properties of the plastics are
known to be affected by the moisture content of the
atmosphere, the tests were performed in a
controlled-atmosphere room maintained at 77 =+ 1°
F. and 50 + 2% relative humidity. In the case of
the statieally indeterminate beams made of canvas
laminate, the temperature was changed to 72 =+
1° F. The canvas laminate test members were
placed in this room at least 3 weeks prior to testing.
Since the nylon test members would require several
months to become moisture conditioned at room
temperature, they were moisture conditioned by
boiling in a potassium acetate solution (specific
gravity = 1.305 at room temperature). Even at the
boiling temperature of 119° C., the 14 in. thickness
required 70 to 80 hours for conditioning; this time
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Figure 13. 17-7PH stainless steel and Ti 155A titanium
alloy test members
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Figure 16. Isochronous stress-strain diagrams of canvas laminate

was taken from a chart furnished by the duPont
Company.

The 17-7PH stainless steel and the Ti 155A
titanium alloy tension specimens and eccentrically
loaded members were heated in a furnace which
had a length of 17.5 in. and an inside diameter of
2.5 in. The furnace had 3 heating elements with
separate controls. It was made in 2 parts with
hinges so that it could be opened. The compression
specimens were tested in a furnace which had a
length of 12,5 in. and an inside diameter of 2 in.
It had 2 heating elements with separate controls
and could not be opened.

Two thermocouples were used in measuring the
temperature of the tension and compression speci-
mens having a 2 in. gage length. In all other cases
the temperature was measured in the center and
near each end of the test section. A piece of as-
bestos was placed over each thermocouple as it was

wired to the test member. Another asbestos shield
was placed between the test member and the heat-
ing coils. After putting the furnace around the
test member, baffles were inserted into the furnace
to prevent a chimney effect.

Since the duration of the ereep test for the
metals was 30 min. in most cases, the temperature
was manually controlled during the test. The tem-
perature at each thermocouple was maintained at
972 + 2° F. for the 17-7PH stainless steel test
members; each test was started 114 hours after
starting the furnace. For the Ti 155A titanium
alloy test members, the temperature was maintained
at 772 + 2° T., and each test began 1 hour after
starting the furnace.

Dead loads were applied to the plastic test
members either by having the load applied directly
to the test member or by having the load applied
through a lever having a 14 to 1 or 20 to 1 ratio.
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Figure 17. Tension creep curves for Zytel 101 nylon

These loads were first carried by a hydraulic jack
and were applied by slowly reducing the oil pres-
sure in the jack. In this way, the load could be
applied in a short time without inertia effects. The
time for each test was started when the load pan
was free of the jack. Several deformation readings
were taken the first day and one each day there-
after.

Constant loads were applied to the metal mem-
bers either by applying dead loads through a 20 to
1 lever or by a Riehle testing machine which was
equipped with a load holder to maintain any desired
load. Deformation readings were started as soon as
the load was applied and were taken every minute
thereafter.

C. PROPERTIES OF MATERIALS

1. Properties of the Plastics

As indicated in Figures 11 and 12, the tension
specimens were sufficiently long to accommodate

an extensometer with a 10 in. gage length. This
gage length was used in all cases in which the strain
in the first few minutes was less than 1%. For
larger strains, an extensometer with a 4 in. gage
length was used. In either case, the extensometer
had a multiplying lever with a ratio of 10 to 1. The
strains were measured by a traveling microscope
using a 1/1,000 in. dial. For the compression tests,
a 1 in. extensometer with a 1/10,000 in. dial was
used in most eases. A 2 in. extensometer was used
in a few cases, and the results obtained from the
two extensometers were identical.

The strength properties of the eanvas laminate
were influenced by its environment prior to being
placed in the controlled-atmosphere room. It was
necessary to put all of the test members for a given
investigation into the controlled-atmosphere room
at the same time. Compression specimens put in
the controlled-atmosphere room at different times
were found to have strengths which varied by as
much as 8%. After attaining equilibrium condi-
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Table 1
Isachronous Stress-Strain Properties of Canvas Laminate and Zytel 101 Nylon
Time Tension Compression Average
o €« an €0 o €0
Canvas Laminate for Straight Beams and Eeeentrically Loaded Tension Members
Zero 0.00355 5170 0.00355 5250 0.00355
100 hr, 0.00320 3560 0.00320 3660 0.00320
1000 hr. 0.00399 3450 (. 00399 3600 0.00399
Canvas Laminate for Statically Indeterminate Beams
Zero 5340 0.00381 5180 (0. 00381 5260 0.0038
104 hr. 3800 0.00312 3570 0.00312 0.00312
1000 hr. 3700 0, 00338 3340 0.00338 0. 00338
Canvas Laminate for Columns
Zero L~ s gt 8260 0.00636 .
1 e T s HT8H 000651 ... .
oo he. . 5240 0.00524
Nylon for Straight Beams and Eecentrieally Loaded Tension Members
Zero 3125 0.01157 3125 0.01157 3125 0.01150
10O b, 2790 0.01990 27490 0.01990 2790 001990
1000 hr. 2650 0 02040 2650 0.02040 2650 0.02047
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Figure 18. Tension isochronous stress-strain diagrams
for Zytel 101 nylon

tions in the controlled-atmosphere room, the prop-
erties were found to remain constant, since identical
results were obtained from specimens subjected to
identical loading conditions but tested several
months apart.

Canvas laminate was used in 3 different investi-
zations. The most extensive tension and compres-
sion creep data from these investigations are shown
in Figures 14 and 15%; however, those specimens

*Only one compression creep machine was available; therefore,
most of the compression ereep tests were stopped hefore 1,000 hours.
Sinee the creep data plotted as a straight line on log-log graph paper,
the data for 1,000 hours were taken from this plot.

Figure 19. Creep furnace showing é-in. creep specimen
and extensometer

were not put in the controlled-atmosphere room at
the same time and do not represent the material
under identical conditions. Test data obtained from
tension and compression specimens tested under
identical conditions indicated that the stress in com-
pression had to be 10% greater than that in tension
in order to produce the same strain at 1,000 hr.
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Figure 20. Fixture for testing creep compression specimens at elevated temperatures

Experimental data for isochronous stress-strain
diagrams were taken from Figures 14 and 15 for
zero time (approximately 30 seconds), 100 hours,
and 1,000 hours and are shown in Figure 16. It
will be noted that these isochronous stress-strain
diagrams have been represented by arc hyperbolic
sine curves as given by Equation 3. The correla-
tion between the theoretical curves and the test
data is shown to be excellent. The magnitudes of
the experimental constants o, and € are shown in
Table 1. Only the compression isochronous stress-
strain diagrams were used in the column investiga-
| | tion, since the stres
oo b— | N T __T' l ! inately compression.

The creep data for the Zytel 101 nylon are
shown in Figure 17. From these curves the isoch-
“c - = = Z o ronous stress-strain diagrams for zero time, 100
' ‘ \ ' hours, and 1,000 hours were obtained and are shown
Figive 21, Tevilan, crest cirvas for 1270 in Flg{u‘@ 18. These tlat‘u. were flp]]I'L’)X]IIlEi:t(F(l by

stainless steel at 972° F. Equation 3, and the magnitudes of the experimental
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s in the columns were predom-
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Figure 22. Compression creep curves for 17-7PH
stainless steel at 972° F.

constants are shown in Table 1. The constants
were assumed to be the same in tension and com-
pression since the ereep data from 3 compression
gpecimens were nearly identical with the tension
data.

2. Elevated Temperature Properties of Metals

The deformations of tension and compression
specimens of 17-7PH stainless steel and Ti 155A
titanium alloy were measured with a Riehle dial-
type high-temperature creep extensometer with a
2 in. gage length. The extensometer was made to
accommodate a flat specimen. The extensometer is
shown on a tension specimen in Figure 19 and on a
compression specimen in Figure 20. The strains
were measured by a 1/10,000 in. dial.

A gage length of 2 in. is not long enough to
determine a reliable value of the modulus of elas-
ticity, E. Since this property has a decided influence
on the theory, a more accurate value of the modulus
of elasticity was needed. The accuracy was ob-
tained in tension by using a 6 in. gage length speci-

men. In Figure 19 the extensometer is shown
adapted to this gage length. The compressive mod-
ulus of elasticity was obtained from the eccentri-
cally loaded column tests. All of the 17-7PH
stainless steel test members were elastic at zero
time and the Ti 155A titanium alloy was elastic
at sufficiently high stress levels to obtain reprodue-
ible values of the modulus of elasticity.

The tension and compression creep curves for
the 17-7PH stainless steel at 972° F. are shown
in Figures 21 and 22, respectively. Using data from
those curves, the tension and compression isochro-
nous stress-strain diagrams shown in Figure 23 were
construeted for zero time, 30 minutes, and for com-
pression, 60 minutes. Since the material was elastic
at zero time, all of the data in each case were ad-
justed to fall on the straight line of slope E. The
data for 30 minutes and 60 minutes were closely
approximated by an arc hvperbolic sine curve (Eq.
3). The properties which were used in the theory
are listed on Figure 23.

Creep curves for the Ti 155A titanium alloy are
not shown since the inelastie deformation at 772° F.
wag mostly time independent, at least for a test
duration of 1 hour or less. The tension and com-
pression isochronous stress-strain diagrams for zero
time and for 30 minutes are shown in Figure 24,
Since most of the inelastic deformation was time
independent, the stress-strain diagrams were more
accurately approximated by 2 straight lines than
by Equation 3. The yield stress was taken as the
intersection of the straight lines. Both the modulus
of elasticity and the vield stress were lowered a
few percent as the result of creep. The pertinent
properties are listed in Figure 24. The comparison
between the stress-strain data for the material aged
at 1,000° F. and 1,085° F. indicates that the lower
aging temperature greatly increases the strength.

D. LOADING FIXTURES FOR BEAMS AND
ECCENTRICALLY LOADED MEMBERS

Schematic diagrams 