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Preface

This thesis is the result of four consecutive years of research at Universi-
dad de La Laguna. During this period, the Spanish Ministry of Education,
Culture and Sport (MECD) has provided financial support, through a For-
mación de Profesorado Universitario (FPU) fellowship. We also acknowledge
financial support by the Spanish Ministerio de Economa y Competitividad
(MINECO), Grants FIS2013-41352-P and FIS2017-82855-P. The work has
been done under the supervision of Dr. Daniel Alonso Ramı́rez and Dr. José
Pascual Palao González.

We present here an unified and pedagogical revision of some of the main
results included in the following four scientific publications:

• J. Onam González, Daniel Alonso, and José P. Palao. Performance of
continuous quantum thermal devices indirectly connected to environ-
ments. Entropy, 18(5):166, 2016.

• J. Onam González, Luis A. Correa, Giorgio Nocerino, José P. Palao,
Daniel Alonso, and Gerardo Adesso. Testing the validity of the local
and global gkls master equations on an exactly solvable model. Open
Syst. Inf. Dyn., 24(04):1740010, 2017.

• J. Onam González, José P. Palao, and Daniel Alonso. Relation between
topology and heat currents in multilevel absorption machines. New J.
Phys., 19(11):113037, 2017.

• J. Onam González, José P. Palao, Daniel Alonso, and Luis A. Cor-
rea. Classical emulation of quantum-coherent thermal machines. Phys.
Rev. E, 99:062102, 2019.

The compendium with these articles is included in the last part of this docu-
ment. The third article in the compendium was carried out in collaboration
with Luis Correa, Giorgio Nocerino and Gerardo Adesso, during an academic
visit of three months to the Quantum Correlation Group in the University of
Nottingham. This thesis also benefits from a short visit to Queen’s University
in Belfast to collaborate with Adam Hewgill and Gabrielle de Chiara. Javier
Onam González López, the author of this thesis, has significantly contributed
to the conceptual development, calculations, composition and illustration of
the publications included in the compendium.
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Abstract

The dynamics of continuous quantum machines weakly coupled to thermal
reservoirs is described by master equations when the bath temperatures are
high enough. If, in addition, the bare frequency gaps are much larger than
the thermal couplings, the steady state or limit cycle of the device coincides
with the stationary solution of a set of balance equations. This solution can
be analyzed by using Graph Theory. Within this framework, the balance
equations are represented by a graph. We employ a circuit decomposition
of this graph to calculate and, most importantly, interpret the stationary
thermodynamic properties of different continuous devices. We show that each
circuit can be associated with a thermodynamically consistent mechanism.
This follows from the consistency of the corresponding master equations with
the Laws of Thermodynamics for a proper definition of the energy currents.
As a consequence, these circuits can be thought of as internal components
of the corresponding machine. Thus, the overall steady state functioning of
the device is the result of the contributions of its internal components and
the interplay between them.

We study two types of continuous devices. On one hand, we analyze ab-
sorption machines including only thermal baths. We show here that not only
the total number of constituents circuits affects the device performance, but
also the specific structure of the graph containing these circuits. Crucially,
we find that the device connectivity has a major role in the design of optimal
absorption machines. On the other hand, we consider periodically driven
devices with a cyclic pattern of transitions. These machines are connected
to thermal baths and also to a sinusoidal laser field. We study both the
strong and the weak driving limits by using Global and Local master equa-
tions respectively. We compare these approaches with the Redfield master
equation. A circuit decomposition can be used to describe the stationary
thermodynamic quantities in both limits. Interestingly, given an arbitrary
basis, the device needs coherences to operate in the weak driving limit. How-
ever, an incoherent stochastic-thermodynamic model may replicate the same
stationary functioning.

We conclude that the steady state thermodynamic operation in all the
models under consideration can be described without invoking any quantum
feature. Along these lines, the graph approach may be useful for identify-
ing genuinely quantum effects in other continuous machines. For example,
devices with non-cyclic pattern of transitions and degenerate states.

3



5 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Contents

1 Introduction 6
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.1.1 Identification of thermodynamic mechanisms . . . . . . 8
1.1.2 Scaling up thermal devices . . . . . . . . . . . . . . . . 8
1.1.3 Comparison between master equation approaches . . . 9
1.1.4 Quantumness in Quantum Thermodynamics . . . . . . 9

1.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Absorption machines 12
2.1 Four-level absorption machine . . . . . . . . . . . . . . . . . . 12
2.2 Master equation approach . . . . . . . . . . . . . . . . . . . . 13
2.3 Graph representation . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.1 Graph objects . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Circuit decomposition . . . . . . . . . . . . . . . . . . . . . . 21
2.5 Classification of internal components . . . . . . . . . . . . . . 22
2.6 Graph topology and heat currents . . . . . . . . . . . . . . . . 25

2.6.1 Graph J . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6.2 Graph I . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6.3 Graph H . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Periodically driven machines 30
3.1 Periodically driven three-level machine . . . . . . . . . . . . . 30
3.2 Redfield approach . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.3 Global approach . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 Internal components . . . . . . . . . . . . . . . . . . . 35
3.4 Local approach . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4.1 Internal component . . . . . . . . . . . . . . . . . . . . 38
3.4.2 Classicality criteria . . . . . . . . . . . . . . . . . . . . 39

4 Conclusions 40

4



6 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

5 Compendium 42
5.1 Performance of Continuous Quantum Thermal Devices Indi-

rectly Connected to Environments . . . . . . . . . . . . . . . . 43
5.2 Testing the Validity of the ‘Local’ and ‘Global’ GKLS Master

Equations on an Exactly Solvable Model . . . . . . . . . . . . 59
5.3 Relation between topology and heat currents in multilevel ab-

sorption machines . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.4 Classical emulation of quantum-coherent thermal machines . . 107

A Master equations 121
A.1 Redfield master equation . . . . . . . . . . . . . . . . . . . . . 122

A.1.1 Energy currents . . . . . . . . . . . . . . . . . . . . . . 124
A.2 Global master equation . . . . . . . . . . . . . . . . . . . . . . 125
A.3 Local master equation . . . . . . . . . . . . . . . . . . . . . . 125

5



7 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Chapter 1

Introduction

Quantum Thermodynamics is a field that lies somewhere between Thermo-
dynamics and the Theory of Open Quantum Systems [1, 2, 3]. A typi-
cal quantum thermodynamic setup consists of a quantum system in contact
with one or several environments. Such device can be analyzed by using the
“toolbox” provided by the Theory of Open Quantum Systems [4, 5]. When
using this approach, one observes the emergence of thermodynamic-like re-
lations describing the energy exchanges between the quantum system and
the environments [6]. Paradigmatic examples of these relations are based on
microscopic derivations of the Laws of Thermodynamics [7, 8, 9, 10]. The
formal structure of this sort of expressions is completely equivalent to those
we employ in the context of macroscopic Thermodynamics. This test of ther-
modynamic consistency is required to interpret the behavior of some open
quantum system from a purely thermodynamic perspective.

As in the classical case, a major issue in Quantum Thermodynamics is
the analysis of thermal machines. A conventional scheme of a quantum
thermal machine is composed of a quantum N -level system connected to
a work source and coupled with two thermal baths at different temperatures
[11, 12, 13]. Quantum thermal machines are either continuous (see [14] and
references therein) or discrete, for example four stroke [15, 16, 17, 18, 19, 20,
21] and two strokes [22, 23, 24] engines. Namely, we focus on the study of
continuous quantum thermal machines that are permanently coupled to these
environments. Several proposals and, even, physical realizations of this kind
of machines have been reported recently [25, 26, 27, 28, 29]. After a transient
regime, these continuous devices reach some non equilibrium steady state,
or limit cycle, with non vanishing energy currents between the environments
and the system. We are interested in characterizing this stationary energy
transfer process for two different choices of the work source. We consider
either a thermal bath or a sinusoidal laser field acting as the work source,

6
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which corresponds to absorption machines [30, 31, 32] or periodically driven
devices [33, 34].

The exact characterization of the functioning of a continuous quantum
thermal machine is not a trivial task. In principle, one has to deal not only
with the coordinates of the quantum system, but also with a very large num-
ber of degrees of freedom related to the environments. The full Hamiltonian
corresponding to this setup also includes the interactions between system
and environments. This many particle problem is greatly simplified when
the coupling to the baths is very weak. In this work we assume that the
weak coupling approximation is valid. Within this regime, the correlations
between the baths and the system are negligible and the baths remain ap-
proximately in a thermal state with a well defined temperature. This allows
us to take a reduce description of the quantum system and derive a master
equation for the system density matrix [4]. The thermodynamic quantities
describing the functioning of the machine can be inferred from such equation.

The system density matrix of a thermal device is composed of popula-
tions and coherences in a given basis. Therefore, in this weak coupling limit,
a complete characterization of a device necessarily requires knowledge of the
corresponding population and coherence dynamics. In general, these dynam-
ics are not decoupled. However, clever choices of a preferred basis may lead
to simplified descriptions involving only the population dynamics. In these
cases, the populations follow balance equations widely employed in the con-
text of stochastic-thermodynamic models. Thus, we can employ the tools
of balance equations systems to characterize our quantum-thermodynamic
setup. One paradigmatic example of these tools is the use of decomposi-
tions of the stationary thermodynamic quantities based on Graph Theory
[35, 36, 37, 38, 39]. These techniques facilitate either the calculation or the
interpretation of the steady state properties of the device. Namely, we em-
ploy a circuit decomposition attributed to Hill whose strong point is mainly
related to interpretation purposes [36]. In order to simplify calculations, the
choice of a Schnakenberg decomposition is more convenient [35].

1.1 Motivation

In this work we employ circuit decompositions of stationary thermodynamic
quantities to address some issues that are of interest in the context of Quan-
tum Thermodynamics. Interestingly, these techniques are also applicable for
others balance equation systems whose physical realizations are not neces-
sarily quantum, for instance, chemical reaction systems [35, 36].

7
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1.1.1 Identification of thermodynamic mechanisms

Continuous quantum thermal machines show a wide variety of properties
when looking at their functioning. Pretty similar implementations can be
associated with different performances or, conversely, different implementa-
tions may lead to similar results [40, 41]. For example, some machines can
attain the reversible limit and some others not, some can operate as refrigera-
tors and many others cannot. In order to compare different implementations
we can resort to the conventional master equation calculations. However,
although this approach is effective from a quantitative point of view, it does
not provide a deep understanding on the fundamental differences between
the implementations. Overcoming this limitation is not only important from
a fundamental perspective, but also it is crucial for a clever design of contin-
uous devices. In summary, a combined quantitative and qualitative approach
is required to provide a complete description of the stationary functioning
of the machines. With this goal in mind, we employ a circuit decomposition
of the stationary thermodynamic magnitudes. Within this approach, the
stationary functioning of a given device is decomposed into thermodynam-
ically consistent internal components. Each component is associated with
a thermodynamic mechanism. Thus, the combined operation and interplay
between these components enable us to interpret the particularities of a ma-
chine. In the article included in Sec. 5.1, we describe the thermodynamic
mechanisms resulting from the stationary functioning of absorption and pe-
riodically driven devices. The processes that prevents the machine from
achieving the reversible limit are also discussed in this article. Throughout
this work, we provide an illustrative explanation of these concepts by study-
ing different benchmark models and, most importantly, we use such concepts
to interpret particular results in an intuitive way, see Secs. 2.5, 3.3.1 and
3.4.1.

1.1.2 Scaling up thermal devices

The search for optimal designs of continuous machines has attracted con-
siderable interest within the field of Quantum Thermodynamics [41, 42, 43].
There exist two main ways of boosting the performance of a thermal device.
First, one can include exotic properties in the environments to improve the
operation of the machine. A paradigmatic example of this is, amongst others,
the consideration of non equilibrium baths [44, 45, 46, 47, 48, 49]. Second,
one can include modifications in the quantum system by scaling up both its
number of levels and the connections with the environments. Although con-
siderable effort has been devoted to this scaling up procedure [50, 51, 24],

8
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drawing model-independent conclusions turns out to be difficult. In the pa-
per included in Sec. 5.3, this issue is addressed by making use of circuit
decompositions based on Graph Theory. Namely, the analysis is focused on
scaling up schemes for absorption machines although the same procedure can
be applied to periodically driven devices, leading to equivalent conclusions.
The Sec. 2.6 of the present work is dedicated to review the main result of
such publication, which concerns the impact of the graph topology on the
device functioning.

1.1.3 Comparison between master equation approaches

Continuous quantum machines admit a reduced description in terms of mas-
ter equations when the couplings between the quantum system and the baths
are very weak. There are different master equation approaches whose valid-
ity depends on internal parameters of the quantum system. In the article
included in Sec. 5.2 we discuss the validity of Local and Global master equa-
tions for an exactly solvable absorption device. Instead, we analyze in the
present work the Local and Global approaches for a periodically driven ma-
chine. Both of them are thermodynamically consistent when using proper
definitions for the energy currents. In order to explore the range of applica-
bility of each approach, we compare them with the Redfield master equation.
The thermodynamic consistency and positivity of the density matrix is not
guarantee in the Redfield approach. However, the corresponding violations
are found in very specific limits [52] and, in most cases, it has been shown
that the Redfield equation reproduces the exact dynamics [53, 54]. We show
that the coupling with the driving field determines which is the appropriate
master equation approach. Namely, a Local master equation is valid when
this coupling is weak, while a Global approach may be used in the oppo-
site regime. The same machine shows very different characteristics in these
two limits. Interestingly, we find that circuit decompositions can be built
to describe the stationary functioning associated with the Local and Global
master equations. Our aim is to compare these two approaches by examining
the properties of the internal components that play a role in the stationary
functioning.

1.1.4 Quantumness in Quantum Thermodynamics

As the name suggests, the search for quantum effects in Quantum Thermody-
namics is a topic of major importance [55, 56, 57, 47, 58, 59, 60, 3, 61, 62, 63].
A possible approach to identify quantum signatures is to add a strong enough
dephasing to the master equation describing the machine. This leads to a

9
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(classical) stochastic counterpart of the device [58]. Any difference between
the quantum and the stochastic description may be then associated with
quantum effects. However, this approach does not consider the possibility
that some other stochastic model could provide the same thermodynamic
magnitudes by using similar resources. Inspired by the fact that the station-
ary behavior of many quantum machines is often similar to some stochastic-
thermodynamic model [64, 65], we propose a different approach: No thermal
machine should be classified as quantum from a thermodynamic perspective
if its relevant quantities, such as energy currents and performance, can be
replicated by an incoherent emulator. This classical emulator has the same
number of discrete states and frequency gaps than the original device. Be-
sides, the emulator is built with the same thermal couplings. In the paper
attached in Sec. 5.4, we show that cyclic periodically driven devices can
be classically emulated in the weak driving limit. In this case, the quan-
tum properties of the device, such as coherences, should not be considered
essential to emulate the machine functioning. Device and emulator are indis-
tinguishable from a thermodynamic viewpoint, i.e., without knowing specific
details of their Hamiltonians. Conversely, given a quantum machine, the ab-
sence of an emulator can be considered a necessary requirement in the search
for truly quantum effects. In Chapter 3, we analyze the concept of classical
emulator for a periodically driven machine in the strong and weak driving
regime.

10
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1.2 Outline

In the following chapters we illustrate the previous issues in a pedagogical way
by studying some benchmark models. The document is organized as follows:
In Chapter 2 we analyze the steady state functioning of absorption machines
by using a circuit decomposition of the thermodynamic quantities. Here,
we provide a classification of the different internal components. Besides,
we analyze the impact of adding new levels and couplings to absorption
machines. In Chapter 3 we study a periodically driven device in the regimes
of weak and strong coupling with the laser field. We analyze the differences
between these two limits. We also examine whether equivalent results can be
obtained from a classical stochastic-thermodynamic picture. In Chapter 4
we present our conclusions and discuss their implications. The compendium
of publications is included in Chapter 5. In Appendix A, we briefly describe
the microscopic derivations of Redfield, Global and Local master equations.

11
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Chapter 2

Absorption machines

2.1 Four-level absorption machine

In this chapter we analyze the stationary functioning of absorption devices.
For the sake of simplicity, we consider the four-level machine depicted in Fig.
2.1 as a benchmark model. The device consists of a quantum system S in
contact with three thermal baths Bc, Bh and Bw at temperatures Tc, Th and
Tw > Th > Tc. Therefore, Bc and Bh are respectively a cold and a hot bath,
while Bw is a thermal reservoir playing a role similar to a work source.

We consider that the thermal reservoirs Bα are infinite collections of
bosonic modes. The Hamiltonians of these baths read

ĤBα =
∑

µ

~ωµ,α b̂†µ,α b̂µ,α , (α = c, h, w) , (2.1)

being b̂†µ,α and b̂µ,α the creation and annihilation operators corresponding to
the mode with frequency ωµ,α. On the other hand, the system Hamiltonian
can be written as

ĤS =
4∑

n=1

En |n〉〈n| , (2.2)

where E1 = 0, E2 = ~ωc, E3 = ~ωh, E4 = ~ (ωh + ωc + ∆) and ~ is the
Planck constant. The system is permanently coupled to the baths through
the following interaction Hamiltonians

ĤSBα = Âα ⊗ B̂ α , (2.3)

with

Â c = |1〉〈2|+ |3〉〈4|+ |2〉〈1|+ |4〉〈3| ,
Âh = |1〉〈3|+ |2〉〈4|+ |3〉〈1|+ |4〉〈2| ,
Âw = |2〉〈3|+ |3〉〈2| , (2.4)
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Figure 2.1: Schematic illustration of the four-level absorption device. The
vertical arrows indicate the transitions coupled to the cold (c), work (w) and
hot (h) baths. For example, the four-level system can undergo an aborption,
|2〉 → |3〉 , or an emission, |3〉 → |2〉 , both mediated by the work reservoir
Bw.

and
B̂ α = ~

√
γα
∑

µ

gµ,α (b̂µ,α + b̂†µ,α) . (2.5)

The parameter γα is the coupling constant in the interaction between S and
Bα and gµ,α ∝ √ωµ,α. The total Hamiltonian of the machine is

Ĥ = ĤS + ĤBc + ĤBh + ĤBw + ĤSBc + ĤSBh + ĤSBw . (2.6)

2.2 Master equation approach

The stationary functioning of the four-level machine is the result of the
combination of different time scales. According to the Hamiltonian (2.6),
we can distinguish three different time scales: the characteristic time of
the baths τB ∼ ~/kBTc, where kB is the Boltzmann constant, the intrin-
sic time of the quantum system τS ∼ max{|ωc|−1, |ωh|−1, |ωh − ωc|−1, |ωh +
∆|−1, |ωc+∆|−1} and the scale corresponding to the system-baths interaction
τSB ∼ min{γ−1

c , γ−1
h , γ−1

w }. A master equation approach can be used when
the interaction between the quantum system and the baths determines the

13
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largest time scale in the device, i. e. τSB � τS and τSB � τB. This corre-
sponds to a very weak coupling with the thermal baths. In such a parameter
regime, the Born-Markov approximation can be applied to derive a Secular
(also referred as Global) master equation describing the time evolution of
the system density matrix. In the Appendix A we describe in detail how
to obtain this Secular master equation for a general setup. Following this
standard procedure [4], we get

dρ̂S
dt

= − i
~

[ĤS, ρ̂S] + Lc{ρ̂S}+ Lh{ρ̂S}+ Lw{ρ̂S} , (2.7)

where ρ̂S is the system density matrix. Note that we have neglected the small
Lamb shift term in the unitary evolution. The Lindblad super-operators
Lα{ρ̂S} that describe the influence of the baths on the system are given by
[66, 4]

Lc{ρ̂S} = Γcωc

(
|1〉〈2|ρ̂S|2〉〈1| −

1

2
|2〉〈2|ρ̂S −

1

2
ρ̂S|2〉〈2|

)

+ Γc−ωc

(
|2〉〈1|ρ̂S|1〉〈2| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)

+ Γcωc+∆

(
|3〉〈4|ρ̂S|4〉〈3| −

1

2
|4〉〈4|ρ̂S −

1

2
ρ̂S|4〉〈4|

)

+ Γc−(ωc+∆)

(
|4〉〈3|ρ̂S|3〉〈4| −

1

2
|3〉〈3|ρ̂S −

1

2
ρ̂S|3〉〈3|

)
, (2.8)

Lh{ρ̂S} = Γhωh

(
|1〉〈3|ρ̂S|3〉〈1| −

1

2
|3〉〈3|ρ̂S −

1

2
ρ̂S|3〉〈3|

)

+ Γh−ωh

(
|3〉〈1|ρ̂S|1〉〈3| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)

+ Γhωh+∆

(
|2〉〈4|ρ̂S|4〉〈2| −

1

2
|4〉〈4|ρ̂S −

1

2
ρ̂S|4〉〈4|

)

+ Γh−(ωh+∆)

(
|4〉〈2|ρ̂S|2〉〈4| −

1

2
|2〉〈2|ρ̂S −

1

2
ρ̂S|2〉〈2|

)
(2.9)

and

Lw{ρ̂S} = Γwωh−ωc

(
|2〉〈3|ρ̂S|3〉〈2| −

1

2
|3〉〈3|ρ̂S −

1

2
ρ̂S|3〉〈3|

)

+ Γw−(ωh−ωc)

(
|3〉〈2|ρ̂S|2〉〈3| −

1

2
|2〉〈2|ρ̂S −

1

2
ρ̂S|2〉〈2|

)
.(2.10)
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For our choice of bosonic baths with an infinite cutoff, the functions Γαω read
[4],

Γαω = γα (ω/ω0)dα
(

1 +
1

exp(~ω/kBTα)− 1

)
,

Γα−ω = exp (−~ω/kBTα) Γαω , (2.11)

with ω > 0. ω0 is a frequency depending on the physical realization of the
coupling with the baths and dα is the physical dimension of Bα.

Within this reduced description approach, the expectation value 〈Â 〉 of
an arbitrary system operator Â is written as

〈Â 〉 = Tr{Â ρ̂S} , (2.12)

where Tr{} denotes the trace. From the previous equation it is possible to
determine the thermodynamically relevant quantities of the four-level ma-
chine, see Appendix A. In particular, considering Â = ĤS and using Eq.
(2.7), we obtain the time evolution of the system energy

d

dt
〈ĤS 〉 = Q̇c(t) + Q̇h(t) + Q̇w(t) , (2.13)

being
Q̇α(t) = Tr{ĤS Lα{ρ̂S}} (2.14)

the heat current from the bath Bα into the system S. In the long time limit,
the system reaches an stationary state and Eq. (2.13) becomes

Q̇c + Q̇h + Q̇w = 0 , (2.15)

where Q̇α ≡ Q̇α(t→∞) is the steady state heat current between Bα and S.
The previous expression plays the role of the First Law of Thermodynamics
[7, 6]. Besides, the structure of the super-operators (2.8), (2.9) and (2.10)
ensures that the stationary entropy production rate Ṡ defined in terms of
such heat currents is positive definite [67, 66, 9]

Ṡ = −Q̇c

Tc
− Q̇h

Th
− Q̇w

Tw
≥ 0 , (2.16)

which, in turn, implies consistency with the Second Law of Thermodynamics.
In order to characterize the stationary functioning of the device, we first

have to obtain the steady state solution of Eq. (2.7) and, secondly, we
introduce this in Eq. (2.14) to determine the corresponding heat currents.
The magnitude and sign of these steady state currents define the operation

15
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Figure 2.2: Heat currents Q̇α as functions of ωc. The solid, dashed and
dotted-dashed lines correspond to α = c, h and w respectively. The set of
parameters is: ωh = 1, ∆ = 0.1, Tc = 2, Th = 3, Tw = 6, dc = dh = dw = 3,
γc = γh = γw = 10−6 and ωc ∈ [0, ωh]. We have taken natural units:
~ = kB = ω0 = 1.

mode of the machine for a given set of parameters. In Fig. 2.2 we show
the currents Q̇α versus the frequency ωc. We observe two different operation
modes in the figure. In the interval ωc . 0.5ωh, energy is extracted from
the cold bath at the expense of the energy supplied from the work reservoir.
The surplus energy is conducted to the hot bath. In this operation mode,
{Q̇c > 0, Q̇h < 0, Q̇w > 0}, the device acts as a refrigerator. The set of values
of ωc for which this cooling task is achieved is denoted the cooling window
of the machine. Conversely, in the regime ωc & 0.5ωh a heat transformer
operation mode is observed, {Q̇c < 0, Q̇h > 0, Q̇w < 0}. In this case, energy
is pumped into the highest temperature bath. To fix ideas, in this chapter we
focus on the cooling operation mode. There exist two main figures of merit
characterizing the operation of a refrigerator: the amount of energy per unit
of time extracted from the cold bath, i. e. the cooling power Q̇c, and the
coefficient of performance

ε =
Q̇c

Q̇w

, (2.17)

which also takes into account the input energy coming from Bw. Character-
istic curves combining the information of these two relevant quantities are

16
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0.0 0.1 0.2

100× Q̇c/(h̄ωhγh)

0.0

0.5

1.0

ε/
ε C

Figure 2.3: Coefficient of performance ε against the cooling power Q̇c within
the cooling window of the four-level device shown in Fig. 2.1. For ∆ = 0
(dashed line) we obtain an open characteristic curve, while for ∆ = 0.1 (solid
line) the reversible limit of maximun efficiency is unattainable. The other
parameters are the same as in Fig. 2.2.

shown in Fig. 2.3 for two different values of the parameter ∆. For ∆ = 0 the
reversible limit of maximum efficiency and vanishing currents is achieved.
Using Eqs. (2.15) and (2.16), this upper bound for ε is nothing but the
Carnot coefficient of performance of an absorption refrigerator

εC = ε|Ṡ=0 =
Tc(Tw − Th)
Tw(Th − Tc)

. (2.18)

Remarkably, any other non zero value of ∆ prevents the machine from reach-
ing this reversible limit.

As has been shown, the master equation approach provides a full descrip-
tion of the overall stationary functioning of the four-level absorption device.
However, interpreting the results within this framework is not straightfor-
ward. The dependence of the cooling window with the parameters, the
mechanisms that precludes the device from achieving the maximum coef-
ficient of performance, the contributions of the different processes that take
place in the device and contribute to its overall currents, etc. These are some
examples of issues that requires either a deep understanding of the device
functioning, or tedious analytical calculations concerning the particular mas-
ter equation. As an alternative to this standard method, we adopt a different
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perspective in the following. Our aim is to built a representation based on
the internal processes that play a role in the stationary functioning of the
machine. This will facilitates the interpretation of the previous results.

2.3 Graph representation

Taking diagonal projections in the master equation (2.7), we get the time
evolution of the populations pn ≡ 〈n|ρ̂S|n〉 in the four-level device

d

dt




p1

p2

p3

p4


 = W




p1

p2

p3

p4


 . (2.19)

W is the matrix of rates whose non diagonal elements, Wnm ≡ Wαnm
nm , are

given by

W c
12 = Γcωc ; W c

21 = Γc−ωc ; W c
34 = Γcωc+∆ ; W c

43 = Γc−(ωc+∆) ;

W h
13 = Γhωh ; W h

31 = Γh−ωh ; W h
24 = Γhωh+∆ ; W h

42 = Γh−(ωh+∆) ;

Ww
23 = Γwωh−ωc ; Ww

32 = Γw−(ωh−ωc) . (2.20)

The levels |1〉 and |4〉 are not directly connected, hence W14 = W41 = 0. The
label αnm = c, h or w indicates that the transition |m〉 → |n〉 is connected
to the bath Bc, Bh or Bw. Thus, Wαnm

nm can be interpreted as the transition
probability rate from state |m〉 to |n〉 mediated by the bath αnm. Note that
αnm = αmn, i. e. the same bath induces simultaneously absorptions and
emissions between the states |n〉 and |m〉. According to Eqs. (2.20), (2.11)
and (2.2), the rates fulfill detailed balance relations

Wαmn
mn = Wαnm

nm exp[−(Em − En)/kBTαnm ] , (n 6= m) . (2.21)

Besides, the diagonal elements Wnn can be easily expressed in terms of the
non diagonal rates

Wnn = −
4∑

m6=n
Wαmn
mn . (2.22)

We do not use a superscript αnn for the diagonal rates since they are not
associated with a single bath.

The population dynamics (2.19) does not depend on coherences 〈n|ρ̂S|m〉,
n 6= m. Interestingly, the matrix of rates fulfills the properties needed to
claim that Eqs. (2.19) are a proper set of balance equations: the non di-
agonal rates are positive ensuring their interpretation in terms of transition
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probabilities, see Eqs. (2.20) and (2.11), and additionally, the matrix W
is singular leading to the conservation of the probability, see Eq. (2.22).
The same type of balance equations describe the behavior of thermal devices
[68, 69, 70, 71] within the framework of Stochastic Thermodynamics [65, 72].
Hence, the thermodynamic stationary functioning of this device can be de-
scribed classically without invoking any quantum feature. This connection
with a stochastic-thermodynamic picture allows us to employ the conven-
tional procedures in this field. Namely, we define a graph representation of
the set of balance equations in the following way: each state |n〉 becomes
a vertex n of the graph G representing the balance equations and each non
zero pair of rates, {Wαnm

nm ,Wαmn
mn }n6=m, becomes an edge of G connecting the

vertices n and m. The number of edges and vertices is denoted by E and V
respectively. In Fig. 2.4(a) we show the graph representing the Eqs. (2.19)
of the four-level absorption device.

2.3.1 Graph objects

To proceed further, we have to introduce some basic concepts of Graph The-
ory. A maximal tree Tµ is a subgraph of G containing all the V vertices
without forming a closed path. Such closed path is called a circuit Cν . The
circuit Cν can be oriented in two possible directions leading the cycles ~Cν
and −~Cν . Cycles are associated with opposite thermodynamic processes in
the machine. For instance, when performing the cycle ~C1 shown in Fig.
2.4(c), the system absorbs energy from the cold and work baths (transitions
|1〉 → |2〉 and |2〉 → |3〉 respectively). To complete the process, energy is

rejected into the hot bath (transition |3〉 → |1〉). Thus, ~C1 is related to a

process that promotes the cooling task. On the contrary, the cycle −~C1 is
associated with an energy intake from the hot bath (transition |1〉 → |3〉) and
rejection of energy into the work and cold reservoirs (transitions |3〉 → |2〉
and |2〉 → |1〉 respectively). Hence, −~C1 favours the heat transformer op-
eration mode, which is contrary to the cooling task. As the circuits can be
oriented to get the corresponding cycles, the information about the competi-
tion between two opposite thermodynamic processes can be associated with
circuit currents, see Sec. 2.4. On the other hand, maximal trees can also be
directed towards a particular vertex. Namely, when orienting the maximal
tree Tµ towards n, an oriented maximal tree ~T n

µ is found. Each one of the
E − V + 1 edges not belonging to the maximal tree Tµ is a chord. By defini-
tion, the addition of a chord to the maximal tree results in a subgraph with
a circuit Cν and, eventually, some additional edges. When orienting these
additional edges towards the circuit, a forest ~Fβ(Cν) of the circuit is found.
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Figure 2.4: (a) Graph G representing the balance equations (2.19) of the four-
level device depicted in Fig. 2.1. The graph has V = 4 vertices and E = 5
edges. The colors blue, red and green indicate a coupling with the cold, hot
or work bath. (b) Circuit C1 of G. (c) When orienting C1 clockwise the cycle
~C1 is obtained. The algebraic value of this cycle is A(~C1) = W c

21W
w
32W

h
13.

(d) Maximal tree T1 of G. (e) When orienting T1 towards the vertex n = 2

the oriented maximal tree ~T 2
1 is found. The corresponding algebraic value is

A(~T 2
1 ) = W c

21W
w
23W

h
34. (f) The edge connecting the vertices 1 and 3 is a chord

of T1. When adding this chord to T1, we get the circuit C1 (dashed lines).

The remaining edge oriented towards C1 is a forest ~F1(C1) of the circuit. The

algebraic value of the forest is A( ~F1(C1)) = W c
34.

The index β indicates that the same circuits may have different forests.
In order to perform numerical calculations with the graph representation,

we need to establish a connection between the graph objects and the values
of the rates. Thus, the directed edge from vertex n to m is related to the
transition rate Wαmn

mn . Finally, the algebraic value A( ~S) of any directed

subgraph ~S of G is given by the product of all the rates associated with the
directed edges of ~S. In the Fig. 2.4, we show some directed graph objects
with their corresponding algebraic values.
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2.4 Circuit decomposition

The graph representation can be employed to build a thermodynamically
consistent circuit decomposition of the stationary heat currents. Within this
approach, the overall steady state currents Q̇α read

Q̇α ≡ Q̇α(G) =

NC∑

ν=1

q̇α(Cν) , (2.23)

with q̇α(Cν) the heat current associated with the circuit Cν . NC is the total
number of circuits in G. This number may grow very fast, even exponentially,
when considering graphs with an increasing number of vertices and edges.
Fortunately, the circuits can be identified by using efficient algorithms [73].
The circuits currents are, in turn,

q̇α(Cν) = −TαXα(~Cν)
∑Fν

β=1A( ~Fβ(Cν))∑M
µ=1

∑V
n=1A(~T n

µ )
[A(~Cν)−A(−~Cν)] . (2.24)

We denote by M the total number of maximal trees. Fν is the number of
forests of Cν . When Cν contains all the vertices in G, the circuit has no forest
and the algebraic value A( ~Fβ(Cν)) is equal to 1. Xα(~Cν) is the circuit affinity
given by

Xα(~Cν) = kB ln

( Aα(~Cν)
Aα(−~Cν)

)
, (2.25)

where Aα(± ~Cν) is the algebraic value of the cycle ± ~Cν related to the bath
Bα. This quantity returns the product of the rates corresponding to the
directed edges, n → m, of ± ~Cν such that αmn = α. If the circuit Cν has no
edges related to the bath Bα, the value of Aα is 1.

The expression (2.24) for the circuit current is a central result of the pa-
per included in Sec. 5.3, since it provides a complete understanding on the
different processes that can take place in the steady state functioning. These
currents do not depend on the cycle orientations. Besides, each term in (2.24)

has a clear interpretation. The quantity −TαXα(~Cν) is just the amount of
energy resulting from the interaction between S and Bα when performing the
cycle ~Cν . Therefore, energy conservation implies

∑
α TαX

α(~Cν) = 0. The fac-

tor A(~Cν)−A(−~Cν) highlights the importance of the cycle asymmetry on the
magnitude of the currents. This factor is related to the competition between
opposite cycles. The winner of this competition, either ~Cν or −~Cν , determines
the thermodynamic operation of the circuit. This circuit contribution can
involve the three baths, in the case of cooling and heat transformer operation
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modes, or two baths which is simply related to heat transport between them.
The term of the forests

∑Fν
β=1A( ~Fβ(Cν)) accounts for external contributions

coming from edges and vertices not belonging to Cν . Therefore, circuits with
a small number of vertices (with respect to V ) have a large number of forests
and, as a consequence, their contribution to the overall currents is generally
greater than the one associated with circuits containing many vertices. Fi-
nally, the factor

∑M
µ=1

∑V
n=1A(~T n

µ ), which is the same for all the circuits,
increases exponentially with the complexity of the graph, i.e. with both the
number of vertices and edges. In summary, clever designs of absorption ma-
chines should include as many small circuits with high cycle asymmetry as
possible. Besides, the contribution of the circuits should overcome the con-
tribution of the maximall trees, since the later appears in the denominator
of Eq. (2.24).

Remarkably, the stationary circuit decomposition (2.23) is valid for any
non-degenerateN -level absorption device in the weak coupling limit. Besides,
this decomposition is also applicable to the study of any balance equation
system whose matrix of rates satisfies expressions analogous to (2.21) and
(2.22). Using Eqs. (2.24) and (2.25), it is easy to verify that the circuit
currents are consistent with the First and Second Law of Thermodynamics

q̇c(Cν) + q̇h(Cν) + q̇w(Cν) = 0 ,

− q̇c(Cν)
Tc

− q̇h(Cν)
Th

− q̇w(Cν)
Tw

≥ 0 . (2.26)

The previous expressions settle the basis for the interpretation of the sta-
tionary functioning of the device. Each circuit can be thought as an internal
component that is directly linked with a thermodynamically consistent mech-
anism. In the following, the terms circuit and internal component are used
interchangeably. The stationary device operation is the result of the contri-
butions and interplay between its internal components.

2.5 Classification of internal components

The classification of internal components Cν is based on the values of their
affinities Xc(~Cν), Xh(~Cν) and Xw(~Cν). Within the context of absorption
machines, there exist three categories of internal components

• Xα(~Cν) = 0 , ∀α ⇒ Cν is a trivial circuit since q̇α(~Cν) = 0.

• Xα1(~Cν) , Xα2(~Cν) 6= 0 and Xα3(~Cν) = 0 ⇒ Cν is always a non useful
component related to energy transport between the baths Bα1 and Bα2 .
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The energy flows directly from the hottest to the coldest reservoir.
Within the context of absorption machines, these circuit currents are
associated with undesired heat leaks.

• Xα(~Cν) 6= 0 ,∀α ⇒ Cν is a three-bath circuit. This category includes
the usefull components that can operate as refrigerators or heat trans-
formers, at least in some parameter regimes.

1
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4

(a)1

2

3

4

1

2
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(c)1

2

3
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4

(b)1

2

3
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Figure 2.5: The graph shown in 2.4(a) contain three different circuits. We
denote them by C1 (a), C2 (b) and C3 (c).

Circuit Affinities: (Xc, Xh, Xw) Category

C1

(
− ~ωc/Tc, ~ωh/Th,−~ωw/Tw

)
Useful component

C2

(
− ~ (ωc + ∆)/Tc, ~ (ωh + ∆)/Th,−~ωw/Tw

)
Useful component

C3

(
~∆/Tc,−~∆/Th, 0

)
Non useful or trivial circuit

Table 2.1: Classification of the components of the four-level absorption de-
vice. The affinities (2.25) has been obtained by taking a clockwise orientation
in the circuits depicted in Fig. 2.5. We have denoted ωw ≡ ωh − ωc.

The components describing the stationary functioning of the four-level
device are depicted in figure 2.5. We present the classification of these circuits
in the Table 2.1. The circuits C1 and C2 are associated with thermodynamic
mechanisms involving the three baths and, as a result, they can operate either
as refrigerators or heat transformers. Considering Eq. (2.24) and imposing
q̇c(Cν) > 0 for ν = 1, 2, it is straightforward to show that C1 and C2 perform

the cooling task within the cooling windows ωc < ωh
Tc(Tw−Th)
Th(Tw−Tc) ≡ ωmaxc (C1) and

ωc < ωmaxc (C1) − ∆Tw(Th−Tc)
Th(Tw−Tc) ≡ ωmaxc (C2) respectively. However, C3 involves

only two baths. For ∆ = 0, see Tab. 2.1, the affinities of this circuit are
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zero and, as a consequence, C3 is a trivial component with zero currents. For
∆ 6= 0, C3 is a heat leak between the bath Bc and Bh. As Th > Tc, this heat
leak transports energy from the hot to the cold bath.

0.3 0.4 0.5
ωc/ωh

−0.2

0.0

0.2

10
0
×
q̇ c

(C
ν
)/

(h̄
ω
h
γ
h
)

0.3 0.4 0.5
ωc/ωh

−0.2

0.0

0.2

10
0
×
q̇ c

(C
ν
)/

(h̄
ω
h
γ
h
)

Figure 2.6: Circuit cold heat currents against ωc for ∆ = 0.1 (left) and 0
(right). The dashed, dashed-dotted and dotted lines corresponds to ν = 1, 2
and 3 respectively. The solid line shows the sum of the circuit contributions
which is the total stationary cooling power. The vertical dashed and dashed-
dotted lines are respectively located at ωmaxc (C1) and ωmaxc (C2).

In the figure 2.6, we plot the circuit contributions to the overall steady
state cooling power. For ∆ = 0, C1 and C2 have the same cooling window since
ωmaxc (C1) = ωmaxc (C2) and, as a result, these useful circuits always follow the
same operation mode. Besides, C3 is a trivial component with no contribution
to the current. Therefore, the reversible limit of maximum coefficient of
performance and vanishing currents is achieved at ωc = ωmaxc (C1). However,
for ∆ 6= 0, ωmaxc (C1) > ωmaxc (C2). Thus, when ωc < ωmax

c (C1), both C1

and C2 operate as refrigerators, while for ωmax
c (C1) < ωc < ωmax

c (C2), C2

works as a heat transformer. This competition between opposite operation
modes in useful circuits prevents the device from achieving the reversible
limit. The contribution of C3 is an additional mechanism responsible for
the unattainability of the Carnot performance in this device. The undesired
currents of this non usefull circuit does not vanish for ∆ 6= 0. In general, these
are the two mechanisms that make it impossible to reach the reversible limit:
the competition between useful circuits and the contributions of non useful
components [74, 40]. As we have seen, the interpretation of the figures 2.2
and 2.3 becomes much more clear when dealing with the internal components
of the four-level machine.
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2.6 Graph topology and heat currents
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Figure 2.7: (a) Graph H obtained by using the graph G of Fig. 2.4(a) as
a building unit. (b) Graph I obtained from H by removing the hot edges
connecting even vertices. (c) Circuit graph J . (d) Maximal trees of J . The
graph objects of I are determined in terms of those for the graph J . For
example, in (e) we show a maximal tree of I that has been obtained by
considering a maximal tree of J in each triangle of I. In (f) a forest of the
first triangle in I is depicted.
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We have analyzed the graph G of Fig. 2.4(a) representing the balance equa-
tions (2.19) of the four-level absorption device depicted in Fig. 2.1. This
graph contains only three circuits, see Fig. 2.5. The addition of new circuits
to the graph has a direct effect on the machine performance. For example,
one can include non useful components diminishing the useful currents and
removing the possibility of reaching the Carnot limit. This causes a negative
impact on the device operation. Therefore, an important question is whether
the addition of useful and, eventually, trivial components without introduc-
ing non useful circuits may be beneficial for the device functioning. In the
following we deal with this issue.

Let us consider the graph H shown in Fig. 2.7(a). This graph is built
by merging copies of the graph G, see Fig. 2.4(a), that share a vertical cold
edge. We assume ∆ = 0 to ensure that the graph does not contain non useful
circuits. The balance equations corresponding to H read dp

dt
= Wp, where p

is a probability vector p = [p1, p2, . . . , pN , pN+1] and W the matrix of rates.
The non diagonal rates Wnm = Wαnm

nm of W are

W c
l l+1 = = Γcωc ; W c

l+1 l = Γc−ωc ; (l = 1, 3, . . . , N) ;

W h
l l+2 = Γhωh ; W h

l+2 l = Γh−ωh ; (l = 1, 2, . . . , N − 1) ;

Ww
l l+1 = Γwωh−ωc ; Ww

l+1 l = Γw−(ωh−ωc) ; (l = 2, 4, . . . , N − 1) ; (2.27)

and zero for any other pair of indexes. According to Eq. (2.27), all the
transitions with the bath Bα, α = c, h, w, share the same pair of rates. This
is a preferred scheme to understand the impact of the graph topology on
the device performance. Additionally, the diagonal elements of W fulfill the
condition analogous to (2.22). The physical implementation corresponding
to this matrix of rates is the multistage quantum-absorption device studied
in [50]. For comparison purposes, we also consider a graph I which is a
subgraph of H. Namely, removing from H the hot edges connecting vertices
l and l + 2, l = 2, 4, . . . , N − 1, leads to I. Both H and I contain a triangle
graph J depicted in Fig. 2.7(c). We use J as a reference to determine
possible increments in the magnitude of the heat currents. The physical
realization related to J is nothing but the well known three-level quantum
absorption refrigerator [30, 31]. As the affinities X α are the same for all the
useful circuits inH, I and J , the associated devices show the same coefficient
of performance, see the paper included in Sec. 5.3. In the following, we
focus on the cooling power. Remarkably, in a low temperature regime the
three graphs provide the same currents. Hence, we consider a regime from
moderate to high temperatures. Thus, the levels with high energies will have
non vanishing populations and, as a consequence, contribute to the device
functioning.
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2.6.1 Graph J
The circuit graph J is composed of V = 3 vertices and E = 3 edges. This
graph is characterized by a single internal component which, in this case, is
a triangle. Using Eqs. (2.24), (2.25), (2.27) and (2.11) it is straightforward
to find the following expression for the cooling power of the triangle

Q̇c(J ) = ~ωc ΓcωcΓ
h
ωh

Γwωh−ωc
exp

[
− ~ωc

kBTc
− ~ (ωh−ωc)

kBTw

]
− exp

[
− ~ωh

kBTh

]
∑3

µ=1

∑3
n=1A(~T n

µ ;J )
,

(2.28)
where the three maximal trees of J are shown in Fig. 2.7(d). The dependence
of the maximal trees with the graph under consideration has been made
explicit in the corresponding algebraic value.

2.6.2 Graph I
The graph I is obtained by merging copies of the triangle J . I has V = N
vertices and E = 3

(
1 + N−3

2

)
edges with N = 3, 5, 7, . . . . The graph contains

NC = 1 + N−3
2

circuits. All these triangle circuits are useful components. I
has neither non useful nor trivial components. Using Eq. (2.23) for α = c,
we obtain the steady state cooling power corresponding to this graph

Q̇c(I) = ~ωc ΓcωcΓ
h
ωh

Γwωh−ωc

(
exp

[
− ~ωc
kBTc

− ~ (ωh − ωc)
kBTw

]
−exp

[
− ~ωh
kBTh

])

×
∑NC

ν=1

∑Fν
β=1A( ~Fβ(Cν ; I))

∑M
µ=1

∑N
n=1A(~T n

µ ; I)
. (2.29)

Again, we make the label corresponding to the graph explicit in the algebraic
values of forests and maximal trees. The number of maximal trees and forests,
M and Fν , are 3NC and 3NC−1 respectively. Note that these graph objects
of I can be easily obtained by considering adequate products of maximal
trees of the reference graph J , see Fig. 2.7(e) and (f). We consider the ratio
between Eq. (2.29) and Eq. (2.28)

Q̇c(I)

Q̇c(J )
=

∑NC
ν=1

∑Fν
β=1A( ~Fβ(Cν ; I))

∑3
µ=1

∑3
n=1A(~T n

µ ;J )
∑M

µ=1

∑N
n=1A(~T n

µ ; I)
. (2.30)

The numerator in the previous expression is the sum of all the maximal trees
in the graph I oriented to the vertices of the corresponding circuits. The
vertices {3, 5, 7, . . . , N − 2} belong simultaneously to two circuits, see Fig.
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2.7(b), and, as a result, they have a double contribution in the sum

NC∑

ν=1

Fν∑

β=1

A( ~Fβ(Cν ; I))
3∑

µ=1

3∑

n=1

A(~T n
µ ;J ) =

M∑

µ=1

N∑

n=1

A(~T n
µ ; I) +

M∑

µ=1

NC−1∑

l=1

A(~T 2l+1
µ ; I) . (2.31)

Inserting this into Eq. (2.30), we get

Q̇c(I)

Q̇c(J )
= 1 +

∑M
µ=1

∑NC−1
l=1 A(~T 2l+1

µ ; I)
∑M

µ=1

∑N
n=1A(~T n

µ ; I)
. (2.32)

As the quotient in the previous equation is lower or equal than 1 (since
NC < N), the ratio between heat currents fulfill the following inequality

1 ≤ Q̇c(I)

Q̇c(J )
≤ 2 . (2.33)

Hence, the addition of triangle circuits results in an increment of the cooling
power. Interestingly, this boosting is not unlimited since the ratio (2.33) is
upper bounded.

In order to understand in simple terms the Eq. (2.33), we consider the
limit of vanishing circuit affinities (2.25). Within this regime, the rates do not
depend on the orientation Wαnm

nm = Wαmn
mn and, as a consequence, a maximal

tree oriented to different vertices corresponds to the same algebraic value:
A(~T n

µ ; I) ≡ A(~Tµ ; I), ∀n. Assuming this, Eq. (2.32) can be written as

Q̇c(I)/Q̇c(J ) = 1 + (NC − 1)/N = (3N − 3)/(2N) = 3NC/V . Note that
NC = N3 for this graph, where N3 is the total number of triangles. The
topological parameter τ3 = N3/V indicates on average the number of trian-
gles whereby each state participates. Such parameter describes the device
connectivity. In the graph I, it reaches a constant value in the large V limit
and, consequently, the heat current enhancement also saturates in the regime
under consideration.

In the article included in Sec. 5.3 we analyze more general settings built
by using triangles with fixed rates for each bath. It is shown that the heat
current boosting is also described by the parameter τ3. Such schemes do
not contain non useful circuits. Given a number of vertices, increasing the
number of triangles is equivalent to the addition of new edges which, in turn,
leads to an increment in the device connectivity. Therefore, it is a key factor
to take into account when designing optimal machines.
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2.6.3 Graph H
The graph H, see Fig. 2.7(a), contains trivial components, for example the
four-edge circuit shown in Fig. 2.5(c), and useful components such as the
triangle depicted in Fig. 2.5(a). Remarkably, the graph also contains useful
circuits with more than three edges. In principle, from a conventional master
equation perspective it is not straightforward to find out whether H provides
generally a larger cooling power than I. However, the graph approach gives
a direct answer: H has more number of triangles per vertex than I and, as
a result, the choice of H is more convenient to obtain larger currents. Note
that H has also a limited connectivity which leads to a saturation of this
enhancement. Machines with non limited connectivity are studied in the
paper included in Sec. 5.3. As shown in Fig. 2.8, the behavior of the heat
currents is well described by τ3 in typical regimes of the parameters.
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0.6
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τ 3
(K

)

10 20 30
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1.0

1.2

1.4
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Q̇
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K
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)

Figure 2.8: Parameter τ3 and cooling power Q̇c as functions of the number
of vertices V . The blue triangles and green squares correspond to K = I, H
respectively. The topological parameters have simple analytical expressions:
τ3(I) = (V − 1)/(2V ) with V = 3, 5, 7, . . . and τ3(H) = (V − 2)/V with
V = 4, 6, 8, . . . . The set of parameters is: ωh = 1, ωc = 0.5, ∆ = 0,
Tc = 5, Th = 6, Tw = 7, dc = dh = dw = 1, γc = γh = γw = 10−6 and
~ = kB = ω0 = 1.
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Chapter 3

Periodically driven machines

3.1 Periodically driven three-level machine

In this chapter we use the well known periodically driven three-level device
[75, 11], see Fig. 3.1, as a benchmark model to compare different master
equation approaches. The system S consists of three states |1〉, |2〉 and |3〉.
The bare system Hamiltonian is Ĥ0

S =
∑3

n=1En|n〉〈n|, with energies E1 = 0,
E2 = ~ωc and E3 = ~ωh. S is coupled to a cold and a hot bath, Bc and
Bh, at temperatures Tc and Th > Tc respectively. The bath Hamiltonians
ĤBα (α = c, h) are given by Eq. (2.1). Besides, the system-bath interactions
are ĤSBα = Âα ⊗ B̂ α, with coupling operators Â c = |1〉〈2| + |2〉〈1| and
Âh = |1〉〈3| + |3〉〈1|. The bath operators B̂ α are given in Eq. (2.5). The
system is coupled to a laser field that acts as a work source. This time-
dependent coupling is described by the following Hamiltonian

Ĥw
S (t) = ~λ [ |2〉〈3| eiωLt + |3〉〈2| e−iωLt ] , (3.1)

where ωL is the laser frequency. We consider the resonant case, i.e. ωL = ωh−
ωc. The coupling constant λ is associated with the interaction between the
driving field and the system. Thus, the system Hamiltonian HS(t) becomes

ĤS(t) = Ĥ0
S + Ĥw

S (t) . (3.2)

The total Hamiltonian Ĥ of the machine has five contributions

Ĥ = ĤS(t) + ĤBc + ĤBh + ĤSBc + ĤSBh . (3.3)
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ℏωc

ℏωh

  0 1ñï

c
h 2ñï

3ñï

 𝑤

Figure 3.1: Schematic representation of the periodically driven three-level
device. The vertical blue and red arrows correspond to the transitions cou-
pled with the cold (c) and hot (h) baths. The curly green arrow indicates
that the level |3〉 is coupled with the state |2〉 through a periodic laser field
labeled with w.

Four different time scales play a role in the evolution of the Hamiltonian
(3.3): the scale related to the bare system τ 0

S ∼ |ωα|−1, the characteristic
time of the baths τB ∼ ~/kBTα, the time scale of the interaction between
system and baths τSB ∼ γ−1

α and finally, the scale associated with the influ-
ence of the driving field τwS ∼ λ−1. We assume that the conditions τSB � τ 0

S

and τSB � τB are valid. This guarantees the existence of a master equa-
tion to describe the steady state operation of the machine, see Appendix
A. In this regime, the coupling constants γα are very small in comparison
with the temperatures of the baths and the frequency gaps in the system.
On the other hand, depending on the magnitude of the coupling strength λ
the structure of this master equation can be different. In the following, we
study both the strong and weak driving limit, λ� γα and λ� γα. We use
a Global or a Local approach to obtain the master equations in each case.
The thermodynamic consistency of these two approaches is guaranteed. The
corresponding stationary populations are described by proper balance equa-
tions. Thus, we can employ the consistent decomposition (2.23) to calculate
the heat currents. The power can then be obtained by resorting energy con-
servation. For comparison purposes, we consider another approach based on
the Redfield master equation. In this case, the consistency with the Laws of
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Thermodynamics is not ensured.

3.2 Redfield approach

The Redfield master equation allows us to characterize the functioning of the
device for any value of the strength with the driving field. In the Appendix
A we briefly describe the procedure leading to such equation. We take ad-
vantage of the fact that the evolution operator for this system can be written
as ÛS(t) = e−iÂ1t/~e−iÂ2t/~, with Â1 = Ĥ0

S and Â2 = Ĥw
S (t = 0). Note that

this choice verifies the Schrodinger equation i~ dÛS(t)
dt

= (Ĥ0
S + Ĥw

S (t)) ÛS(t).
Thus, we can pick a rotating frame characterized by a master equation with
no explicit time dependence [76, 77, 59, 41, 40]

dρ̂S
dt

= − i
~

[Â2, ρ̂S] +Rc{ρ̂S}+Rh{ρ̂S} , (3.4)

where ρ̂S is the system density matrix in the rotating frame. The dissipative
terms are given by

Rα{ρ̂S} = Lα{ρ̂S}+ Sα{ρ̂S} (3.5)

with

Sα{ρ̂S} =

(
Γαωα+λ + Γαωα−λ

4

)(
|1〉〈+|ρ̂S|−〉〈1|+ |1〉〈−|ρ̂S|+〉〈1|

)

+

(
Γα−(ωα+λ) + Γα−(ωα−λ)

4

)(
|+〉〈1|ρ̂S|1〉〈−|+ |−〉〈1|ρ̂S|1〉〈+|

)

− Γαωα+λ

4

(
|−〉〈+|ρ̂S + ρ̂S|+〉〈−|

)
− Γαωα−λ

4

(
|+〉〈−|ρ̂S + ρ̂S|−〉〈+|

)

(3.6)

and

Lα{ρ̂S} =
Γαωα+λ

2

(
|1〉〈+|ρ̂S|+〉〈1| −

1

2
|+〉〈+|ρ̂S −

1

2
ρ̂S|+〉〈+|

)

+
Γα−(ωα+λ)

2

(
|+〉〈1|ρ̂S|1〉〈+| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)

+
Γαωα−λ

2

(
|1〉〈−|ρ̂S|−〉〈1| −

1

2
|−〉〈−|ρ̂S −

1

2
ρ̂S|−〉〈−|

)

+
Γα−(ωα−λ)

2

(
|−〉〈1|ρ̂S|1〉〈−| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)
. (3.7)
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The label α takes values c and h, the functions Γαω are given in Eq. (2.11)
and |±〉 = 1√

2

(
|2〉 ± |3〉

)
are the eigenstates of Â2. Note that the super-

operators Sα include non secular terms, while Lα are Lindblad or Secular
super-operators. In the Appendix A we show the expressions for the heat
currents and power corresponding to this approach. In the following Secs.
3.3 and 3.4 we describe the global and local approaches, which can be ob-
tained from the Redfield equation (3.4). In Fig. 3.2 we plot the cooling
power as a function of λ for the three different master equation approaches.
As expected, the Global and Redfield equations coincide when the driving
strength is strong enough. At λ ∼ γα, the differences between these ap-
proaches become significant. On the other hand, the Local and Redfield
master approaches coincide in the weak driving regime and beyond. For
example, when λ ∼ 1000γh both the Local and Global master equations
reproduces the Redfield currents. Fig. 3.3 illustrates the regimes of applica-
bility of the different master equation approaches.

10−3 100 103 106

λ/γh

0

1

2

10
0
×
Q̇
c/

(h̄
ω
h
γ
h
)

Figure 3.2: Cooling power against the coupling strenght of the laser field.
The blue triangles, blue dots and red solid line correspond to the Global,
Local and Redfield approach. The parameters are ωh = 1, ωc = 0.2, Tc = 4,
Th = 5, dc = dh = 1, γc = γh = 10−6 and ~ = kB = ω0 = 1.
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τB
τSB

R

G L
τS
w

τSB

τS
0

τSB

Figure 3.3: Schematic representation of the parameter regimes for which the
different master equations can be employed to caculate the currents in the
resonant three-level model. We represent a cube with sides of infinite lenght.
The axis are τB/τSB, τwS /τSB and τ 0

S/τSB with τSB ∼ γ−1
α , τB ∼ ~/kBTα,

τ 0
S ∼ |ωα|−1 and τwS ∼ λ−1. The yellow, green and blue areas correspond to

the regimes of validity of the Redfield, Global and Local approach (labelled
by R, G and L).

3.3 Global approach

In this section we explore the strong coupling limit, λ � γα. Within this
regime, the use of a Global master equation is well justified [54, 53, 78]. In
the Appendix A we discuss the procedure to find this master equation. The
Global master equation for the three-level machine is obtained from Eq. (3.4)
by removing the non secular terms

dρ̂S
dt

= − i
~

[Â2, ρ̂S] + Lc{ρ̂S}+ Lh{ρ̂S} . (3.8)

The term global indicates that the Lindblad operators (3.7) are not only given
in terms of parameters of the baths, since they also contain information about
the driving field. The following population dynamics is obtained when taking
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diagonal projections in Eq. (3.8)

d

dt



p1

p+

p−


 =

∑

α=c,h

Wα



p1

p+

p−


 , (3.9)

with pn = 〈n|ρ̂S|n〉, n = 1,+,−. Wα is a matrix of rates related to the bath
Bα whose non diagonal elements Wα

nm are

Wα
1± =

Γαωα±λ
2

, Wα
±1 =

Γα−(ωα±λ)

2
, Wα

+− = Wα
−+ = 0 . (3.10)

Note that these rates fulfill detailed balance relations

Wα
±1

Wα
1±

= e
− ~ (ωα±λ)

kBTα . (3.11)

The diagonal elements of Wα satisfy an expression analogous to Eq. (2.22).

3.3.1 Internal components

-

+1
Figure 3.4: Graph K representing the balance equations (3.9) corresponding
to the three-level machine shown in Fig. 3.1. The blue and red edges are
associated with Bc and Bh respectively.
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The population dynamics (3.9) is a proper set of balance equations. This
allows us to employ a graph representation to calculate the stationary ther-
modynamic magnitudes. In Fig. 3.4 we show the graph K representing these
balance equations. K has two circuits C+ and C−, which connects vertices
{1,+} and {1,−} respectively. We can use Eq. (2.24) to determine the
stationary circuit currents

q̇α(C±) = sα
−TαXα(~C±)

8

(
Γcωc∓λ + Γhωh∓λ

)

D

[
Γc−(ωc±λ)Γ

h
ωh±λ − Γh−(ωh±λ)Γ

c
ωc±λ

]
,

(3.12)
where the factor D that contains the maximal trees of K reads

D =
1

4

[
Γc−(ωc−λ)Γ

c
ωc+λ + Γc−(ωc−λ)Γ

h
ωh+λ + Γc−(ωc+λ)Γ

c
ωc−λ + Γc−(ωc+λ)Γ

h
ωh−λ

+ Γcωc−λΓ
c
ωc+λ + Γcωc−λΓ

h
−(ωh−λ) + Γcωc−λΓ

h
ωh+λ + Γcωc+λΓ

h
−(ωh−λ)

+ Γcωc+λΓ
h
ωh−λ + Γh−(ωh−λ)Γ

h
ωh−λ + Γh−(ωh−λ)Γ

h
ωh+λ + Γhωh−λΓ

h
ωh+λ

]
. (3.13)

The coefficients sc and sh are respectively 1 and −1. The circuit affinities are
−TαXα(~C±) = ~ (ωα±λ). We can define the circuit power p(C±) by invoking
energy conservation

p(C±) = −q̇c(C±)− q̇h(C±) . (3.14)

Therefore, the total stationary heat currents and power performed by the
field are Q̇α ≡ Q̇α(K) = q̇α(C+) + q̇α(C−) and P ≡ P (K) = p(C+) + p(C−).
Remarkably, these currents coincide with those that are defined in the Ap-
pendix A.

According to Eq. (3.12), both C+ and C− can either work as refrigerators,
{q̇c(C±) > 0, q̇h(C±) < 0, p(C±) > 0}, or engines, {q̇c(C±) < 0, q̇h(C±) >
0, p(C±) < 0}. The cooling window of C± is ωc < ωh

Tc
Th
∓ λTh−Tc

Th
. Hence,

C+ and C− can be classified as useful components associated with energy
exchanges between the three environments, i. e. the two baths and the
work source. Besides, they do not reach the reversible limit for the same
parameters. This competition between useful components is the mechanism
that prevents the device depicted in Fig. 3.1 from reaching the Carnot limit
[14, 33].

More complicated schemes of periodically driven machines are described
in the article included in Sec. 5.1. In general, we can distinguish four types
of components:

• Xα(~Cν) = 0 , ∀α ⇒ Cν is a trivial circuit.
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• Xα1(~Cν) 6= 0 and Xα2(~Cν) = 0 ⇒ Cν is a non useful component related
to power dissipation into the bath Bα1 .

• Xc(~Cν) , Xh(~Cν) 6= 0 and TcX
c(~Cν) + ThX

h(~Cν) = 0 ⇒ Cν is a non
useful component corresponding to a heat leak from Bh into Bc.

• Xα(~Cν) 6= 0 , ∀α and TcX
c(~Cν) + ThX

h(~Cν) 6= 0 ⇒ Cν is a three-
environment component. This category includes the usefull compo-
nents that can operate as refrigerators or engines, at least in some
parameter regimes.

Finally, it is important to stress that the balance equations (3.9) are
completely analogous to those that arise naturally in the study of stochastic-
thermodynamic models [65]. The rates in these expressions are positive and,
therefore, they can be classically interpreted as transition probabilities. Thus,
it is always possible to find a classical stochastic-thermodynamic emulator
capable of replicating the steady state functioning of the device.

3.4 Local approach

We analyze here the three-level model shown in Fig. 3.1 in the weak driving
regime, γα � λ. In this limit the use of a local master equation is well
justified [54, 53, 78]. The term local indicates that the dissipation is described
without taking into account the influence of the driving field, see Appendix
A. Such equation reads

dρ̂S
dt

= − i
~

[Â2, ρ̂S] + L0
c{ρ̂S}+ L0

h{ρ̂S} , (3.15)

where the Lindblad super-operators are

L0
c{ρ̂S} = Γcωc

(
|1〉〈2|ρ̂S|2〉〈1| −

1

2
|2〉〈2|ρ̂S −

1

2
ρ̂S|2〉〈2|

)

+ Γc−ωc

(
|2〉〈1|ρ̂S|1〉〈2| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)
(3.16)

and

L0
h{ρ̂S} = Γhωh

(
|1〉〈3|ρ̂S|3〉〈1| −

1

2
|3〉〈3|ρ̂S −

1

2
ρ̂S|3〉〈3|

)

+ Γh−ωh

(
|3〉〈1|ρ̂S|1〉〈3| −

1

2
|1〉〈1|ρ̂S −

1

2
ρ̂S|1〉〈1|

)
. (3.17)
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The functions Γαω are expressed in Eq. (2.11).
The population and coherence dynamics resulting from Eq. (3.15) are

not decoupled. In fact, unlike in the strong driving limit, the population
dynamics can not be interpreted as a set of balance equations at finite times.
However, in the long time limit we can write the stationary coherences as
functions of the populations. This procedure leads to a matrix equation
W [p1, p2, p3]T = 0. The non diagonal elements Wnm = Wαnm

nm of this matrix
W are

W c
12 = Γcωc ; W c

21 = Γc−ωc ;

W h
13 = Γhωh ; W h

31 = Γh−ωh ;

Ww
23 = Ww

32 =
4λ2

Γcωc + Γhωh
.

(3.18)

The matrix W is singular since it fulfills an expression analogous to Eq.
(2.22). The rates associated with the driving field Ww

23 and Ww
32 satisfy a

detailed balance relation with an effective infinite temperature.

3.4.1 Internal component

The structure of the matrix W ensures the conservation of the probabil-
ity. Besides, its non diagonal elements fulfill detailed balance relations with
respect to the baths or the driving field. Therefore, we can built a graph
representation corresponding to this matrix and, most importantly, use a
circuit decomposition to describe the associated stationary functioning. In
Fig. 3.5, we show the graph J representing the matrix W. J consists of one
circuit, the triangle C1. Using Eq. (2.24) we can determine the corresponding
heat currents. The same result can be obtained by using the definitions of
currents provided in the Appendix A. The calculation of the circuit affinity
(2.25) reveals that C1 is an useful component with cooling window ωc < ωh

Tc
Th

.
In order to consider W a matrix of rates that can be classically inter-

preted, we need to ensure that its non diagonal elements are positive defi-
nite. According to Eq. (3.18), all the rates are always positive. Thus, we can
interpret the contribution of C1 within a classical stochastic-thermodynamic
perspective, i.e. the device has a well defined classical emulator. Note that
such emulator has the same thermal coupling than the original system. How-
ever, the coupling with the work source is weaker, see Eq. (3.18). In the
article included in Sec. (5.4), a general scheme of a periodically driven de-
vice with a cyclic pattern of transitions is analyzed. The three-level is just a
particular instance of this general configuration. It is shown that such kind
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of machine needs non-zero stationary coherences (between the levels coupled
with the field) to provide non-zero currents. However, the presence of coher-
ence should not be considered essential to replicate the same thermodynamic
behavior since, as we have seen, the device is classically emulable.
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Figure 3.5: Graph J resulting from the matrix W with non diagonal elements
given in Eq. (3.18). The colors blue, red and green correspond to a coupling
with the cold bath, the hot reservoir and the laser field respectively.

3.4.2 Classicality criteria

Let us compare the dephasing criterion [58, 79] with the previous discussion
about classical emulability. When adding a dephasing term−kd [ Ĥ0

S, [Ĥ0
S, ρ̂S] ]

to Eq. (3.15), the rate related to the work source becomes

Ww
23 = Ww

32 =
4λ2

Γcωc + Γhωh + ~2(ωh − ωc)2 kd
, (3.19)

while the other rates associated with the baths remain unaltered. In the limit
of large enough kd, W

w
23 is vanishing and the graph 3.5 losses the connection

between the vertices 2 and 3. The corresponding currents and power are then
zero. Thus, the addition of strong dephasing precludes the machine from per-
forming any useful thermadynamic task. The dephasing criterion indicates
that stationary coherences between the states |2〉 and |3〉 are necessary for
the device functioning. However, we have shown that a classical stochastic
model can emulate the same steady state operation without using quantum
features. Therefore, the dephasing criterion is capable of identifying quan-
tum magnitudes that are essential in the operation, but these quantities do
not lead to any advantage from a thermodynamic perspective.
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Chapter 4

Conclusions

We have studied the stationary functioning of absorption and periodically
driven devices. In the limit of weak coupling with the thermal reservoirs,
the thermodynamic relevant magnitudes of these machines can be analyzed
by using circuit decompositions based on Graph Theory. Each circuit in
such decompositions is consistent with the Laws of Thermodynamics. Thus,
circuits could be view as internal components describing the device operation
in the steady state. The strong point of this approach lies in its potential for
interpreting results. This knowledge can be employed to build clever designs
of thermal machines by avoiding contributions of non useful components.

Although we focus on the analysis of quantum thermodynamic devices,
circuit decompositions can be used to describe the behavior of any other bal-
ance equation system, including stochastic-thermodynamic models. In fact,
different physical implementations may lead to the same graph, which in
turn implies equivalent equations for the population dynamics. The partic-
ularities of each implementation are then associated with the values of the
rates and their dependence with the device parameters. Hence, the study
of the properties of circuits decompositions in generic graphs becomes itself
an interesting issue, since it allows for obtaining model independent results
based on the topology of the graphs.

In the previous chapters, we have considered some benchmark models of
continuous devices for readability and for pedagogical purposes. From this
work, two main conclusions can be drawn. The first one is that, rather than
the number of internal components, the device connectivity is a limiting fac-
tor for the magnitude of the stationary currents. In Chapter 2, we discuss
this issue for absorption machines but the result is easily extensible to other
setups, such as periodically driven devices. The second result concerns the
interpretation of the processes that impede the attainment of the reversible
limit in continuous devices, in terms of their internal components. Basically,
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there are three kinds of internal components: trivial, useful and non useful
components. The currents associated with the trivial components are zero.
On the other hand, the operation mode of the useful components may be the
same, at least in some parameter regimes, as the one in the overall device.
Therefore, the useful components are related to thermodynamic mechanisms
involving all the environments, i. e. baths and work source. Finally, the
non useful components are related to undesired energy transport between
only two environments, for example heat leaks between baths or dissipa-
tion of power into a bath. This classification enables us to distinguish two
particular mechanisms: the competition of useful components with opposite
operation modes and the undesired contributions of the non useful compo-
nents. A machine presenting at least one of these mechanisms cannot achieve
the reversible limit of maximum efficiency or coefficient of performance. As
a corollary, designs with larger currents and capable of reaching the Carnot
limit should be built by considering as many useful components as possible,
without leading to the competition between them or to the emergence of non
useful components.

We have taken advantage of the connection between the conventional
master equation approach and a stochastic-thermodynamic perspective. We
show that absorption and cyclic periodically driven devices, both with non-
degenerate energy levels, are completely analogous to stochastic models when
the coupling to the baths is weak enough. Both fulfill proper balance equa-
tions that can be interpreted from a classical stochastic picture, i. e. in term
of positive transition probabilities. Hence, there exist classical emulators de-
scribing the stationary functioning of these devices. However, the existence
of a classical emulator is not guaranteed in devices with a non-cyclic pattern
of transitions that are weakly coupled to the driving field. The search for
indicators of genuine quantumness in such machines is an interesting open
issue.

Remarkably, the scope of the present work is limited to the regime of weak
coupling to the baths. Under this assumption, some interesting concepts such
as internal components have been defined. A subject of future work will be
the search for alternative concepts when this coupling becomes stronger.
These alternative concepts should be introduced within a thermodynamic
consistent framework, which is a challenge in itself.
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Chapter 5

Compendium
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Abstract: A general quantum thermodynamics network is composed of thermal devices connected
to environments through quantum wires. The coupling between the devices and the wires may
introduce additional decay channels which modify the system performance with respect to the
directly-coupled device. We analyze this effect in a quantum three-level device connected to a heat
bath or to a work source through a two-level wire. The steady state heat currents are decomposed
into the contributions of the set of simple circuits in the graph representing the master equation. Each
circuit is associated with a mechanism in the device operation and the system performance can be
described by a small number of circuit representatives of those mechanisms. Although in the limit of
weak coupling between the device and the wire the new irreversible contributions can become small,
they prevent the system from reaching the Carnot efficiency.

Keywords: quantum thermodynamics; graph theory; thermodynamic performance

PACS: 05.30.-d; 05.70.Ln; 07.20.Pe

1. Introduction

Continuous quantum thermal devices are quantum systems connected to several baths at different
temperatures and to work sources [1]. Their operation is necessarily irreversible when the heat currents
are non-negligible. One of the possible irreversible processes is the ubiquitous finite-rate heat transfer
effect considered in endoreversible models. In these models, the control parameters can be tunned
to reach the reversible limit but at vanishing energy flows. Examples are the three-level and the
two-qubit absorption refrigerators [2–5]. In other models, as the power-driven three-level maser [1,6]
and the three-qubit absorption refrigerators [3,7], additional irreversible processes appear such as
heat leaks and internal dissipation [1,8], which are detrimental to the device performance. Several
experimental realizations of these continuous quantum thermal devices have been proposed—for
example, nano-mechanical oscillators or atoms interacting with optical resonators [9,10], atoms
interacting with nonequilibrium electromagnetic fields [11], superconducting quantum interference
devices [12], and quantum dots [13]. Furthermore, the coupling between artificial atoms and harmonic
oscillators is experimentally feasible nowadays [14], opening the possibility of connecting thermal
devices to environments through quantum systems.

Although the most general design of a quantum thermal network is composed of thermal devices
and wires [15], the device performance has been usually analyzed assuming a direct contact with
the environments. The coupling between the device and a quantum probe has been suggested to
characterize the device irreversible processes [16]. In this paper, we adopt a different perspective and
study the additional irreversible processes induced by the coupling between the device and the wire. In
particular, we will analyze in detail the performance of a system composed of a three-level device and a

Entropy 2016, 18, 166; doi:10.3390/e18050166 www.mdpi.com/journal/entropy
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two-level wire connected to a work bath or source. When the system is weakly coupled to the baths, its
evolution is described by a quantum master equation in which the dynamics of the populations can be
decoupled from the coherences choosing an appropriate basis [17]. This property implies the positivity
of the entropy production along the system evolution [18,19], and is broken when some uncontrolled
approximations are considered in the derivation of the quantum master equation [20]. The Pauli master
equation for the populations (in the following simply the master equation) is a particular example
of the general master equations considered in stochastic thermodynamics for systems connected to
multiple reservoirs [21]. For a long enough amount of time, the system reaches a non-equilibrium
steady state where the heat currents Q̇α describe the energy transfer between the system and the baths,
and the power P characterizes the energy exchange with the work source [15]. Although the heat
currents can be obtained directly from the steady solution of the master equation, identifying the
different irreversible processes contributing to them is in general a very complicated task.

An alternative approach to analyze non-equilibrium processes is the decomposition of the
steady state fluxes and the entropy production in the contribution due to simple circuits [22–24],
fundamental circuits [25–27] or cycles [28] of the graph representation of the master equation. We
will consider a decomposition in the full set of simple circuits that combined with the all minors
matrix-tree theorem [29], which leads to very simple expressions for the steady state heat currents.
More importantly, each circuit can be interpreted as a thermodynamically consistent unit and its
contribution to the different irreversible processes can be easily identified [30]. Although the number
of circuits may be very large, we will show that the system performance can be described by means of
a reduced number of circuit representatives [31].

The paper is organized as follows: Section 2 presents a brief review of the derivation of the
quantum master equation for a device coupled to a heat bath through a quantum wire. Next, the
graph representation of the master equation and the decomposition in simple circuits is discussed,
with special emphasis on the characterization of the steady state heat currents. Some procedures to
determine the set of simple circuits are described in Appendix A. The absorption refrigerator composed
of a three-level device connected to a work bath through a two-level wire is studied in Section 3 and
some circuit representatives are suggested to describe the system performance. The same analysis is
applied to a system driven by a periodic classical field in Section 4, which includes a brief discussion of
the derivation of the master equation for the time dependent Hamiltonian. In this case, we study the
performance operating as a refrigerator or as an engine. Finally, we draw our conclusions in Section 5.

2. Circuit Decomposition of the Steady State Heat Currents and Entropy Production

2.1. The Master Equation

We consider a system composed of a quantum thermal device with Hamiltonian ĤD directly
coupled with a cold bath and a hot bath, at temperatures Tc and Th, and a quantum wire with
Hamiltonian Ĥwire which connects the device to an additional bath at temperature Tw (work bath). The
situation in which the system is driven instead by a work source will be discussed in Section 4. The
total Hamiltonian reads

Ĥ = ĤD + ĤD,wire + Ĥwire + Ĥwire,w + Ĥw + ∑
α=c,h

(
ĤD,α + Ĥα

)
, (1)

where ĤD,wire is the coupling between the device and the wire, ĤD,α and Ĥwire,w the coupling terms of
the device and the wire with the baths, and Ĥα the bath Hamiltonians. We assume that the coupling
terms of the system with the baths are

√
γα h̄Ŝα ⊗ B̂α, where Ŝα is a device or wire Hermitian operator,

B̂α is a bath operator and γα characterizes the coupling strength.
If the system is weakly coupled with the baths and its relaxation time scale is slow compared

with the correlation times of the baths, the system evolution can be described by a Markovian
quantum master equation for its reduced density operator ρ̂. The procedure to obtain this quantum
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master equation is described, for example, in [17]. Here, we just comment on the final result.
Let ÛS(t) = exp(−iĤSt/h̄) denotes the evolution operator corresponding to the system Hamiltonian
ĤS = ĤD + ĤD,wire + Ĥwire. The essential elements in the quantum master equation can be identified
from the following decomposition of the operators Ŝα in interaction picture

Û†
S(t) Ŝα ÛS(t) = ∑

ω>0
Ŝα

ω exp(−iωt) + Ŝα†
ω exp(iωt) , (2)

where ∑ω>0 denote the summation over the positive transition frequencies ωij = ωj − ωi between
eigenstates of ĤS. The difference between the spectrum of ĤS and ĤD makes the frequencies and terms
in the previous decomposition different from the one corresponding to the device directly coupled with
the baths, and leads to new decay channels. This is the origin of the additional irreversible processes.

When system intrinsic dynamics are fast compared to the relaxation dynamics, the rotating wave
approximation applies and the Lindbland–Gorini–Kossakovsky–Sudarshan (LGKS) generators of the
irreversible dynamics associated with each bath can be written as:

Lα[ρ̂(t)] = ∑
ω>0

Γα
ω

(
Ŝα

ω ρ̂Ŝα†
ω −

1
2
{Ŝα†

ω Ŝα
ω, ρ̂}

)
+ Γα

−ω

(
Ŝα†

ω ρ̂Ŝα
ω −

1
2
{Ŝα

ω Ŝα†
ω , ρ̂}

)
. (3)

We have introduced the anticommutators {ŜŜ†, ρ̂} = ŜŜ†ρ̂ + ρ̂ŜŜ†. In the following, we will
consider bosonic baths of physical dimensions dα and coupling operators B̂α ∝ ∑µ

√
ωµ(b̂α

µ + b̂α†
µ ). The

summation is over all the bath modes of frequencies ωµ and annhilation operators b̂µ. With this choice,
the rates Γα

±ω are [17]

Γα
ω = γα (ω/ω0)dα [Nα(ω) + 1] ,

Γα
−ω = Γα

ω exp(−ωh̄/kBTα) , (4)

with Nα(ω) = [exp(ωh̄/kBTα)− 1]−1 , kB, the Boltzmann constant, and the frequency, ω0, depending
on the physical realization of the coupling with the bath. Finally, assuming that the Lamb shift of
the unperturbed energy levels is small enough to be neglected, the quantum master equation in the
Shrödinger picture is given by:

d
dt

ρ̂(t) = − i
h̄

[ĤS, ρ̂(t)] + ∑
α=c,w,h

Lα[ρ̂(t)] . (5)

This quantum master equation is in the standard Lindblad form and defines a generator of a
dynamical semigroup. If the spectrum of ĤS is non-degenerated, Equation (5) for the populations of
the N eigenstates |i〉 of ĤS, pi = 〈i|ρ̂|i〉, reduces to [17]

d
dt

pi(t) =
N

∑
j=1

∑
α=c,w,h

Wα
ij pj(t) =

N

∑
j=1

Wij pj(t) , (6)

where Wα
ij is the transition rate from the state j to the state i due to the coupling with the bath α. In the

following, W will denote the matrix with elements Wij = ∑α=c,w,h Wα
ij . The diagonal elements satisfy

Wα
ii = −∑

j 6=i
Wα

ji , (7)

implying the conservation of the normalization. Furthermore, as a consequence of the Kubo–Martin–Schwinger
condition in Equation (4), the forward and backward transition rates are related by

Wα
ji

Wα
ij

= exp
(
− ωij h̄

kBTα

)
. (8)
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Equation (6) is the starting point of our analysis. When the system is driven by a work source, we
will arrive to an equation with a similar structure, and the results described below will also apply to
that case.

2.2. Circuit Fluxes and Affinities

Here, we describe how to determine the heat currents Q̇α and the entropy production Ṡ in the
steady state. In the following, we assume that the currents are positive when the energy flows towards
the system. The method is based on the representation of the master Equation (6) by a connected graph
G(V, E), being |V| = N the number of vertices, representing the system states, and |E| the number of
undirected edges, representing the transitions between different states. A simple circuit Cν of G is a
closed path with no repetition of vertices or edges. Some procedures to determine the set of circuits in
a graph are discussed in Appendix A. Each one of the two possible different orientations of a simple
circuit, denoted by ~Cν and −~Cν, is a cycle. A cycle then consists of a sequence of directed edges with
transition rates Wα

ij , and it has an associated algebraic value [25]:

A(~Cν) = ∏
α=c,w,h

Aα(~Cν) , (9)

with

Aα(~Cν) = ∏
ij∈ν

Wα
ij , (10)

where ∏ij∈ν denotes the product of all the transition rates due to the bath α in the cycle ~Cν. If the cycle
does not involve the bath α, Aα(~Cν) = 1 for consistency.

The cycle affinity [25] is defined by:

X(~Cν) = ∑
α=c,w,h

Xα(~Cν) = kB ln

(
A(~Cν)

A(−~Cν)

)
, (11)

where the affinity associated with each bath is Xα(~Cν) = kB ln[Aα(~Cν)/Aα(−~Cν)]. When the system
is only coupled with thermal baths, the same amount of energy is taken and transferred to them in
a complete cycle, implying ∑α TαXα(~Cν) = 0. However, when the system is in addition coupled to a
work source, the summation may differ from zero, indicating the net exchange of energy between the
work source and the baths. The cycle flux is defined by [30]:

I(~Cν) = D−1 det(−W|Cν)[A(~Cν) − A(−~Cν)] , (12)

where D = |det(W̃)|. The matrix W̃ is obtained from the rate matrix W replacing the elements of
an arbitrary row by ones, and (−W|Cν) denotes the matrix resulting from removing from −W all the
rows and columns corresponding to the vertices of the circuit Cν. Considering the relation between
the diagonal and non-diagonal elements of W, the determinant of (−W|Cν) is always positive. The
opposite cycle affinities and flux change according to X(α)(−~Cν) = −X(α)(~Cν) and I(−~Cν) = −I(~Cν).

Using these definitions, the steady state heat current between the system and a bath associated
with a simple circuit is:

Q̇α(Cν) = − Tα I(~Cν) Xα(~Cν) , (13)

and the steady state entropy production is given by Ṡ(Cν) = I(~Cν) X(~Cν). At this point, it is important
to notice that, although the affinity and the flux are defined for each cycle, the steady state heat currents
and entropy production are independent of the cycle orientation and can then be assigned to the
circuit without any ambiguity. In addition, each circuit is consistent with the first and second law of
thermodynamics as ∑α=c,w,h Q̇α(Cν) = 0 and Ṡ(Cν) ≥ 0 [22–24,30]. Finally, the heat currents and the
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entropy production in the steady state can be obtained by adding the contribution of all the simple
circuits of the graph, Q̇α = ∑ν Q̇α(Cν) and Ṡ = ∑ν Ṡ(Cν).

The relative importance of the contribution due to a simple circuit to the heat current Equation (13)
is determined by both its affinity Xα(~Cν) and flux I(~Cν) Equation (12). When the system is coupled
with thermal baths, the circuits can be classified as trivial circuits (all the affinities Xα = 0), circuits
associated with heat leaks (one of the affinities is zero) and tricycles (the three affinities are different
from zero) [30]. Trivial circuits do not contribute to the steady state heat currents or entropy production.
Circuits associated with heat leaks only connect two baths, and the heat always flows from the higher
to the lower temperature bath. Tricycles [15] are circuits connecting the three baths, independently of
the number of edges involved. When the system is coupled instead with a work source, the circuits
associated with heat leaks are identified from the condition TcXc + ThXh = 0 (as there is not net energy
exchange with the source), and the tricycles from TcXc + ThXh 6= 0 [30].

The analysis of the circuit flux is more complicated as the termA(~Cν) − A(−~Cν) strongly depends
on the system parameters. In any case, the number of terms in the determinant of the matrix (−W|Cν)

decreases when the number of edges in the circuit increases. Then, the non-trivial circuits with a lower
number of edges are the dominant contribution to the heat currents in a large range of the parameters,
and the system operation as a thermal machine is mainly determined by tricycles with a low number
of edges.

3. Quantum Three-Level Device Coupled through a Two-Level System to a Work Bath

An absorption refrigerator is a thermal device extracting heat from a cold bath and rejecting it
to a hot bath at rates Q̇c and Q̇h, respectively. This process is assisted by the heat Q̇w extracted from
a work bath at higher temperature. Its coefficient of performance (COP) is given by ε = Q̇c/Q̇w.
The simplest model of quantum absorption refrigerator is a three-level system directly coupled
with the heat baths [2,3]. When Tc < Th < Tw, the refrigerator operates in the cooling window
ωc < ωc,rev = ωhTc(Tw − Th)/[Th(Tw − Tc)], with ωc, ωh and ωw = ωh − ωc the frequencies of the
transitions coupled with the cold, hot and work baths, respectively. In the limit of ωc approaching
from below to ωc,rev, the COP reaches the Carnot limit εC = Tc(Tw − Th)/[Tw(Th − Tc)], as the only
source of irreversibility is the finite heat transfer rate through the thermal contacts. To analyze the
effect of the indirect coupling, we consider a system consisting of the three-level device now connected
through a two-level wire to the work bath, schematically shown in Figure 1a. The device and wire
Hamiltonians read:

ĤD = ωc h̄|2D〉〈2D|+ ωh h̄|3D〉〈3D| , (14)

and

Ĥwire = ωw h̄|2W〉〈2W | . (15)

The operators in the coupling terms with the baths are taken as Ŝα = (Ŝα
− + Ŝα

+), with
Ŝα

+ = Ŝα†
− and

Ŝc
− = |1D〉〈2D|; Ŝh

− = |1D〉〈3D|; Ŝw
− = |1W〉〈2W | . (16)

The interaction between the device and the wire is described by:

ĤD,wire = gh̄(|3D1W〉〈2D2W |+ |2D2W〉〈3D1W |) , (17)

where the parameter g is the coupling strength. The eigenfrequencies of ĤS = ĤD + ĤD,wire + Ĥwire
are ω1 = 0, ω2 = ωw, ω3 = ωc, ω4 = [2ωh − ∆− (∆2 + 4g2)1/2]/2, ω5 = [2ωh − ∆ + (∆2 + 4g2)1/2]/2
and ω6 = ωw + ωh. We have introduced the detuning ∆ = ωh − ωc − ωw. Using the procedure of
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Section 2 to determine the master Equation (6), we obtain the following non-zero transition rates Wα
ij

with indexes j > i,

Wc
13 = Γc

ωc , Wc
24 = |c−|2 Γc

ω4−ωw
, Wc

25 = |c+|2 Γc
ω5−ωw

,
Wh

14 = |c′−|2 Γh
ω4

, Wh
15 = |c′+|2 Γh

ω5
, Wh

26 = Γh
ωh

,
Ww

12 = Γw
ωw , Ww

34 = |c−|2 Γw
ω4−ωc

, Ww
35 = |c+|2 Γw

ω5−ωc
,

Ww
46 = |c′−|2 Γw

ωw+ωh−ω4
, Ww

56 = |c′+|2 Γw
ωw+ωh−ω5

,

(18)

where the coefficients are given by

c± =
[−∆± (∆2 + 4g2)1/2] d±

4g(∆2 + 4g2)1/2 ,

c′± =
d±

2(∆2 + 4g2)1/2 , (19)

with d2
± = 4g2 + [∆± (∆2 + 4g2)1/2]2. The remaining elements can be obtained using Equations (7)

and (8). The graph representation of the master equation is shown in Figure 1b where we identified
38 simple circuits using the methods described in Appendix A. As each pair of vertices is connected
by only one edge, the sequence of E ≤ 6 vertices {i1, i2, . . . , iE, i1} will denote in the following both a
circuit containing these vertices and the corresponding cycle with orientation i1 → i2 · · · → iE → i1.
As we are interested in the system operating as a refrigerator, we will focus our analysis on the steady
state heat current with the cold bath. Now, we will assume ∆ = 0, for which ω4 = ωh− g, ω5 = ωh + g
and |c±| = |c′±|2 = 1

2 . The non-resonant case will be discussed later.

Figure 1. (a) schematic illustration of a three-level device coupled to a work bath or source through a
two-level wire; (b) graph representation of the master equation when the wire connects a work bath.
The six vertices represent the eigenstates of ĤS and the eleven edges the transitions assisted by the cold
(blue lines), work (green lines) and hot (dashed red lines) baths, labeled by c, w and h respectively; (c) graph
representation of the master equation when the system is driven by a periodic classical field. Now the
vertices correspond to the eigenstates of Ĥ2, and there are eight pairs of parallel edges associated with
the cold (solid lines) and hot (dashed lines) baths.

The simplest circuits in the graph are the three-edge tricycles C1 = {1, 3, 4, 1}, C2 = {1, 3, 5, 1},
C3 = {1, 2, 5, 1}, C4 = {1, 2, 4, 1}, C5 = {2, 5, 6, 2} and C6 = {2, 4, 6, 2}, with affinities
Xc(~C1,2) = −ωc h̄/Tc, Xc(~C3,5) = −(ωc + g)h̄/Tc and Xc(~C4,6) = −(ωc − g)h̄/Tc. In all cases, the

leading term of the affinity is proportional to the frequency of the transition coupled with the cold
bath when g � ωc. From (13), we find that the upper limit of the cooling window (Q̇c > 0) for the
circuits C1 and C2 is given by:

ωc,rev(Cν) = ωc,rev + (−1)νg
Tc(Tw − Th)

Th(Tw − Tc)
. (20)
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A similar analysis gives ωc,rev(Cν) = ωc,rev + (−1)νgTw(Th − Tc)/Th(Tw − Tc) for ν = 3, 4 and
ωc,rev(Cν) = ωc,rev + (−1)ν g for ν = 5, 6. The tricycles reach the Carnot COP when approaching
ωc,rev(Cν), but with vanishing circuit heat currents.

We identify 10 four-edge circuits associated with heat leaks, four involving the cold and work
baths, four the work and hot baths and two the cold and hot baths. In all cases, the two non-zero
affinities Xα are proportional to the coupling strengh g. An example is the circuit C7 ≡ {1, 4, 6, 5, 1}
shown in Figure 2a. In this case, the affinities are Xh(~C7) = 2gh̄/Th and Xw(~C7) = −2gh̄/Tw. From
the circuit heat currents (13), the condition Th < Tw and the relation (8), one can easily determine
that Q̇h(C7) < 0 and Q̇w(C7) > 0, resulting in a direct energy transfer from the work bath to the hot
bath. There is also a trivial four-edge circuit involving only the edges associated with the work
bath. We found 14 five-edge tricycles, as for example C8 = {1, 4, 6, 2, 5, 1} shown in Figure 2b.
In this case, Xc(~C8) = −(ωc + g)h̄/Tc and the circuit cooling window is given by the condition
ωc < ωc,rev(C8) = ωc,rev + g(2TcTw − TcTh − TwTh)/(TwTh − ThTc). Finally, there are seven six-edge
circuits, two tricycles and five associated to heat leaks. All the tricycles have affinities Xc with a
leading term proportional to ωc and cooling windows in the interval ωc − g ≤ ωc,rev(Cλ) ≤ ωc + g,
whereas the non-zero affinities Xα of circuits associated with heat leaks are proportional to the coupling
constant g.

For a given choice of the system parameters, the cooling power is determined by the positive
contribution of the tricycles operating in their cooling window and the negative contribution of the
other tricycles and the circuits associated with heat leaks. The optimal coupling constant g satisfies
γα � g � ωc, a regime where the contribution of the heat leaks is very small, the tricycles cooling
windows approximately coincide and the rotating wave approximation is still valid. An example is
shown in Figure 2c. As expected, the larger contributions correspond to the tricycles with a lower
number of edges. The maximum cooling rate is slightly greater and displaced to higher frequencies
when the device is connected through the two-level wire. This effect is the result of the evaluation
of the rate functions Equation (4) at the displaced frequencies ωα ± g, and increases with the bath
physical dimension dα. However, it cannot be further exploited, as a larger g would increase the heat
leaks, and, in any case, the COP would not improve.

If we examine the system performance characteristic (see Figure 2d) a closed curve is found for
the indirectly-coupled three-level device indicating the existence of additional irreversible processes:
heat leaks, with small influence for small g, and the internal dissipation appearing when approaching
the upper limit of the cooling window. The internal dissipation results from the competition of positive
and negative heat currents associated with tricycles having slightly different values of ωc,rev(Cν) [8]
and only works for very small ωc (where the finite heat transfer rate effects dominate) and in the
interval ωc,rev − g < ωc < ωc,rev − g. These irreversible contributions can be reduced decreasing the
coupling strength g, but cannot be avoided, making the reversible limit unattainable for the device
connected through a quantum wire.

For optimal coupling constant g, the main features of the system performance results from
the tricycle contributions and can be described with a small number of circuit representatives. We
choose as circuit representatives C1 and C2, with ωc,rev(C1,2) below and above ωc,rev respectively, see
Equation (20). Their fluxes are given by

I(~C1) = D−1 det(−W|C1)
(

Wc
31Ww

43Wh
14 −Wc

13Ww
34Wh

41

)
,

I(~C2) = D−1 det(−W|C2)
(

Wc
31Ww

53Wh
15 −Wc

13Ww
35Wh

51

)
, (21)

from which the steady state heat currents of the circuit representatives Q̇R
α = Q̇α(C1) + Q̇α(C2) can be

easily obtained. The currents Q̇R
α incorporate the main features of the system performance such as the

frequency at which the maximum cooling rate is reached and the essential irreversible processes, and
might be renormalized to account for the total heat currents [31]. Figure 2d compares the performance
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characteristic of the system and its circuit representatives. For a more accurate description, or for
larger values of g, a larger number of circuit representatives, including, for example, heat leaks, might
be needed.
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Figure 2. Steady state heat currents as a function of the frequency ωc for (a) a circuit associated
with a heat leak and (b) a five-edge tricycle. The circuits are shown in the insets; (c) heat current
with the cold bath Q̇c for the three-level device connected through the two-level wire (solid line), the
three-level directly coupled with the baths (dashed-dotted line). The labeled thin dashed lines show the
contribution of tricycles with three, five and six edges. The vertical line indicates the frequency ωc,rev;
(d) performance characteristics obtained from (c) in the cooling range. The dashed line depicts the
performance characteristic of the circuit representatives C1 and C2. Each curve has been normalized
with respect to its maximum cooling rate. Parameters were chosen as Tc = 9, Th = 10, Tw = 20, ωh = 1,
g = 0.05, dα = 3 and γα = γ = 10−6 in units for which h̄ = kB = ω0 = 1.

The analysis of the non-resonant case leads to the same qualitative results, as the structure of
the graph representation of the master equation is not modified and the same simple circuits and
irreversible mechanisms are found. The main difference is the dependence of the transitions rates
Wα

ij on the detuning ∆. When γα � g � ∆, the coefficients c+ and c′− vanish and three circuits
associated with heat leaks dominate the heat currents: {1, 2, 4, 3, 1} (from the work bath to the cold
one) {1, 5, 6, 2, 1} (from the work to the hot) and {1, 3, 4, 2, 6, 5, 1} (from the hot to the cold).

4. Quantum Three-Level Device Coupled through a Two-Level System to a Work Source

The three-level device coupled with a work source modeled by a periodic classical field is the
simplest model of driven quantum thermal machines [1]. The engine efficiency is given by η = −P/Q̇h
and the refrigerator COP by ε = Q̇c/P . The operating mode of the device is determined by the
frequency of the transition coupled with the cold bath. When ωc < ωc,max − ληC, the device works
as a refrigerator, whereas for ωc > ωc,max + ληC, it works as an engine. Here, we have introduced
the coupling strength with the field λ and the engine Carnot efficiency ηC = 1− Tc/Th. At the limit
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frequency ωc,max = ωhTc/Th, an idealized device (λ = 0) would reach the engine Carnot efficiency or
the refrigerator Carnot COP, εC = Tc/(Th − Tc). However, when ωc,max − ληC < ωc < ωc,max + ληC
the operating mode of the three-level device is given by the competition between the heat currents
associated with the two manifold resulting from the splitting of the system energy levels due to the field
interaction. The competition of those heat currents is the origin of the internal dissipation preventing
the system to reach the Carnot performance in any of the two working modes [1]. In this section, we
will analyze the three-level device connected to a classical driving field through the two-level wire.
The system Hamiltonian is:

Ĥ = ĤD + ĤD,wire + Ĥwire + Ĥwire,w(t) + ∑
α=c,h

(
ĤD,α + Ĥα

)
. (22)

All these terms were already introduced in the previous section except for Ĥwire,w(t), which
describes the coupling of the two-level system with the classical field,

Ĥwire,w(t) = λh̄ [|2W〉〈1W | exp(−iωwt) + |1W〉〈2W | exp(iωwt)] . (23)

We will assume the resonant case in which the field frequency is equal to ωw = ωh − ωc. As
the Hamiltonian (22) depends on time, the derivation of the quantum master equation described in
Section 2 requires some modifications [4,32,33]. Let us define the operators Ĥ1 = ĤD + Ĥwire and

Ĥ2 = ĤD,wire + λh̄ (|1D2W〉〈1D1W |+ |2D2W〉〈2D1W |+ |3D2W〉〈3D1W | + h.c.) , (24)

where h.c. stands for the Hermitian conjugate of the preceding terms. The eigenfrequencies of Ĥ2,
Ĥ2|i〉 = ωi h̄|i〉, are ω1 = −λ, ω2 = λ, ω3 = −[g + (4λ2 + g2)1/2]/2, ω4 = [g − (4λ2 + g2)1/2]/2,
ω5 = [−g + (4λ2 + g2)1/2]/2 and ω6 = [g + (4λ2 + g2)1/2]/2. One can easily probe [33]
that the propagator associated with ĤS(t) = ĤD + ĤD,wire + Ĥwire + Ĥwire,w(t) is given by
ÛS(t) = Û1(t)Û2(t) . In the following, we assume that the Lamb shifts of the energy levels of HS can
be neglected. The coupling operators with the cold and hot baths (16) are then decomposed into

Û†
S(t) Ŝα ÛS(t) =

5

∑
i=1

∑
j>i

Ŝα
ij exp[−i (ωα + ωij) t] + Ŝα†

ij exp[i (ωα + ωij) t] , (25)

where Ŝα
ij = cα

ij|i〉〈j| and cα
ij = 〈i|Ŝα

−|j〉. With these ingredients, the Lindbland–Gorini–Kossakovsky–Sudarshan
(LGKS) generators for each bath (3) can be obtained as the summation of the terms corresponding to
the frequencies ωα + ωij, leading to the following quantum master equation in the interaction picture
under the unitary transformation associated with Û†

S,

d
dt

ρ̂I(t) = ∑
α=c,h
Lα[ρ̂I(t)] . (26)

The steady state properties can then be derived from the diagonal part of the Equation (26) in
the eigenbasis of Ĥ2 , which resembles Equation (6). Now, the steady state populations pi and energy
currents must be interpreted as the corresponding time-averaged quantities over a period τ = 2π/ωw

of the driving. The transition rates with indexes j > i are given by:

Wα
ij = |cij|2 Γα

ωα+ωij
, (27)

where the non-zero coefficients are

|c13|2 = |c26|2 =
(1− u−)2

4(1 + u2
−)

; |c23|2 = |c16|2 =
(1 + u−)2

4(1 + u2
−)

;

|c14|2 = |c25|2 =
(1 + u+)2

4(1 + u2
+)

; |c24|2 = |c15|2 =
(1− u+)2

4(1 + u2
+)

, (28)
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with u± = 2λ/[g ± (4λ2 + g2)1/2]. The remaining transition rates can be obtained using
Equations (7) and (8).

The graph representation of the master equation is shown in Figure 1c. Each pair of vertices is
simultaneously connected by two edges, one associated with the cold bath and the other with the
hot bath. The topological structure of the graph is very simple as the states 1 and 2 are only coupled
with 3, 4, 5 and 6. With this structure, only simple circuits with two or four edges can be found. We
have identified 104 circuits, 12 of them being trivial circuits and 92 contributing to the steady state heat
currents. The energy exchange between the system and the work source is described by the power
P = ∑νP(Cν), being P(Cν) = −Q̇c(Cν)−Q̇h(Cν) the contribution of each circuit.

The simplest circuits are eight two-edge tricycles Ci,j = {i, j, i}, where i = 1,2 and
j = 3, 4, 5, 6. In the following we will assume that the two-edge circuits are oriented choosing
i → j as the edge corresponding to the cold bath. The affinities can be easily calculated to yield
Xc(~Ci,j) = −h̄(ωc + ωj−ωi)/Tc and Xh(~Ci,j) = h̄(ωh + ωj−ωi)/Th. When g, λ� ωc,h, the leading term
in the affinities is proportional to the transition frequencies. The circuit fluxes (12) are given by:

I(~Ci,j) = D−1 det(−W|Cij)
(

Wc
jiW

h
ij −Wc

ijW
h
ji

)
. (29)

With this expression, the limit frequency of each circuit can be obtained imposing I(~Ci,j) = 0
to yield

ωc,max(Ci,j) = ωc,max− (ωj−ωi)ηC . (30)

When ωc,max(Ci,j) is approached from below, the circuit reaches the refrigerator Carnot COP εC,
and from above the engine Carnot efficiency ηC.

We have also identified 96 four-edge circuits {i, j, i′, j′, i}: 12 trivial circuits, 60 tricycles
(TcXc + ThXh 6= 0) and 24 four-edge circuits associated with heat leaks (TcXc + ThXh = 0). The tricycles
can be classified into two different groups, one involving circuits with two edges associated with
each bath, for which the affinities are proportional to 2ωα + (ωj + ωj′), and the other with three
edges associated to one of the baths, for which ωα + ωj − ωi. The limit frequencies for the first
group are ωc,max(C) = ωc,max− (ωj + ωj′)ηC/2 and for the second are given by Equation (30). The
circuits associated with heat leaks have affinities proportional to ωi−ωi′ or ωj−ωj′ . An example is
the circuit C9 = {1,3, 2,5, 1} shown in Figure 3a for which the affinities are Xc(~C3) = −2λh̄/Tc and
Xh(~C3) = 2λh̄/Th.

The optimal coupling constants now satisfy γα � g, λ� ωc, as the heat leaks are minimized and
the energy flows are mainly determined by the contribution due to the two-edge tricycles. Figure 3b
shows the heat current with the cold bath for a significant value of g, where the contribution of the
four-edge tricycles becomes relevant. As explained before, for the absorption refrigerator, the device
coupled through the wire reaches a larger maximum cooling rate. Although each tricycle can reach
the reversible limit, their combination lead again to internal dissipation, now working in the interval
ωc,max− f (λ, g)ηC < ωc < ωc,max + f (λ, g)ηC, with f (λ, g) = [λ + g + (4λ2 + g2)1/2]/2, that depends also
on g.

We have found that the best choice of circuit representatives between the two-edge tricycles is
determined by the ratio g/λ: C1,4, C2,5, when g/λ < 1 and C1,6, C2,3 when g/λ > 1. For g � λ, the
system performance is well described by the uncoupled device. The performance characteristics of the
system and its circuit representatives are compared in Figure 3c,d for the two operating modes. Notice
that the engine maximum power output is reached at the minimum value of P . As expected, the circuit
representatives provide a more accurate description of the performance than the directly-coupled
device. This approximation can be further improved by including a larger number of circuits.
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Figure 3. (a) steady state heat currents as a function of the frequency ωc for the circuit shown in the
inset; (b) heat current with the cold bath Q̇c for the three-level device connected through the two-level
wire (solid line) and directly coupled to the classical field (dashed-dotted line). The labeled thin dashed
lines show the contribution due to tricycles with two and four edges. The vertical line indicates
the frequency ωc,max; (c) performance characteristics for the system when working as a refrigerator
(ωc < ωc,max) and (d) as an engine (ωc > ωc,max) for the case in (b). The dashed lines depict the
performance characteristics of the circuit representatives C1,6 and C2,3. We have fixed g = 0.25, λ = 0.05
and the other parameters are those in Figure 2.

5. Conclusions

In this paper, we have analyzed the irreversible processes in a three-level thermal device coupled
with a two-level wire connecting the system to a work bath. The coupling induces heat leaks and
internal dissipation that prevents the system from reaching the reversible limit. In addition, if the
detuning between the transitions of the three-level device and the two-level wire is too large, the
system stops working as an absorption refrigerator as the heat leaks dominate. We found similar
results in the analysis of systems in which the wire connects either the cold or the hot bath. The
additional irreversible mechanisms are proportional to the coupling constant between the device and
the wire. When the wire connects the system with a work source, the coupling induces heat leaks and
modifies the frequency interval where internal dissipation appears. The optimal values of the coupling
constants are such that γα � g, λ � ωα, which minimize the heat leaks and the interval where
the internal dissipation works. The system performance can be well described by just considering
two circuit representatives. This description may be improved incorporating additional circuits and
renormalizing their contribution to the heat currents [31].

Our results can be generalized to wires composed of a chain of two-level systems. The graph
representation of the master equation will have a larger number of vertices and edges, exponentially
increasing the number of simple circuits. However, the graph topological structure will be similar. For
example, let us consider a chain of n two-level systems connecting the device with a classical periodic
field. The corresponding graph resembles the one in Figure 1c, with 2n states connected to 2n+1 states
by two edges associated with the cold and the hot baths. Again, the most important contribution
to the heat currents comes from the 22n+1 two-edge circuits. Now, the transition rates will depend

54



56 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Entropy 2016, 18, 166 12 of 15

on the frequencies ωα + fij(λ, g, n) and the affinities Xα of circuits associated with heat leaks will be
proportional to fij. In general, the function fij, and, therefore, the frequency interval subjected to
internal dissipation, increases with n. However, for coupling constants g and λ small enough, the heat
leaks can be neglected. This same analysis applies when the system is coupled with a work bath. The
only limitation in both cases is that g must be much larger than the coupling constants with the bath
γα for the master equation to be valid.

The irreversible processes analyzed are the result of the new decay channels due to the additional
coupling term. Therefore, they are expected in any quantum device connected through quantum wires
to the environments. To avoid them would require reservoir engineering techniques [8] hindered
by the complicated system spectrum as the number of states is increased. In this work, we have
focused on the stationary regime. Although coherences and populations associated with the system
Hamiltonian become decoupled during the evolution, the wire may introduce new effects in the
transient regime [34], related to the time-dependent terms in the thermodynamic fluxes. These effects
could be explored in future work.
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Appendix A

In this appendix, we describe how to obtain all the circuits corresponding to a graph. This simple
procedure is illustrated with the three-level system in contact with a cold and a hot unstructured
bosonic baths and directly coupled with a periodic classical field. The total Hamiltonian is

Ĥ = ĤD(t) + ∑
α=c,h

ĤD,α + Ĥα , (A1)

where

ĤD(t) = ωc h̄|2D〉〈2D|+ ωh h̄|3D〉〈3D|+ λh̄(|3D〉〈2D| exp[−i(ωh −ωc)t] + h.c.) . (A2)

The bath Hamiltonians Ĥα and the coupling terms ĤD,α are described in Section 3. The quantum
master equation for this system can be obtained using the procedure described in Section 4 and the
result can be found for example in [1,35]. For convenience, we will use the eigenbasis |1〉 ≡ |1D〉,
|2〉 ≡ 2−1/2(3D〉 − |2D〉) and |3〉 ≡ 2−1/2(|3D〉+ |2D〉) of Ĥ2 = λh̄(|3D〉〈2D|+ |2D〉〈3D|). Figure A1a
shows an schematic representation of the system transitions assisted by the baths. The non-diagonal
elements of the rate matrix W are Wij = Wc

ij + Wh
ij with

Wα
12 =

Γα
ωα−λ

2
; Wα

13 =
Γc

ωα+λ

2
; Wα

21 =
Γα
−(ωα−λ)

2
; Wα

31 =
Γα
−(ωα+λ)

2
; Wα

23 = Wα
32 = 0 . (A3)

The functions Γα
±ω can be calculated using Equation (4). The graph G associated with this system

have |V| = 3 vertices and |E| = 4 edges (see Figure A1b).

55



57 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Entropy 2016, 18, 166 13 of 15

Figure A1. (a) schematic representation of the transitions due to the coupling with the cold and hot
baths, labeled by c and h respectively, in a driven three-level system; (b) in the graph G the vertices
represent the three states and the undirected edges the transitions connecting them. One of the graph
maximal trees T is shown in (c), for which the chords (dashed-dotted lines) are the edges corresponding
to the cold transitions; (d) a set of fundamental circuits {C1, C2} is then identified by adding each chord
to the maximal tree. These circuits are equivalent to the two manifolds operating in the three-level
amplifier [1].

The procedure to determine the simple circuits is based on the identification of a maximal tree of
G and its chords. A maximal tree T is a subgraph with |V| − 1 edges connecting all the vertices but
without forming any closed path. In principle, many different maximal trees can be found on a given
graph, but for this procedure it is sufficient to select any of them as the final result is independent
of this choice. A chord of a maximal tree is one of |E| − |V|+ 1 edges which are not part of it. An
example of a maximal tree and its chords is shown in Figure A1c.

A fundamental set of simple circuits [25] can be found adding each chord to the maximal tree, as
shown in Figure A1d. The number of fundamental circuits equals the number of chords, |E| − |V|+ 1.
Only for some systems, as our example, the fundamental set contains all the possible simple circuits.
Otherwise, the remaining circuits can be obtained by the linear combination of the elements of the
fundamental set

r1C1 ⊕ r2C2 ⊕ · · · ⊕ r|E|−|V|+1C|E|−|V|+1 , (A4)

with rλ = 0 or 1. The relation Cλ ⊕ Cλ′ gives a new subgraph that contains all the edges of Cλ and Cλ′

which do not simultaneously belong to Cλ and Cλ′ [25]. The result of each possible linear combination
Equation (A4) is considered only when it generates a new simple circuit.

In summary, a simple procedure to obtain the full set of circuits reads as

(i) Select a maximal tree T of G and identify its chords.
(ii) Find a fundamental set of circuits adding each chord to the maximal tree.
(iii) Obtain the remaining circuits by the linear combination of the circuits in the fundamental set.

An alternative procedure consists of identifying all the maximal trees of G and generating the
fundamental set of circuits associated with each one. The set of all simple circuits is then the union of
all the fundamental sets. For complex graphs, the number of circuits might be very large and more
efficient standard algorithms [36] can be used.

References

1. Kosloff, R.; Levy, A. Quantum heat engines and refrigerators: Continuous devices. Annu. Rev. Phys. Chem.
2014, 65, 365–393.

2. Palao, J.P.; Kosloff, R.; Gordon, J.M. Quantum thermodynamic cooling cycle. Phys. Rev. E 2001, 64, 056130.
3. Linden N.; Popescu, S.; Skrzypczyk, P. How Small can thermal machines be? The smallest possible

refrigerator. Phys. Rev. Lett. 2010, 105, 130401.
4. Levy, A.; Alicki R.; Kosloff, R. Quantum refrigerators and the third law of thermodynamics. Phys. Rev. E

2012, 85, 061126.

56



58 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Entropy 2016, 18, 166 14 of 15

5. Correa, L.A. Multistage quantum absorption heat pumps. Phys. Rev. E 2014, 89, 042128.
6. Scovil, H.E.D.; Schulz-DuBois, E.O. Three-level masers as heat engines. Phys. Rev. Lett. 1959, 2, 262–263.
7. Correa, L.A.; Palao, J.P.; Adesso, G.; Alonso, D. Performance bound for quantum absorption refrigerators.

Phys. Rev. E 2013, 87, 042131.
8. Correa, L.A.; Palao, J.P.; Alonso, D. Internal dissipation and heat leaks in quantum thermodynamic cycles.

Phys. Rev. E 2015, 92, 032136.
9. Mari, A.; Eisert, J. Cooling by heating: Very hot thermal light can significantly cool quantum systems.

Phys. Rev. Lett. 2012, 108, 120602.
10. Mitchison, M.T.; Huber, M.; Prior, J.; Woods, M.P.; Plenio, M.B. Autonomous quantum thermal machines in

atom-cavity systems. 2016, arXiv:1603.02082.
11. Leggio, B.; Bellomo, B.; Antezza, M. Quantum thermal machines with single nonequilibrium envronments.

Phys. Rev. A 2015, 91, 012117.
12. Chen, Y.X.; Li, S.W. Quantum refrigerator driven by current noise. Europhys. Lett. 2012, 97, 40003.
13. Venturelli, D.; Fazio, R.; Giovannetti, V. Minimal sefl-contained refrigerator machine based on four quantum

dots. Phys. Rev. Lett. 2013, 110, 256801.
14. Peng, Z.H.; Liu, Y.; Peltonen, J.T.; Tamamoto, T.; Tasai, J.S.; Astafiev, O. Correlated emission lassing in

harmonic oscillators coupled via a single three-level artificial atom. Phys. Rev. Lett. 2015, 115, 223603.
15. Kosloff, R. Quantum thermodynamics: A dynamical point of view. Entropy 2013, 15, 2100–2118.
16. Correa, L.A.; Mehboudi, M. Testing a quantum heat pump with a two-level spin. Entropy 2016, 18, 141.
17. Breuer, H.; Petruccione, F. The Theory of Open Quantum Systems; Oxford University Press: Oxford, UK, 2002.
18. Spohn, H. Entropy production for quantum dynamical semigroups. J. Math. Phys. 1977, 19, 1227–1230.
19. Alicki, R. The quantum open system as a model of the heat engine. J. Phys. A: Math. Gen. 1979, 12 L103–L107.
20. Levy, A.; Kosloff, R. The local approach to quantum transport may violate the second law of thermodyamics.

Europhys. Lett. 2014, 107, 20004.
21. Van den Broeck, C.; Esposito, M. Ensemble and trajectory thermodynamics: A brief introduction. Phys. A

2015, 418, 6–16.
22. Hill, T.L. Studies in irreversible thermodynamics IV. Diagrammatic representation of steady state fluxes for

unimolecular systems. J. Theoret. Biol. 1966, 10, 442–459.
23. Kalpazidou, S.L. Cycle Representation of Markov Processes; Springer: Berlin, Germany, 2006.
24. Jiang, D.Q.; Qian, M.; Qian, M.P. Mathematical Theory of Nonequilibrium Steady States; Springer: Berlin,

Germany, 2004.
25. Schnakenberg, J. Network theory of microscopic and macroscopic behaviour of master equation systems.

Rev. Mod. Phys. 1976, 48, 571–585.
26. Andrieux, D.; Gaspard, P. Fluctuation theorem for currents and Schnakenberg network theory. J. Stat. Phys.

2007, 127, 107–131.
27. Polettini, M. Cycle/cocycle oblique projections on oriented graphs. Lett. Math. Phys. 2015, 105, 89–107.
28. Altaner, B.; Grosskinsky, S.; Herminghaus, S.; Katthän, L.; Timme, M.; Vollmer, J. Network representations of

nonequilibrium steady states: cycle decompositions, symmetries and dominant paths. Phys. Rev. E 2012,
85, 041133.

29. Moon, J.W. Some determinants and the matrix-tree theorem. Discret. Math. 1994, 124, 163–171.
30. González, J.O.; Palao, J.P.; Alonso, D. A network description of dissipative effects in thermal machines. 2016,

Unpublished work.
31. Knoch, F.; Speck, T. Cycle representatives for the coarse-graining of systems driven into a non-equilibrium

steady state. New J. Phys. 2015, 17, 115004.
32. Alicki, R.; Lidar, D.A.; Zanardi, P. Internal consistency of fault-tolerant quantum error correction in light of

rigorous derivations of the quantum Markovian limit. Phys. Rev. A 2006, 73, 052311.
33. Szczygielski, K.; Gelbwaser-Klimovsky, D.; Alicki, R. Markovian master equation and thermodynamics of a

two-level system in a strong laser field. Phys. Rev. E 2013, 87, 012120.
34. Brask, J.B.; Brunner, N. Small quantum absorption refrigerator in the transient regime: Time scales, enhanced

cooling and entanglement. Phys. Rev. E 2015, 92, 062101.

57



59 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Entropy 2016, 18, 166 15 of 15

35. Correa, L.A.; Palao, J.P.; Adesso, G.; Alonso, D. Optimal performance of endoreversible quantum refrigerators.
Phys. Rev. E 2014, 90, 062124.

36. Johnson, D.B. Finding all the elementary circuits of a directed graph. SIAM J. Comput. 1975, 4, 77–84.

c© 2016 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC-BY) license (http://creativecommons.org/licenses/by/4.0/).

58



60 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

5.2 Testing the Validity of the ‘Local’ and

‘Global’ GKLS Master Equations on an

Exactly Solvable Model

Open Syst. Inf. Dyn., 24(04):1740010, 2017
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Abstract. When deriving a master equation for a multipartite weakly-interacting open
quantum systems, dissipation is often addressed locally on each component, i.e. ignoring the
coherent couplings, which are later added ‘by hand’. Although simple, the resulting local
master equation (LME) is known to be thermodynamically inconsistent. Otherwise, one
may always obtain a consistent global master equation (GME) by working on the energy
basis of the full interacting Hamiltonian. Here, we consider a two-node ‘quantum wire’
connected to two heat baths. The stationary solution of the LME and GME are obtained
and benchmarked against the exact result. Importantly, in our model, the validity of
the GME is constrained by the underlying secular approximation. Whenever this breaks
down (for resonant weakly-coupled nodes), we observe that the LME, in spite of being
thermodynamically flawed: (a) predicts the correct steady state, (b) yields with the exact
asymptotic heat currents, and (c) reliably reflects the correlations between the nodes. In
contrast, the GME fails at all three tasks. Nonetheless, as the inter-node coupling grows, the
LME breaks down whilst the GME becomes correct. Hence, the global and local approach
may be viewed as complementary tools, best suited to different parameter regimes.

Keywords: Open quantum systems; quantum master equations; heat transport; Gaussian
states; quantum thermodynamics; quantum correlations.

1. Introduction

The Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) quantum master equa-
tion [29, 18] is central in the theory of open quantum systems. It reads

d̺

dt
= L̺ = − i

~
[H ,̺] +D̺

= − i
~

[H ,̺] +
∑

k

γk

(
Ak̺A

†
k −

1

2
A†kAk̺−

1

2
̺A†kAk

)
, (1)
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and generates a quantum dynamical semigroup, i.e. it gives rise to a dynamical
map

̺(t) = V(t)̺(t0) = eL(t−t0)̺(t0)

with the semi-group property V(t)V(s) = V(t+s). This type of memoryless or
Markovian evolution arises naturally when an open quantum system couples
weakly to an environment at inverse-temperature β = (kBT )−1, so that the
typical relaxation time is by far the largest scale in the problem [5].

Among many others, equation (1) has the following key properties:

(i) It ensures a completely positive dynamics which, in turn, implies that
the relative entropy S(̺1|̺2) := tr {̺1(log ̺1 − log̺2)} between any
two states evolving under V(t) decreases monotonically [43, 32], i.e.,

d

dt
S(̺1(t)|̺2(t)) ≤ 0 .

(ii) Under mild assumptions, the thermal state τ ∝ exp (−βH) is the only
stationary state of V(t), i.e. Lτ = 0 [42]. That is, (1) describes relax-
ation towards thermal equilibrium.

Interestingly, one may use (1) to model a continuous (quantum) thermo-
dynamic cycle [3, 25]. By coupling the open system (i.e. the working sub-
stance) to various heat baths at different temperatures and possibly also to
a periodic external drive, a stationary non-equilibrium state builds up. The
direction of the corresponding steady-state heat currents may be controlled
by suitably engineering the spectrum of the working substance. Hence, we
can speak of ‘quantum heat engines’ or ‘quantum compression/absorption
refrigerators’ [35], which have attracted a lot of attention in recent years
[26, 27, 15, 51, 17].

In such quantum heat devices, the stationary incoming heat currents
{Q̇α} and the power output −P are defined as [3]

d

dt
tr {H ̺∞} = 0 = P+

∑

α

Q̇α := tr

{
∂H

∂t
̺∞

}
+
∑

α

tr {HDα̺∞} , (2)

where ̺∞ is the steady state of the working substance, and Dα denotes the
GKLS dissipation super-operator associated with bath α.

Owing to properties (i) and (ii) above, the stationary heat currents Q̇α

satisfy the relation
∑

α Q̇α/Tα ≤ 0, which is the Clausius inequality. In
other words, addressing the dynamics of quantum heat devices with GKLS
quantum master equations ensures thermodynamic consistency.

When modelling open quantum systems made up of multiple weakly-
interacting parts coupled to local environments, it is commonplace to build
the corresponding master equation by simply adding the local dissipators for
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Testing the Validity of the ‘Local’ and ‘Global’ GKLS Master Equations

the relaxation of each individual component (ignoring their coherent interac-
tions). That is, for a multipartite system with Hamiltonian H =

∑
j hj+kV ,

where V contains all the internal couplings (of strength k), one would writea

d̺

dt
= − i

~
[H ,̺] +

∑

α

D(k=0)
α ̺ . (3)

Although (3) is in GKLS form, property (ii) ceases to hold, as the dissipa-

tors D(k=0)
α do not match the Hamiltonian H , but rather the non-interacting∑

j hj. Consequently, describing heat transport with the local master equa-

tion (3) may lead to thermodynamic inconsistencies: Heat could, for instance,
flow against the temperature gradient [28], or non-vanishing steady-state heat
currents could be present even if all reservoirs are set to the same temperature
[45].

These observations, strongly advise to follow the standard procedure to
consistently obtain the correct global dissipators Dα [5]. However, doing
so may become particularly challenging when dealing with large systems,
e.g. long harmonic or spin chains. Moreover, in such cases the capital as-
sumption that the dissipation time scale is by far the largest in the problem
is likely to break down as the spectrum of the system becomes denser [53];
Equation (1) would then lack a microscopic justification. These difficulties
explain the popularity of simple approaches based on weak internal coupling
approximations such as equation (3) [53, 46]. In this paper we wish to put
such local approaches to the test.

In particular, we choose an exactly solvable model consisting of a two-
node harmonic chain weakly coupled on both edges to two heat baths at
different temperatures. Our system is set up so that, when the inter-node
coupling strength becomes comparable or smaller than the node-baths dissi-
pative couplings, the secular approximation underlying (1) may break down.
This allows us to gauge to which extent the local master equation (LME) re-
mains an accurate description. Interestingly, we find that the local approach
yields an excellent approximation to the steady state, the stationary heat cur-
rents, and the asymptotic quantum and classical correlations, in the regime
of parameters in which the global master equation (GME) fails even quali-
tatively. More generally, it follows that heat conduction through arbitrarily
large harmonic chains can be correctly modelled within the local approach
always provided that the internal couplings are sufficiently weak. The present
work thus adds to the efforts of [40, 11, 53, 44, 41, 45, 28, 46, 38, 10] to clarify
the dos and don’ts of modelling heat transport through multipartite open
quantum systems.

This paper is structured as follows: In Sect. 2.1 we outline the steps
of the microscopic derivation of the GKLS quantum master equation. We

aFor simplicity, we are omitting the Lamb shift (cf. Sect. 2.2).
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then proceed to derive and solve such an equation for our specific model
in Sect. 2.2. The alternative local master equation is obtained in Sect. 2.3.
Before proceeding to benchmark both approaches, in Sect. 3 we sketch how
the exact steady-state solution of the system may be obtained by solving the
quantum Langevin equations. We then devote Sect. 4 to present and discuss
our results. Finally, in Sect. 5 we summarize and draw our conclusions.

2. Deriving Markovian Master Equations

2.1. The model, the Markovian master equation and its steady
state

We will consider a two-node ‘quantum wire’ (see Fig. 1) consisting of mecha-
nically-coupled harmonic oscillators with bare frequencies ωc and ωh and
coupling strength k > 0. Each node will be weakly connected to a bosonic
bath, i.e. an infinite collection of uncoupled harmonic modes in thermal
equilibrium (at temperatures Tc < Th). The total Hamiltonian may be cast
as

H =
∑

α∈{c,h}

(ω2
α

2
X2

α +
P 2

α

2

)
+
k

2
(Xc −Xh)2

+
∑

α∈{c,h}

∑

µ

(ω2
α,µmα,µ

2
x2
α,µ +

p2
α,µ

2mα,µ

)

−
∑

α∈{c,h}
Xα ⊗

∑

µ

gα,µxα,µ , (4)

where the masses of the nodes have been set to mc = mh = 1, and the
constants gα,µ stand for the coupling strength between node α and each
of the environmental modes (α, µ). Also, in all what follows we shall set
~ and the Boltzmann constant kB to 1. We will refer to the first three
terms in the right-hand side of (4) as the free (system + baths) Hamiltonian
H0 = HS + HB , as opposed to the last term H int, which describes the
system-baths interaction. For later convenience, we shall also introduce the
notation Bα :=

∑
µ gα,µxα,µ.

We will group the system-baths coupling constants in the spectral density
functions defined as

Jα(ω) := π
∑

µ

g2α,µ
2mµωµ

δ(ω − ωµ) .

In particular, we will choose 1D baths with the Ohmic form

Jc(ω) = Jh(ω) = λ2 ω
Λ2

ω2 + Λ2
, (5)
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Testing the Validity of the ‘Local’ and ‘Global’ GKLS Master Equations

Fig. 1: Schematic representation of the wire. The two harmonic nodes at
frequencies ωc and ωh are coupled through a spring-like interaction of strength
k. Each node is, in turn, dissipatively coupled to a ‘cold’ and ‘hot’ heat bath
at temperatures Tc < Th. The dissipation strength λ2 is assumed sufficiently
weak to justify the use of a perturbative master equation up to O(λ2).

where Λ is a high-frequency cutoff (max{ωc, ωh} ≪ Λ) and the parameter λ
captures the dissipation strength. Note that the bath operators Bα are thus
O(λ).

For completeness, we will now briefly sketch a simple procedure to obtain
the standard second-order Markovian generator for the reduced dynamics of
the system (see [5] for full details). Let us take the Liouville-von Neumann
equation in the interaction picture

dρ̃(t)

dt
= −i[H̃ int(t), ρ̃(t)] , (6)

where H̃ int(t) := eiH0tH inte
−iH0t and [ · , · ] stands for a commutator. For-

mally integrating (6) and assuming that the initial condition is such that

tr{ρ̃(0) H̃ int} = 0 yields the following equation of motion for the system:

dσ̃

dt
= −

t∫

0

ds trB [H̃ int(t), [H̃ int(s), ρ̃(s)]] . (7)

Here, σ̃ := trBρ̃ and trB{ · } denotes trace over the baths. We will now
assume that the dissipation strength λ is so weak that when starting from
a factorized initial condition ρ0 := σ(0) ⊗ τ c ⊗ τ h the propagated state
ρ̃(t) ≃ σ̃(t)⊗τ c⊗τ h remains approximately factorized at all times. τα∈{c,h}
are thermal states for the hot and cold bath. We will also replace σ̃(s) inside
the integral in (7) by σ̃(t), thus making it time-local. The change of variables
s→ t− s yields the Redfield equation [39, 9]

dσ̃

dt
≃ −

t∫

0

ds trB [H̃ int(t), [H̃ int(t− s), σ̃(t)⊗ τ c ⊗ τ h]] . (8)

Notice that the resulting state ̺(t) does keep a memory of the initial con-
dition ̺(0) and hence, (8) is non-Markovian. However, provided that the
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integrand above decays sufficiently fast, one might set t → ∞ in the upper
limit of integration, which is referred to as Born-Markov approximation. This
approximation is justified whenever λ2 ≪ min{T,Λ}.

A further step still remains to be undertaken in order to bring the re-
sulting ‘Markovian Redfield’ master equation to the canonical GKLS form

— the secular approximation. Let us examine H̃ int(t) more closely. One
may always decompose Xα =

∑
ω Lω

α, where [HS ,L
ω
α] = −ωLω

α, so that

H̃ int =
∑

ω e
−iω tLω

α ⊗ B̃α(t), with the interaction-picture bath operator

B̃α(t) = eiHBtBαe
−iHBt. Plugging this into (8) leads to

dσ̃

dt
≃ 1

2

∑

α

∑

ω,ω′
ei(ω

′−ω)tγα(ω)
(
Lω

α σ̃ Lω′
α

† −Lω′
α

†
Lω

α σ̃
)

+ h.c. , (9)

where

γα(ω) = 2 Re

∞∫

0

ds eiω strB{Bα(t)Bα(t− s)} .

Note that we are completely ignoring

Im

∞∫

0

ds eiω strB{Bα(t)Bα(t− s)} ,

which would eventually lead to a mere shift (of order λ2) on the energy levels
of the Hamiltonian (Lamb shift) [5]. The secular approximation consists in
time-averaging of (9) over an interval of the order of the dissipation time
TD ∼ λ−2. All terms with ω′ 6= ω above can then be discarded provided
that they oscillate fast as compared with TD. Returning to the Schrödinger
picture, finally leaves us with the GKLS quantum master equation

dσ

dt
≃ −i[HS ,σ] +

∑

α

Dασ

= −i[HS ,σ] +
∑

α

∑

ω

γα(ω)
(
Lω

α σLω
α
† − 1

2
{Lω

α
†Lω

α,σ}+
)
, (10)

where { · , · }+ stands for anti-commutator. In the next section, we will con-
centrate in obtaining the specific form of the operators Lω

α for the Hamilto-
nian in (4).

Because (4) is overall quadratic in position and momenta, the steady state
will be Gaussian and thus, fully characterized by its first and second order
moments [2]. In fact, one can easily see that 〈Xα〉 = 〈P α〉 = 0, where 〈 · 〉
denotes stationary average. As a result, the steady state will be specified
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only by the 4 × 4 covariance matrix, with elements [Γ]kl := 1
2 〈{Rk,Rl}+〉,

with ~R = (Xc,P c,Xh,P h)T .
Since we wish to calculate the covariances [Γ]kl rather than the state σ, it

will be more convenient to work with the adjoint master equation [5] which,
for an arbitrary system observable in the Heisenberg picture O(t), reads

dO

dt
≃ i[HS ,O] +

∑

α

D†αO

= i[HS ,O] +
∑

α

∑

ω

γα(ω)
(
Lω

α
†OLω

α −
1

2
{Lω

α
†Lω

α,O}+
)
. (11)

2.2. The global master equation

The first step to derive consistent Lω
α operators will be to rotate HS into its

normal modes. These are

η+ = cos ϑXc − sinϑXh (12a)

η− = sinϑXc + cos ϑXh , (12b)

where the angle ϑ is

cos2 ϑ =
−δ2ω +

√
4k2 + δ4ω

2
√

4k2 + δ4ω
(13)

and, in turn, δ2ω := ω2
h − ω2

c . The corresponding normal-mode frequencies
write as

Ω2
± =

1

2

(
ω2
c + ω2

h + 2k ±
√

4k2 + δ4ω

)
. (14)

After this transformation, the Hamiltonian (4) rewrites as

H =
∑

s∈{+,−}

(Ω2
s

2
η2
s +

Π2
s

2

)
+ HB − (cos ϑη+ + sinϑη−)⊗Bc

+ (sinϑη+ − cos ϑη−)⊗Bh , (15)

where Πs = dηs/dt. By writing ηs = (as +a†s)/
√

2Ωs (with as and a†s being
annihilation and creation operators on mode Ωs) one can see that Xα =

L
Ω+
α + L

Ω−
α + h.c., where L

Ω+
c := cos ϑa+/

√
2Ω+, L

Ω−
c := sinϑa−/

√
2Ω−,

L
Ω+

h := − sinϑa+/
√

2Ω+, L
Ω−
h := cos ϑa−/

√
2Ω−, and L

−Ω±
α := (L

Ω±
α )†.

Looking back to the right-hand side of (9), we see that there are 16 terms
associated with two different open decay channels, oscillating as ei(ω

′−ω)t at
frequencies |ω′ − ω| = {0, 2Ω+, 2Ω−,Ω+ + Ω−,Ω+ − Ω−}. Provided that the
nodes are sufficiently detuned, i.e. δω ≫ λ2, the secular approximation is
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J. O. González, et al.

guaranteed to be valid for any value of the coupling k. However, if ωh − ωc

became comparable or smaller than the dissipation strength λ2, there would
be no justification to discard the non-secular terms oscillating at Ω+ − Ω−
when k becomes very small. Indeed, defining R± := 2k±

√
4k2 + δ4ω one may

write

Ω+ − Ω− =

√
ω2
c + ω2

h

2

(√
1 +

R+

ω2
c + ω2

h

−
√

1 +
R−

ω2
c + ω2

h

)
(16)

whenever R±/(ω2
c +ω2

h)≪ 1, the Taylor expansion
√

1 + x = 1+ x
2 − x2

8 + · · ·
allows to approximate (16) as

Ω+ − Ω− =

√
4k2 + δ4ω

2(ω2
h + ω2

c )
+O

( R2
+

(ω2
c + ω2

h)3/2

)
. (17)

From (17) it is clear that for the secular approximation to be valid the dissi-
pation rate must be such that

λ2 ≪
√

4k2 + δ4ω
2(ω2

h + ω2
c )
, (18)

which, in the limit of resonant nodes simplifies to λ2 ≪ k/ωc. Hence, we
can anticipate that (10) will fail to describe nearly resonant weakly coupled
nodes, which is precisely the regime in which we shall focus our analysis.

The only additional ingredient required to build (11) are the decay rates
γα(±Ω±). A direct calculation leads to

γα(ω) = 2J(ω)[1 + nα(ω)] , (19)

where nα(ω) := (eω/Tα−1)−1 is the bosonic occupation number for frequency
ω at temperature Tα. Note that γα(−ω) = exp (−ω/Tα)γα(ω). Combining
all the above, and after tedious but straightforward algebra, we can obtain
a closed set of equations of motion for the covariancesb 〈η2

±〉, 〈Π2
±〉, and

〈{η±,Π±}+〉. Note that 〈 · 〉 denotes here instantaneous average.

d

dt
〈η2
±〉 = ∆±〈η2

±〉+ 〈{η±,Π±}+〉+
Σ±
2Ω±

(20a)

d

dt
〈{η±,Π±}+〉 = 2〈Π2

±〉 − 2Ω±〈η2
±〉+ ∆±〈{η±,Π±}+〉 (20b)

d

dt
〈Π2
±〉 = ∆±〈Π2

±〉 − Ω2
±〈{η±,Π±}+〉+

Ω±
2

Σ± , (20c)

bIt is indeed enough to consider the equations of motion for the mode occupation num-
bers 〈a†

±a±〉 (which are decoupled), to fully solve the dynamics.
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where the following notations have been introduced

∆+ :=
cos2 ϑ

2Ω+
[γc(−Ω+)− γc(Ω+)] +

sin2 ϑ

2Ω+
[γh(−Ω+)− γh(Ω+)] (21a)

∆− :=
sin2 ϑ

2Ω−
[γc(−Ω−)− γc(Ω−)] +

cos2 ϑ

2Ω−
[γh(−Ω−)− γh(Ω−)] (21b)

Σ+ :=
cos2 ϑ

2Ω+
[γc(−Ω+) + γc(Ω+)] +

sin2 ϑ

2Ω+
[γh(−Ω+) + γh(Ω+)] (21c)

Σ− :=
sin2 ϑ

2Ω−
[γc(−Ω−) + γc(Ω−)] +

cos2 ϑ

2Ω−
[γh(−Ω−) + γh(Ω−)] . (21d)

Below, it will be convenient to break down each of these coefficients into the
sum of its two constituent terms, as ∆± := ∆c

± + ∆h
± and Σ± := Σc

± + Σh
±,

where e.g. ∆c
+ = cos2 ϑ [γc(−Ω+)− γc(Ω+)]/(2Ω+). The further denotations

Σα
± = Wα

−Ω± +Wα
Ω± , where e.g. W c

−Ω+
= cos2 ϑγc(−Ω+)/(2Ω+), will also be

employed later on.
The stationary solution to (20) is simply 〈η2

±〉 = −Σ±/(2∆±Ω±), 〈Π±〉 =
−Ω±Σ±/(2∆±), and 〈{η±,Π±}+〉 = 0, so that the asymptotic covariance
matrix in the original quadratures reads

ΓG =




[ΓG]11 0 [ΓG]13 0
0 [ΓG]22 0 [ΓG]24

[ΓG]13 0 [ΓG]33 0
0 [ΓG]24 0 [ΓG]44


 , (22)

where [ΓG]11 = 〈ηηη2+〉 cos2 ϑ + 〈ηηη2−〉 sin2 ϑ, [ΓG]22 = 〈ΠΠΠ2
+〉 cos2 ϑ + 〈ΠΠΠ2

−〉 sin2 ϑ,
[ΓG]33 = 〈ηηη2+〉 sin2 ϑ+〈ηηη2−〉 cos2 ϑ, [ΓG]44 = 〈ΠΠΠ2

+〉 sin2 ϑ+〈ΠΠΠ2
−〉 cos2 ϑ, [ΓG]13 =

(〈ηηη2−〉− 〈ηηη2+〉) sin ϑ cos ϑ, and [ΓG]24 = (〈ΠΠΠ2
−〉− 〈ΠΠΠ2

+〉) sin ϑ cos ϑ. Finally, the
steady-state heat currents can be written as

Q̇G
α = tr{HSDασ(∞)} = 〈D†α HS〉

=
1

2

∑

s∈{+,−}

[
∆α

s

(
Ω2
s〈η2

s〉+ 〈Π2
s〉
)

+ ΩsΣ
α
s

]
. (23)

Using (21) we can cast (23) as

Q̇G
h = −Q̇G

c =
∑

s∈{+,−}
Ωs

W c
Ωs
W h

Ωs

Σs
(e−Ωs/Th − e−Ωs/Tc) , (24)

from where it is clear that Th > Tc entails Q̇G
h = −Q̇G

c > 0; that is, heat
always flows from the hotter bath into the colder one.
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2.3. The local master equation

Recall from Sect. 1 that, while the local master equation looks formally iden-
tical to the GME, the choice of operators Lω

α in the local approach is not
consistent with the Hamiltonian HS . As already advanced and provided
that the coupling k is weak, one could derive two independent local dissipa-

tors D(k=0)
α , acting on the cold and hot nodes separately , to then construct

an approximate equation of motion such as

dσ

dt
≃ −i[HS ,σ] +

∑

α∈{c,h}
D(k=0)

α σ ,

as an alternative to (20). One might argue that this is a convenient strategy
whenever finding all energy eigenstates of the full interacting Hamiltonian is
hard, as these are required to write the decomposition {Lω

α} of the system
operator coupled to each bath [46]. In our simple example, however, the
local approach leads to a more complicated dynamics than the global one —
all 10 independent covariances are needed in order to obtain a closed set of
equations of motion.

Specifically, within the local approach one decomposes Xα = Lωα
α +L−ωα

α ,
where Lωα

α := bα/
√

2ωα, bα is an annihilation operator on node ωα, and
L−ωα

α := (Lωα
α )†. The adjoint master equation (11) thus becomes

dO

dt
≃ i[HS ,O] +

∑

α∈{c,h}

[γα(ωα)

2ωα

(
b†αO bα −

1

2
{b†αbα,O}+

)

+
γα(−ωα)

2ωα

(
bαOb†α −

1

2
{bαb†α,O}+

)]
. (25)

From (25), the equations of motion for the elements of the corresponding
covariance matrix ΓL are found to be

d

dt
〈X2

α〉 = 〈{Xα,P α}+〉+ ∆̃α〈X2
α〉+

Σ̃α

2ωα
(26a)

d

dt
〈P 2

α〉 = 2k〈X ᾱP α〉 − ν2α〈{Xα,P α}+〉+ ∆̃α〈P 2
α〉+

ωαΣ̃σ

2
, ᾱ 6= α (26b)

d

dt
〈{Xα,P α}+〉 = 2〈P 2

α〉+ ∆̃α〈{XαP α}+〉 − 2ν2α〈X2
α〉

+ 2k〈XαX ᾱ〉 , ᾱ 6= α (26c)

d

dt
〈XαP ᾱ〉 = 〈P αP ᾱ〉+ k〈X2

α〉+
1

2
(∆̃α + ∆̃ᾱ)〈XαP ᾱ〉

− ν2ᾱ〈XαX ᾱ〉 , ᾱ 6= α (26d)

d

dt
〈XcXh〉 = 〈XcP h〉+ 〈XhP c〉+

1

2
(∆̃c + ∆̃h)〈XcXh〉 (26e)
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d

dt
〈P cP h〉 =

k

2
(〈{Xh,P h}+〉+ 〈{Xc,P c}+〉)− ν2c 〈XcP h〉

− ν2h〈XhP c〉+
1

2
(∆̃c + ∆̃h)〈P cP h〉 , (26f)

where

ν2α := ω2
α + k , ∆̃α :=

γα(−ωα)− γα(ωα)

2ωα
, Σ̃α :=

γα(−ωα) + γα(ωα)

2ωα
,

and the angled brackets denote again instantaneous average. The stationary
solution of (26) is cumbersome but the steady-state heat currents can be
compactly cast as

Q̇L
α =

∆̃α

2

[
ω2
α〈X2

α〉+ 〈P 2
α〉+ k(〈X2

α〉 − 〈XαX α̃〉)
]

+
Σ̃α

2

(
ωα +

k

2ωα

)
.

(27)
As anticipated above and unlike (20), (26) does not necessarily yield a ther-
modynamically consistent steady state: One could even encounter striking
situations for which Q̇L

h = −Q̇L
c < 0 for Th > Tc or Q̇L

α 6= 0 for Th = Tc, as
illustrated in [28, 45].

2.4. Comment on the general validity of the local approach
for modelling heat transport under weak internal cou-
pling

In spite of its thermodynamic inconsistencies, as it was pointed out in [46] the
LME (25) can be formally understood as the lowest order in the perturbative
expansion

Dα = D(0)
α +D(1)

α k +D(2)
α k2 + . . . ,

where D(0)
α = D(k=0)

α . The LME (25) would therefore be correct up to O(λ2k)
and any thermodynamic inconsistency encountered should fall within this
‘error bar’.

Note that the GME is itself a perturbative master equation which neglects
corrections of order O(λ3) and below [14]. However, it is guaranteed to
give rise to thermodynamically consistent steady-state heat currents [3, 26],
as it enjoys the GKLS form (cf. Sect. 1). Interestingly, it is the secular
approximation which endows the GME with thermodynamic consistency:
The Markovian Redfield equation (9), i.e. the previous step in the derivation
of (10), is known to break positivity [14] and caution must be exercised when
using it [24].

Coming back to our problem of describing heat transport in the limit
of quasi-resonant weakly-coupled nodes, notice that the secular approxima-
tion is not problematic when invoked in the derivation of (25). Indeed, the
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operators Lω
α may be expanded as a power series in k in (9). At the zeroth

order in k, each heat bath would contribute to the right-hand side of (9) with
one non-oscillatory secular term and two fast-rotating non-secular terms at
frequencies ±2ωα. These may be safely averaged out provided that ωα ≫ λ2

and regardless of the detuning between the nodes. Consequently, and un-
like (20), the LME should correctly describe the stationary properties of our
system when k/ωc . λ2.

More generally, one can claim that energy transport through an arbi-
trarily long harmonic chain is correctly captured by a LME within its range
of validity; that is, whenever the inter-node couplings are weak. The claim
can be made extensive to heat fluxes on spin chains, which were already ad-
dressed in [53] via a perturbative master equation relying on ‘weak internal
couplings’, precisely in order to bypass the problems created in the GME by
the secular approximation.

Finally, let us note that a natural alternative to the LME in our problem
would be to incorporate the problematic decay channel of frequency Ω+ −
Ω− into the GME, thus arriving at a partial Markovian Redfield equation
(cf. Appendix). However, scaling up the system in the number of nodes
would quickly render this approach too involved to be practical.

3. Exact Non-Equilibrium Steady State

The steady state for an all-linear model can also be found exactly by solving
the corresponding quantum Langevin equations [19, 52, 4]. In this section,
we will limit ourselves to outline the procedure to calculate the stationary
covariances for our particular problem, while full details on its application to
similar settings can be found in e.g. [30, 8, 47, 48, 49].

To begin with, we must mention that the bare frequencies of the nodes
need to be shifted so as to compensate for the distortion caused by the system-
baths interactions. This eventually allows to recover the correct high tem-
perature limit [52]. Hence, in the reminder of this section, we shall make the
replacement ω2

α 7→ ω̃2
α, where ω̃2

α := ω2
α +
∑

µ g
2
α,µ/(mα,µω

2
α,µ). For our choice

of spectral density (5), the shift amounts simply to π−1
∫∞
0 dω J(ω)/ω = λ2Λ.

Starting from (4), one may write the Heisenberg equations of motion for
all degrees of freedom. Formally solving for xα,µ and inserting the result into
the equations for Xα yields the quantum Langevin equations

d2Xα

dt2
+ ω̃2

αXα + k(Xα −X ᾱ)−
∞∫

t0

ds χα(t− s)Xα(s) = F α(t) , (28)

with ᾱ 6= α. These are the equations of motion for two coupled harmonic os-
cillators, each of which is perturbed by the noise F α(t) and relaxes according
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to the dissipation kernel χα(t). Specifically, these are defined as

F α :=
∑

µ

gα,µ

[
xα,µ(t0) cos ω0(t− t0) +

pα,µ(t0)

mα,µωα,µ
sinωα,µ(t− t0)

]
(29a)

χα(t) :=
∑

µ

g2α,µ
mα,µωα,µ

sinωα,µtΘ(t) =
2

π
Θ(t)

∞∫

0

dω J(ω) sinωt . (29b)

The only assumption that we will make in order to find the exact steady
state is, once again, that system and baths are initialized in the factorized
initial condition ρ0 = σ(t0)⊗ τ c ⊗ τh. We shall also take t0 → −∞. Let us
first concentrate on the (stationary) covariance 1

2〈{Xα(t),Xα′(t)}+〉, which
may be written in terms of the Fourier transform

X̂α(ω) :=

∞∫

−∞

dtXα(t)eiωt

as

1

2
〈{Xα(t),Xα′(t)}+〉 =

1

2

∞∫

−∞

dω′

2π

∞∫

−∞

dω′′

2π
〈{X̂α(ω′), X̂α′(ω′′)}+〉 e−i(ω

′+ω′′)t .

(30)

In turn, X̂α(ω) can be directly found after Fourier-transforming (28), which
yields

[
X̂c

X̂h

]
:= A−1

[
F̂ c

F̂ h

]
(31)

=

[
ω̃2
c − ω2 + k − χ̂c −k

−k ω̃2
h − ω2 + k − χ̂h

]−1 [
F̂ c

F̂ h

]
.

From (29a), one can show that

1

2
〈{F̂ α(ω′), F̂ α′(ω′′)}+〉

= 2πδ(ω′ + ω′′) coth
ω′

2Tα
[J(ω′)Θ(ω′)− J(−ω′)Θ(−ω′)]δα,α′ ,

where the Dirac delta δ(·) is not to be confused with the Kronecker delta
δα,α′ . Consequently, the integral in (30) for e.g. α = α′ = c writes as

〈X2
c〉 =

∞∫

−∞

dω

2π

(
[A−1(ω)]11[A−1(−ω)]11 coth

ω

2Tc
J(ω)

+ [A−1(ω)]12[A−1(−ω)]12 coth
ω

2Th
J(ω)

)
, (32)
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where we are exploiting the fact that our J(ω) is an odd function. The
position-momentum and momentum-momentum covariances are readily ob-
tained as e.g.

1

2
〈{P α(t′),Xα′(t′′)}+〉

=
1

2

∞∫

−∞

dω′

2π

∞∫

−∞

dω′′

2π
(−iω′)〈{X̂α(ω′), X̂α′(ω′′)}+〉 e−i(ω

′t′+ω′′t′′) .

In order to calculate χ̂α(ω) it is useful to note that Im χ̂α(ω) = J(ω)Θ(ω)−
J(−ω)Θ(−ω), and that Re χ̂α(ω) and Im χ̂α(ω) are related through the Kram-
ers-Kronig relation

Re χ̂α(ω) =
1

π
P

∞∫

−∞

dω′
Im χ̂α(ω′)
ω′ − ω , (33)

where P indicates Cauchy principal value. For our choice of spectral density
χ̂h(ω) = χ̂c(ω) = λ2Λ2/(Λ − iω) which, combined with (5), (31), and (32),
allows us to compute all the elements of the exact steady-state covariance
matrix Γ. Finally, following [12, 13], we can cast the exact steady-state heat
currents as

Q̇h = −Q̇c =
k

2
([Γ]14 − [Γ]23) . (34)

Both the steady state covariances and the corresponding heat currents can be
seen to perfectly coincide with those obtained from the Markovian Redfield
equation derived in the Appendix, always provided that the Born-Markov
approximation holds.

4. Discussion

4.1. Steady state and stationary heat currents

In this section we will compare the steady states and the stationary heat
currents predicted by the global, local, and exact approaches. We shall be
especially interested in setting up the wire with quasi-resonant nodes (δω ≪
λ2) so as to confirm our intuition that the LME can succeed in describing
the system when the GME breaks down (cf. Sect. 2.4).

In order to compare states we will make use of the Uhlmann fidelity,
defined as

F(ρ1,ρ2) :=
(

tr
√√

ρ1ρ2
√
ρ1

)2
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Fig. 2: (Colour online) (top row) Uhlmann fidelity F between the exact
steady state Γ and the approximations ΓG and ΓL calculated within the
global (solid) and local (dashed) approach, as a function of the coupling k
at fixed dissipation strength λ2 = 10−3. In (a) frequencies and temperatures
were set to ωh = 2, ωc = 1, Th = 3, and Tc = 2, so that δω ≫ λ2 and
the secular approximation is justified. Hence, the global GKLS equation
is in perfect agreement with the exact result. The LME starts to break
down around k ∼ 0.1, i.e. when the inter-node coupling becomes comparable
to the node frequencies. In (b) the nodes are quasi-resonant (ωc = 1 and
δ2ω = 2 × 10−6), while the temperatures are the same as in (a). Due to the
breakdown of the secular approximation, the global GKLS equation becomes
unreliable. The shaded grey area corresponds to 1 − F(Γ,ΓG) ≥ 10−4. In
contrast, the LME remains accurate in that regime of parameters. (bottom
row) Stationary incoming heat currents from the hot (red) and cold (blue)
baths, as given by the global (thin solid), local (dashed), and exact (thick
transparent) approaches. The parameters in (c) are the same as in (a). As
can be seen, the LME violates the second law of thermodynamics predicting
reversed heat currents for all k. Finally, the parameters in (d) are the same as
in (b). In the shaded grey region, in which the secular approximation breaks
down, the GME greatly overestimates the magnitude of the steady-state heat
currents, while the LME perfectly follows the exact result. For all four plots
Λ = 103. Recall that we work in units of mc = mh = ~ = kB = 1.
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for arbitrary ρ1 and ρ2 [33]. In the case of two-mode Gaussian states with
covariance matrices Γ1 and Γ2 and vanishing first order moments the fidelity
can be cast as [31]

F(Γ1,Γ2) =

[(√
b +
√

c
)
−
√(√

b +
√

c
)2
− a

]−1
, (35)

where a := det (Γ1 + Γ2), b := 24 det [(J Γ1)(J Γ2)− I/4],

c := 24 det (Γ1 + iJ/2) det (Γ2 + iJ/2) ,

and Jkl := −i [Rk,Rl].
As shown in Fig. 2(a), whenever the detuning is large compared with

the dissipation strength, both LME and GME are in perfect agreement with
the exact solution for most parameters. The local approach only starts to
break down when the coupling k becomes comparable or larger than the node
frequencies (i.e. k/ωα & 0.1ωc, where the extra ωc has been merely added
for dimensional consistency), whereas the global master equation remains
correct.

On the contrary, if the detuning is set to δω ≪ λ2, the steady state of
the GME can be seen to disagree with the exact solution when the inter-
node coupling k/ωc approaches or falls below the dissipation strength λ2

(cf. Fig. 3(b)). Recall that this is entirely due to elimination of the non-
secular decay channel at frequency Ω+ − Ω− (cf. Sect. 2.2). Importantly,
the LME is still valid so long as k/ωc ≪ ωc, regardless of the breakdown
of the secular approximation. Eventually, as k decreases further, the nodes
effectively decouple, and the GME correctly predicts a steady state made up
of two uncorrelated thermal modes.

One can also make use of (23), (27), and (34) to compare the steady-
state heat currents. Once again, under large detuning δω, both the local and
global approach are in good agreement with the exact solution (vanishingly
small heat currents), except for when the inter-node coupling becomes com-
parable to the node frequencies, which invalidates the LME. Interestingly, in
Fig. 2(c) we can see that the local approach does indeed violate the second
law of thermodynamics by predicting heat transport against the temperature
gradient (i.e. Q̇h = −Q̇c < 0) for any k [28]. The magnitude of this violation,
however, loosely falls within the ‘error bars’ O(λ2k) [46] of the LME.

On the other hand, Fig. 2(d) shows again a situation in which δω ≪ λ2.
Remarkably, we observe that the global approach largely overestimates the
magnitude of the steady-state heat currents, where F(Γ,ΓG) falls below 1
(i.e. in the grey area). The LME, however, yields a quantitatively good
estimate in all the range of parameters for which it is valid.

We have thus illustrated that the breakdown of the secular approximation
may render the predictions of the global master equation qualitatively wrong,
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while the local approach, in spite of its thermodynamic inconsistency, proves
to be an accurate working tool within its range of applicability.

4.2. Steady-state correlations

As we shall now see, the GME also fails qualitatively in assessing the node-
node correlations (both classical and quantum) when the secular approxima-
tion breaks down. This is not the case for the LME.

We measure the total correlations between the ‘cold’ and ‘hot’ nodes of
the wire by means of the quantum mutual information I(σch) := S(σc) +
S(σh) − S(σch), where S(̺) = − tr {̺ log̺} is the von Neumann entropy
and σα := trᾱ σch stands for the reduced state of node α (the subindices
‘c’ and ‘h’ are added to the stationary state of the wire to emphasize its
bipartite nature). The von Neumann entropy of an n-mode Gaussian state
can be written as [22]

S(Γ) =

n∑

j=1

(2νj + 1

2
log

2νj + 1

2
+

2νj − 1

2
log

2νj − 1

2

)
, (36)

where the νj are the n symplectic eigenvalues of the generic 2n×2n covariance
matrix Γ. These can be obtained from the spectrum {±i ν1, . . . ,±i νn} of
J−1 Γ. For Γ to be physical, the symplectic spectrum must satisfy νj ≥ 1

2 .
In our case, note that e.g. the single-mode covariance matrix Γc results from
retaining only the first two rows and columns of the two-mode covariance
matrix of the full system, i.e. those related to the ‘cold quadratures’ {xc,pc}.

As we can see from Fig. 3(a) the inter-node correlations can be both
overestimated and underestimated by the global master equation whenever
the secular approximation fails. In contrast, the LME assesses I faithfully.
Note from (22) that the stationary covariances 〈xc ph〉 and 〈pc xh〉 (i.e. Γ14

and Γ23) are neglected in the global approach. Indeed, it is easy to see
from the corresponding Markovian Redfield equation (cf. Appendix) that
these covariances are related to the excluded non-secular term at frequency
Ω+ − Ω−. From Fig. 3(b) we observe that the deficit in total quantum
correlations predicted by the GME around k/ωc ≃ λ2 in Fig. 3(a) is precisely
due to the fact that

[ΓG]14 = [ΓG]23 = [ΓG]32 = [ΓG]41 = 0 .

Notice, comparing again Figs. 3(a) and 3(b), that the peak in the total cor-
relations at lower k is explained by the fact that the GME overestimates
〈xc xh〉; once again, within the region in which the secular approximation
breaks down.

It is possible to split the total correlations into a quantum and a classical
share (blue dotted and red dashed lines in Fig. 3(a), respectively). We will say
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Fig. 3: (Colour online) (a) Excess quantum mutual information ∆I :=
I(ΓG)− I(Γ) (solid purple), classical correlations ∆C← := C←(ΓG)− C←(Γ)
(dashed red), and quantum correlations ∆Q← = ∆I−∆C← (dotted blue), as
follows from the comparison of the global approach with the exact solution
(see main text for definitions). The inset reproduces the main plot, bench-
marking instead the local approach against the exact result. The parameters
are the same as in Figs. 2(b) and 2(d), i.e. we work with small detuning.
While the LME faithfully captures inter-node correlations in all its range of
validity, the GME may both underestimate or overestimate them. In (b) the
quantities ∆Γ14 := [ΓG]14− [Γ]14 (solid) and ∆Γ13 := [ΓG]13− [Γ]13 (dashed)
are plotted for the same parameters as in (a). We see that the failure of
the global approach to correctly assess these covariances (〈xc ph〉 = −〈pc xh〉
and 〈xc xh〉) explains the peaks in (a). In (c) we plot the steady state inter-
node entanglement, as quantified by the logarithmic negativity EN within the
global (solid black), local (dashed black), and exact (thick transparent blue)
approaches. The observation of non-vanishing asymptotic entanglement re-
quires large ratios ω/Tα and very large coupling strengths k. Unfortunately,
this prevents entanglement from being observed in the problematic region
k/ωc . λ2. Interestingly, the LME predicts a saturation of EN for large k,
which is anyway far beyond its range of applicability. In (c) ωc = ωh = 10,
Tc = 1, Th = 2, λ2 = 10−3, and Λ = 103.

1740010-18

O
pe

n 
Sy

st
. I

nf
. D

yn
. 2

01
7.

24
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
N

E
W

 E
N

G
L

A
N

D
 o

n 
12

/1
8/

17
. F

or
 p

er
so

na
l u

se
 o

nl
y.

77



79 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

Testing the Validity of the ‘Local’ and ‘Global’ GKLS Master Equations

that a bipartite quantum state ̺AB has quantum correlations with respect
to B if there exists no local measurement on B that leaves the marginal of A
unperturbed. This notion of quantumness of correlations is captured by the
discord [34, 20]

Q←(̺AB) := S(̺B)−
[
S(̺AB)− inf

{ΠB
j }

∑

j

pjS(̺A|j)
]
.

Given a complete set of projectors {ΠB
j } on B, ̺A|j := trB{ΠB

j ̺ABΠ
B
j }

denotes the post-measurement marginal of A conditioned on the outcome
j, occurring with probability pj = tr{ΠB

j ̺AB}. Note that discord is not
symmetric, i.e. the quantumness of correlations as revealed by measurements
on B need not coincide with the quantumness of correlations as revealed by
measurements on A.

Note as well that, due to the explicit minimization over all local mea-
surements on B, the evaluation of Q← is often very challenging. Luckily,
restricting the optimization to the set of Gaussian positive operator valued
measurements makes it possible to obtain a closed formula for two-mode
Gaussian states (see [1, 16, 36] for full details). The difference between the
total correlations and the quantum discord is referred to as classical correla-
tions

C←(̺AB) := I(̺AB)−Q←(̺AB) .

As shown in Fig. 3(a), both quantum and classical correlations behave very
similarly to the mutual information within the global approach. This is not
the case, however, for the LME (cf. inset in Fig. 3(a)): at large coupling
strengths (i.e. beyond its range of validity) the local approach may over-
estimate the amount of quantum correlations present between the nodes,
although at sufficiently large couplings, all correlations are largely underes-
timated.

Finally, we may want to look at the inter-node entanglement [23]. En-
tanglement is a somewhat stronger form of quantum correlation since a state
can display non-zero discord and yet be unentangled, but not the other way
around. In the case of two-mode Gaussian states, quantum entanglement can
be gauged by the logarithmic negativity EN , which writes as [50, 37]

EN (Γ) :=
∑

j

max {0,− log (2ν̃j)} , (37)

where ν̃j are the symplectic eigenvalues of the partially-transposed covariance

matrix Γ̃. This is obtained from Γ by simply changing the sign of all covari-
ances involving e.g. the momentum pc and either of the ‘hot’ quadratures.

The buildup of steady-state entanglement requires much larger inter-node
coupling k and large ratios ωα/Tα as shown in Fig. 3(c). While there is no
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reason for the GME not to accurately capture the entanglement as k →
∞, the LME wrongly predicts a saturation in the stationary logarithmic
negativity in that limit. One can obtain the correct scaling of entanglement
at strong coupling from the GME which, for resonant nodes, simplifies to

EN (Γ)
k→∞−→ 1

4
log

2k(1 − eω/Tc)2(1− eω/Th)2

(1− e2ω/T̄ )2ω2
(38)

with T̄ :=
(T−1c + T−1h

2

)−1
.

5. Conclusions

We have studied a simple model for heat transport between two heat baths
at different temperatures when weakly connected through a two-node quan-
tum wire. Due to the weak dissipative wire-baths coupling, it is possible to
address the problem via second-order Markovian quantum master equations.
In particular, we consistently derived the GKLS master equation via a global
treatment of dissipation, and found its steady state, the stationary heat cur-
rents through the wire, and the asymptotic inter-node quantum and classical
correlations. For comparison, we adopted the popular local approach, which
addresses dissipation on each node individually (i.e. ignoring the effects of
the inter-node coupling). Since our model is linear, its steady state can be
obtained exactly by resorting to quantum Langevin equations. This provided
us with means to quantitatively compare the performance of the global and
the local approaches.

As expected, we found that the local approach is only valid when the
internal coupling between the nodes of the wire is weak. Furthermore, as
previously noted, we observed that the local approach does break the second
law of thermodynamics [28], although any violations can be bounded with
suitably-defined error bars within its range of applicability [46].

Interestingly, our setup allows us to consider very weak internal couplings,
comparable with the dissipation strength. In this regime, the crucial secular
approximation breaks down if, in addition, the nodes are nearly resonant.
As a result, the predictions of the global master GME become qualitatively
wrong — the magnitude of the stationary heat currents is largely overesti-
mated, and key features of the correlation-sharing structure are not captured
by the GME. On the contrary, the LME does accurately describe the sta-
tionary properties of the wire. This agrees with previous observations on the
complementarity of GME and LME when describing dynamics [40]. More
generally, the usage of the local approach in the treatment of heat transport
through arbitrarily long harmonic or spin chains [53] may be justified pro-
vided that the internal couplings are weak enough, and always keeping in
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mind that the predictions of the LME should by accompanied by the corre-
sponding error estimates [46].

In spite of these encouraging observations, the local approach should not
be used lightly, especially in quantum thermodynamics. Even though the
LME may be an excellent working tool that even outperforms the canoni-
cal global GKLS master equation in certain regimes, it might as well lead
to qualitatively wrong conclusions, a priori within its range of applicability.
For instance, it has been shown that a local modelling of quantum ther-
modynamic cycles completely fails to account for heat leaks and internal
dissipation effects [6, 7] that can become dominant in the operation of the
device in question. As a result, e.g. intrinsically irreversible models may be
wrongly classified as endoreversible. This is a reminder that perturbative
equations of motion for open quantum systems must always be handled with
care.

Note added: During the preparation of this manuscript we became aware
of the related work by Patrick P. Hofer et al. [21], where local and global
approaches are compared in a quantum heat engine model.
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Appendix: The Partial Markovian Redfield Master Equation

In order to compensate for the deficiencies of the GME one may simply take
into consideration the problematic non-secular term corresponding to the
Ω+ − Ω− channel. Equations (9) and (11) would then need to be combined
as

dO

dt
≃ i[HS ,O] +

∑

α∈{c,h}

∑

ω∈{±Ω±}
γα(ω)

(
Lω

α
†OLω

α −
1

2
{Lω

α
†Lω

α,O}+
)

+
1

2

∑

α∈{c,h}
γα(Ω+)

(
LΩ−

α
†
OLΩ+

α −OLΩ−
α
†
LΩ+

α + LΩ+
α
†
OLΩ−

α −LΩ+
α
†
LΩ−

α O
)

+
1

2

∑

α∈{c,h}
γα(−Ω+)

(
LΩ−

α OLΩ+
α
† −OLΩ−

α LΩ+
α
†

+ LΩ+
α OLΩ−

α
† −LΩ+

α LΩ−
α
†
O
)
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+
1

2

∑

α∈{c,h}
γα(Ω−)

(
LΩ+

α
†
OLΩ−

α −OLΩ+
α
†
LΩ−

α + LΩ−
α
†
OLΩ+

α −LΩ−
α
†
LΩ+

α O
)

+
1

2

∑

α∈{c,h}
γα(−Ω−)

(
LΩ+

α OLΩ−
α
† −OLΩ+

α LΩ−
α
†

+ LΩ−
α OLΩ+

α
† −LΩ−

α LΩ+
α
†
O
)
,

(39)

where the operators Lω
α are those defined in Sect. 2.2.

In principle, a full set of ten dynamical variables would be necessary

to obtain all steady-state covariances. We shall choose D±± := i(a†±a
†
± −

a±a±), S±± := a†±a
†
± + a±a±, D+− := i(a†+a

†
− − a+a−), S+− := a†+a

†
− +

a+a−, d+− := i(a†+a− − a+a
†
−), s+− := a†+a− + a+a

†
−, and n± := a†±a±.

As it turns out, the stationary averages of the first six variables vanish (i.e.
〈D±±〉 = 〈S±±〉 = 〈D+−〉 = 〈S+−〉 = 0), so that we are left with only
four relevant observables. The corresponding equations of motion write as
d~y/dt = B~y+ b, where ~y = (n+,n−,d+−, s+−)T , the non-zero elements of b
are given by

[b]1 = W c
−Ω+

+W h
−Ω+

, (40a)

[b]2 = W c
−Ω− +W h

−Ω− , (40b)

[b]4 =

√
Ω+

Ω−
(W c
−Ω+

tanϑ−W h
−Ω+

cotϑ)

+

√
Ω−
Ω+

(W c
−Ω− cotϑ−W h

−Ω− tan ϑ) , (40c)

and the coefficients of the matrix B read

[B]11 = W c
−Ω+

+W h
−Ω+
−W c

Ω+
−W h

Ω+
,

[B]14 =
1

2
[B]42 =

1

2

√
Ω−
Ω+

([W c
−Ω− −W c

Ω− ] cotϑ− [W h
−Ω− −W h

Ω− ] tanϑ) ,

[B]22 = W c
−Ω− +W h

−Ω− −W c
Ω− −W h

Ω− ,

[B]24 =
1

2
[B]41 =

1

2

√
Ω+

Ω−
([W c

−Ω+
−W c

Ω+
] tan ϑ− [W h

−Ω+
−W h

Ω+
] cot ϑ) ,

[B]33 = [B]44

=
1

2
(W c
−Ω− +W c

−Ω+
+W h

−Ω− +W h
−Ω+
−W c

Ω− −W c
Ω+
−W h

Ω− −W h
Ω+

) ,

[B]34 = −[B]43 = Ω− − Ω+ .

All the remaining coefficients vanish.
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The non-zero elements of the steady-state covariance matrix {ΓR} in the
basis of the normal modes {η−,Π−,η+,Π+} are

[ΓR]11 =
1

Ω−

(1

2
+ 〈n−〉

)
, [ΓR]22 = Ω−

(1

2
+ 〈n−〉

)
,

[ΓR]33 =
1

Ω+

(1

2
+ 〈n+〉

)
, [ΓR]44 = Ω+

(1

2
+ 〈n+〉

)
,

[ΓR]13 = [ΓR]31 =
〈s+−〉

2
√

Ω+Ω−
, [ΓR]14 = [ΓR]41 = −〈d+−〉

2

√
Ω−
Ω+

,

[ΓR]23 = [ΓR]32 =
〈d+−〉

2

√
Ω+

Ω−
, [ΓR]24 = [ΓR]42 =

〈s+−〉
2

√
Ω+Ω− .

(41)
Just like in (22), this can be rotated into the original quadratures by applying
the suitable rotation matrix as defined in (12) and (13).

Finally, the steady state heat currents obtained from the stationary solu-
tion of (39) can be cast as

Q̇R
c = −Q̇R

h = Ω+

[
W c

Ω+
〈n+〉 −W c

−Ω+
(1 + 〈n+〉)

]

+ Ω−
[
W c

Ω−〈n−〉 −W c
−Ω−(1 + 〈n−〉)

]

+
1

2

√
Ω+Ω−〈s+−〉

[
(W c

Ω− −W c
−Ω−) cot ϑ+ (W c

Ω+
−W c

−Ω+
) tan ϑ

]
.
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PAPER

Relation between topology and heat currents in multilevel
absorptionmachines

JOnamGonzález, José P Palao andDaniel Alonso
Departamento de Física and IUdEA,Universidad de La Laguna, La Laguna E-38204, Spain

E-mail: dalonso@ull.es

Keywords: quantum thermodynamics, absorption devices, Hill theory

Abstract
The steady state heat currents of continuous absorptionmachines can be decomposed into
thermodynamically consistent contributions, each of them associatedwith a circuit in the
graph representing themaster equation of the thermal device.We employ this tool to study the
functioning of absorption refrigerators and heat transformers with an increasing number of active
levels. Interestingly, such an analysis is independent of the particular physical implementation
(classical or quantum) of the device.We provide new insights into the understanding of scaling up
thermal devices concerning both the performance and themagnitude of the heat currents. Indeed, it is
shown that the performance of amultilevelmachine is smaller or equal than the corresponding to the
largest circuit contribution. Besides, themagnitude of the heat currents is well-described by a purely
topological parameter which in general increases with the connectivity of the graph. Therefore, we
conclude that for afixed number of levels, the best of all different constructions of absorption
machines is the onewhose associated graph is as connected as possible, with the condition that the
performance of all the contributing circuits is equal.

1. Introduction

Continuous quantumabsorptionmachines [1] aremultilevel systems connected to several thermal baths at
different temperatures. Their autonomous functioning can be rigorously described by using the theory of open
quantum systems [2]. Some basicmodels such as the three-level [3, 4], the two-qubit [5] and the three-qubit
[4, 6] absorption refrigerators have beenwidely employed in establishing fundamental relations in quantum
thermodynamics [7]. Besides, several experimental proposals have been put forward, for example those based on
nano-mechanical oscillators or atoms interacting with optical resonators [8, 9], atoms interacting with
nonequilibrium electromagnetic fields [10], superconducting quantum interference devices [11, 12], and
quantumdots [13]. Further, an experimental realization of a quantum absorption refrigerator has been recently
reported [14].

The dynamics of quantummachines is described by amaster equationwhen the couplingwith the baths is
weak enough. Along this paperwe consider in addition systems forwhich two states with the same energy cannot
be connected to a third one through the same bath. This assumption greatly simplifies the quantummaster
equation as the population and coherence dynamics are decoupled in the system energy eigenbasis [2], andwill
be referred in the following as the PCD condition. It guarantees the thermodynamic consistency of themodels
[15, 16], whichmay be brokenwhen some uncontrolled approximations are introduced [17]. Under this
assumption coherences decaywith time and are irrelevant in the steady state functioning of the device, contrary,
for example, to externally driven devices [18] and systems includingmatter currents [19], where theymay play
an important role on the thermodynamic properties.When the PCD condition holds, the populations follow a
continuous timeMarkovmaster equation [20], given in terms of the rates for the transitions between states,
which are always allowed in both directions. In this case a thermal device implemented in a quantum system can
be describedwithin the framework of stochastic thermodynamics [21–23].
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The analysis of the thermodynamic quantities can be realized at different levels of description [24]. From a
macroscopic point of view,where the relevant quantities are the bath temperatures and the physical (total) heat
currents, to amicroscopic description that considers in addition the device structure. This latter perspective is
more andmore relevant as the advance of the experimental techniques allows for the design and the
manipulation of the device. A prominent tool for thismicroscopic analysis is graph theory, where the stochastic
master equation for the populations is represented by a graph. Schnakenberg theory [25] is a popular approach
that gives a decomposition of the total entropy production based on a set of fundamental circuits in the graph.
Basically, Schnakenberg applies Kirchhoff’s current laws to reduce the number of terms appearing in the entropy
production, whichmay be highly beneficial for optimization procedures. It has been used for example in linear
irreversible thermodynamics [26] and in the study of steady-state fluctuation theorems [27, 28]. Thismethod
does not intend to associate an entropy productionwith each circuit. In particular, the attempt to interpret
individually each term in the decompositionmay lead to apparent negative entropy productions, although this
problem can be avoided by a convenient choice of the fundamental circuits [29–31]. However, it has been shown
that the diagnosis of themachine performance greatly benefits from considering the thermodynamic analysis of
not only the fundamental but all the possible circuits in the graph [32–34]. A convenient approach is thenHill
theory [35]. Schnakenberg andHill theory assign the same affinity to each circuit, but the latter considers all the
possible circuits and leads to thermodynamically consistent entropy productions. Bothmethods coincide when
the fundamental set of circuits contains all the possible ones.

In this paperwe useHill theory to fully characterize the two relevant quantities in the study of continuous
absorption devices: the steady state heat currents and performance. Our aim is tofind out underwhat conditions
these quantities are as large as possible, i.e. what is the best construction ofmultilevelmachines. Graph theory
allows us to answer this key question from a very general perspective, looking only at the topological structure of
the graph. Althoughwe aremotivated by the study of quantummodels and in the followingwewill assume the
PCDcondition, our analysis also applies to classical stochasticmodels, includingmesoscopic systemswhere the
relevant degrees of freedomare identified by a coarse graining procedure [36, 37]. In fact, themain advantage of
this approach is thatmany properties of a device can be inferred from its graph representation irrespectively of
its underlying,microscopic ormesoscopic, quantumor classical, realization.

It has been shown that systemswith degenerate energy levels and driven by an external fieldmay present a
linear increment of the heat currents with the number of states [38, 39]. Furthermore, two-strokemodels in the
quasi-equilibrium regime show an improvement in the performance with the number of levels [40]. However,
using a particular construction of continuous absorption devices bymerging three-level systems, Correa [41]
found no changes in the performance and a fast saturation in themagnitude of the heat currents as the number
of levels increases. Thus the question arises whether this limitationmay be overcome by different designs of the
absorption device.

We are interested in continuousmachines that either extract energy from the coldest bath (refrigerators) or
inject energy to the hottest bath (heat transformers).We do not consider devices designed for complicated tasks
involvingmore than one target bath, although our procedure could also be applied to such systems. The best
refrigerators and heat transformers should generally provide the largest possible heat currents and be also able of
reaching the reversible limit for a particular set of the parameters. In order to identify them,wefirst justify that a
machine coupled to three baths is capable of achieving the same currents thanmore complicated devices which
consider additional heat reservoirs. Asmultilevelmachines are composed bymultiple circuits, our next step is to
identify the optimal circuit to be used as building block. In general themagnitude of the heat currents increases
with the transitions rates for any circuit. Hence, to elucidate the role of the circuit structure in the currents we set
the rates tofixed values.Moreover, this condition avoids processes which prevents themachine from reaching
the reversible limit when consideringmultiple circuits. The following step is to determine the graph structure
leading to the largest heat currents considering optimal blocks. Finally, we relax the condition offixed rates to
improve the scaling of the currents with the number of levels without introducing harmful processes as heat
leaks.

The paper is organized as follows: in section 2wemotivate the generic nature of ourwork by describing two
differentmodels of absorption devices which are represented by the same four-state graph. Themaster equation
for all the quantummodels used as illustration of the general results can be obtained using appendix Awith the
Hamiltonians provided in appendix B.We also introduce in section 2 the essential concepts of graph theory
needed to characterize the heat currents associatedwith a circuit inside a general graph. This result allows us to
relate each circuit to a thermodynamicmechanism and classify it attending to its contribution to the overall
functioning of a device coupled to three baths. Althoughwe have used previously the circuit decomposition in a
different context, the analysis of the irreversiblemechanisms arising in thermal devices indirectly connected to
environments [34], we provide now a derivation of it usingHill theory in appendix C. The differences between
Hill and Schnakenberg decompositions are discussed andworked out for the four-state graph in appendicesD
and E. In section 3we analyzemultilevelmachines represented by a graph circuit. Explicit expressions for the
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scaling of the heat currents with the number of levels in the high and low temperature limits are provided in
appendix F.Machines represented by graphswithmultiple circuits are studied in section 4. A simple example to
illustrate the relation between the heat currents and the graph connectivity is presented in appendixG.We draw
our conclusions in section 5.

2.Motivation and background

Wewillmotivate our approach byfirst considering two differentmodels of absorption devices, both connected
to three reservoirs at temperaturesTc (cold),Th (hot) andTw (referred in the following as the temperature of the
work bath, in analogywith devices driven by an externalfield), with < <T T Tc h w. Depending on internal
parameters, the devices can either work as heat transformers, transferring energy from the hot to thework bath,
or as refrigerators, extracting energy from the cold bath assisted by thework bath. Thefirstmodel is the two-
qubit device [5] shown infigure 1(a). Each qubit is connected to a bosonic heat bath at temperaturesTc andTh.
The interaction between them ismediated by another bath at temperatureTw. The state of thismachine can be
expanded in the product state basis ñ º ñ∣ ∣1 0 0h c , ñ º ñ∣ ∣2 0 1h c , ñ º ñ∣ ∣3 1 0h c and ñ º ñ∣ ∣4 1 1h c , with energies

=E 01 , w=E c2 , w=E h3 and  w w= +( )E c h4 .When the system is weakly coupled to the reservoirs, the
dynamics of the populations is described by amaster equation

å= + +
=

( ) ( ) ( ) ( )
t

p t W W W p t
d

d
, 1i

j
ij
c

ij
w

ij
h

j
1

4

where pi are the populations, aW 0ij the transition rates associatedwith the couplingwith the bathα, and
= -åa a

¹W Wii j i ji . For our purpose now is only important that the non-zero rates associatedwith the cold bath
correspond to transitions «1 2, «3 4, with the hot bath to «1 3, «2 4, andwith thework bath to «2 3.

The secondmodel is a photoelectric device [32, 42–44] composed of two single-level, spinless quantumdots
with energies Ec andEh that can be both occupied at the same time. Each dot is connected to ametal electrode
with chemical potential m < <E Ec h and temperaturesTc andTh, see figure 1(b).We choose the same chemical
potential in order to avoid introducingmechanical work and assume that neither the temperatures nor the
chemical potential aremodified by the interchange of electrons through the quantumdots. The system states are
º1 0 0h c, º2 0 1h c, º3 1 0h c and º4 1 1h c, with energies =E 01 , =E Ec2 , =E Eh3 and = +E E Ec h4 , where

now a0 and a1 are the number of electrons in the dotα. Transitions between the two dots are supported by an
additional radiation source (for example the Sun in photovoltaicmodels [32, 44]) at an effective temperatureTw.
Considering aweak couplingwith the electrodes and a negligible line broadening of the energy levels, the device
dynamics can be described by an stochasticmaster equation [45] in the form (1), but with transition rates
determined by the particularities of the physicalmodel under consideration. In the case of the absorption device
with bosonic baths the rates are proportional to Planck distributions, while for the photoelectric device they are
proportional to Fermi functions.

Figure 1. Schematic representation of (a) a two-qubit device and (b) a photoelectric device. (c)The same graph, 4, represents the
master equation associatedwith each one. Three circuits can be indentified: (d) 1, (e) 2 and (f) 3.
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The relevant point for our analysis is that since themaster equations have the same structure, the devices
share several thermodynamic properties that stemdirectly from it. The different physics involved in each case is
only reflected in the particular values of the transition rates. Themaster equationmay be represented by a
network, aweighted and labeledmulti-digraph.However, as transition between states are always allowed in both
directions, wewill use a simpler representation consisting in a labeled graph, with vertices associatedwith the
system states and undirected edges with the transitions [25, 35].When necessary, an arbitrary orientation can be
assigned to the graph and aweight to each edge, given by the corresponding transition rate. For example, the
representation of (1), denoted in the following by 4, is shown infigure 1(c). The circuits of 4, defined as a cyclic
sequence of distinct edges, are displayed infigures 1(d)–(f). Circuits 1 and 2 participate in different processes
depending on their two possible orientations, referred as cycles. For example the cycle  º

 { }1, 2, 3, 11 absorbs
energy from the cold andwork baths that is rejected to the hot bath, whereas the opposite cycle

- º
 { }1, 3, 2, 11 absorbs energy from the hot bath and rejects it to the cold andwork baths. In both processes

there is a net exchange of energy with the three baths.
The circuit 3 involves only two baths (cold and hot) and in ourmodels does not lead to any net exchange of

energy. This is a consequence of having the same energy gap for transitions assisted by the same bath.However,
inmore general setupswith different transition energies, = + DE E34 12 and = + DE E24 13 with

= -E E Eji i j, there is a heat leakwhich increases with the energy shiftΔ [33].
The overall physical heat currentsa˙ and the performance of the device are then the result of the interplay of

the differentmechanisms related to each circuit. In spite of the simplicity of the previous qualitative
interpretation, themicroscopic currents a n˙ ( )q corresponding to each circuit in the graph are not
straightforwardly obtained from the physical currents.We introduce below the concepts of graph theory needed
to characterize them.

2.1. Graph, circuits and steady state heat currents
For simplicity we consider systemswithN states of energies Ei,  i N1 , represented by a connected
graph and coupledwith thermal baths. The generalization for systems exchanging particles without involving
anymechanical work, as the absorption device offigure 1(b), is straightforward. The system transitionsmay be
coupled to one or several independent heat baths, each one in equilibrium at temperatureTα,  a R1 . The
system evolution is described by amaster equation

å å=
a

a

= =

( ) ( ) ( )
t

p t W p t
d

d
, 2i

j

N R

ij j
1 1

where pi is the normalized probability distribution to be in the state i, aW 0ij is the transition rate from the
state j to the state i due to the couplingwith the bathα, and

å= -a a

¹

( )W W . 3ii
j i

ji

The transitionmatrix W , with elements = åa
a

=W Wij
R

ij1 , is singular, which guarantees the existence of a non-
trivial steady state solution of (2) and the conservation of the normalization. In addition, we assume that

=
a

a
a

⎡
⎣⎢

⎤
⎦⎥ ( )W

W

E

k T
exp , 4

ji

ij

ji

B

where kB is the Boltzmann constant. If the transition rates aWij for >j i are known, the remaining rates can be
determined by using (3) and (4).

Themaster equation (2) is represented by a graph ( )N U, composed ofN vertices andUundirected edges.
Let xe be an edge in the graph,  e U1 . In the following


xe will denote an edge oriented from vertex ie to je,

whereas-

xe connects je to ie, in both cases due to the couplingwith the bath ae. Oriented edges are related to

rate coefficients by = a( )W x We j ie e

e and - = a( )W x We i je e

e . An algebraic valuemay be assigned to any oriented

subgraph 


s of  , composed of s U oriented edges

xe [25],

   =
a

a

=

 ( ) ( ) ( ), 5s

R

s
1

where, if the subgraph involves edges associatedwith the bathα,

  =a

aÎ

 ( ) ( ) ( )W x , 6s
e s

e
,

with aÎe s, the product over all the directed edges of 


s corresponding to this bath, and otherwise  =a
( ) 1s .

Both 
( )s and  a

( )s are positive real numbers. Amaximal tree  m ,  m N1 T , is a subgraph of 

containing -N 1edges without forming any closed path. The oriented subgraph 
m
i is amaximal tree inwhich
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all the edges are directed towards the vertex i. A chord of amaximal tree is one of the - +U N 1edges that are
not part of it. The subgraph obtainedwhen a chord is added to amaximal tree has only a circuit n ,  n N1 C .
When removing the circuit from the previous subgraph, a collection of edges remains. Orienting them towards

the circuit, a forest  n
b
is found. The indexβ indicates that for a given circuit different forests can be found,

resulting fromdifferentmaximal tress. The number ofmaximal trees (NT), circuits (NC) and forests depend on
the topological structure of the graph  . Each circuit n may be oriented in one of the two possible directions,
leading to the cycles n


and - n


. Some examples are shown infigure 2. In appendix Cwe useHill theory to show

that the steady state heat current associatedwith a circuit is given by

       = - - - -a n a n n n
a

n
-

  ˙ ( ) ( ) ( ∣ )[ ( ) ( )] ( ) ( )q T D XWdet . 71

The factorD is calculated using

  å å= = ~

m

m

= =

( ) ( ) ∣ ( )∣ ( )D Wdet . 8
i

N N

i
1 1

T

The quantity  >( )D 0 increases with the complexity (both the number of vertices and edges). It is a factor
which reduces the population in a circuit and therefore the corresponding heat currents when considering
machineswith an increasing number of them. Thematrix

~
W is obtained from the transitionmatrix W by

replacing the elements of an arbitrary row by ones, whereas thematrix - n( ∣ )W is obtained by removing from
-W all the rows and columns corresponding to the vertices of the circuit. Indeed, - n( ∣ )Wdet is the sumof the
forests of n and can be thought of as an ‘injection of population’ through edges not belonging to it.

We have also introduced the cycle affinity associatedwith the bathα,


 

 
=

-
a

n

a
n

a
n

 


⎛
⎝⎜

⎞
⎠⎟( ) ( )

( ) ( )X k ln , 9B

and then the total cycle affinity is

 
 

 
å= =

-
n

a

a
n

n

n=

  


⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( )

( ) ( )X X k ln . 10
R

1
B

The quantity - a
a

n
( )T X is just the net amount of energy interchanged between the bathα and the system

when performing the cycle n

. Notice that  - = -a

n
a

n
 ( ) ( )X X and hence each cycle is related to a process

where some energy is either absorbed fromor rejected to the bath. The circuit heat current (7) can be viewed as
the result of the competition between the two cycles, described by     - - -a n n

a
n

  [ ( ) ( )] ( )T X , weighted by
how the circuit is immersed in the graph, which is contained in  - n

-( ) ( ∣ )D Wdet1 .
As a consequence of (4)

å =
a

a
a

n
=

( ) ( )T X 0, 11
R

1

reflecting that the net energy exchanged by the systemwith the baths along a complete cycle is zero. Using it the
following relation is found,

å =
a

a n
=

˙ ( ) ( )q 0, 12
R

1

and since the only contribution to the steady state entropy production is due tofinite-rate heat transfer effects,
the circuit entropy production is

Figure 2. (a)Amaximal tree  1 of 4 oriented towards the vertex 1 is denoted by 


1

1
. (b)When adding the chord x1 (dashed line) to

 1, the circuit 1 is obtained. (c)Removing the circuit (dashed line) and orienting the remaining edges towards it, the forest 


1
1
is

found. The cycles 


1 and -


1 are shown in (d) and (e).

5

New J. Phys. 19 (2017) 113037 JOGonzález et al

91



93 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28


 å= -n

a

a n

a=

˙( ) ˙ ( ) ( )s
q

T
0, 13

R

1

where the inequality is shown in appendix C. These two last equations assure the consistency of the circuit heat
currents and the entropy productionwith the first and second laws of thermodynamics. Finally, the total entropy
production is given by = ån n=

˙ ˙( )S sN
1

C and the physical heat currents by = åa n a n=
˙ ˙ ( )qN

1
C . They can be

directly obtained from the transition rates by using (7), without determining the steady state populations. As an
illustration of the circuit decomposition, the heat currents for the graph 4 are worked out in appendixD. Let us
remind that other decompositions of Ṡ are possible andwe briefly discuss them in appendix E.

The circuit heat currents (7) are homogeneous functions of degree 1with respect to the transition rates, that
is

   s s s  a a
a n a n a a˙ ( ) ˙ ( ) ˙ ˙ ( )W W q q; ; , 14ij ij

with s > 0. Therefore, the currents can be alwaysmodified by changing the rates, provided that the assumptions
to obtain themaster equation remain valid. This property emphasizes the importance of the graph topology.

2.2. Classification of circuits
The contribution of each circuit n to the physical heat currents can be classified attending to their non-zero
affinities aX :

(i)  =a
n
( )X 0 for all the baths. These circuits will be referred as trivial circuits, as they do not contribute

neither to the steady state heat currents nor to the entropy production.

(ii) Condition (11)prevents any circuit fromhaving only a non-zero affinity aX .

(iii)  ¹a
n
( )X 0 only for two baths, a a a= ,1 2. Then there is only a net energy transfer between them,

although other baths could participate in the cycle. Using (12) and (13), the following condition is found

 -a n
a a

⎛
⎝⎜

⎞
⎠⎟˙ ( ) ( )q

T T

1 1
0. 15

1
2 1

Taking <a aT T
1 2

, the heat currents verify  >a n˙ ( )q 0
2

and  <a n˙ ( )q 0
1

. Therefore the net heat current
associatedwith these circuits alwaysflows from the higher temperature bath to the lower temperature one.
In the context of refrigerators and heat transformers these circuits are related to heat leaks that decrease the
performance [33, 34].

(iv)  ¹a
n
( )X 0 for three baths, a a a a= , ,1 2 3. They will be referred as three-bath circuits in the following.

Equation (11) implies that, given a circuit orientation, two of the affinities and their corresponding heat
currentsmust have the same sign. Considering = = -a a a( ) ( ) ( )X X Xsgn sgn sgn1 2 3 and using again (12)
and (13), we obtain

  - + -a n
a a

a n
a a

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟˙ ( ) ˙ ( ) ( )q

T T
q

T T

1 1 1 1
0. 16

1
3 1

2
3 2

The formalism applies also to circuits with non-zero affinities associatedwithmore than three baths, but
they are not relevant for our analysis.

2.3. Circuits in refrigerators andheat transformers
For simplicity we discuss now refrigerators, but the results are also valid for heat transformers. In general, the
environmentmay be composed by the target coldest bath, a collection of sink baths with temperatures { }Th i,

(where the surplus energy is rejected) andwork bathswith temperatures { }Tw i, (supplying energy to complete
the cycles). Let a{ }X i, be the affinities of a particular circuit. Equation (7) implies that we can alwaysfind a hot
and awork bathwith temperatures and affinities given by º åa

a
a

aT X T Xi i
i

,
, (a = h w, ), such that tuning

their rate values (14)we obtain the same or larger heat currents than in the original system. Therefore we focus in
the following on circuits and thermalmachines coupled to three thermal bathswith temperatures < <T T Tc h w.

In the construction of the device we do not consider circuits with two edges associatedwith different baths
connecting the same vertices, as it would lead directly to heat leaks (iii). To performuseful tasks wemust include
three-bath circuits (iv), which can be classified as:

(a) a = h1 and a = w2 , which leads to   >n n˙ ( ) ˙ ( )q q, 0h w and  <n˙ ( )q 0c .
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(b) a = c1 and a = h2 , giving now   <n n˙ ( ) ˙ ( )q q, 0c h and  >n˙ ( )q 0w .

(c) a = c1 and a = w2 , for which

  = = -n n n
  [ ( )] [ ( )] [ ( )] ( )X X Xsgn sgn sgn . 17c w h

In cases (a) and (b) heat is simply transferred from thework to the cold bath, whereas the hot bath absorbs or
gives up some energy. In (c) two different directions for the heat currents are possible:   <n n˙ ( ) ˙ ( )q q, 0c w ,
 >n˙ ( )q 0h and   >n n˙ ( ) ˙ ( )q q, 0c w ,  <n˙ ( )q 0h , which correspond to the conditions for the heat currents in

heat transformers and refrigerators respectively. Therefore equation (17) settles the condition for the affinities in
useful circuits. The particular workingmodewill depend on the systemparameters.

3. Thermalmachines represented by a circuit graph

In this sectionwe analyze thermalmachines that are represented by a circuit graph,  = N , with N 3 states
(vertices) andU=Nundirected edges.We consider useful three-bath circuits for which (17) holds. Along this
sectionwe shallmake explicit the circuit length (the number of states or edges) by the superscriptN. In this case
the physical and circuit heat currents coincide. From (10)we obtain    - = -

  ( ) ( ) [ ( ) ]X kexp
N N N

B , and
then the physical heat currents are given by

     = = - - -a a a
a

  ˙ ˙ ( ) ( ){ [ ( ) ]} ( ) ( )q T X k X1 exp , 18N N N N
B

where

    = -
 ( ) ( ) ( ) ( )D . 19

N N N1

Notice that the dependence on the arrangement of the edges in the circuit is contained in 
( )N

and the

currents vanish for  =
( )X 0

N
. Using (11), the circuit affinity is rewritten as

  = - + -
  ⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( ) ( )X

T

T
X

T

T
X1 1 . 20

N c

w

c N h

w

h N

The device operatingmode depends only on the parameter = -( ) ( )x T X T Xc
c

h
h ,  x0 1, which is

independent of the particular circuit orientation, and for  =
( )X 0

N
results in

=
-
-

( )
( ) ( )x

T T T

T T T
. 21r

c w h

h w c

When <x xr , the device operates as an absorption refrigerator whose coefficient of performance is




e = =

-

˙
˙ ( )x

x1
. 22c

w

The coefficient of performance reaches theCarnot value e = - -( ) [ ( )]T T T T T Tc w h w h cC when x approaches

to xr frombelow but at vanishing heat currents (  =
( )X 0

N
).When >x xr , themachine operates as a heat

transformerwith efficiency




h =

-
= -

˙
˙ ( )x1 , 23w

h

reaching theCarnot value h = - -( ) [ ( )]T T T T T Tw h c h w cC when x approaches to xr from above. In

consequence, the device performance depends only on the circuit affinities a
( )X

N
, irrespective of the value

 
( )N

, and theymay be suitably tuned to reach the reversible limit for any graph circuit.

3.1. Circuit structure, performance and heat currents

In the following andwithout loss of generality, we choose a circuit orientation such that  >
( )X 0

N
. The

affinities and the algebraic value 
( )N

depend only on the number of edges and their associated transitions

rates. In particular,  
( )N

is the product ofN transition rates.However, the factorD depends also on the
arrangement of the edges through the orientedmaximal trees in (8). The =N NT maximal trees are obtained by
removing in each case one of the edges in the circuit.We denote by  j themaximal tree obtained by removing

the edge starting in the state j. The term ( )D N is the sumofN2 terms 
( )i

j
, each one composed of the product

of -N 1 transition rates.
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3.1.1. Dependence on the transition rates
From the previous results for andD and after a straightforward calculation, the heat currents are bounded by

 <a a
a
∣ ˙ ∣ ∣ ( )∣ ( )T W X , 24m

N

whereWm is theminimum rate in 
( )N

. As intuitively expected, increasing the lowest ratesmay result in
larger heat currents for any circuit. The remaining question is thenwhat kind of circuit shows the largest heat
currents for a set offixed transition rates. In order to answer it, we assume in the following that the available
resource in themachine design is a set of three undirected edges with fixed transitions rates,Wα and a-W ,
associated thefirst with energy transfer to and the secondwith energy absorption from the bath a = c w h, , .
This construction can always overcome complicated oneswithmore that three edges using a proper scaling of
the rates, see (14). Besides, it implies fixed energy gaps º a∣ ∣E Eij for transitions assisted by the same bath and:

(i) When two edges, -xi 1 and xi, connecting the state i are associated with the same bath, then
=-

 ( ) ( )W x W xi i1 for any of the two cycles as a consequence of the PCD condition, see figure 3(a).

(ii) The minimum number of edges required to construct a useful three-bath circuit is three, therefore
+ =E E Ec w h as a result of (11) and (17). For simplicity we take ¹E Ec w.

Considering these points, any circuitmust be constructed adding either two-edge sets aa{ }, with
a = c w h, , , or three-edge sets { }cwh to guarantee that the change of energy of the system in a complete cycle is
zero.We denote by = + +m m m mc w h the number of two-edge sets in a circuit. Each one of them contributes

with the product a a-W W to the algebraic value 
( )N

, independently of the circuit orientation. Circuits

constructed only by adding two-edge sets ( =N m2 ) are trivial circuits,  =a
( )X 0

m2
. The = ++ -n n n three-

edge sets { }cwh in a circuit contribute either with the product - -W W Wc w h (sets +n ) or -W W Wc w h (sets -n ) to

 
( )N

. Notice that when changing the circuit orientation to -

, +n and -n are interchanged. The smallest

useful circuit is a triangle denoted by 3, see for example figures 1(d) and (e). Large circuits N with
= +N n m3 2 states are obtained adding additional two and three-edges sets to 3. Their smallest instances are

shown infigures 4(a) and (d).

3.1.2. Circuit affinities and 
( )N

The circuit affinities are given by  = -a a
+ -

 ( ) ( ) ( )X n n X
N 3

for a proper choice of the cycles. Both N and
3 have the same value of the parameter x, provided that - ¹+ -n n 0, and then the performance of the circuit
N , given by (22) or (23), is necessarily equal to the performance of 3. In other words, for a fixed set of transition
rates the circuit performance is independent of the number of edges.

The remaining question is whether larger circuits result in an increment of themagnitude of the heat

currents with respect to 3. As a
( )X

N
increases atmost linearly withN, the termdepending on the affinities in

(18) increases atmost asN2, but only when 
( )NX k

3
B remains small. However, the increment of the affinities

with the number of states is compensated by the factor 
( )N

. As the number of terms inD grows quadratically

withN, onewould expect that inmost cases 
( )N

decreases when adding new states and edges to the circuit. In

fact, numerical evidence indicates that when adding two and three-edge sets to a circuit, 
( )N

decreases equal

Figure 3. (a)The state i in a circuit is connected to -i 1 and +i 1 by the same bath. The PCDcondition ( ¹- +E Ei i1 1) requires
< <- +E E Ei i i1 1 or > >- +E E Ei i i1 1. Then, for a given circuit orientation, a path from -i 1 to +i 1 consists in two jumps either

absorbing energy fromor rejecting energy to the bath. In both cases the transition rateWα is the same. (b)When consideringmore
general graphs, the PCDcondition implies that themaximumnumber of edges connecting a state is six in amachine connected to
three baths.
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or faster than -N z , with z 1 for large enoughN, see for example figures 4(b) and (e). Notice that we do not

claim that   <
¢ ( ) ( )N N

for arbitrary values ofN and ¢N subjected to the condition ¢ >N N . Our
statement only applies to the constructionwhere the circuit  ¢N is obtained by adding two-edge and three-edge

sets to 3, while keeping the edges and the orientation of the latter. Explicit expressions for 
( )N

in the high
and low temperature limits supporting this result are given in appendix F.

We have shown that typically the affinity term in (18) depends linearly onNwhereas 
( )N

decreases faster
than -N 1, and therefore inmost cases the heat currents will decrease when adding additional edges to 3, see
figures 4(c) and (f). An increment in the heat currentsmay be obtained at some extent by adding some three-
edge sets when <z 2while the circuit affinity remains small enough to growquadratically with the number of
states, as shown infigure 4(f) for intermediate temperatures. This improvement, althoughmodest,may be
relevant in situations where the heat currents are intrinsically small. Intuitively, increasing the circuit size
implies the addition of states with larger energies and small populations except for specific values of the
parameters. This small populationmakes harder closing the cycles and then effectively reduces the heat currents.
Thus, the triangle 3 is in general the optimal choice as building block formultilevel devices.

3.2. The triangle 3

There are only two possible configurations of the triangle 3 compatible with condition (17): cwh
3 , shown in

figure 1(d), and wch
3 , where the cold andwork edges are interchanged. Thismachine is one of the reference

models used in quantum thermodynamics and it has been studied in both the cwh [1, 3, 4] andwch [23]

configurations. Since  =a a
 ( ) ( )X Xcwh wch

3 3
for a proper orientation, the circuits show the same thermodynamic

performance. Notice that   =
 ( ) ( )cwh wch

3 3
but  ¹( ) ( )D Dcwh wch

3 3 . Using (18), the heat currents are related
by








=a

a

˙
˙

( )
( ) ( )D

D
. 25

wch

cwh
cwh

wch

3

3

For high temperatures, º - »a a a[ ( )]y E k Texp 1B , the arrangement of the edges in the circuit is irrelevant and

  »a a
˙ ˙ 1

wch cwh
. A different picture appears at low temperatures, a y 1,




»

+
+

a

a

˙
˙ ( )W W W W

W W W W
. 26

wch

cwh
c h c w

c w w h

Figure 4.Circuits (a)  + m3 2 h formh= 1 and (d)  + +n3 3 for =+n 1. The triangle ( =+n 0) is denoted by cwh
3 . The factor  

( )N
and

the heat currents (both normalized to the triangle values) as functions of the number of statesN are shown in (b) and (c) for  + ;m3 2 h (e)
and (f) for  + +n3 3 . The dashed lines follow a dependence -N 1. The calculations are performed using quantum systems described by
theHamiltonians and coupling operators given in appendix B. The bath temperatures are parameterized by t, with t= 0.3 (circles),
t=1 (squares) and t=6000 (triangles) corresponding to low, intermediate and high temperatures. The transition rates aW are
calculated using (A.4) and (A.5)with =ad 3, g g g= =c h w , w = 7h , w = 0.5c , =T t4c , =T t5h and =T t6w , in units for which
 w= = =k 1B 0 . The lines aremerely eye guides.
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For <W Wc w, the ratio  <a a
˙ ˙ 1

wch cwh
and for >W Wc w,  >a a

˙ ˙ 1
wch cwh

. Then themost favorable
configuration corresponds to the lowest transition rate being associatedwith transitions from the ground state,
by far themost populated in the low temperature limit.

4. Thermalmachines represented by a graphwithmultiple circuits

We study nowmultilevel absorptionmachines withmultiple circuits.We start by analyzing the relation between
the heat currents and the performance of a circuit n in an arbitrary graph  , and the corresponding quantities
for the (isolated) graph circuit n

iso. To this end, we rewrite (7) as

    = -a n n n a n
-˙ ( ) ( ) ( ∣ ) ( ) ˙ ( ) ( )q D D qWdet . 271 iso iso

Using this expressionwe find:

(i)  <a n a n∣ ˙ ( )∣ ∣ ˙ ( )∣q q iso .

(ii)    e e= =n n n n( ) ˙ ( ) ˙ ( ) ( )q qc w
iso and    h h= - =n n n n( ) ˙ ( ) ˙ ( ) ( )q qw h

iso .

Thefirst result indicates that themagnitude of the heat currents associatedwith a circuit in a graph is always
smaller than the one corresponding to the isolated circuit. It follows from (8) by noticing that the product
between a term in the forest - n( ∣ )Wdet and a termof n( )D iso gives the algebraic value of one of the oriented

maximal trees of  . Therefore    - = å ån n m n
m

=
¢

Î

( ∣ ) ( ) ( )DWdet N
i i

iso
1

T , with å nÎi the summation over all the

vertices of n and being the number ofmaximal trees involved ¢N NT T . The second result derives directly from
(22) and (23) and indicates that the circuit performance is notmodifiedwhen the circuit is included in an
arbitrary graph.

4.1. General bound for the performance
A consequence of (ii) is that the device performance cannot exceed the corresponding to the circuit with the best
performance. For example, let us consider a device working as an absorption refrigerator, ̇c and >˙ 0w . The
coefficient of performance is given by









å åe e= -
n

n
n

n

n

=

¢

= ¢+

˙ ( )
˙ ( ) ∣ ˙ ( )∣

˙ ( )q q
, 28

N
w

w N

N
c

w1 1

C

C

C

where n˙ ( )qc is positive for the ¢NC circuits contributing to the cooling cycle, and negative for the  - ¢N NC C
‘counter-contributing’ circuits, corresponding for example to heat leaks and circuits withfinite counter-
currents whichflow in directions against the operationmode [33, 34]. The - N NC C trivial circuits are irrelevant
in this discussion. In consequence, denoting by e n( )max the largest performance of a circuit in the graph,

e e n( ) ( ), 29max

and the equality, e e= n( )max, is reachedwhen  - ¢ =N N 0C C and  e e=n n( ) ( )max for all the circuits. In
particular, e e= C only if all of them achieve theCarnot performance for the same value of the affinity. A similar
analysis applies to the device working as a heat transformer. Therefore, with regard to the performance, optimal
multilevelmachines are represented by graphswithout ‘counter-contributing’ circuits.Wewill impose this
condition in the design of the optimal graph.

4.2. Graph topology and heat currents
Themagnitude of the physical heat currents is determined by the graph topology and the value of the transition
rates.Wefirst explore the graph topology of an arbitrary graphwith the only restriction that two vertices can be
connected by just one edge (see section 2.3).

In general = åa n a n=
˙ ˙ ( )qN

1
C increases with the number of positive contributing circuits ¢N NC C, which

operate in the sameway as the entire device. However, this incrementmay be hindered by the unavoidable
decrease in  - n

-( ) ( ∣ )D Wdet1 when adding new states and edges to a graph. The factorD is the sumofNNT

terms. For circuits of length L, - n( ∣ )Wdet L is the sumof 
~

n( ∣ )Adet L terms. In this expression the submatrix


~

n( ∣ )A L is obtained by removing from
~
A all the rows and columns corresponding to the vertices of the circuit n

L.

Thematrix
~
A is calculated by replacing the diagonal elements aii of the adjacencymatrix A (see for example

[46]) by the vertex degree of the corresponding state i. The non diagonal elements are =a 1ij when states i and j
are connected by an edge, and =a 0ij otherwise. Therefore, when attending to the number of terms, the

magnitude of the heat currents resulting from the positive contributions of  ¢N NL C circuits of length L is
related to the topological parameter
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åt l tº < º
n

n
=

( ) ( )
N

N

N

1
, 30L

N
L

L
b L

1

L

where  l º
~

n n( ) ( ∣ ) NAdetL L
T , with  l <n

- ( )N 1T
L1 . The ratioλmay depend on the position of the circuit in

the graph and in general  l l<n n
¢( ) ( )L L when ¢ >L L. Although tL can be readily calculated, we found that the

upper bound tL
b incorporates the relevant information about the graph topology. In particular, itmakes clear

the relevance of the graph connectivity: favorable graphs consist in asmany small positive contributing circuits
as possible (that is, avoiding heat leaks and another negative contributions), built with the smallest possible
number of states, implying a large graph connectivity. This dependence on the graph topology is weighted by the
transition rates. For high temperatures all circuits participate in the heat currents. However, only small circuits
including the ground state will contribute significantly in the low temperature regime, independently of the total
number of circuits in the graph.

4.2.1. Graphs constructed bymerging triangles
The optimal choice for the building block is the triangle, the smallest possible contributing circuit as described
before.We consider that all the triangles have fixed energy gaps for transitions assisted by the same bath. This is a
necessary condition to achieve themaximal possible connectivity because otherwise adjacent triangles cannot
share any edge. In order to analyze the dependence on the graph topologywe consider now themore restrictive
condition offixed transition rates for each bath. This assumptionwill be relaxed latter.Moreover, we assume the
PCDcondition, that implies now that themaximumvertex degree in the graph is six, i.e. each statemay be
connected atmost to another six ones, see figure 3(b). As a consequence, all the constructed graphs are planar
and tb

3 incorporates the relevant topological information. The number triangles is easily accessible by using the
adjacencymatrix, = { }N ATr 63

3 , where {}Tr denotes the trace.
The graphwith the largest connectivity compatible with our restrictions is denoted by B

4 . It is constructed
usingB units of two triangles sharing one edge, for example one associatedwith thework bath, seefigure 5(a).
We consider square graphswith 1, 4, 9, ...units, being the smallest instance  º=B

4
1

4. By construction, the
two configurations of the triangle, cwh andwch, are present. Besides,many other circuits can be identified. For
example {(0, 0), (0, 1), (1, 1), (2, 0), (1, 0), (0, 0)} is a circuit  + m3 2 h withmh= 1, and {(0, 0), (0, 1), (0, 2), (1, 1), (2,
0), (1, 0), (0, 0)} a circuit  + +n3 3 with =+n 1. All of them follow the same operationmode. There are alsomany
trivial circuits, for example {( ) ( ) ( ) ( ) ( )}0, 0 , 0, 1 , 1, 1 , 1, 0 , 0, 0 . This construction is optimal with respect to

Figure 5. (a)Graph B
4 . States are labeled by the pair ( )n n,c h , being the state energy +n E n Ec c h h. (b) tb

3 as a function of the number of

states for B
4 (triangles),  L

B
4 (squares) and B

3 (circles). (c)Heat currents (normalized toa
˙ cwh

) for two temperature regimes given by
t=0.07 (empty symbols) and t=1 (solid symbols)where =T t5c , =T t6h and =T t7w . The remaning parameters are =ad 1,
g g g= =c h w , w = 1h , w = 0.5c , in units for which  w= = =k 1B 0 . The calculations are performed for quantum systems
described in appendix B. The lines aremerely eye guides.
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the performance because it can attain the reversible limit as there are not ‘counter-contributing’ circuit, see the
discussion for 3 in section 2.

We also consider two subgraphs of B
4 for comparison purposes. Thefirst one is a row of this units, denoted

by  L
B
4 , which represents the absorption device studied in [41]. The second one is obtained considering only a

row and removing the upper hot edges.We use this graph, denoted by B
3 , to compare tL

b with othermeasure of
the graph connectivity in appendixG.

Figure 5(b) shows the parameter tb
3 for 

B
4 ,  L

B
4 and B

3 , considering only complete units in each case. For a

given number of states, larger values of tb
3 correspond to larger number of circuits and therefore to a larger

connectivity.When the number of states increases the parameter tb
3 saturates to a different constant value in

each case. This is reflected in the physical heat currents shown infigure 5(c) for different bath temperatures. This
saturation is due to the difficulty of exploring big circuits or thosewhich are distant from the ground state in
complex graphs. The simple picture based on the parameter tb

3 is weighted by the transition rates. For decreasing
bath temperatures, all the currents converge to the same result, independently of the number of circuits, since
only the triangle including the ground state contributes significantly to them.

In summary, given a set of transition rates and a number of levels, the best topology corresponds to themost
connected planar graph B

4 . This construction only contains trivial and positive contributing circuits and
provides in general the largest heat currents forfixed rates.

4.3. Transition rates andheat currents
Wehave shown that forfixed transition rates the heat currents saturate to a constant value when increasing the
number of states. To overcome this limitation, we now consider a graphwith the optimal topology given by B

4

and relax the condition on the rates but keeping fixed energy gaps. The circuit affinities and then the
performance are notmodified. Considering (4), all the transition ratesmust be taken as asW , with s 1, and

aW the smallest rate. As discussed for circuit graphs, increasing swill lead to larger heat currents.
In particular, we analyze the construction shown infigure 6(a), denoted by HO

B , which has a simple physical
implementation as discussed below. Seeking ameasure of the graph connectivity when the transition rates
increase with s, and in analogywith the adjacencymatrix, we define ¢A with elements ¢ =a sij when states i and j

are adjacent with transition rates asW , andwe denote its spectral radius as r ¢( )A , see appendix G.When
incorporating additional building units into the graph, the spectral radius defined in this way increases nearly
linearly with the number of states, see figure 6(b).

Figure 6. (a)The graph HO
B . (b) Spectral radius as a function of the number of states. The line ismerely an eye guide. (c)Heat currents

(normalized bya
˙ cwh

) as a function of á ñá ñn nc h , calculated for different bath temperatures parametrized by t, with =ad 3,
g g g= =c h w , w = 1h , w = 0.5c , =T t30c , =T t34h and =T 10w

6, in units forwhich  w= = =k 1B 0 .
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The graph HO
B , allowing an infinity number of building blocks, represents themaster equation of a device

composed of two harmonic oscillators [5]. Each oscillator is connected to a thermal bath at temperaturesTc and
Th. The coupling operators are =ˆ ˆS ac c and =ˆ ˆS ah h (see appendix A), being aâ the annihilation operator of the
oscillator coupled to the bathα. A third bath at temperatureTw is coupled to the system through the operator

=ˆ ˆ ˆ†S a aw c h. For simplicity we assume a very large value ofTw, a regime forwhich the heat currents can be easily

calculated. Figure 6(c) shows the heat currents as a function of á ñá ñn nc h , which gives a rough estimation of the
number of states populated and then of the effective graph size, calculated for increasing bath temperatures. In
this expression á ñan is the average number of excitations in the oscillator a = c h, .When the temperature
increases, larger areas of the graph are populated involving a larger number of circuits, which results in an
increment of themagnitude of the heat currents. This example illustrates that given amachinewith the optimal
topology, the rates can always be carefully designed to achieve larger currents without diminishing the
performance.

5. Conclusions

Wehavedetermined the steady state heat currents associatedwith all possible circuits in the graph representing the
master equationofmultilevel continuous absorptionmachines. Each circuit is related to a thermodynamically
consistentmechanism in the device functioning. Although the number of circuitsmaybevery largewhen
increasingly complex graphs are considered, efficient standard algorithms,which scale as +( )N N U2C [47], can be
used for determining them. For example, in the graphs studied inprevious sectionsU increases linearly andNC

quadraticallywith the number of states and the computational cost scales asN3. Themain result of the
decomposition is an equation for the circuit heat currents depending only on the transition rates, without anyprior
knowledge of the steady state populations. This expression allowsus to analyze the two relevant quantities for
refrigerators andheat transformer, themagnitudeof the physical heat currents and the performance.We focus on
devices coupled to three baths, since they canprovide the same currents thanmore complicated setups.

In order to elucidate the roleof the graph topology in the thermodynamic properties,wehave analyzed
machines constructed by afixed set of transition rates. Indevices represented by a single graph circuit, the
performance depends only on the circuit affinities, which canbe tuned to reach the reversible limit, and the
magnitude of theheat currents decreases in generalwith the number of states. Then the simplest graph, a triangle,
leads to the largest heat currents inmost cases and is the proper building block for optimalmultilevelmachines.

When considering generic devices, we have found that the performance of the device cannot exceed the
corresponding to the circuit withmaximumperformance. Besides themagnitude of the heat currents is
described by a topological parameter that increases with the graph connectivity. As a consequence, if the
construction of larger graphs including additional circuits presents a limited connectivity, then themagnitude of
the resulting physical heat currents saturates to a constant value, which is different for different constructions.
We use triangles withfixed energy gaps for transitions assisted by the same bath to construct the graphwith the
largest possible connectivity, denoted by B

4 . This is a planar graph containing neither heat leaks nor ‘counter-
contributing’ circuits.

The assumptionof afixed set of transition rates canbe relaxed.We give the necessary condition to improve the
currentswithoutmodifying the performance.Weprovide an exampleusing a systemofharmonic oscillators. In this
case themagnitude of theheat currents increases almost linearlywith the effective size of the graph, determinedby
the achievable range of temperatures. An interesting question iswhether there are other physical feasible
implementations leading to a faster than linear dependence of the currents on thenumber of states.

The circuit decomposition could be employed in other different scenarios, from the study of heat transport
through quantumwires to the analysis ofmachines designed for complicated tasks involvingmore than three
baths. Besides, our formalism also applies to the case of reservoirs exchanging both energy and particles with the
system, and even to periodically drivenmachines. The only condition required is that the population and
coherence dynamics are decoupled in a certain basis. However, this is not always possible, as for example in
weakly driven systems. Finally, it is worthmentioning that the study of four-strokemany-particle thermal
machines has recently been addressed in [48]; the analysis of their continuous counterparts is another
interesting issuewe can explore in the future by using the circuit decomposition.We expect these findings will
help in the experimental design of absorption devices.
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AppendixA. Transition rates for quantum systemsweakly coupledwith thermal baths

In this appendixwe describe how to calculate the transition rates aWij in themaster equation (2) for a quantum

systemwithHamiltonian w= å ñá=
ˆ ∣ ∣H i iS i

N
i1 , and coupledwithR bosonic baths at temperaturesTα.We

assume that the PCD condition holds. The totalHamiltonian reads

å= + +
a

a a
=

ˆ ˆ ( ˆ ˆ ) ( )H H H H , A.1S

R

S
1

,

where aĤ are the bathHamiltonians and the coupling terms are given by

 g= + Äa a a a aˆ ( ˆ ˆ ) ˆ ( )†
H S S B , A.2S,

with aŜ and aB̂ a system and a bath operator respectively. The rates ga determine the time scale of the system
relaxation dynamics. Finally, the systemoperators in the coupling terms are

åå= ñáa
a

= >

ˆ ∣ ∣ ( )S c i j . A.3
i

N

j i
ij

1

Weconsider the following assumptions: the system isweakly coupledwith the environments, ga a k TB , and
g w w-a ¢ ¢ ∣ ∣ij i j , with w w¹ ¢ ¢ij i j and w w w= -ij j i. Then the Born–Markov and the rotatingwave

approximation applies and themaster equation for the populations of the eigenstates of ĤS [2] is given by (2)
with transition rates ( <i j)

g= Ga
a

a
w
a∣ ∣ ( )W c . A.4ij ij

2
ij

The functions Ga only depend on bath operators

ò w rG =w
a

a a a a

¥{ }( ) [ ˆ ( ) ˆ ˆ ] ( )R t t B t Bi2 d exp Tr , A.5
0

where  = -a a a aˆ ( ) ( ˆ ) ˆ ( ˆ )B t H t B H ti iexp exp and râ denotes the bath thermal state.Wewill consider

bosonic baths of physical dimensions dα and coupling operators wµ å +a m m m
a

m
aˆ ( ˆ ˆ )†

B b b . The summation is

over all the bathmodes of frequencies wm and annhilation operators m̂b .With this choice the rates G w
a
 are [2]



w w w
w

G = +
G = G -

w
a a

w
a

w
a

a-

a( ) [ ( ) ]
( ) ( )

N

k T

1 ,

exp , A.6

d
0

B

with w w= -a
a

-( ) [ ( ) ]N k Texp 1B
1 . The frequency w0 depends on the physical realization of the coupling

with the bath. The condition (3) derives nowdirectly from the conservation of the normalization of the system
densitymatrix. Besides, the Kubo–Martin–Schwinger relation in (A.6) implies (4).

Appendix B.Quantum implementation of the graphs

We introduce here a possible quantumphysical realization of the graphs described in themain text by specifying
theirHamiltonians and coupling operators. Considering bosonic heat baths, the results of appendix A can be
used to obtain the corresponding transition rates. In all cases w w w+ =c w h.

(i) 4.

 w w w w= ñá + ñá + + ¢ ñáˆ [ ∣ ∣ ∣ ∣ ( )∣ ∣] ( )H 2 2 3 3 4 4 , B.1S c h h c

and = ñá + ñáˆ ∣ ∣ ∣ ∣S 1 2 3 4c , = ñáˆ ∣ ∣S 2 3w , = ñá + ñáˆ ∣ ∣ ∣ ∣S 1 3 2 4h . The two-qubitmodel [5] corresponds
to w w¢ =c c.

(ii) cwh
3 .

 w w= ñá + ñáˆ ( ∣ ∣ ∣ ∣) ( )H 2 2 3 3 , B.2S c h

and = ñáˆ ∣ ∣S 1 2c , = ñáˆ ∣ ∣S 2 3w , = ñáˆ ∣ ∣S 1 3h .
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(iii) wch
3 .

 w w= ñá + ñáˆ ( ∣ ∣ ∣ ∣) ( )H 2 2 3 3 , B.3S w h

and = ñáˆ ∣ ∣S 1 2w , = ñáˆ ∣ ∣S 2 3c , = ñáˆ ∣ ∣S 1 3h .

(iv)  + m3 2 h.

 å w w w= + ñá + + - + ñá
=

+ˆ ∣ ∣ [( ) ] ∣ ∣ ( )H n n n n n n2 1 2 1 1 2 2 , B.4S
n

m

h h c
1

1h

and = ñáˆ ∣ ∣S 1 2c , = + - ñá +ˆ ∣ ∣S m m3 2 1 3 2w h h , = å ñá +=
+ˆ ∣ ∣S n n 2h n

m
1

2 1h .

(v)  + +n3 3 .

å å w w= + ñá
=

+

=

- ++ +ˆ [ ] ∣ ∣ ( )H n n n n n n, , , B.5S
n

n

n

n n

h h c c h c h c
0

1

0

1

h c

h

and = å ñá +=
+ˆ ∣ ∣S n n0, 0, 1c n

n
c c0c

,

= å - + ñá + -= + ++ˆ ∣ ∣S n n n n n n, 1 1,w n
n

h h h h0h
, = å ñá +=

+ˆ ∣ ∣S n n, 0 1, 0h n
n

h h0h
.

(vi) B
3 .

 å w w w= + ñá + + - + ñá
=

-ˆ ∣ ∣ [( ) ] ∣ ∣ ( )
( )

H n n n n n n2 1 2 1 1 2 2 , B.6S
n

N

h h c
1

1 2

and = å - ñá=
-ˆ ∣ ∣( )S n n2 1 2c n

N
1

1 2 , = å ñá +=
-ˆ ∣ ∣( )S n n2 2 1w n

N
1

1 2 , = å - ñá +=
-ˆ ∣ ∣( )S n n2 1 2 1h n

N
1

1 2 .

(vii) B
4 .

å å w w= + ñá
=

-

=

-ˆ [ ] ∣ ∣ ( )H n n n n n n, , , B.7S
n

N

n

N

h h c c h c h c
0

1

0

1

h c

and

å å

å å

å å

= ñá +

= - + ñá

= ñá +

=

-

=

-

=

-

=

-

=

-

=

-

ˆ ( )∣ ∣

ˆ ( )∣ ∣

ˆ ( )∣ ∣ ( )

S f n n n n n

S g n n n n n n

S f n n n n n

, , 1 ,

, 1, 1 , ,

, 1, , B.8

c
n

N

n

N

c h c h c

w
n

N

n

N

h c h c h c

h
n

N

n

N

h h c h c

0

1

0

2

1

1

0

2

0

2

0

1

h c

h c

h c

with =f g, 1. TheHamiltonian and coupling operators for HO
B are recuperated for an infinity number of

statesN, = +a a( )f n n 1 , and = +( ) ( )g n n n n, 1h c h c .

AppendixC.Hill theory and the steady state heat currents

WeapplyHill theory [35] to obtain (7). The starting point is the steady state probability offinding the system in
the state i [25, 35]

  å=
m

m-

=

( ) ( ) ( )p D , C.1
i
s

N

i
1

1

T

withD given by (8). Introducing the steady state fluxes along a directed edge

= -a a( ) ( )J x W p W p , C.2e j i i
s

i j j
s

e e
e

e e e

e

e

and the corresponding affinities

=
a

a


⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( ) ( )X x k

W p

W p
ln , C.3e

j i i
s

i j j
sB

e e
e

e

e e

e

e
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the total steady state entropy production is given by [22, 25]

å=
=

 ˙ ( ) ( ) ( )S J x X x , C.4
e

U

e e
1

where the orientation of each edge is arbitrary. Introducing the populations in the product between fluxes and
affinities

    å= -
m

a m a m-

Î

    ( ) ( ) ( ) [ ( ) ( )] ( ) ( )J x X x D W W X x , C.5e e
M

j i i i j j e
1

e

e e
e

e e e

e

e

whereåmÎMe
denotes the summation only over themaximal trees for which xe is a chord, since otherwise the

termbetween brackets is zero. The product  a m( )W j i ie e

e
e
is nomore than the algebraic value of the oriented

subgraph  +
m 

xi ee
, composed of themaximal tree 

m
ie
and its chord


xe. Then the entropy production (C.4) can

bewritten as

    å å= + - -
m

m m-

= Î

    ˙ ( ) [ ( ) ( )] ( ) ( )S D x x X x . C.6
e

U

M
i e j e e

1

1 e

e e

Each termbetween brackets is only related to a circuit oriented in the two possible directions, n


and - n

,

associatedwith  +
m 

xi ee
and  -

m 
xj e

e
respectively.When removing these two cycles from the corresponding

subgraphs, the same forest  n
b
remains, see for example figures C1(a) and (b). Using this result and the

properties of, each term in (C.6) can bewritten as     - -n
b

n n
   ( )[ ( ) ( )] ( )X xe . The number of such

termswith the same forest  n
b
equals the number of edges of the circuit nC , as shown infigure C1(c). Next we

introduce the cycle affinity (10),  = ån nÎ

 ( ) ( )X X xe e with å nÎe the summation over all edges of n


C , to obtain

       å å= - -
n b n

n
b

n n n
-

= Î

   ˙ ( ) ( )[ ( ) ( )] ( ) ( )S D X , C.7
N

1

1

C

whereåb nÎ denotes the summation over all the different forests associatedwith n . This expression can be

further simplified applying thematrix-tree theorem [49],  å = -b n n
b

nÎ

( ) ( ∣ )CWdet . Theflux associated
with each cycle is

     = - - -n n n n
-

  ( ) ( ) ( ∣ )[ ( ) ( )] ( )I D CWdet . C.81

Considering that the cycle affinity andflux are odd functions,  - = -n n
 ( ) ( )X X and  - = -n n

 ( ) ( )I I , we
can definewithout any ambiguity the entropy production in the steady state corresponding to each circuit as

   =n n n
 ˙( ) ( ) ( ) ( )s I X 0, C.9

where the last inequality results from  >-( )D 01 , - >n( ∣ )CWdet 0 and
        - - -n n n n
   [ ( ) ( )] [ ( ) ( )]ln 0. Since the only contribution to the steady state entropy production

is due tofinite-rate heat transfer effects, we use (C.9) to identify the circuit heat currents (7).

FigureC1. Each termbetween brackets in equation (C.6) is related to two subgraphs, as for example (a)  +
 

x1

1
1 and (b)  -

 
x2

1
1 of

4.When removing the cycles, the same forest, in this case the directed edge fromvertex 4–3, remains. (c) Six different oriented
maximal trees (solid lines).When adding the appropriate chord (dashed lines) the same cycle { }1, 2, 3, 1 is obtained butwith two
different forests.
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AppendixD. Circuit decomposition of the four-statemodel

Herewework out the circuit decomposition of 4. Nowwe only assume < < <E E E E1 2 3 4, the consistency
relation = - = -E E E E E23 24 43 13 12 and the condition (4). The transitionmatrix for the four-statemodel is
given by

=

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )

W W W

W W W W

W W W W

W W W

W

0

0

, D.1

c h

c w h

h w c

h c

11 12 13

21 22 23 24

31 32 33 34

42 43 44

with diagonal elements = - -W W Wc h
11 21 31, = - - -W W W Wc w h

22 12 32 42, = - - -W W W Wh w c
33 13 23 43

and = - -W W Wh c
44 24 34.

We denote by 


1 the cycle { }1, 2, 3, 1 , see figure 1(d), for which using (5)we obtain  =
( ) Wc c

1 21,

  =
( ) Ww w

1 32, and   =
( ) Wh h

1 13. Then  =
( ) W W Wc w h

1 21 32 13 and  - =
( ) W W Wc w h

1 12 23 31. The cycle affinities

associatedwith each bath (9) are  =
( )X E Tc

c1 21 ,  =
( )X E Tw

w1 32 , and  =
( )X E Th

h1 13 , where
= -E E Eij j i. The contribution of the forests is - = +( ∣ )C W WWdet h c

1 24 34, fromwhich the cycle flux is given
by

 = + --
( ) ( ) ( )( ) ( )I D W W W W W W W W , D.2h c c w h c w h

1 4
1

24 34 21 32 13 12 23 31

where ( )D 4 is determined by using (8). Then the circuit heat currents are  =
˙ ( ) ( )q E Ic 1 12 1 ,  =

˙ ( ) ( )q E Iw 1 23 1

and  =
˙ ( ) ( )q E Ih 1 31 1 . The consistency of the circuit currents with thefirst law   + + =˙ ( ) ˙ ( ) ˙ ( )q q q 0c w h1 1 1

follows from + + =E E E 012 23 31 . The cycle affinity (10) is  = + +
( )X E T E T E Tc w h1 21 32 13 fromwhich

the circuit entropy production can be determinedwith (C.9). A similar procedure can be used in order to obtain
the quantities associatedwith the circuit 2.

For the circuit 3 wedenote by 


3 the cycle { }1, 2, 4, 3, 1 . Now  =
( ) W Wc c c

3 21 34,  =
( ) 1w

3 (there is
not any edge associatedwith thework bath) and   =

( ) W Wh h h
3 42 13,  =

( ) W W W Wc c h h
3 21 34 42 13 and

 - =
( ) W W W Wc c h h
3 12 43 24 31. The cycle affinities associatedwith each bath are  = -

( ) ( )X E E Tc
c3 34 12 ,

 =
( )X 0w

3 and  = -
( ) ( )X E E Th

h3 13 24 . Notice that - = - -( ) ( )E E E E13 24 34 12 .When the transition
energies are equal, =E E34 12 and =E E24 13, all the affinities are zero. The circuit 3 involves all the
graph vertices and therefore there is not any forest associatedwith it. Then -( ∣ )CW 3 is an emptymatrix and

- =( ∣ )CWdet 13 . The cycleflux is given by

 = --
( ) ( ) ( ) ( )I D W W W W W W W W , D.3c c h h c c h h

3 4
1

21 34 42 13 12 43 24 31

and the circuit heat currents by  = -
˙ ( ) ( ) ( )q E E Ic 3 43 21 3 ,  =˙ ( )q 0w 3 and  = -

˙ ( ) ( ) ( )q E E Ih 3 31 42 3 .

Appendix E.Other decompositions of the entropy production

There are several possible decompositions of the steady state entropy production in terms of circuits.
Schnakenberg [25] designed amethod based on the identification of a set of - +U N 1 fundamental circuits.
The circuits are determined by choosing an arbitrarymaximal tree and adding each one of its chords. Taking a
particular orientation for the circuits, a set of fundamental cycles is found. The total steady state entropy
production is then = ån n n=

- +  ˙ ( ) ( )S J x XU N
1

1 , where xν is the chord giving the circuit n and n
( )J x the

corresponding flux. The previous decomposition is simple and specially relevant whenU−N is small.
However, it is not unique, since it depends on the choice of themaximal tree, and some terms in the summay be
not positive definite, which discards a possible consistent thermodynamic interpretation of each circuit
contribution. Besides the evaluation of n

( )J x requires the calculation of the steady state populations.
As an examplewe apply Schnakenbergmethod to the four-statemodel. The procedure requires an arbitrary

set of fundamental circuits of the graph 4.We choose themaximal tree shown infigure 2(a), which has two
chords, { }1, 2 and { }2, 4 . By adding the chord { }1, 2 the circuit 1 is obtained. Choosing an arbitrary

orientation, for example 


1 as infigure 2(d), the directed chord

x1 goes from states 1 to 2. In this decomposition

theflux associatedwith each cycle is taken as the corresponding to the directed chord (C.2),
= -

( )J x W p W pc s c s
1 21 1 12 2 . The cycle affinity is defined by (10) andwas calculated in appendixD,

 = + +
( )X E T E T E Tc w h1 21 32 13 .When adding the chord { }2, 4 we obtain the circuit 2. Choosing the

orientation { }2, 3, 4, 2 , the directed chord

x2 goes from states 4 to 2. Theflux is = -

( )J x W p W ph s h s
2 24 4 42 2

and

the affinity  = + +
( )X E T E T E Tc w h2 43 32 24 . Then the entropy production is

17
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 = +
   ˙ ( ) ( ) ( ) ( ) ( )S J x X J x X . E.11 1 2 2

The cycles  
 { },1 2 are the elements of one of the possible fundamental sets of 4. Notice that for our choice the

circuit 3 is not involved.
A related decomposition is obtained by the algorithmofKalpazidou [29, 30]. For systems showing

dynamical reversibility the algorithm leads to a Schnakenberg decompositionwith a clever choice of the
fundamental set of cycles, such that all the terms in the sumare positive. Therefore a positive entropy production
can be assigned to each cycle, which is required inmany applications [50, 51]. The algorithm is based on
choosing an orientation for the graph such that all thefluxes (C.2) for the directed edges are positive. Next a cycle
is identified and the entropy production  >n n

 ( ) ( )J x X 0min is assigned to it, where n
( )J xmin is the smallest flux

associatedwith an edge of n

. Then n

( )J xmin is subtracted to eachflux in the cycle to obtain a newfluxfield and
the process is repeated for new cycles until a fundamental set is completed [50, 51]. For example, let us assume
parameter values for which the two triangles of the four-statemodel work as refrigerators. Then thefluxes along

x1,

x2,

x3 (from3 to 4),


x4 (from3 to 1) and


x5 (from2 to 3) are positive.With this orientation only the cycles 


1

and 


2 appear in the directed graph and the entropy production can bewritten as (E.1), where the two terms are
guaranteed to be positive. If wemodify the systemparameters such that the circuit 2 works as a heat
transformer but the overall device remainsworking as a refrigerator, the total entropy production can still be
determined using (E.1), but the positivity of each term is not guaranteed.Now the fluxes are positive along the

edges

x1,-


x2,-


x3,

x4 and


x5. Only the cycles 


1 and 


3 remainwith this graph orientation and the algorithmof

Kalpazidou leads to

 = + -
   ˙ ( ) ( ) ( ) ( ) ( )S J x X J x X . E.25 1 2 3

However, in this expression the contribution of eachmechanism, refrigerator (1), heat transformer (2) and
heat leak (3) could not be isolated.

Appendix F. 
( )N

in the high and low temperature limits

In the high temperature limit, º - »a a a[ ( )]y E k Texp 1B , the transition rates satisfy »a a-W W , leading to

vanishing affinities and heat currents. Now 
( )i

j
is in a good approximation independent of the orientation,

what considerably facilitates the calculations to obtain

  » + +
- ⎡

⎣⎢
⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥( ) ( )N

r

W

r

W

r

W
, F.1

N c

c

h

h

w

w

1

with = +a ar n m and + + =r r r Nc w h . In this limit 
( )N

decreases quadratically (z = 2)withN, except
when one or two of the terms a ar W aremuch larger than the others and rα remains constant when increasing

N, which can only happens adding two-edge sets. In this limit 
( )N

decreases as -N 1 for small enough values
ofN.

In the low temperature limit, a y 1 and a a- W W . Again this limit implies vanishing heat currents. The

cycle algebraic value is proportional to the small factors yα,  µ a a
+ ¢a a

( ) y
N u u , where uα and ¢au are the

number of a-W transitions before and after the highest-energy state respectively. Besides, the largest

contributions toD comes from two terms that include the lowest number of rates a-W , 
-( )h

1

1
and 

( )h

1 ,

being i=1 the ground state and j=h the highest-energy state. Both terms are proportional toa a
+ ¢a ay f u ,

where fα is the number of aW transitions before the highest-energy state in  
( )N

. Necessarily -a au f is

positive, increases withN and then 
( )N

decreases exponentially when adding new states to the circuit. For

example,  µ  -a a a a
( ) [ ( )]u E k Texp

N
B when =af 0. Examples of these behaviors are given in

figures 4(b) and (e).

AppendixG.Heat currents and spectral radius ofB
3

The simple topological structure of B
3 , see figureG1(a), allows for the direct identification of all the =N 3T

NC

maximal trees. Then

  å å- =n
m n

n m

= = -

+ ( ∣ ) ( ) ( ) ( )C DWdet . G.1
N

i
i3

1 2 1

2 1T
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Using this result the physical heat currents are given by


 

 
 = +

å å

å å
ºa

m
m

m
m a a

= =
-

+

= =




⎡

⎣
⎢⎢

⎤

⎦
⎥⎥˙ ( )

( )
˙ ˙ ( )K1 , G.2

N
i
N

i

N
i
N

i

cwh cwh1 1
1

2 1

1 1

T C

T

where  K1 2 and = +( )K N N3 2 1C C in the high temperature limit.
For this graph l =n( ) 1

3
and t t= 3b

3 3 . The parameter tb
3 as a function of the number of edges is shown in

figureG1(b). The spectral radius r ( )A , defined as the largest eigenvalue of the adjacencymatrix of the
unweighted graph [52], is also shown. The spectral radius is ameasure of the graph connectivity which increases
monotonically with the number of edges. However, it does not reflect the decrease in the heat currents each time
a pendant edge is added to the graph, see figureG1(c). An increment in the total heat currents is only foundwhen
a new triangle is completed, saturating to a constant valuewhen the addition of new circuits does not improve
significantly the graph connectivity. This behavior is well described by tb

3.
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Classical emulation of quantum-coherent thermal machines
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The performance enhancements observed in various models of continuous quantum thermal machines have
been linked to the buildup of coherences in a preferred basis. But is this connection always an evidence of
“quantum-thermodynamic supremacy”? By force of example, we show that this is not the case. In particular, we
compare a power-driven three-level continuous quantum refrigerator with a four-level combined cycle, partly
driven by power and partly by heat. We focus on the weak driving regime and find the four-level model to be
superior since it can operate in parameter regimes in which the three-level model cannot and it may exhibit
a larger cooling rate and, simultaneously, a better coefficient of performance. Furthermore, we find that the
improvement in the cooling rate matches the increase in the stationary quantum coherences exactly. Crucially,
though, we also show that the thermodynamic variables for both models follow from a classical representation
based on graph theory. This implies that we can build incoherent stochastic-thermodynamic models with the
same steady-state operation or, equivalently, that both coherent refrigerators can be emulated classically. More
generally, we prove this for any N-level weakly driven device with a “cyclic” pattern of transitions. Therefore,
even if coherence is present in a specific quantum thermal machine, it is often not essential to replicate the
underlying energy conversion process.

DOI: 10.1103/PhysRevE.99.062102

I. INTRODUCTION

Quantum thermodynamics studies the emergence of ther-
modynamic behavior in individual quantum systems [1]. Over
the past few years, the field has developed very rapidly [2–6]
and yet key recurring questions remain unanswered: What
is quantum in quantum thermodynamics? Can quantum heat
devices exploit quantumness to outperform their classical
counterparts?

Quantum thermal machines are the workhorse of quantum
thermodynamics. Very generally, these consist of an individ-
ual system S which can couple to heat baths at different tem-
peratures and, possibly, is also subject to dynamical control by
an external field. After a transient, S reaches a nonequilibrium
steady state characterized by certain rates of energy exchange
with the heat baths. The direction of these energy fluxes can
be chosen by engineering S, which may result in, e.g., a heat
engine [7] or a refrigerator [8]. Considerable efforts have been
devoted to optimize these devices [9–22] and to understand
whether genuinely quantum features play an active role in
their operation [23–42].

One might say that a thermal machine is quantum pro-
vided that S has a discrete spectrum. In fact, the energy
filtering allowed by such discreteness can be said to be

*jgonzall@ull.es
†jppalao@ull.edu.es
‡dalonso@ull.edu.es
§luis.correa@nottingham.ac.uk

advantageous, since it enables continuous energy conver-
sion at the (reversible) Carnot limit of maximum efficiency
[13,16,43]. Similarly, energy quantization in multistroke ther-
modynamic cycles can give rise to experimentally testable
nonclassical effects [42]. In most cases, however, it is at-
tributes such as entanglement or coherence which are regarded
as the hallmark of genuine quantumness.

In particular, quantum coherence [44,45] has often been
seen as a potential resource, since it can influence the ther-
modynamically relevant quantities, such heat and work, of
open systems [46]. It has been argued, for instance, that radia-
tively and noise-induced coherences [23–26] might enhance
the operation of quantum heat engines [31,34,38] and heat-
driven quantum refrigerators [39–41]. However, it is not clear
whether they are truly instrumental [18,19,39,41], since sim-
ilar effects can be obtained from stochastic-thermodynamic
models [47–50], i.e., classical incoherent systems whose dy-
namics is governed by balance equations concerning only the
populations in some relevant basis (usually, the energy basis).

A possible approach to elucidate the role of quantum co-
herence in any given model is to add dephasing, thus making
it fully incoherent (or classical) [22,30,41]. An ensuing reduc-
tion in performance would be an evidence of the usefulness
of coherence in quantum thermodynamics. Furthermore, if
the ultimate limits on the performance of incoherent thermal
machines can be established, then coherences would become
thermodynamically detectable—one would simply need to
search for violations of such bounds [22,51].

In this paper we adopt a much more stringent opera-
tional definition for “quantumness”: No thermal machine

2470-0045/2019/99(6)/062102(13) 062102-1 ©2019 American Physical Society
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FIG. 1. Energy-level diagram for a generic N-level cyclic ther-
mal machine. The labeled red and blue arrows denote transitions
mediated by dissipative interactions with the hot and cold bath, re-
spectively. Their distribution is arbitrary. The periodic field coupling
energy levels | jw〉 and | jw + 1〉 is indicated by the wobbly green
arrow.

should be classified as quantum if its thermodynamically
relevant quantities can be replicated exactly by an inco-
herent emulator.1 More precisely, the emulator should be
a classical dissipative system operating between the same
heat baths and with the same frequency gaps and num-
ber of discrete states. Interestingly, we will show that the
currents of many continuous quantum-coherent devices are
thermodynamically indistinguishable from those of their
“classical emulators”.

If it exists, such emulator needs not be related to the coher-
ent device of interest by the mere addition of dephasing—it
can be a different model so long as it remains incoherent at
all times and that, once in the stationary regime, it exchanges
energy with its surroundings at the same rates as the original
machine. In particular, the transient dynamics of the coherent
model can be very different from that of its emulator. In the
steady state, however, it must be impossible to tell one from
the other by only looking at heat fluxes and power.

For simplicity, we focus on periodically driven continuous
refrigerators with a “cyclic” scheme of transitions (see Fig. 1),
although, as we shall point out, our results apply to de-
vices with more complex transition patterns. Specifically,
“continuous” thermal machines [3] are models in which the
working substance S couples simultaneously to a cold bath
at temperature Tc, a hot bath at Th > Tc, and a classical
field.2 Since the driving field is periodic, we must think of
the steady state of the machine as a “limit cycle” where
all thermodynamic variables are evaluated as time averages.
Concretely, a quantum refrigerator can drive heat transport
against the temperature gradient in a suitable parameter range,
or “cooling window.” We work in the limit of very weak
driving, which allows us to derive a “local” master equation
for S [52]. We show that stationary quantum coherence is not

1Note that throughout this paper, we only require the emulator to
replicate the averaged heat flows, but we make not mention to their
fluctuations. The emulability of higher-order moments of the fluxes
is an interesting point that certainly deserves separate analysis.

2In an absorption refrigerator the driving is replaced by thermal
coupling to a “work bath” at temperature Tw > Th, which drives the
cooling process.

only present in all these models but, in fact, it is essential
for the energy-conversion process to take place. Strikingly,
however, our main result is that the steady-state operation
of any such quantum-coherent N-level machine admits a
classical representation based on graph theory [49,53–56]. It
follows that an incoherent device can always be built such that
its steady-state thermodynamic variables coincide with those
of the original model. Hence, this entire family of quantum-
coherent thermal machines can be emulated classically. The
design of such emulator is reminiscent of the mapping of
the limit cycle of a periodically driven classical system to a
nonequilibrium steady state [57]. We want to stress that, from
now on, we focus exclusively on the steady-state operation of
continuous quantum heat devices. In particular, this leaves out
all “reciprocating” machines. We note, however, that the latter
reduce to the former in the limit of “weak action” [30].

As an illustration, we consider the paradigmatic power-
driven three-level refrigerator [8,9,58], which we use as a
benchmark for a novel four-level hybrid device, driven by
a mixture of heat and work. Concretely, we show that our
new model may have a wider cooling window, larger cooling
power, and larger coefficient of performance. We also show
that the energy-conversion rate in both models is proportional
to their steady-state coherence. As a result, the excess co-
herence of the four-level model relative to the benchmark
matches exactly the cooling enhancement. It would thus seem
that quantum coherence is necessary for continuous refriger-
ation in the weak driving limit and that the improved cooling
performance of the four-level model can be fully attributed
to its larger steady-state coherence. If so, observing a non-
vanishing “cooling rate” in either device or certifying that
the cooling rate of the four-level model is indeed larger than
that of the benchmark would be unmistakable signatures of
quantumness. Crucially, both coherent devices are cyclic and
weakly driven and, as such, they cannot be distinguished from
their classical analogues in a black-box scenario. Therefore,
quantum features might not only be present, but even be
intimately related to the thermodynamic variables of quantum
thermal machines under study and still, there may be noth-
ing necessarily quantum about their operation. We remark,
however, that the thermodynamic equivalence between the
continuous thermal machine and its emulator only holds in
the steady state. Importantly, we shall also see that the graph
theory analysis is a convenient and powerful tool [55,56] to
obtain accurate approximations for the nontrivial steady-state
heat currents of these devices.

The paper is organized as follows: In Sec. II we introduce
our central model of weakly and periodically driven N-level
“cyclic” refrigerator. Its steady-state classical emulator is
constructed in Sec. III. Some basic concepts of graph theory
are also introduced at this point. In particular, we show that
the emulator is a single-circuit graph whose heat currents,
power, and coefficient of performance may be obtained in
a thermodynamically consistent way. The generalization to
more complex transition schemes is also discussed at this
point. Using the graph-theoretical toolbox, we then analyze,
in Sec. IV, our four-level device and the three-level bench-
mark. We thus arrive to analytical expressions indicating
improvements in the steady-state functioning of the four-level
model in a suitable regime. Finally, in Sec. V, we discuss
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the implications of our results, summarize, and draw our
conclusions.

II. CYCLIC THERMAL MACHINES

A. The system Hamiltonian

We start by introducing the general model for a coherent
cyclic thermal machine (see Fig. 1). The Hamiltonian for
the system or working substance S is composed of two
terms: a bare (time-independent) Hamiltonian Ĥ0 and a time-
dependent contribution Ĥd (t ) which describes the coupling to
a sinusoidal driving field. That is,

Ĥs(t ) = Ĥ0 + Ĥd (t ), (1a)

Ĥ0 =
N∑

i=1

Ei |i〉〈i|, (1b)

Ĥd (t ) = 2h̄λ| jw〉〈 jw + 1| cos ω jw t + H.c., (1c)

where h̄ is the reduced Planck constant and λ controls the
strength of the interaction with the field. Ei and |i〉 are, respec-
tively, the energies and eigenstates of the bare Hamiltonian. In
particular, the driving connects the bare energy states | jw〉 and
| jw + 1〉. For simplicity, we assume a resonant coupling, i.e.,
ω jw := (Ejw+1 − Ejw )/h̄, which is optimal from a thermody-
namic viewpoint. The generalization to the nonresonant case
is, nevertheless, straightforward.

The hot and cold bath can be cast as infinite collections of
independent bosonic modes with a well-defined temperature.
Their Hamiltonians read

Ĥα = h̄
∑

μ

ωμ,α b̂†
μ,α b̂μ,α, α ∈ {c, h}, (2)

with b̂†
μ,α and b̂μ,α being the bosonic creation and annihilation

operators of the mode at frequency ωμ,α in bath α ∈ {c, h}.
For the system-baths couplings, we adopt the general form
Ĥs−α = X̂α ⊗ B̂α , where

X̂α =
∑
i∈Rα

|i〉〈i + 1| + H.c., (3a)

B̂α = h̄
√

γα

∑
μ

gμ,α (b̂μ,α + b̂†
μ,α ). (3b)

Here gμ,α ∝ √
ωμ,α and γα is the dissipation rate for bath

α. Rα stands for the labels of the eigenstates |i〉 dissipatively
coupled to |i + 1〉 through the interaction with bath α. For
instance, in Fig. 1, Rc = {1, 3, . . . , jw + 1, . . . , N} and Rh =
{2, 4, . . . , jw − 1, . . .}. Notice that all levels |i〉 are thermally
coupled to |i + 1〉 (provided that i �= jw) via either the hot
or the cold bath. In particular, the N th level couples to i =
1, hence closing the cycle. Without loss of generality, we
consider that all transitions related to the same bath have dif-
ferent energy gaps, i.e., |ωk| �= |ωl | for k, l ∈ Rα (k �= l). This
technical assumption simplifies the master equation but does
not restrict the physics of the problem. The full Hamiltonian
of the setup is thus

Ĥ = Ĥs +
∑

α

Ĥs−α + Ĥα. (4)

Although we consider a cyclic scheme of transitions, our
formalism applies to more general quantum-coherent heat
devices. Namely, equivalent results can be easily found for
nondegenerate systems with various nonconsecutive driven
transitions. Likewise, one could include parasitic loops to the
design. As an illustration, we analyze a model including an
extra hot transition between | jw〉 and | jw + 1〉 in the Appendix
below.

B. The local master equation for weak driving

When deriving an effective equation of motion for the
system, it is important to consider the various timescales in-
volved [59]. Namely, the bath correlation time τB, the intrinsic
timescale of the bare system τ0, the relaxation timescale τR,
and the typical time associated with the interaction of the bare
system with the external field τs−d . These are

τB 	 max{h̄/(kBTc), h̄/(kBTh)} = h̄/(kBTc), (5a)

τ0 	 max{| ± ωk ∓ ωl |−1, |2ωk|−1}, (k �= l ), (5b)

τR 	 γ −1
α , α ∈ {c, h}, (5c)

τs−d 	 λ−1. (5d)

For a moment, let us switch off the time-dependent term
Ĥd (t ) and discuss the usual weak-coupling Markovian master
equation, i.e., the Gorini-Kossakowski-Lindblad-Sudarshan
(GKLS) equation [60,61]. Its microscopic derivation relies
on the Born-Markov and secular approximations, which hold
whenever τB � τR and τ0 � τR. It can be written as

d ρ̂s

dt
= − i

h̄
[Ĥ0, ρ̂s] + (Lc + Lh) ρ̂s, (6)

where ρ̂s is the reduced state of the N-level system. Crucially,
due to the underlying Born approximation of weak dissipa-
tion, Eq. (6) is correct only to O( max{γc, γh}).

The action of the superoperator Lα is given by

Lα ρ̂s =
∑
i∈Rα

�α
ωi

(
Âi ρ̂sÂ

†
i − 1

2
{Â†

i Âi, ρ̂s}+
)

+�α
−ωi

(
Â†

i ρ̂SÂi − 1

2
{Âi Â†

i , ρ̂s}+
)

. (7)

Here Âi = |i〉〈i + 1| and the notation {·, ·}+ stands for an-
ticommutator. The “jump” operators Âi are such that X̂α =∑

i∈Rα
(Âi + Â†

i ) and [Ĥ0, Âi] = −ωiÂi. As a result, the op-
erators X̂α in the interaction picture with respect to Ĥ0 read

ei Ĥ0 t/h̄ X̂α e−i Ĥ0 t/h̄ =
∑
i∈Rα

e−i ωi t Âi. (8)

This identity is a key step in the derivation of Eq. (6) [59].
If we now switch Ĥd (t ) back on, then we will need to

change the propagator in Eq. (8) over to the time-ordered
exponential

Ûs(t ) = T exp

{
−ih̄−1

∫ t

0
dt ′ [Ĥ0 + Ĥd (t ′)]

}
. (9)

When deriving a GKLS master equation for such a pe-
riodically driven system one also looks for a different

062102-3

110



112 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

GONZÁLEZ, PALAO, ALONSO, AND CORREA PHYSICAL REVIEW E 99, 062102 (2019)

decomposition on the right-hand side of Eq. (8) [16,62,63].
Namely,

Û †
s (t ) X̂α Ûs(t ) =

∑
q∈Z

∑
{ω̄}

e−i (ω̄+q ω jw ) t Â(q)
i . (10)

We will skip all the technical details and limit ourselves to
note that if, in addition to τB � τR and τ0 � τR, we make the
weak driving assumption of τR � τs−d , Eq. (10) can be cast as

Û †
s (t ) X̂α Ûs(t ) = ei Ĥ0 t/h̄ X̂α e−i Ĥ0 t/h̄ + O(λ)

=
∑
i∈Rα

e−i ωi t Âi + O(λ). (11)

This is due to the fact that Ĥd is O(λ) while Ĥ0 is O(1). Ex-
ploiting Eq. (11) and following the exact same standard steps
that lead to Eq. (6), one can easily see that the master equation

d ρ̂s

dt
= − i

h̄
[Ĥ0 + Ĥd (t ), ρ̂s] + (Lc + Lh) ρ̂s (12)

would hold up to O(λ max{γc, γh}).
Effectively, Eq. (12) assumes that the dissipation is entirely

decoupled from the intrinsic dynamics of S, which includes
the driving. This is reminiscent of the “local” master equa-
tions which are customarily used when dealing with weakly
interacting multipartite open quantum systems [52,64,65]. We
want to emphasize that, just like we have done here, it is very
important to establish precisely the range of validity of such
local equations [66] since using them inconsistently can lead
to violations of the laws of thermodynamics [67,68].

It is convenient to move into the rotating frame ρ̂s 
→
ei Ĥ0 t/h̄ρ̂se−i Ĥ0 t/h̄ := σ̂s in order to remove the explicit time
dependence on the right-hand side of Eq. (12) and simplify
the calculations. This gives

d σ̂s

dt
= − i

h̄
[ĥd , σ̂s] + (Lc + Lh)σ̂s, (13)

where the Hamiltonian Ĥd (t ) in the rotating frame is given by

ĥd 	 h̄λ(| jw〉〈 jw + 1| + H.c.). (14)

Here we have neglected two fast-rotating terms, with fre-
quencies ±2 ω jw . This is consistent with our weak driving
approximation τs−d � τR, as all quantities here have been
time averaged over one period of the driving field.

The “decay rates” � α
ω from Eq. (7) are the only missing

pieces to proceed to calculate the thermodynamic variables in
the nonequilibrium steady state of S. These are

� α
ω = 2 Re

∫ ∞

0
dr ei ω t Tr{B̂α (t )B̂α (t − r)ρ̂α}, (15)

where the operator ρ̂α represents the thermal state of bath
α. Assuming dα-dimensional baths with an infinite cutoff
frequency, the decay rates become [59]

� α
ω = γα (ω/ω0)dα [1 − exp(−h̄ω/kBTα )]−1, (16a)

� α
−ω = exp (−h̄ω/kBTα ) � α

ω , (16b)

with ω > 0. In our model, ω0 depends on the physical realiza-
tion of the system-bath coupling. dα = 1 would correspond to
Ohmic dissipation and dα = {2, 3}, to the super-Ohmic case.

C. Heat currents, power, and performance

As it is standard in quantum thermodynamics, we will
use the master equation (13) to break down the average
energy change of the bare system d

dt 〈E〉(t ) = tr {Ĥ0
d
dt σ̂s(t )}

into “heat” and “power” contributions [i.e., d
dt 〈E〉(t ) =∑

α Q̇α (t ) + P (t )]. These can be defined as [30]

Q̇α (t ) := tr {Ĥ0 Lα σ̂s(t )}, (17a)

P (t ) := −i h̄−1tr {Ĥ0 [ĥd , σ̂s(t )]}. (17b)

In the long-time limit, d
dt 〈E〉 t→∞−−−→ 0, and we will denote

the corresponding steady-state heat currents and stationary
power input by Q̇α and P , respectively. In particular, from
Eqs. (7) and (17) it can be shown that [69,70]

Q̇c + Q̇h + P = 0, (18a)

Q̇c

Tc
+ Q̇h

Th
� 0, (18b)

which amount to the first and second laws of thermodynamics.
It is important to note that the strict negativity of Eq. (18b)
follows directly from the geometric properties of the dynam-
ics generated by the local dissipators Lα [70]. Working with
any other reference frame to quantify energy exchanges in
Eqs. (17), such as, e.g., Ĥ0 + ĥd , would lead to undesirable
violations of the second law [67]. We thus see that the choice
of the eigenstates of the bare Hamiltonian as preferred basis
has a sound thermodynamic justification.

Using Eqs. (1b), (7), (14), and (17), we find for our cyclic
N-level model

Q̇α =
∑
i∈Rα

(Ei+1 − Ei ) Ji , (19a)

P = 2h̄λ ω jw Im 〈 jw|σ̂s(∞)| jw + 1〉, (19b)

where Ji = �
αi−ωi

p(∞)
i − � αi

ωi
p(∞)

i+1 is the net stationary tran-

sition rate from |i〉 to |i + 1〉 and p(∞)
i := 〈i |σ̂s(∞)| i〉. The

superindex αi stands for the bath associated with the dissipa-
tive transition |i〉 ↔ |i + 1〉. Crucially, Eq. (19b) implies that
vanishing stationary quantum coherence results in vanishing
power consumption (P = 0) and, hence, no refrigeration (see
also, e.g., Ref. [3]). In fact, as we shall see below, Q̇α = 0 in
absence of coherence. Therefore, our cyclic model in Fig. 1
is inherently quantum since it requires nonzero coherences to
operate.

D. Steady-state populations and coherence

The key to understand why our weakly driven cyclic
devices can be emulated classically resides in the interplay
between populations and coherence in the eigenbasis {|i〉}N

i=1
of the bare Hamiltonian Ĥ0. In this representation, Eq. (13)
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reads:

d pi

dt
= �

αi−1
−ωi−1

pi−1 − (
� αi−1

ωi−1
+ �

αi−ωi

)
pi + � αi

ωi
pi+1, (20a)

d p jw

dt
= �

α jw−1
−ω jw−1

p jw−1 − �
α jw−1
ω jw−1 p jw − 2λ Im 〈 jw|σ̂s| jw + 1〉, (20b)

d p jw+1

dt
= �

α jw+1
ω jw+1 p jw+2 − �

α jw+1
−ω jw+1

p jw+1 + 2λ Im 〈 jw|σ̂s| jw + 1〉, (20c)

for i �= { jw, jw + 1}. Note that we have omitted the time labels in pk = 〈k|σ̂s(t )|k〉 for brevity. Importantly, the populations of
the pair of levels coupled to the driving field do depend on the coherence between them. In turn, this coherence evolves as

d

dt
〈 jw|σ̂s| jw + 1〉 = −1

2

(
�

α jw−1
ω jw−1 + �

α jw+1
−ω jw+1

) 〈 jw|σ̂s| jw + 1〉 − iλ
(
p jw+1 − p jw

)
. (21)

Hence, the steady-state coherence (i.e., d
dt 〈 jw|σ̂S

| jw + 1〉∞ := 0) in the subspace spanned by | jw〉 and
| jw + 1〉 is given in terms of the steady-state populations
only. Namely, as

〈 jw|σ̂s| jw + 1〉∞ = i
2λ

[
p(∞)

jw
− p(∞)

jw+1

]
�

α jw−1
ω jw−1 + �

α jw+1
−ω jw+1

. (22)

Inserting Eq. (22) into (20) and imposing d
dt p(∞)

k = 0
yields a linear system of equations for the N stationary
populations p∞ := [p(∞)

1 , p(∞)
2 , . . . , p(∞)

N ]T. This can be cast
as W p∞ = 0, where the nonzero elements of the “matrix of
rates” W are

Wi, i+1 = � αi
ωi

, Wi+1, i = �
αi−ωi

,

Wi, i−1 = �
αi−1
−ωi−1

, Wi−1, i = � αi−1
ωi−1

, (23)

Wi, i = − (
� αi−1

ωi−1
+ �

αi−ωi

)
,

for i �= { jw, jw + 1}, and

Wjw, jw+1 = Wjw+1, jw = 4 λ2
[
�

α jw−1
ω jw−1 + �

α jw+1
−ω jw+1

]−1
,

Wjw, jw = −(
�

α jw−1
ω jw−1 + Wjw, jw+1

)
, (24)

Wjw+1, jw+1 = −(
�

α jw+1
−ω jw+1

+ Wjw, jw+1
)
.

Note that even if W p∞ = 0 (together with the normaliza-
tion condition) determines the stationary populations of our
model, Eqs. (20) certainly differ from

dq(t )

dt
= W q(t ). (25)

That is, the q(t ) defined by Eq. (25) converges to p∞ asymp-
totically but it does not coincide with [p1(t ), . . . , pN (t )]T

at any finite time. Nonetheless, as we shall argue below, a
classical system S′ made up of N discrete states evolving as
per Eq. (25) can emulate the steady-state energy conversion
process of the quantum-coherent system S. Note that a similar
trick has been used in Ref. [39], for an absorption refrigerator
model where coherences appear accidentally, due to degener-
acy. In contrast, as argued in Sec. II C, the quantum coherence
in our model is instrumental for its operation.

Remarkably, an equation similar to (25) can be found for
an arbitrary choice of basis. Crucially, however, the physically
motivated choice of the eigenbasis of Ĥ0 ensures the positivity
of all nondiagonal rates in W, that they obey detailed balance
relations [cf. Eqs. (26)], and the structure of Eq. (19a). All
these are necessary conditions for building a classical emula-
tor for the energy-conversion process, as we show below.

III. CLASSICAL EMULATORS

A. General properties

Let us now discuss in detail the properties of the emulator
S′ as defined by Eq. (25). First, note that (25) is a proper
balance equation since: (i) the nondiagonal elements of W
are positive, (ii) the pairs {Wi, i+1, Wi+1, i} satisfy the detailed
balance relations [cf. Eqs. (16b), (23), and (24)]

Wi+1, i

Wi, i+1
= exp

(
− h̄ωi

kBTαi

)
, (i �= jw ), (26a)

Wjw+1, jw

Wjw, jw+1
= 1, (26b)

and (iii) the sum over columns in W is zero (i.e., Wk, k =
−∑

l �=k Wl, k), reflecting the conservation of probability. This
also implies that W is singular and that p∞ is given by its
nonvanishing off-diagonal elements.

Notice as well that rates like {Wi, i+1, Wi+1, i}i �= jw in
Eq. (26) can always be attributed to excitation/relaxation
processes (across a gap h̄ωi) mediated by a heat bath at tem-
perature Tαi . On the contrary, {Wjw, jw+1, Wjw+1, jw } indicate
saturation. Therefore, one possible physical implementation
of S′ would be an N-state quantum system connected via
suitably chosen coupling strengths to a hot and a cold bath as
well as to a work repository, such as an infinite-temperature
heat bath. Indeed, looking back at Eqs. (23), we see that the
rates for the dissipative interactions in S′ are identical to those
in S. However, according to Eq. (24), the coupling to the
driving is much smaller in the emulator than in the original
quantum-coherent model. Hence, S′ is not the result of de-
phasing the N-level cyclic machine, but a different device.

At this point, we still need to show that the steady-state
energy fluxes of our emulator actually coincide with Eqs. (19).
To do so, we now build a classical representation of S′ based
on graph theory. Importantly, this also serves as the generic
physical embodiment for the emulator.

B. Graph representation and thermodynamic variables

Using graph theory for the thermodynamic analysis of a
system described by a set of rate equations has two major
advantages: First, it provides a clear interpretation of the
underlying energy conversion mechanisms [55] and, second,
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FIG. 2. (a) The circuit graph CN is a classical emulator for the
steady state of the N-level quantum-coherent device of Fig. 1. The
blue edges are associated with dissipative transitions mediated by
the cold bath. Similarly, the red edges and the green edge relate
to the hot bath and the external driving. (b) When orienting the
edges of CN clockwise, the cycle �CN is obtained. (c) Removing the
edge ( jw, jw + 1) from CN yields the maximal tree T jw . (d) Ori-
enting T jw toward, e.g., vertex l = 3 gives the oriented maximal
tree �T l

jw
.

it allows for the calculation of the thermodynamic variables
directly from the matrix of rates [53]. In fact, the graph itself
also follows from W—each state k = {1, 2, . . . , N} becomes
a “vertex” and each pair of nonvanishing rates {Wk, l , Wl, k}k �=l

becomes an “undirected edge” (k, l ) connecting k and l .
Specifically, this mapping would take Eq. (25) into the “cir-
cuit graph” CN depicted in Fig. 2(a). We can thus think of
S′ as a classical device transitioning cyclically between N
states.

Now that we have a physical picture in mind, we show that
such classical emulator is thermodynamically equivalent to
the coherent N-level machine, once in its steady state. Specif-
ically, we focus on rewriting the thermodynamic variables of
S [cf. Eqs. (19)] in terms of elements of S′. To that end, some
graph objects need to be introduced. For instance, the undi-
rected graph CN may be oriented (or directed) either clockwise
or anticlockwise, leading to the “cycles” �CN and − �CN , respec-
tively [see Fig. 2(b)]. We may want to eliminate an edge from
CN , e.g., (k, k + 1); the resulting undirected graph would be
the “maximal tree” Tk [see Fig. 2(c)]. Maximal trees can also
be oriented toward a vertex, e.g., l; the corresponding graph
would then be denoted by �T l

k [see Fig. 2(d)]. Finally, if the
edge (k, l ) is directed, e.g., from vertex k to vertex l , then
we may pair it with the transition rate Wl,k . Similarly, any
directed subgraph �G, for example the cycle �CN or the oriented
maximal tree �T l

k , can be assigned a numeric value A( �G) given
by the product of the transition rates of its directed edges.

In particular, A( �CN ) = 
N
n=1Wn+1, n, A(− �CN ) = 
N

n=1Wn, n+1

and

A
( �T l

k

) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩


l−1
n=1Wn+1, n 
k

n=l+1Wn−1, n 
N
n=k+1Wn+1, n l < k


k−1
n=1Wn, n+1 
l−1

n=k+1Wn+1, n 
N
n=lWn, n+1 l > k + 1


k−1
n=1Wn+1, n 
N

n=k+1Wn+1, n l = k


k−1
n=1Wn, n+1 
N

n=k+1Wn, n+1 l = k + 1

, (27)

where WN, N+1 ≡ WN, 1 and WN+1, N ≡ W1, N .
Our aim is to cast Q̇α and P solely as functions of graph

objects referring to CN . Let us start by noting that, the steady-
state populations p(∞)

i of S can be written as [54]

p(∞)
i = D(CN )−1

N∑
k=1

A
( �T i

k

)
, (28)

since, by definition, they coincide with those of S′. Here
D(CN ) = ∑N

k=1

∑N
l=1 A( �T l

k ). Introducing Eq. (28) in the def-
inition of Ji [see text below Eqs. (19)], we get

Ji = D(CN )−1
N∑

k=1

[
Wi+1, i A

( �T i
k

) − Wi, i+1 A
( �T i+1

k

)]
. (29)

The bracketed term in Eq. (29) turns out to be [A( �CN ) −
A(− �CN )] δki [56], where δki stands for the Kronecker delta.

Therefore Ji does not depend on i

Ji = D(CN )−1[A( �CN ) − A(− �CN )] := J. (30)

That is, in the steady state, the system exchanges energy
with both baths and the driving field, with the same flux
[54]. This “tight-coupling” condition between thermodynamic
fluxes [13] implies that our N-level device is “endoreversible”
[16] and, hence, that it can operate in the reversible limit of
maximum energy efficiency [28].

As a result, Eq. (19a) becomes Q̇α = J
∑

i∈Rα
(Ei+1 − Ei ).

Using (23) and (26a), we can see that

∑
i∈Rα

(Ei+1 − Ei ) = −TαkB ln
Aα ( �CN )

Aα (− �CN )
:= −TαX α ( �CN ),

(31)

where Aα (± �CN ) is the product of the rates of the directed
edges in ± �CN associated with bath α only. Combining
Eqs. (30) and (31), we can finally express the steady-state heat
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currents Q̇α of the quantum-coherent N-level device S as:

Q̇α = −TαX α ( �CN )

D(CN )
[A( �CN ) − A(− �CN )] ≡ Q̇α (CN ). (32)

On the other hand, the power is easily calculated from energy
conservation [cf. Eq. (18a)]. Remarkably, the right-hand side
of Eq. (32) coincides with the steady-state heat currents of the
circuit graph in Fig. 2(a), i.e., Q̇α ≡ Q̇α (CN ) [53]. Note that
this is far from trivial, since (32) refers to S, even if written in
terms of graph objects related to S′. Therefore, we have shown
that the N-level refrigerator and its classical emulator exhibit
the same stationary heat currents and power consumption
and are thus thermodynamically indistinguishable. This is our
main result. Note that the significance of Eq. (32) is not just
that our model is classically emulable, but that it is classically
emulable in spite of requiring quantum coherence to operate
(cf. Sec. II C).

C. Performance optimization of the thermal machine

The graph-theoretic expression (32) for the circuit cur-
rents of the classical emulator can also prove useful in the
performance optimization of our quantum-coherent thermal
machines S [56]. For instance, from the bracketed factor we
see that the asymmetry in the stationary rates associated with
opposite cycles is crucial in increasing the energy-conversion
rate. On the other hand, the number of positive terms in the
denominator scales as D(CN ) ∼ N2, leading to vanishing cur-
rents. Therefore, larger energy-conversion rates are generally
obtained in small few-level devices [17] featuring the largest
possible asymmetry between opposite cycles.

Let us now focus on the refrigerator operation mode (i.e.,
Q̇c>0, Q̇h<0, and P>0). Besides maximizing the cooling
rate Q̇c, it is of practical interest to operate at large “coefficient
of performance” (COP) E , i.e., at large cooling per unit of
supplied power. In particular, the COP writes as

E := E (CN ) = Q̇c(CN )

P (CN )
= −TcX c( �CN )

TcX c( �CN ) + ThX h( �CN )
. (33)

As a consequence of the second law [cf. Eq. (18b)], E (CN ) is
upper bounded by the Carnot COP (EC),

E (CN ) � EC = Tc

Th − Tc
. (34)

This limit would be saturated when X h(CN ) = −X c(CN ).3

Since the coupling to the driving field sets the smallest
energy scale in our problem, the corresponding transition rate
normally satisfies Wjw, jw+1 � Wi, i+1, ∀i �= jw, unless some
ωi becomes very small. In turn, recalling the definition of

3In Sec. III B we noted that a quantum thermal machine obeying
Eqs. (20) and (21) is endoreversible and, therefore, capable of
operating at the reversible limit of Eq. (34). Recall, however, that
the underlying quantum master equation (12) is based on a local
approximation. A more accurate master equation—nonperturbative
in the driving strength—can, nevertheless, be obtained using Floquet
theory [16,62,63]. Importantly, this would introduce internal dissi-
pation [20] neglected in Eq. (12), thus keeping the refrigerator from
ever becoming Carnot efficient [16,28].

an oriented maximal tree �T l
k [see Fig. 2(d)], this implies

{A( �T l
k )}k �= jw

� {A( �T l
jw )} for l ∈ {1, . . . , N}, since the latter

do not contain the small factors Wjw, jw+1 = Wjw+1, jw , and
allows for a convenient simplification of D(CN ) that we shall
use below. Namely,

D(CN ) =
[∑N

k �= jw

∑N
l=1 A

( �T l
k

)
∑N

l=1 A
( �T l

jw

) + 1

]
N∑

l=1

A
( �T l

jw

)

	
N∑

l=1

A
( �T l

jw

)
. (35)

IV. EXAMPLE: POWER ENHANCEMENT IN A
COHERENT FOUR-LEVEL HYBRID REFRIGERATOR

In this section we apply the above to a concrete exam-
ple. Namely, we solve for the steady state of two models
of quantum refrigerator and find that one of them is more
energy efficient and cools at a larger rate than the other
provided its steady-state coherence is also larger. Moreover,
the quantitative improvement in the cooling rate matches
exactly the increase in steady-state coherence. As suggestive
as this observation may seem, we then move on to show
that quantum coherence is not indispensable to achieve such
performance enhancement. We do so precisely by building
classical emulators for both quantum-coherent models and
observing that the exact same performance enhancement is
possible within a fully classical stochastic-thermodynamic
picture.

A. Performance advantage

Let us start by considering the three-level model depicted
in Fig. 3(a). As we can see, this simple design consists of three
states {|1〉, |2〉, |3〉}, with energies {0, h̄ωc, h̄ωh} connected
through dissipative interactions with a cold and a hot bath
(transitions |1〉 ↔ |2〉 and |1〉 ↔ |3〉, respectively), and the
action of a weak driving field (transition |2〉 ↔ |3〉).

It is then straightforward to find the steady-state σ̂s(∞) for
the corresponding master equation (13), and use Eqs. (17)
to compute the stationary heat currents Q̇ (3)

α and power
consumption P (3). It can be seen that the tight-coupling
condition introduced in Sec. III B also applies to this case so
that the coefficient of performance writes as

E3 := Q̇ (3)
c

P (3)
= ωc

ωw

, (36)

where ωw := ωh − ωc.
We note that, when operating as a refrigerator, the three-

level device uses the hot bath as a mere entropy sink; i.e.,
any excess heat is simply dumped into the hot bath and
never reused. Interestingly, in order to improve the COP of
actual (absorption) refrigerators it is commonplace to harness
regenerative heat exchange in double-stage configurations.
These recover waste heat from condensation to increase the
evaporation rate of refrigerant [71]. Taking inspiration from
thermal engineering, we thus add a fourth level |4〉 with
energy h̄(ωh + ε) as a stepping stone between |2〉 and |3〉. As
shown in Fig. 3(b), we propose to use the external field only
to drive the transition |2〉 ↔ |4〉, with gap h̄(ωw + ε). In order
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FIG. 3. (a) Three-level model. The system S consists of three levels with energies {0, h̄ωc, h̄ωh}, such that 0 � ωc � ωh. The dissipative
transitions tagged c and h are mediated by a cold (blue arrow) and a hot bath (red arrow), respectively. The transition w is driven by an external
sinusoidal field (curly green arrow). (b) Four-level model. An extra level with energy h̄(ωh + ε) is added to the three-level scheme. Note that
ε can be positive or negative. The driving is now applied to the transition |2〉 ↔ |4〉 and the new dissipative transition |4〉 ↔ |3〉, due to the
hot bath, is added to close the thermodynamic cooling cycle. The circuit graphs associated with the three and four-level models are depicted in
panels (c) and (d), respectively. The thick blue (red) lines stand for dissipative transitions via the cold (hot) baths and the thin green lines, for
the coupling to the driving.

to close the thermodynamic cooling cycle, we put the hot bath
to good use and connect dissipatively levels |4〉 and |3〉. This
results in another tightly coupled quantum refrigerator, with
COP

E4 := Q̇ (4)
c

P (4)
= ωc

ωw + ε
. (37)

This is larger than E3 whenever ε<0, as intended. For compar-
ison, recall that quantum absorption refrigerators [58] entirely
replace the driving by a dissipative coupling to a third bath at
temperature Tw > Th. Our combined-cycle four-level model is
therefore a hybrid design of independent interest, as it is partly
driven by power and partly, by recovered waste heat.

B. Power enhancement and quantum coherence

Even if the combined-cycle four-level refrigerator is more
energy efficient than its power-driven three-level counterpart,
we do not know yet whether it can also cool at a faster rate.
To see this, let us define the figure of merit R := Q̇ (4)

c /Q̇ (3)
c .

From Eqs. (18a) and (19), it follows that

R = Cl1

[
σ̂ (4)

s (∞)
]

Cl1

[
σ̂

(3)
s (∞)

] , (38)

where Cl1 [σ̂ (N )
s (∞)] = Im 〈 jw|σ̂ (N )

s (∞)| jw + 1〉 stands for
the l1 norm of coherence [44,45] in the stationary state
σ̂ (N )

s (∞) of the N-level thermal machine. This is a bona
fide quantifier of the amount of coherence involved in the
steady-state operation of the device. An enhancement in the
cooling rate translates into R>1 and hence, is only possible if
the steady state σ̂ (4)

s (∞) of the four-level device contains more
quantum coherence than σ̂ (3)

s (∞). As it turns out, it is rather
easy to find parameter ranges in which R>1, as shown in
Figs. 4(a) and 4(b). Importantly, it is even possible to find pa-
rameters for which E4 > E3 and Q̇ (4)

c > Q̇ (3)
c simultaneously.

C. Power enhancement without quantum coherence

Both the three- and four-level refrigerators are cyclic non-
degenerate heat devices and hence classically emulable. In
particular, the emulator for the three-level model is the triangle
C3 depicted in Fig. 3(c) while the steady state of the hybrid
four-level refrigerator is emulated by the square graph C4 of
Fig. 3(d). In spite of the fact that there exist quantum coherent
implementations of these energy-conversion cycles for which
R>1 ⇔ Cl1 [σ̂ (4)

s (∞)] > Cl1 [σ̂ (3)
s (∞)], it would be wrong to

claim that quantumness is necessary for such performance
boost—the corresponding emulators also satisfy Q̇c(C4) =
Q̇ (4)

c > Q̇c(C3) = Q̇ (3)
c and yet have no coherence.

D. Analytical insights from graph theory

1. Cooling rate

Using Eqs. (26a) and (31)–(33), we readily find that

Q̇c(C3) = h̄ωc
A( �C3)

D(C3)
[1 − exp (Xc − Xh)], (39a)

Q̇c(C4) = h̄ωc
A( �C4)

D(C4)
[1 − exp (Xc − Xh − Xε )]. (39b)

The quantities Xc := h̄ωc/kBTc, Xh := h̄ωh/kBTh, and
Xε := h̄ε/kBTh are “thermodynamic forces” associated with
the cold and hot baths. Note that their difference encodes
the asymmetry between the two possible orientations of the
graphs.

2. Performance enhancement

A manageable analytical approximation for the figure of
merit R = Q̇c(C4)/Q̇c(C3) can be obtained by combining
Eqs. (23), (24), (39a), and (39b) with the assumption that the
smallest transition rate is the one related to the driving field
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FIG. 4. (a) Performance ratio R = Q̇c(C4)/Q̇c(C3) (solid line) as a function of the thermodynamic force Xε . We also plot the approximation
AD from Eq. (40a) (dashed line) and the factors A (dotted line) and D (dot-dashed line). In this case, the solid and dashed lines are
indistinguishable at the scale of the figure. We have chosen one-dimensional baths dc = dh = 1, ωh = 1, ωc = 0.3, λ = 10−8, γc = γh = 10−6,
Tc = 1.5, and Th = 3 (h̄ = kB = 1). Importantly, as discussed in Sec. IV B, R coincides with the ratio of stationary coherence of the four-level
model and the benchmark, measured by the l1 norm. (b) Same as in (a) for three-dimensional baths (dc = dh = 3). The rest of parameters
remain unchanged. (c) Ratio between the COPs of C3 and C4 versus ε. Note that, for ε < 0, the four-level device can simultaneously achieve
larger cooling power and COP. All parameters are the same as in (b).

[i.e., Eq. (35)]. This gives

R 	 AD, (40a)

A := 1 + exp (Xc) + exp (Xc − Xh)

1 + exp (Xc) + exp (Xc − Xh) + exp (Xc − Xh − Xε )

×1 − exp (Xc − Xh − Xε )

1 − exp (Xc − Xh)
, (40b)

D := �c
ωc

+ �h
ωh

�c
ωc

+ �h
ε

. (40c)

As we can see, the factor A depends exclusively on the
thermodynamic forces Xc, Xh, and Xε . Its second term de-
scribes the ratio between the cycles asymmetries. The new
thermodynamic force allows for an additional control on the
asymmetry of the four-level refrigerator, thus favoring the
cooling cycle for Xε > 0. In contrast, the quantity D is purely
dissipative; it encodes the ratio between the rates associated
with the driving field Eq. (24). Importantly, small ε in the four-
level model can increase D. The choice of spectral density
for the system-bath interactions (i.e., the dimensionality or
“Ohmicity” of the baths) can lead to a sufficiently large D so
that the product R = AD > 1 for ε < 0. Thus, factorizing R
as in Eqs. (40) provides insights into the competing physical
mechanisms responsible for the cooling power enhancements
in the four-level device.

Figure 4(a) illustrates how the approximation (40a) may
hold almost exactly; namely, we work with one-dimensional
baths (dc = dh = 1) at moderate to large temperatures
(kBTα/h̄ωα � 1). In this range of parameters, A is the main
contribution to the enhancement of Q̇c, so that R is nearly
insensitive to changes in the dissipation strengths.

On the contrary, when taking three-dimensional baths
(dc = dh = 3), the frequency dependence of the transition
rates is largely accentuated. At small ε the rate W2,4 ceases
to be the smallest in C4, which invalidates Eqs. (40) [see

Fig. 4(b)].4 In this case, the behavior of R is dominated by
D and grows almost linearly with γh. Similar disagreements
between R and the approximate formula Eq. (40) can be
observed in the low-temperature regime.

As shown in Fig. 4(b), the hybrid four-level design can op-
erate at much larger energy-conversion rates than the power-
driven benchmark. Indeed, for the arbitrarily chosen parame-
ters in the figure, Q̇c(C4) can outperform Q̇c(C3) by an order
of magnitude at appropriate values of ε. Such enhancement
may be classically interpreted solely in terms of the asym-
metry A and the dissipation factor D, without resorting to the
buildup of quantum coherence. Importantly, such qualitative
understanding follows directly from the classical emulability
of the model, which allows us to study the emulator in place
of the original quantum-coherent device.

3. Coefficient of performance and cooling window

The COPs of C3 and C4 are related through

E (C4)/E (C3) = (1 + ε/ωw )−1. (41)

As already mentioned, ε < 0 results in an increase of the
energetic performance of the four-level machine due to
the lower power consumption [see Fig. 4(c)]. Interestingly,
the ratio R can be larger than one for ε<0, which entails a
simultaneous power and efficiency enhancement. For instance,
comparing Figs. 4(b) and 4(c), we observe increased power
by a factor of 10 together with a 10% improvement in energy
efficiency.

On the other hand, the operation mode—heat engine or
refrigerator—depends on the specific parameters of the mod-
els. In particular, to achieve cooling action in the three-level
benchmark we must have Q̇c(C3)>0. According to Eq. (39a),

4Recall that for Eq. (12) to be valid, we must have 2ε � γh,
as required by the underlying secular approximation τ0 � τR [cf.
Eq. (5)]. The solid lines in Figs. 4 are mere guides to the eye, which
smoothly interpolate between points well within the range of validity
of the master equation.
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this implies Xc − Xh<0 or, equivalently,

ωc < ωc,rev := ωh Tc/Th. (42)

Taking a fixed ωh, the range of values ωc < ωc,rev is thus
referred to as cooling window. On the other hand, from
Eq. (39b) we can see that cooling is possible on C4 if

ωc < (ωh + ε) Tc/Th. (43)

Hence, whenever ε > 0 the cooling window of the four-level
model is wider than that of the benchmark for the same
parameters ωh, Tα , λ, γα , and dα . Conversely, if we were
interested in building a quantum heat engine, then a negative ε

[as depicted in Fig. 3(b)] would broaden the operation range.

V. CONCLUSIONS

We have analyzed periodically driven thermal machines
weakly coupled to an external field and characterized by a
cyclic sequence of transitions. We have proposed an approach
to build fully incoherent classical emulators for this family
of quantum-coherent heat devices, which exhibit the exact
same thermodynamic operation in the long-time limit. In
particular, we exploit the fact that the steady state of this
type of coherent thermal machines coincides with that of
some stochastic-thermodynamic model with the same number
of states dissipatively connected via thermal coupling to the
same heat baths and obeying consistent rate equations.

We have then shown how the performance of a three-level
quantum-coherent refrigerator may be significantly improved
by driving it with a combination of waste heat and external
power—both the energy efficiency and the cooling rate can
be boosted in this way. In particular, we have shown that the
cooling enhancement is identical to the increase in stationary
quantum coherence, when comparing our hybrid model with
an equivalent benchmark solely driven by power. In spite of
the close connection between the observed effects and the
buildup of additional quantum coherence, we remark that
these cannot be seen as unmistakable signatures of quantum-
ness since our model belongs to the aforementioned family of
“classically emulable” thermal machines.

In fact, the possibility to emulate clasically a quantum heat
device goes far beyond the cyclic and weakly driven models
discussed here. For instance, in the opposite limit of strong
periodic driving (i.e., τd � τR) one can always resort to Flo-
quet theory to map the steady-state operation of the machine
into a fully incoherent stochastic-thermodynamic process in
some relevant rotating frame [16,62,63]. Graph theory can be
then directly applied for a complete thermodynamic analysis
[55]. Note that this holds for any periodically driven model
and not just for those with a cyclic transition pattern. Simi-
larly, all heat-driven (or “absorption”) thermal machines with
nondegenerate energy spectra are incoherent in their energy
basis and thus classically emulable in the weak-coupling limit
[56]. Furthermore, the equivalence between multistroke and
continuous heat devices in the small action limit [30] provides
a means to generalize our “classical simulability” argument to
reciprocating quantum thermodynamic cycles.

In this paper, we have thus extended the applicability of
Hill theory [53,54] to enable the graph-based analysis of a
whole class of quantum-coherent thermal devices. We have

also put forward a hybrid energy conversion model of inde-
pendent interest, which exploits heat recovery for improved
operation. More importantly, we have neatly illustrated why
extra care must be taken when linking quantum effects and
enhanced thermodynamic performance. This becomes espe-
cially delicate in, e.g., biological systems [72], in which the
details of the underlying physical model are not fully known.

It is conceivable that the steady state of some contin-
uous quantum thermal machines might not be classically
emulable—for our arguments to hold, the resulting equations
of motion [analogous to our Eq. (25)] must also be proper
balance equations with positive transition rates and a clear
interpretation in terms of probability currents. Since the posi-
tivity of the rates is model dependent, the search for classical
emulators of more complicated devices, including consecutive
driven transitions and degenerate states, might pave the way
toward genuinely quantum energy-conversion processes with
no classical analog. This interesting open question will be the
subject of future work.
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APPENDIX: A MODEL WITH HEAT LEAKS

We consider here the model depicted in Fig. 1 when adding
an extra hot transition between the levels | jw〉 and | jw + 1〉.
The populations of such device fulfill Eq. (20a) and

d pjw

dt
= �

α jw−1
−ω jw−1

p jw−1 − �
α jw−1
ω jw−1 p jw

− 2λ Im 〈 jw|σ̂s| jw + 1〉 + Jjw, jw+1 ,

d p jw+1

dt
= �

α jw+1
ω jw+1 p jw+2 − �

α jw+1
−ω jw+1

p jw+1

+ 2λ Im 〈 jw|σ̂s| jw + 1〉 − Jjw, jw+1 , (A1)

where

Jjw, jw+1 = � h
ω jw

p jw+1 − � h
−ω jw

p jw (A2)

is the flux from the state | jw〉 to | jw + 1〉. This new flux is
the responsible for the emergence of an additional term in the
nondiagonal rates

Wjw, jw+1 = 4 λ2
[
�

α jw−1
ω jw−1 + �

α jw+1
−ω jw+1

]−1 + � h
ω jw

, (A3)

Wjw+1, jw = 4 λ2
[
�

α jw−1
ω jw−1 + �

α jw+1
−ω jw+1

]−1 + � h
−ω jw

. (A4)

The functions � h
ω jw

and � h
−ω jw

are always positive and fulfill
a detailed balance relation at temperature Th and frequency
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ω jw . The other nondiagonal rates remain the same following
Eq. (23). The resulting matrix of rates allows for the definition
of a graph representation; therefore, a classical emulator can
be assigned also to this model.

Such emulator is defined by a graph G with three circuits:
the original circuit CN , a two-edge circuit C2—with vertices
jw and jw + 1—corresponding to power dissipation into the
hot bath, and a N-edge circuit C ′

N , where the work edge is
replaced by the new hot edge, related to a heat leak from the
hot to the cold bath. The heat currents and power of these
circuits can be obtained by following the techniques explained
in Refs. [55] and [56]. The total heat currents are then the
sum of the following three thermodynamically consistent

contributions

Q̇α (CN ) = −TαX α ( �CN )

D (G)
[A( �CN ) − A(− �CN )] ,

Q̇α (C2) = −TαX α ( �C2) det(−W|C2)

D(G)
[A( �C2) − A(− �C2)] ,

Q̇α (C ′
N ) = −TαX α ( �C ′

N )

D(G)
[A( �C ′

N ) − A(− �C ′
N )] , (A5)

where D(G) is calculated by considering all the maximal trees
of the graph containing the three circuits. Besides the matrix
W|C2 is obtained from the matrix of rates by removing the
rows and columns corresponding to the vertices of C2.
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Appendix A

Master equations

In this appendix we summarize how to obtain the Redfield [80], Global (or
Secular) [4] and Local [81] master equations. The formalism can be used to
study both absorption and periodically driven devices. We consider a general
scheme with a quantum system S whose Hamiltonian ĤS = Ĥ0

S + Ĥw
S (t) may

be time dependent. The term Ĥw
S (t) that describes the interaction with a

laser field can be written as

Ĥw
S (t) = ~λ [ ÔS e

iωLt + Ô†S e
−iωLt ] , (A.1)

with ÔS =
∑

n,m |n〉〈m| a system operator describing the transitions |m〉 →
|n〉 coupled to the field. In the case of absorption devices λ = 0 and, hence,
ĤS = Ĥ0

S is time independent. Besides, S is coupled to a set of independent
baths B ≡ {Bα} whose Hamiltonians ĤBα are given by (2.1). The interaction
between S and each bath Bα is described by the Hamiltonian ĤSBα = Âα ⊗
B̂ α, where B̂ α is expressed in (2.5). We denote ĤB =

∑
α ĤBα and ĤI =∑

α ĤSBα . The total Hamiltonian of the device is Ĥ = ĤS + ĤB + ĤI .
In the following, we consider two main restrictions. First, we assume that

the interaction ĤI is so weak that the influence of S on the baths is negligible.
Hence, the characteristic time of the interaction τSB ∼ γ−1

α is much larger
than the time scale of the baths τB ∼ ~

kBTα
or, equivalently, γα � kBTα

~ .
Thus, master equations can be derived by using a reduced description of the
system in this weak coupling regime. Second, we assume that the evolution
operator of the system can be written as

ÛS(t) = e−iÂ1t/~e−iÂ2t/~ , (A.2)

with Â1 and Â2 hermitian operators such that [Â1, Ĥ
0
S] = 0. Such evolution

operator fulfills

i~
d

dt
ÛS(t) = ( Ĥ0

S + Ĥw
S (t) ) ÛS(t) . (A.3)
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Equation (A.2) is valid for any absorption device as long as e−iÂ1t/~ = I
and Â2 = Ĥ0

S, where I is the identity operator. However, Eq. (A.2) is only
applicable for some instances of periodically driven machines.

A.1 Redfield master equation

Let us start by considering the interaction picture von Neumann equation [4]

dσ̂(t)

dt
= − i

~
[ĤI(t), σ̂(t)] , (A.4)

where σ̂ is the interaction picture density matrix corresponding to the whole
machine (system and baths) and

ĤI(t) =
∑

α

Û †S(t)Âα ÛS(t)⊗ eiĤBα t/~B̂ α e−iĤBα t/~ ≡
∑

α

Âα(t)⊗ B̂ α(t) .

(A.5)
Integrating both sides of Eq. (A.4), we get

σ̂(t) = σ̂(0)− i

~

∫ t

0

dτ [ĤI(τ), σ̂(τ)] . (A.6)

Inserting Eq. (A.6) into Eq. (A.4) leads to

dσ̂(t)

dt
= − i

~
[ĤI(t), σ̂(0)]− 1

~2

∫ t

0

dτ [ĤI(t), [ĤI(τ), σ̂(τ)]] . (A.7)

We take trace over the baths in Eq (A.7) to find

TrB

{
dσ̂(t)

dt

}
=

d

dt
TrB{σ̂(t)} ≡ dσ̂S(t)

dt

= − 1

~2

∫ t

0

dτTrB{[ĤI(t), [ĤI(τ), σ̂(τ)]]} , (A.8)

where we have assumed

TrB{[ĤI(t), σ̂(0)]} = 0 . (A.9)

Note that σ̂S(t) is the interaction picture reduced density matrix of the sys-
tem. In the limit of weak coupling with the baths, the Born approximation
holds and the total state is a product state of the form [4]

σ̂(t) = σ̂S(t)⊗ σ̂B , (A.10)
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where σ̂B =
⊗

α σ̂Bα =
⊗

α exp (−ĤBα/kBTα)[ Tr{exp (−ĤBα/kBTα)} ]−1 is
a product of Gibbs states with well defined temperatures. Considering Eqs.
(A.5), (2.1), (2.5) and (A.10), the assumption (A.9) is valid. Inserting Eq.
(A.10) in Eq. (A.8) we obtain

dσ̂S(t)

dt
= − 1

~2

∫ t

0

dτTrB{[ĤI(t), [ĤI(τ), σ̂S(τ)⊗ σ̂B]]} . (A.11)

In order to proceed further we perform a Markovian approximation. Thus,
we can replace σ̂S(τ) by σ̂S(t) in the integrand of Eq. (A.11). After some
algebra we get

dσ̂S(t)

dt
= − 1

~2

∫ t

0

dτTrB{[ĤI(t), [ĤI(t− τ), σ̂S(t)⊗ σ̂B]]} . (A.12)

Using (A.5), the integrand of the previous equation can be written as

TrB{[ĤI(t), [ĤI(t− τ), σ̂S(t)⊗ σ̂B]]} =
∑

α

[−Âα(t− τ)σ̂S(t)Âα(t) + Âα(t)Âα(t− τ)σ̂S(t)]〈B̂ α(τ)B̂ α〉+ h.c. ,

(A.13)

with h.c. denoting the hermitian conjugate. We have defined the reservoir
correlation functions 〈B̂α(τ)B̂α〉 = TrBα{σ̂BαB̂α(τ)B̂α}. To obtain (A.13) we
have used the fact that σ̂Bα is a stationary state of ĤBα . In the weak coupling
limit, the integrand (A.13) decays fast enough to set the upper limit t→∞.
Thus, Eq. (A.12) can be expressed as

dσ̂S(t)

dt
=

1

~2

∑

α

∫ ∞

0

dτ [Âα(t− τ)σ̂S(t)Âα(t)

− Âα(t)Âα(t− τ)σ̂S(t)] 〈B̂ α(τ)B̂ α〉+ h.c. (A.14)

This equation can be greatly simplified if we decompose the interaction pic-
ture system operators Âα(t) into their Fourier components Âαω

Âα(t) = Û †S(t)Âα ÛS(t) =
∑

ω

Âαωe
−iωt =

∑

ω

Âα
†
ω e

iωt . (A.15)

Inserting the Fourier decomposition in (A.14), we find

dσ̂S(t)

dt
=
∑

α

∑

ω,ω′

ei(ω
′−ω)tCα

ω [ Âα
ω σ̂S(t)Âα†

ω′ − Âα†
ω′ Â

α
ω σ̂S(t) ] + h.c. , (A.16)
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with Cα
ω =

∫∞
0
dτeiωτ 〈B̂ α(τ)B̂ α〉 ≡ 1

2
Γαω + iδαω . The imaginary part δαω is

associated with small Lamb shifts in the energy levels. We will neglect them
in the following. For our choice of bosonic baths with coupling operators
(2.5), the functions Γαω are given by Eq. (2.11). The expression (A.16) is
called the interaction picture Markovian Redfield master equation.

Finally, we can remove the time dependence in Eq. (A.16) by choosing
an adequate rotating frame. The density matrix in such a frame is ρ̂S =
e−iÂ2t/~σ̂Se

iÂ2t/~. The corresponding Redfield master equation reads

dρ̂S(t)

dt
= − i

~
[Â2, ρ̂S(t)] +

∑

α

Rα{ρ̂S(t)} , (A.17)

where the super-operators Rα{ρ̂S(t)} are

Rα{ρ̂S(t)} =
∑

ω,ω′

Cα
ω [ Âα

ω ρ̂S(t)Âα†
ω′ − Âα†

ω′ Â
α
ω ρ̂S(t) ] + h.c. . (A.18)

A.1.1 Energy currents

Both heat currents and power can be defined by using the master equation
(A.17). Namely, the time evolution of the mean energy of the system reads

d

dt
Tr{ĤS(t)σ̂S(t)} =

d

dt
Tr{(Â1 + Â2)ρ̂S(t)} = P (t) +

∑

α

Q̇α(t) , (A.19)

with

P (t) = − i
~

Tr{Â1 [Â2, ρ̂S(t)]} (A.20)

the power performed by the field and

Q̇α(t) = Tr{ (Â1 + Â2)Rα{ρ̂S(t)}} (A.21)

the heat current from Bα into S. In the steady state P +
∑

α Q̇α = 0, where
P (t → ∞) ≡ P and Q̇α(t → ∞) ≡ Q̇α are the stationary power and heat
currents.

A note of precaution should be stated at this point. Complete posi-
tivity and thermodynamic consistency are not ensured within the Redfield
approach. However, when performing extra assumptions, it leads to consis-
tent approaches as discussed below. It is worth to point out that complete
positivity depends only on the specific structure of the master equation, while
thermodynamic consistency is also dependent on the definition chosen for the
energy currents.
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A.2 Global master equation

A rotating wave approximation brings Eq. (A.17) into secular form. Specif-
ically, we consider that the intrinsic time of the system τS ∼ |ω − ω′|−1

(ω 6= ω′) is much smaller than the scale of its interaction with the baths
τSB ∼ γ−1

α , i. e. γα � |ω − ω′|. Thus, neglecting the terms such that ω 6= ω′

in (A.18) leads to

dρ̂S(t)

dt
= − i

~
[Â2, ρ̂S] +

∑

α

Lα{ρ̂S(t)} , (A.22)

where the Lindblad super-operators characterizing the influence of Bα on S
are

Lα{ρ̂S(t)} =
∑

ω

Γαω

(
Âαωρ̂S(t)Âα

†
ω −

1

2
Âα
†
ω Â

α
ωρ̂S(t)− 1

2
ρ̂S(t)Âα

†
ω Â

α
ω

)
. (A.23)

The expression (A.22) is known as the Global or Secular master equation.
Within this secular approach, the power and heat currents are obtained from
(A.20) and (A.21) replacing Rα{ρ̂S(t)} by Lα{ρ̂S(t)}. The structure of the
Lindblad super-operators guarantees thermodynamic consistency when con-
sidering these definitions for the currents [67, 66, 9, 12].

A.3 Local master equation

In the case of periodically driven devices, the time scale of the laser plays
a central role τwS ∼ λ−1. When τwS � τSB a global equation provides a
good description of the functioning of the device. However, when τwS �
τSB or equivalently λ � γα, it is necessary to employ a Redfield approach
since the rotating wave approximation is not well justified. Interestingly, we
have another option to study the machine behavior within this weak driving
regime. Such approach is based on a Local master equation of the form

dρ̂S(t)

dt
= − i

~
[Â2, ρ̂S] +

∑

α

L0
α{ρ̂S(t)} . (A.24)

The Lindblad super-operators L0
α{ρ̂S(t)} are obtained by considering an ex-

pansion of Lα{ρ̂S(t)} in the variable λ and keeping the leading terms. When
such leading terms are all of order λ0, the local super-operator L0

α are given
by (A.23) but considering the following Fourier components

eiĤ
0
St/~ Âα e−iĤ

0
St/~ =

∑

ω

Âαωe
−iωt =

∑

ω

Âα
†
ω e

iωt . (A.25)
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The power and currents within this approach are [58, 82]

P (t) = − i
~

Tr{Ĥ0
S [Â2, ρ̂S]} (A.26)

and
Q̇α(t) = Tr{ Ĥ0

S L0
α{ρ̂S(t)}} . (A.27)

It is important to stress that this definition of the currents provides a ther-
modynamically consistent description when considering periodically driven
devices. However, the local approach may lead to violations of the Second
Law of Thermodynamics when dealing with absorption machines [83].
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Skrzypczyk. The role of quantum information in thermodynamics—a
topical review. Journal of Physics A: Mathematical and Theoretical,
49(14):143001, feb 2016.

[4] H.P. Breuer and F. Petruccione. The Theory of Open Quantum Systems.
Oxford University Press, USA, 2002.

[5] Inés de Vega and Daniel Alonso. Dynamics of non-markovian open
quantum systems. Rev. Mod. Phys., 89:015001, Jan 2017.

[6] Ronnie Kosloff. Quantum thermodynamics and open-systems modeling.
The Journal of Chemical Physics, 150(20):204105, May 2019.

[7] Ronnie Kosloff. Quantum thermodynamics: A dynamical viewpoint.
Entropy, 15(6):2100–2128, 2013.

[8] Amikam Levy, Robert Alicki, and Ronnie Kosloff. Quantum refrigerators
and the third law of thermodynamics. Physical Review E, 85(6), June
2012.

[9] Herbert Spohn. Entropy production for quantum dynamical semigroups.
Journal of Mathematical Physics, 19(5):1227–1230, May 1978.

[10] Nahuel Freitas and Juan Pablo Paz. Fundamental limits for cooling of
linear quantum refrigerators. Physical Review E, 95(1), January 2017.

127



129 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

[11] H. E. D. Scovil and E. O. Schulz-DuBois. Three-level masers as heat
engines. Physical Review Letters, 2(6):262–263, March 1959.

[12] R Alicki. The quantum open system as a model of the heat engine.
Journal of Physics A: Mathematical and General, 12(5):L103–L107, may
1979.

[13] Ronnie Kosloff. A quantum mechanical open system as a model of a heat
engine. The Journal of Chemical Physics, 80(4):1625–1631, February
1984.

[14] Ronnie Kosloff and Amikam Levy. Quantum Heat Engines and Refrig-
erators: Continuous Devices. Anual Rev. Phys. Chem., 65:365, 2014.

[15] Eitan Geva and Ronnie Kosloff. A quantum-mechanical heat engine op-
erating in finite time. a model consisting of spin-1/2 systems as the work-
ing fluid. The Journal of Chemical Physics, 96(4):3054–3067, February
1992.

[16] Eitan Geva and Ronnie Kosloff. On the classical limit of quantum
thermodynamics in finite time. The Journal of Chemical Physics,
97(6):4398–4412, September 1992.

[17] Tova Feldmann, Eitan Geva, Ronnie Kosloff, and Peter Salamon. Heat
engines in finite time governed by master equations. American Journal
of Physics, 64(4):485–492, April 1996.

[18] Tova Feldmann and Ronnie Kosloff. Performance of discrete heat engines
and heat pumps in finite time. Physical Review E, 61(5):4774–4790, May
2000.

[19] Ronnie Kosloff and Tova Feldmann. Discrete four-stroke quantum heat
engine exploring the origin of friction. Physical Review E, 65(5), May
2002.

[20] Ronnie Kosloff and Yair Rezek. The quantum harmonic Otto cycle.
Entropy, 19(4):136, March 2017.

[21] J. Rossnagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E. Lutz,
F. Schmidt-Kaler, and K. Singer. A single-atom heat engine. Science,
352(6283):325–329, April 2016.

[22] H. T. Quan, Yu xi Liu, C. P. Sun, and Franco Nori. Quantum thermo-
dynamic cycles and quantum heat engines. Physical Review E, 76(3),
September 2007.

128



130 / 135

Este documento incorpora firma electrónica, y es copia auténtica de un documento electrónico archivado por la ULL según la Ley 39/2015.
Su autenticidad puede ser contrastada en la siguiente dirección https://sede.ull.es/validacion/

Identificador del documento: 2111210				Código de verificación: lZvvKBaU

Firmado por: Javier Onam González López Fecha: 09/09/2019 11:04:42
UNIVERSIDAD DE LA LAGUNA

Daniel Alonso Ramírez 11/09/2019 14:53:47
UNIVERSIDAD DE LA LAGUNA

Universidad de La Laguna
Oficina de Sede Electrónica

Entrada
Nº registro:  2019/71179

Nº reg. oficina:  OF002/2019/68379
Fecha:  10/09/2019 12:13:28

[23] Armen E. Allahverdyan, Ramandeep S. Johal, and Guenter Mahler.
Work extremum principle: Structure and function of quantum heat en-
gines. Physical Review E, 77(4), April 2008.

[24] Ralph Silva, Gonzalo Manzano, Paul Skrzypczyk, and Nicolas Brunner.
Performance of autonomous quantum thermal machines: Hilbert space
dimension as a thermodynamical resource. Phys. Rev. E, 94:032120, Sep
2016.

[25] Yi-Xin Chen and Sheng-Wen Li. Quantum refrigerator driven by current
noise. EPL (Europhysics Letters), 97(4):40003, February 2012.

[26] Davide Venturelli, Rosario Fazio, and Vittorio Giovannetti. Minimal
self-contained quantum refrigeration machine based on four quantum
dots. Physical Review Letters, 110(25), June 2013.

[27] Mark T Mitchison, Marcus Huber, Javier Prior, Mischa P Woods, and
Martin B Plenio. Realising a quantum absorption refrigerator with an
atom-cavity system. Quantum Science and Technology, 1(1):015001, mar
2016.

[28] Patrick P. Hofer, Mart́ı Perarnau-Llobet, Jonatan Bohr Brask, Ralph
Silva, Marcus Huber, and Nicolas Brunner. Autonomous quantum re-
frigerator in a circuit qed architecture based on a josephson junction.
Phys. Rev. B, 94:235420, Dec 2016.

[29] Gleb Maslennikov, Shiqian Ding, Roland Hablützel, Jaren Gan, Alexan-
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