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1. Introduction

The Euclidean hull is defined to be the intersection of a code and its Euclidean dual.
It was originally introduced in [1] to classify finite projective planes. Knowing the hull
of a linear code is also a key point to determine the complexity of some algorithms for
investigating permutations of two linear codes and computing the automorphism group
of the code [11,15,16]. In general, those algorithms have been proved to be very effective if
the size of the Euclidean hull is small. In the case of codes over finite fields, Sendrier [17]
established the number of linear codes of length n with a fix dimension Euclidean hull,
also Skersys [19] discussed the average dimension of the Euclidean hull of cyclic codes.
Later, Sangwisut et al. [18] determined the dimension of the Euclidean hull of cyclic and
negacyclic codes of length n over a finite field. Furthermore, in [9] the authors gave the
average Euclidean hull dimension of negacyclic codes over a finite field. Recently, the
concept of the Euclidean hulls has been generalized to cyclic codes of odd length over Z4
in [10] where the authors provided an algorithm to determine the type of the Euclidean
hull of cyclic codes over Zy4.

An important class of linear codes over rings is the class of cyclic codes and they have
been extensively studied, see for example [4,5,7,13,14]. In particular, Dinh and Permouth
[4] gave the algebraic structure of simple root cyclic codes over finite chain rings R and
in [13] this was generalized to multivariable cyclic codes. Free cyclic serial codes have
been determined by using cyclotomic cosets and trace map over finite chain rings [5]. It
is clear that the Euclidean hull of cyclic codes is also cyclic, two special families of cyclic
codes are of great interest, namely linear complementary dual codes, which are codes
whose Euclidean hull is trivial (see for example [3]) and self-orthogonal codes, which are
linear codes whose Euclidean hulls are the whole code (see for example [20,2]). These
works motivate us to study the hulls of cyclic codes over finite chain rings. In this paper,
we focus on the study of the hulls of cyclic codes of length n over a finite chain ring R of
parameters (p,r,a,e,r) such that n and p are coprime. This is the serial case stated in
[13], i.e. the cyclic codes over R whose length n is coprime with p are serial modules over
R. We will generalize the techniques used in [10] (for Z4) to obtain the parameters and
the average p”-dimensions Euclidean hull of cyclic serial codes over finite chain rings.

The paper is organized as follows. In Section 2, some preliminary concepts and some
basic results are recalled. In Section 3, we characterize Galois hulls of cyclic serial code
over finite chain rings. Section 4 shows the parameters and the g-dimensions of the
FEuclidean hull of cyclic serial codes. Finally, the average dimension of the Euclidean hull
of cyclic serial codes is computed in Section 5.

2. Preliminaries
2.1. Chain rings

For an account on the results on finite rings in this section check [12]. Throughout
this paper, p is a prime number, a, e, r, s are positive integers and Zp. is the residue ring
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of integers modulo p®. R will denote a finite commutative chain ring of characteristic
p®, of nilpotency index s, and of residue field F, (where ¢ = p"). We will denote its
maximal ideal by J(R) and R* will denote its multiplicative group. Note that since R
is a chain ring it is a principal ideal ring, thus we will denote by 6 a generator of J(R),
the ideals of R form a chain under inclusion {0} = J(R)* C J(R)*"' C---CJ(R) C R
and J(R) = 0'R for 0 < t < s.

The ring epimorphism 7 : R — R/J(R) ~ F, naturally extends a ring epimorphism
from R[X] to F,-[X] and on the other hand it naturally induces an R-module epimor-
phism from R™ to (F,r)". As an abuse of notation we will denote both mappings by
.

A monic polynomial f is basic-irreducible over R if w(f) is irreducible over F,-. We
will denote by GR(p®,r) the Galois ring of characteristic p® and cardinality p™®. It is
well known that, for a given finite chain ring R there is a 5-tuple (p, a,r, e, s) of positive
integers, the so-called parameters of R, such that R = GR(p®,r)[0], and () = J(R), 0° €
P(Zye[0])* and 651 £ 6° = Og. From now on, we will denote as S, the subring of R such
that S4 := GR(p®,d)[0] and d is a divisor of 7. The Teichmdiller set of R will be denoted
as T(R) and it is defined as T'(R) = {0} U{a € R : a? =2 # a?"~! = 1}. It is the only
cyclic subgroup of R* isomorphic to the multiplicative group of F,~. For each element a
in R, there is a unique (ag, a1, -+ ,as_1) in T(R)* such that a = ag+a10+---+as_10°7L.

Let R and S be two finite commutative chain rings, we say that we say that R is an
extension of S and we denote it by S|R if S C R and 1z = 1g. We say that the extension
is separable if J(S)R = J(R). The Galois group of the extension S|R, denoted Auts(R),
is the group of all the automorphisms vy of R whose restriction |5 of 7 to .S, is the identity
map of R. A separable extension is called Galois if {r € R : (Vy € Autg(R))(y(r) =
r)} = S. This condition is equivalent to the condition R is ring-isomorphic to S[X]/{f),
where f is a monic basic irreducible polynomial in S[X], see [22, Section 4][12, Theorem
XIV 8.

Let d be positive divisor of =, and let us consider S = Zp.[f], R = GR(p®,7)[d],
Sq = GR(p*, d)[0], and

GSub(S|R) := {Sq : dis a divisor of r and Z,.[0] C Sg}.

It is well known that Autg(R) is a cyclic group generated by the Frobenius automorphism

s—1 s—1
o : R — R given by: o <Z atet) = Y alf!, and therefore, the set Sub(Autg(R)) of
=0 =0

subgroups of Autg(R) is given by
Sub(Autg(R)) = {(c?) : dis a divisor of r}.

In [6], the authors established the Galois correspondence (Stab; Fix) between GSub(S|R)
and Sub(Autg(R)) as follows Stab : GSub(S|R) — Sub(Autg(R)) and Fix : Sub(Autg(R))
— GSub(S|R) where Stab(Sy) = (0¢) and Fix({c?)) = Sy, where d is a divisor of 7 (recall
that ¢ = p").
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Given a divisor d of 7, from [12, Theorem XV.2], ¢ is the only automorphism in
Autg(R) such that 7 o7 = 7m0 0%, where & is a generator of Autg, (). The trace map

T_1
d .
Tyq: S — Sy of the ring extension R|Sy is defined by Ty := > ¢¢, and the trace map
i=0
_ _ T
Ty : Fpr — Fpa of the field extension Fyr |Fa is defined by Tq := > 7% It is well known
i=0
that Tq : R — S, is an epimorphism of Sg-modules and Ty : Fj,« — Fr is an epimorphism
of vector spaces over IF,,«. Hence, for any divisor d of r, the following diagram commutes.

R 25 R Mg,
] ml b

F —>Ed F, ™% F
p" p" p?
2.2. Codes over a chain ring

A linear code C of length n over a ring R, is a submodule of the R-module R"™. We
will denote by {0}, the zero-submodule where 0 = (0,0,...,0) € R™. A linear code C
over R is free if, C = R* as R-modules for some positive integer k. The residue code of
a linear code C over R is the linear code 7(C) over F,, where

m(C) = {(x(co),m(cr), -, m(en1) : (co,c15--+ s en1) € CF.

In [6], the authors introduced the Galois closure of a linear code C over R of length
n as follows, C14(C) = Ext(T4(C)), where Ext(T4(C)) is the linear code over R of all
R-combinations of codewords in the linear code T4(C') over Sg. A linear code C' over R
is (o¥)-invariant, if 04(C) = C, where d is a divisor of 7. Recall that for any linear code
C over R of length n, its subring subcode is given by Resyq(C) = C N (Sq)". In [6], it is
shown that any linear code C over R is (o%)-invariant, if and only if, T4(C) = Resy(C)
if and only if, C' = Ext(Resy(C)). For £ € {0,1,...,7 —1} we equip R™ with the ¢-Galois
inner-product defined as follows:

n—1
(u, v)p = Zujag(vj), for all u,v € R".
§=0

When ¢ = 0 it is just the usual Euclidean inner-product and if r is even and r = 2¢ it is
the Hermitian inner-product. The ¢-Galois dual of a linear code C' over R of length n,
denoted C*¢, is defined to be the linear code

Ct ={uecR" : (uc)yy=0gforallceC}.

If C C C*¢, then C is ¢-Galois self-orthogonal. Moreover, C is (-Galois self-dual if,
C = C'¢. The two statements in Proposition 2 below follow immediately from the
identity



S. Talbi et al. / Finite Fields and Their Applications 77 (2022) 101950 5

(u, v)e = (u, o"(V))op = 0" (" "(v), u),_p), forall0 < h < f,u,ve R"

where the action is taken componentwise of(v) = (¢(vg), -+ , 0% (v,_1)). The following
proposition is a generalized Delsarte’s Theorem.

Proposition 1. (/6, Theorem 3.3]) Let C be a linear code over R of length n. Then for
any £ € {0,1,...,r — 1}, T4(CLt) = (Resq(C)) ™.

Also [8, Proposition 2.2] has a natural generalization to finite chain rings.

Proposition 2. Let C' be a linear code over R of length n. Then
1. (Uh(C))LZ = o"(C*?), and C+t = " (CHe-r), for any 0 < h < 4;
2. (CHo)ytn = g¥r=t=1(C), for all 0 < £,h <1 — 1.

From Proposition 2 and [7, Theorem 3.1], we obtain the following result.

Corollary 1. Let C' and C' be linear codes over R of length n. Then

1. (C+ 0t =Cctenc'te;
2. (CNCYLe =CLe ¢ Le,

Definition 1. Let C be a linear code over R. The /- Galois hull of C will be denoted as
Hy(C), is the intersection of C' and its ¢-Galois dual, that is,

H,(C)=CNnCte.

A linear code C over R is ¢-Galois Linear Complementary Dual (Shortly, Galois LCD)
it Ho(C) = {0}, and C is ¢-Galois self-orthogonal if He(C) = C. If we denote that for
all 0 < 4;h < 7 — 1, we have o (H(C)) = Hi(c"(C)), and H,(C) = H,_o(CL).
From the generalized Delsarte’s Theorem in Proposition 1, it follows that T4(H(C)) =
(Resy(H,_¢(C)))™*. Note that if C is (o )-invariant, then Hy(C) = Ho(C).

From [14, Proposition 3.2 and Theorem 3.5], for any linear code C over R of length
n, there is a unique s-tuple (ko, k1, - ,ks—1) of positive integers, such that C has a
generator matrix in standard form

Iy Gop Goz -+ Gos—2 Go,s—1 Go,s
0 GIkl QGLQ . 9(}175_2 9G17s_1 HGl,s U
0] e @) ce O 98711]65_1 esile—l,s

where U is a suitable permutation matrix and O the all zeros matrix of suitable size.
The elements in the s-tuple (ko, k1, -, ks—1) are called parameters of C' and the rank
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of Cis ko +ky + -+ + ks_1. From [14, Theorem 3.10], the parameters of C1¢ are (n —
kyks—1, -+ ko, k1), where k = rank(C). Note that C is free if and only if rankg(C) =

ko and k1 = --- = ks_1 = 0. The g-dimension of a linear code C' over R, denoted

dim,(C), is defined to be log,(|C|). Thus the g-dimension of a linear code C over R of
s—1

parameters (ko, k1, -+ ,ks—1) is Y (s — t)k;. Since R is also a Frobenius ring, it follows

t=0
that dim,(C) + dim,(C*¢) = sn.

Proposition 3. Let C' and C' be two codes over R of the same length. Then
dimy(C + C") = dim,(C) + dimy(C') — dim,(C N C").
Moreover dimy(Hi(C)) = dimy(H,—¢(C)).

Proof. The map n: CxC’" — C+ ' defined as follows: n(z;2’') = z+2’, is an R-module
epimorphism. From the First Isomorphism Theorem, it follows that C' x C’/Ker(n) and
C + C' are isomorphic as R-modules. Since Ker(n) = {(z;—z) : 2 € CNC'}, it is easy

to see that Ker(n) and C'NC" are isomorphic R-modules. Thus |C + C'| = Clglc, x |C].

Therefore log, (|C+C’|) = log,(|C]) —log,(|CNC’|) +log,(|C'|). From the deﬁnltlon of ¢-
dimension of a linear code we have that dim,(C+C’) = dim,(C)+dim,(C")—dim,(CNC").
Moreover,

dim, (H,(C)) = dim, ((C + C+7=¢)*4), from Corollary 1 ;
= sn — dim,(C + C*+=*), since dim,(C + C+=¢)
+dim, ((C + =)L) = sn;
= sn — (dimg(C) + dimg(CH=*) — dimg(Hr—e(C))) ;
= dim,(H,—¢(C)), since dim,(C) 4 dim,(C+—¢) = sn. O

Proposition 4. Let C' be a free code over R of length n and £ be a positive integer. Then

1. dim,(c*(C)) = s x rank(c’(C)) = s x dimy(7(c*(C)));
2. m(C)*e ZW(CLE)
3. m(H(C)) = He((C)).

Proof. Since C' is free, a generator matrix for o*(C) is ( Iy ’0’ (A) ) U, where A isa kx(n—

k)-matrix over R and U is a permutation matrix. Thus ( ‘ (ot(A)) ) U is a generator
matrix for 7(C). It follows that |of(C)| = ¢** and rank(c*(C)) = dim,(7(c?(C))) = k.
This proves Item 1. Now to prove Item 2. The codes 7(C)‘¢ and m(C*¢) have the
same parity matrix, which is (Ik’ﬂ'((TZ(A)) ) U. Hence 7(C)1¢ = 7(C*e). Ttem 3. is a
consequence of the fact that the above diagram commutes, 7(H;(C)) C He(n(C)) and
dimg, (m(He(C))) = dimy(He(w(C))). O
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3. Galois hulls of cyclic serial codes

Let N be the set of nonnegative integers and n be a positive integer such that
gcd(n,q) = 1. Set [|a;b]] = {a,a + 1,---,b} where (a,b) € N2 such that a < b. Let
A and B be two subsets in [|0;n — 1|], as usual, the opposite of A, denoted —A, is de-
fined as —A = {n —z : 2z € A} and its complementary, denoted A, is defined as:
A={z€[0;n—1|] : 2¢ A}. The set A is symmetric, if A = —A, and the pair {A, B}
is asymmetric, if B = —A. Recall that the pair is a set with two elements. If u € N\{0},
then uA = {i € [|0;n —1]] : (3z € A)(uz = i(modn)}. It defines the binary relation on
[|0;n—1|] by & ~4 y if there is i in N such that y = ¢’z(mod n). Obviously, the binary rela-
tion ~, is an equivalence relation on [|0; n —1|]. The cosets of ~, are called ¢g-cyclotomic
cosets modulo n. Denote by [|0;n — 1|],, a complete system of representatives of ~,. A
subset Z of [|0; n—1|] is a g-closed set modulo n, if Z = gZ. The smallest g-closed set mod-
ulo n, containing a subset Z of [|0;n — 1|] is ;e ¢'Z and we will denote it by C4(Z). In
particular, the set of g-cyclotomic cosets modulo n which is {C,({z}) : z € [|0;n — 1[4},
forms a partition of [|0;n — 1|]. Since C,({z}) = {x € [|0;n — 1|] : @ ~, 2} for any z in
[|0;n — 1]]. We will take C () = @) by convention. Let j be a divisor of n, we will use the
following notation

o ¢(.) is the Euler totient function;

 ord;(g) the multiplicative order of ¢ modulo j;

o w(n;q) the number of g-cyclotomic cosets modulo n;

o Ng={deN\{0} : (3i € N\{0})(d divides ¢' +1)};

o A, the set of symmetric g-cyclotomic cosets modulo n of size ord;(q);

o i) = A

o A, the set of asymmetric pairs of g-cyclotomic cosets modulo n of size ord;(q);

e B(7:q) = Al

Let § be a generator of the cyclic multiplicative subgroup T'(GR(p®*,m))\{0} of
(GR(p*,m))*, where m = ord,(q). The following result is straightforward from Hensel’s
Lemma [12], which guarantees the uniqueness of this monic basic-irreducible factoriza-

tion of X” — 1, and X" — 1= II  m.wherem,:= [[ (X —4§%). Obviously,
z€[|0sn—1]], a€lq({z})
for any z in [|0;n — 1]]4, the polynomial m, is monic basic-irreducible over R.

Lemma 1. The map

Q: {Cy(Z) : 2 [|0;n—1lq} — {f € GR(p*,7)[X] : f is monic and f|X™ —1}
A > IT (X —4d%

a€A

where Q(0) = 1, is bijective. Moreover, for any z € [|0;n — 1|] and for all g-closure sets
A and B modulo n, we have
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Q (Cq({z})) is a monic basic-irreducible polynomial over GR(p®,r) of degree |Eq({z}) ;
2. 1em((A),Q(B)) =Q(AUB) and gcd(Q2(A),Q(B)) = Q(ANB);
3. if ANB =0, then Q(AUB) =Q(A)Q(B).

Proof. Since 6 € T'(GR(p®, m))\{0} C GR(p®*,m) and GR(p?, m) is a Galois extension of
GR(p*, ), it follows that for any g¢-cyclotomic cosets A modulo n, the monic polyno-

mial [] (X — é) is basic-irreducible over GR(p®,r). Therefore, the correspondence € is
acA
well-defined, and by Hensel lemma, X™ — 1 admits a unique monic basic-irreducible fac-

torization in GR(p®, 7)[X]. Thus the existence and the uniqueness of this basic-irreducible
factorization over GR(p®,r), the map Q is bijective. Items 2. and 3. are straightforward
to prove. 0O

Proposition 5. [18, Subsection 2.2] Let j be a divisor of n. Then

OG) i N OU)
Y(3q) = { i FIENG ) = { zora @ U E N

0
0, otherwise, 0, otherwise.

Moreover, w(n;q) = Z ~v(i5q) + 2 Z B(7;q).
e i

We will introduce the following notation

En(q,8) = Tn(q,8) x (Tn(g,9))°, (2)

where 7,(q,8) = [] 8119 and In(g,8) = 1] 83U with
& o

5:{(x(0)’x(1)7...,x(8 Dy e{o;1}* Zx 6{0;1}}. (3)

Note that & = {(0,---,00yUl [0,---,0, 1 ,0,---,0| : je{l;- s} 5 C
j-i th position
{0;1}* and |&4| = s+ 1.
The elements in I, (g, s) are arrays of the form (((ul(.la))oga@)o) where (ugf))oga@ are

in &5 and the indices ¢ and [ satisfy i|n,i € N, and 1 <1 <~(i;q), i.e

(0 ozaee)®) = (0 Dozac) € 1,(0.5).

1<l<’Y(i§Q)> i|n,ieN,
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Similarly, (v Jo<acs)®) = ((@ézhoga<s)l<h<ﬁuq)) € Ju(g:5)- Note that
- j‘nJqu

if s =1, then & = {0;1}, and in this case, we write ((u;)°) = (((UE?))O§a<1)O) and
((vj)*) = ((05))o<a<1)*)-

Let ¢ and j be positive integers such that i|n,i € Ny, and j|n,j ¢ N;. From now on,

A ={Gy : 1 <1<9(i59)} and A; = {{Fjn,—Fpn} : 1<h<B(j;9)}

Of course, all the polynomials in {Q(Gy;) : 1 <1< ~(i;q)} are basic-irreducible in R[X]
of degree ord;(¢), and all the elements in {{Q(F;n), Q—Fjn)} : 1 < h < B(j;q)} are
pairs of monic basic-irreducible reciprocal polynomials (up to a unit) in R[X] of the same
degree ord;(q). The basic-irreducible factorization of X™ — 1 in R[X] is given as

~(%59) B(5:9)
xt—1=1J( IT @@ | IT | I] @@Emn Q(-FEpn) |- (4)
iln \ I=1 jln \ h=1
i€Ng i &N,

Thus, for any monic factor of X™ — 1 € R[X], there is a unique (((ui)°), ((v;n)*®),
((wjn)*))) in &, (g, 1) such that

v(i59)
f= 1 I 2@ 11 HQ W) Q=Fpn)" | (5)
I e A=

and conversely. Denote the right-hand side of Equation (5) by O((
((wjn)®)). Note that 0(((1)°), ((1)*), ((1)*)) = X™ =1 and 9(((0)°), ((0)*
we are given fi = 9(((ui)?), ((vjn)®), (w;n)*)) and f2 = O(((uf)?), (v

we have that

(uir)®), ((vjn)®),
):((0)°)) = 1. If
in)*) (Win)®)),

Lem(f1; f2) = O(((max{uir, ujy })°), (max{vjn, vjn})*), (max{w;n, win })*));
ged(f1; f2) = O(((min{ua, uy })°), (minfvjn, vj,})®), (min{wjn, wj,})*)),

and if all (uy + ), vin + v;-h,wjh + w;h) are in {0;1}? then

frfz = O(((wir + uig)®), (i + vjn)*), (win +wiy)%))- (6)

A cyclic code C of length n over R is a linear code that is invariant under the trans-
formation 7((co, 1, yen-1)) = (¢n-1,¢0," - ,cn—2). If we denote by (X™—1) the ideal
of R[X] generated by X™ — 1, it is well-known that any cyclic code of length n over R
can be represented as an ideal of the quotient ring R[X]/(X™ — 1) via the R-module
isomorphism ¥ : R” — R[X]/(X" — 1), where ¥(c) = ¥(c) + (X™ — 1) and
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v R — R[X] 7)
u= (ug,us, s Up_1) = (X)) =ug+ur X + - +u, 1 X",

which is an R-module homomorphism. We will slightly abuse notation, identifying vectors
in R™ as polynomials in R[X] of degree less than n, and vice versa when the context
is clear. Tt is well-known that R[X]/(X™ — 1) is a principal ideal ring and C is a cyclic
code of length n over R if and only if ¥(C) is an ideal of R[X]/(X™ — 1), (see [4] and
references therein). Thus, the generator polynomial of a cyclic code C of R™, is the
monic polynomial f in R[X] such that ¥(C) = ( f(z)), where ( f(x)) is the ideal of
R[X]/{(X™ — 1) generated by f.

A cyclic code over R of length n, is uniserial if its cyclic subcodes over R are totally
ordered by inclusion (see the definition of serial modules in [21]). A cyclic code over R
of length n, is serial if it is a direct sum of uniserial cyclic codes over R of length n.
Note that, over a finite chain ring R, any cyclic code of length n is serial, if and only if
ged(p,n) = 1.

For a polynomial f of degree k its reciprocal polynomial X% f(X 1) will be denoted
by f* and if f is a factor of X™ —1 we denote fz X;_l. A polynomial f is self-reciprocal

if f = f*, otherwise f and f* are called a reciprocal polynomial pair.

For any union A of g-cyclotomic cosets modulo n, Q(A)* = Q(—A) and Q/(K) =
Q(—A). The (s + 1)-tuple (Ag,Ay,---,Ay) is called to be an ordered (g, s)-partition
cyclotomic modulo n, if Ag, A1, -+, A; are unions of g-cyclotomic cosets modulo n whose
{A: : Ay #0, for 0 <t < s} forms a partition of [|0;n — 1|]. Denote by R,,(q, s) the set

of ordered (g, s)-partition cyclotomic modulo n. Note that

Ra(g,5) = { CaA ™ (1O1), Co ({11, By A (1) = A€ [jossf)Om=1e )

It follows that |R,(q,s)| = (s + 1)“(™9. Let A = (Ag,Aq,---,Ay) be in R,,(q, s). For a
positive integer u we denote by uA = (uAg,uAq, - ,uAs_1). Now, the Ag, Ay, -+, As
are unions of g-cyclotomic cosets modulo n, therefore p‘A; is also another union of g¢-
cyclotomic cosets modulo n, for any ¢ in {0;1;--- ;s—1} and for any £in {0;1;--- ;r—1}.
Hence, p’A € R,(q,s) for any 0 < ¢ < 7. From [4, Theorems 3.4, 3.5 and 3.8], we have
the following result.

Lemma 2. For any cyclic serial code C over R of length n, there is a unique (s+1)-tuple
(Ao, Ay, ,Ay) in R, (q,s) such that

\I/(C’):SEDGt<Q(A,g)>:<{0t H QA,) : O§t§$—1}>. (8)
t=0

a=t+1

_ s—1
Moreover, ¥(CH0) = @ 6" (Q(—A,—y) ).
t=0



S. Talbi et al. / Finite Fields and Their Applications 77 (2022) 101950 11

Let A be a union of ¢g-cyclotomic cosets modulo n. From now on, we will consider the
code

C(A)={ce R" : Q(A) divides ¥(c)}, (9)

Remark 1. Free cyclic serial codes over a finite chain ring have been studied in [5] using
the cyclotomic cosets and the trace map. Note that C ([|0;n — 1]]) = {0} and C (§) = R™.
From Lemma 2, for any free cyclic serial code C' of length n over R there exists a unique
set A which is a union of ¢g-cyclotomic cosets modulo n such that C' = C (A). Moreover,
cA)=c (—A), the generator polynomial of C (A) is Q(A), and rankp(C (A)) = |A].

Proposition 6. If A and B are unions of q-cyclotomic cosets modulo n, then

if and only if C(A) C C(B);
B)=C(A )ﬂC( ), and C(AUB) =C(A) +C(B);
)

) = ( )andC(A) =C(—plx),f0rallO§€§r—1.

1.ACB
2. C(AN
3. ot (C

(A
Proof. Item (1) follows from the definition of C(A) and C(B) and the fact that A C
B if and only if Q(B) divides Q(A). To prove (2), we note that since ANB C A C
AUB,and ANB C B C AUB, from item (1), we have C(ANB) C C(A) NC(B)
and C(A) + C(B) C C(A U B). Conversely, if ¢ € C(A) N C(B) then Q(A) and Q(B
divide ¥(c). Thus 1em(Q2(A), Q(B)) divides ¥(c). Now, 1lem(Q(A), Q(B)) = Q(AUB)

Q(ANB), so we have C(A) NC(B) C C(A N B). Since gcd(Q(A), Q(B)) = Q(ANB) =
QAUB B) hence C(A) + C(B) 2 C(A UB). To finish with the proof of the item (3), we
have o (C( ={ceR" : o' (QA)) divides ¥(c)}, thus o’ (C(A)) = C (p*A), since
o ( ) = Q(p*A). Finally, for any 0 < ¢ < r — 1 we have

| ==

Z

= (0
=€ ))

C( A) , from Remark 1. O

) o , from Proposition 2;

Let A = (Ag,Aq,...,As) and B = (B, By,...,B;) be elements in R,(q, s). We will
define the following set in R™

s—1
=P oca).
t=0

Taking into account the map ¥ in Equation (7) and from [4, Theorem 3.4], it follows
that C(A) is a direct sum of cyclic serial codes of length n over R. Therefore, C(A) is a
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cyclic serial code of length n over R. The parameters of C(A) are given by the entries in
(JAol,]A1], -+, |As]) and from Lemma 2 it follows that for any cyclic serial code C' over
R of length n, there is a unique A in #,(q, s) such that C' = C(A). Thus A is called the
defining multiset of C(A).

Let us denote by

A° = (Ag,A1,...,A0), AUB=(Ey,E...,Ey)

t—1
where Eg = Ag UBy, and E; = (A; UBy)\ (U (A; UBZ-)> for all 0 < t < s. It is easy
i=0
to see that A® and A UB are in ®,(q, s). Moreover, C+¢ = C(—p‘A°), and dim,(C) =
s—1
>~ (s — t)|A¢]. Note that if ATTB = (A° UB®)® = (Eo,Eq,--- ,E), then E; = A, U By
=0
t—1
and Eq_; = (As—; UBs—4) \ ( U (As—; U BSZ-)>, forall 0 <t <s.
i=0

Proposition 7. [5, Theorem 6] Let A = (Ao, A1,...,As) and B = (By,By,...,B;) in
Ro(q.5). Then C(A) + C(B) = C(AUB) and C(A) N C(B) = C(AM B).

Corollary 2. Let A = (Ao, A1,...,As) and B = (By,B1,...,Bs) in R,.(q, s), and define
g = I QAL and hy= T QBa), for all0 <t <s. Then

a=t+1 a=t+1
1. U (C(A) = ({0tgi(w) : 0 <t < s}), and ¥ (C(B)) = ({0hi(z) : 0 <t < s});
2. T (C(ANB)) = ({0 Lem(g hy) : 0 <t < s}).

Proof. We have A M B = (Eg,Eq,...,E;), where E;, = A, UBg and E,_; =
t—1
(As—t UBs_4)\ (U (As—; UBs_i)), for all 0 < ¢ < s. From Lemma 2 it follows that

=0

U (C(A) = ({#'gi(x) : 0<t<s}), and U(C(B)) = ({#'hs(z) : 0 <t < s}). Since
¥ (C(ANB)) =V (C(A))N¥ (C(B)), using again Lemma 2 and Proposition 7 it follows
that

T (C(ANB)) = (fol),0f1(),....0° " fooa(2))

S S S
where f; = ] Q(E,). Thus for all 0 < t < s, f; = Q( U Ea> and |J E, =
a=t+1 a=t+1 a=t+1

U (As—¢—1UBs_;4_1). Then f; =Q ( U A1 U Bs—t—l)) =lcm(ge, he). O
a=t+1 a=t+1

Theorem 1. Let A in R, (q,s). Then

H,(C(4)) = C (AN —p'A°). (10)
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Proof. Let A in R,,(¢,s) and 0 < ¢ < r. We have

Hy(C(A)) = C(A)NC(A)*, from Definition 1 ;

C(A)NC(—p*A®), since C(A)** = C(—p‘A°);
C

—~

A —p*A°), from Proposition 7. O

Example 3.1. Let R = Zg.[f] with 1 < a < 2 be the finite chain ring of param-
eters (2,a,1,e,2). Consider the 2-cyclotomic cosets modulo 7 given by C2({0}) =
{0},C2({1}) = {1;2;4}, and C2({3}) = {3;5;6}. Note that {C2({1}),02({3})} is an
asymmetric set, and Co({0}) is a symmetric set. Consider the cyclic serial code over R
of length 7 with defining multiset A = (C2({0}), C2({3}),C2({1})).

Then —A® = (C2({3}),C2({1}),C2({0})) , and C (A) = C (C2({0})) ®6C (C2({3})). Thus
C (A)J‘O =C(-A%)=¢C (Bg({?)})) @oC (Cz({l})) Finally, ANl —A°® = (Fo, F1, F2) where
Fo = 0,F; = C2({3}), and Fy = C3({0;1}). Therefore Hy(C (A)) = C (AN —A°) =
C(0,C2({31), G:(10; 1)) = bC (Ca({31)).

3.1. FEuclidean hulls
From now on, ¢/ = 0. The following result provides us a way of checking whether
a given cyclic serial code D is the Euclidean hull of a cyclic code C or not. Of

course, if Ho(C) = D, then D is a serial cyclic code if, and only if C is also a
serial code. In the bequel for each X = (Xo,Xy, - ,Xs) € Rn(g,s), we will de-

note Q(X,) = a((( D), (55, (2 0)ye )), for @ in {0;1;--- ;s}. Thus Q(—X,) =
0 (((ng))o), ((ZJ(Z))’), ((y]((,?) )), and from Equation (6), we have for 0 <t <s—1,

doaof((s ) ) (500 ()

Since A(((1)°), (1)*), ((1))*) = X" =1 = go-3(((«)°), (&{)*), (=')*)), it follows
that

Z O Z y = Z 2@

From Egs. (5) and (8), there exists a unique

(@ 0za)): (Wi Nozacs))s () Yo<acs)"))

in &,/(g, s) such that
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e =({o-o (((}%xm () ) (£ 5))

From Egs. (4), (5), and (8), the following lemma follows.

Lemma 3. There is a bijection between the set C(n; R) of cyclic serial codes of length n
over R and the set E,(q, s).

When ¢ = 0, and with the triple-sequence of a cyclic serial code, by comparing the
two sides of Equation(10) in Theorem 1, the following result is obtained.

Corollary 3. Let

(((@§)0zax2)) (W53 oa<2)*): (245 )0zax2)®) ) and
(7 oace)): (055 ozace)), (i ozac2)®))

in E,(q, s) such that

o= {{ (((}a?f“) J((z0) ) ((2.2))

W<{9“8(((§;u5?)°)’(@1 #) ) ((202)))

Then Ho(C) = D if, and only if for all0 <t <s—1,

5 uﬁ-?’=max{ 5 o & af" “’}
a

a=t+1 =t+1
5 oy —max{ 3 5 ) (1)
a=t+1 a=t+1 =t+1
$ w<>_max{ 5 z<“)- $ <sa>}
in = R Yin
a=t+1 a=t+1 a=t+1
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S
In such a case, for all 0 < t < s —1, if 2t < s — 1, then >, uz(f) =
a=t+1

max{ 3 a5 ) = tand (5o 5 ul)) € (o), 0. i),

a=t+1 a=t+1

S
since Y 335?) =1.
a=0

From Corollary 3, we recover the characterization of LCD cyclic codes and of self-
orthogonal cyclic codes in [10, Theorem 3.4, and Corollaries 3.5 and 3.6] and we naturally
extend it to finite chain rings of nilpotency index 2. The following remark provides this
generalization.

Remark 2. Let
(((@0a<2)), (i Noza<2)*), (255 )osac2)*)) and
() 0zaca)): ((@Nozac2)*): (@5 Noaca)®))
in &,(q,2) such that
w(C) = ({0 (@ +20)), (W) + 65, (5 +20m).
0-0 (@) (Wi (M) )

and

: (2) _
Then Hy(C) = D if, and only if (! ” ; 512)) € 1 1)}, if u%lz) - 7 and
{(0,0)7(17())}7 if Uy :17

1) 2 (1 2)
(yj(hvyj(h)v jh)a ](h)

{(0:0;050), (1;0; 1500}, if () +uy s v +05) s wh) 4wl ol ) = (11515 11);

0;1;1;0), (1013 1) ), if (ul +ulls 0l +0'7 wl) +wd) olD w2 = (15131;051);
Uy il ] jh h%jh jh

{(0;1,0;0), (1;0;0; 1)}, if (u E”+u§f%v§?+v§2) why) w0 wl)) = (151515 1;0;

{(1;0;0;0)}, if (ul)) +uly s og) +uln) s wi) w0 wi)) = (1150515 0);

{(0;0;1;0)}, if (ul)) +uly 05 + ol w) F w0 wi)) = (1505150 1);

{(0;1;0;1)}, if (uf)) +ul); §?+v§?, ) o w' ) =(131;150,0),

for all 7,1, j, h. Moreover,
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1. C is LCD if, and only if xf?) = ac( ),yj( ) = yj(h) z(i) = zj(}l) and (av(lz),yj(h)7 J(i)) €

{(0;0;0), (0;1; 1), (1;0;0), (1; 1; 1)}, for all 4,1, 7, h.
2. C is self-orthogonal if, and only if (z (2), (1)) € {(0;1),(1;0)} and

Ty 5Ty

(533950 250 5 29n)) €{(1:0: 150, (05 1: 150, (1305 0: 1), (103 0; 0), (0505 1: ),
(0:1;0; 1)},

for all ,1, j, h.

Note that Corollary 3 is insufficient to characterize the nontrivial self-dual cyclic codes
over R when s is even (see [4, Theorem 4.4]).

4. The g-dimensions of Euclidean hulls of cyclic serial codes

In this section, C' is a cyclic serial code of length n over R with triple-sequence

(@5 0a<e))s (W53 ozacs))s (H))ozacs)®))

in 8,(¢, s). Then

ol <<<§fa>>> (B

From Corollary 3,

rower=(fro(((39) ) ((29) ) ((52)))
0<t<s—1
e )

where

a=t+1 a=0 a=0
S @ g @1y L
Vjp, min Yjin s Zip (5
a=t+1 a=0 =
5 (@) L@ E (@
> wjhzl—mln{szh,l— > y]h},
a=t+1 a=0 =0
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for all 0 <t < s — 1. The following notations are important for the sequel of this paper.
Forall0<t<s—1,1<1<~(i;q) and 1 < h < 3(j;q), denote by:

el = 3 @) +wl). (12)

a=t+1
Note that 5;;1) = 2. Let us consider now

s—1 s—1

Bu= Y (s—t)ul)), and Ajn = (s =)=y =i, (13)
t=0 t=0
IS0 () _ Lo E @
Obviously, Ay= >, A;’, where A;’= mln{z 1= Y xy }, and Aj, =
t=0 a=0 a=0

s—1
> ‘;27 where
=0

‘ s—t—1 t s—t—1
i =minfS S e S g
a=0 a=0 a=0 =0

v(159) (t) B(5:9) o B(5;q)
Thus, we set A;:= Z Dg, €57 = > £in and A; :== > Ajp.
h=1 h=1

Remark 3. Let 0 <t <s—1.

1. A(t € {0;1} and A( € {0;1;2}.
2. If 0 <t <s, then A( )<A(t) and A(tfl) < Agth)
3. If 2t < s, then A= OandAt)<1

Lemma 4. Let j be a divisor of n such that j ¢ Ny. Then

BUia) — (e =), i< 5]
2(8Gi0) — (P =), e T3],

Bsa)

Proof. Let 0 <t <s—1and A(t) Z A(t) We have 5(t) 2— (t). From Remark 3,
=1

two cases are considered. Let w (t 1) =H{h e N : 1< h < B(j;q) and 55-271) =

(t) = 1}|. Then there is a permutatlon 7 in Sg(j;q) such that eg.f;;l) = 652 =1, for all

h e{r(1), - ,7( jt 2 )} Obviously, § 2 < 28(j; q). For that €§_t*2)_€§_t71) < w;_t—l).
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(t—1) e (t-1)
. — 0;1}, ife; =2;

Case 1: t < [£]. We have 5§th) e {1;2}, and {ggtfs 6Jh {01}, ifey,
el
jh —

glt=1), it =1.
Thus
t—1 t t—1 t
SREE I WD SIC SR
he{r (1), (w1}
1
+ )3 i =i |

he{r(w{ "V +1), ,7(B(i:0)}

1
S e,
he{r(w@{ "V +1), ,7(B(i30)}

since 0 < 5(2 b _ sgt}z <1.

Hence 0 < Egtfl) - Eg-t) < Bsa) — ('t ) < BGia) - (g5 2 5§t71))~

(t=1) (t= )
£ — ¢t 6{0 12}, ifey, e {l;2h
Case 2: t > | £|. We have h Thus
>3 v { 3075 i 3
t—1 t t—1 t
R NG ot
he{r(1), (w0}
—1
+ > (s P —e) |5
he{r(w(' "V +1), - m(B:0)}
-1
=0+ > 5= ],
he{r(w{" "V +1), 7 (B(5:0))}
since 0 < E(th b _ §th) < 2.

Therefore 0 < &'~V = < 2(8(j:0) = ™) <2 (B(G:0) - (2 =), O

Theorem 2. The parameters of the Euclidean hull of a cyclic serial code over R of length
n are given by (ko, k1, ,ks—1) where 2kg + k1 +---+ks—1 <n,

ke =Y ordi(q) - ul” + " ord;(q)

i€ENg igNg
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with
ugt) =0, ift < {%],
® — . .1 o ond
0 < U, < 7(17 q)7 th > |V§-|
E‘gt) :O’ Z'f’rlENq,'
t . t—1 . X
0<u <8 -, ifng Ny, andt < [3];

3
0 < <28isq) — Vi), ifn ¢ Ny, andt > [3].
Moreover VJ(-fl) =0.

Proof. Let (ko,k1,---,ks—1) be the parameters of Hy(C). When Hy(C) = C, we have
2ko+k1+ -+ ks—1 <n. Thenforall 0 <t <s—1,

olo([E)) () ()
<D E)

v(%;9)

= Zordi( (t) + Zord (t 2 sét)), where u Z uzl .

iIn i
iENg i¢Ng
(t) _ if (t) if 9 .
Since { i (()) , ife<[3]; , it follows that Ui (()) ) 2t <s;
0<w;”’ <~(iq), ift>][%] Ogui <~(i;q), ifs <2t

On the other hand, one notes that if n € Ny, then any positive divisor of n is in then
Ng. By Lemma 4, we obtain

55.” —o if n € Ny;
0<v )gﬂ( q) — (t b, if n¢ Ng,and t < [£];
<> <28(;q) —v"), ifng Ny andt>[35],

(M _ =1 _
J

(1) _

€§~t). Obviously v; (=2)

(-1 _
where v; g, T —¢g =0 0O
The previous discussion leads to the Algorithm 1 and justifies its correctness. Exam-

ples 4.1, 4.2, 4.3 show different outputs of the algorithm.

Example 4.1. All possible parameters of Euclidean hulls of cyclic codes of length 11 over
Zio7 are determined as follows.

1. The divisors of 11 are 1 and 11.
a) We have 1 € N3, so ord;(3) =1 and 7(1;3) = 1.
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Algorithm 1: Parameters of the Euclidean hull of a cyclic serial code over R.

Input: Length n, and a finite chain ring R of parameters (p, a,r, e, s) such that ged(p,n) = 1.
Output: All possible s-tuples (ko, k1, - ,ks—1) describing the parameters of the Euclidean hull of a
cyclic serial code

1 .if n € Ny then

2 for 0 <t < s do

3 if t < (%] then

4 | ke=0.

5 else

6 For each i|n, compute ord;(q), and v(i; q),

7 therefore all the possible values of k;, such that

ke = Y ordi() - uf”,
i€ENg
with 0 < ugt) < ~(¢; q).
8 return The possible parameters (0,--- ,0, k[i], -+ ,ks—1) such that k[iw + -+ ki1 <n.
2 2

9 else

10 For each i|n, if ¢ € Ng, then compute ord;(q), and ~(%; q).

11 For each j|n, if j ¢ Ny, then compute ord;(q), and B(j;q).

12 for 0 <t < s, do

13 if ¢t = 0 then

14 compute kg = Y ord;(q) - 1/](-0), where 0 < 1/](.0) < B(j3;9)

o

15 else

16 while 0 < ¢ < [5] do

17 For a fixed VJ(-t71> in ky_1, compute k, = ) ord;(q) - u;t), where

e
0< v <BGia) — v,

18 if 2ko + k1 + -+ - + k¢ < n then

19 | consider ki,

20 else

21 |_ reject kq

22 while ¢t > ’—%] do

23 For a fixed V§t71> in ky—1, compute k; = Y ord;(q) - ugt) + > ord;(q) - u;t),

i o
where 0 < u{”) < ~(i;q) and 0 < v$” < 2. (B(j3q) — v ).

24 if 2ko + k1 + -+ + k¢ < n then

25 | consider k¢,

26 else

27 |_ reject ki
28 return The possible parameters (ko, k1, -+ ,ks—1) describing the Euclidean hull of a cyclic

serial code.

b) We have 11 ¢ N3, so ord;;1(3) =5 and 5(11;3) = 1.
2. It follows that

ko = 51/%?, where 0 < Vﬁ)) <1

k1= E)Vﬁ)7 where 0 < Vﬁ) <1- l/fg)

ko = u?) + 51/9 where 0 < u?) <land0< l/ﬁ) <2(1- Vﬁ)).
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Hence, the all possible parameters (ko, k1, k2) of the Euclidean hulls of cyclic codes
of length 7 over Zg are given in the following table

k‘(] k?l k2

o o0 01,56, 10,11
5 0,1

5 0 0,1

)

Example 4.2. All the possible parameters (kg, k1, k2) of the Euclidean hull of a cyclic
code of length 7 over Zg are determined as follows.

1. The divisors of 7 are 1 and 7.
a) We have 1 € Ny, so ord;(2) =1 and 7(1;2) = 1.
b) We have 7 ¢ Na, so ord;(2) = 3 and 5(7;2) = 1.
2. It follows that
ko = 3V§0), where 0 < I/éo) <1
ki = 3V§1), where 0 < 1/5” <1- Vgo)
ko = u?) + 3u§2) where 0 < u§2) <land 0< V§2) <2(1-— ugl)).

Hence, the all possible parameters (ko, k1, k2) of the Euclidean hulls of cyclic codes
of length 7 over Zg are given in the following table

ko ki ko

0 0 0,1,34,6,7
3 0,1

3 0 0,1

Example 4.3. The parameters of the Euclidean hulls of cyclic codes of length 21 over Zg
are given by

1. The divisors of 21 are {1,3,7,21}.
(a) 1;3 € N2, we have ord;(2) = 1,0rds(2) = 2 and (1;2) =(3;2) = 1.
(b) 7;21 ¢ N3, we have ord;(2) = 3,0rds;(2) = 6 and 8(7;2) = 5(21;2) = 1.
2. It follows that
ko = 3V§O) + 6V§(1))7 with 0 < 1/](-0) <1, where j € {7;21}.
k= 3V§1) + GVS), with 0 < 1/](.1) <1- V;O), where j € {7;21}.
ko = ugz) + 2u§2) + 3l/$2) + 61/5?, with 0 < ugz) <land0< 1{7(-2) <2(1- V;l)),
where i € {1;3}, and j € {7;21}.

Hence, the all possible parameters (ko, k1, k2) of the Euclidean hulls of cyclic codes
of length 21 over Zg are given in the following table
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ko ki ke
0 0 01,23 - 21
3 01,236,78,09,12, 13, 14, 15
6 0,1,2,3,4,56,7,8,9
9  0,1,23
3 0 0,13 -..,15
6  0,1,23,4,5,6,7,8,9
6 0 01,3 ---,9
3 01,236,789, 12,13, 14, 15
9 0 0,1,2,3

Corollary 4. The set X(n, s,q) of q-dimensions of the Euclidean hull of a cyclic serial
code of length n over R, is given by

v(459) B(3;9)

0<ry<s— |5
R(n,s,q) = Zordi(q) Z Ay} +Zord (9) Z Ajp | | 0; Al-his [QW
h=1 = T =

i|n ]|n
iENg

Proof. Let C be a cyclic serial code of length n over R with triple-sequence

(((@50ga<s)), (5 Y0za<s)®), <<<z§z>>oga<s>°>)

in &,(q,s). From Theorem 2, the parameters (ko, k1, - ,ks—1) of Ho(C) where for all
0<t<s—1,
v(i59) Bsa) .
t— ¢
ki = Zordi(q) . Z u + Zordj(q) . (5;h ) 55}1))
i|n jln h=1
i€Ng i
s—1
Thus the g-dimension of Hy(C) is Y (s — t)k;. It follows that
=0
v(i59) B(;9)
dim,(C) = Zordi(q)' Z Aa |+ Zord (q) - Z Ajp
e M "

From Remark 3,

s—1 s—1
ba=Y o= 3 s <5 7],
=0 t=[5]

and if j € N, then A; = 0. Otherwise,
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< g (5] o) 2 (o [5] o)y =

5. The average g-dimension

We will denote by C(n; R) the set of all cyclic serial codes over length n over R. The
average g-dimension of the Euclidean hull of cyclic of length n over R is

ER(n) — Z dimQ(WO(C)) )

CeC(n;R) IC(n; )|

In this section, an explicit formula for Eg(n) and bounds are given in terms of B,, , where

v(i5q9)
Bug —deg[] [ T 2Ga) | = 3000,
i|n = iln
ie‘Nq ' iequ

where G;; are symmetric g-cyclotomic cosets modulo n of size ord,;(g), as defined in (4).
Consider the maps

A: Es — N
s—1 t s—t—1 (14)
(m(o), PP ,m(s_l)) — Z min{ Z a’:(a); 1 — Z x(a)} s
t=0 a=0 a=0
and A : 8, X & — N defined as
s—1 s—t—1 s—t—1
Z(mln{Zya) 1-— Z z(“)}+min{z,z(a) 1-— Z Y })
t=0 a=0 a=0
(15)

where (y,z) = ((y(0)7 . ,y(sfl)), (2(0)7 . 7Z(sfl))),

Let 7 € X(n, s,q) be an element in the set defined in Corollary 4. Then 7 is the ¢-
dimension of the Euclidean hull of a cyclic serial code of length n over R. The following
result gives the number of cyclic serial codes of length n over R whose Euclidean hulls
have ¢g-dimension 7.

Proposition 8. Let n be a positive integer such that gcd(n,p) = 1 and 7 € X(n,s,q)
where X(n, s,q) is described in Corollary 4. The number p(n,T; R) of cyclic serial codes
of length n over R whose Fuclidean hulls have q-dimension T is given by:

7(%59) (4;9)
p(an§R) = Z H H d]s ’Ll H H ps jh )
(((2:1)°),((Ajn)*NET(7) \ i|n =1 jln h=1

iENg JENg
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where

Ys(Di) = |{X€ Es 1A (x) :AilH» pS(Ajh) = ‘{(-sz) EE xEs ¢ A(y,2z) = Ajh}"

and
v(59) B(3:9)
Y(r) =14 (((2)°), ((A;n)%)) = >_ordi(q) Z N |+ ordi(g) | Y A | =7
:6‘/\7/: j |n h=1
The above expression of Eg(n) = > %, might lead to a tedious and
TER(n,s,q) ’

lengthy computation. The remainder of the section will show an alternative simpler
expression for the expected value.

Lemma 5. Consider the random variable A defined in (14) with uniform probability. The
expected value E(A) is given by:

B(n) = 816~ T5D) _ [ agim, o s even;
=L ifs odd.

Proof. Let t € {0;1;--- ;s — 1} and x = (2@, ... [ 2(6~D) € &,. Set
t s—t—1
t a a
AE))—mm{Zx( )1 — Z al )} € {0;1}.

= 1 if and only if 2t > s and , Z .T,‘(a) = 1. Thus for all € N, we have

a=s—t

2t — s+ 1, iftZ{%W and n = 1;

€& al=p} =
|{X (x) 77}| 0

(®)
Then A (x)

otherwise.
Therefore,
s—1 ( ) ¢ " ‘|
26 —s+1), ifn=s—[5];
xe& :a®=n}=1{ o Ti 2
0, otherwise.
_JEG=T5D, itn=s—T35];
0, otherwise.

Since |Es] =s+1land P({x € &; : A (x) =n}) = HA(X) it follows that,

p) =Y nP({x €&, :A(x):n}):M. 0

neN
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Lemma 6. Consider the random variable A : E X E; — N defined in (15) with uniform
distribution. The expected value E(A) is given by

s(2s+1)

A =5651)

Proof. From Corollary 4, for any (y,z) € & x E;, 0 < A(y,z) < s. Let

Es(n) ={(y,z) €Es x & : Aly,z) =n},

for 0 <7 < s. Now,

&) = 2(n+1), f0<n<s—1;
] s+, ifn=-s.

Thus

=(0) = [y 2 )
1 s—1
:(s+ <22n7]+1)+8(5+1)>

(282 +3s+1)
 3(s+1)2

Theorem 3. The average g-dimension of the Euclidean hull of cyclic serial codes from

C(n; R) is

G o — (E2) Buas  ifs even;
Er(n) = 2s+D)s) 32+23+3) B if s odd
6(s+1) 12(s+1) n,qs .

where By g = > ¢(7).

v
Proof. Let Y be the random variable that takes as value dimg(H,(C')) when we choose at
random a cyclic serial code from C(n; R) with uniform probability. Then E(Y') = Eg(n).
By Lemma 3, there exists an one-to-one correspondence between C(n; R), and &,(q, ).
Therefore, choosing a cyclic serial code C' from C(n, R) their probabilities are identical.
By Corollary 4, we obtain

~(i59) (5;9)

Y:Zordi(q) Z Al +Zord (q) Z Ajj,

i|n J\n
i€ENg
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For all i and j dividing n such that i € N and j ¢ Ny, from Lemmas 5 and 6, we note
that E(A;) = E(A) and E(Aj,) = E(A). So, we get

v(4;9) B(45q)
E(Y) =) ordi(q) [ Y E(a) |+ ordj(q) [ > E(a)|;
o = T =
= > S(DE(sa) + Z@E“jh%
i|ln jiln
iENg i€Ng

=B, E(n) + (n_TB”q> E(A);

From Lemmas 5 and 6, we have

(25+1) (s+2) . '

Er(n) = G(SS+1)S n 123(s+1s)> Bhg, if s even;
o (2s5+1) s2+2s+3 .

G(SSH)S n- 912(s+1) ) Bhg, if s odd.

From [19], we have B, ; = n if n € Ny and 1 <B,, , < 2 if n ¢ N,. Thus

e If n € Ny, then

327L :

A0 if s even;

Ep(n) = { 4(s+1)° )

~(n) { —n(z_l), if s odd.

o If n ¢ Ny, then
{ (fgtff)" <Eg(n) < W, if s even;
55" +s—3)n 2ns(25+1)—(s°+25+3 .

( 18(s+1)) <Egr(n) < ( 12)(84<r1) ), if s odd.

Remark 4. Eg(n) grows at the same rate with ns as s and n is coprime with p and tend
Er(n)

o )(«9»71)6(1\1\{0})2

ged(p,n)=1

to infinity. Thus, the upper limit of the sequence ( is at most % and
its lower limit is at least %.
6. Conclusion

The hulls of cyclic serial codes over an arbitrary finite chain ring have been investi-

gated. Especially, the parameters and the average of the g-dimension of the Euclidean
hull of cyclic codes are studied in terms of triple-sequences. The parameters and the
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average p"-dimensions of the Euclidean hulls of cyclic serial codes of arbitrary length
have been determined as well. Asymptotically, it has been shown that the average of
p"-dimension of the Euclidean hull of cyclic serial codes of length over R grows the same
rate as the length of the codes. An extension of this paper to the case of the hulls of
cyclic or constacyclic codes over finite chain rings is an interesting research problem as
well. It would be interesting to study the properties of Euclidean hulls of negacyclic serial
codes.
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