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Abstract

This thesis is devoted to the problem of constructing a convolution-like operator associated with a
given diffusion process. Such convolution-like operators, whose defining property is that a convolution
semigroup representation should hold for the law of the given diffusion, allow one to develop the basic
notions of harmonic analysis in parallel with the standard theory. Among other applications, this
construction leads to a better understanding of the properties of the elliptic and parabolic differential
equations determined by the generator of the diffusion process; moreover, it allows us to describe the
natural class of Lévy-like processes associated with the diffusion.

We begin by studying the case of the Shiryaev process, a diffusion process with various applications
in mathematical finance. After establishing a novel closed-form product formula for the eigenfunctions
(namely, for the Whittaker W function), we show that it induces a convolution-like structure on
the space of probability measures in which the Shiryaev process becomes a Lévy-like process. A
Lévy-Khintchine type representation is obtained, as well as a martingale characterization for the
Shiryaev process.

Unlike all other known examples of convolution-like structures for Sturm-Liouville operators,
the convolution for the Shiryaev process does not satisfy the property of compactness of support.
Motivated by this, we introduce a unified framework for the construction of convolutions associated
with a general class of Sturm-Liouville operators, in which the generator of the Shiryaev process is
merely a particular case. Our approach is based on the application of Sturm-Liouville spectral theory
to the study of the (possibly degenerate) associated hyperbolic Cauchy problem, and gives rise to
convolutions whose support can be either compact or noncompact. This construction leads to an
improvement of the known existence theorems for Sturm-Liouville hypergroups.

We also provide a general discussion of the problem of constructing convolution-like operators
for diffusions on a (generally multidimensional) locally compact metric space. We show that the
existence of a common maximizer for the eigenfunctions is necessary for such a convolution to allow
for the development of a probabilistic harmonic analysis. The failure of this necessary condition yields
nonexistence theorems for convolutions on smooth domains of R. Finally, we examine the role of
separation of variables in the construction of nontrivial multidimensional convolutions, which we
illustrate via a thorough investigation of the example of Laplace-Beltrami operators on two-dimensional
manifolds endowed with cone-like metrics. Such operators are seen to admit a family of convolutions,
giving rise to a convolution semigroup property for the associated diffusion process and to other
properties analogous to those of Sturm-Liouville convolutions.

Keywords: Convolution-like operators, Diffusion processes, Elliptic differential operators, Lévy Pro-
cesses, Product formulas, Sturm-Liouville spectral theory, Hyperbolic Cauchy problems, Hypergroups.






Resumo

Esta tese aborda o problema de construir um operador de tipo convolugao associado a um dado processo
de difusao. Estes operadores de tipo convolugao, que por defini¢do devem induzir uma representagao
sob a forma de semigrupo de convolucio para a distribui¢do da dada difusdo, permitem-nos desenvolver
as nocdes bdsicas de andlise harmdnica em paralelo com a teoria cldssica. Uma construcdo deste tipo
constitui uma ferramenta 1til para o estudo das propriedades das equagdes diferenciais elipticas e
parabdlicas determinadas pelo gerador do processo de difusdo; para além disso, permite-nos descrever
a classe natural de processos de tipo Lévy associados a difusao.

Comecamos por estudar o caso do processo de Shiryaev, um processo de difusdo que possui varias
aplica¢des em matemadtica financeira. Deduzimos uma nova férmula de produto em forma fechada
para as fungdes préprias (isto é, para a funcdo W de Whittaker); de seguida, provamos que esta férmula
induz uma estrutura de tipo convolucio no espago de medidas de probabilidade e que o processo de
Shiryaev pertence a classe de processos de tipo Lévy em relacdo a esta convolucdo. Obtemos um
andlogo do teorema de Lévy-Khintchine, bem como uma caracterizagdo do processo de Shiryaev
andloga a caracterizag¢do de Lévy do movimento Browniano.

Ao contririo de todos os exemplos conhecidos de estruturas de tipo convolugdo para operadores de
Sturm-Liouville, a convolugao para o processo de Shiryaev ndo satisfaz a propriedade de compacidade
do suporte. Partindo desta motivagdo, introduzimos uma abordagem unificada para a construcao
de convolugdes associadas a uma classe geral de operadores de Sturm-Liouville, na qual o gerador
do processo de Shiryaev € apenas um caso particular. Esta abordagem baseia-se na aplicacido da
teoria espetral de Sturm-Liouville ao estudo do problema de Cauchy hiperbdlico associado (que é
possivelmente degenerado), e dd origem a convolugdes que podem ou nio satisfazer a propriedade
de compacidade do suporte. Esta constru¢do produz uma melhoria dos teoremas conhecidos sobre
existéncia de hipergrupos de Sturm-Liouville.

Apresentamos ainda uma discussao do problema geral de construir operadores de tipo convolugao
associados a difusdes (em geral, multidimensionais) num espagco métrico localmente compacto.
Mostramos que a existéncia de um maximizante comum para as func¢des proprias é condi¢do necessaria
para que se possa desenvolver uma andlise harménica probabilistica numa tal dlgebra de convolucio.
A falha desta condi¢do necessdria resulta em teoremas de inexisténcia para convolu¢des em dominios
infinitamente diferencidveis de R?. Por tltimo, estudamos o papel da separacdo de varidveis na
construcdo de convolucdes multidimensionais ndo triviais, que € ilustrado através de uma anélise do
exemplo dos operadores de Laplace-Beltrami em variedades bidimensionais munidas com métricas
de tipo cénico. Provamos que estes operadores admitem uma familia de convolugdes, dando origem
a uma propriedade de semigrupo de convolugdo para o processo de difusdo associado e a outras
propriedades semelhantes as das convolucdes de Sturm-Liouville.
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Chapter 1

Introduction

The aim of this thesis is to investigate the following problem: given a diffusion process {X;}t>0 on a
metric space E, can we construct a convolution-like operator + on the space of probability measures
on E with respect to which the law of X; has the %-convolution semigroup property, i.e. can be written
as P[X; € -] = y; * 0x,, where the measures i, are such that pi;.s = p; * g forall t,s > 0?

The significance of this problem stems both from its interpretation as a generalization of classical
harmonic analysis and from its probabilistic applications. These motivations are discussed in the next
section, where we highlight the connections between the construction of convolution-like structures
and topics such as stochastic processes, ordinary and partial differential equations, spectral theory,
special functions, and integral transforms. In Section 1.2 we describe the logical sequence of the
chapters and provide an overview of the scope and main contributions of this thesis. Section 1.3
contains a list of publications and preprints which were prepared during the dissertation period and
contain part of the material included in the subsequent chapters.

1.1 Motivation

Harmonic analysis for elliptic differential operators. A first motivation for the problem formulated
above comes from the fact that the existence of a generalized convolution structure for the diffusion
process generated by a given elliptic differential operator £ puts at our disposal a valuable tool for
the study of elliptic and parabolic partial differential equations determined by £. Indeed, the most
straightforward way to investigate the properties of various heat-type equations (and their nonlocal
counterparts) is, in many cases, by making use of techniques from (standard) harmonic analysis
[5, 121, 141, 150]. If the properties of the convolution-like operator are similar to those of the ordinary
convolution, then the resulting algebraic structure allows one to develop the basic notions of harmonic
analysis in parallel with the standard theory [12, 119]; therefore, it is natural to expect that a positive
answer to our problem will lead to a better understanding of the properties of the corresponding
differential operators and the associated potential-theoretic objects. We note that the problem of
constructing a generalized convolution can be formulated for a large class of operators which includes,
in particular, the (Dirichlet, Neumann, Robin) Laplacian on Euclidean domains and Riemannian
manifolds.
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This interplay between convolutions and elliptic operators originates in the observation that the
existence of a convolution-like operator for the diffusion {X;} is closely related to the properties of
the generalized eigenfunctions of its (infinitesimal) generator L, i.e. of the solutions of the elliptic
equation Lu = Au (A € C). Indeed, suppose that * is a bilinear operator on the set P (E) of probability
measures on E satisfying the conditions

C1. (Convolution semigroup property) Py[X; € -] = s %6, (t > 0,x € E), where {; };>0 C P(E)
is such that p,g = u; * ug for all¢, s > 0, and P, stands for the distribution of {X, } started at x;

C2. There exists a family ® of bounded continuous functions such that

/ﬂd(,u*v)z(/ﬁdu)-(/ﬂdv) for all € ® and u,v € P(E). (1.1)
E E E

(Notice that (1.1) holds if * is the ordinary convolution and ©(x) = e** with A € C; condition C2 can
thus be interpreted as a general formulation of a trivialization property similar to that of the Fourier
transform with respect to the ordinary convolution.) Then it is not difficult to deduce (cf. Chapter 5)
that each ¢ € © is a generalized eigenfunction of the transition semigroup of {X,} and, consequently,
a generalized eigenfunction of the elliptic operator £. Replacing u and v by Dirac measures in (1.1),
we find that there exists a family of measures v, € P (E) such that the probabilistic product formula

/ 9rdvey = 92() Da(y), .y CE (12)
E

holds for bounded solutions ¢, of L9, = 19,. (We use the word ‘probabilistic’ in order to emphasize
that {v, ,} is a family of probability measures.) Conversely, if a probabilistic product formula of the
form (1.2) holds for a sufficiently large family of generalized eigenfunctions of £, then the generalized
convolution operator defined as (u * v)(d¢) = f f Vx,y (d€) u(dx) v(dy) is such that the *-convolution
semigroup property C1 holds for the distribution of {X,}.

The historical development of the topic of generalized harmonic analysis began with the seminal
works of Delsarte [43] and Levitan [110], where it was first noticed that product formulas are the
key ingredient for the construction of such convolution-like structures. The nontrivial motivating
example came from the Bessel differential operator, for which the existence of the product formula
(1.2) follows from a classical result on the Bessel function. (An overview on this motivating example
will be presented in Section 2.2.) This led, on the one hand, to the proposal of axiomatic structures
— often referred to as generalized convolutions, generalized translations, hypercomplex systems or
hypergroups — which aimed to identify the essential features which allow one to derive analogues of
the basic facts of classical harmonic analysis [12, 16, 119, 178]. The range of such axiomatic theories
extends far beyond the particular case of structures associated with diffusion processes or elliptic
operators.

On the other hand, there has been a continuous interest in finding additional examples of
nontrivial product formulas associated with Sturm-Liouville and elliptic operators. Besides the
Bessel example, other product formulas have been obtained by exploiting the properties of special
functions of hypergeometric type [67, 70, 98]. An alternative strategy relies on the fact that certain
differential operators are related with topological groups [98]. Yet another approach, which (unlike
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the former techniques) is applicable to one-dimensional operators with general coefficients, is to rely
on the associated hyperbolic PDE: if L is the Sturm-Liouville operator H—( pu’) + qu] and 9,
are the generalized eigenfunctions satisfying the boundary condition ,(a) = 1, then the product
f(x,y) =9,(x)9.(y) is a solution of the hyperbolic PDE

1

1
m{—ax [p(x) 0x f (x, )] +q(x)f(x,y)} = m{—ay [P(») Ay f(x, )] + q(y)f(x’y)}‘

satisfying the boundary condition f(x, a) = 9,(x); studying the properties of this PDE is therefore
a natural strategy for proving the existence of a product formula of the form (1.2) and extracting
information about the measure v, , [27, 36, 112, 197].

The existing theory on convolution-like operators associated with elliptic operators is mostly
limited to the one-dimensional (Sturm-Liouville) case. One of the reasons for this is the fact that there
is a well-developed spectral theory for Sturm-Liouville operators which, in particular, ensures that
(under suitable boundary conditions) the corresponding generalized eigenfunctions are the kernel
of a Sturm-Liouville type integral transform (¥ /) (1) := /1 h(x) wy(x) dm(x) which, similar to the
Fourier transform, defines an isometric isomorphism between L? spaces. This class of transformations
includes many common integral transforms (Hankel, Kontorovich-Lebedev, Mehler-Fock, Jacobi,
Laguerre, etc.). The construction of Sturm-Liouville convolutions satisfying the trivialization
identity F (h * g) = (Fh)-(Fg) triggers a better understanding of the mapping properties of such
Sturm-Liouville integral transforms.

Due to our probabilistic motivations, the present discussion focuses on convolution-like structures
where the convolution is a bilinear operator acting on finite complex measures. We observe, however,
that in the theory of integral transforms and special functions it is more common to define a convolution
(say, associated with a given integral transform) as an operator acting on suitable spaces of integrable
functions [70, 194]. In this context, it usually becomes less of a concern whether or not the convolution
preserves properties such as positivity or boundedness.

Construction of Lévy-like processes. Lévy processes are a very important class of Markov processes.
By definition, they are stochastically continuous and have stationary and independent increments. Lévy
processes are a versatile class of processes with jumps whose continuous representatives are the drifted
Brownian motions (in the sense that any Lévy process with continuous paths is a drifted Brownian
motion); therefore, they can be seen as a natural generalization of Brownian motion. Replacing
Brownian motions by Lévy processes with jumps is a common strategy for obtaining models with
greater flexibility in mathematical finance and other applications [5, 133].

The Brownian motion is the most famous diffusion process, but many other diffusion processes
also find diverse applications in a wide range of fields. One such field is mathematical finance,
where one-dimensional diffusions such as the Bessel, Ornstein-Uhlenbeck and Shiryaev processes are
often used in the modelling of the underlying financial variables, while two-dimensional diffusion
processes have been extensively applied in the context of stochastic volatility models [114, 133]. It is
relevant to ask whether these other diffusion processes can also be generalized into a class of processes
characterized by some analogue of the notions of stationarity and independence.
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By a well-known characterization, Lévy processes can be equivalently defined as Feller processes
whose law satisfies the convolution semigroup property (as stated in condition C1) with respect to
the usual convolution. It is thus natural to generalize the notion of Lévy process by replacing the
requirement of stationarity and independence by the convolution semigroup property with respect to
any convolution-like operator with suitable properties. This provides us with a recipe for defining a
class of Lévy-like processes associated with a given diffusion process: as prescribed in the problem
above, one should construct a convolution-like operator such that condition C1 holds for the law of
the given diffusion. This generalized notion of Lévy process has been proposed in various papers
[20, 81, 153]; however, the class of diffusions which have been proved to admit such an associated
family of Lévy-like processes is still very limited.

The notion of a convolution semigroup is closely related with that of an infinitely divisible
distribution. In the case of the usual convolution, a central role is played by the Lévy-Khintchine
theorem which provides a complete description of the set of infinitely divisible distributions; in
addition, laws of large numbers and other limit theorems have been established for random walks
(the discrete analogues of Lévy processes). It is, of course, desirable to determine what are the
properties which ensure that analogues of those fundamental results hold for convolution-like operators
constructed via the above procedure.

1.2 Contributions and organization

One of the main contributions of this thesis is to establish the existence of an associated convolution-like
operator for a large class of diffusion processes which were not covered by the existing theory.

Our trust that there was room for generalization of previous results was stimulated by a few
simple but noteworthy facts concerning the Shiryaev process. On the one hand, its generator
xzdd—; +(1+2(1 - a/)x)% does not belong to the class of Sturm-Liouville operators which were
known to admit an associated convolution (of probability measures), and this cannot be achieved
via changes of variable. On the other hand, this generator is equivalent to the differential operator
whose generalized eigenfunctions (the Whittaker W functions) determine the so-called index Whittaker
transform. In the special case @ = 0, this integral transform reduces to the Kontorovich-Lebedev
transform, and it is well-known that the latter can be endowed with a convolution operator (acting
on integrable functions) called the Kontorovich-Lebedev convolution. Suprisingly, it had never been
noticed that an elementary change of variables transforms this convolution into an operator which
preserves both positivity and boundedness, giving rise to a convolution of measures associated with
the Shiryaev process with parameter @ = 0. After this observation, the natural question becomes
whether a similar construction can be achieved for Shiryaev processes with parameters a # 0.

In Chapter 3 we establish a novel product formula for the Whittaker W function whose kernel
does not depend on the second parameter and is given in closed form in terms of the parabolic cylinder
function. Our method is based on special function theory and standard integral transform techniques.
Furthermore, we show that if @ < % then the Whittaker convolution induced by the product formula
has the property that the convolution of probability measures is a probability measure, and therefore
defines a measure algebra in which the Shiryaev process becomes a Lévy-like process. We also provide

a Lévy-Khintchine type theorem which describes the general form of an index Whittaker transform
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of a Lévy-like process, and we show that the Shiryaev process admits a martingale characterization
analogous to Lévy’s characterization of Brownian motion.

Chapter 3 also contains three other results of independent interest: a novel (integral) representation
for the Whittaker function as a Fourier transform of a parabolic cylinder function, an analogue of the
Wiener-Lévy theorem for the index Whittaker transform, and an existence and uniqueness theorem
for a family of convolution-type integral equations. An example is provided where the existence and
uniqueness theorem yields an explicit expression for the solution of an integral equation with the
Whittaker function in the kernel.

A property of the Whittaker convolution is that the support of the measures of the underlying
product formula is the whole half-line. This fact is remarkable because, in contrast, all other known
convolution-like operators for one-dimensional diffusions — whose general construction is based on the
associated hyperbolic PDE introduced above — have the property that the measures of the underlying
product formula have compact support. This distinction raises a natural question, namely whether it is
possible to construct other one-dimensional convolutions where the measures of underlying product
formula do not have compact support.

A positive answer is given in Chapter 4, where we develop a unified approach for constructing
Sturm-Liouville convolutions whose supports can be either compact or noncompact. Our technique
is based on the hyperbolic PDE approach, which we extend to a larger class of Sturm-Liouville
operators whose associated hyperbolic equations are possibly degenerate at the initial line. To this end,
we prove an existence and uniqueness theorem for hyperbolic Cauchy problems which is useful in
itself, as it covers many parabolically degenerate cases which are outside the scope of the classical
theory and for which the problem of well-posedness of the Cauchy problem was, to the best of our
knowledge, open. We also introduce a regularization method which makes use of the properties of the
diffusion semigroup to construct a sequence of regularized product formulas, from which the desired
product formula is obtained via a weak convergence argument. Many probabilistic properties of the
Whittaker convolution, such as the interpretation of the associated diffusion as a Lévy-like process or
the Lévy-Khintchine type theorem, extend to this general family of Sturm-Liouville convolutions.

The convolutions constructed in Chapter 4 satisfy the compactness axiom if and only if the
hyperbolic equation determined by the Sturm-Liouville operator is uniformly hyperbolic on its domain.
If this is the case, then one can check that the convolution satisfies all the axioms of hypergroups; this
leads to an existence theorem for Sturm-Liouville hypergroups which improves previous results in the
literature. In turn, the case where the hyperbolic PDE is parabolically degenerate yields a general
family of degenerate Sturm-Liouville hypergroups which includes the Whittaker convolution as a
particular case.

The results described thus far are restricted to convolution structures for one-dimensional diffusions,
but our opening discussion makes it clear that the problem of constructing convolution-like operators
associated with diffusion processes is meaningful in a much more general framework. In Chapter
5 we study the construction of convolutions for diffusions on a general locally compact separable
metric space. We start by identifying the requirements that such a convolution should satisfy in order
to allow for the development of the basic notions of probabilistic harmonic analysis, and we then
determine necessary and sufficient conditions which relate the existence of the convolution structure
with certain properties of the eigenfunctions of the generator. One of the necessary conditions is that
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the eigenfunctions should have a common maximizer, which is quite restrictive in dimension greater
than 1; this explains in part why the existing work on the subject of this thesis is mostly restricted to
the one-dimensional setting.

Using standard results on spectral theory of differential operators, we prove that the common
maximizer property does not hold for reflected Brownian motions on smooth domains of R? (d > 2)
or on compact Riemannian manifolds; this leads to a nonexistence theorem for convolutions on such
domains. Going back to the one-dimensional problem, we show that (the failure of) the common
maximizer property also yields nonexistence theorems for some one-dimensional diffusions which are
not covered in the preceding chapter.

Another difficulty which arises in the multidimensional setting is that the associated hyperbolic
equation becomes ultrahyperbolic, and therefore the PDE approach for the construction of convolutions
is only applicable if the elliptic operator admits separation of variables. This is a significant limitation,
but it does not hinder the construction of nontrivial multidimensional convolutions, as there are many
elliptic operators which admit separation of variables but do not decompose trivially into a product of
one-dimensional operators. In the final section of Chapter 5 we discuss the interesting example of the
Laplace-Beltrami operator on a general class of two-dimensional manifolds endowed with cone-like
metrics. The product formula for the generalized eigenfunctions is shown to depend on one of the two
spectral parameters; accordingly, it induces a family of convolution operators (rather than a single
convolution). This structure gives rise to a Lévy-like representation for the reflected Brownian motion
on the manifold, together with other analogues of the one-dimensional results.

Chapter 2 sets up the stage by providing the necessary background on stochastic processes,
harmonic analysis and Sturm-Liouville theory. Appendix A collects some open problems which
naturally arise from the present work.

1.3 Publications

Part of the results presented in this thesis are contained in the following papers and manuscripts:

e [165]: contains most of the results of Sections 3.1-3.2 and 3.6-3.7;
e [163]: contains most of the results of Sections 3.3-3.5;
e [164]: contains most of the results of Sections 4.1-4.3 and 4.6-4.7;
* [166]: contains most of the results of Sections 4.4-4.5;

e [167]: contains most of the results of Section 5.4.

(To ensure consistency between the different sections and chapters of the thesis, some results are here
presented in a modified form.)



Chapter 2

Preliminaries

Our opening discussion in the introductory chapter sketched some connections between the problem
of constructing generalized convolutions and various fields of mathematics such as harmonic analysis,
stochastic processes, differential equations, spectral theory and special functions. Some prerequisite
notions and facts from these disciplines are reviewed in this chapter.

2.1 Continuous-time Markov processes

In what follows we write P, for the distribution of a given time-homogeneous Markov process started
at the point xo and E, for the associated expectation operator.

Feller semigroups and processes. We begin by recalling that a family {7} },>¢ of linear operators
from a Banach space V to itself is said to be a semigroup if Ty = 1d (the identity operator on V) and
T;+s = T; T, for all ¢, s > 0. The semigroup is said to be a contraction semigroup if ||T;|| < 1 for all
t and strongly continuous if for all f € V we have ||T;f — f|| — 0 ast | 0. We also recall that a
sequence of finite complex measures , on a locally compact separable metric space E converges
weakly (respectively, vaguely) to the finite complex measure y if lim, fE g(&)un(dé) = /E g(é)u(dé)
for all g € C,(E) (respectively, for all g € C.(E)).

A Feller semigroup on a locally compact separable metric space E is a strongly continuous
contraction semigroup of positive operators on Co(E). A time-homogeneous Markov process {X; };>0
with state space E is called a Feller process if its transition semigroup (7;f)(x) = Ex[f(X;)]
(f € Cy(E)) is a Feller semigroup.

Given a Feller semigroup {7;};>0 on E, one can use the Riesz representation theorem [9, §29] to
writeitas (T, f) (x) = f & (V) pe.x(dy), where {p; x(+)} is auniquely defined family of sub-probability
measures on £ which is vaguely continuous in x (i.e. p; x, (+) SN Pt .x(+) whenever x,, — x). We can
then use the basic Kolmogorov consistency theorem to construct a Markov process {X; } on E such that
(T /) (x) :=Ex[f(Xy)] (cf. [8, §36]). Therefore, Feller processes are in one-to-one correspondence
with Feller semigroups. Moreover, this representation allows us to define the natural extension of a

Feller semigroup to a semigroup of operators on By (E) as

(T 1) (x) = /E FO)pex(dy).  f €By(E).

7
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If this extension is such that 7; (By(E)) € Cy(E) for all 1 > 0, then we say that {T;} is a strong Feller
semigroup and {X,} is a strong Feller process.

A Feller semigroup {7} },;>0 on E (and the associated Feller process) is said to be conservative if
T;1 =1 for all # (where 1 denotes the function identically equal to one) or, equivalently, if {p; »(-)}
is a family of probability measures on E. (In this case the family {p; (-)} is weakly continuous in
x, cf. [9, Theorem 30.8].) If {T;};>0 is a conservative Feller semigroup, then the strong continuity
on Cy(E) extends to local uniform continuity on Cy(E), i.e. we have lim, o 7; f = f uniformly on
compact sets for all f € Cy(E) (cf. [157, Lemma 3.1]).

The (infinitesimal) generator (G, D(G)) of a strongly continuous semigroup {7} };>¢ on a Banach
space V is the unbounded operator

D(G)={feV

lilrg %(th — f) exists in the topology of V}
t

G: DG cV—YV, Gf = ltifg%(Tzf—f)-

In particular, the domain of a Feller semigroup {7} }; s is the set D(G?) of functions f € Cy(E)
such that %(Tt f — f) exists as a uniform limit. This is, however, equivalent to requiring pointwise
convergence to an element of Cy(E):

Proposition 2.1. [22, Theorem 1.33] Let {T;} be a Feller semigroup. Then its infinitesimal generator

, is a closed, densely defined unbounded operator on Co(E). Moreover, the domain
(GO, D(G™)) is a closed, densely defined unbounded Co(E). M. he domai
D(G) can be written as

(T f)(x) = f(x)
t

D(G) = {f € Cy(E) ‘ dg € Co(E) such that g(x) = ltilnol forall x € E}

Next we state some basic sample path properties which hold for all Feller processes:

Proposition 2.2. [34, Section 2.2] Let {X; }:>0 be a Feller process on E and let d be the distance on
E. Then:

(a) {X;} is stochastically continuous, i.e. for each t > 0 we have limg_,; P[d(X, X;) > €] = 0.

(b) {X;} has a cadlag modification, i.e. there exists a Feller process {X,} such that P[X; = X,] = 1
forallt > 0, and the sample path t — X (w) is for a.e. w right continuous with finite left-hand
limits.

Proposition 2.3. [54, Chapter 4, Proposition 2.9 and Remark 2.10] Let {X; }+>0 be a cadlag Feller
process on E. If for all € > 0, x € E we have

PiX, € E\B(x,e)] =o(r) ast]0 2.1)

then the paths t — X;(w) are continuous for a.e. w.

In particular, if the domain D(G) of the infinitesimal generator of {X,} is such that for all
e >0, x € E there exists f € D(GY) such that f(x) = ||f]l, SUPyep\B(x,e) S (V) < IIfIl and
GO £(x) =0, then (2.1) holds and consequently the Feller process {X;} has a.s. continuous paths.
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Proposition 2.4. [22, Theorem 1.40] Let {X;}:>0 be a Feller process on R? whose paths are a.s.
continuous. Then the infinitesimal generator (G, D(G?)) is a local operator, i.e. we have

(G f1)(x) = (G0f2) (x) whenever fi, o € D(G') and fig . = Py, Jor some & > 0.

Martingales and local martingales. An adapted integrable stochastic process {X; };>0 on a filtered
probability space (Q, F, {F;}, P) is called a submartingale if

E[X;|Fs] > X, 0<s<t<oo.
It is called a supermartingale if {—X;};>0 is a submartingale, and a martingale if
E[X/|Fs] = X, 0<s<t<o0.
The basic connection between martingales and Feller processes is given in the following theorem:

Theorem 2.5. [96, Theorem 4.10.3] Let {X;}+>0 be a cadlag Feller process on a locally compact
separable metric space E with initial distribution u = P[Xy € -] and let (G0, D(G)) be its
generator. Let D be a core of D(G?), i.e. a subset D ¢ D(GD) such that (G0, D(G©)) is the
closure of the operator (G\°), D). For each f € D, the process

FOX)) — F(Xo) - /0 GOf(X)ds, 130 2.2)

is a martingale with respect to the same filtration for which {X;} is a Markov process. Moreover,
{X;} is the unique cadlag E-valued stochastic process with initial distribution u such that the process
defined by (2.2) is a martingale for any f € D.

A stopping time on the filtered probability space (Q, F, {#;}, P) is a random variable 7 : Q
[0, o] such that {T < ¢} € ¥ for all + > 0. A stochastic process {X; };>0 on the space (Q, F, ¥, P)
is said to be a local martingale if there exists an increasing sequence {7, },en of stopping times
with lim,, 7,, = 400 a.s. and such that for every n € N the process {X;1+, }s>0 is @ martingale, where
Xine, = Xe Lz 50y + Xo, L1, <1}

The fundamental martingale characterization of Brownian motion is stated below. Here and later
we denote by {[X];}:>0 the quadratic variation of a stochastic process {X;}:>0, defined as [X]; =
lim Z'l."z(onn) - (X,Jf;+1 - X,;L)Z, where the limit is in probability, taken over all sequences of partitions

n _ _ 4n n n _ (4N _n
at={0=15 <1l <...<1 )—z‘}suchtha‘[rnaxj(t].+1 tj)—>Oasn—>c>o.

(7"

Theorem 2.6 (Lévy’s characterization of Brownian motion). [95, Theorem 25.28] Let {X;}:>0 be a

local martingale on R with a.s. continuous paths and Xy = 0. The following are equivalent:

(i) {X,} is a standard Brownian motion (i.e. for each s < t, the random variable X; — X is normally

distributed with mean zero and variance t — s and is independent of {X,, : u < s});
(ii) {X? - t}:>0 is a local martingale;

(iii) [X]; =tforallt > 0.
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One-dimensional diffusion processes. A diffusion process on an open interval I C R is a strong
Markov process {X; };>0 with state space I and such that 7 — X;(w) is continuous for a.e. w. We say
that {X; },>0 is an irreducible diffusion if, in addition, we have P, (7, < co) > 0 for all x, y € I, where
7y, = inf{t > 0|X; = y}.

An irreducible diffusion process {X;} on an open interval / C R is not in general a Feller process.
However, it is Cy-Feller in the sense that its transition semigroup (7; f)(x) = E[ f(X;)] is such that
T;(Cov(1)) c Cp(I) [19, I15]. We can therefore define the n-resolvent operator of {X,} as

Ry Co(I) — Cp(1), Ryf = /0 e M T, f dt (n>0) (2.3)

and we can also define the Cy-generator (g(b>,1)(g<”>)) of {X;} as the operator with domain
D(G?P) =R, (Cp(I)) and given by

(G P u)(x) = qu(x) - g(x) for u=R,g, g€Cy(I), xel. (2.4)

(G?) is independent of 7, cf. [62, p. 295]; it is also clear that if {7} } is a Feller semigroup with generator
(G0, D(G®)), then we have D(G?) = R,,(Co(1)) and GO f = G f for all f € D(G?).)

A canonical scale s is a strictly increasing continuous function s : I — R. A speed measure m is
a positive Radon measure on [ with support supp(m) = I. We say that (s, m, k) is a canonical triplet
if s is a canonical scale, m is a speed measure and k is a positive Radon measure on [/ (called the killing
measure). The following theorem provides a correspondence between (generators of) one-dimensional
diffusions and canonical triplets:

Theorem 2.7. [62, Section 2.2] If {X;} is an irreducible diffusion process on the open interval I, then

there exists a canonical triplet (s, m, k) on I such that

dDf — fdk

(x), fen@G®?), xel (2.5)
dm

GP f)x) =

(Where Dy f(x) = limg) Llre) =/ () ) in the sense that the measure dDgf — fdk is absolutely

s(x+&)—s(x)
continuous with respect to dm and the corresponding Radon-Nikodym derivative has a representative

which belongs to Cy(I) and is equal to G®) f.

Conversely, if (s,m, k) is an arbitrary canonical triplet on I, then there exists an irreducible
diffusion process {X;} on I whose Cy-generator is given by (2.5) for all f € D(G"?).

Let {X,} be a diffusion on I = (a, b), where —oco < a < b < +o0, and let (s, m, k) be its canonical

triple. Write j = m + k, and for ¢ € I consider the integrals

o= / ) / TS j(dy). = / ) /y " s(dx) j(dy).
I = / ’ /y Csdo) jldy). = / ’ / " () j(dy).
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The endpoint e € {a, b} is said to be:

regular if I, < o0, J, < co; entrance if I, = o0, J, < o0; 2.6)

exit if I, <oo0, J, = o0; natural if I, = o0, J, = 0.
(the classification is independent of the choice of ¢). This is the so-called Feller boundary classification
of the diffusion process {X;}, and it determines the behaviour of {X;} near the endpoints of (a, b)
(see [19, 11.6]). In particular, if the endpoint e is entrance or natural then the process {X;} cannot
reach e in finite time. Moreover, if neither a nor b is a regular endpoint then there exists a unique
diffusion process {X;} on (a, b) with canonical triple (s, m, k). (Uniqueness here means that the
domain D(G?) of the Cy-generator is uniquely determined by (s, m, k), see [19, 62].)

Theorem 2.7 ensures, in particular, that each second-order differential operator of the form
d? d
a(x)ﬁ+b(x)a —c(x) (xel

where a,b, ¢ € C(I) with a > 0 and ¢ > 0 on I, is the generator of an irreducible diffusion process
{X:}+>0- The associated canonical triplet is

/x B(y) ( ) eB(x) ( eB(x)
s(x) = e dy, m(dx) = dx, k(dx) = ¢(x dx
@= y e )=
where B(x) := fxz 223 dé and xq € I is arbitrary.
Consider the stochastic differential equation (SDE)
dX, =b(X;)dt + o (X;) dW, 2.7

where o (x) = \/T(x) and {W, };>0 is a standard Brownian motion. An /-valued stochastic process
{X:}+>0 is said to be a solution of the SDE (2.7) if it satisfies the integral equation X; = X; +
/Ot b(X;)ds + /Ot o (Xs)dWs, where the latter term is a stochastic integral with respect to the standard
Brownian motion. (For the definition of the stochastic integral and other basic notions of stochastic
calculus, we refer to [19, 92].) By [105, Theorem I1.5.2], the SDE (2.7) has a unique solution {X;} up
to a possibly finite lifetime ¢ := inf{t > 0 | X; ¢ I'}. If both endpoints a and b are entrance or natural,
then it follows from [76], [92, Theorem 5.29] that {X, } is a diffusion process on I whose lifetime is
infinite a.s. and whose generator is the differential operator a(x) dd—; +b(x) %.

Even though diffusions are not always Feller processes on the open interval /, they become Feller
processes after a suitable extension to the boundaries of the interval:

Proposition 2.8. [62, Sections 4 and 6] Let {X;} be an irreducible diffusion on I = (a, b), and let I
be the interval obtained by attaching the regular or entrance endpoints of {X;} to the interval I. Then
there exists a Feller process {X,} with state space I satisfying the following conditions:

e The process {X,} is an extension of {X,}, in the sense that X;(w) = X;(w) for0 <t < 17(w) :=
inf{r > 0| X;(w) ¢ I};
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e Ifa € I (respectively b € I), then {X,} is instantaneously reflecting at the endpoint a (resp. b),
in the sense that we have P<[X; # a for a.e.t > 0] = 1 (resp. Px[X, # b fora.e.t > 0] = 1);

o The transition semigroup of {X,} is a Feller semigroup whose infinitesimal generator is given

by
dD, f —f dk =
D(G™) = { ccyny| €W . }
Dgu(e) = 0 if the endpoint e € {a, b} is regular or entrance
dDf — fdk
(G 1)0x) = PL IR (f e DEGY). xel).

If {X;} has no regular endpoints, then {X,} is the unique extension of {X;} to a strong Markov process

with continuous paths on the interval I.

Lévy processes, infinitely divisible distributions and convolution semigroups. A stochastic
process {X; };s0 on R¢ with X, = 0 is said to be a Lévy process if it is stochastically continuous, has
independent increments (i.e. X; — X is independent of {X,, : u < s} for all s < ¢) and has stationary
increments (i.e. X;,s — X, has the same distribution as X; — X for all ¢, s > 0).

It is clear from this definition that any drifted Brownian motion on R¢ started at zero (i.e. any
process of the form B; = at + AW, with a € R?, A a symmetric nonnegative definite d X d-matrix
and {W;} a d-dimensional standard Brownian motion) is a Lévy process.

In the definition of Lévy process, some authors also require that { X; } is cadlag. This is unimportant
because of the following proposition:

Proposition 2.9. [ 156, Theorem 11.5], [22, Theorem 2.6] If {X; }+>0 is a Lévy process on R4, then:
(a) {X;} has a cadlag modification;

(b) The transition semigroup (T; f)(x) := E*[ f(X;)] = E[f (X, +x)] is a Feller semigroup on R?
(and, therefore, {X,} is a Feller process).

There is a one-to-one correspondence between Lévy processes, convolution semigroups and
infinitely divisible distributions. Before stating this result, we recall some notions. The (ordinary)
convolution of two measures , v € Mc(R9) is defined by (u * v)(B) := fRd /Rd Oxsy (B)pu(dx)v(dy)
for each Borel subset B € R?. A probability measure u € P (R%) is said to be infinitely divisible if
for each integer n € N, there exists a measure v, € P(Rd ) such that u = v, where v, denotes the
n-fold convolution of v,, with itself. A family {yx;};s0 € P(R?) is called a convolution semigroup if
we have ug * t; = gy (s, > 0), o = 6o and y, = dpast ] 0.

Proposition 2.10. [22, Theorem 2.6], [156, Theorem 7.10] Let {X;};>0 be a Feller process on R4,
The following assertions are equivalent:

(i) {X;} is a Lévy process;

(ii) There exists a convolution semigroup {it; }:s0 € P(R?) such that B[ f(X,)] = /Rd FO)u(dy)
for each f € By(RY).
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If these conditions hold then u, is, for all t > 0, an infinitely divisible measure. Conversely,
if 1 € P(RY) is an infinitely divisible measure then there exists a Lévy process {X,} such that

E[f(XD)] = foa F(Dp(dy) for f € Bp(RY).

Given a random variable X with law u = P[X € - |, the Fourier transform of u (also called the
characteristic function of X) is defined as (Fu)(z) := E[e/?X] = /Rd e *u(dx) (z € RY). The
celebrated Lévy-Khintchine formula provides an explicit characterization of the characteristic function
(or Fourier transform of the law) of a Lévy process:

Theorem 2.11 (Lévy-Khintchine representation). [ 156, Theorem 8.1] Let {X;}:>0 be a Lévy process
and {u;} € P(R?) the associated convolution semigroup. We have

E[eiz-Xr] = (Fu)(2) = e 19(2) (t>0, z€ Rd) (2.8)

for some function ¢(+) of the form

(1—ei”+ =2 \v(dy) (2.9)
L+1y|

o(z) = z-Qz+i(x-z+/

RN\ {0}

where Q is a symmetric nonnegative definite d x d-matrix, & € R% and v is a Lévy measure on RY, i.e.

a positive measure on R4\ {0} such that /Rd\{()} %v(dy) < oo, Conversely, for any function ¢(-) of

the form (2.9) there exists a convolution semigroup {u;} € P(R?) with (Fus)(z) = e 1?3,

The function ¢(+) in (2.9) is called the Lévy symbol of the process {X;}. One can show that the
integral term in the expression for the Lévy symbol is, for every Lévy measure v, the characteristic
function of a discontinuous Lévy process, and therefore the following result holds:

Proposition 2.12. [96, Theorem 3.3.1] Let {X,} be a cadlag Lévy process on R¢ with Lévy-Khintchine
representation (2.8)—(2.9). The following are equivalent:

(i) {X;} has a.s. continuous paths;
(ii) v=0;

(iii) X; = at + \VOW,, where {W,} is a standard Brownian motion on R¥.

2.2 Harmonic analysis with respect to the Kingman convolution

We saw in the previous section that the drifted Brownian motion {B;} has the convolution semigroup
property, namely it satisfies Py [B; € -] = u; * d for some convolution semigroup {u; }. The Kingman
convolution is the seminal example of a binary operator o on the space of probability measures
which allows us to obtain the following analogue of the convolution semigroup property of drifted
Brownian motion: for a diffusion process {X;} other than the Brownian motion (in the case of the
Kingman convolution, the Bessel process), we have Py [X; € - | = u; o 05, where {u, } is a family of
measures satisfying p;.s = u; o ps. In this section we briefly present the construction of the Kingman
convolution and some properties which mirror well-known facts in classical harmonic analysis. This
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construction should be kept in mind throughout the subsequent chapters, as it serves as a benchmark
for our later work in developing structures of generalized harmonic analysis associated with other
diffusion processes.

Let {X;}:>0 be the Bessel process with index n > —% (started at xo > 0), defined as X; = VZ;
where {Z;};>0 is the unique strong solution of the SDE

dZ, = 2(n + 1)dt +2y/Z,dW,,  Zy = x>

(cf. [154, §X1.1], [19, IV.6]). The process {X;} is a one-dimensional diffusion with infinitesimal

2 +1
generator G = %ﬁ + =

while in the case 7 > 1 the endpoint x = 0 is never reached by {X,}. The transition probabilities of the

%. In the case 0 < < 1 the boundary x = 0 is instantaneously reflecting,
Bessel process are given by the closed-form expression

t~ixmyntl exp(—ngtyz)ln(@)dy, ifx,t>0

—174—1— 2
Prx(dy) := PIX; € dylXo = x] = { Tty exp(-3; ) dy, ifx=0,1>0 (2.10)
where I'(+) is the Gamma function [52, Chapter I] and 7,,(z) = ;7 % is the modified Bessel

function of the first kind with index n [135, §10.25].

. s 2 n+i . . . . . .
The infinitesimal generator %% + 2 - % is associated with the invertible integral transform

H : L>(R*; x* 1 dx) — L*(R*; v21*1dr) defined by

_277

HOE = [ I era 9w =

/ o(1)Jy(1x) 21l g
0
2.11)
here J,,(2) := 270(y + 1)zJ dJ(z) = X, CUEED™E i ihe Bessel function of th
where J),(z) := (m+1)z7"J,(z) and J;(2) == 27, ke is the Besse function of the
first kind [135, §10.2]. The operator H, which is known as the Hankel transform [82], [70, Section
1.8.1], is a particular case of the general Sturm-Liouville integral transform (2.27)—(2.28) which will

be introduced in Section 2.4; correspondingly, the function u(x) = J;,(7x) is the unique solution of

1
the boundary value problem —%dd—; - '7;2 %u =72u, u(0) =1, lim, o X211y (x) = 0 (see [135]).

Proposition 2.13. Define the extension of the Hankel transform to finite complex measures by
(M@ = [ Ty (eou(d.  (ue Me(®). 7> 0)
Ry
Then (Hu)(7) is, for each u € Mc(R(), a continuous function of T > 0 which determines uniquely
the measure u. Moreover, the Hankel transform of the transition probabilities (2.10) equals

(Hpix) (1) = e T (tx) (1> 0, x> 0).

Proof. Since |J,(y)| < 1 for y > 0 [82, Theorem 2a], dominated convergence yields that 7 +
(Hw)(7) is continuous. By [94, Lemma 2], (H w)(7) determines uniquely the measure u. The fact
that (Hp; x)(7) = e‘”zJ,,(Tx) can be verified using [146, Equation 2.12.39.3]. O



2.2. Harmonic analysis with respect to the Kingman convolution 15

We will say that o : Mc(R() X Mc(R{) — Mc(R{) is a generalized convolution for the Bessel
process if the transition probabilities are such that

Dt.x = Mt ©0x, where {u;}r>0 C P(R() is such that ypg = p; o g (2,5 > 0). (2.12)

It follows from Proposition 2.13 that if o is such that H (pov) = (Hu)-(Hv) forall u, v € P(Ry),
then o is a generalized convolution for the Bessel process. This suggests that a crucial requirement
for the generalized convolution o is that it should satisfy the product formula (H(6x o 5y))(7) =
(H6x)(1)-(HSy)(7) or, equivalently, J,, (x) J,, (Ty) = ng Jy (1€) (65 06y)(dE), where the measure
0x o 6y should not depend on 7. It turns out that such a product formula indeed exists, and we will see
below that it gives rise to a convolution for which the desired (generalized) convolution semigroup
property (2.12) holds.

Theorem 2.14 (Product formula for the Bessel function of the first kind). The following identity holds
forallx,y >0, T > 0andn > 0:

217210 (np + 1)

xX+y
VaL(y + l) (Xy)_ZU/ ]U(Té‘:)[(éﬂ —(x _y)Z)((x+y)2 —52)] 7]—1/2§d§‘
2

[x=y|

Jp(x) Iy (7y) =

Proof. This follows from a classical integration formula for the Bessel function [187, p. 411], [82]. O

Definition 2.15. The operator o : Mc(R{) X Mc(Ry) — Mc(R{) defined by
(uov)(B) = / / Yx,y(B) p(dx)v(dy) (1, v € Mc(R{), B aBorel subset of R))
Ry /RS

where yx,0 = y0,x = 6x and ')/x,y(df) = k(x,, f)fznﬂdf’ with

21721 (n + 1)
VaT(n+3)

is called the Kingman convolution (of order n) [94, 182].

k(x,y,&) = (&) 21 [(E2= (x=) (492 =E)] " P ey i1 (€)X, 3,650

One can easily verify that the Kingman convolution preserves the space # (R{) (i.e. the Kingman
convolution of two probability measures is indeed a probability measure) and, moreover, that it is
trivialized by the Hankel transform of measures:

Proposition 2.16. Let 7, u,v € Mc(Rf). We have & = p o v if and only if (Hn)(7) = (Hu)(7)-
(Hv) (1) forall T = 0.

We observe that the theorem, definition and proposition above are counterparts of the following
facts from classical harmonic analysis: the kernel e'*~ of the Fourier transform satisfies the
trivial product formula e'Z*e'*y = fRd eiz'§6x+y(d§),' the ordinary convolution is computed as
(u=v)(B) = /Rd fRd Yx,y(B) u(dx)v(dy), where yx y = Ox+y is the measure of the product formula;
we have 1 = u v if and only if (Fr)(z) = (Fu)(z) - (Fv)(2) for all z € RY, where § is the Fourier
transform.
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Definition 2.17. A family {x,},>0 C P(R{) is said to be a Kingman convolution semigroup if
s Oty = pgyy forall s,z > 0, Ho = Op and ,u,i>50 ast | 0.

Corollary 2.18. Let y; = p;.0, where {p; x }1.x>0 are the transition probabilities (2.10) of the Bessel
process started at zero. Then {u;};>0 is a Kingman convolution semigroup. Moreover, we have

Di.x = M 0 0x forallt,x > 0 (i.e. o is a generalized convolution for the Bessel process).

Proof. See the comments before Theorem 2.14 and observe that the weak continuity p; = dpast |0
follows from the fact that the Bessel process is a Feller process (Proposition 2.8). m|

The next two results show that (an analogue of) two important properties of ordinary convolution
semigroups — the fact that a convolution semigroup determines a Feller semigroup on R (cf.
Proposition 2.9), and the Lévy-Khintchine representation (cf. Theorem 2.11) — can also be established
for Kingman convolution semigroups.

Proposition 2.19. Let {y;};>0 € P(R}) be a Kingman convolution semigroup. Then the family
{T:}+>0 defined by

T; : Co(Rf) — Cu(Ry)

nf=Trf where (THA() = [ Fdsom)

is a conservative Feller semigroup.
Proof. See [153, Proposition 2.1]. |

Theorem 2.20 (Lévy-Khintchine type representation). If {u };>0 € P (R() is a Kingman convolution
semigroup, then
(Hui) (1) = e (2.13)

for some function Y (+) of the form
¥ (1) = c1? +/ (1 - Jn(Tx))v(dx) (2.14)
R+

where ¢ > 0 and v is a measure on R* which is finite on the complement of any neighbourhood of 0
and such that for T > 0 we have

/ (1= J,(tx))v(dx) < 0.
R+

Conversely, for each function of the form (2.14) there exists a Kingman convolution semigroup {u; }
such that (Hu,) (1) = e forall T > 0.

In particular, the functions yg(t) := ™ (0 < B < 2) belong to the set of admissible functions of
the form (2.14).
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Proof. See [178, Theorem 13] and [182, Theorem 2] O

Unlike the Lévy symbol (2.9) in the Lévy-Khintchine representation for ordinary convolution
semigroups, the symbol () in the Lévy-Khintchine type formula (2.13)—(2.14) for the Kingman
convolution has no imaginary terms. This is unsurprising, because the Hankel transform of a
probability measure on Rg is real-valued, while the Fourier transform of probability measures on
R is complex-valued. The resemblance between the two formulas becomes yet more evident
when {u;} ¢ P(R9) is an ordinary convolution semigroup of symmetric measures: an ordinary
convolution semigroup is symmetric if and only if @ = 0 and the measure v is symmetric, so that
#(z2) =z-0Qz+ /]R"\{O}(l —cos(z-y))v(dy). (Since J_%(f) = cos & [135, §10.16], this right-hand side
is, for d = 1, the limiting form of the representation (2.14) when 7 | —%.)

A Kingman Lévy process is a Feller process associated with a Kingman convolution semigroup.
By the above Lévy-Khintchine type representation, the class of Kingman Lévy processes generalizes
the Bessel processes in an analogous way as the class of (ordinary) Lévy processes generalizes the
Brownian motion. We note, in particular, that the class of Kingman Lévy processes includes many
processes which do not admit continuous versions (cf. [153, Theorem 2.2]). For further properties of
the Kingman convolution and the associated Lévy processes, we refer to [16, 20, 94, 153, 178].

The results stated thus far refer to the probabilistic properties of the Kingman convolution (seen as
a binary operator on the space of probability measures). There is also an extensive literature on the
Hankel convolution of functions, which is defined by

uw@@w=£ A £V, 7, €)Y dy g(£) £ de.

In other words, the Hankel convolution f o g is defined as the density of the Kingman convolution of
the measures ¢ (dx) = f(x)x*"'dx and pg(dx) = g(x)x>T*dx.

It is clear that H(f o g) = (Hf)-(Hg) for f,g € L' (R*;x*"*!dx); this result is the Hankel
counterpart of the usual convolution theorem F(f = g) = (Ff) - (Fg), where (f = g)(x) = /Rd flx -
y)g(y)dy and § is the Fourier transform on R?. The Hankel convolution has many other properties
which are parallel to those of the ordinary convolution of functions, such as a Young-type inequality.
Let us recall that the classical Young convolution inequality [59, Proposition 8.9] states that if
feLP(RY), g e LP2(RY) (py1,p2 € [1,00]) and s € [1, 0] is defined by 1 = I%] + i — 1, then the
integral defining (f * g)(x) converges for a.e. x and || f * g||.s gay < | fllr1 ray - IgllLr2 (ray- The
following analogue holds for the Hankel convolution. (We write L} := LP (R*;x?"*1dx).)

Proposition 2.21. Let f € LY, g ¢ Lf? (p1,p2 € [1,00]) and let s € [1,0] be defined by
% = ﬁ + é — 1. Then (f o g)(x) converges for a.e. x > 0 and
£ o glly < 17171 llgll e

=1, then f o g € Cp(R™).

IffELgandgEL’f]with%+

1
q

Proof. See [82, Theorem 2b]. m|
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Additional examples of analogues of classical properties which have been established for the Hankel
convolution include: an analogue of the Marcinkiewicz multiplier theorem [75], a characterization of
variation diminishing convolution kernels similar to that for the ordinary convolution [82], a parallel
theory for Hankel convolution equations [32], among others.

2.3 Generalized convolutions and hypergroups

Taking the Kingman convolution as a reference model, and aiming at identifying the minimal
requirements for developing an abstract theory of harmonic analysis, various authors have introduced
axiomatic notions of convolution-like structures (and the closely related translation-like operators).
Here we review some axiomatic definitions which are relevant for our later work.

Definition 2.22. Let K be a locally compact space and x* a bilinear operator on Mc(K). The pair
(K, =) is said to be a weak hypergroup if the following axioms are satisfied:

H1. If y,v € P(K), then u * v € P(K);
H2. ux(v*m)=(u=*v)*nm forall u,v,m € Mc(K);

H3. The map (yu,v) — u * v is continuous (in the weak topology) from Mc(K) X Mc(K) to
Mc(K);

H4. There exists an element e € K such that §e * u = y * 8. = u for all u € Mc(K);

HS. There exists a homeomorphism (called involution) x — X of K onto itself such that (¥)"=xand
(5x>x<6y)V= 0y*0x, where (5x*5y)v is defined Via/ f (&) (6x*6y)v(d§) = f f(g)(éx*éy)(df);

H6. supp(d * 0y) is compact for all x,y € K.
A weak hypergroup (K, *) is called a hypergroup if, in addition,

H7. e € supp(dx * dy) if and only if y = X;

H8. (x,y) — supp(d, * dy) is continuous from K x K into the space of compact subsets of K
(endowed with the Michael topology, see [88]).

The definition of hypergroup was introduced by Jewett in [88] and (with slightly different axioms)
also by Dunkl [46] and Spector [169], while the notion of weak hypergroup is taken from [80]. The
reference monograph on the theory of hypergroups, which contains most of the research developed
until 1994, is the book of Bloom and Heyer [16]. For more recent work, see [174] and references
therein.

We say that a positive Borel measure m on K is left invariant if fK fd(6y +m) = fK fdm for
all x € K and f € C.(K). Right invariant measures are defined similarly. It is known that if the
hypergroup (K, *) is commutative (i.e. u * v = v * u for all measures u, v € Mc(K)) then there exists
a left (and right) invariant measure on K [16, Theorem 1.3.15].
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Proposition 2.23. If (K, *) is a weak hypergroup endowed with an identity element e € K (cf. axiom
H4) and a left invariant measure m, then the family of operators {7 }xck defined by

(TN (y) = ‘/K f(€) (65 % 6y)(dE), f Borel measurable (2.15)

is such that the following properties hold for x,y € K:

@ T*1L=1, andif f > 0 then T*f > 0;
@) N7 fll2 g my < W N2 (i mys
(iii) Ty T = TT;, where we write (T, f)(x) = (T £)(¥);
(iv) T° =1d;
() If f € Co(K), then the function (x,y) v~ (T £)(y) is continuous in each variable;
i) (T*f)() = (T P)(F) for all f € Ly(K,m), where we set f(x) = F(%);

(vii) For every pair of relatively compact subsets By, By C K there exists a compact set Ky C K such
that if suppf N Ko = 0 then (T*f)(y) =0 for m-a.e. x € B,y € Bs.

Conversely, if {T*}xek is an arbitrary family of linear operators (not necessarily of the form (2.15))
which satisfy (i)-(vii) above, then the convolution * on Mc(K) defined by

(u *v)(B) :=/K ‘/K(‘TX]IB)(y) u(dx)v(dy) (B a Borel subset of K)

endows K with a weak hypergroup structure.

Proof. See [12, pp. 60-62]. m|

The operators 7* (x € K) described in the above proposition are called generalized translation
operators. Historically, generalized translation operators were defined and extensively studied prior to
the development of the theory of hypergroups as convolution measure algebras. Seminal works on
generalized translation operators are the papers by Delsarte [43] and Levitan [111]; early work on
the subject is collected in Levitan’s monograph [113]. Another closely related concept is that of a
hypercomplex system. We refer to [12] for the definition of the latter and a discussion of the connection
with generalized translation operators and hypergroups. See also [119] for further historical remarks.

A hypergroup homomorphism between (K1, ) and (K3, *,) isamap 7 : Mc(K;) — Mc(K3)
such that 7(u %, v) = 7(u) %, 7(v) for all u,v € Mc(K;) and 7(8,) is a Dirac measure for all
x € K;. If 7 is bijective, then it is said to be a hypergroup isomorphism. Given a hypergroup
(K1, *,) and a continuous bijection 7 : K; — K>, one can define a convolution *, on K, by
letting 6 *, Oy = T(84-1(x) *1 O7-1(y)) and (i % V) () = sz /Kz(ax %, 0y)(+) u(dx) v(dy). (Here
T(0,-1(x) *1 07-1(y)) stands for the pushforward of the measure 6 -1(,) *, 6,-1(,) under the map
& — 7(&).) Ttis then straightforward to check that the hypergroup axioms hold for (K>, *,), so that
(K1, *,) and (K3, %,) are isomorphic hypergroups.
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Let (K1, *,),..., (Ky,*,) be a finite family of hypergroups and write K = K| X ... X K,,. Define
the convolution operator * : Mc(K) X Mc(K) — Mc(K) by

(u*v)(o:/K/K((axl 0 8,) ® .. ® (6, % 03,)) () () v(dy).

One can easily verify that this operator satisfies all the hypergroup axioms. The hypergroup (K, ) is
called the product of the hypergroups (K1, *,), ..., (Ky, *,).
We now proceed to Urbanik’s definition of a generalized convolution on the space K = R{j:

Definition 2.24. For a > 0, let ©, : Rj — R{ be the multiplication map x — O,(x) := ax. A
bilinear operator o on Mc(R{) is said to be an Urbanik (generalized) convolution if the following
axioms hold:

UL If u,v € P(R)), then uov € P(R]);

U2 pov=vopanduo (vonm)=(uov)on forall u,v,m € Mc(Rf);
U3. If y, N i, then p, o v N povforall v € Mc(R);

U4d. 6g o pu = pforall u € Mc(R));

US. O4(pov) = (Oqu) o (0,v) forall u,v € P(R]) and a > 0;

U6. There exists a sequence {c, }nenwy € R* such that ®c,,5<f" = u for some measure u # .

This notion of generalized convolution was introduced by Urbanik in [178] and thoroughly studied
in a series of papers of the same author [179-182]. Recent research on Urbanik convolutions can be
found e.g. in [20, 131] and references therein.

The Kingman convolution defined in the previous section (Definition 2.15) is an example both of a
hypergroup structure on R and of an Urbanik convolution. But, in general, hypergroups on R do not
satisfy the homogeneity axiom U5 of Urbanik convolutions, and Urbanik convolutions do not satisfy
the compactness axiom H6 of hypergroups. See [16, 178] for examples of both types.

Finally, we present yet another notion of generalized convolution, which was introduced and
studied by Volkovich in [183, 185]. Here the axioms refer to the existence of a compatible (generalized)
characteristic function:

Definition 2.25. Let E be a locally compact space. A bilinear operator o on Mc(E) is said to be a
stochastic convolution (in the sense of Volkovich) if it has the following properties:

V1. If uy,v e P(E),thenuov € P(E);

V2. There exists a separable complete metric space S and a bounded real continuous function
w(x,0) on E X § such that the transform

®,(0) = '/E w(x, o) u(dx) (ueP(E), cel)

determines uniquely the probability measure u, and no proper closed subset of S has the same
property;
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V3. There exists e € E such that w(e, o) =1 forall o € S;
V4. u, = wifand only if &, (o) — @, (o) forall o € S;
V5. u3 = py oy if and only if @, (o) = @, (0) P, (o) forall o € S;

V6. Let P c P(E). The set D(P) of all divisors (with respect to the convolution o) of measures
v € P is relatively compact if and only if ‘B is relatively compact.

Any Urbanik convolution is a stochastic convolution [185], as well as all known examples of
hypergroups on R (cf. Section 4.1 below).

The axioms V1-V6 of stochastic convolutions can be interpreted as the basic structural properties
which enable one to study infinite divisibility of measures on the convolution algebra and establish an
analogue of the usual Lévy-Khintchine representation [183]. The additional structure provided by the
stronger axioms of hypergroups or of Urbanik convolutions gives rise to many other analogues of
fundamental results of harmonic analysis, such as laws of large numbers and characterizations of Lévy
processes (these results can be found in the literature cited above).

2.4 Sturm-Liouville theory

Most of our work in extending the class of stochastic processes for which one can construct an
associated generalized convolution operator will be centred around diffusions whose generators are
(reducible to) Sturm-Liouville operators. This section collects the necessary background material
from Sturm-Liouville theory.

We will consider the Sturm-Liouville expression

f(u)(x) = — ( (pu’) (x) + q(x)u(x)) x € (a,b) cR (2.16)

r(x)

where we assume that the coefficients are such that p,r > 0 on (a, b), p, r are locally absolutely
continuous, ¢ is locally integrable on (a, b) and

c C
/ / (r() +q()dy < o (2.17)
a y )
where ¢ € (a, b) is arbitrary.
The Sturm-Liouville expression (2.16) is of the form — M with s(x) = fx * p(y), m(dx) =

r(x)dx and k(dx) = g(x)dx. As in Section 2.1, an endpoint e € {a, b} is called regular, entrance,

exit or natural according to the classification (2.6), where I, = fa ¢ ay p‘f’;) (r(y) +q(y))dy, Ja =

b
S ) +a)dy, I = [ [0 L5 (r () + () dy and Jp = [ [7 5 (r(y) + g(v) dy.
The standing assumption that the coefficients {p, g, r} satisfy (2.17) means that the endpoint a is

regular or entrance.
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2.4.1 Solutions of the Sturm-Liouville equation

It is a basic fact that the vector space of solutions of the Sturm-Liouville equation £(u) = Au is
two-dimensional, and that a basis is formed by the (unique) solutions u;_i(x), u»_1(x) which satisfy
the initial conditions

upa(c) =sina, uj  (c)=cosa, uz,a(c) = —cosa, u; ,(c) =sina,

where a € [0, 7) and c is any (interior) point of the interval (a, ). When the initial conditions are
instead given at an endpoint of the interval, the possibility of solving the Sturm-Liouville problem
depends on the boundary classification for the set of coefficients {p, ¢, r}. Our starting lemma asserts
that under the assumption (2.17) we have existence and uniqueness of solution for the Sturm-Liouville
problem with Neumann-type condition at the left endpoint. Let us recall that an entire function
h : C — C s said to be of exponential type if there exist constants ¢, M > 0 such that |2(z)| < M€l
forall z € C.

Lemma 2.26. The initial value problem
{w)=Aw (a<x<b, 1€C), w(a) =1, (pw")(a) =0 (2.18)

has a unique solution w)(+). Moreover, A — w)(x) is, for fixed x, an entire function of exponential
type.

We emphasize that the boundary assumption (2.17) for this lemma includes Sturm-Liouville
equations where the left endpoint can be either limit point or limit circle. Here we recall the well-known
Weyl limit point/limit circle endpoint classification: the endpoint a (respectively b) is called limit
point if fac lua(x))?r (x)dx = oo (respectively fch |2 (x)|>r(x)dx = o0) for some solution of £(u) = Au
and limit circle if fac lua(x))?r(x)dx < oo (respectively fcb lua(x)|>r(x)dx < o) for all solutions
of £(u) = Au. (See [51, Theorem 2.1] for the connection between Feller’s boundary classification
and Weyl’s limit point/limit circle classification.) The usual existence and uniqueness theorems for
Sturm-Liouville problems with initial condition at an endpoint rely on the assumption that the endpoint
is regular or limit circle, cf. e.g. [10, Section 5]; the lemma above also includes some Sturm-Liouville
equations which are (entrance and) limit point at the left endpoint. Lemma 2.26 is not new — a special
case is established in [90, Lemma 3] — but seems to be little known. We give a self-contained proof
based on that of [90, Lemma 3].

Proof of Lemma 2.26. Pick an arbitrary 8 € (a, b). Define s(x) := fcx % and S(x) = /ax(s(,B) -
5(£))(q(&) +r(£))dé. From the boundary assumption (2.17) it follows that 0 < S(x) < S(B) < o
for x € (a, B]. Let

mo() =1,  n;(x;A) = / (s(x) =s(&))nj-1(E D (q(&) —Ar(§))dé  (j=1,2,...). (2.19)

One can check (using induction) that | (x; )| < % (1+12hsS (x))j for all j. Therefore, the function

wa(x) = Y np(x;0)  (a<x<p, A€C) (2.20)
7=0
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is well-defined as an absolutely convergent series. The entireness of 1 — w,(x) follows at once from
the Weierstrass theorem for compactly convergent series of holomorphic functions, and the estimate

lwa(x)| < § _%((1 +11)S(x)) = IS < (UHSEH (4 < x < B) (2.21)
— j!
J=0

shows that A — w,(x) is of exponential type. For a < x < 8 we have

X y
1 / ﬁ / wi(&) (q(&) - Ar(£))dé dy
S / (s(x) — 5(&) wa (&) (q (&) — Ar(£))dé

=1+ / (s(x) - S(f))(z nj(f;ﬂ))(q(f) — Ar(£))dé
a =0
1Y) [T - @m0 - ar()de
j=0Ja

=1 +ZT]]'+1(X;/1) = w/l(X),

J=0

i.e., wy(x) satisfies
X 1 y
o) =1+ 7= [T un@ (a© - ar@)ae dy. @22
a POY) Ja
This integral equation is equivalent to (2.18), so the proof is complete. |

Corollary 2.27. If 1 < 0, g > 0 and the endpoint b is exit or natural, then the solution of (2.18) is
strictly increasing and unbounded.

Proof. Rewriting the functions 7, (x; A) from the proof of Lemma 2.26 as

x y
ny(x; ) = / ﬁ / 01 (&) (&) — Ar(©))dé dy

we see at once (using induction on j) that each 1;(-; 1) is positive and strictly increasing, and
therefore w,(-) = Z;'io 1, (+; A) is strictly increasing. Moreover, lim 1 71 (x; 4) = fb ﬁ fay (q(&)-

a
Ar(€))dé dy > min{1, |A|}Jp = oo, hence w, is unbounded. O
XS r(y)dy = e
(so that (2.17) fails to hold) then for A < 0 there exists no solution of £{(w) = Aw satisfying the

boundary conditions w(a) = 1 and (pw’)(a) = 0. Indeed, if the integral /ac fyc p”ffc) r(y)dy diverges,

then it follows from [86, Sections 5.13-5.14] that any solution w of £(w) = Aw (4 < 0) either satisfies

It is also worth noting that the following converse of Lemma 2.26 holds: if fa ‘ fy ¢

w(a) =0or (pw’)(a) = +co, so in particular (2.18) cannot hold.

In the sequel, {@;,; }men Will denote a sequence b > a; > ap > ... with lima,, = a. Next we
verify that the solution w,(-) for the Sturm-Liouville equation on the interval (a, b) is approximated
by the corresponding solutions on the intervals (a,,, b):
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Lemma 2.28. Form € Nand A € C, let wy ,(x) be the unique solution of the boundary value problem

t(w)=Aw (a, <x<b), w(am,) =1, (pw’)(am) = 0. (2.23)

Then

im0 () =wa() and - lim (puf,) () = (puf) () 2.24)

pointwise for eacha < x < b and 1 € C.

Proof. In the same way as in the proof of Lemma 2.26 we can check that the solution of (2.23) is
given by

Wam(x) = an,m(x;/l) (am <x<b, 1€C)
7=0

where 70,5 (x:4) = 1and 0. m(x:.) = [1* (5(x) = $(6))1-1.m(£:2) (q(€) = 1r(£))dé. As before we

have |7, m(x; )| < %((1 +]A)) S(x))’ for a, < x < B (where S is the function from the proof of
Lemma 2.26). Using this estimate and induction on j, it is easy to see that 17; ,,,(x; 1) — 17,(x; 1)
asm — oo (a<x<p,4€C, j=0,1,...). Noting that the estimate on [; ,,(x; 4)| allows us to
take the limit under the summation sign, we conclude that w, , (x) — wa(x) asm — oo (a < x < f).

Finally, by (2.22) we have fora < x < 8
X X
Jim (pul,) (0 == lim [ w1(@)r(€)dE = -2 [ wa(©) r(@)de = (pup) o)
am a
using dominated convergence and the estimates |wy_,, (x)| < eUHSB) y (x)] < eTHADSB) g

The following lemma provides a sufficient condition for the solution w, () to be uniformly bounded
in the variables x € (a,b) and A > 0:

Lemma 2.29. If ¢ =0, 1 > 0 and x — p(x)r(x) is an increasing function, then the solution of (2.18)
is bounded:
lwa(x)] <1 forall a <x <b, 1>0. (2.25)

Proof. (Adapted from [197, Proposition 4.3].) Let us start by assuming that p(a)r(a) > 0. ForA =0
the result is trivial because wg(x) = 1. Fix 2 > 0. Multiplying both sides of the differential equation
t(wa) = Aw, by 2pw’;, we obtain —# [(pw:l)z]’ = /l(w/zl)’. Integrating the differential equation and
then using integration by parts, we get

A= wa(x)?) = / m((pw;)(f)z)'df

’ 2 x
- % v f (p<§>r<§>)’(

(pw))(£)

2
p(f)r(f)) @ asx<h

where we also used the fact that (pw’)(a) = 0 and the assumption that p(a)r(a) > 0. The right hand
side is nonnegative, because x — p(x)r(x) is increasing and therefore (p(&)r(£))’ > 0. Given that
A > 0, it follows that 1 — w,(x)? > 0, so that |w,(x)| < 1.
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If p(a)r(a) = 0, the above proof can be used to show that the solution of (2.23) is such that
lwam(x)| < 1foralla <x < b, >0and m € N; then Lemma 2.28 yields the desired result. O

2.4.2 Eigenfunction expansions

Eigenfunction expansion theorems for ordinary and partial differential operators are a key tool for the
construction of generalized convolutions. Under the running assumption that the left endpoint is regular
or entrance, the Sturm-Liouville operator (2.16) has a self-adjoint realization with Neumann-type
boundary conditions, and the corresponding spectral expansion gives rise to an invertible integral
transform whose kernel is the solution w,(+): (For brevity we write LP (r) := LP ((a, b); r(x)dx).)

Theorem 2.30. The operator

LP:D(L?) c L2(r) — LX(r), LPu=t(u)
where
{ueL*(r) |u,u’ € ACic(a, b), t(u) € L*(r), (pu’)(a) =0} ifb is limit point
D(LD) = {u e L2(r) | ## € ACke(a. b). E(u) € Lz(r),} b is imit circle
(pu’)(a) = (pu’)(b) =0

(2.26)
is positive and self-adjoint. There exists a unique locally finite positive Borel measure p r on R such
that the map h — F h, where

b
(Fh)Q) = / h(x) wy(x) r(x)dx (h € Ccla,b), 1 >0), (2.27)
induces an isometric isomorphism F : L*>(r) — L*(R; py) whose inverse is given by
(000 = [ o) prav. 2.28)

the convergence of the latter integral being understood with respect to the norm of L*(r), i.e. the
integral in the right-hand side denotes the function g € L*(r) such that

b
lim /
N —o0 a

The spectral measure p r is supported on R{. Moreover, the operator F is a spectral representation
of L@, i.e. we have

2
dx = 0.

N
g (x) - / P ) pe(@

D(L?) = fue 12(r) | - (Fu) (1) € L2(RS, pr)} (2.29)
(F(LPR) () = 2-(Fh) (1), heDLD). (2.30)

Proof. The factthat (£, D(L?))) is a positive self-adjoint operator is a known result, see [129, 175].
The existence of a spectral transformation # associated with the operator £ is a consequence of the
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standard Weyl-Titchmarsh-Kodaira theory of eigenfunction expansions of Sturm-Liouville operators
(cf. [168, Section 3.1] and [188, Section 8]).

In the general case the eigenfunction expansion is written in terms of two linearly independent
solutions of £(u) = Au and a 2 X 2 matrix measure. However, from the boundary condition (2.17) it
follows that the function w, (x) is square-integrable near x = 0 with respect to the measure r(x)dx;
moreover, by Lemma 2.26, w,(x) is (for fixed x) an entire function of 1. Therefore, the possibility
of writing the expansion in terms only of the eigenfunction w,(x) follows from the results of [50,
Sections 9 and 10]. O

The isometric integral transform ¥ will be called the L-transform.

Remark 2.31. Assume that the coefficients of the Sturm-Liouville expression (2.16) are such that
p’,r’ are locally absolutely continuous on (a, b). Let u be a solution of £(u) = Au, and consider a
transformation of independent and dependent variables of the form

u=Z7Z(x)v, y=/ H(§)dé

where the functions Z, H are positive and sufficiently smooth. A straightforward computation
(cf. [14, pp. 320-322]) yields that the function v(y) is a solution of the Sturm-Liouville equation

(W) () = 755 (=(BV) () + G()0(y)) = Aw(y), where

rZ? qZ? d dz
(p d )
y

F=— p=pHZ? §="—+7—
r q° pP=pr ) q H dy
We can write £(v) = U~ ¢(Uv), where U : L*((y~"(a), ™" (b)),7) —> L?(r) is the isometry defined
by
u(y”' (»)
Z(y ' (»)

with y(x) := fc “H(&)d¢ and ! its inverse function. Therefore, the operator F defined by

(U0)(x) =Z@)o(y(x), (U 'w)() =

= Y H(b) -1
(Fh) Q) = (F(UN)() = / hy) 220 O)

i O Zomiryy T (FTO0) = (U FT)0)

is a spectral representation of the self-adjoint realization L := U '"LU of the operator ¢. Under
suitable additional assumptions (for instance, if Z(a) = 1, (pZ’)(a) = 0 and ¢ is limit point at b), one
can check that this spectral representation coincides with that obtained by applying Theorem 2.30
to the transformed operator ¢; in particular, the spectral measure given by Theorem 2.30 is invariant
under such transformations of variable.

A special case is the so-called Liouville transformation u = [p(x)r(x)]*v, y = f Vr(x)/p(x) dx
[14, 55]. This choice yields a simplified operator ¢ without first-order term, namely () (y) =

v (y) +q(y)v(y), where g = £ + (pr)‘% j—yzz [(pr)%]. This is called the Liouville normal form of the
operator £.



2.4. Sturm-Liouville theory 27

Theorem 2.30 establishes the existence of a spectral measure p , such that the £-transform maps
the space L?(r) isometrically onto L(R; p £), but it provides no information on how to compute the
measure p . When the Sturm-Liouville operator has no natural endpoints, the spectral measure is
discrete and can be obtained by determining the eigenvalues and the norms of the eigenfunctions:

Proposition 2.32. Suppose that the endpoint b is regular, entrance or exit. Let uy(+) be a nontrivial
solution of €(u) = Au (A € C) such that

ur(b) =1, (pu’)(b)=0 if b is regular or entrance (2.31)
uy € L*((c,b), r(x)dx) for some ¢ € (a,b) ifb is exit (2.32)

and let Wr(wp, uy) := p(wau’y — waw’,) be the modified Wronskian of the solutions wy and u,. Then
Wr(wa, my) is independent of x and its positive zeros 0 < 1] < 1y < A3 < ... T oo are eigenvalues of
the self-adjoint operator L. The spectrum of L is {Ax }xen, and its (purely discrete) spectral measure
is given by

pr= lwy 3, o
k=1
Proof. See [114, Section 5.1]. m]

If the endpoint b is natural, the spectrum of L has, in general, a more complicated structure.
We refer to [114] for a complete characterization of the structure of the spectrum of a large class of
Sturm-Liouville operators with natural endpoints. The following results describe two approaches for
computing the spectral measure of operators whose endpoint b is natural — the so-called real variable
approach, where p, is obtained as a limit of discrete measures which correspond to eigenvalue
problems on approximating intervals, and an alternative approach which relies on complex analysis
and the so-called Weyl-Titchmarsh m-function:

Proposition 2.33. Suppose that the endpoint b is natural. For § € (a,b), let0 < A1 g <Adrpg<...T
o0 be the zeros of the function A — w)(B) and let pi. be the measure

a

°° B
o= D lon gl onye  where 7l = [ 1FGIPr(d.
k=1

There exists a right continuous, monotone increasing function ¥ (-) on R such that limgq, pﬁL (—00,1] =
Y(Q) at all points of continuity of ¥. Moreover, the spectral measure of L is the Lebesgue-Stieltjes
measure with distribution function ¥(Q), i.e. we have p p(A1,23] = P(12) —P(Ay) forall 11,1, € R
with 11 < A,.

Proof. See [35, Chapter 9, Section 3], [114, Section 5.2]. O

Proposition 2.34. Suppose that the endpoint b is natural. Let 0,(+) be a solution of £(0) = 16 which
is real entire in A (i.e. for fixed x € (a, b) the function A — 0,(x) is entire, and we have 6,(x) € R for
A € R) and such that Wr(w,, 6,) = 1. (Under our assumptions, such a solution always exists, see [50,
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Theorem 9.6].) There exists a function m : C\R — C, called the Weyl-Titchmarsh m-function, which
is uniquely defined by the requirement that 1 (x) := 03(x) + m(D)w,(x) belongs to L*((c, b), r(x)dx)
for some ¢ € (a, b). The spectral measure of the operator L is given by

Ar+6

pL(/ll,/lz] = lim lim — Im(m(/l + is))d/l (/11,/12 eR, 4 < /12). (2.33)
510 gloTT A+6

Proof. See [50, Sections 9 and 10]. m]

It is often important to know whether the inversion integral for the £-transform is absolutely
convergent. A sufficient condition, which is valid for any Sturm-Liouville operator satisfying the left
boundary assumption (2.17), is given in the next lemma:

Lemma 2.35. Set J = [a, b) iffac ay %(q(y) +7r(y))dy < o and J = (a, b) otherwise. Then:

(a) Foreach u € C\ R, the integrals

/ wa(x) wa(y) 2 (dA) and (pwh) (x) (pw?)(y) p (D) (2.34)
Ry |- pl? R} A= pf?
converge uniformly on compact squares in J X J.
() Ifh € D(L?), then
) = [ TR a0 p(@) 235
(ph')(x) = /R (Fh)() (pw)) (%) p(dd) (2.36)

where the right-hand side integrals converge absolutely and uniformly on compact subsets in J.

Proof. (a) It is known that the resolvent of the Sturm-Liouville operator (£®, D(L£?))) is given by

b
(L® - 'g(x) = / gGy,Wr(ydy,  geL’(r), ueC\R

where

1

G(x,y,u) = mwﬂ(x)u,u()’), x<y

Wiy On )0, x>y

and uy(-) (1 € C\R)is anontrivial solution of £(u) = Au satisfying (2.31) if b is regular or entrance
and (2.32) if b is exit or natural; moreover, the £L-transform of the resolvent kernel is

wa(x)

(TG(X’ *s ,Lt))(/l) = 1— u
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(These facts follow from general results in Sturm-Liouville spectral theory, see [188, Theorem 7.8],
[50, Lemma 10.6].) We have

/ wa(x)wa(y)

|/l—/l|2 m(G(X,y,/,l))

b
pL(d/?.):'/‘ G(x’f,ﬂ)G()”faﬂ)’”(f)df:@I

where the first equality follows from the isometric property of  and the second equality is a consequence

of the resolvent formula (£? — )™ = (£L® — )™ = (w1 — ) (LP — u) (LD — )~
Letting 62] = p(f)%, it is easy to check that the functions Im(G (x, y, u)), G)EI]Im(G(x, y, (1)) and

Bil]ay[l]lm(G(x, ¥y, 1)) are continuous in a < x,y < b. From this we can conclude, after a careful
estimation of the differentiated integrals (see the proof of [134, §21.2, Corollary 3]), that

(pw’) (x) (pw’) (y) (1] A[1]
. FIE pr(dl) = —I T )8 9y ' Im(G(x, y, 1))

and that the integrals (2.34) converge uniformly for x, y in compact subsets of J.

(b) By Theorem 2.30 and the classical theorem on differentiation under the integral sign for
Riemann-Stieltjes integrals, to prove (2.35)—(2.36) it only remains to justify the absolute and uniform
convergence of the integrals in the right-hand sides.

Recall from Theorem 2.30 that the condition /& € D (L) implies that Fh € Ly (R, p) and
also A (Fh)(Q) € LZ(R:;, pr). As aconsequence, we obtain

[ I @mlpca

/ A Fm |2 (an) + / (FR |22 pa)
< (IEDWI, + I FRD]],) |2
o
< 00
where || - ||, denotes the norm of the space L, (R; p ), and similarly
[lenm pup@lesa < 2 mi, + i) 2
0 o

wl(x) ” nd ” (pw’) (x)

A+
hence the integrals in (2.35)—(2.36) converge absolutely and uniformly on compact subsets of J. O

We know from part (a) that the integrals which define || ||p converge uniformly,

2.4.3 Diffusion semigroups generated by Sturm-Liouville operators

Being a positive self-adjoint operator, the Neumann realization (£, D (L)) of the Sturm-Liouville
expression (2.16) is the (negative of the) infinitesimal generator of a strongly continuous semigroup
{Tt(z) }is0 on L%(r). Since Tt(z) = L% (the latter being defined via the spectral calculus), the
eigenfunction expansion of this semigroup is a by-product of Theorem 2.30:
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Proposition 2.36. The semigroup {Tt(z) }es0 generated by (L, D(L?)) is sub-Markovian, i.e. such
that ||Tl(2)h||Loo(r) < |Allp(ry for all h € L*(r) N L*®(r) and Ttmh > 0 whenever h > 0. Moreover,
this semigroup admits the representations

(W) = F e (FRO]@) = / e wa(x) (FR)(A) pr(dd) (2.37)
b
= [ ) plex ) r)dy (1> 0. heL’(r)
(2.38)
where

+
0

p(t,x,y) = F e wi,()]() = / et wa(x)wa(y) pe(dl)  (1>0,x,y€Jd) (239

(here J is defined as in Lemma 2.35) and the latter integral converges absolutely and uniformly on

compact squares in J X J for each fixed t > 0.

Proof. One can check (see [62, Section 2.3]) that £?) is the positive self-adjoint operator associated
with the unbounded sesquilinear form &, : D(E ) X D(E ) —> C defined by

D(Ey) = {u e L (r) N L?*(q) | u € ACjoc(R*), u’ € Lz(p)}

&1(1,0) = /0 W ()7 () plx)d + /0 u()0(0) (x)dx

where L2(p) = L?((a, b); p(x)dx) and L*(q) = L*((a, b); q(x)dx). According to [30, Section 2.2.3]
and [62, Lemma 2.1], (E £, D(E)) is closed and Markovian. (The closedness means that D(E )
is a Hilbert space with respect to the inner product & £ (u,v) + (u, v)1,(r), While the Markovianity
means that if u € D(E ) then v := max(min(u, 1),0) € D(Er) and E £ (v,v) < E,(u,u).) Using
the well-known Beurling-Deny criterion (e.g. [30, Theorem 1.1.3]), it follows that the semigroup
{Tz(z)} is sub-Markovian.

The representation (2.37) is a direct consequence of the spectral theorem for unbounded self-adjoint
operators. It follows from Lemma 2.35(a) that the right hand side of (2.39) converges absolutely

w1 (x) belongs to

and uniformly in compact subsets of J X J, hence for x € J the function 4 — e~
L>(R; pr). The representation (2.38) is therefore obtained by combining (2.37) with the isometric

property of F. O

As noted in the beginning of this section, the (negative of the) Sturm-Liouville expression
considered here is of the form (2.5). Assume that the endpoint b is not exit, and let I = [a, b) if b is
natural and I = [a, b] if b is regular or entrance. By Theorem 2.7 and Proposition 2.8, there exists a

diffusion process {X; };0 on I which is a Feller process whose infinitesimal generator is the operator



2.4. Sturm-Liouville theory 31

(-LO D(L£O)), where

u,u’ € ACjoe(a,b), €(u) € Co(I)

(pu’)(a) =0, (pu’)(b) = 0if b is regular or entrance|
(2.40)

The Feller semigroup generated by (£©, D (L)) is the restriction to Co(7) of the L (r)-extension

of the semigroup {Tt(z) }, cf. [30, Equation (1.1.9)]. The next corollary gives some consequences of

LOU=tw), DLY)= {u e Co(1)

the preceding remarks.

Corollary 2.37. Assume that the endpoint b is not exit. Let {T;};>0 and {X; };:>0 be, respectively, the
Feller semigroup and diffusion generated by (—L(O), D(L(O))). Then {T, };>¢ is consistent with the
strongly continuous contraction semigroup {Tt(z)} generated by (L, D(L?))), in the sense that
T:h = Tl(z)h if h € Co(I) N La(r). The function p(t,x,-) defined in (2.39) is the density (with respect
to r(y)dy) of the transition kernel of the Feller semigroup {T;};>0, i.e. we have

b
(Trh)(x) = Ex[h(X:)] = / h(y) p(t.x,y) r(y)dy (t>0, x€J, heCo(l)).

If g =0, then {T; };>0 is a conservative Feller semigroup and therefore p(t,x, ) r(+) is, for eacht > 0
and x € J, the density of a probability measure on I.

2.44 Remarkable particular cases

The general family of Sturm-Liouville operators studied above includes many differential operators
which are of hypergeometric type in the sense that the solutions of £(u) = Au can be written in terms
of hypergeometric functions. In such cases, it is often possible to determine, using Propositions
2.32-2.34 and known identities from the theory of special functions, a closed-form expression for the
spectral measure. As the examples below demonstrate, one can recover, in particular, the inversion
theorem for many common integral transforms, as well as an explicit (spectral) representation for the
transition probabilities of important diffusion processes.

We start with an example which is nearly trivial, but quite instructive:

Example 2.38. The Sturm-Liouville operator

= —d—2, 0<x <o
dx?
is obtained by setting p = r = 1 and (a, b) = R*. Since the solution of the Sturm-Liouville initial
value problem (2.18) is w;(x) = cos(tx) (where A = 72), the L-transform is simply the cosine
Fourier transform (Fh)(t) = fooo h(x) cos(tx)dx. The function 6,(x) = %sin(rx) satisfies the
requirement of Proposition 2.34, and one can easily check that the Weyl-Titchmarsh m-function is
given by m(A1) = ﬁ for A € C with ImA > 0. Using (2.33), we obtain that p p(d1) = 0 on (—c0, 0]
and pp(d1) = :T/li = %dr on R*. As one would expect, this result confirms the classical inversion
formula (F~'¢) (1) = % fooo h(x) cos(tx)dx for the cosine Fourier transform. The Feller process on
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R{ generated by ¢ is the reflected Brownian motion, whose transition density is given by

(exp(_ (x ;ty)z) N exp(_%)) (2.41)

2 [ 2 1
p(t,x,y) = —/ e "7 cos(tx) cos(ty)dT =
7 Jo V2nrt

(the second equality follows from integral 2.5.36.1 in [145]). The fact that the expression in the

right-hand side of (2.41) is the transition density of the reflected Brownian motion is well-known, cf.
e.g. [19, p. 250].

Our next case illustrates the fact that various classical expansions of functions as series of
orthogonal polynomials are also a particular case of the general Sturm-Liouville spectral theory.

Example 2.39. Let @, 8 > —1. The Jacobi differential operator
d? d
t=—-(1-x)——-(B-a—-(a+B+1)x)—, -1<x<1
dx? dx

is of the form (2.16) with ¢ = 0, r(x) = (1 —x)*(1 +x)? and p(x) = (1 — x)"**(1 + x)"*8. The
endpoint 1 is regular if -1 < @ < 0 and entrance if @ > 0; similarly, the endpoint —1 is regular if
—1 < B < 0 and entrance if 8 > 0. In all cases, the Neumann self-adjoint realization (£, D (L)) has

a purely discrete spectrum. The function

-Xx
2

1
wa(x) =2F{n-T,n+Tia+ m=Ya+p+1), A=7*-7%
is a solution of £(u) = Au such thatw, (1) = 1 and (pw/)(1) = 0. Here F denotes the hypergeometric
function [135, Chapter 15]. One can verify that this is an eigenfunction of (£, D(L)) if and
only if 2 = n(2n +n) (n € N) [118]. Therefore, the eigenfunctions are the Jacobi polynomials

. -k k . .
Wiy () = R (0) = i e e (1= 0 (L 0)RP). Since IR, ) =
22171 T (k+a+1)T(k+8+1)

(a2 (ko) Tkt 2ey) [42, Section 15.2], the integral transform pair (2.27)—(2.28) is the Jacobi series
expansion

iy = 3 Lt DG TGk + 2

(@)
PR (kra+ DIk g+n 0 DR

k=0

where (Fh)(k) = f_ 11 h(x) R]((a’ﬁ ) (x) (1 = x)@(1 + x)Bdx. Accordingly, the transition probability
density of the diffusion process on [—1, 1] generated by ¢ is

o D)2k +m)T(k+210) (ap) (@.B)
fx.y) = ki) L(a+ R@B) (@B (1)
pltry) =) e PR (k+a+ DIGka g+ 1) % ORET0)

k=0
In the literature, this stochastic process is known as the Jacobi diffusion [93, 114].
Next we present in some detail an example of how one can determine the spectral measure of

a Sturm-Liouville operator whose spectrum is not discrete and whose fundamental solutions are
nontrivial special functions of hypergeometric type.
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Example 2.

[115], the
diffusion generated by the differential operator

d’ a d
5:———(—+2 )— O<x<
a2 \x T ree
This Sturm-Liouville operator is obtained by choosing ¢ = 0 and p(x) = r(x) = x%¢***. One can
check that the endpoint O is regular if 0 < @ < 1 and entrance if @ > 1, while the endpoint +co is
natural.

The solution of the initial value problem (2.18) is

wa(x) = (2it)" 2 e_”xx_%M_%u’aT_l (2itx) (2.42)

where A = 7% + pi* and M, (2) = e73 I %zl”*" is the Whittaker function of the first
kind [135, §13.14]. (The fact that (2.42) is a solution of £(u) = Au follows from [143, Equation
2.1.2.108], and we can use the results of [135, §13.14(iii) and §13.15(ii)] to check that w,(0) = 1 and
(pw?)(0) =0.) If @ ¢ N, a suitable linearly independent solution of £(u) = Au is

0(x) = (1 - a)_l(ZiT)%_le_’“‘xx_%M_%u’%(2iTx).

(Using [135, §13.2(i)] and [115, Remark 1], one verifies that 8,(x) is real entire; [135, Equation
13.2.33] yields that Wr(w,,8,) = 1. The case @ € N can be treated using [135, §13.2(v)].) Now,
it follows from [135, Equation 13.14.21] that a solution of the Sturm-Liouville equation which is
square-integrable with respect to r(x)dx near infinity is

L(F(1+ )
['(a)

where W, , (x) is the Whittaker function of the second kind [135, §13.14]. By [135, Equation
13.14.33] this solution can be written as 6 (x) + m(Ad)w,(x), where

Ya(x) = (2it)7 e #xx—%w_%,%(zirx) (1€ C\R)

sin(Z2 (1 + £))

m(A) = -T'(a)~2(27)*"! ME(1+£)r(¢(1-£)) (1€C\R).

sin(ra)
Taking the limit we obtain
2&/ -2 71'(1/1 u ) 5
1 2 ra-lex r(ea+£)°, a>
lim —m(A +ig) = nl(a)? p | ( lT))} M
el0o T 0, 1< ’u2

which, by Proposition 2.34, is the density of the (absolutely continuous) spectral measure p .

nF(:)ZT exp(-5£)|r (2 (1+£))|2, it follows that the pair of index transforms

Letting o (1) :=
(Fh) () = (2i1)"% / h(x) M_gn ot (2i72) eM¥x 3 dx (2.43)
0 iT’

(o)) = @) Ee [ o) Mgy s i) S e (.40
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defines an isometry between the spaces L?(R*, x®e?**dx) and L?>(R*, (1) dr). In the limit u — 0,
using [135, Equations 10.27.6 and 13.18.8] we recover the Hankel transform (2.11) whose kernel is
the Bessel function of the first kind. From the above it also follows that the transition density of the
Bessel process with drift is given by

p(t,x,y) = (—dxy)~ T e H(x+Y) / e () M_cp oot (2itx) M_ou o (2ity) v % (1)dr.
0 iT? iT?
This spectral representation for the law of the Bessel process was established by Linetsky in [115], based
on the related results of Titchmarsh in [176, §4.17]. However, the pair of confluent hypergeometric
type integral transforms (2.43)—(2.44) is apparently little known; in particular, it is not reported in
reference monographs on integral transforms such as [148, 191, 194].

Example 2.41. Another integral transform related to the Whittaker functions is obtained by considering
the operator
" fz—xzd—z—(1+2(l—oz)x)i 0<x<oo (2.45)
dx? dx’

which is of the form (2.16) with ¢ = 0, r(x) = x 2®¢~"/* and p(x) = x2=®¢~1/*_ The operator
(2.45) is the generator of the Shiryaev process (Chapter 3). Here the solution of the initial value
problem (2.18) is a normalized Whittaker W function (Proposition 3.1). For @ < % the corresponding
spectral measure has density o(t) = 7727 sinh(277)|['(§ — @ +i7) |2, where we write 1 = 7%+ (3 — ).
The L-transform specializes into

(Fh)(r) = / ) h(x) Wa,n(i)x“’e‘ﬁdx (2.46)
0
(Fle)(x) = %x“eﬁ /oo ¢(1) Wa iz (1) 7sinh(2n7)|[T(3 — @ + iT)’sz (2.47)
0

Accordingly, (2.39) specializes into an explicit spectral representation for the transition density of the
Shiryaev process.

The integral transform (2.46)—(2.47) is a modified form (cf. Remark 2.31) of the so-called index
Whittaker transform, which was first introduced by Wimp [189] as a particular case of an integral
transform having the Meijer-G function in the kernel. Its L? theory was studied in [171]. The index
Whittaker transform includes as a particular case the Kontorovich-Lebedev transform, which is one of
the most well-known index transforms [191, 194] and has a wide range of applications in physics.

The spectral measure o (7)dt can be deduced using either the approach based on the Weyl-
Titchmarsh m-function or the real variable approach (we refer to [168, Example 2] and [116]
respectively).

Example 2.42. The coefficients ¢ = 0, p(x) = r(x) = (sinhx)>**!(coshx)?#*! (with B e R, a > —1,
a = B+1 > 0) give rise to the Jacobi operator

d d
{=———[QRa+1)cothx + (28 + 1) tanhx]—, 0<x< o0, (2.48)
dx? dx
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The so-called Jacobi function
wa(x) = ¢(ra’ﬁ)(x) =2F (%(77 —iT), %(77 +iT);a + 1; —(sinhx)z) m=a+B+1, 1=1>+1?)

can be shown to be the unique solution of the Sturm-Liouville initial value problem (2.18). Using
Proposition 2.34, one can show (cf. [98] and references therein, see also [168, Example 3]) that the

. . . . _ PG (g+it)T( (+i7)-B)
spectral measure is absolutely continuous with density o (1) = )G (ath) , SO that the
L-transform becomes
Fh)(r)= h(x) 6'9P)(x) (sinhx)2*! (cosh x) 2P+ dx
( ¢z
0

L(3(n+in)L(3(n+it) = )
F(EOr(Ere +1)

N 2 (2.49)
(F o)) = / (1) 6P () ‘
0

This is the so-called (Fourier-)Jacobi transform, which is closely related (via a suitable change of
variables) to the Olevskii transform, the index hypergeometric transform or, in the case @ = 8, the
generalized Mehler-Fock transform [193].

Ifg = —%, the Feller process generated by the Neumann self-adjoint realization of (2.48) is
known as the hyperbolic Bessel process; more generally, it is called a hypergeometric diffusion [18].
Like in the previous examples, the transition probabilities admit the explicit integral representation

p(t.xy) = ;7 e TP () 6P (y) o (v)dr.

For ease of presentation, in Examples 2.40-2.42 the range of the parameters «, 8 and y was chosen
so that the spectral measure is purely absolutely continuous. In general, the measure decomposes into
a discrete and an absolutely continuous part, both of which can be determined using the results of
Subsection 2.4.2 (for details, see [114]). For instance, if we let a > % in the Sturm-Liouville operator

of Example 2.41 and let N, be the integer part of @ — %, then the spectral measure becomes [108, 115]

N,
S 2a-1-2n . 1 N2
pr(dl) = Z) mén(z(,_l_m (d))+1 [(a_%)z’w)(/l) T smh(27rT)|F(§ -a+ lT)| dt
n=

so that a finite sum must be added to the inversion formula (2.47) for the index Whittaker transform.
The examples presented above do not exhaust the class of Sturm-Liouville operators whose spectral
measure is known in closed form. Additional examples can be found e.g. in [45, 64, 109, 170].






Chapter 3

The Whittaker convolution

The goal of this chapter is to construct a generalized convolution for the one-dimensional diffusion
process known as the Shiryaev process. The properties of this convolution-like operator will allow us
to interpret the Shiryaev process as a Lévy-like process, thereby providing a positive answer to the
general question formulated in the Introduction.

The Shiryaev process (started at yg > 0) is defined in [139] as the unique strong solution {Y;};>0
of the SDE

where y € R, o > 0 and {W;},5¢ is a standard Brownian motion. The infinitesimal generator of the
Shiryaev process is the differential operator A defined as Au(y) = %zyzu”(y) + (1 + wy)u'(y).

The Shiryaev process, whose defining SDE (3.1) was first derived by Shiryaev in the context of
quickest detection problems [159], has various applications in mathematical finance; in particular,
it plays a fundamental role in the problem of Asian option pricing under the famous Black-Scholes
model [44, 116]. See [142] for a survey of other applications in physics and finance.

We will restrict our attention to the standardized Shiryaev process with parameters o~ = V2 and
1 =2(1 —a) €R, ie. the one-dimensional diffusion generated by the operator

Aqu(y) = y*u” (y) + (L +2(1 —a)y)u'(y) = (Patt’) () (3.2)

1
ra(y)
where 7 (€) := 2% V¢ and po (&) = 20~ e~1/¢ | This restriction does not introduce any loss
of generality, because we know (cf. [18, Section I1.8]) that if {X;};>0 is a one-dimensional diffusion
generated by Ag 5 ¢ = yxzdd—; +y(c+2(1 - a/)x)% (c,y > 0), then the process {Y; = %Xy,}tzo is
a one-dimensional diffusion generated by (3.2). In fact, once we have constructed the convolution
structure for the standardized Shiryaev process, the convolution structure for A, 4 - is simply a

by-product which is obtained via elementary changes of variable (cf. Remark 3.71).

From Section 3.2 onwards we will mostly assume that a < %; this is a necessary and sufficient
condition for the underlying product formula to have the positivity and conservativeness property
which is required for the induced convolution to be a binary operator on the space of probability

measures.

37
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3.1 The product formula for the Whittaker function

Our key ingredient for constructing a generalized convolution for the Shiryaev process will be a novel

product formula of the form w, (x)w,(y) = /R+ w(€) vy y(d€) for the solutions of the Sturm-Liouville
0

boundary value problem

~Aqu=Au (yeR*" 1€C), u(0) =1, (pau’)(0) =0. (3.3)

Since these solutions can be expressed in terms of the Whittaker functions, the generalized convolution
for the Shiryaev process will be called the Whittaker convolution.

Proposition 3.1. The unique solution of the boundary value problem (3.3) is given by

1
Wa,Ag(y) = y‘leZy Wa,Ag(%) (3.4)

where Ay = 4/ (% —)? — Aand W, (x) is the Whittaker function of the second kind.

Throughout this chapter, the function W, ,,(y) = y“ eZLyWa,,,(i) will be called the normalized
Whittaker W function. To prove Proposition 3.1, one just needs to check, using the basic properties of
the Whittaker function stated below, that (3.4) is a solution of —A,u = Au which satisfies the given
boundary conditions.

Remark 3.2 (Some basics on the Whittaker W function). Let a, v € C. The Whittaker function

W v (x) is, by definition, the solution of Whittaker’s differential equation % + (—4—11 +9+ 1/‘)‘(_;"2)” =0
which is determined uniquely by the property
Wa.v(x) ~ X%, |x] — o0, Rex > 0. (3.5)

The Whittaker W function is an analytic function of x on the half-plane Rex > 0, and for fixed x it
is an entire function of the first and the second parameter [135, §13.14(ii)]. It admits the integral
representation (cf. [145], integral 2.3.6.9)

e 1

s )— staty

e Ix® e 1 1
e SsTIm V(1+- ds  (Rex >0, Rea < 1 +Rev). (3.6)
X

Wor(x) = ———m—
() I —a+v)Jo

The Whittaker W function is an even function of the parameter v [135, Equation 13.14.31]. For

a # % + v, % +v,...,its asymptotic behaviour near the origin is, cf. [135, §13.14(iii)]

Wa.v(x) = O(x%_Re") (Rev =0, v #0),

1 x—0. (3.7)
Wa,0(x) = O(-x2 logx),

The asymptotic expansion for W, ., (x) as |x| — oo is given by [135, Equation 13.19.3]

(59

Weav(x) ~ e IxY Z

k=0

(%—a+v)k(%—a—v)

T a (—x)7k, |x] = o, Rex > 0. (3.8)
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The Whittaker function satisfies the recurrence relation and the differentiation formula [135, Equations
13.15.13 and 13.15.23]

x%WML’Wl(x) = (X +2)War () + (A —a =) x2W,_, 1) (3.9)

a-3,v

d \» —a—
(xax) (ex/z —ely, ,,(x)) ( +v- )n(% -v- oz)n X2 "Weaony(x), neN (3.10)
where (a)n ]_['; (a + j) is the Pochhammer symbol. When the parameter « is equal to zero (resp.,
equal to & 5 +v), the Whittaker function reduces to the modified Bessel function of the second kind
(resp., to an elementary function) [135, §13.18(), (iii)],

Wo., (2x) = 7172 (2x) 2K, (x) 3.11)
1 Vv —X
W%W,V(x) = x2"Ve /2 (3.12)

(see [135, §10.25] for the definition of the Bessel function K, (x)). By [191, Theorem 1.11], for@ € R
the asymptotic expansion of the Whittaker function with imaginary parameter v = it as 7 — oo is

/1

W(l,iT(-x) — (zx)%Ta—%e—nT/Z COS(T log(I_T) + 5(5 — a) + T) [1 + O(T_l)]’ (3.13)

the expansion being uniformin 0 < x < M (M > 0).

By Proposition 3.1, our problem reduces to that of determining a product formula for the Whittaker
function W, (x) whose measures should not depend on the second parameter v. If & = 0, so that by
(3.11) the Whittaker W function reduces to the Bessel function K, (x), it is well-known that such a
product formula exists and has an explicit closed-form expression:

Theorem 3.3 (Product formula for the modified Bessel function of the second kind). The product
K, (x)K, (y) of two modified Bessel functions of the second kind with different arguments admits the
integral representation

L[ xy x& y&\ds
K,(x)K == K,(&)exp|l-——= - —=-=—= , 0, C). 3.14
k=3 [ K@ep(-52 -3 -3)E wysoven. o
Proof. This result, which is known as the Macdonald formula, is classical and can be found in standard
texts on special functions (cf. [53, §7.7.6] and [191, Equation (1.103)]). m]

By a change of variables, the identity (3.14) can be equivalently written as

1 1 1 e 1 X y &\ dé
Wo,, (x) Wo, () = 212 exp(ﬂ + 5) /0 Wo,» (£) eXP(_E ThE M dny)

showing that in the case @ = 0 the desired product formula for the normalized Whittaker W function
holds for the measures defined by vy, (d¢) = 3 (mxy€) ™% exp(5= + 5 - E 7 4§_§ - 4xy)d§.

The Macdonald formula (3.14) has been used to construct the Kontorovich-Lebedev convolution,
which was introduced by Kakichev in [91] and has been an object of much interest [83, 84, 144, 192, 194].

Given that the properties of the index Whittaker transform in the general case are similar to those of
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the Kontorovich-Lebedev transform [171], one would expect that the Whittaker W function admits a
similar product formula which also gives rise to a generalized convolution structure. However, to the
best of our knowledge, neither an explicit product formula for W, _, (x) with kernel not depending
on the parameter v is known in the literature, nor the existence of such a formula has been deduced
through techniques such as those described in [36].

The following theorem, which will be proved in this section, settles this problem:

Theorem 3.4. The product W, (x)Wq . (y) of two Whittaker functions of the second kind with

different arguments admits the integral representation

o0 d
W (1) Wa (y) = /0 Wa,v<§>xa<x,y,f)§—f (ty>0, aiveC) (3.5

where

LE (xy+X€+y€)2)D (xy+XS+y§)

Ka(x,y,€) =27~ Z(XY§)26XP(2 272 8xyé (2xy&)1/2

being D, (z) the parabolic cylinder function [53, Section 8.2].

Remark 3.5. Before the proof, let us collect some facts on the parabolic cylinder function D, (z)
which will be needed in the sequel.

The parabolic cylinder function is given in terms of the Whittaker function by

(%)

[N]

Dﬂ(z) = 2%+ZZ_§W%

+

i
N—-

This function is a solution of the differential equatlon + (u + 1 5= T)” = 0, and it is an entire
function of the parameter u. An integral representation for the parabohc cylinder function is [135,
Equation 12.5.3]

M = oo
D,(z) = Zle—4/ e=Ss 2(1+#)(1+ ) ds  (Rez>0, Rey < 1). (3.16)
L(z(1-pw) 2?

The asymptotic form of D, (z) for large z is [53, Equation 8.4(1)]
22
D,(z) ~7Me™® 7 — o0, (3.17)
The recurrence relation and differentiation formula for D, (z) are [53, Equations 8.2(14) and 8.2(16)]

D yi1(z) = 2Dy (z) = uD -1 (2) (3.18)

[e‘ﬁDﬂ(z)] = (—1)"6_%2D”+n(z) (n eN) (3.19)

n

dz"

and the parabolic cylinder function reduces to an exponential function when its parameter equals zero
[53, Equation 8.2(9)],

[N]

Z

Do(z) =e 7. (3.20)
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We will prove Theorem 3.4 through a sequence of lemmas, where we shall assume that « is a
negative real number and v is purely imaginary. In the final step of the proof, an analytic continuation
argument will be used to remove this restriction.

Our first lemma gives an alternative product formula which is less useful than (3.15) because its
kernel also depends on the second parameter of the Whittaker function.

Lemma 3.6. If @ € (—0,0) and v € R, then the integral representation
Wa/ i‘r(x)Wa/ iT(p)

N T DRI P
|F( CZ+lT)|2/ & Wal‘r(é:) eXP( (x+p+xp)llhf)dwdf

is valid for x, p > 0.
Proof. From relation 2.21.2.17 in [147] it follows that
it g3 . 1
Wa.ir(X)Wa.iz(p) = (xp)2 Tz T(— —a—it,1 - 2lT;x)‘*P<§ —a—ir, 1 -2it; p)

:—(xp)r 6_2_2‘/0 e w2 [(w+x)(w+p)|” st

'l -2a)
x 2Fy [ 2 ! 120 1- — 2 d
——a—-it, - —a-— a; ——|dw
22 2 (w+x)(w+p)
@ —2-P e 1 1 1 1 2
:—(XP) ¢’ e w2 R ——a—iT,——a+iT;1—2a;—(—+—)w—w— dw.
r'(-2a) Jo 2 2 X p px

(3.22)

Here ¥(a, b;x) = e*/2xb/2 W% —ab-d (x) is the confluent hypergeometric function of the second
kind [52, Chapter VI] (also known as the Tricomi function or the Kummer function of the second kind);
in the last step we used the transformation formula , Fy (a, b; c;z) = (1 — 2) "4, F) (a, c—-b;c; p 1) for
the Gauss hypergeometric function, cf. [135, Equation 15.8.1].

Next, according to integral 2.19.3.5 in [147], the Gauss hypergeometric function in (3.22) admits
the integral representation

1 1 11 2
2F ——a—iT,——a/+iT;1—2a;—(—+—)w—w—
2 2 X p px

B I'(l -2a) ® a _é _ l l w |
" rd —a+ir)|2/o ¢ CXP( > (5 5 +xp)w§)Wa’lT(§)d§

and thus we have
Wa,i‘r (X)Wa/,i‘r (p)

_ (xp)¥e 375 g —2a/°° l-a (_é_ 11w ) _
) |F(%—a+ir)|2./0 M e exp( 5 = (T4 g+ 1 Juk Wi (€ d dun
(3.23)
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Using the assumption Re @ < 0 and the limiting forms (3.5), (3.7) of the Whittaker function, we see
that the integrals fome‘ww‘za dw and /Ooof‘l‘ae‘%Wa,iT(f) dé¢ converge absolutely. Therefore, we
can use Fubini’s theorem to reverse the order of integration in (3.23); doing so, we obtain (3.21). O

The previous lemma gives an integral representation for |F(% — @ +i7)|*Wa.ir (x)Wa.ir (p) whose
kernel does not depend on 7. Integral representations for |F(% — a +i71)[*Wa.ir(x) which share
the same property are also known. In the next two lemmas we take advantage of these integral
representations and of the uniqueness theorem for Laplace transforms in order to deduce that the
product formula (3.15) holds when « is a negative real number and v = it € iR.

Lemma 3.7. The identity

22(YX_QWQ,I'T(X)‘/ 8_%_%))&_2 Wa,i'r(y)dy
0

:/000(1+i_§)%((1+i_;)1/2+1)2rrexp[ ()ZC i)(l-'-2_‘;)1/2}Wa,i-r(§)§a_2df

holds for a € (—c0,0), T € Rand x,s > 0.

(3.24)

Proof. Using the change of variable s = 2wé (1 + <), we rewrite (3.21) as
(3 —a+ iT)*Waiz (X)Wa,iz (p)
= %(xp)ae_g_g/Ome_gfg_zWa,ir(f)/Owe_i;s‘z"(l + g)_é ((1 + E)é + 1)20
1
5+ i)(l -1+ 5—2)2)]”’”5 (3.25)
= Lt [Cetne [T j_;)‘i((l . 5_2)2 1)

(8052 i s

X exp

X exp

where the absolute convergence of the iterated integral (see the proof of the previous lemma) justifies
the change of order of integration.
On the other hand, by relation 2.19.5.18 in [147] we have

1 1 \-1+2a
+ ) Wa,iz(y) dy

MG = 0+ i) Woie () = 2070 - 200p7e [ () ety
’ o \2y 2p

:22a 1 _a —// e 2» ZPS zadse 2y (t,i‘r(y)dy

_22a lp(le 2/ e 2ps 211‘/ e Zy Zy" ZWalT(y)dde
0 0

(3.26)
Comparing (3.25) and (3.26), and recalling the injectivity of Laplace transform, we deduce that (3.24)
holds. |

Lemma 3.8. The product formula (3.15) holds for « <0, T €e Rand x,y > 0.
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Proof. We begin by deriving the following representation for the function of s appearing in the
right-hand side of (3.24):

(1+§—;)_( ) exp| -
I 12a) [ ( )( )1

(ﬂxf)“ (
T T'(-2a)

2 i)(“i_;)z]
/ exp(—u(1+i—;)i)y(—2@,u)du

f)y( 2a, u)/ 2exp[ (2s+x§) ( +2+2 g]dydu

b 2] o o3 s

where y (-, -) is the incomplete Gamma function [53, Chapter IX]. In the first two equalities we have
used integral 8.14.1 in [135] and integral 2.3.16.3 in [145], respectively, and the positivity of the
integrand allows us to change the order of integration. Substituting in (3.24), we find that

F(—2a)25+2“7r‘5x5‘“Wa,i7(x)/ eIy W i (v)dy

/ -f‘z*"ww(f)/ 5 exp ——) E
x/(; (u+ 5 +§) exp( (u+)26+§)2 ) (—2a,u)du dy d¢ (3.27)
=/Ome_f?y‘5/0m§‘3+“ eXp(—%)Wa,iT(f)
xAm(u+ g + %) exp(—(u+ > + g)z )y( —2a,u)du d¢ dy

where the order of integration can be interchanged because of the absolute convergence of the triple
integral, which follows from the inequality y(—2a, u) < I'(—2a@) and the equalities

/m§—§+a|wa,i7(§)|‘/me‘z&yy‘% exp —%)/Om(u + g + %) exp(—(u + % + 4_25)2%5)61” dy d¢
/ §‘§+<Z|WQ lT(§)|/ exp(—iy - % - g - ;% - i)y‘gdy dé
_ 2—é<nx>5/0 (i i_;) exp( 5500+ <) )IWw@)Idf <o

(which follow from integral 2.3.16.3 in [145] and straighforward calculations; the convergence of the
latter integral can be verified using the limiting forms (3.5), (3.7) of the Whittaker function).

l—

Using, as in the previous proof, the injectivity of Laplace transform, from (3.27) it follows that

1
2_2a7r—7 1,

Wa,it(X)Wa,iz () me “tayi-a %/ & 2+aexp(__§) Wa.ir(§)

o0 (3.28)
x'/o (u+)2c+§) exp( (u+)2c+§)2 6))/( —2a,u)du dé.
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Let us compute the inner integral. Since %y(—Za, u) =u" "2 and

/(u + %C + %) exp(—(u + %C + %)leg)du = —% exp(—(u + %C + %)leg),

we obtain, using integration by parts,

/Om(u+g+§) exp(—(u+)2c+§)2 é:)y( —2a,u)du

o0 2
= % ul 2 mu exp(—(u + % + %) %)du (3.29)
x&\l-a x § x§ xy ¥y Xy +x§+y¢
=I(-2 —) 2ot 2= -2 Dyo| —————=
( “)( & p(4 373 3 8y 8¢ Sx) 20\ T (2xye)12
where we applied relation 2.3.15.3 in [145]. Substituting this in (3.28), we conclude that (3.15) holds
forall @ < Oand v =it € iR. |

Proof of Theorem 3.4. To simplify the notation, throughout the proof we write v, (¢) := =Wy, (¢).
We use an analytic continuation argument to extend the identity (3.15) to all @, v € C. To that end, let
us prove that the right-hand side of (3.15) is an entire function of each of the variables @ and v. Let
M > 0 and suppose that ﬁ < % —Rea < M and 0 < Rev < M. Then for t > 0 we have

t

2

1

o 1 s\ 3rtatv
T EEE— / e_ss_f_m'v(l + —) ds
|r<2 e t

M
/ —Sgl(s!M +s2M)(1 + E) ds
|F( —a+v)| !

[ (ﬁ)”'(M——H) LMy (D +T2M)v1 (4 _pp) 32 (1)

0a,y (D] = [pa,-v ()] =

“rd —a+V)|

where we have used the integral representation (3.6). Moreover, letting n € N, a repeated application

of the recurrence relation (3.9) shows that
1 2y (1
Da+%,v+%(t) = El,Zz,v(t)va (t)+Ql(1)av( ) (y_%’y_%(t)’

where the Qn . ,,( ) are polynomials of degree at most n whose coefficients depend on « and v.
Therefore, for <3 l _Rea < M- 5 and M+ < Rev < M we have

[Dass vz (O] < 100w (2)0an O]+ 1010y (1)1, 1 (1)

< (lonhy (1) + i (3)]) G (e, V)[F ) DL (M), s (M) () F DML gy 3 (t)]

(330)
where
2I0(z —a+»)|™, l<Rev<M
G(a,v) ={IFG —a+)['+IFG-a-v)[!, 0<Rev<}
|F(§—a—v)|1+|F(§—a—v)|_1, —M+%SR v < 0.
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Similarly, for ﬁ < % — Re a < M the integral representation (3.16) gives

2
-7 © ) g\
|D2C,( )| —4t2Re(’/ e S5 (1+—;) ds
INCE] 0 !
2
_Tt o0 2 1_ 1
< —el (M +t_%) e_ss_l(sﬁ+sM)(l + —;)2 ds
(5 - a)l 0 t
t oM _2 1 2
= (M) D)oy (5) TOD0 i) et (5)]

IC(3 - @)l

and, by (3.18), for each n € N we have D4, (f) = Q(3) (t)D74 (1) +Q(4) (t)D3q-1(1), being Q(J) (+)
polynomials of degree at most n with coefficients depending on a, hence

ID20:n(0)] < (IFG = @)+ 01 = )] ) (1030 (O] + 1050 (1)) £ (¢7M 4 17 37)

1 L (33D
X[F(M)”%—ﬁ%( ) +T(M)v3_1 praty 1yt a7 )]

Using the inequalities (3.30), (3.31) and the limiting forms (3.5), (3.7) for the Whittaker function, one
can verify without difficulty that

sup / |Wa+%,v+%(§) Ka+% (-x’ Y, §)|§_2 <

(a,v)eRp 40
where R,, = {(a/,v) | 1\1/1 < % Rea < M -1 7 M+% < Rev < M}. Since M and n are

arbitrary, the known results on the analyticity of parameter-dependent integrals (e.g. [127]) yield
that fow War (&) ka(x,y,€) dg—‘;’f is an entire function of the parameter a and the parameter v. As the
left-hand side of (3.15) is also an entire function of @ and v, by analytic continuation we conclude that
the product formula (3.15) extends to all @, v € C, as we wanted to show. ]

Remark 3.9. (a) The product formula (3.15) can be equivalently written in terms of the normalized
Whittaker W function as

Wor () Wa o, () = /0 Wor (€) ko (x,y,&) €274 ag (3.32)
where

Kalx,y,€) = (xy6)Te ™ 5 2 0 (L, 1 L)

<x+y+§>2)D (X+y+§) -3

1 1 1
_2 1-a 2 2+aex — — —_ — -~ -
2 (xyé)” p(x y é; a (nyf)l/z

(b) It follows from (3.11) and (3.20) that in the particular case a = 0, (3.15) specializes into

e K _XE_yE\dd
Kv(x)Kv(y)—§/0 Kv(f)e"p( 26 2y Zx) 3

which is the product formula for the modified Bessel function stated in Theorem 3.3.
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(c) Since the parabolic cylinder function D,,(7) is a positive function of # > 0 whenever v € (—oo, 1]
(as can be seen e.g. from the representation (3.16)), we have

ko(x,y,6) >0  foralla < 1andx,y, &> 0. (3.34)

This positivity property means that the convolution operator induced by the product formula (3.32) (cf.
Section 3.4) is positivity-preserving.

(d) A useful upper bound for the kernel of the product formula (3.32) is the following:

-1 q 1 (X t+y-— )2
|ka(X,y,§)| < A(y) (xyé:) 2(x+y +§>2 ZGXP(E - Tgéj (xyy’é‘: > Os (eS] R)’ (335)
where ,
A(y) = pl-ag—; ( max t_z"etTDQ(t)) < o0 (y>0)
tzy—l/Z
This upper bound follows from the inequality % > % and the fact that, by (3.17), the function

7221’4 D, (1) is bounded on the interval [y~1/2, co).

The normalized Whittaker W function includes, as a particular case, the (generalized) Bessel
3
2 E’
degree n, with constant term equal to 1, which is a solution of the Sturm-Liouville equation
Y2 (y) + (1 +2(1 —a)y)u’(y) = n(n + 1 = 2a)u(y). By [135, Equation 13.14.9] and [102, §15],

these polynomials are given by

polynomial B, (x;a) (@ € R\ {1,5,2,...}, n € Np) introduced in [102] as the polynomial of

32...0).

dn
B,(x;a) =W, %_Mn(x) :xzae%—d — [xz("_a)e_i] (neNp, a#1,3,
; X

The Bessel polynomials are one of the four canonical families of classical orthogonal polynomials
(see [124, 125]). We refer to the book [74] for a detailed exposition on the properties and applications
of the Bessel polynomials. As an immediate corollary of (3.32), the following product formula holds
for the Bessel polynomials:

Corollary 3.10. The product B,, (x; @) B, (y; @) of Bessel polynomials admits the integral representation

B @)Ba(y:a) = /0 T Ba(£:0) ka(x v, £) €2 € d

where ko (x,y,&) is defined by (3.33).

3.2 Whittaker translation

We now define the generalized translation operator induced by the product formula (3.32) for the
normalized Whittaker function:
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Definition 3.11. Let 1 < p < oo and @ < 5. The linear operator

(73 ) (x) =/O [Eka(x,y,E) ra(§)dé  (f € LP(RY;ra(x)dx), x,y > 0) (3.36)
where k4 (x, y, £) is defined by (3.33), will be called the Whittaker translation operator (of order «).

The operator 77, is called a translation operator because it is obtained from the ordinary translation
operator (77 f)(x) = f(x +y) = / f(&) x4y (d€) by replacing the measure 0,4y of the product
formula for the Fourier kernel by the measure k. (x,y, &) rqo(€)dé of the product formula for the
Whittaker function. Accordingly, many of the properties given in Proposition 3.13 below resemble the
properties of the ordinary translation operator. We first establish the following lemma which gives the
closed-form expression for the Whittaker translation of the power function 9 (x) = x”.

Lemma 3.12. For a, 8 € C, we have

(x,y >0). (3.37)

/Omfﬁka(x,y,é) ro(€)dé = (x+y)ﬁW(l,(x—%_ﬁ( Xy )

xX+Yy
In particular, foooka(x,y,f) ro(é)dé =1 fora € Candx,y > 0.

Proof. Fix x,y > 0, and suppose that @ < 0 and 8 € R. Using the definition (3.33) and the integral

representation of Dga(#{jﬁ/z) obtained by exchanging the variables (x, y, £) by (3, L1 1) in (3.29),

we find that for each @ < 0 we have
ka(x,y,&) €% e =

_o12ags 11 ¢ ® g 11 2xy
= — — - T —u—\|u+—+—| —=|du.
F(c2a) ) eXp(zx 2y 4xy)_/0 u e"p( u (” 2 2y) ) “

Consequently, we may compute

/0 Pla(x,y,6) ro(£)dé

2-1-2a -3 s 11\ [, 1 1¢xy &
= T2 —+ — T B3 +—+—)———dd
I'-2a) () ex (2x 2y)/0 " / ¢ exp( “Tox 2y) & 4xy sdu
2p+3-2a 11y [ 1 1\B+ 1
_ B Lo -1-2a S -u
M 2a ) z(xy) exp(2 Zy) 5 u (u + > + Zy) e Kﬁ% (u o 2y) du
2ﬁ+%—2a 1 1 o | 1 1\-1-2a
— 2 B (_ _) l’8+§ (t - — — —) K t)dt
Xy
= (x+y)BWa’a-%—ﬁ(x+y)

where the first equality is obtained by changing the order of integration (note the positivity of the
integrand), the second equality follows from integral 2.3.16.1 in [145] and a few simplifications, the
third equality results from the change of variables u = ¢ — % - 2 , and the last equality uses relation
2.16.7.5 in [146]. This proves that (3.37) holds in the case @ < 0 and 8 € R.
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To extend the result to all @, 8 € C, we can use an analytic continuation argument similar to that
of the proof of Theorem 3.4. Indeed, using (3.31) and the elementary inequality |£#| < &M + &M
(¢ > 0,8 € [-M, M]) one can verify, as in the previous proof, that

sup [ haug (1.0 €20 e e dE < o
(a,B)eRp /0

where R,, = {(a,ﬁ) | ﬁ < %—Rea/ <M - %, -M <Rep < M},beingM > (0 and n € N arbitrary.
Both sides of (3.37) are therefore entire functions of the parameter a and the parameter 3; consequently,
the principle of analytic continuation gives (3.37) in the general case. By (3.12), the right-hand side
of (3.37) equals 1 when 8 = 0. O

The next proposition gives the basic continuity and L? properties of the Whittaker translation
operator. We consider the weighted L? spaces

LP(ra) i= LP (R*; 7o (x)dx) (1<p<oo, —o<as<i (3.38)

with the usual norms

00 1/p
1fllpa = ( / |f(x>|”ra<x>dx) (1<p <o)
0
1l = 1 fllov = o5 sup | F ().

0<x<oo

Proposition 3.13. Fix ¢ < % andy > 0. Then:
(@) If f € L™®(ry) is such that0 < f < 1, then0 < 75 f < 1;

(b) Foreach1 < p < oo, we have
p

”%yf”p,rt < Hf”p,a forall f € Lp(r(z)
(in particular, 7:3 (Lp(r(,)) C LP(ry));

(c) If f € LP(ry) where 1 < p < oo, then T, f € C(RY), and for 1 < p < oo we also have

. h
Illi% ”7;1))+ f- 7:1yf||p,a =0;

(d) If f € Co(RY), then (75 f)(y) = f(y) asx = 0;

(e) If f € L™(rq) is such that lim,_,., f(x) = 0, then lim,_,o (7 f)(x) = 0.

Proof. Throughout this proof the letter C stands for a constant whose exact value may change from
line to line.

(a) By Lemma 3.12, if f = 1 then 7; f = 1. Moreover, Remark 3.9(c) means that 7 f is
nonnegative whenever f is nonnegative. Recalling that 7, is a linear operator, we see that we have
0<7;f <1whenever0 < f < 1.
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(b) The case p = co was proved in part (a). Now, for 1 < p < oo and f € LP(r,) we have

172 FI12 = /O

< '/0‘00'/O<D<)|f(€:)|pka(x,y,f) ra(f)dfl”a(x)dx

oo p
/0 FEka (6, ,8) ra(€)de| ra(x)dx

_ / / k(. y.€) ra()dx | f ()P ra(@)dé = | fIF.a
0 0

where we have used the final statement in Lemma 3.12, the fact that k,(x,y,£) is positive and
symmetric, and Holder’s inequality.

(¢)For f € LP(ry) (1 < p < ), by Young’s inequality we have

/ @ ka9, E) ra(E)dE <~ FIZq+ = / ko (x, v, €)|r o (£)dé
0 P q Jo

and therefore the continuity of 7, f will be proved if we show that, for each 1 < g < oo, the integral
fowlka(x, v, E)|9 rq (£)dé converges absolutely and locally uniformly. In fact, let us fix M > 0; then,

ka(x,7,6) < A1) E3(1+6) eXp(—%), L <x<M, £>0 (3.39)

where A (y) = 2A(y)y2"‘% (1+ y)M% exp(% + %); this estimate is obtained using (3.35), together
with the inequalities x + y + & < (1 +x)(1 +y)(1 +&) and (x + y + &)?¢~! < y2@~1 Clearly, (3.39)
implies that fooo|ka(x, v,&E)|9rq (£)dé converges absolutely and uniformly in x € [ﬁ, M], and it
follows that 7, f € C(R").

To prove the L?-continuity of the translation, let f € C.(R*) and 1 < p < oo. Fix M > 0 such

1

that the support of f is contained in [, M]. Interchanging the role of x and £ in the estimate (3.39),

we easily see that

M

T2 ] < [1f e /

Ka(e,y+1.8) ra(§)dE < [l Aa(y+h)x~3 (1+2) exp(‘m(;—+m)

(3.40)
where Ax(y) = A1(y) -/;/1\1\44 ro(&)dé. It is easy to check that the function A;(y) is locally bounded

on R*, so it follows from (3.40) that there exists g € LP(r,) such that |7; *h fx)| < gx) for
all 0 < x < oo and all |h| < & (where § > O is sufficiently small). We have already proved that
(75 f)(x) = (T f)(y) is continuous in y, hence by LP-dominated convergence we conclude that
|75 *th =771l p.a — 0as h — 0. As in the proof of the LP-continuity of the ordinary translation,
for general f € L?(r,) the result is proved by taking a sequence of functions f;, € C.(R*) which tend
to f in the norm || - || 5, -

(d) We start by studying the behaviour as x — 0 of the integral f}55k o (X, v, &) ro(€)dé, where
Es={&€R"||y—¢|>6}andd € (0,y) is some fixed constant. We have
2
+y+ +y—
ko(xoy.EeVE < 0 XHIHE (_M

T _ac e ) X E>O (3.41)
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(where C < oo is independent of x and &). This follows by combining (3.35) with the boundedness of
the function |t|e"2 and the inequality (x + y + &)2?~! < y2@~!, Furthermore, if x < % and ¢ € Egs,
the inequalities

M:‘1+2—§ Sl+4-_§
lx+y - &l x+y-¢ 6
G ek i WU (R SR N Ot 9
P 8xyé - p4y 4¢ 46y¢&

lead us to

_ &2
ka(x,y,éf)é:—ZQe_l/f < C§—2a/(1 +§;) exp(_l _ (y f)

S
4¢ 46y€ )’ x< 35, &€Es. (3.42)

Since the right-hand side of (3.42) clearly belongs to L' (E 5), the dominated convergence theorem is
applicable, and letting x — 0 in (3.41) we find that

lim [ ko(ey.§)ra(@dg = [ (limky(ey.6)ra(@)ds = 0. (3.43)
Es x]0

P E&

Let us now fix &£ > 0, and write Vs = R* \ Es. Since f is continuous, we can choose § > 0 such that
|f (&) = f(y)| < eforall £ € Vs. By this choice of § and the positivity of k. (x, y, &), we find

|CZ?]?(X)-f(y)|=‘JC ka(x,y,f)(f(f)-f(y»ra(§)d§’

<

/ k(o3 ) (F(E) = F())ra(€)dé| + 6 / ko (6, . E)ral)de
Es Vs

<21 flle /E Ka(x,9,8) ra(£)de +5.

By (3.43), it follows that lim sup lo!((i;y Hx) - f (y)| < &. Since ¢ is arbitrary, the proof of part (d)
is finished.

(e) We begin by claiming that for each M > 0 we have fOMk(,(x, v, &) ra(é)dé — 0as x — oo.
Indeed, if x > 2M and ¢ < M, combining (3.41) with the inequalities

2 2M —&)? 1 1 M
X+y+§& N '3 <1+ , eXp(_(x+)’ £) )Sexp(—————)
lx+y— ¢ x+y-—§& y+M 8xyé dy 4&  4y¢
we see that
2a -1/& 2a 1 M
k(l(-x’yag)f e : ch EXPl—= — 7= szM’ é‘:SM
45 4y

where the right-hand side is integrable on the interval (0, M]; hence, if we let x — oo in (3.41), by
dominated convergence we obtain

M

M
tim [ k(&) ra@dg = [ (1im kol 6)ra(e)ds =0. (3.44)
0 0 X—00

X—00
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Let f € By(R*) be such that lim,_,, f(x) = 0, and let € > 0. Choose M such that | f (x)| < & for all
x > M. Then,

M o)
(T2 )] < 11l / Ko (X, v &) ra(£)dé + / ko (X v, &) ra(£)dé
0 M
M
< 11l /0 Ko (63, &) ra(€)dE + 6

so that (3.44) yields limsup, _,, |(75 f)(x)| < &, where ¢ is arbitrary. |

We observe that, as a consequence of Proposition 3.13, the Whittaker translation (3.36) (with the
convention that (7% £)(0) = (7.0 f)(x) = f(x) for all x) satisfies the properties

7o (Co(Ry)) c Ch(Ry)  and 75 (Co(RY)) € Co(Ry) (v 2 0), (3.45)
as well as the obvious symmetry property
(T2 ) =(TFHG) (y=0).

It is also easy to check that the Whittaker translation is symmetric with respect to the measure r, (x)dx,
in the sense that for f, g € Co(Rj) N L'(ry) we have

/O (T2 ) ()8 () ra(x)dx = fo FOT2 8) () ra(x)dr. (3.46)

3.3 Index Whittaker transforms

The integral transform determined by the generator (3.2) of the Shiryaev process, which we will call
the index Whittaker transform (of order ), is defined by

(Waf)(0) = /0 FOVWaie () ra()dy, 720, (3.47)

(This is a modified form of the index Whittaker transform defined in [171].) As we will see, this
integral transform is a fundamental tool for studying the Whittaker convolution (defined in the next
section), since it is the object which will play a role similar to that of the Hankel transform in the
construction of the Kingman convolution.

As noted in Example 2.41, the spectral expansion of the differential operator A, yields the
following theorem:

Proposition 3.14. For @ < % the index Whittaker transform (3.47) defines an isometric isomorphism
Wy L*(re) — L*(R*; po(7)d7)

where po(T) =121 sinh(27r7')|l“(% —a+ i‘r)|2, whose inverse is given by

(W' o)) = / (1) W12 (1) pa(t)dr (3.48)
0
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the convergence of the integrals (3.47) and (3.48) being understood with respect to the norm of
the spaces LZ(R+; po(7)d7) and L*(rq) respectively. Moreover, the differential operator (3.2) is
connected with the index Whittaker transform via the identity

[Wo(-Aah)] (1) = (22 + (3 - @)?)- (Waf) ().  feD
where
p? = {u € L2(ra) | U1 € AC1e(R), Aqu € L2(ra), (pau’)(0) = o}
={ue 120ra) | (72 + (4 - @) (Waf) (1) € L2(R*; po(n)dr) |.
We note that, for a < % and v = i1, the product formula (3.32) can be written as
Weiz (X) Wa iz () = [Waka(x,y,)](7), (x,y>0, <3 720).

Applying the inverse Whittaker transform (3.48), we find that for x, y,& > O and « < % we have

Ko (6, &) = /O Wii2.(5) W0 (3) Wi () pa(2)d (3.49)

where the integral on the right-hand side converges absolutely, as can be verified using the asymptotic
forms (3.13) and |F(% —a+ iT)| ~ (27()%‘1'_“ exp(=%"), T — +oo (cf. [135, Equation 5.11.9]).

The product formula (3.32) ensures that for each fixed a < % the normalized Whittaker functions
W, (+) (v € C) are solutions of the functional equation

0 w(y) = /0 (&) ka6, ) ra(@de (x.y > 0). (3.50)

Using the representation (3.49) for the kernel of the product formula, one can prove a lemma which
rules out the existence of other nontrivial solutions for this functional equation:

Lemma 3.15. Let a < % and v > 0. Suppose that the function w(x) is such that there exists C > 0 for
which
|a)(x)| < CWu.v(x) fora.e.x >0 (3.51)

and that w(x) is a nontrivial solution of the functional equation (3.50). Then w(x) = Wy ,(x) for
some p € C with |[Re p| < v.

Proof. We begin by noting that

Aq,x ko(x, Y, f) = ﬂa/,y ko (x, Y, f) = _/ W(l,iT(x) Wa,iT(y) Wa,iT(é:) (7'2 + (% - a’)z)pa(T)dT
0
(3.52)
where A, x and A, , denote the differential operator (3.2) acting on the variable x and y respectively.

The identity (3.52) is obtained via differentiation of (3.49) under the integral sign, which is admissible
because the differentiated integrals converge absolutely and locally uniformly, as can be verified in a
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straightforward way using the identity

d
o War ()= (7 = (3 = @)W () (3.53)
(which follows from (3.10)) and the asymptotic expansion (3.13). (Recall also that, by Proposition 3.1,
the function W, (+) satisfies the differential equation Aqu = (v2 - (3 — @)?)u.)

Now, assuming that the right-hand side of the functional equation (3.50) can also be differentiated
under the integral sign, it follows from (3.52) that

(Aax0(x) 0(y) = (Aa,y0(y)) 0(x) (x,y > 0). (3.54)

Here the possibility of interchanging derivative and integral follows again from the locally uniform
convergence of the differentiated integrals, which can be straightforwardly checked using (3.51), the

identity
aka(x>y7'§:) — y+§_x
ox 2x2yé

Kopt (x,9.6) = (2 + (1 =2a)x ") ko (x,y,€) (3.55)

(which is a consequence of (3.19)) and the upper bound (3.35) for the function k, (x, y, ).

Notice that (3.54) holds for arbitrary values of x and y. Therefore, we must have

ﬂa,xw(x) _ ﬂ(t,yw(y) _
w(x) w(y)

for some A € C, meaning that w(x) is a solution of the Sturm-Liouville equation
Aew() = (p* ~ (4 - )0 )

where p is the principal square root of A + (% — @)?. Consequently, the function w(x) is a linear
combination of the functions W, ,(x) and

00 1
(5 —a+p ~(3-a+p+k) _

1
a = = Yex My 1
Ma.p(x) kZ::J)F(1+2p+k)k! F1+2p)" ¢ Man(S)

where M, ,,(x) is the Whittaker function of the first kind [135, §13.14]. (Here we are using the well-
known fact that the Whittaker functions W, ,(z) and mMa,p(z) are, for % -a+p#0,-1,-2,...,
two linearly independent solutions of i%’; (—% + 2+ 1/42_72)” = 0. Recall also that the vector
space of solutions of a Sturm-Liouville equation is two-dimensional.) Howeyver, it follows from the
limiting forms for the Whittaker M function [135, Equation 13.14.20] that M,, ,(x) is, for all p € C,
unbounded as x goes to zero, and this violates (3.51). In addition, the limiting forms (3.5), (3.7) for
the Whittaker function show that ’Wa,p (x)’ < CW,,,(x) holds if and only if |Re p| < v. Therefore,

we must have w(x) = W, ,(x) for p belonging to the strip [Re p| < v. O

We proceed with the definition of the index Whittaker transform of finite complex measures, which
will allow us to interpret (3.47) as the index Whittaker transform of an absolutely continuous measure
with density f(+)rq(-):
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Definition 3.16. Let 1 € Mc(R;). The index Whittaker transform of the measure y is the function
defined by the integral

AW = Atia) = [ Woa ) u(dy). 420 (3.56)

For convenience this transformation is regarded as a function of 1 = 72 + (% — @)? (recall that

Ay =4/t )20

Before we state the basic properties of the index Whittaker transform of finite measures, we
will prove an auxiliary result of independent interest: an integral representation for the normalized
Whittaker function W, ,,(y) which we will call the Laplace-type representation for W,,,(y) because it
is of the same form as the Laplace representation for the characters of Sturm-Liouville hypergroups,
cf. [197, (4.7)—-(4.8)]. To the best of our knowledge, this integral representation is new; in particular, it
cannot be found in standard references such as [145-147].

Theorem 3.17. The normalized Whittaker W function admits the integral representation

Woor(y) = / e’ Na,y(s)ds = 2/ cosh(vs)nq,y(s)ds (a,veC, y>0) (3.57)
- 0

(o)

where 14,y is the function defined by

1 1
na,y(S) = 2_1_07'[_%)1_%“1 CXP(; - 5 COShZ(%))DZQ(Zé)}_é cosh(%))

and D ,(z) is the parabolic cylinder function.

Proof. Only the first equality in (3.57) needs proof. Let us temporarily assume that v > 0 and

-0 << %, and let £ > 0. We begin by noting the identity

(9]

1220 [ 5’32)’ 1\ o0 —92-2a —92a
3 ; exp| ==~ =5 Y Wa(y)dy = K>, (&) =

—00

e”’ exp(—.ﬁ-‘ cosh(%)) ds

(3.58)
which is a consequence of integrals 2.4.18.12 in [145] and 2.19.4.7 in [147]. To deduce the theorem
from this identity, we will use the injectivity property of the Laplace transform, after rewriting the
right-hand side as an iterated integral. To that end, we point out that, according to integral 2.11.4.4 in
[146], for s, & > 0 we have

gra-l exp(—§ cosh(%))

0 2 1
= 2"_17r_£/ exp(—é% - — coshZ(f))y_é“’Dza(zéy‘é cosh(ﬁ))dy
0 y 2 2

Substituting in (3.58) and interchanging the order of integration (which is valid because, as noted
in Remark 3.9(c), we have D, (y) > O for y > 0 and u < 1, and therefore the iterated integral has



3.3. Index Whittaker transforms 55

positive integrand), we find that

00 2 1 ~
/ exp(_é:_y - _)y zaWa,v(y) dy =
0 y

oo 2 & 1
= 2‘1‘a7r‘é‘/0 exp(—%)y‘é‘a/ exp(vs “3 coshz(%))Dza(Z‘g)’_é COSh(%))dS dy

Given that the Laplace transform is one-to-one, this identity yields

(9]

1
W) =2y

—00

1 oS L1 s
exp(vs - ZCOSh (E))DZQ(ZZy 2 cosh(i))ds,

finishing the proof for the case —co < @ < 1, v € R.

To extend (3.57) to all @, v € C, it is enough to show that /_Z €”*Na.x(s)ds is an entire function of
the parameter @ and the parameter v (so that the usual analytic continuation argument can be applied).
For ¢t > 0 and @ € C with Re @ < 0, the integral representation (3.16) gives

< 2s\@
/ e_“s_%_"(l + —;) ds
0 t

e—% t2Rea B
< 1

(5 —a)l Jo

F(% —Rea) _

(5 - o)l

2
e—% f2Rea

D>, =
1P2a 0] = 5]

g —i_
e S5 2 Reads

2
L t2Re a

Furthermore, for each n € Ny we have Do, (7) = ,(1321 (t)D7qo(t) + fozl (£)D2q-1(t) (cf. proof of
Theorem 3.4), being Q;’ Z,(-) polynomials of degree at most n whose coefficients are continuous

functions of a. It is easy to see that |Q£i{ Z,(t)| < Cy(a@) (1 +1") for some function C,, (@) that depends
continuously on @ € C and, consequently,

|D2(1+n(t)| < Cn(a) (1 + tn) [DZ(l(t) +D2&—l(t)]
I'(3 -Rea) LU -Rea) _,
rt-e) TA-a)] [

2
< Cpla)e T 2Rea(] 4

r2
SUp |Doaun(t)] < Crrwe™ 7 (7M1 447) (3.59)
la|<M
Re a<0

where M > 0 and n € Ny are arbitrary and the constant Cy; , depends on M and n. Using (3.59), we

sup /
(a,v)eRp o —o0

where R,, = {(a/, v) | la| < M, Rea <0, |v| < M}. Applying the standard results on the

analyticity of parameter-dependent integrals (e.g. [127]), we obtain the entireness in @ and in v of

see that

ds < o

1
exp(vs - 5 coshz(%))Dz(Hn (Z%y_%cosh(%))

f_[:) "’ Na.x(s)ds, completing the proof. O
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It is worth observing that

Na,y(s) >0 for all @ < % y>0

and so it follows from Theorem 3.17 that
[Wa,y (D) < Wa i (9) whenever « < %, [Rev| < vy (v = 0). (3.60)

Together with the identity W, 1 o(y) = 1 (see (3.12)), this implies that

|Wa, (1) < 1 forally >0, a < 1

5, v in the strip [Re v| < % - a. (3.61)

We are now ready to establish some important facts on the index Whittaker transform (3.56):

Proposition 3.18. For a < % the index Whittaker transform u = u(+; @) of u € Mc(RY) has the

following properties:
(i) i is uniformly continuous on R{. Moreover, if a family of measures {u;} € Mc(R) is such
that the family of restricted measures {,u j|R+} is tight and uniformly bounded, then {;} is
uniformly equicontinuous on R{.

(ii) Each measure u € Mc(RY) is uniquely determined by i | [(L—ap?
2

,00)°
(iii) If {un} is a sequence of measures belonging to M,(Rf), u € My(R{), and uy, N U, then

n —— i uniformly on compact sets.

n—oo

(iv) If {un} is a sequence of measures belonging to M, (R()) whose index Whittaker transforms are
such that
tn (1) —— () pointwise in 1 > 0 (3.62)
n—oo

w
for some real-valued function f which is continuous at a neighborhood of zero, then u, — u

for some measure u € M, (R{) such that u = f.

Proof. (i) Let us prove the second statement, which implies the first. Fix € > 0. By the tightness
assumption, we can choose M > 0 such that yu;((0, ﬁ) U (M, )) < &. Moreover, noting that
[Re Ay| < % — a, it is easily seen that |exp(Ay,s) — exp(Ax,s)| < [Ax, — Ap,ls e(G=9)s for all
s, A1, A2 = 0 and, consequently, from Theorem 3.17 we get

0 1
|Wer, a0, () = Wara, ()] < 1A2, = A, / €74 4 (s) ds (3.63)

where the integral on the right-hand side converges uniformly with respect to y in compact subsets of
R* and is therefore a continuous function of y > 0. By continuity of 1 + A,, we can choose § > 0
such that

[Aq, = Ap,| < % whenever |11 — 3| <6 (41,42 = 0) (3.64)
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where Cy; = Max, .1 f_o;se(%‘“)sna,y(s) ds < oo. Set S = sup; ||u;||. Combining (3.63)—
(3.64), (3.61) and the fact that W, A ,(0) = 1, we deduce that

|7 (A1) - 15 ()| = ‘/M(Wa,ml()’) _Wa,A,lz(Y))ﬂj(dY)‘

< [ W 0) =W s ) + [
(0, 27)U(M ,c0) :

M

M]|WQ,A/II () = Wa.a,, ()| (dy)

<2e+Se=(S+2)¢

for all j, provided that |1; — 1| < &, which means that {;} is uniformly equicontinuous.

(i) Writing 1 = 72 + (% — a@)? with 7 > 0, the index Whittaker transform (72 + (% — @)?) can be
written as

21+2Cl

- ® 2\ 2
At (o) = s [ e K ) )
2 0

21+20

[ rwwr [ ep-Huaa @6
0 R

B |l“(%—a+i7)|2 s

where we have applied integral 2.16.8.4 in [146], and the change of order of integration is easily
justified. Suppose that (A1) = uz(2) forall 1 > (% — @)?. Then (3.65), together with the injectivity
of the Kontorovich-Lebedev transform (see [194, Theorem 6.5]), imply that

/ exp(—yth),ul(dy) = / exp(—yth)uz(dy) for almost every ¢ > 0.
0 0

In fact, by continuity this equality holds for all # > 0, because the integrals converge uniformly with
respect to ¢ > 0. Consequently,

/ e_ys,ul(dy):/ e uy(dy) foralls > 0.
0 0

Since the measures u; are uniquely determined by their Laplace transforms [95, Theorem 15.6], it
follows that u; = u».

(iiii) Since W,, 4 ,(+) is continuous and bounded, the pointwise convergence i, (1) — (1) follows
from the definition of weak convergence. For the restricted measures, we clearly have uy |, = Mg
Using the well-known Prokhorov’s theorem which states that a family of measures on a complete
separable metric space is relatively compact in the weak topology if and only if it is tight [95, Theorem
13.29], we see that {””|R+} is tight and therefore (by part (i)) {i,} is uniformly equicontinuous.
Invoking a general result which asserts that if {g, } is a uniformly equicontinuous sequence of functions
then g, — g pointwise implies that g, — g uniformly on compact sets [95, Lemma 15.22], we
conclude that the convergence u,, — i is uniform on compact sets.

(iv) We only need to show that the sequence {u,, } is tight. Indeed, if {u,,} is tight, then Prokhorov’s
theorem yields that for any subsequence {u,, } there exists a further subsequence {u,, kj} and a measure

u € My (R§) such that :“nk,-i’ u. Then, due to part (iii) and to (3.62), we have (1) = f(2) for all
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A > 0, which implies (by part (ii)) that all such subsequences have the same weak limit; consequently,
the sequence y,, itself converges weakly to u.

To prove the tightness, take € > 0. Since f is continuous at a neighborhood of zero, we have
1 /025 (f(0) = f(1))dA —> 0 as 6 | O; therefore, we can choose 6 > 0 such that

1

26
5 /0 (F(0) - f(D)di <e.

Next we observe that, as a consequence of (3.7) and the dominated convergence theorem, we have

, - Wa.a,(y))dd — 26 as y — oo, meaning that we can pick M > 0 such that

26
/ (1=Wan,(y))d2 =6 forally > M.
0

By our choice of M and Fubini’s theorem,

([, ) = 5 / 1 (dy)

M

1 o 26

<2 /M /0 (1= Wiy p,(7))dA ptn (dy)
1 ) 26

<2 /O /0 (1= Wip,(7))dA ttn(dy)

-5 | @mo-mw)a

Hence, using the dominated convergence theorem,

1 26
lim sup p,, ([M, o)) < = lim sup/ (12 (0) — [, (2))dA
0 0

n—00 n—o00

26 25
= %/O Tim (22(0) = 1 (2))dA = %/O (£(0) - f(1))dA < &

due to the choice of §. Since ¢ is arbitrary, we conclude that {u,,} is tight, as desired. m|

Remark 3.19. Parts (iii) and (iv) of the proposition above show that the following analogue of the
Lévy continuity theorem holds for the index Whittaker transform: the index Whittaker transform is a
topological homeomorphism between P (R with the weak topology and the set P of index Whittaker
transforms of probability measures with the topology of uniform convergence in compact sets.

3.4 Whittaker convolution of measures

The parameter a < % will be fixed throughout the rest of this chapter.

Motivated by the connection between the Bessel product formula and the Kingman convolution,
we now define the Whittaker convolution in order that the convolution of Dirac measures is the kernel
of the product formula (3.32) for the normalized Whittaker W function:
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Definition 3.20. Let i, v € Mc(R(). The measure u oV defined by

[r@wsna= [ [ @p@aavan.  recys
Rg Ry /Ry
is called the Whittaker convolution (of order a) of the measures y and v.

It clearly follows from this definition (and Definition 3.11) that for x,y > 0 the Whittaker
convolution of Dirac measures 0 ° 0y is the absolutely continuous measure defined by

(0x ©6y)(d§) = ka(x,y, &) ra(&£)ds.

Due to (3.37) and (3.34), the Whittaker convolution of two probability measures u, v € P(Rg)
is also a probability measure. Furthermore, Proposition 3.22 below shows that the Whittaker

convolution is commutative, associative and such that (cju; + caup) ov=cy (u1 ° V) +co(un ° y) for

M1, 12, v € P(RG) and ¢y, c2 € C. Consequently:

Proposition 3.21. The vector space Mc(RY) (with usual addition and scalar multiplication), endowed

with the convolution multiplication e is a commutative algebra over C whose multiplicative identity is

the Dirac measure §y.

Since fR+f(§) (0 géy)(df) = (75 f)(x), the fact that k , (x, y, &) is strictly positive for x, y, & > 0
0
yields that supp(dx ¢ dy) = R for all x,y > 0, in sharp contrast with the compactness axiom H6

which is part of the definition of a hypergroup (Definition 2.22). It is worth mentioning that positive
product formulas which lead to convolution operators not satisfying the hypergroup requirements on
supp(dx ° dy) have also been found for certain families of orthogonal polynomials [37].

We now state the fundamental connection between the Whittaker convolution and the index
Whittaker transform (3.56). (The analogous trivialization property for the Kingman convolution was

stated in Proposition 2.16.)
Proposition 3.22. Let u, uy, pu2 € Mc(Rj). We have p = p; o 2 if and only if
w(d) = () ua(d) forall A > 0.
Proof. In view of (3.32), we have (75 Wa.a,) (x) = Wy a,(x) Wa,a,(y), hence
Frgm) = [ Wous () (ur g ) ()
0
-/ 5 / W) 0 @) a)

- [ [ WosWoss ) s (@pata) = TORD, A0,
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This proves the “only if" part, and the converse follows from the uniqueness property in Proposition
3.18(ii). O

Remark 3.23. It was noted above that the Whittaker convolution cannot be interpreted as a particular
case of the axiomatic framework of hypergroups. One can show that, in addition, the Whittaker
convolution also does not constitute an example of an Urbanik convolution algebra (cf. Definition
2.24), because the homogeneity axiom U3 fails to hold for the Whittaker convolution.

Indeed, let a € R* \ {1} and assume that the identity ©, (5 ° 0y) = 0O4(0x) g@a(éy) holds for
all x,y > 0. Then

W0, (a%) Wy a,(ay) = 04 (5,0) (1) -0, (5,) ()

= [®a(6x) g ®a(5y)] (/l)

—_—

= [G)a(éx géy)] (/l)
= [ Wana) 6 8,) (d8)
- / W (a€) ko (x,7,€) ra(€)de.

Therefore, x — W, a,(ax) is, for each A > 0, a solution of the functional equation (3.50). However, it
follows from Lemma 3.15 that any bounded solution of this functional equation is of the form W, (x)
for some o € C with |[Re 0| < % — a. One can check (using e.g. the asymptotic expansion (3.8), see
also (3.68) below) that the identity Wy a,(ax) = Wy, o (x) does not hold for any pair (1,0) € Rf x C,
so we obtain a contradiction.

As advertised in the introduction to this chapter, the Whittaker convolution ¢ can be extended to a

2
more general family of convolutions associated with the differential operators yx24S 4 y(e+2(1 -
dx?

a)x) % (y,c > 0). We will see in Remark 3.71 that this is achieved via the rescaled convolutions

pa?cv::G)c((@l/cp)g((ﬂl/cv)) (;t,ugv ifcil).

3.4.1 Infinitely divisible distributions
The set of 3—inﬁnitely divisible distributions is defined as

Poia = {1 € PRY) | for all n € N there exists v,, € P(Rg) such that = (v,,)%"} (3.66)
where (v,,)%" denotes the n-fold Whittaker convolution of v,, with itself.

Lemma 3.24. Let y € Pgia- Then 0 < g(d) < 1 for all A > 0. Moreover, u has no nontrivial
idempotent divisors, i.e., if u =9 o (with ®,v € P(R])) where O is idempotent with respect to the

Whittaker convolution (that is, it satisfies 9 = 9 ° ?), then ¥ = 6.
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Proof. The inequality (1) < 1 is obvious from (3.61). The positivity can be proved as follows
(the argument is similar to that of [156, Lemma 7.5]): for every n € N there exists v, such that
() = v,(1)". We can define

1 if @) #0

¢(A) := lim v,(2) =
n—eo 0 if @) =0

and then (by the continuity of i, Proposition 3.18(i)) we have ¢(1) = 1 in a neighbourhood of 0.
Therefore (Proposition 3.18(iv)) ¢ is the index Whittaker transform of a probability measure; in
particular, it is continuous on R}, so we conclude that ¢ = 1. Thus & has no zeros, and by continuity it
follows that (1) > 0 for all A.

Assume that y =9 ov with ¢ idempotent. Then (1’9\(/1))2 = 1’9\(/1) for all 4, and consequently
5(1) only takes the values 0 and 1. However, (1) = 5(1) v(A) # 0; hence 5(/1) =1forall 4, i.e.,
9 = dp. O

The first part of the lemma shows that the index Whittaker transform of any measure u € P, iq is
of the form
() = e

where ¢, (1) (4 > 0) is a positive continuous function such that ¢, (0) = 0, which we shall call the
log-Whittaker transform of u. The next result shows that the log-Whittaker transform of an infinitely
divisible distribution grows at most linearly:

Proposition 3.25. Let u € Py ijg. Then
Yu(d) < Cu(1+2) forallA >0
for some constant C,, > 0 which is independent of A.
The proof relies on the following lemma:
Lemma 3.26. The normalized Whittaker W function satisfies the inequality
1-W,,(y) < ((% —a)? - vz)y foreachy > 0andv € [0, % —a] U iR.

Proof. By Proposition 3.1, W, (+) solves the equation —A,u = ((3 — @)> = v*)u, and thus we have

d{ 50y 176 d e
] ‘/fd—gwa,v(f)] = ((3-a)? =) €727 E Wa y (6).

Recalling that W, , (x) satisfies the boundary conditions given in (3.3), after integrating both sides
between 0 and y and then between 0 and x we obtain

=W, (x) = ((3 —)? =) /O ’ Y221y /0 ’ E20e7VEW, (&) dé dy. (3.67)
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Using (3.61) and the inequality (%)2‘2“ < 1 (which holds for 0 < ¢ < y due to the assumption
a < %), we thus find that

X y
1_Wa,v(x) < ((% _Q)Z _VZ)A' yZa—Zel/)i/0 gZ(te—l/f dfdy

< (( —a)Z—VZ)/Oer/Y/Oyf‘Ze—“f d¢ dy

((% —a)* —v*)x

as required. m|

Proof of Proposition 3.25. Let v, € P(R() be defined as in (3.66), so that v, (1) = exp(—%:,b,u ().
Due to the inequality 1 — =7 < 7 (r > 0) and the fact that lim,, n(1 — e ¥/") = k for each k € R, we
have

n(1 = vu(2) < ypu(Q) foralln €N, nli_r}lgon(l = V() = Yu(Q).

Pick 41 > 0. It follows from the asymptotic expansion (3.8) (which can be differentiated term by
term, cf. [135, §2.1(iii)]) that

dn

WWW(y) — (-D"(L-a+v), (3 -a-v), (n=0,1,2,...). (3.68)

In particular, lim,_, dinmA () = -4, hence there exists £ > 0 such that dinw,A/u(y) < —% for all
0 < y < &, and then we have

1 1 Yd y
/1_1(1 —Wa',A,ll(y)) = —/1—1/0 EWQ,A}I(X) dy > 5 forall0 <y <e. (3.69)
Using also Lemma 3.26, we get
n [ (- Wos)ala) < an [ v
[0,&) [0,&)
2An
< — (1 _Wa,A,ll(y))Vn(dy) (370)

A1 Jo,¢)

2An — 22
< /1_1(1 - Vn(/ll)) < /1—1‘70,14(/11)-

Next, from the asymptotic expansion given in (3.13) we easily see that there exists 1, > 0 such that
1
We.a,,(0)| < 5 forally >

and using (3.61) we obtain

n/[s,oo)(l —Wa,m()’))vn(dy) < Zn/ Vn(dy)

[£,00)
< dn /[ (1= Won, 0 a(a) (3.71)

< 4n(l - vn(2)) < 4 (L2).
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Combining (3.70) and (3.71) one sees that

a1 =) =1 [ (1= Woa ()aldy) € T (1) +40,(1) < Cul1+)  (372)

R0
where C,, = max{/%l,//ﬂ (A1), 4y, (/12)}. Taking the limit n — oo in the inequality (3.72) yields

Yu(d) < Cu(1+2)

which completes the proof. m|

3.4.2 Lévy-Khintchine type representation

One can prove that an analogue of the classical Lévy-Khintchine formula holds for the log-Whittaker
transforms of g—inﬁnitely divisible distributions. To establish this result, one needs to adapt the notions

of compound Poisson and Gaussian measures to the context of the Whittaker convolution algebra:

Definition 3.27. Let u € P(R{) and a > 0. The measure e, (au) defined by

[

_ a"
eq(ap) = e Z L
n=0

(the infinite sum converging in the weak topology) is said to be the g-compound Poisson measure

associated with apu.

This definition is completely analogous to that of the classical compound Poisson measure. From
the definition it immediately follows that e, (au) € P(R{). Moreover, its index Whittaker transform
can be easily deduced using Proposition 3.22:

[ee) (o)

el () = e 3 T = Y L (@) = explati() - 1),

n=0 n=0

Since e, ((a + b)u) = eq(ap) ° eq(bu), every g—compound Poisson measure belongs to Py iq-

Definition 3.28. A measure u € P (R() is called a 3-Gaussian measure if yu € Py iq and
1 =eq(av) o (a>0,vePR)), ?e Pqia) = v = 8.

Remark 3.29. This definition is similar to the definition of Gaussian measures on locally compact
abelian groups as in [136, Chapter IV]. It is analogous with the classical notion of a Gaussian measure
on R by the following result:

Lete(av) :=e™“ 37, ‘;C—I;u*k, where * is the ordinary convolution. For a measure i € P(R), the
following conditions are equivalent:

. _ 1 (x=c)? )
(i) u(dx) = Bro exp(- 557 )dx for some ¢ € R and o > 0;

(@i) u is infinitely divisible, and if u = e(av) = (with a > 0, v € P(R) and ¥ € P(R) infinitely
divisible), then v = 6.
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(The implication (i) = (ii) is a consequence of the Lévy-Cramer theorem [117, §III.1] which asserts
that if u € P(R) is a Gaussian measure (in the sense of (i)) and u = uy * up with uy, up € P(R),
then u; and p; are also Gaussian measures. The converse implication follows from the fact that if
an infinitely divisible u € P (R) is such that y = e¢(av) * ¢ implies v = §, then the Lévy measure in
the classical Lévy-Khintchine formula must be the zero measure, which means that u is a Gaussian

measure; see the discussion after Equation (16.8) in [95].)
The Lévy-Khintchine type representation for measures y € P, iq reads as follows:

Theorem 3.30. The log-Whittaker transform of a measure u € Pq iq can be represented in the form

0D =0+ [ (1 =W, (9)v(a0) (373

where v is a o-finite measure on R* which is finite on (&, o) for all € > 0 and such that

‘/R;r(l _WQ’A,l(x))V(dX) < 00

and vy is a g-Gaussian measure with log-Whittaker transform yr,,(1). Conversely, each function of the

form (3.73) is a log-Whittaker transform of some p € Py id-

This result should be compared with the Lévy-Khintchine representation for the Kingman
convolution, stated in Theorem 2.20.

Theorem 3.30 is a particular case of a known theorem on the Lévy-Khintchine representation of
infinitely divisible distributions with respect to a stochastic convolution in the sense of Volkovich
(cf. Definition 2.25). The proof, which is sketched below (see [183] for further details), relies on the
adaptation of an algebraic-topological technique which has been earlier used to establish a canonical
representation for infinitely divisible distributions on locally compact abelian groups [136, 137].

Proof. Let u € Py g, let 0o > ay > ap > ... with lima, = 0, and let I,, = [0,a,), J, = [an, ).
Consider the set Q,, of all proper divisors of u of the form e, () such that 7(/;) = 0. (A measure
v € P(R}) is said to be a proper divisor of u € Pg jq if v € Py ja and pu = v ° 6 for some 0 € Py i4.)
Using Proposition 3.18 and the properties of the normalized Whittaker W function, one can prove
(see [185, Corollary 1]) that the set D(P) of all divisors (with respect to the Whittaker convolution)
of measures v € % is relatively compact whenever B ¢ P (R() is relatively compact. This, in turn,
implies that sup, , (,)cq, [ ng (1 —Wa.a A(x))zr(dx)] < oo and therefore, by compactness of the set of
proper divisors of u, there exists a divisor y; = e, (71) € Q such that 771 (J;) is maximal among all
elements of Q,,. Write

p=p1e B (B1 € Paid)-

Applying the same reasoning to §; with I replaced by I, we get 51 = up 3,82 =eq(m) gﬁg. If we
perform this successively, we get

H=Bn S On, where 6, = p1 o p2 9. .. tn, Mk = €q (k)
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with 7y (1) = 0 and 7% (J3) having the specified maximality property. The sequences {8, } and {6,,}
are relatively compact; letting 5 and 6 be limit points, we have

p=po0 (B,0 € Paid)-

Suppose, by contradiction, that £ is not g—Gaussian, and let e, (n7), with n # 8¢, be a divisor of .
Clearly n(Jx) > 0 for some k; given that each g, divides 3,1, we have 8 = e, (1) o (v € Pa.id)-

If we let 7 be the restriction of 7 to the interval Ji, then
Bk—l = ea/(ﬂk +77) g ea(’] - ;7_) g 14

which is absurd (because (7 +77)(Jx) > 7 (Ji), contradicting the maximality property which defines
ni). To determine the log-Whittaker transform of 8, note that 8,, = e, (I1,,) is the 3-compound Poisson

measure associated with I7,, := Y} _; 7g, thus g, (1) = ng(l = Wa,a,(x)) 1T, (dx). Since {II,} is an
increasing sequence of measures and each e, (17,,) dividing u, there exists a o-finite measure v such
that

0o = tim [ (1=Ws, () 1y

:Aﬂ—%mwwwj
< 0

(1 € Pg.iq ensures the finiteness of the integral); from the relative compactness of D({u}) itis possible
to conclude that v(Jy) < oo for all k.

For the converse, let v,, be the restriction of v to the interval J,, defined as above. It is verified
without difficulty that the right-hand side of (3.73) is continuous at zero, hence by Proposition 3.18(d)
B ° eqa(vn) N JTRS P(Rg), and u € P, iq because Py, iq is closed under weak convergence. O

Remark 3.31. Proposition 3.38 below ensures that the function ¢ (1) = —c A is, for each ¢ > 0, the
log-Whittaker transform of a o-Gaussian measure. However, the above Lévy-Khintchine representation
provides no information on whether the log-Whittaker transform of the ¢-Gaussian measure y must be
of the form i, (1) = —cA for some ¢ > 0. Such a characterization of Gaussian measures has been
established for Urbanik convolution algebras [178, 179] and for Sturm-Liouville hypergroups on R
[27, 153]; however, the proofs of these results depend on assumptions which are not satisfied by the
Whittaker convolution. (The proof for Urbanik convolutions relies on the homogeneity axiom U5 of
Definition 2.24, while the proof for Sturm-Liouville hypergroups depends on a regularity property of
the associated Sturm-Liouville type integral transform which cannot be easily extended to the index
Whittaker transform.) A related characterization of Gaussian measures has also been established on
spaces endowed with a generalized characteristic function f w (x)u(dx) having properties similar to
those of Proposition 3.18, and in which there exists not only a convolution with respect to the variable
x but also a positivity-preserving convolution with respect to the dual variable A (see [185]). We leave
open the problem of extending these characterizations to the Whittaker convolution.
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3.5 Lévy processes with respect to the Whittaker convolution

3.5.1 Convolution semigroups

Having in mind the study of Lévy-like processes on the Whittaker convolution algebra, we first

introduce the notion of a Whittaker convolution semigroup.

Definition 3.32. A family {u, };>0 € P(R]) is called a 3-c0nvolution semigroup if it satisfies the

conditions

* HsQHr = Mot forall s, > O;

* Ho = 00;

. ﬂ,i>60ast\LO.

Remark 3.33. Similarly to the classical case (cf. [156, Section 7]), the g—inﬁnitely divisible distributions

are in one-to-one correspondence with the 3—convolution semigroups:

@) If {u;} is a g-convolution semigroup, then u, is (for eacht > 0) a g-inﬁnitely divisible
distribution.

(Indeed, for each n € N the measure p;/,, € P (R() is such that (g;,)%" = p;.)

(i) Ifuisa g-inﬁnitely divisible distribution with log-Whittaker transform yr, (1), then the semigroup
{u:} defined by f1; (1) = exp(—t ¢, (2)) is the unique g-convolution semigroup such that pu = (.

(To prove this, it suffices to justify that exp(—t (1)) is, for each ¢ > 0, the index Whittaker

transform of a probability measure. If r = § € Q, this is true because W(/l) =

exp(—§ ¥u(2)), where v, € P(RY) is defined as in (3.66). If > 0 is irrational, let {5—:} cQ
be a sequence converging to ¢ and define y;, € P(Rf) as the weak limit of the measures
(vg, )°=P; the existence of the weak limit follows from Proposition 3.18(iv), and it is clear that

e (4) = exp(=t ¢u(2)).)
From this it follows, in particular, that g—convolution semigroups admit a Lévy-Khintchine type

representation (Theorem 3.30).

Unsurprisingly, each o-convolution semigroup is associated with a conservative Feller semigroup
a

of operators which commute with the Whittaker translation:

Proposition 3.34. Let {u;}:>0 be a g-convolution semigroup. Then the family {T;};>0 of convolution

operators defined by
T; : Co(Rg) — Co(Ry), Lif=T"f (3.74)

where 7 (v € Mc(R()) is the operator defined by

TN = [ (T2 e vy
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is a conservative Feller semigroup. Furthermore, we have T,7) f = T)1;f for all t > 0 and
v € Mc(RY)) (in particular, T, 7, f = T3 T, f for x > 0).

One should note that this result is similar to the Feller property for Kingman convolution semigroups,
stated in Proposition 2.19.

Proof. Foru,v € P(R{) we have /(ﬂ”f)(x)v(dx) = /f('l;yf)(x)y(dx)v(dy) = /f(x) (1 ° v)(dx).
Therefore, by associativity and commutativity of the Whittaker convolution,

Tz mw = [ = [ 75w
a A (3.75)

= [ ratvstugod= [ ralgga) = GEN@  nyePE)
Ry Rg

and the convolution semigroup property yields that 7y = Id and 7; Ty = T;4 for ¢, s > 0. The property
T;(Co (Rg)) C Co(Ry) follows at once from (3.45) and the dominated convergence theorem. The
positivity and conservativeness of 7; follows from the corresponding property of the Whittaker
translation (Proposition 3.13(a)). To prove the strong continuity of the semigroup, let f € Co(R{)) and
x > 0. From the definition of weak convergence and the fact that (7.0 f)(x) = f(x) we deduce that

(T ) (x) — f(0)] = ’/Ra((‘fayf)(x) - f(X))uz(dy)’ T ’/Ra((‘fayf)(X) - f(x))80(dy)| =0.

and therefore ||T; f — fllo — 0 as ¢t | O (cf. Proposition 2.1). The concluding statement is a
consequence of (3.75). m|

Proposition 3.35. Let {T;} be a Feller semigroup determined by the g-convolution semigroup { s }+ >0

Then, for each 1 < p < oo, {Tt| c (R+)} has an extension {Tt(p ) } which is a strongly continuous
A0

contraction semigroup on LP (r). Moreover, the operators Tt(p ) are given by
EPNW = TN = [ (RHWmd)  (Fee). (0
0

Proof. By Proposition 3.13(b) and Minkowski’s integral inequality, we have
1
p
< [ 172 Pl (@) < Uf
0

00 P
/ ( / |(7;yf><x>|u,<dy>) Fa(x)dx
o \Jr
(3.77)

showing that the operators T,(p ) defined by (3.76) are contractions on L” (r,). To prove the strong
continuity, let f € LP(r,), € > 0 and choose g € CZ(R¥) such that || f — g||,,o < &. Then it follows
from (3.77) and the strong continuity of the Feller semigroup {7;} that

I 11,.0 <

imsupl77f 1], < lirrtll%up(”Tt(p) F =Tl + 11 = 8llpa + 1T = gllp.a)

<2e+C-limsup ||T;g - gllo = 2¢&
t10
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where C = [ fs upp(e) ro(x)dx]'/P (C < oo because the support supp(g) C R* is compact). Since € is
arbitrary, we find that limthTt(p)f - f||p o = O0foreach f € LP(ra) O

It is worth pointing out that, taking advantage of the correspondence between functions f € L?(r)
and their index Whittaker transforms (Proposition 3.14), the action of the L>-Markov semigroup
{Tl(z)} can be explicitly written as

Wo(T2f) (1) = VDD (W Y1), f e L2(ra). (3.78)
where ¥ is the log-Whittaker transform of the g—convolution semigroup {u;} (i.e., of the measure u;).
Indeed, for f € Cc(R{) and u € Mc(R() we have

1 T)= ) a,it(X ay X Folx)ax
(Wa (T2 1)) (7) /OW, <>/Rg<fr £y ra(d

_ /R (WalT3 )(0) p(dy)

= /+ /+ /+W,(1,ir(x)k(z(x,y’§) ro(X)dx f(E)rq(€)dé u(dy)
- / / We iz (V)Wa,ic (§) f(E)ra(£)dE u(dy)

R /Rg
= (T + (5= 0)) (Wa (1)

(the second, third and fourth equalities being obtained by changing the order of integration and using
(3.32)). The identity (W, (7 f))(1) = @(v? + (3 — @)?) - (W, f)(7) extends, by continuity, to all
f € L*(ry), and then Remark 3.33 yields (3.78).

The index Whittaker transform also allows us to give the following characterization of the generator
of the semigroup {Tt(z) }:
Proposition 3.36. Let {u;} be a g-convolution semigroup with log-Whittaker transform yr and let {Tt(z) }

be the associated Markovian semigroup on L*(ry). Then the infinitesimal generator (G, D(G?))
of the semigroup {Tt(z)} is the self-adjoint operator given by

(Wa(GPN)) (1) =~y (TP + (L —a)D) - (Waf)(7),  feD(G?)

where

D(G?) = {f € L*(ra)

/0 (@2 + (3 = )| Wa ) (O pa(v)dr < oo}.

Proof. The proof is very similar to that of the corresponding result for the Fourier transform and the
generator of an ordinary convolution semigroup (see [13, Theorem 12.16]), so we only give a sketch.

It follows from (3.46) that (Tt(z)f,g> = (f, Tz(z)g) for f,g € L*(rq), i.e. {Tt(z)} is a semigroup
of symmetric operators in L?(r,). It is well-known from the theory of semigroups on Hilbert
spaces that the generators of self-adjoint contraction semigroups are the operators —2 where 2 is a
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positive self-adjoint operator [40, Theorem 4.6]. Hence, in particular, the generator (G2, D(G?))
is self-adjoint.
Letting f € D(G?), so that L2-lim, | %(Tt(z)f - ) =GP f € L*(ry), from (3.78) we get

Lz-lilrg ; (e7! v _ 1) Waf =Wo (G2 f)
t

(here we write /(1) := (72 + (% — @)?)). The convergence holds almost everywhere along a sequence
{tn}nen such that 7, — 0, so we conclude that W, (G? f) = — - Waf € L2(R*; po(7)d7).

Conversely, if we let f € L%(r,) with - - W, f € L*>(R*; po(7)d7), then we have
1 —
Lz-hfg - (WaTPf) = Waof) = = - Waf € L2(RY; po(r)d7)
t

and the isometry gives that L>-lim, o %(Tt(z)f — f) € L*(ra), meaning that f € D(G?). i

3.5.2 Lévy and Gaussian processes

Definition 3.37. Let {u;};>0 be a g—convolution semigroup. An R{-valued Markov process X =
{X;}>0 is said to be a 3-Lévy process associated with {u; };>¢ if its transition probabilities are given

by
P[Xt € B|X; :x] = (s gdx)(B), 0<s<t x>0, BaBorel subset of Rj.

In other words, a g—Lévy process is a Feller process associated with the Feller semigroup defined in

(3.74). Consequently, the general connection between Feller semigroups and Feller processes (Section
2.1) ensures that for each (initial) distribution v € P (R() and g—convolution semigroup {u; }+>o there

exists a g—Lévy process X associated with {u;};>0 and such that P[Xy € -] = v. Being a Feller
process, any g—Lévy process is stochastically continuous and has a cadlag modification (Proposition
2.2).

As expected (cf. Corollary 2.18 for the Kingman convolution), the g-Lévy processes are a subclass

of Feller processes which includes the Shiryaev process generated by the Sturm-Liouville operator
(3.2):

Proposition 3.38. The Shiryaev process {Y: };>0 is a g-Lévy process.
Proof. Fort,x > 0letus write p; »(dy) = Px[Y; € dy]. According to Corollary 2.37, we have

Prx(dy) = / e TGO () Wi (9) pa(DdT ra(y)dy, x>0 (3.79)
R

0
where the integral converges absolutely. Consequently, by Proposition 3.14,

Prx() =e " Wya,(x),  £,x>0 (3.80)
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(the weak continuity of p;, , justifies that the equality also holds for # = 0 and for x = 0). This shows that
Pr.x = P10 8 6x Where Pr.0(A) = e7", It is clear from the properties of the index Whittaker transform

of measures that {p; o};>0 is a g—convolution semigroup; therefore, Y is a g—Lévy process. m|

Remark 3.39. The proposition above ensures that there exists a g—convolution semigroup {u,} such

that 7;(1) = e”'*. An interesting problem, which we do not address in this work, is to prove or
disprove the existence of convolution semigroups { ,uf }+>0 such that //1,;(/1) = ¢ where 0 < B <1
A positive answer has been given for Urbanik convolution algebras (see [178]), but the proof depends
on the homogeneity axiom U5 which is not satisfied by the Whittaker convolution.

In the context of Urbanik convolution algebras, if v is a measure with generalized characteristic

—t/lﬁ

function ™', then v satisfies the property

given a, b > 0, there exists ¢ > O such that ®,v ¢ Oy = Q. v.

Such measures are therefore called stable measures with respect to the generalized convolution. (This
is analogous to the classical notion of a strictly stable probability distribution on R as a measure
v € P(R) such that given a, b € R there exists ¢ € R for which we have aX; + b X, 4 cX, where
X, X1, X, are mutually independent random variables with common distribution v and 2 denotes
equality in distribution; see e.g. [57, Chapter VI] for the basics on stable distributions on R.) For a
discussion of the notion of stable measures in the context of generalized (hypergroup) convolutions
not satisfying the homogeneity axiom, we refer to [198].

Since g—Lévy processes are Feller processes, they can be characterized as the solution of the

corresponding martingale problem, as stated in Theorem 2.5. The next proposition provides some
additional equivalent martingale characterizations of g—Lévy processes. For an Rj-valued cadlag

process X = {X;};>0, a linear operator A : D — C(R{)) with domain © c C(R}) and a function

f € D, we introduce the notation Z?}’f = {Z?{ ;50> Where
t
Zil = 10 = O = [ (AN . G81)
0

Proposition 3.40. Let {u;}:>0 be a g-convolution semigroup with log-Whittaker transform  and let

(A, Dn) be the infinitesimal generator of the Feller semigroup determined by {u;} (cf. Proposition
3.34). Let X be an R-valued cadlag Markov process. The following assertions are equivalent:

(i) Xisa 2-Lévy process associated with {u;};

(ii) {e“”(’DW(,,AA(Xt)}tZO is a martingale for each A > 0;
(i) {Waa,(X0) = Waa,(Xo) + ¥ () [} Warn (Xy) ds}, ., is a martingale for each A > 0;
(iv) Z;’W"’A‘(') is a martingale for each A > 0;

v) Z;’f is a martingale for each f € Da.

Proof. The proof is identical to that of the corresponding martingale characterization for Lévy
processes on commutative hypergroups [153, Theorem 3.4]. |
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A 3—convolution semigroup {u;}r>0 such that u; is a g—Gaussian measure will be called a o
Gaussian convolution semigroup, and a g—Lévy process associated with a g—Gaussian convolution
semigroup is said to be a g-Gaussian process. An alternative characterization of g—Gaussian convolution
semigroups (which in particular implies that any 3-Gaussian convolution semigroup is fully composed

of o-Gaussian measures) is given in the next lemma.
(04

Lemma 3.41. Let u € P iq and let {u, } be the g—convolution semigroup {u, } such that yuy = u. Then,

the following conditions are equivalent:

(i) wisa g—Gaussian measure;
(i) lim, o %,u,[s, ) =0 foreverye > 0;

(iii) lim, o %(,u, 36x)(Rg \(x—&,x+¢&)) =0 foreveryx > 0and & > 0.

Proof. (i)=> (ii): Let {t,,},en be a sequence such that t,, — 0 as n — oo, and let v,, = ea(iutn).
We have

nh_r)rgo Va(d) = nh_r)rgo exp[tl(,ffl(/l)t" - 1)} =ui (), A1>0 (3.82)

n

and therefore, by Proposition 3.18(iv), v, = 1 as n — oo, From this it follows, cf. [183], that if 7,
denotes the restriction of é Uy, to [a, b) \ V,, then {m,} is relatively compact; if r is a limit point,
then e, () is a divisor of u;. Since u; is Gaussian, e, () = d,, hence & must be the zero measure,
showing that (ii) holds.

(ii)=(i): Asin (3.82), for 1 > 0 we have

1/;wmxw—mmww

11 () = lim exp il
n—00 tn

n a

1 .
_/ (WG,A,z (x) = 1),Utn(dx)] = lim exp
4 [a,b) n—oo

where the second equality is due to (ii), noting that % f[a,b)\% (Wo o, (x) = Dy, (dx) < %,utn ([a, )\

(Va). Given that v,, = ea(%,utn) = 1, we have (again, see [183])

H1(2) = exp

/ (Wa,a,(x) = 1) n(dx)}, 1>0
(a,b)

for some o-finite measure 1 on (a, b) which, by the above, vanishes on the complement of any
neighbourhood of the point a. Therefore, ; is Gaussian.

(ii) = (iii): To prove the nontrivial direction, assume that (ii) holds, and fix x,& > 0 with

0 <x <e Write E. =Rj\ (x —&,x +¢), and let 1. denote its indicator function. We start the proof

by establishing an upper bound for the function (7;°1.)(y), with y > 0 small. Using the estimate

(3.35), together with the inequalities
y\2

(1+)§_C+E) ‘< (1+&H(1+x+6),

kg (_ Ix—flz)

<1 R 0, 0
(8xy§)% 8xy& : (>0, y<0)



72 3. The Whittaker convolution

it is easily seen that

1 2
ka(x,3,6)ra(é) < C1y*lx —€176(1 +8) exp(_ﬂ B & - ();xygf) )
1 _ a2
< Cry*e(1 + &) exp(_i B (xgéx? ) (5 <6 £ € EL)

where the constants Cy, Co» > 0 depends only on x, § and . Consequently, for y < ¢ we have

(T 1) (y) = / ko, 7. E)ra(€)de

£

0o l _ 2

< C3y? (3.83)

the convergence of the integral justifying that the last inequality holds for a possibly larger constant Cj.
Let A > 0 be arbitrary. If 6 > 0 is sufficiently small, then from (3.69) and (3.83) it follows that

(Ta1:)(y) -1
————— < 2G4y, y<6
1= Waa(y)

and therefore there exists 6” > 0 (which depends on 1) such that (7;51.)(y) < 1 —Wy.a,(y) for all
y € [0,6”). We then estimate

1 1
T g0 (B = [T

1 | ,
= _,/ (1 h "’A/l(y))rut(dy) + —us[67, 0)
t Jio,6) ,
1 1 /
< ? ‘/]R:Jr(l - Wa,A,l()’)),U;(dy) + ;/Jt [67, 00)
0
1

= ;(1 — (1) + %,ut[é"’ ©0).

Since we are assuming that (ii) holds and we know that lim, |, %(1 — [1(2)) = —log fi(A) (cf. proof of
Proposition 3.25), the above inequality gives

. 1 —~
limsup —(u; ¢ 65)(Eg) < —logu().
tl0 t @

By the properties of the index Whittaker transform, the right-hand side is continuous and vanishes for
A =0, so from the arbitrariness of A we see that lim, %(,u, ° 6x)(E¢) =0, as desired. |

Denoting, as in (3.79), the law of the Shiryaev process started at x by p; y, it follows from
Propositions 2.3 and 2.8 that lim, o 1 p;.x (R} \ (x — &,x +&)) = 0 for any x > 0 and & > 0, meaning
that the Shiryaev process is a g—Gaussian process. It turns out that, as a consequence of the previous

lemma, any other ¢-Gaussian process is also a one-dimensional diffusion:
a
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Corollary 3.42. Let X = {X; };>0 be a g—Gaussian process associated with the g—Gaussian convolution
semigroup {is }s>0. Then:

(i) X has a modification whose paths are a.s. continuous;

(ii) Let (G, D(G)) be the infinitesimal generator of the Feller semigroup determined by {u,}. Then
G is a local operator, i.e., (Gf)(x) = (Gg)(x) whenever f,g € D(G) and f = g on some
neighborhood of x > 0.

Proof. We know from Lemma 3.41 that the associated 3—Gaussian convolution semigroup is such

that lim, o 1 (u 0 6)(RE\ (x —&,x+¢)) =0 forevery x > 0and & > 0. Using Proposition 2.3,

we conclude that the cadlag modification of X has a.s. continuous sample paths. The locality of the
generator is then proved by applying Proposition 2.4 to the R-valued process X = {X, };>0 which is the
extension of X obtained by setting X;(w) = x whenever the initial distribution is v = 6y, x <0. O

3.5.3 Some auxiliary results on the Whittaker translation

In this subsection we return to the Whittaker translation operator (3.36), which we will now interpret
as an operator on the space

X = {f € Lo(RY) : |f(x)] < by exp()lc +b2(x‘ﬁ+xﬁ)) for some b1,b, > 0and 0 < B < 1}
(3.84)

being Lo(R*) the space of Lebesgue measurable functions f : R* — C. The goal of this digression
is to determine some properties which will be useful for introducing (in the next subsection) the notion
of moment functions with respect to the Whittaker convolution.

We first note that the condition f € X ensures that for each x, y > 0 the Whittaker translation
(73 ) (x) = fom f(&)ka(x,y, &) rqo(£)dé exists as an absolutely convergent integral, as can be verified
using (3.35).

Lemma 3.43. Fix y, M > 0. Let f € X and p € Ny. Then, for each &€ > 0 there exists 6, My > 0 such
that

/ | f(&)] ‘ﬂk(,(x,y,f) re(é)dé <e forallx € (0,6] and M > M,
Enm axp
where Epp = (0, ﬁ] U [M, o).

Proof. Fix k > —% + max{a, 0}. Note that if o € C then (after a new choice of b, and B) the function
& £9f (&) also belongs to X. Let § < %. If |¢ — y| 2 26 and x < 4, using (3.35), the boundedness
of the function |t|k+%e‘|t| and the inequalities

(x+y+§&)3 < 2y 2a(5)2a—2k—1 .0
_— — - , a >
prg e =) s

2a 2a
(ty+O™ _ 2 <0

|x +§ _y|2k+1 - 52k+1’
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we find that
_ 2
IO ko 503,870 €) € — ey 7 expl e P ) - EE
(xy&)™* xyé
_ 2
< Cexp bz(f‘ﬁ+§ﬁ)—m), |-y =26, x <6
8xyé

(3 85)
where C depends only on y and ¢. Since 0 < B < 2, the integral fooo exp{b2 (EP+&PB) - (”"3 y) }df
converges uniformly in x € [0, §]. Combining this with the inequality (3.85), we conclude that MO >0
can be chosen so large that

/ xR F(E) ka(x,v,8) ro(€)dé < 6 forall 0 < x < (g)l/2 and M > M,. (3.86)
Epn

Using the identity (3.55), one can deduce (by induction) that the function f(&) -2 0x,, ko(x,y,8)
can be written as a finite sum of the form »;; C;x~ ngj(f) ka,;(x,y,&), where g; € X and k; >
—1 + max{2a;, 0} for all j. Therefore, the conclusion of the lemma follows from (3.86). |

Lemma 3.44. Let f € XN C*(R*) and y > 0. Then:
(i) )lcig(l)(%y &) =fO);

(i) lim po(x) 2 (T3 N)(x) =

Proof. (i) We will first show that it is enough to prove the result for f € C2(R*). Suppose that part
(i) of the lemma holds for f € C2(R*). Let g € X N C*(R*) and &, M > 0; then, choose § > 0 and
gc € C2(R*) such that g(&) = g.(&) forall ¢ € [ﬁ,M] and

[(75'8)(x) = (T3 g)(x)| <& forallx € (0,6]
(to see that this is possible, apply the case p = 0 of Lemma 3.43). If y € [ﬁ, M], we obtain

limsgp (Ta &) (x) —g)|<e + lim 1(Ta 8c)(x) — g (V)| = €.

As M and ¢ are arbitrary, we conclude that lim,_,o(75 ) (x) = g(y) forall y > 0 and g € X N C2(R*).

Let us now prove that lim, (75 f)(x) = f(y) holds for f € C2(R*). Using the integral
representation for k4 (x, y, &) given in (3.49), we write

(T2 ) (x) = / £(©) / Wi ir () W12 (3) Wi o (&) pan(D)dr ro(£)dE
0 0 (3.87)

- /0 (Wa f) (0 W0 () W12 (3) pa(2)dr

where the second equality is obtained by changing the order of integration, which is valid because
f has compact support. It was noted above that the index Whittaker transform ‘W, is a particular
case of the Sturm-Liouville integral transform (2.27)—(2.28), thus it follows from Lemma 2.35(b)
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that (Wy f)(7)Wa,iz(y) € L' (R*; po(7)d7). Recalling also that |W, ;- (x)| < 1 (x,7 > 0) and
|We.iz(0)] =1, cf. (3.61) and (3.68), by dominated convergence we obtain that

(720 = [ Wa )01 Wi () Waie () pa ()7 = £3),

concluding the proof.

(ii) Identical reasoning as in part (i) shows that it is enough to prove the result for f € C2(R").
Taking f € C2(R*), differentiation of (3.87) under the integral sign gives

pal) G- TE W = [ Wal)(0) (2aWy 1) 00 Worir () pa ()

If we now apply (3.68), by dominated convergence we conclude that lin}) pa(x)a%(fi;y Hx)=0. O
X—

3.5.4 Moment functions

Moment functions for generalized convolutions are functions having the same additivity property
which is satisfied by the monomials under the classical convolution. Such functions have been applied
to the study of limit theorems for hypergroup convolution structures (see the discussion in [16, pp.
530-531]). Let us introduce, in a similar way, the notion of moment functions with respect to the
Whittaker convolution:

Definition 3.45. The sequence of functions {¢g }r=1
n)if o € Xfork =1,...,n(cf. (3.84)) and

n is said to be a o-moment sequence (of length

.....

k

(T3 ) (x) = )| (I;)Saj(x)(ﬁk—j()’) (k=1,....n; x,y 2 0) (3.88)
j=0

where ¢g(x) ;=1 (x > 0).
It is worth recalling that for x,y > 0O the left-hand side of (3.88) is given by the integral

/Oootpk (E)ko(x,y,&) ro(£)dé, which converges absolutely. This actually implies that o-moment
functions are necessarily smooth:

Lemma 3.46. If {¢y }i=1... nisa o-moment sequence, then ¢ € C*(R") for all k.

.....

Proof. Let M > 0and 1 < k < n. Let f € CZ(2M,3M) be such that fzj\fz/[ f(xX)re(x)dx =1, and
set f(x) =0forx ¢ (2M,3M). Then

k 00 00
Z(’;)soj(y) | ecsrraas = [ 200w 100 rads

J=0

- /0 0 (X) (T2 1) () ra(x)d
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where the second equality follows from the identity (3.46), which is easily seen to hold also for
f € CZ(R") and g € X. Hence if we prove that the right-hand side is an infinitely differentiable
function of 0 < y < M, then by induction it follows that each ¢; € C*(0, M) and, by arbitrariness of
M, ¢ € COO(R+).

By (3.35), we have

(73 ) < Coll s (ey) 2 exp(i) Yty +f>2“exp(—i - b ‘f)z)df
N - 2y) Jam 26 4y dxyg
1 1 X 1
< C I ) 1 2a - -
< Gallfllo () 2 (14 )exp(zy e 12x)
where C; and C, are constants depending only on M. Since ¢y € X, we find that
1 1
P1(0) (T3 )0 70 () < € (x3)H (14272 exp(g by +x) — o @) (3.89)

where C > 0, b > 0and O < 5 < 1 do not depend on y. Denoting the right-hand side of
(3.89) by J(x,y), it is easily seen that the integral fow J(x,y)dx converges locally uniformly and,
therefore, /Owtpk(x) (75 f)(x) m(x)dx is a continuous function of 0 < y < M. Using the identity
(3.55) (with x and y interchanged) and similar arguments, one can derive an upper bound for the
derivatives %(‘Qy f)(x) (n=1,2,...) and then deduce that foww(x) (73 f)(x) ro(x)dx is n times
continuously differentiable. o

Proposition 3.47. {¢y }r=1... nisa o-moment sequence if and only if there exist A1, ...,4, € R such
that
k
k )
Agpr(x) = Z (J.)/ljsOk-j(X), ¢k (0) =0, (Pay;)(0) =0 (k=1,...,n), (3.90)

J=1

where ¢o = 1 and A, is the differential operator (3.2).

with ¢ (0) = (pay;)(0) = 0. By Lemma 3.46, ¢; € X N C*(R"). It thus follows from Lemma 3.44
that for fixed y > 0 we have lim_,0(75 @) (x) = @k (y) and limy_,o po (x) 2 (75 ¢x) (x) = 0. If we

rewrite (3.88) as
k-1

k
er(x) = (73 @) (x) = Z (J.)Soj(x)‘Pk—j()’) (3.91)
j=0
and let x — 0 on the right-hand side, we deduce (by induction on k) that lim,_,o ¢ (x) = O for all k.
After differentiating both sides of (3.91), we similarly find that limy_,o(pa¢;)(x) = O for each k.

We now prove that ¢y satisfies Ay = Zj?:l (’;)/1 j%k-j» omitting the details which are similar
to the proof of [174, Theorem 4.5]. We know from (3.52) that Ay ko (x,y,€) = Ag yka(x,y,£).
Moreover, from the identity (3.55) it follows that the integral defining (7, ¢ )(x) can be differentiated

under the integral sign. Therefore, the right-hand side of (3.88) is, for each k, a solution of
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Aq xut = Aq yu, ie.

k

k
Z( )(ﬂanp,)(X) pii(7) = Z('J‘.)mx) (Aar) ).

Jj=0 Jj=0

Assume by induction that A, ¢, (x) = Z ( )Ajpe—j(x) for £ =1,...,k — 1. Using the induction
hypothesis and rearranging the terms in a sultable way, we find that

k-1 —
(Aape)(¥) = Y ik (1) = (Aagi)(3) = ) Ajry(3)  forallx,y >0
=1 =1

and, consequently, et

(Aa@i)(x) = ) Ajepr—j () = Ak
j=1

for some A, € R.
For the converse, suppose that {¢x}x=1,...» are solutions of (3.90). Integrating, we obtain

or(x) = —fox ﬁ foy ra(g)[Zf.zl (';)/ljgok_j (¢)|dé dy. Straightforward bounds on this integral
yield that ¢ € X (see the proof of Proposition 3.49). We can assume by induction that

(T3 er)(x) = ) (;)W(X)%—f()’) forr=1,.... k-1

=0

and the goal is to prove that @, (x) := (75 ¢i)(x) — Zf:o (’;)t,ﬂj (x)@k—;(y) vanishes identically. We

compute
k
Agx|Pry(x)] = T3 (Aapr) (x) - Z (I;)(ﬂaﬁpj)(x)‘ﬁk—j(y)
j=0
k k ' k k .
=> ( .)/l_i(%ysOk—j)(X) —Z( )‘Pk j(y)Z( )ﬂfso_i—z(X)
= =0 =1
k k—j k— k k
=Z( )ﬂ, ( )W(X)sok j-t(y) = Z( )sok ](y)Z( )/lfsoj-z(X)
j=1 £=0 =0 J
=0.

Here, the first equality follows from the identity 75 (Aq9)(x) = Aq.x (T4 ¢)(x), which can be
verified using (3.52) and integration by parts; the second equality applies (3.90); the induction
hypothesis gives the third equality; and the last step is obtained by rearranging the sums. Furthermore,
limy 0 @,y (x) = lim,_ p(,(x)%d%y(x) = 0 (due to Lemma 3.44); by uniqueness of solution,
@y y(x) = 0, showing that (3.88) holds. m]

The functions ¢, x (k € N) defined as the unique solution of

AaPa,k(x) = —k(1 =20)@q k-1(x) = k(k - 1)@a,r-2(x), Pa.k(0) =0, (Pay)(0) =0
(3.92)
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(where @4 —1(x) := 0 and @4,0(x) := 1) are said to be the canonical o-moment functions. By

integration of the differential equation, we find the explicit recursive expression

7} k T g 1-2a)p k-—1o dé€ d keN
Gk (x) = /0 —= /0 Fa(@) [(1 = 2000 k1 (€) + (k = DFara(6)] dé dy. e(39.3)

Moreover, as a consequence of the uniqueness of solution for (3.92) and the Laplace representation
(3.57), the canonical moment functions can also be represented as

ak (eos)
ook

- ok *©
Qoa,k(x) = ? Wa,o-(x) =/

[0e]

} ]na,x(s)ds = / ske(%_a)sna,x(s)ds-
o=l-a —co

0 o=5—a
The first (canonical) moment function can be written in closed form:

Proposition 3.48. We have

N 1
Ga,1(x) = F(—G“( (3.94)

1' 0,1
1-2a) 2\x10,0,1-2a

......

.....

we have ¢4 1(x) = e%F(O, %), where I'(a, z) is the incomplete Gamma function [53, Chapter IX].

Proof. We know from (3.93) that @1 (x) = (1 — 2a) fox ﬁfoy ro(&)dé dy. Consequently,

Gan () = (1-2a) / p 20 / W22
1 v

=(1-2a) / v 2% T (=1 + 2a, v)dv
1

1 o -1
=———— | G d
r(1—2a)/)lc 12(” —2a,—1) Y
_ 1 3l 1’ 0,1
r(1-2a) 2\x10,01-2a

where the first equality is obtained via a change of variables, the second equality follows from the
definition of the incomplete Gamma function, the third step is due to [147, Relations 8.2.2.15 and
8.4.16.13] and the final step applies [120, Equation 5.6.4(6)]. The result for @ = 0 follows from the
identity G31(L] %'} ) = e¥T'(0, 1), cf. [147, Relations 8.2.2.9 and 8.4.16.13]. o

Actually, the right-hand side of (3.94) can be written (for @ < %) as a sum of simpler special
functions. Such representation can be obtained by applying [6, Equation (A13)].

Returning to moment functions of general order, it is clear from the explicit representation (3.93)
that @, x(x) > O forall x > 0 and k € N. We note that ¢, » > QAO%’I (by Jensen’s inequality applied to
Pak(x) = f_ 0; ske(z=a)s Na.x(s)ds) and that the Taylor expansions of the first two moment functions

asx — O are

Pa1(x) = (1-2a)x—(1-2a)(1—a)x*+0(x?), Pa2(x) = 2x—(1+2a—4a?)x*+0o(x?) (3.95)
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(these relations can be deduced from the asymptotic expansion (3.8), taking into account that
Pak(x) = %kk| 1 _QWQ,(r (x)). Concerning the growth of the moment functions as x — oo, we have:

Proposition 3.49. Let € > 0. Foreach k € N, ¢4 1 (x) = O(x?) as x — oo.

Proof. Due to (3.7), it suffices to prove that ¢, (x) = O(Wa’%_aw(x)) as x — oo for each k € N.
This is trivial for k = 0 since go0 =1 = 0(x®) = O(W,, o .-(%)). By induction, suppose that
Pa,j(x) = O(Wa’%_%g(x)) for j =0,...,k — 1. This implies that ¢, ;(x) < C-W, 1_,, . (x) forall

x>0and j=0,...,k—1 (where C > 0 does not depend on x). Recalling (3.67) and (3.93), we find

— * o1 Y
Gax(x) < C /0 — /0 aOW, ) gur () dy = C Wy re) = 1)

—2a +¢€)

and therefore g4« (x) = O(W,, o .-(x)), proving the proposition. |

The previous proposition shows that the modified moments E[¢ o 1 (X)] will only diverge if the
tails of the random variable X are very heavy. The next result shows that the modified moments can
be computed via the index Whittaker transform:

Proposition 3.50. Let u € P(R{) and k € N. The following assertions are equivalent:
W) fo Pak ()pu(dx) < oo;

(i) o — fRSWa,a(x),u(dx) is k times differentiable on [0, % —al.

il War a' (x)

If (i) and (ii) hold, then /R* u(dx) = 6o-k /R* ~ O-(x),u(dx)]for all o € [0, 3 3 —a] and, in

particular, ng Cak(X)pu(dx) = (90'k|a':%—a /RE a,o-(x),u(dx)].

Proof. The following proof is similar to that of the corresponding result for Sturm-Liouville hyper-
groups (see [195, Theorem 4.11] for further details). Write Wc{,k‘}T(x) aW"—"(x)

ot By the Laplace
representation (3.57),

Wk (x) = / T (67 + (1)K nga(s)ds
0

Since sinh and cosh are both increasing and convex functions on R*, we have

0 <W () < WL () < Gar(x)  for0<oy <o <i- (3.96)
” A k() ~ W
2 "](x) a() _ # "l(x) e <o <o < l_q (3.97)
7 o — 0 7~ a— 0

Moreover, from the inequalities sinhy < ycoshy and coshy < ysinhy + 1o 2j(y) we can deduce
that y*(e¥ + (=1)%e™) < y**1(e¥ + (=1)¥*1e™) + 2k for all k € N and, therefore,

k
) forx >0, k € N. (3.98)
2

Sza,k(x) < (% - a')‘za,kﬂ (x) + ( 1
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Suppose that (i) holds. By (3.98), fR+ Qa,j(x)u(dx) < oo for j = 1,...,k, so we can as-
0

sume by induction that o +— fR+WQ,O-(x),u(dx) is k — 1 times differentiable on [O,% — a] and
0

fR+ I Wao () u(dx) = o [ fR+Wa,(T(x) ,u(dx)]. Combining (3.97) with the dominated conver-
0 0

ook-1 ook-1
gence theorem (and the well-known corollary on the differentiation of Lebesgue integrals under the

k .
integral sign), we can then conclude that (ii) holds and ng % u(dx) = % [ fRSWQ,U (x) ,u(dx)] .

Conversely, suppose that (ii) holds and assume by induction that fR+ Qa,j(xX)u(dx) < oo for
0

~ k1)
j=1,...,k — 1. Observe that from (3.97) it follows that ‘p"’k’l(lx) Wa.o (9 isan increasing function

3-a—0

of o which tends to ¢, x(x) as o T % — a. Using the monotone convergence theorem, we thus find that

=~ {k—1} k
_ . Pak-1(x) =Wo o '(X) 0
[ Fastontan = tim [ Lokt Ree By oS [ g (outan
RY oly—a JR} 3-a—0 0" lo=3-a RY
so that (i) holds ]

The martingale property of o-moment functions applied to g—Lévy processes is given below. (See

[197, Proposition 6.11] for similar results on hypergroup convolution structures.)

Proposition 3.51. Let {¢y }r=1.2 be a pair of o-moment functions. Let X = {X;};>0 be a g-Lévy

process. Then:

(a) IfE[p1(X;)] exists for all t > 0, then the process {tpl (Xy) — E[gol(Xt)]} is a martingale;

t>0

(b) If, in addition, E[>(X;)] exists for all t > 0, then the process

{@2(X0) = 201 (XD)E[@1(X,)] - E[@2(X)] +2E[¢1 (X)]*},40

is a martingale.

In particular, if we let Y be the Shiryaev process started at Yy = 0 and let 11, A, be as in Proposition
3.47, then the processes {1 (Y;) + A1t }rs0 and {2(Yy) + 221101 (Yy) + Aot + /l%tz},zo are martingales.

Proof. To prove (a), we let 0 < s < ¢t and compute
Bl () 1 X1 = [ ordlpes gox) = (T8 o060 = [ o durs+ o1 (X0).
Ry Ry

Taking the expectation of both sides yields IRS @1 dus—s = E[o1(X:)] — E[p1(Xs)]; consequently,

Ble1(X) ~Ele1 (X1 | ¢1(X) ~Ble1 (X1 = E[o1 (X0 ~Ele1 (X)] | X,] = ¢1(X,) ~Elg1 (X,)]
which shows that ¢ (X;) — E[¢1(X;)] is a martingale. Part (b) can be proved by similar arguments.
Let Y be the Shiryaev process started at zero and {p; o};>0 be the associated g—convolution

semigroup. Then by (3.80) we have /R+Wa,(,(x) proldx) = ! (=G-0%) for o € [O,% - a],
0
and it therefore follows from Proposition 3.50 that E[¢,.1(X;)] = f Ya1dpro = (1 —2a)t and



3.5. Lévy processes with respect to the Whittaker convolution 81

E[@a2(X)] = 2t + (1 — 2a)%2. 1t follows from Proposition 3.47 that ¢; = —12-&, 1 and
2

A 212 -
2 = 2 Pa 2~ (a5 T34 Pa.1- Consequently, E[g1 (¥,)] = —Air and E[¢2(Y;)] = 471~ 2at,
so that the final statement holds. O

3.5.5 Lévy-type characterization of the Shiryaev process

In this subsection we will show that the martingale property given in the last statement of the previous
proposition is in fact a (Lévy-type) characterization of the Shiryaev process. For this purpose, it is

convenient to focus on the moment functions ¢ and ¢, that correspond to the choice 1; = —1 and
/12 = 0, i.e.
| Y | .
0@ =000 = [ [ ra@dedy = 5 Fua o)
o Pa(¥)Jo 1 -2«
0200 = 6020 =2 [ —= [ ra(@ 01O dedy = 5 [Fa) - 15 Faa
X) = X) = r =— X) — ——— x)|.
2 a,2 ) pa(y) 0 a 1 y (1 — 2([)2 Pa,2 1 - 2a Pa,l

In the following results, we write

CHERY) = {f e CK®RY) : f|[0 o€ C’[0, &) for some & > 0}.

Lemma 3.52. (a) If f € C**(R}) with f'(0) = f/(0) = 0, then there exists h € C*(R}) with
f(x) = h(¢1(x?)) for x = 0.

(b) There exists a unique function hy € CZ(RS) such that ho(¢1(x)) = ¢2(x) for x > 0, and it
satisfies h{/(x) > 0 for all x > 0.

Proof. From (3.95) we find that the Taylor expansions of the functions ¢ (x?) and ¢, (x?) asx — 0 are
of the form ¢ (x2) = ¢1x% + cox* + o(x*) and ¢, (x?) = c3x* + o(x*), with ¢y, c3 > 0. Consequently,
part (a) can be proved using the same arguments as in [153, Lemma 5.7]. Letting f(x) = ¢»(x?),
we deduce that in particular there exists /g € CZ(RS) such that ho(¢(x)) = ¢o(x) forallx > 0. A
straightforward adaptation of the proof of [153, Lemma 5.8] yields that A (x) > 0 for x > 0. O

Lemma 3.53. Let X = {X,},>0 be an R§-valued process with a.s. continuous paths and such that the

processes Z?"’(ﬁj defined by (3.81) are local martingales for j = 1,2. Then
A t
[z "’¢']t = 2/0 X2(¢1(Xs))* ds almost surely.

Moreover, Z?“’g is a local martingale whenever g € C2’4(R3).

Proof. This proof is analogous to that of [153, Lemma 6.2], to which we refer for further details.
Leth € C? (R§). Giventhat Ay ¢ = 1, an application of the chain rule shows that A, (h(¢1)) (x) =

xX2h" (¢1(x)) (qﬁi(x))2 + h'(¢1(x)). Since Z?""p‘ is a local martingale, we can apply Itd’s formula

for continuous semimartingales [130, Theorem 6.2] to the process h(¢1(X;)) and deduce that
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d(h($1(X)) = W' ($1(X0)) d1(X;) + 1h" (@1(X0)) d[$1(X)];. Consequently,
d(h(@1 (X)) = A (A1 (X)) di = B (1 (X)) (301 (X1, - X2($](X0))2dr) + aV (3.99)

where {Vth = fot W (p1(Xs))(do(Xs) — ds)} is a local martingale (cf. [130, Proposition 2.63]; note
that d¢(X;) —dt = d Z?‘l”m is the differential of a local martingale). If, in particular, £ is the
function Ay from Lemma 3.52(b), then fot d(ho(¢1(Xs))) — Aa(ho(d1(Xs))) ds = Z?";"z’z is also a
local martingale, and from (3.99) we find that

t
/ hi (¢1(Xs)) (%a’[qﬁl X)]s - st(cpi(XS))zds) is a local martingale.
0

But fOl h{ (¢1(X5)) (%d[(bl (X)]s —Xf((ﬁi (Xs))zds) is also a process of locally finite variation (cf. [130,
Proposition 2.73]; note that %d [61(X)]s —Xf(qﬁi (X,))?ds is the differential of a process of locally finite
variation), hence itis a.s. equal to zero (see [ 130, Theorem 2.11]). Consequently, taking into account that
h{' > 0 (Lemma 3.52(b)), we have d[Z;?“’@ 1 =2X7 (¢ (X))2dt = d[¢1(X)]: —2X7 (¢ (X,))?dt =0
a.s., proving the first assertion.

The result just proved, combined with (3.99), implies that {h(q)l (Xy)) - fot Aa(h(gr)) (Xs)ds}t20
is, for each h € Cz(Rg), a local martingale. Applying Lemma 3.52(a) with f(x) := g(x?) € C>* (Rp),
we find that g(x) = h(¢;(x)) for some & € CZ(RS), and this proves the second assertion. O

We are finally ready to establish the martingale characterization of the Shiryaev process. (We call
it a Lévy-type characterization because it resembles the Lévy characterization of Brownian motion
stated in Theorem 2.6. A parallel result for hypergroup structures is given in [153, Theorem 6.3].)

Theorem 3.54 (Lévy-type characterization for the Shiryaev process). Let Y = {Y; };>0 be an R} -valued

Markov process with a.s. continuous paths. The following assertions are equivalent:

(i) Y is the Shiryaev process;
(ii) {¢1(Yy) = t}is0 and {¢p2(Y;) = 2td1 (Yy) + 12},50 are martingales (or local martingales);

(iii) ZYﬂ“"p' is a local martingale with [Z?”"p']t =2 fot Ysz(qﬁ; (Yy))? ds.

Proof. (i) = (ii): This follows from Proposition 3.51.

(ii) = (iii): Assume that (ii) is true. Since dZ3? = 4¢,(Y,) - dt, the process Z21?! is a
Y.t p Y

local martingale. Furthermore,
Az ® = dgy(Y,) = 201 (Y)dt = d(§a(Y,) - 2061 (V) +1%) +21(dy (Y,) — di)

(where integration by parts [130, Proposition 2.28] gives the second equality) and therefore the process

Z)_,ﬂ""b2 is also a local martingale. By Lemma 3.53, [Z;ﬂ"’d’l], = ZfOt YSZ((ﬁi(YS))Z ds.
(iii) = (i): Assuming that (iii) holds, Equation (3.99) and the proof of Lemma 3.53 show that, for
eachd>0,Z ?"’W”’A"(') is a local martingale and (by boundedness on compact time intervals, cf. [130,

Corollary 1.145]) a true martingale. Proposition 3.40 now yields that Y is the Shiryaev process. 0O
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Remark 3.55. In this section we have focused on continuous-time stochastic processes which are
additive with respect to the Whittaker convolution. In a similar way, one can introduce the discrete-time
counterparts of the processes studied above.

An Rg—valued Markov chain {S, },en, With So = 0 is said to be g-additive if there exist measures

Hn € P(R) such that

P[Sn € BISp-1 =x] = (un ¢ 6x)(B), n €N, x >0, BaBorel subset of Rj.

If u,, = p for all n, then {S,,} is said to be a g-random walk. One can give an explicit construction for
3—additive Markov chains, cf. [16, Section 7.1] (see also Subsection 4.5.3 below).
In the context of hypergroups, moment functions have been successfully applied to the study

of the limiting behaviour of additive Markov chains (cf. [16, Chapter 7]). Parallel results hold for
the Whittaker convolution. For instance, letting {S,,} be a g—additive Markov chain constructed as

above, the following strong laws of large numbers are established as in [16, Theorems 7.3.21 and 7.3.24]:

(a) If {rn}nen is a sequence of positive numbers such thatlim, r,, = o and 3>, # (B[@a2(Xn)] -
E[‘Za,l (Xn)]z) < oo, then

lim —— (.1 (S0) ~ B[Ga1 (S)]) =0 Pas.

n

(b) If {S,,} is a g-random walk such that E[QZQ’Q(Xl)‘)/z] < oo for some 1 < 0 < 2, then
E[‘;E(x,l(xl)] < oo and

| . —~
lim W(Qoa,l(sn) ~nE[@a,1(X1)]) =0 P-a.s.
n p

3.6 Whittaker convolution of functions

After having studied the probabilistic properties of the Whittaker convolution, we return to the study
of the basic properties of this convolution, which we shall now regard as a binary operator on weighted
LP spaces.

Definition 3.56. Let f, g : R* — C be complex-valued functions. If the double integral

(Fo0m = [ TEN©@@ra@de= [ [ ka0 700 8@ ra)dyralerde

exists for almost every 0 < x < oo, then we call it the Whittaker convolution (of order ) of the
functions f and g.

Note that this definition is obtained from Definition 3.20 by letting u and v be the absolutely
continuous measures defined by u(dx) = f(x) rq(x)dx and v(dx) = g(x) ro(x)dx. The Whittaker
convolution of functions is positivity-preserving (i.e., f °g 2 0 whenever f, g > 0) and commutative
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G.e., f °g=8¢ f). Moreover, it generalizes the convolution associated with the Kontorovich-Lebedev

transform: indeed, in the case a = 0 it is straightforward to verify, using (3.20), that
13
@nh e (Fo) () = (9

where f(x) = x3e¥ f (%), g(x) = x‘%e‘xg(%) and X is the Kontorovich-Lebedev convolution

operator (defined as (f * ) (x) := 5= /Omfomexp(—% - % - %)f(y)g(f) dydé, cf. e.g. [191]).

3.6.1 Mapping properties in the spaces L”(r,)

The well-known Young convolution inequality has a natural analogue for the Whittaker convolution of
functions belonging to the family of L? spaces defined in (3.38). (The following result should also be
compared with the Young inequality for the Hankel convolution stated in Proposition 2.21.)

Proposition 3.57 (Young inequality for the Whittaker convolution). Let p1, p2 € [1, o] such that

% + é > 1. For f € LP\(ro) and g € LP2(ry), the L-convolution f °g is well-defined and, for

s € [1, co] defined by % = % + é — 1, it satisfies
1f ¢ &lls.a < 1fllpi.allgllps.a

(in particular, f °g € L% (rqy)). Consequently, the Whittaker convolution is a continuous bilinear

operator from LP'(rq) X LP2(ry) into L°(rg).

Proof. The proof is analogous to that of the Young inequality for the ordinary convolution. Define

L_ 1 _1and % =1 _ % Observe that

T p1 s T p2

1/s

(T DNHgD] < LT HOIP 1gWIPE [I(TF IO 18 (9)172]

1,1, 1 _ g . .
+o+o =1 we have by Holder’s inequality and Proposition 3.13(b)

Since sta

/0 T2 O g0 ra(y)dy

” X P1 % - P2 é ” X P1 p2 *
s( /O TZH ) ra(y)dy) ( /0 5] ra(y)dy) ( /0 (T2 ) DIP () Pra () dy

00 1/s
< ||f||§}”‘||gIIZ§/’2( /0 I(%xf)(y)l”‘Ig(y)l”zra(y)dy) .
Using again Proposition 3.13(b) we conclude that
1f & glls.a < WAL NI WAL S NGBS = 1fllpr €l pa.a- 0

Another analogue of a well-known property of the ordinary convolution is the fact that the Whittaker
convolution of functions belonging to L? spaces with conjugate exponents defines a continuous
function:
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Proposition 3.58. Let p,q € [1,00] with %+ = 1. If f € LP(ry) and g € L9(ry), then

f o8 € Cp(RY).

1
q

Proof. The previous proposition ensures the boundedness of f 8. For the continuity, let xo > 0; then

for 1 < p < co we have

|(f 0 8) () = (f 2.8)(x0)| = ‘ /0 (T2 )(E) = (T3 £)(0)8 (&) ra()dé

<75°f - 7:zxofllp,a“g”q,a -0 asx — Xxo

by Holder’s inequality and Proposition 3.13(c). In the case p = oo (and by symmetry p = 1), the
continuity of f °g follows by dominated convergence, using parts (a) and (c) of Proposition 3.13. O

Some fundamental connections between the Whittaker convolution (and translation), the index
Whittaker transform and the differential operator A, are given in the following proposition.

Proposition 3.59. Let y > 0 and 7 > 0. Then:
@ If f € L2(rq), then (Wo (T3 1)) () = Wa iz (y) (Wa f)(7);
(B) If f € L2(ra) and g € L' (ry), then (Wa(f ©2))(7) = (Waf)(T) (Wag)(7);
() If f € L*(ra) and g € L' (ra), then T3 (f 98) = (T3 f) o ;
@) If f € DY, then T3 f € DY and Aa(T3 f) = T3 (Aaf):

() If f € DY and g € L' (ro), then f o g € DS and Ao(f ¢ 8) = (Aaf) < g.

Proof. (a) Let f € L'(ro) N L?(r,). Using Fubini’s theorem and the product formula (3.32), we
compute

(Wa (72 1)) (7) = / / FE) k(6 32 ) o (€)dE W10 (x) ra (x)dx
0 0

 Woie () / FE Wi () ra(€)de
0
= (l,iT(y)((W(lf)(T)'

By denseness and continuity, the equality extends to all f € L*(r,), as required.

(b) For f € L'(ro) N L?*(ry) and g € L' (r,) we have
Wal£ 500 = [ [ (T2 80 ra @) Wic () ra )
0 0
- /0 S (&) (W (T () ra(£)de
= (Waf)(0) /0 $(E) Wi i2(6) ra()dE = (We ) () (Wag) (1)

where we have used Fubini’s theorem and part (a). Again, denseness yields the result.
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(¢) By the previous properties,
We|Ta (f 0 )] (1) = We [(T3 1) ¢ 8] (1) = Wa iz () (W /) (7) (Wag) (7).

Since both 75 (f ° g) and (7 f) o gare elements of the space L*(r,) (see Proposition 3.60 below),
this implies that 77 ( f ° g) = (737 f) °g.

(d) Recalling the inequality (3.61), it is evident that 7’ (@(2)) D(z) Since the index Whittaker
transforms of A, (75 f) and 75 (A, f) are both equal to (2 + (3 — @)})Wo i () (W f) (1), the
result follows.

(e) The proof is similar to that of (d). m]

We have seen in Proposition 3.57 that if f € Lz(ra) and g € LP(ro,) (1 < p < 2) then the
Whittaker convolution f °g exists and belongs to L2 P (rq). Using the index Whittaker transform,

this result can be strengthened as follows:

Proposition 3.60. Let f € L*>(ro) and g € LP(ro) (1 < p <2). Then f °g € L%(ry), and we have
1/ ¢ 8ll2.a < Cpllfll.allgllp.a
where C), = ”Wm()”q o < @ (being % +==1)

Proof. The fact that ||W,, oy, is finite for each 2 < g < oo is easily verified using the limiting forms
(3.5), (3.7). Now, for f, g € C.(R*) we have

q,(t”g“P,(l”fHZ,a

1f 2 gl = [(Waf) W)z, < sgp0|(‘Wag)(T)| Wetll 2, < [Waoll

where we denoted L*(p,) = L? (R*; pa(7)dT); we have used the isometric property of the index
Whittaker transform, and the final step relies on the inequality |W,_ i+ (x)| < Wy.0(x) (proved in (3.60))
and on Holder’s inequality. As usual, the result for f € L*(r,) and g € L?(r,) follows from the

denseness of C.(R*) in these L” spaces. O
Corollary 3.61. (a) If f,g € L*(ry), then fgg € L(ry) forall 2 < q < oo, with
1f ¢ 8llg.a < Cqllfll2.allgll2.a

being Cy = HWa,OHq,a‘

(b) Let 1 < p; <2and1 < py < 2suchthat%+pl2 < % Lettbedeﬁnedby%:
feLP(ry)and g € LPx(ry), then fgg € L¥(rq) forall s € [2,1].

1 1
P_I+E_1'If

Proof. The following proof is adapted from [58, Section 5].
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@ Lethe LP(ry) (% + é =1)and f, g € C.(R"). Using Proposition 3.60 and Fubini’s theorem,
we obtain

’ | ¢ s0mnwra@

S/ (1f1g [hD) (x) g (X)|7a (x)dx
0

< llglbolllF12 1A, , < Cqliglaallfl,allhllpa-

Therefore

If o 8llg.a = sup /0 (f 2 )@ h()re@dx| < Cqllfl.allg .

heLP (rq)
Allp.a<1

and the usual continuity argument yields the result.
(b) By the Young inequality (Proposition 3.57) f °g € L'(r4), and we know that L?(r,) N
L'(rq) € L*(rq), thus we just need to show that f °g € L*(r,). Observe that g; := g 1{g>1y €

L'(ro) NLP2(ry) and g5 = g 1yg1<1y € LP?(rq) N L% (ry). It follows from Propositions 3.57 and
3.60 that, respectively, f 081 € LP'(ro) N L' (rq) € L*(ry) and f °g € L*(rq); consequently,

— 2
feg=foai+fogaeLli(ra). o

3.6.2 The convolution Banach algebra L, ,

In this subsection we focus on the properties of the Whittaker convolution in the family of spaces
{Lav}v>0, Where

Lo,y:= L! (RY, Wa,y (x) ro(x)dx) (a < %, v > 0).
We observe that, by the limiting forms of the Whittaker W function,

f€Lay ifandonlyif  f e L'((0,1], x_z"e_idx) NL'([1, ), x_%_‘”"dx) (v>0)

f€Lao ifandonlyif  f e L'((0,1], x_z"e_idx) NL'([1, ), x_%_"logx dx)
(3.100)
and therefore the spaces L, are ordered:

La,y, CLgy,, whenever vi > vo.

It is also interesting to note that the family {L, , }, >0 contains the space L' (re) =L @ o (Recall
that by (3.12) we have Wa’%_a(y) =1.)

The following lemma collects some properties of the index Whittaker transform in the spaces L
(a < 1y> 0):

Lemma3.62. If f € L,.,, thenits index Whittaker transform (We f)(7) = fow T Wa.iz(y) ra(y)dy
is, for every T belonging to the complex strip |Im 1| < v, well-defined as an absolutely convergent
integral, and it satisfies

Wuf)(r) — 0 uniformly in the strip [Im 7| < v. (3.101)



88 3. The Whittaker convolution

Moreover, if (Wof) (1) =0 forall T > 0, then f(x) = 0 for almost every x > 0.

Proof. The absolute convergence of the integral defining ‘W,, f is clear from the inequality (3.60). It
follows from (3.57) and the Riemann-Lebesgue lemma that for each y > 0 we have W, ;- (y) — 0
as T — oo uniformly in the strip |Im 7| < v, hence dominated convergence gives (3.101). Letting u
be the (possibly unbounded) measure u(dx) = f(x) rq(x)dx, the same proof of Proposition 3.18(ii)
shows that if (72 + (% —a)?) = (W,f)(1) =0 forall T > 0, then u is the zero measure, so that
f(x) =0a.e. |

Proposition 3.63. For f, g € L., the Whittaker convolution f °g is well-defined and satisfies

1/ ¢8llLa, < flla,lIgllL,.,

(in particular, f °g e Lg.,v). Moreover, properties (a) and (b) in Proposition 3.59 are valid when f

and g belong to L, and T is a complex number such that |Im 7| < v.

Proof. We compute

1F o gl < /O /O /O Ok (v, ©)ra () dy 18(E) Ira (€)dE W ()ra (x)dx
_ / / / Waw (ke (x 3. E)r o (@)dx |f (D) ra(0)dy [8(E)ra(€)dé
0 0 0
- / O W (0)ra(y)dy / 19(8) Wa (6)ra(€)de
0 0

= fllza 18]z,

where the positivity of the integrand justifies the change of order of integration, and the second equality
follows from the product formula (3.32). The final statement is proved using the same calculations as
before. |

Corollary 3.64. The Banach space L, equipped with the convolution multiplication f - g = f °g

is a commutative Banach algebra without identity element.

Proof. Proposition 3.63 shows that the Whittaker convolution defines a binary operation on L, ,
for which the norm is submultiplicative. The commutativity and associativity of the Whittaker
convolution in the space Lq,y follows from the property (Wo(f ¢ 8))(7) = (Wo f)(1) (Wag)(7)

and the injectivity property of Lemma 3.62.

Suppose now that there exists e € L, such that f oe= f forall f € L, ,. This means that

(Waf) (1) (Wae)(1) = (W, f)(r)  forall f € Ly, and T > 0.

Clearly, this implies that (‘W,e)(7) = 1 for all T > 0, which contradicts Lemma 3.62. This shows that
there exists no identity element for the Whittaker convolution on the space L , . |
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We will see that the index Whittaker transform on the Banach algebra L, admits a Wiener-Lévy
type theorem which resembles the classical Wiener-Lévy theorem on integral equations with difference
kernel (cf. [68, §17, Corollary 1], [104, p. 164]). For this, we will need the following lemma:

Lemma 3.65. Let J : Lo, — C be a linear functional satisfying
J(feg)=J(f)-J(g)  forallf,g € La,y. (3.102)

Then J(f) = fooo fEYWy ir(€) ro(€)dé for some T belonging to the complex strip |Imt| < v,
including infinity.

Notice that T = co corresponds, by (3.101), to the zero functional on L .

Proof. By the standard theorem on duality of L? spaces,

J(f) = /0 F(E) (&) ro(é)de

where g~ € L¥(rq), i.e., (3.51) holds. Since J(f ¢ g) = J(f)-J(g), for f,g € Lq,, We have

f r@w@n@a [ a0 w@ri@e= [ [ D0 0rm0b oer. @i
0 0 A ;
- [ [ @n©w@r@de oo
- [ [ oo rera@de sorata

where the last equality follows from the commutativity of the Whittaker convolution, cf. Corollary
3.64. (The commutativity easily extends to f € L, and ﬁ € L*(rq) via a continuity argument.)

Since f and g are arbitrary,

wx) w(y) = (75 w)(x) = / W(E) ko (x,y,E) ro(€)dé for almost every x,y > 0
0
and the conclusion follows from Lemma 3.15. O
Theorem 3.66 (Wiener-Lévy type theorem). Let f € Ly, (@ < 1y >0)and o € C. The following
assertions are equivalent:
(@) o+ (Wuf)(t) # 0 forall T belonging to the complex strip |Im 7| < v, including infinity;
(ii) There exists a unique function g € L, such that

1

ot (WohH(o) o'+ (Weg)(t)  (Im7| < ). (3.103)

Before the proof, we need to introduce some relevant notions from Gelfand’s theory of maximal
ideals in commutative Banach algebras (cf. e.g. [161, Chapter 6]). Let V be a commutative Banach
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algebra with identity element. A proper ideal on V is a nonempty linear subspace 7 & V such that
v-x =x-v €1 wheneverv € Vand x € 7. A proper ideal 7 is said to be maximalinV if I = J
whenever  is a proper ideal such that 7 ¢ J. A linear functional F : V — C is said to be a
multiplicative linear functional if F # 0 and F(x-y) = F(x)F(y) for all x, y € V. (This implies that
F(e) = 1, where e is the identity element in V.) We will make use of the following basic results [161,
Proposition 6.1.12 and Theorem 6.2.2]:

e If v € V is not invertible, then v is contained in a maximal ideal of V;

 If F is a multiplicative linear functional on V, then 7 = Ker(F) = {v € V | F(v) = 0} is a
maximal ideal on V, and conversely if 7 is a maximal ideal on V then there exists a unique
multiplicative linear functional F : V — C such that 7 = Ker(F).

Proof of Theorem 3.66. (i) = (ii): Let V,_, be the Banach algebra obtained from L, , by formally
adjoining an identity element e, that is, V,, , := {0oe+ f(+) | 0 € C, f € L,,} endowed with the
norm ||oe + f|| = |o| + || fllL,.,. The index Whittaker transform is naturally extended to V,, as
(Wa(oe+ 1)) (1) = 0+ (Wof)(7) (Im7| < v). It follows from Proposition 3.63 that

Ja,‘r : V(x,v — C, Ja,T(Qe+f) = (Wa(Qe+f))(T) (3.104)

is, for each 7 in the strip |Im 7| < v (including infinity), a multiplicative linear functional on V,, ,. We
claim that there are no multiplicative linear functionals in V,,,, other than the functionals J, . defined
in (3.104). Indeed, if J : V,,, — C is a multiplicative linear functional, then restricting to L, we
obtain a functional f +— J(f) on L, such that (3.102) holds. By Lemma 3.65, J(f) = (Wy f)(7)
for some 7 in the strip [Im 7| < v (including infinity), and thus by linearity J(oe+ f) = o+ (Wy f) (7).
Hence J = J, +, as we had claimed.

Assume that o + (‘W f)(7) # 0 for all 7 with [Im 7| < v. By the above, we have ge + f ¢ Ker(J)
for all multiplicative linear functionals J : V,, ., — C, and using the results stated before the proof we
deduce that oe + f is invertible on V,,,,. Denoting the inverse by o’e+g (0’ € C,g € L, ), we obtain

(0+ (Waf)(1) (0" + (Wog)(r)) =1  (Im7| <v).

We know that lim;_,.o Wy ;- (y) = 0 for y > 0, hence as in Lemma 3.62 it follows that the left hand
side equals p 0’ when T = co. We thus have o’ = Q_l, so that (3.103) holds.
(ii) = (i): This implication is straightforward: given that g € L, ,, Lemma 3.62 ensures that
[(Weg)(T)| < (Wylg])(iv) < oo for all T in the strip |[Im 7| < v. Since (3.103) holds, it follows that
_ 1 .
o+ ((W(,f)(T) = A (Wag) (D) # 0 for all T with |[Im 7| < v. O

3.7 Convolution-type integral equations

In this final section of the chapter we demonstrate that the Whittaker convolution, and especially the
analogue of the Wiener-Lévy theorem proved above, can be used to study the existence of solution for
integral equations of the second kind which can be represented as Whittaker convolution equations, in
the sense defined as follows:
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Definition 3.67. The integral equation of the second kind
F@+ [ I £ dy = o), (3.105)

where A is a known function and f is to be determined, is said to be a Whittaker convolution equation
if there exists @ < % and 6 € L, such that J(x,y) = (750) () 7o (y) = (7:50)(y) y 2%~ /Y. In
other words, (3.105) is a Whittaker convolution equation if it can be written in the form

JO) +(f26)(x) = h(x) (3.106)
for some a < % and 6 € L, p.

Suppose that h,6 € L, , (being @ < % and v > 0), and consider the convolution-type equation
(3.106). Applying the index Whittaker transform to both sides of the convolution equation, we get

(WoH)(D)[1+ (Web) ()] = (Woh)(7) (Im 7| < v). (3.107)
Now, Theorem 3.66 shows that the condition

1+ (Wo6)(1t) #0 throughout the strip |Im 7| < v

is a necessary and sufficient condition for the existence of a unique g € L, satisfying

1

T+ W0)(1) 1+ (Weg)(r)  (Im7| <), (3.108)

and if this holds then from (3.107) we obtain (W, f) (1) = (Woh)(1) [1 + (Wog) (T)] (ImT| < v)
or, equivalently,

J(x) = h(x) + (hog)(x) = h(x) +/O Jg(x,y) h(y) dy (3.109)

where Jo (x,y) = (7;°8)(y) ro(y). In summary, we have proved the following:

Theorem 3.68. Let J(x,y) = (7;0)(y) ra(y) where 8 € L, (@ < %, v > 0), and suppose that
1+ (W,0) (1) # 0 for all T in the strip |Im 7| < v, including infinity. Then the integral equation
(3.106) has, for any h € L, a unique solution f € L, which can be represented in the form (3.109)
for some g € L, ,. Conversely, if 1 + (Wy60)(19) = 0 for some 1o with |Im 79| < v, then the equation
(3.106) is not solvable in the space L .

We point out that as long as % = O(172), the representation (3.109) for the solution of

the integral equation can be rewritten as

W,0)(t
7@ =)= [ [T T Wi () Warir ) pu(DT O Fa0)dy (3.110)
(here we used (3.48) and Proposition 3.59(a)). In many cases of interest, the index Whittaker transform
(‘W,0)(7) can be computed in closed form using integration formulas for the Whittaker W function
(which can be found in published tables of integrals, see e.g. [147, Section 2.19]), so that (3.110)
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becomes an explicit expression for the solution of the convolution integral equation, which can be
evaluated using numerical integration.

The Whittaker translation of the power function 6(x) = x#, whose closed form was computed in
Lemma 3.12, yields a large family of Whittaker convolution integral equations to which this theorem
can be applied:

Corollary 3.69. Let h e L, (o < 1v>0),1€C andB e CwithRepB < —% +a —v. The integral
equation

P2 [P Wy oy () 0 a1y = i, G111

has a unique solution f € L, if and only if the condition
F(B)+AT(B-3+a+it)T(B-F+a—it) #0
holds for all T € C in the strip |Im 7| < v, including infinity.

Proof. Let 6(x) = AxP. Itis clear from (3.100) that € L,.,. We have seen in Lemma 3.12 that

(T200) = A+ 3P W, oy ),

The index Whittaker transform ‘W, 6 is computed using relation 2.19.3.7 in [147]:

(W,0)(7) = /l‘/ODOxBW,,,iT(x) Fo(X)dx = %ﬂ) F(—,B—%+a+i7’)1“(—,8—%+a/—ir), Im7| < v.

The corollary is therefore obtained by setting 6(x) = Ax# in Theorem 3.68. m|

It should be emphasized that Theorem 3.68 is not just an existence and uniqueness theorem for the
solution of Whittaker convolution integral equations: under a mild assumption, (3.110) provides an
explicit expression for the solution which involves integration with respect to the parameters of the
Whittaker function. However, if we are able to determine a closed-form expression for the function
g € L, which satisfies (3.108), then the representation (3.109) yields a more tractable explicit
expression for the solution which does not involve index integrals. This is illustrated in the following
corollary:

Corollary 3.70. [fh € L_,, ,, wheren e Ngand 0 < v < % then the integral equation

! * 1
@+ [ W, () 700y dy = b G112)

has a unique solution f € L_,, ,, which is given by

FG) = h@) + (h o g)(x) = h(x) + /0 /O kon(x,7.€) h(y) gn(€) (vE)?e™> 7 dyde

where (1 k)z
n! '+ o
gn(x) == -— ZTx W o(x). (3.113)

k=0
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Proof. The integral equation (3.112) is the particular case of (3.111) which is obtained by setting
a=-nB=-n—1land A = "7' In this case, (W_,,0)(7) = %F(% + iT)F(% —it) = m Clearly,
if Im7| < % then Re[cosh(sr7)] > 0, hence the solvability condition 1 + (‘W_,0)(7) # 0 holds in the
strip [Im7| < v < % and, according to Theorem 3.68, the unique solution of (3.112) is the function
f(x) =h(x)+(h o g)(x), where g is the function satisfying
W) (7) 1 ! :
a N = .
" T TR WL () 2 cosh?(Z1)

It remains to show that the function (3.113) satisfies this requirement. Using integral 2.16.48.14 of
[146] and recalling the identity (3.11), we find that

© |
/——7——%ﬁmmMM=—%mw (3.114)
0 2cosh™(%) X

Now, by (3.53) and the recurrence relation for the Gamma function we have
r 1 a2 dl _ e 1 . V2101 . 2
I0(z +in)[ = Woie () = (=1)"[0 (5 +i7)[] (3 + 1) , [ Won i ()

(3.115)
= (—1)”|F(% +n+ iT)|2W_n,l-T(x).

Therefore, applying f;,, to both sides of (3.114) we obtain

/o Wz(%)w_”’”(x) p-n(T)d7 = (=1) e (EWo,o(x))

ol TG+ DR
—_—X

) |
n- 4 k!

_n+k_1W_k,0 (X)

where the possibility of differentiating under the integral is justified as in the proof of Lemma 3.15, and
the last equality follows from Leibniz’s rule and the identities dn,jk (x71) = (=1)"K(n = k)1x7+k-1

dx
and (3.115). Recalling (3.48), we see that [‘W__,l (% cosh_z(%))] (x) = —gn(x) and, consequently,
(W_,gn)(7) = —% cosh_z(%), as was to be proved. O
The integral equation
(o] e—x—y
e+ [ f0 Sty =heo (3.116)
0 x+y

which has been introduced by Lebedev in [107], can be interpreted as the particular case of (3.111)
which is obtained by setting @ = 0, 8 = —1, f(x) = x‘le‘xf(%) and h(x) = x‘le"‘h(%). It is
shown in [194, Section 17.1] that Lebedev’s equation (3.116) is a convolution equation with respect to
the Kontorovich-Lebedev convolution, and an explicit representation for the solution has been derived
for A = % The equation (3.112) is therefore a natural generalization of Lebedev’s integral equation
for which Corollary 3.70 provides an explicit expression for the solution. The existence of explicit
solution for the generalized Lebedev equation (3.112) is noteworthy because the Whittaker function
W,. 1 (+) is often encountered in problems in physics and chemistry [106].
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Remark 3.71. For ease of presentation, throughout the chapter we have introduced the Whittaker
convolution as the generalized convolution determined by the Sturm-Liouville operator A u(y) =
y2u”(y) + (1 +2(1 — @)y)u’(y). It is, however, not difficult to extend our construction in order to
define the generalized convolution associated with a Sturm-Liouville operator A = A,y of the

more general form

Au(y) = yy*u” (y) +y(c +2(1 — @)y)u'(y) = r(lj(pu’)/(y) (y,¢>0, a<3)

where r(¢) = %ra(é) and p(&) := cy&2(1-®e~1/€ Tt should be noted that this extension includes
the infinitesimal generator of a general (nonstandardized) Shiryaev process (as defined in (3.1)) with
drift u > ‘772 The crucial observation here is that the solutions of the more general Sturm-Liouville
problem —Au = Au (with Neumann boundary conditions) can also be expressed in terms of the
Whittaker W function and, therefore, the corresponding product formula can be obtained by applying
elementary changes of variables to the product formula determined in Section 3.1. The kernels of the
more general product formula also constitute a family of probability densities, so the induced notions
of generalized translation, convolution, Lévy processes and moment functions (defined in analogy
with those of the previous sections) have essentially the same properties as before.

Table 3.1 collects the product formula and the definitions of the fundamental objects which underlie
the construction of this extension of the Whittaker convolution structure. Using these definitions and
the same proofs as before, it is straightforward to check that the main results of the previous sections
— such as the Lévy-type martingale characterization for the nonstandardized Shiryaev process or
the Wiener-Lévy type theorem for the index Whittaker transform — are also valid for the extended

Whittaker convolution structure.

Table 3.1 Basic results and definitions for the extended Whittaker convolution

Solution of the Sturm-Liouville boundary

value problem Wa.a(%) [A = J -2 - %]

[-Au = Au, u(0) =1, (pu’)(0) =0]

Product formula for the Sturm-Liouville Wa,v(f) Wa,v(%) = /Ooo W(x,v(%) k(x,y,&)r(&€)dé
solutions [k(x,y,6) = ka(%,%,g)]

Extended Whittaker translation operator (T f)(x) = fooof(‘f) q(x,y, 8 r(&)dé = (‘Etyﬂ'f(c 9)()

Extended index Whittaker transform of (Wf)(r) = /000 f) Wrt,i'r(%) r(y)dy = (Waf(c ‘))(T)
functions and measures (Wu)(A) := [, War(2) u(dy) = O/ u(y2)

Extended Whittaker convolution of func- (fog)(x) = /()W(Txf) (&) g(&) r(&)dé = (f(c -)gg(c °)) (f)

tions and measures (1O V)(AE) 1= foy foe @, 3. EF(©)dE p(dn) v(dy)

o-infinitely divisible measures, ¢-convo-
lution semigroups and ©-Lévy processes

Replace b4 by ¢ in the previous definitions

(Canonical) ¢-moment functions @k (x) = @r(%), where @ (+) are (canonical) o-moment functions

Extended Whittaker convolution equation | An equation of the form (3.105), with J(x, y) = (770)(y) r(y)




Chapter 4

Generalized convolutions for
Sturm-Liouville operators

This chapter is dedicated to the problem of constructing Sturm-Liouville convolutions, i.e. generalized
convolution operators associated with Sturm-Liouville differential expressions. The convolutions
constructed here will, in particular, allow us to interpret the diffusion process generated by the
Neumann realization (£L®, D(L?)) of the Sturm-Liouville operator as a Lévy-like process.

We consider Sturm-Liouville operators of the form (2.16) but without zero order term, that is,

5:—1i(pi), x € (a,b) 4.1)

(=0 < a < b £ o). Throughout the chapter we always assume that the coefficients are such that

p(x),r(x) > 0forallx € (a,b), p,p’,r,r’ € ACo(a, b) and fac /yc %r(y)dy < o0,

Remark 4.1. We shall make extensive use of the fact that the differential expression (4.1) can be

transformed into the standard form

g__li( i)__d_z_i’i
C Ade\"dadg) T a2 A de

This is achieved by setting

AE) = PO @) ry 1 (©)). 4.2)

where y~! is the inverse of the increasing function

e [
(@) = / ,/p(y)dy,

¢ € (a, b) being a fixed point (if % is integrable near a, we may also take ¢ = a). Indeed, we

know from Remark 2.31 that a given function w, : (a, b) — C satisfies £(w,) = Adw, if and only if
@(8) = w(y1(&)) satisfies £(@,) = A1@,.

95
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4.1 Known results and motivation

As noted in the Introduction, the subject of this chapter is not new. The roots of the problem of
constructing Sturm-Liouville convolutions originate in the work of Delsarte and Levitan on generalized
translation operators determined by ordinary differential operators [43, 110—113]. This theory was
later developed by Chébli [27], who constructed convolutions satisfying the hypergroup axioms for
Sturm-Liouville operators belonging to a family which includes the Bessel operator %dd—; + ":% %
n > —%) and the Jacobi operator (2.48) witha > 8 > % In turn, Zeuner [196, 197] introduced the

general notion of a Sturm-Liouville hypergroup and extended the results of Levitan and Chébli to a

larger class of differential operators. (Further remarks on the historical development of the topic can
be found in [16, pp. 256-257].)

The definition of Sturm-Liouville hypergroup proposed by Zeuner reads as follows:

Definition 4.2. [196] A hypergroup (R?, *) is said to be a Sturm-Liouville hypergroup if there exists a
function A on Ry satisfying the condition

SLO A € C(R}) N C'(R*) and A(x) > 0 forx > 0

[Se]

o even» the convolution

such that, for every function f € C
o) = [ PO 6,0 *3)

belongs to C?((R{)?) and satisfies (£xv5)(x,y) = (Lyvs)(x,y), (Byvr)(x,0) =0 (x > 0), where
ty = _A(lx) a%(A(x)a%)

The following fundamental existence theorem for Sturm-Liouville hypergroups was established in
[197]:

Theorem 4.3. Suppose that A satisfies SLO and is such that

SL.1 One of the following assertions holds:

SL1.1 A(0) = 0 and ‘X((;C)) = % + a1 (x) for x in a neighbourhood of 0, where ay > 0 and

a1 € C*(R) is an odd function;
SL1.2 A(0) > 0and A € C'(R}).

SL2 There exists € C! (Ry) such that n > 0, the functions ¢,, := %’ -, Yy = % F— %nz + % ‘n
are both decreasing on R* and lim,_,« ¢, (x) = 0.

Define the convolution = via (4.3) where, for f € Cl., v denotes the unique solution of
Loy = byoy, v (x,0) = vp(0,x) = f(x), (Oyvy)(x,0) = (Oxvr)(0,y) = 0. Then (R{,*) is a
Sturm-Liouville hypergroup.

Remark 4.4. In this chapter we focus on the construction of convolutions defined on noncompact
intervals of R. However, it is worth noting that Sturm-Liouville hypergroups have also been studied
on compact intervals: a hypergroup ([by, b;], *) is said to be a Sturm-Liouville hypergroup of
compact type [16, Definition 3.5.76] if there exists a function A € C[by, bo] N C'(by, by) such
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that A(x) > 0 for b; < x < by and /;2 A(x)dx = 1 which satisfies the following requirement:
for each f € CZ°(b1, by) the convolution /[b|,bz] f(&)(0x * 0y)(d€) is twice differentiable and
satisfies (£xvy)(x,y) = (&yvy)(x,y) and (Oyvr)(x, b1) = (yvy)(x,b2) =0 (b1 < x < by), where
l = —ﬁ % (A(x) %) is the associated Sturm-Liouville operator. The simplest example (where A is
constant) is the two-point support hypergroup ([0, 5], %) defined as d g Oy = %(6 Ix=y| + 08— |B=x—y|)-

Another important example (cf. [16, p. 242]) is that of the compact Jacobi hypergroup ([-1, 1], @ ):
@,

for (a, B) such that —1 < 8 < « and either 8 > —% or a + f > 0, this hypergroup is defined as

Sy ® 8y = w5, where v\%P

a,p

is the unique measure such that the product formula

RUB) (1) R () = /[_1 ) REP (V%P (dg)  (neNy) (4.4)

holds for the Jacobi polynomials R,(l"’ﬁ ) defined in Example 2.39. (It is proved in [67] that for
each x,y € [—1, 1] there exists a unique measure v,((‘iv’ﬁ ) e P[—1, 1] such that (4.4) holds.) Further
existence theorems for Sturm-Liouville hypergroups of compact type associated with suitable families
of differential operators have been established in [16, 197].

To the best of our knowledge, Theorem 4.3 is the most general known result giving sufficient
conditions for the existence of a Sturm-Liouville hypergroup on R associated with a given function A.
In fact, as far as we are aware, all the concrete examples of hypergroup structures on R{ which were
known prior to this work are (modulo a suitable change of variables, cf. Remark 2.31) particular cases
of Sturm-Liouville hypergroups satisfying conditions SLO, SL.1 and SL2 (see [16, 65]).

In the previous chapter we studied the problem of existence of a Sturm-Liouville convolution for
the particular case of the generator (3.2) of the Shiryaev process, and we established the following
result:

Proposition 4.5. Let 7; and ° be the Whittaker translation and convolution (Definitions 3.11 and

3.20 respectively), and let f € CZ Then the function

c,even’

o) = (TN = [ €6, 50,)(de)

is @ solution of A vy = Aa o5, vF (x,0) =05 (0,%) = £(x), (o) (x,0) = (8M05)(0,y) = 0.
(Here Aq x and A,y denote the differential operator (3.2) acting on the variable x and y respectively,
and 91 = pa(&) %)

Proof. The fact that vy is a solution of A, xvf = Agq, yvr follows from the proof of Lemma 3.15,
and the claimed boundary conditions at the axes x = 0 and y = 0 were proved in Lemma 3.44. |

This result is not a particular case of Theorem 4.3 because the Sturm-Liouville operator A, does
not belong to the family of operators satisfying assumptions SL1-SL2. (Note that A, is transformed,
via the change of variables z = log x, into the operator ;—222 +(1-2a+e7?) diz defined on the interval
(a,b) = (—o0,0).) Moreover, it was observed in Section 3.4 that, unlike the convolutions of Theorem
4.3, the Whittaker convolution does not satisfy the compactness axiom H6 of hypergroups; this is a
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distinguishing property of the Whittaker convolution, because as far as we are aware all other known
examples of Sturm-Liouville convolutions satisfy the compactness axiom. However, many of the
properties of the Whittaker convolution established in Chapter 3 are remarkably similar to those of
Sturm-Liouville hypergroups. This leads to natural questions, namely whether one can construct other
Sturm-Liouville convolutions which do not satisfy the compactness axiom and, more specifically,
whether it is possible to achieve this by extending the PDE approach of [197] to the Sturm-Liouville
operator ‘A, and other operators of a similar sort. A positive answer to these questions is given within
this chapter.

4.2 Laplace-type representation

The possibility of constructing a generalized convolution associated with the Sturm-Liouville expression
(4.1) is strongly connected with the positivity-preservingness of solutions of the hyperbolic Cauchy
problem £,v = £yv, v(x,0) = v(0,x) = f(x), (dyv)(x,0) = (d,v)(0,y) = 0. We now introduce an
assumption which will be seen to be sufficient for the Cauchy problem to be positivity preserving.
Recall that the function A, defined in (4.2), is the coefficient associated with the transformation of £
into the standard form (Remark 4.1).

Assumption MP. We have y(b) = fcb ;((i)) dy = oo, and there exists 7 € C'(y(a), c0) such that

n > 0, the functions ¢,, := %, -1, Yy = % r— }an + %; -n7 are both decreasing on (y(a), o) and ¢,,
satisfies lim¢ o0 ¢, (&) = 0.

The reader will notice that this assumption is similar to condition SL2 in the existence theorem for
Sturm-Liouville hypergroups stated above (Theorem 4.3), but it is more general as it does not require
the function 7 to be C' at the left endpoint of the interval.

As in Section 2.4, in the sequel we denote by w, (+) the unique solution of (2.18), and {a@,; }men
will denote a sequence b > a; > a; > ... with lima,, = a. Having in mind the product formula
that we shall establish for Sturm-Liouville expressions (4.1) which satisfy Assumption MP, in this
section we prove the related fact that the solution w,(x) of the initial value problem (2.18) admits
a representation as the Fourier transform of a subprobability measure. To this end, we need a few
lemmas. We start by stating some important properties which hold for all Sturm-Liouville operators
of the form (4.1) which satisfy Assumption MP.

Lemma 4.6.

. > . . T . A
(a) The function AX is nonnegative, and there exists a finite limit o := limg¢_, %(?) € Ry.

(b) If A < 02, then wy(x) > O for all x € [a, b).
(c) If A > o2, then wy(+) has infinitely many zeros on [a, b).

(d) b is a natural endpoint for the Sturm-Liouville operator €.

Proof. The proofs of (a) and (b) are rather technical and rely on a careful study of (the coefficients of)
the differential operator Z; see, respectively, Section 2 and Proposition 4.2 of [197].
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Concerning part (c), we first apply the Liouville transformation (Remark 2.31) to deduce that that
the function \/A (&) wy(y~(¢)) is a solution of —v” + (q — A)v = 0, where

A'(€) 2 (A(€)
2A(§)) +(2A(§)

We know from Assumption MP and [197, Lemma 2.9] that lim ¢ o, ¢,,(£) = 0 and lim¢_,.o 7' (¢) = 0.

In turn, the fact that ¢;, is positive and decreasing clearly implies that ¢;, € L'([c, ), d¢) for
2

1 1
a(&) = ( ) = 18O v+ 36,6,  fe@ne). @)

¢ > y(a) and, therefore, limg .0 ¢7,(§) = 0. We thus have limg o q(§) = 0. Using a basic
oscillation criterion for second order ordinary differential equations [45, XIII.7.37], we conclude that
\/@ wa(y~'(€)) has infinitely many zeros on [y(a), o) whenever 1 > -2, so that (c) holds.

Part (d) follows from the general fact that the existence of oscillatory solutions for the Sturm-
Liouville equation (that is, solutions with infinitely many zeros) implies that the essential spectrum
of any self-adjoint realization of the Sturm-Liouville expression is nonempty [45, XIII.7.39], which
in turn implies that, in the Feller boundary classification, at least one endpoint must be natural [129,

Theorem 3.1]. ]

Our second lemma states that the family of Sturm-Liouville expressions satisfying Assumption MP
is closed under changes of variable determined by the multiplication of the coeflicients by (squared)
strictly positive solutions of the Sturm-Liouville problem. It is based on a known result on changes of
spectral functions for Sturm-Liouville operators and Krein strings ([103], see also [48, Section 6.9]).

Lemma 4.7. Let £ = —%% ( p d—dx) be a Sturm-Liouville expression satisfying Assumption MP. For
—00 < k < 02, consider the modified differential expression

1 d d
(k) — _ Il OO N
&= r<K>dx(p dx)’ x € (a,b)

where p$<) = wf -p and r$) = w% -r. Then Assumption MP also holds for €¥), and the function

_ Wi+ ()C)
Wi (x)

(4.6)

is, for each A € C, the unique solution of £*(w) = Aw, w(a) = 1 and (p*w’)(a) = 0. Moreover, the

spectral measure associated with £ (Theorem 2.30) is given by
Pl = pr(i+ kA +k] (mo0 <Ay < Ay < ).

Proof. Fix —co < k < 0%, The functions A and A *? associated to the operators £ and £’ respectively
(defined as in (4.2)) are connected by A% = &2 - A, where W, (£) = w, (Y~ (£)).

In order to show that Assumption MP holds for ‘¥, write d,, = y(a,,) and consider the
function AM(&) = w2, (£) - A(€), where G < & < o0 and Wy m(€) = wym(y1(£)). Let
nom .= p + 2%—’:, where 7 satisfies the conditions of Assumption MP. By Lemma 4.6(b) we have
n<"’m> e Cllan, c;O), and it is easily seen (cf. [197, Example 4.6]) that

(A<K,m>)l

Afk,m) - TI(K’m) = ¢’7’ '/IU("""> =¥y -k 77<K’m>(dm) =n(dm) 20

¢77(K,m> =
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and then one can show that 77<K”"> > 0 (see [197, Rgmark 2.12]), hence Assumption MP holds for the
function A %™, If we now let n¥)(&) := (&) + 2%“22 = 1lim,, 00 7™(&) (Where y(a) < & < oo;
the second equality is due to (2.24)), then it is clear that the limit function 7 satisfies Assumption

MP for the function A *? associated with the operator £,

A simple computation gives

U gofwena)’] 1 , 17
_r<’<> p Wi - _w2 - [P wK+,1wK -p wK+/le]
K

1 K+.
- _w_f [£(wisa) Wi = Wi C(wi) | = /lwwk/zﬁ(;;)

so that £¢¥ >(wfl'o) = /lwfl'd. The boundary conditions at a are also straightforwardly checked. To
prove the last assertion, notice that the eigenfunction expansions associated with £ and £ are related
through the identity

(FOL)w = (Fprn,  f el
(where, as in Section 2.4, we write L” (r) := LP((a, b); r(x)dx)) and therefore

f
IF fllez@wpr) = 1 ll2ry = Hw—

K

=[(FNHK+) (W) -
L) || ”LZ(R,pL )
Recalling the uniqueness of the spectral measure for which the isometric property in Theorem 2.30

YN, 0] = pr(dy +x, 42 +«]. mi

holds, we deduce that p

Corollary 4.8. If 0 < A < 02, then w,(+) is strictly decreasing and such that lim,qp, wa(x) = 0.

Proof. By the previous lemma, w,(x) = [wf’/? (x)] - By Corollary 2.27, wf’? (x) is strictly increasing
and unbounded, yielding the result. O

The remaining ingredient for the proof of the Laplace representation is the weak maximum
principle for the hyperbolic PDE 62u = Bgu + ¢, (y) 0yu — ¥, (y) u. (This equation is equivalent, up
to a change of variables, to the PDE 62u = —{yu.) In the following lemma and corollary we state and
prove this maximum principle in a general form which also serves as a preparation for our study of the
hyperbolic PDE £yu = {yu (Section 4.3).

Lemma 4.9. Let the functions @1, ¢o, Y1, Y2 : (y(a), 00) — R be such that
&2, ¥, are decreasing, 0< ¢ < ¢, 0<y <Y, flim ¢ (&) =0. 4.7

Denote by p; (j = 1,2) the differential expression

17 ’ 1 7\’
pj(v) =—v" - g +yv= _r(A¢jv ) + v

J

where A g, (x) = exp(fﬁx @i (€)dé) (with B > y(a) arbitrary). For y(a) < ¢ <y < x, consider the
triangle Ac xy ={(£,0) €R* | 2 ¢, E+ ¢ <x+y, - 2x -y}, and letv € C*(Ac xy). Then
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the following integral equation holds:

A¢1(x)A¢2(y) U(X,y)=H+I()+11 +hL+13-14 (4.8)
where

H = %A¢2(c)[A¢l(x—y+c) vx—y+c,c)+Ag(x+y—c)o(x+y—c,c)] 4.9)

Iy = %Ad’z (¢) - Ag, (5)(0yv)(s,c)ds (4.10)
X—y+c
y
I = % / Ag (x —y+5)Ag,(s) [¢2(s) +@(x—y+ s)]v(x —y+s,5)ds 4.11)
y
L:=3 / Ag (x+y—95)Ag,(5)[P2(s) — pr1(x+y—s5)|v(x+y—s,5)ds (4.12)
=1 /A A6 (OA6O[00) - 1 (©]olé.0) dede 4.13)
Iy=1 /A Ay () A, (D) (93 10 - @1 o) (€, ) déd (4.14)

and @; . denotes the differential expression @; acting on the variable z.

Proof. Just compute

0 0
Iy— Iz = %/Ac,x,y(a_é“[Am (€)Ag,(0) (00)(£,0)] - 8_§[A¢' (€)Ag,(0) (Br0) (€, 0)] |dédg

y
=Io—%/ Ag (x =y +5)Ag,(5) (Ozv+0gv)(x —y +35,5)ds
y
—%/ Ag (x+y = 95)Ag,(s) (Ogv—0gv)(x +y —s,5)ds

Yd
:IO+11—/ g[A@(x—y+s)A¢2(s)v(x—y+s,s)]ds
C

y
+[2_/ di[A¢l(x+y—s)A¢2(s)v(x+y—s,s)]ds
e ds

where in the second equality we used Green’s theorem, and the third equality follows easily from the
fact that (A¢j),= ¢jA¢j- O

Corollary 4.10 (Weak maximum principle). In the conditions of Lemma 4.9, let y(a) < ¢ < yo < Xo.
Ifue CQ(AC,XOJO) satisfies

(pz,yu - Sol,xu)(x’ y) < Oa (x’ y) € Ac,xo,yo
u(x,c) =0, X € [xo—yo+c,x0+y9—c] (4.15)

(yu)(x,c) =0, X € [xo—yo+c,x0+Yyo—c]
thenu > 0in Ac x,,y,-

Proof. Pick a function w € C?[c, o) such that p,w < 0, w(c) > 0 and w’(c) > 0. Clearly, it is
enough to show that for all & > 0 we have v(x,y) := u(x,y) + ew(y) > 0 for (x,y) € Ac x;,y0-
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By Lemma 4.9, the integral equation (4.8) holds for the function v. Assume by contradiction
that there exist & > 0, (x,y) € Ac x,,y, for which we have v(x,y) = 0 and v(¢£,Z) > 0 for all
(£,0) € Ac x,y C Ac xo,y,- It is clear from the choice of w that v(-, c) > 0, thus we have H > 0 in the
right hand side of (4.8). Similarly, (0,yv)(-,c) = (Oyu)(+,c) + ew’(c) = 0, hence Iy > 0. Since the
functions @1, ¢, Y1, ¥ satisty (4.7) and we are assuming thatu > Oon A, » y, wehave I} > 0,1, > 0
and I3 > 0. In addition, I, < 0 because (g)z’gv—g)l’fv)(f, )= (g)z,gu—gol’fu)(f, O+ (prw) () < 0.
Consequently, (4.8) yields 0 = Ag, (x)Ag,(y)v(x,y) > —I4 > 0. This contradiction shows that
v(x,y) > 0forall (x,y) € Ac x;,y0- O

Finally, we state the announced Laplace-type representation for the solutions of the Sturm-Liouville
initial value problem.

Theorem 4.11 (Laplace-type representation). Let £ be a Sturm-Liouville expression of the form (4.1),
and suppose that Assumption MP holds. Let w, be the solution of the initial value problem (2.18). For

each x € [a, b) there exists a subprobability measure nyx on R such that
W2 (x) = /eiTSﬂx(ds) = /cos(‘rs) 7y (ds) (tr€C) (4.16)
R R

where o = limg o %. In particular, the boundedness property (2.25) extends to
w2, g2 (x)] <1 onthestrip Im(t)] <o (a <x<Db). 4.17)

We first show that a similar representation holds for the solutions w,_,, of the initial value problem
on the approximating intervals (a,,, b) (Lemma 2.28); the result of Theorem 4.11 will then be deduced
by a limiting argument.

Proposition 4.12. Let ¢ be a Sturm-Liouville expression of the form (4.1), and suppose that Assumption
MP holds. Let wy , be defined as in Lemma 2.28. For each m € N and x € [a,, b) there exists a

subprobability measure ntx ,, on R such that

W2y o2 g (X) = /ei”nx,m(ds) = /COS(TS) Tx.m(ds) (t€C). (4.18)
R R

Proof. Throughout the proof we assume, without loss of generality, that we have chosen ¢ = a,, in the
definition of the function y introduced in Remark 4.1, so that y(a,,) = 0.

We begin by proving that the result holds when o = 0. Let 7, ¢,,, ¥, be defined as in Assumption
MP. The function &4 ,,(y) = exp(% foy n(&)dé) wy m(y~1(y)) is the solution of

pu) =Au (0<é < ), u(0) =1, u’(0)=0

where p(v) := —v”" — ¢,;v" + Y,v. From this it follows that the function u (x, y) := cos(rx) &2 ,,(y)
(x,y € R{) s, for each 7 € C, a solution of the hyperbolic PDE 2u = —p,u. It follows from Corollary
4.10 that the Cauchy problem

(O3 +@)u=0,  u(x,0)=f(x), (Ayu)(x,0) =0
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has the property that if f € CZ°(R), f > O then the solution uy is such that uy (x,y) > 0 for
allx > y > 0. Thus f + uyg(x,y) is a positive linear functional on C°(R) and, consequently,
ug(x,y) = fRfdux,y,m for all f € CZ(R), where py y n is, for each x > y > 0, a finite positive
Borel measure; moreover, it follows from the domain of dependence for the Cauchy problem that
Hx,y,m has compact support. In particular we can write

cos(tx) B2 ,,(y) = /cos(Ts) Hx,y,m(ds), x>y=>0. 4.19)
R

Assume that each measure u, y , is symmetric (if not, replace it by its symmetrization), and let
1
Hym = Hy,y.m * 7(0y +0-y) = pay,y.m- We then have

/cos(rs) %y, m(ds) :/cos(rs) Ky, y,m(ds) /cos(rs) (3(6y +6-y))(ds) — /cos(rs) M2y, y.m(ds)
R R R R

= (C082 (Ty) -2 COS(Ty)) ﬁrz,m (y)
= B2, ().

We claim that %, ,, is a positive measure. Indeed, we have

cos(1x) #,2,,,(y) :/Rcos(rs)( %(5 +0_y))(ds)

where the right-hand side is, by (4.19), a positive-definite function of T € R; therefore, the convolution
Hy.m % %((5,( +0_y) is, for all x > y > 0, a positive Borel measure. Since the support of x, ,,

is compact, the supports of %y , x Oy and »xy x 0_y are disjoint for x sufficiently large, and this

implies that the measures %y ,, * 6 and (Consequently) %y,m are both positive. Setting my ,,, =

exp(—3 OY(X) 1n(£)d€)xy (x),m» we conclude that (4.18) holds for all 7 € C. Since wo ,(x) = 1, we

have 7y, € P(R) for all x € [a,,, b).
Suppose now that o > 0. Then the result for the case o = 0 can be applied to the operator

¢£¢9*) defined in Lemma 4.7 and the corresponding eigenfunctions wfl(:,?(x) = “‘T—(x) (Indeed, it

follows from Lemma 4.6 that the function A¢“”) associated to the operator ¢ (o2 ?, defined as in (4.2),
(CRY
is such that lim ¢, (A7 V) _ () Hence
STV 240 (g
Wr2i o2 m (x)

waz,m(x)

—/cos(‘rs) " (ds)
R

where %™ is, for each x € [a, b), a symmetric probability measure. Setting 77y, := w2, (x) 7%,
we obtain (4.18). By Lemma 2.29 we have w2 ,,(+) < 1, hence each r, ;, is a subprobability
measure. O

Proof of Theorem 4.11. We proved in Proposition 4.12 that for each m € N there exists a symmetric
subprobability measure 7 ,, whose Fourier transform is the function 7 +— w2, ;2 ,,(x) (r € R). We
also know (from Lemmas 2.26-2.28) that w2, 2 ,, (X) — w2, ,2(x) pointwise as m — oo, the limit
function being continuous in 7. Applying the Lévy continuity theorem (e.g. [8, Theorem 23.8]), we
conclude that w2, ,2(x) is the Fourier transform of a symmetric subprobability measure 7, and, in
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addition, the measures ny ,, converge weakly to m, as m — oo. Therefore, for x > a we have
Wy, (x) = /cos(rs) 7y (ds) (t € R). (4.20)
R

In order to extend (4.20)to 7 € C, we let 0 < ¢; < ¢ < ... be functions with compact support
such that ¢,, T 1 pointwise, and for fixed x > a, x > 0 we compute

/cosh(Ks) mx(ds) = lim /¢n(s) cosh(ks) my(ds)
R n—oo R

= lim lim ¢n(s) cosh(ks) mx m(ds)
n R

—00 M—00

< lim [ cosh(ks) x m(ds) = lim w2 2, (%) = we2_,2(x) < oo
m— o0 R m— oo

From this estimate we easily see that the right-hand side of (4.20) is an entire function of 7; therefore,

by analytic continuation, (4.20) holds for all 7 € C.

Finally, if |Im(7)| < o then

W2y g2 (X)] < '[R|COS(TS)|7Tx(dS) < ‘/Rcosh((rs) my(ds) =wp(x) =1

and therefore (4.17) is true. m]

We finish this section by presenting a description of the spectrum of the Neumann realization
of the Sturm-Liouville operator £ which will later be useful, and whose proof relies on the Laplace
representation. Recall that the Neumann realization (£, D (£?)) was defined in Theorem 2.30 as
the self-adjoint operator obtained by restricting the Sturm-Liouville operator £ to the domain which
(considering that, by Lemma 4.6(d), the endpoint b is limit point) was defined in (2.26) as

DL ={ue L*(r) |u,u’ € ACic(a, b), ((u) € L*(r), (pu’)(a) = 0}.

Proposition 4.13. Let € be a Sturm-Liouville expression of the form (4.1), and suppose that Assumption
MP holds. The spectral measure p r of Proposition 2.30 is such that supp(p ) = [0%, o). In addition,
L has purely absolutely continuous spectrum in (o2, co).

Proof. It follows from the proof of Lemma 4.6 that the operator £ is unitarily equivalent to a
self-adjoint realization of the differential expression —dd—; +q (y(a) < & < o), where q is defined by
(4.5) and satisfies q = q1 + q2, with limg_, q1(€) = o?and q» € L'([c, ), d¢) for ¢ > y(a). Using
a general result on the spectral properties of Sturm-Liouville operators stated in [188, Theorem 15.3],
we conclude that the spectrum of £ is purely absolutely continuous on (o2, c0) and the essential
spectrum equals [0, ). (The result of [188] is stated for Sturm-Liouville operators whose left
endpoint is regular, but we can apply it here because a well-known result [175, Theorem 9.11] ensures
that the essential spectrum of £ is the union of the essential spectrums of self-adjoint realizations
of ¢ restricted to the intervals (a, c¢) and (c, b), a < ¢ < b. Recall also that, as noted in the proof of

Lemma 4.6, Sturm-Liouville operators with no natural endpoints have a purely discrete spectrum.)
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It remains to show that £ has no eigenvalues on [0, 0*]. Indeed, if we assume that 0 < 1y < o is
an eigenvalue of £, then w,, belongs to D(L?) and therefore, by the Laplace representation (4.16),
w, belongs to D(L?)) for all 1 > ¢°2; since the eigenvalues are discrete, this is a contradiction. O

4.3 The existence theorem for Sturm-Liouville product formulas

As in the particular cases of the Kingman and the Whittaker convolutions, the product formula for
the solutions w, of the Sturm-Liouville problem (2.18) is the tool which will allow us to introduce
a generalized convolution associated with the operator £. The probabilistic property of the product
formula (i.e. the property that the kernel of the product formula is composed of probability measures)
is the requirement which will ensure that the convolution preserves the space of probability measures.

The aim of this section is to show that Assumption MP is a sufficient condition for the existence of
such a probabilistic product formula. Namely, we will prove the following result:

Theorem 4.14 (Product formula for w,). Let € be a Sturm-Liouville expression of the form (4.1), and
suppose that Assumption MP holds. For each x,y € [a, b) there exists a measure v y, € P[a, b) such
that the product w)(x) wa(y) admits the integral representation

w2(x) waly) = / i) Vxy(dE).  x.y€lab), A€C. @21

[a.b)

4.3.1 The associated hyperbolic Cauchy problem

The proof of Theorem 4.14 relies crucially on the basic properties (existence, uniqueness and positivity-
preservingness of solution) of the hyperbolic Cauchy problem associated with ¢, i.e., of the boundary

value problem defined by

(Leh) () = (G (x ) (x,y € (a, b)), h(x,a) = f(x), (M h)(x,a) =0
(4.22)
where ay“] = p(y)%.

= ‘f ((;)) 66—;2 - f 8 )) 6‘9—;2 + lower order terms, the equation £, h = €, h is hyperbolic at

the line y = a if % > 0; otherwise, the initial conditions of the Cauchy problem are given at a line

of parabolic degeneracy. If y(a) = — /a ‘

Since £, — {

r(y)
)
the change of variables x = y(¢£), y = y({) (cf. Remark 4.1), through which the partial differential

dy > —oo, then we can remove the degeneracy via

equation is transformed to the standard form l fu = {zvu, with initial condition at the line £ = y(a). In
the case y(a) = —oo, the standard form of the equation is also parabolically degenerate in the sense

that its initial line is { = —oo.

Theorem 4.15 (Existence of solution). Let £ be a Sturm-Liouville expression of the form (4.1), and
suppose that x — p(x)r(x) is an increasing function. If f € D(LP) and €(f) € D(L?), then the

Jfunction

)= [ i mO) (FHW prla @23

solves the Cauchy problem (4.22).
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For ease of notation, unless necessary we drop the dependence in 4 and denote (4.23) by h(x, y).

Proof. Let us begin by justifying that £, 4 can be computed via differentiation under the integral sign.
Since w, is a solution of the initial value problem (2.18), we have (pw’)(x) = -4 fax wa (&) r(é)dé
and therefore (by Lemma 2.29) [(pw/)(x)| < 4 fax r(&)dé. Hence

x
S, JEpw empwmmleran < [“r@ae [ aFnwmmlesn <.
(4.24)

where the convergence (which is uniform in compacts) follows from (2.30) and Lemma 2.35. The conver-

gence of the differentiated integral yields that (B,EI ]h) (x,y) = f[gz,m)(ff) (1) (pwh) (x) wa(y) pr(dd).
Since (fw,)(x) = Aw,(x), in the same way we check that f[cﬂ,oo) (F ) (Cwy) (x) wa(y) pr(dd)
converges absolutely and uniformly on compacts and is therefore equal to (£, /) (x, y). Consequently,

ey = GNen = [ AEH@O @m0 e, @25)

Concerning the boundary conditions, Lemma 2.35(b) together with the fact that w,(a) = 1 imply that
h(x,a) = f(x), and from (4.24) we easily see that limyla(ay[l]h)(x, y) = 0. This shows that 4 is a
solution of the Cauchy problem (4.22). |

Under the assumptions of the theorem, the solution (4.23) of the hyperbolic Cauchy problem
satisfies the following conditions:

(@) h(-,y) e D(LP) foralla <y < b;

(B) There exists a zero p p-measure set Ag C [072, o0) such that for each 1 € [072, 00) \ Ag we have

Fllyh(-,)](A) =ty [Fh(-,y)](A) forall a <y <b, (4.26)
lim[Fh(- )1 = (FHW, i OMF[h(-,y)] () = 0. 4.27)
yia yla

Indeed, by Theorem 2.30 we have [Fh(-, ¥)](1) = (F f)(1) wa(y) forall A € supp(ps) anda < y <
b. Since f € D(LP) and |wy(+)| < 1 (Lemma 2.29), it is clear from (2.29) that & (x, y) satisfies (cx).
Moreover, it follows from (4.25) that F [£yh(-, y)](A) = A (F f)(AD) waly) = &, [F h(-,y)] (1), hence
(4.26) holds. The properties (4.27) follow immediately from Lemma 2.26.

Next we show that the solution from the above existence theorem is the unique solution satisfying
conditions (@)—(B):

Theorem 4.16 (Uniqueness). Let £ be a Sturm-Liouville expression of the form (4.1), and suppose
that x — p(x)r(x) is an increasing function. Let f € D(L®) and let hy, hy € C2((a, b)z) be two
solutions of ({xh)(x,y) = (£yh)(x,y). Suppose that both hy and h; satisfy conditions (a@)—(f). Then

hi(x,y) = hy(x,y) forall x,y € (a,b). (4.28)
Proof. Fix 1 € R\ Ag and let ¥;(y, ) := [Fh;(-,y)](1). We have

O (y, ) = Flyh;(+,9)1(A) = F[lxh;(-,y)]1(1) = A¥;(y, 1), a<y<b
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where the first equality is due to (4.26) and the last step follows from (2.30). Moreover,
im¥;(y,4) = (Ff)(A) and lim(@M¥)(y,2) =0
yla yla

by (4.27). It thus follows from Lemma 2.26 that

[Fhj( ) =¥ (y, D) = (FHDwaly),  a<y<b.

This equality holds for p y-almost every A, so the isometric property of ¥ gives hi(-,y) = ha(-,y)
Lebesgue-a.e.; since the h; are continuous, we conclude that (4.28) holds. m]

If the hyperbolic equation {xh = ¢yh (or the transformed equation Zgu = Zyu) is uniformly
hyperbolic, the existence and uniqueness of solution for this Cauchy problem is a standard result which
follows from the classical theory of hyperbolic problems in two variables (see e.g. [38, Chapter V]);
in fact, the existence and uniqueness holds under much weaker restrictions on the initial condition.
However, the existence and uniqueness theorems above become nontrivial in the presence of a
(non-removable) parabolic degeneracy at the initial line.

Indeed, even though many authors have addressed Cauchy problems for degenerate hyperbolic
equations in two variables, most studies are restricted to equations where the 6‘9—;2 term vanishes at
an initial line y = yq (we refer to [15, §2.3], [149, Section 5.4] and references therein). Much less is
known for hyperbolic equations whose aa_yzz term vanishes at the same initial line: it is known that the
Cauchy problem is, in general, not well-posed, and the relevance of determining conditions for its
well-posedness has long been pointed out [15, §2.4], but as far as we are aware little progress has been
made on this problem (for related work see [122]). The application of spectral techniques to hyperbolic
Cauchy problems associated with Sturm-Liouville operators is by no means new, see e.g. [26, 27] and
references therein; however, it seems that such techniques had never been applied to degenerate cases.

An existence theorem analogous to Theorem 4.15 also holds when the initial line is shifted away
from the degeneracy, and this has the important consequence that the solution of the degenerate Cauchy
problem is the pointwise limit of solutions of nondegenerate problems. These facts are proved in the
following proposition.

Proposition 4.17 (Pointwise approximation by solutions of problems with shifted boundary). Let £
be a Sturm-Liouville expression of the form (4.1), and suppose that x — p(x)r(x) is an increasing
function. If f € D(LP) and £(f) € D(L?), then for each m € N the function

)= [ mwnO) FHW @) (@b v anb) @29

is a solution of the Cauchy problem

(L) (x,9) = (Gyh) (x,9), hw(voam) = f(x), @) (am) =0, (4.30)
Moreover, we have

lim A, (x,y) = h(x,y) pointwise for each x,y € (a, b) 4.31)
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where h(x,y) is the solution (4.23) of the Cauchy problem (4.22).

Proof. Let us begin by justifying that (c’),gl]hm) (x,y) and (€xhy,)(x,y) can be computed via differenti-
ation under the integral sign. The differentiated integrals are given by

S D) TN prtad) 32)
S w0 TP () 33)

(for the latter, we used the identities (fw,)(x) = Aw,(x) and (2.30)), and their absolute and uniform
convergence on compacts follows from the fact that f, £(f) € D(L?), together with Lemma 2.35(b)
and the inequality |wa,, ()] < 1 (which follows from Lemma 2.29 if we replace a by a,,). This
justifies that (@El]hm) (x,y) and (€xhy,)(x, y) are given by (4.32), (4.33) respectively.

We also need to ensure that ((9y[1]hm)(x, y) and (£yh,,)(x,y) are given by the corresponding
differentiated integrals, and to that end we must check that

S ) G0l 0) DD pad

converges absolutely and uniformly. Indeed, it follows from (2.23) that for y > a,, we have
(Pw ) () = A [ wam(€) r(€)dé and consequently |(pu,,) ()| < A [ r(£)dé; hence

y
/[ o (00, 0) FD@]pr(a < / r(€)de-

am [o2,00

)/1|w4(X)(9’f) (D]pc(d)
(4.34)
and the uniform convergence in compacts follows from (2.30) and Lemma 2.35(b).

The verification of the boundary conditions is straightforward: Lemma 2.35(b) together with
the fact that wy ,,(a,) = 1 imply that hy,,(x,a,) = f(x), and from (4.34) we easily see that
(6y[1] hm) (x, @) = 0. This shows that the function £, defined by (4.29) is a solution of the Cauchy
problem (4.30).

Since wa m(y) — wa(y) asm — oo (Lemma 2.28), the pointwise convergence A, (x, y) — h(x,y)
follows from the dominated convergence theorem (which is applicable due to Lemmas 2.29 and
2.35(b)). O

It should be noted that the above existence and uniqueness theorems hold for all Sturm-Liouville
operators of the form (4.1) and such that the function x +— p(x)r(x) is increasing (and thus they are
applicable to many operators which do not satisfy Assumption MP).

The role of Assumption MP is to ensure that the solution of the Cauchy problem has the positivity-
preservingness property stated in the next proposition (and corollary), whose proof relies on the weak
maximum principle of Corollary 4.10.

Proposition 4.18 (Positivity of solution for the problem with shifted boundary). Let £ be a Sturm-
Liouville expression of the form (4.1), and suppose that Assumption MP holds. Let m € N. If
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FeDLD), t(f) e D(LP) and f > 0, then the function h,, given by (4.29) is such that
hm(x,y) =0 forx >y > ay. (4.35)
If; in addition, f < C (where C is a constant), then hy,(x,y) < C forx >y > ap.

Proof. Let d,, := y(a,,) and B(x) := exp(% fdx n(&)dé¢). Tt follows from Proposition 4.17 that the
function u,,(x,y) := B(x)B(y)hu(y~'(x), ¥~ (y)) is a solution of the Cauchy problem

(Pxttm)(x,y) = (pyum)(xs y), X,y > dm (4.36)

U (X, @m) = BO) f(yTH (), x> dim 4.37)

(Byttm) (x, dm) = 51(@m) B() F(y7 (), x> dpm (4.38)

where g, = —(9‘9—;2 - ¢,7(x)% + ¥, (x). Clearly, u,, satisfies the inequalities (4.15) for arbitrary

X0 = Yo = dm (here 9 = g, and ¢ = d,,). By Corollary 4.10, u,,(xo, yo) = 0 for all xg > yo > dp;
consequently, (4.35) holds.

The proof that f < C implies h,, < C is straightforward: if we have f < C, then u,,(x,y) =
B(x)B(»)(C = hu(y~X(x), " !(y))) is a solution of (4.36) with initial conditions

(X, @) = B()(C = f(y ™' (1)) 20, (i) (x, @) = $1(@m) B(x)(C = f(¥™'(x))) 2 0
thus the reasoning of the previous paragraph yields that C — hy,, > O forx > y > d,,. |

Corollary 4.19 (Positivity of solution for the Cauchy problem (4.22)). Let € be a Sturm-Liouville
expression of the form (4.1), and suppose that Assumption MP holds. If f € D(L®P), €(f) € D(LP)
and f > 0, then the function h given by (4.23) is such that

hix,y) =20 forx,y € (a,b).
If; in addition, f < C, then h(x,y) < C forx,y € (a,b).

Proof. This is an immediate consequence of Proposition 4.18 together with the pointwise convergence
property (4.31). (By (4.23) we have f(x,y) = f(y,x), thus the conclusion holds for all x,y €
(a,b).) O

4.3.2 The time-shifted product formula

Before proving that there exists a product formula of the form (4.21) for the Sturm-Liouville
solutions {w,(+) }1ec, we will show that a similar product formula holds for the family of functions
{e7"'w,(+)}acc. This auxiliary result will be called the time-shifted product formula because the latter
family is obtained by applying the diffusion semigroup generated by ¢ to the solutions w,(+). Indeed,
we saw in Subsection 2.4.3 that

e Mwa(x) = (Twa) (x) = [F p(t,x,)](A)
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where {7} };>0 denotes the Feller semigroup generated by the Neumann realization of £ and p(z, x, y)
denotes the Feller transition density (2.39).

By the inversion formula (2.28) for the £-transform, a natural candidate for the measure of the
product formula for {w,(-)} 1cc is

v = [ m) @ pedd e

This is only a formal solution, because in general the integral does not converge. But it suffices to

ta

include the regularization term e™** in order to obtain an integral which (under the assumptions of the

existence and uniqueness theorems above) always converges absolutely:

Lemma 4.20. Let £ be a Sturm-Liouville expression of the form (4.1), and suppose that x +— p(x)r(x)
is an increasing function. Let to > 0 and K, K> compact subsets of (a, b). The integral

\/[‘2 )e"/lw/l(x)w/l()’)w/l(f)pl(d/l)

converges absolutely and uniformly on (t,x,y,&) € [tg, o) X K| X K> X [a, b).

Proof. This follows from Lemma 2.29 and the uniform convergence property of the integral represen-
tation of the transition density of the Feller semigroup {7} };>0 (Proposition 2.36). m|

In what follows we write
ae8)= [ o m) @ petd) 39)

This function, which is (at least formally) the density of the measure of the time-shifted product

formula, is for fixed ¢, x, y the density (with respect to r(£)d¢) of a subprobability measure:

Lemma 4.21. Let € be a Sturm-Liouville expression of the form (4.1), and suppose that Assumption
MP holds. The function q;(x,y, &) is nonnegative and such that fab q:(x,y,&) r(&)dé < 1 for all
(t,x,y) € R* x (a,b) X (a, b).

Throughout the proof (and in the sequel) we write D20 := D(LP) N D(LD), where
D(LY) ={u e Cola,b) | u,u’ € ACioc(a, b), £(u) € Cola,b), (pu’)(a) =0}

is the domain of the Feller semigroup {7 };>0 (cf. Subsection 2.4.3). Note that if g € Cg [a, b) with
g’ € Ce(a,b), then g € D29 consequently, any indicator function of an interval I C [a, b) is the
pointwise limit of functions g, € D0,

Proof. Since ¢;(x,y,+) € Cp[a, b), it suffices to show that for all g € D> with 0 < g < 1 we have
0<Qgx,y) <1 (t>0, x,y € (a,b))

where Q; 4(x,y) := fab g(é) q:(x,y, &) r(&)de.
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Fix > 0and g € D9 with0 < g < 1. Since [F g;(x, y, )] (1) = e w;(x) wa(y), it follows
from the isometric property of the £-transform (Theorem 2.30) that

Quew )= [ e mom) FRW prlab.

Differentiating under the integral sign we easily check (by dominated convergence and using Lemma
2.35(b)) that £,Q; ¢ = £y Qs ¢, (8Y1Qs ) (x,a) = 0 and

Qt,g(x,a)=/[ i )e_MwA(X) (F8)() pr(dd) = (T;g)(x)

where the last equality follows from (2.37). The factthat 0 < g < 1 clearly implies that 0 < (T;g)(x) <
1 for x € (a, b). One can verify via (2.29) that the function f(x) = (7;g)(x) is such that f € D(L®?)
and £(f) € D(LP). It then follows from the positivity property of the hyperbolic Cauchy problem
(Corollary 4.19) that 0 < @, ¢(x,y) < 1 forall x,y € (a, b), as claimed. O

Proposition 4.22 (Time-shifted product formula). Let € be a Sturm-Liouville expression of the form

t

(4.1), and suppose that Assumption MP holds. The product e " w (x) wa(y) admits the integral

representation

b
M (x) wa(y) = / () g oy O (e, 150, xy e (@b), 420 (440)

where the integral in the right hand side is absolutely convergent.
In particular, fab q:(x,y, &) r(&)dé =1 forallt >0, x,y € (a,b).

Proof. The absolute convergence of the integral in the right hand side is immediate from Lemmas
2.29 and 4.21.

By Theorem 2.30, the equality in (4.40) holds p s-almost everywhere. Since supp(pr) = [02, )
(Lemma 4.13), the fact that both sides of (4.40) are continuous functions of 4 > 0 allows us to extend
by continuity the equality (4.40) to all A > o2, If o = 0, we are done.

Suppose that o > 0. By (4.17) and Lemma 4.21, together with standard results on the analyticity
of parameter-dependent integrals, the function 7 fa b W2, 52(8) g (x,y,&) r(€)dé€ is an analytic
function of 7 in the strip [Im(7)| < . It is also clear that 7 + et(T+0?) W2y g2 (X) weayp2(y) is an
entire function. By analytic continuation we see that these two functions are equal for all 7 in the strip
|Im(7)| < o; consequently, (4.40) holds.

The last statement is obtained by setting A = 0. |

4.3.3 The product formula for w, as the limit case

Unsurprisingly, the product formula (4.21) is deduced by taking the limit as 7 | 0 in the time-shifted
product formula (4.40). If the functions w,(+) belong to Cy[a, b), the limit can be straightforwardly
taken in the vague topology of measures. As shown below, the class of modified Sturm-Liouville
operators described in Lemma 4.7 can then be used to extend the product formula to the case where
the functions w,(-) do not belong to Cy[a, b)
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Theorem 4.23 (Product formula for w,). Let € be a Sturm-Liouville expression of the form (4.1),
and suppose that Assumption MP holds. For x,y € (a,b) andt > 0, let v; « y € Pla,b) be the
measure defined by v; x y(d€) = q;(x,y,&) r(&§)dé. Then for each x,y € (a, b) there exists a measure
Vx,y € Pla,b) such that v; x = Vx,y ast | 0. Moreover, the product wy(x) wa(y) admits the

integral representation

w2(x) waly) = / i) Vxy(dE).  x.y € (ab), A€C. @.41)

[a.b)

In particular, Theorem 4.14 holds.

Proof. Let {t,,}nen be an arbitrary decreasing sequence with ¢,, | 0. It is a basic fact that any sequence
of probability measures contains a vaguely convergent subsequence (e.g. [9, p. 213]), thus there exists
a subsequence {t,, } and a measure v, , € M,[a, b) such that Vi oy N Vx,y as k — co. Let us

show that all such subsequences {thk, x,y} have the same vague limit. Suppose that t}(, ti are two

different sequences with ti 1 0 and that Vti,',x,y SN v)’;,y as k — oo (j = 1,2). For g € D29 we have

Vi (d€) = i ; d
</['a,b)g(§) x,y( ‘f) kggo[a,b)g(é:) Vtk,x,y( f)

= lim e w ) (x) wa(y) (Fg) (1) pr(dd)

k—o0 [02,00)

- /[ , P wa0) (FEW pr(a)

(the second equality was justified in the proof of Lemma 4.21, and dominated convergence yields

the last equality). In particular, f[a,b) g(&) v;,y(a’f) = f[u’b) g(&) vi,y(df) forall g € D?0 and
this implies that v}c’ y = Vi, y- Since all subsequences have the same vague limit, we conclude that
Vix,y N Vxyast|O.

Suppose first that o := limg_, % > 0. Then Corollary 4.8 ensures that limq;, wa x)=0
for 0 < 1 < o2, and by the Laplace-type representation (4.16) we have w,(+) < w,2(+) for 1 > o2,
hence w, € Cyla, b) for all 2 > 0. Accordingly, by taking the limit as ¢ | O of both sides of (4.40) we

deduce that the product formula (4.41) holds for all 2 > 0.

To prove that (4.41) is valid in the general case, let k < 0 be arbitrary. We know that the operator
£¢) defined in Lemma 4.7 satisfies Assumption MP; by Lemma 4.6 we have lim £ 00 % >0
and consequently (by the reasoning in the previous paragraph) the corresponding Sturm-Liouville

solutions (4.6) belong to Cy[a, b) for all A > 0. From the previous part of the proof,

b
o0 u0) = [Cuf@ e, xye @b >0 442)
a
with V§K; constructed as before. We easily verify that qf”(x, v, E)r(€) = %%(L ¥, E)r (&)
and, consequently, vfc'f;(df) = #ui)(y)vx,y(dg). It thus follows from (4.42) that

b
Wera(x) Wesa(y) = / e (6) oy (dE),  xy € (aib), 150,



4.4. Sturm-Liouville transform of measures 113

where k < 0 is arbitrary; hence (4.41) holds for all 1 € R. If we then set A = 2+ 0% in (4.41), we
straightforwardly verify that both sides are entire functions of t (for the right hand side, this follows
from the Laplace-type representation (4.16) and the fact that the integral converges for all 4 < 0), so
by analytic continuation the product formula holds for all 4 € C.

Given that wy(x) = 1, setting 4 = 0 in (4.41) shows that v, , € P|[a,b); consequently, the
measures v; x y converge to v, , in the weak topology (cf. [9, Theorem 30.8]). Clearly, the product
formula (4.41) can be extended to x, y € [a, b) by setting v, , := 0, and v,y := d,, hence Theorem
4.14 holds. O

It is worth commenting that the reasoning used in this proof also allows us to justify that the
time-shifted product formula (4.40) is valid for all A € C.

As shown in the proof above, the measure v, , of the product formula (4.41) is characterized by
the identity

/[ b)f(f) Vi (d€) = /[ 2 )uu(x)uu(y) (FAQ) pe(d)),  feDZ0, (4.43)

Furthermore, the relation between this measure and the measure v;  (d¢) = q,(x,y, &) r(€)dé of
the time-shifted product formula (4.40) can be written explicitly:

Corollary 4.24. The measure v;  y can be written in terms of the measure vy y and the transition
kernel p(t,x,y) of the Feller semigroup generated by the Sturm-Liouville operator € as

b
Vt,x,y(dg) = / Vz,y(df)p(t,x,z) r(Z)dZ (t > 0’ -x’y € (a’b))
Proof. Recalling (2.37) and the proof of the previous proposition, we find that for g € D% we have
b
[ [ s@ve@pirari
a [a,b)
b
=[], m@m) FOW potat) p. .2 )
= [ ) mO) (PR ped

b
=/'a@%uyfw@ma

hence the measures v, x ,(d¢) and fab v.,y(dé) p(t,x,2) r(z)dz are the same. O

4.4 Sturm-Liouville transform of measures

In analogy with the definition of the index Whittaker transform of measures (Definition 3.16), it is
natural to define the £-transform of finite complex measures so that (2.27) is the £-transform of an
absolutely continuous measure with density f(:)r(+):
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Definition 4.25. Let u € Mc[a, b). The L-transform of the measure u is the function defined by the
integral

(1) = /[ ., az0

It is immediate from Lemma 2.29 that |z (1)| < 1(0) = ||u|| for all u € M, [a, b). In addition, this
definition leads to various properties which, as in the case of the Whittaker transform (cf. Proposition
3.18), resemble those of the Fourier transform of complex measures:

Proposition 4.26. Let € be a Sturm-Liouville expression of the form (4.1), and suppose that Assumption
MP holds. Let [ be the L-transform of u € Mc|a, b). The following properties hold:

(i) i is continuous on R§. Moreover, if a family of measures {u;} C Mcla, b) is tight and

uniformly bounded, then {11} is equicontinuous on Rf.

(ii) Each measure u € Mc|a, b) is uniquely determined by [ |{o2.00)"

(@) If {u,} is a sequence of measures belonging to M, [a, b), u € M|a,b), and u, = u, then

n —n:0—> n uniformly for A in compact sets.

(iv) Suppose that limyq, wa(x) = 0 for all A > 0. If {1, } is a sequence of measures belonging to
M, la, b) whose L-transforms are such that

tn (1) —— () pointwise in 1 > 0
n—oo

w
for some real-valued function f which is continuous at a neighborhood of zero, then u, — u

for some measure u € M, |[a, b) such that i = f.

Proof. (i) It suffices to prove the second statement. Set C = sup; [|u;||. Fix o > 0 and & > 0. By the
tightness assumption, we can choose 8 € (a, b) such that |u;[(B3, b) < & for all j. Since the family of
derivatives {0aw(.)(x) }xe(a,p] is locally bounded on R (to verify this, differentiate the series (2.20)
term by term and then compute an upper bound as in (2.21)), we can choose 6 > 0 such that

[1=2] <6 = |walx)—wy,(x)] <e foralla <x <.

Consequently,

|15 () = 7 (A0)| = ’/( b)(wa(X) = wy, (%)) pj (dx)

< [ o) = wallgl@ + [ funo) = ollus () < 2+ e
(B.b) (a.B]

for all j, provided that |1 — 29| < &, which means that {1} is equicontinuous at Ao.

(i) Let u € Mc[a, b) be such that (1) = 0 for all 1 > o->2. We need to show that yu is the zero
measure. For each g € D9 we have fora < x < b

0= /[ O EW pr(an = /[

b) ,/[ 2 )(Tg)(/l) wa(x)wa(y) pr(dd) u(dy)
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where the change of order of integration is valid because, by Lemmas 2.29 and 2.35(b), the double
integral converges absolutely; therefore

/ ¢(3) u(dy) = / / (F) (D) wa(y) pr(dDu(dy)
[a,b) [a,b) J[0?,00)

- / lim / (F9) () wa () waly) pr(dDu(dy)
la,b) *¥la J[o2,c0)

- lim /[ B /[ o, FOW B ) pr(du(dy)

xla

=0

using Lemma 2.35, the identity (4.43) and dominated convergence. This shows that f[a b gy uldy) =

0 for all g € D9 and, consequently,  is the zero measure.

(iii) Since w,(+) is continuous and bounded, the pointwise convergence i, (1) — (1) follows
from the definition of weak convergence of measures. By Prokhorov’s theorem {u,} is tight and
uniformly bounded, thus (by part (i)) {i,} is equicontinuous on R§. The same argument from the
proof of Proposition 3.18(c) yields that the convergence u,, — i is uniform on compact sets.

(iv) The proof follows the same argument as that of Proposition 3.18(iv), replacing the interval R
and the function Wy, (+) by [a, b) and w,(-) respectively. O

Remark 4.27. L. If lim 5, wy(x) = O for all 4 > 0, then as in Remark 3.19 we obtain the following
analogue of the Lévy continuity theorem: the L-transform is a topological homeomorphism between
Pla, b) with the weak topology and the set P of L-transforms of probability measures with the

topology of uniform convergence in compact sets.

I1. Much like weak convergence, vague convergence of measures can be formulated via the £-transform,
provided that lim,q;, wy(x) = 0 for all A > 0. Indeed, we can state:

IL1 If {un} € Mila,b), p € Mi[a,b), and p, —> p, then lim i, (1) = [i(1) pointwise for each
A>0;

IL2 If {un} € Myla,b), {un} is uniformly bounded and lim u,,(2) = f(A) pointwise in A > 0 for
some function f € By (R"), then u, N u for some measure u € My[a,b) such that i = f.

(The first part is trivial, and the second part is proved as follows: since any uniformly bounded
sequence of positive measures contains a vaguely convergent subsequence, for any subsequence {, }
there exists a further subsequence {,unkj} and a measure u such that finy, SN u; then IL.1 implies
that (1) = f(A) for 2 > 0, so the vague limit of such a subsequence is unique and, consequently,
fn—> 11.)

Consider the following stronger version of Assumption MP:

Assumption MP,,. The operator £ = —% % (p %) satisfies Assumption MP and its coefficients satisfy
limyqp, p(xX)r(x) = 0.
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This assumption will play an important role in the subsequent sections, mostly because it ensures
that the properties stated in the Remark 4.27 hold. Indeed, one can state:

Lemma 4.28. Ler £ = -1 & (p %) be a Sturm-Liouville operator satisfying Assumption MP. Then

rdx

Assumption MP, holds if and only if limq;, wa(x) = 0 for all A > 0.

Proof. This follows from known results on the asymptotic behaviour of solutions of the Sturm-Liouville
equation —u"’ — AX'u’ = Au, see [61, proof of Lemma 3.7]. O

We note that, in particular, the lemma states that the condition lim1, wa(x) = 0 (4 > 0) holds
whenever o > 0. This particular case had already been pointed out in the proof of Theorem 4.23.

4.5 Sturm-Liouville convolution of measures

In what follows we always assume that the Sturm-Liouville expression ¢ satisfies Assumption MP. (In
general we allow for operators such that lim,q;, p(x)r(x) < co; whenever this is not the case, we will
explicitly state that Assumption MP,, is required to hold.)

Asusual (cf. Definitions 2.15 and 3.20, Proposition 2.23), we define the convolution * : Mc[a, b) X
Mcla, b) — Mcla, b) as the natural extension of the mapping (x,y) = 0 * 0y := vy, (Where
Vy,y is the measure of the product formula (4.41)), and we define the translation of functions as the
integral with respect to the convolution of Dirac measures:

Definition 4.29. Let 11, v € Mc[a, b). The complex measure

(i v)(d€) = /[ ) /[ | v ) () v(ay)

is called the L-convolution of the measures y and v. The L-translation of a Borel measurable function
f :[a,b) — Cis defined as

(T 1) (x) = / FE) vay (dE) = / FE) (Gx#8,)(dE).  xoy € [asb).
la,b) a,b)

More generally, the L-translation by u € M, |[a, b) isdefined as (7 f)(x) := f[a b) F(E) (6x#u)(dE).

We will see that, in the same spirit of Sections 3.4-3.7, analogues of many basic notions of
(generalized) probabilistic harmonic analysis can be developed on the measure algebra determined
by the L-convolution. Our first proposition states the unsurprising fact that the £-convolution is
trivialized by the Sturm-Liouville transform of measures:

Proposition 4.30. Let u,v,m € Mcla, b). We have n = u = v if and only if
7(A) = m(2) v(A) forall A > 0.

Proof. Identical to that of Proposition 3.22 (replacing Wy a,(+) by wa(+), etc.). O
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The following result collects some basic properties of the measure algebra determined by the
L-convolution.

Proposition 4.31. The space (Mcla, b), =), equipped with the total variation norm, is a commutative
Banach algebra over C whose identity element is the Dirac measure 8,. The subset P[a, b) is closed

under the L-convolution. Moreover, the map (u,v) v u * v is continuous (in the weak topology)

from Mcla, b) x Mcla,b) to Mcla,b).

Proof. Since g+ v = - v (Proposition 4.30), the commutativity, associativity and bilinearity of the
L-convolution follow at once from the uniqueness property of the L-transform (Proposition 4.26(ii)).
One can verify directly from the definition of the £-convolution that the submultiplicativity property
[ = v|| < ||ull-]Iv]| holds, and that equality holds whenever u, v € M, [a, b); it is also clear that the
convolution of positive measures is a positive measure. We conclude that the Banach algebra property
holds and that P[a, b) is closed under convolution.

If limyqp wa(x) = 0 for all A > 0, the identity ¥, (1) = wa(x)wa(y) implies (by Proposition
4.26(iv)) that (x, y) — vy y is continuous in the weak topology. If the functions w,(x) do not vanish
at the limit x T b, let k¥ < 0 be arbitrary and let & € Cy[a, b). Since w, is increasing and unbounded

(Corollary 2.27), wLK € Cola, b). If we let vfc'? be the measure defined in the proof of Theorem 4.23,

then by Remark 4.27.1II the map (x, y) V)<CK)>, is continuous, and thus

f(€) v (de) =

(ry) = (a.p) W (&)

e e () iy &) Ve ()

is continuous. This shows that (x,y) — f[a b)f(f) Vx,y(dé) is continuous for all f € Cy[a, b)

and therefore (x,y) +— v, , is continuous in the weak topology. Finally, for f € Cy[a, b) and
. w w

Un, Vn € Mcla, b) with u, — u and v,, — v we have

lim /[ T s v (de) = im /[ . /[ a,b)( e dvx,y)ynwx)vn(dy)

- / / ( fdvx,y)u(dx)v(dw
la,b) J [a,b) la,b)

- / FGE) (% ) (dE)
[a,b)

due to the continuity of the function in parenthesis; this proves that (u, v) — u * v is continuous. 0O

Next we summarize some useful facts about the generalized translation introduced in Definition
4.29. For simplicity we write || « ||, = || « [[Lp () (1 £ p < 00).

Proposition 4.32. Let u € M, [a, b). The L-translation operator T has the following properties:

(@) Let1 < p <oco. If f € LP(r), then (TH f)(x) is a Borel measurable function of x € [a, b) and
satisfies |7 fllp < llpll- 1/ llp-

(ii) If f € L*(r), then F(THf)(2) = 1(A) (Ff)() for pr-a.e. A.
(iii) If f € Cpla, b), then TH f € Cpla, b).
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(iv) Suppose that Assumption MP, holds. If f € Cyla, b), then TH f € Cyla, b).

Proof. (i) It suffices to prove the result for nonnegative f. The map v — u * v is weakly continuous
(Proposition 4.31) and takes M. [a, b) into itself. By a technical result proved in [88, Section
2.3], this implies that, for each Borel measurable 4 > 0, the function x — (7#f)(x) is Borel
measurable. It follows that f[u’b) gx)(u = r)(dx) = fab(’]“”g) (x)r(x)dx (g € C¢[a, b)) defines a
positive Borel measure. For a < ¢ < ¢z < b, let 1|, ,) be the indicator function of [c1, ¢2), let
fn € D@0 be a sequence of nonnegative functions such that f, — 1¢,,c,) pointwise, and write
C={geC(a,b)|0<g<1}. Wecompute

(u* F)len, e2) = lim / F () (P ()
n Jla,b)
b
= lim sup/ (TH f)(x) g(x) r(x)dx

n ge€

= lim sup [ . )(Tfn)(/l) (F8)(A) u(A) pr(d)

n geC

b
=lim sup/ Fu(X) (THg)(x) r(x)dx

n ge€

b
< fulltim [ fu00r(ds

o
= lull- / F(x)dx
c

where the third and fourth equalities follow from (4.43) and the isometric property of the £L-transform
(Theorem 2.30), and the inequality holds because ||[7#gllo < |lull - llglle < llull. Therefore,
N7l = WAL (rapy,uery < llll-11 £l for each Borel measurable f > 0. Since 6 * u € M. [a, b),
Holder’s inequality yields that |77+ f]|,, < ||,u||1/q-||7'”|f|1’||11/p < |lull-llfll, for 1 < p < oco.

Finally, if f € Lo(r), f = Othen f = fy + fo, where 0 < £y < || f]lw and fy = 0 Lebesgue-almost
everywhere. Since ||7# folli < |lull -l folli = 0, we have T# fu = 0 Lebesgue-a.e., and therefore
NTH flloo = 1T folloo < [laell 1l 1loo-

(ii) For f € D9 this identity follows at once from (4.43). The property extends to all f € L, (r)
by the standard continuity argument.

(iii) This follows immediately from the fact that (u, v) — u * v is weakly continuous (Proposition
4.31).

(iv) It remains to show that (7#h)(x) — Oasx T b. Since wy(x)u(d1) = Oasx T b (1 > 0), it
follows from Remark 4.27.1 that 6, * u S 0asx T b, where 0 denotes the zero measure; this means
that for each f € Cy[a, b) we have

(T4 f) (x) = / F(E) (8 * ) (dE) — / FE)0d =0 asxTb
a,b) [a,b)

showing that 7# f € Cy[a, b). O
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4.5.1 Infinite divisibility and Lévy-Khintchine type representation
The set Piq of L-infinitely divisible distributions is defined in the usual way:
Pig = {,u € Pla,b) | for all n € N there exists v,, € P[a, b) such that u = v
where v;* denotes the n-fold L-convolution of v,, with itself.
Lemma 4.33. Suppose that Assumption MP, holds. If u € Pjq, then
) = e Yu()

where ,,(1) (A > 0) is a positive continuous function such that yr,,(0) = 0. Moreover, measures
U € Piq have no nontrivial idempotent divisors, i.e., if u = ¢ = v (with &,v € Pla, b)) where 9 is
idempotent with respect to the L-convolution (that is, it satisfies ¢ = 9 = 9), then 9 = d.

Proof. Same as that of Lemma 3.24. O

The function ¢, (1) described in the lemma will be called the log L-transform of u. As in the
case of the log-Whittaker transform (cf. Proposition 3.25), its growth is at most linear:

Proposition 4.34. Suppose that Assumption MP, holds, and let u € Piq. Then
Yu(d) < Cu(1+2) forallA >0
for some constant C,, > 0 which is independent of A.

Proof. Let v, € Pla,b) be the measure such that v, (1) = exp(—%wu (1)). The inequality n(1 —
Vn(A)) < ¢, (A) (n € N) and the limit limy, e 7(1 — V(1)) = ¢, (1) are justified as in the proof of
Proposition 3.25.

Pick A1 > 0. We know that lim,1;, w,, (x) = 0 (Lemma 4.28), hence there exists 8 € (a, b) such
that |wy, (x)| < % for all 8 < x < b. Combining this with (2.25), we deduce that for all 1 > O we have

; /W)(l — 02(0) V() < 20 /w,b) va(d)
< 4n/ (1 - w,ll(x))Vn(dx) (4.44)
[B.b)
< 4n(1 = v (1)) < 4y ().

Next, it follows from the proof of Proposition 4.26(i) that we can choose A1, > 0 such that
1 -—wy(x) < %for all0 € 1 < Ayand all ¢ < x < B. Define n1(x) := /axﬁ/ayr(f)dfdy =
n1(x; —1), where n; (-, -) is the function defined in (2.19). Recalling (2.22), we obtain

x y
1 —wy,(x) = /12/ m‘/ wa, (&) r(€)dédy > %m(x) foralla < x < .
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On the other hand, by (2.25) we have 1 —w,(x) < 4 ax ﬁ fay lwa(&)|r(€)dé dy < Ani(x) for all
x € [a,b) and A > 0. Consequently,

n‘/[a’ﬁ)(l —wa(x))va(dx) < An /[a,ﬁ)m(x) Vv (dx)

2An

A2 Jiap)

2An

— 24
/1_2(1 —Vn(A2)) < /l_zl//"(/b)'

(1 = wa, (X)) v (d) (4.45)

Combining (4.44) and (4.45) one sees that for all n € Nand A > 0 we have n(1 — v, (1)) < C,(1+2),
where C;, = max{4¢/'u (A1), %gb,u (/lz)}. The conclusion follows by taking the limit as n — oo. |

The log L-transforms of L-infinitely divisible distributions also admit an analogue of the classical
Lévy-Khintchine representation. The relevant notions of compound Poisson and Gaussian measures
are similar to those for the Whittaker convolution:

Definition 4.35. Let u € P[a, b) and ¢ > 0. The measure e(cu) € P[a, b) defined by

X n

—c c" o,
e(cu)=e ‘Z;ﬂ"

n=0

(the infinite sum converging in the weak topology) is said to be the L-compound Poisson measure
associated with cpu.

It is immediate that e(cu) € Piq and that its log L-transform is Ye(cy) (1) = c(1 — f1(2)).
Definition 4.36. A measure u € P|a, b) is called an L-Gaussian measure if u € Piq and
u=e(cv) =9 (¢c>0,vePla,b),dePuq) = Vv =240,.

Theorem 4.37 (Lévy-Khintchine type formula). Suppose that Assumption MP., holds. The log

L-transform of a measure u € Piq can be represented in the form

D=0+ [ (1= wa)r(d (4.46)
(a,b)

where v is a o-finite measure on (a, b) which is finite on the complement of any neighbourhood of a

and such that

/ (1 —wa(x))v(dx) < o
(a.b)

and « is an L-Gaussian measure with log L-transform s o (1). Conversely, each function of the form

(4.46) is a log L-transform of some u € Pjq.

This Lévy-Khintchine type representation, together with its counterpart for the Whittaker convolu-
tion (Theorem 3.30), are both particular cases of a general Lévy-Khintchine formula for stochastic
convolutions in the sense of Volkovich which was established in [183] and whose proof was sketched
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in Subsection 3.4.2. (The fact that the £-convolution satisfies axiom V6 of Definition 2.25 is argued
in the same way as in Subsection 3.4.2.)

4.5.2 Convolution semigroups

Definition 4.38. A family {u;};>0 € P|a, b) is called an L-convolution semigroup if it satisfies the
conditions

* Ug ¥ My = sy forall s, ¢ > 0;
* 1o =0g4;

. ytiuiaastlo.

If the Sturm-Liouville operator satisfies Assumption MP,, then there exists a one-to-one cor-
respondence {u;}:>0 — p1 € Pia between the set of L-convolution semigroups and the set of
L-infinitely divisible distributions. (This can be justified exactly as in Remark 3.33.) Consequently,
any convolution semigroup {y,} has an L-transform of the form [; (1) = exp(—ty,, (1)), where
Yy, (+) is a function of the form (4.46).

The family of generalized translation operators determined by a given L-convolution semigroup
has the expected Feller-type properties:

Proposition 4.39. Suppose that Assumption MP., holds, and let {u;};>0 be an L-convolution
semigroup. Then the family {T; }; >0 defined by

T; : Co(RG) — Cp(RY), Lif =THf

is a conservative Feller semigroup such that the identity T,7" f = TYT,f holds for all t > 0 and
v € Mcla,b). The restriction {Tt| Cola b)} can be extended to a strongly continuous contraction

semigroup {Tt(p)} on the space LP(r) (1 < p < o). Moreover, the operators Tt(p) are given by
TP f=THf (f € LP(r))

Proof. Similar to that of Propositions 3.34-3.35. m|

Proposition 4.40. Suppose that Assumption MP, holds. Let {u;} be an L-convolution semigroup
with log L-transform  and let {Tt(z)} be the associated Markovian semigroup on L*(r). Then the
infinitesimal generator (G, D(G?)) of the semigroup {Tt(z)} is the self-adjoint operator given by

(FGPN)) =~y -(Ff), feD@G?)

where

D(G?) = {f e L*(r) /0 P [(FH W pr(rdr < oo}-

Proof. Similar to that of Proposition 3.36. |
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4.5.3 Additive and Lévy processes

Definition 4.41. An [a, b)-valued Markov chain {S,},cn, is said to be L-additive if there exist
measures u, € Pla, b) such that

P[S, € B|S;—1 =x] = (un * 6x)(B), neN, a <x < b, BaBorel subset of [a,b). (4.47)
If u, = p for all n, then {S,} is said to be an L-random walk.
An explicit construction can be given for L-additive Markov chains, based on the following lemma:
Lemma 4.42. There exists a Borel measurable ® : [a,b) X [a,b) X [0,1] — [a, b) such that
(0x *0y)(B) = m{®(x,y,-) € B}, x,y € [a,b), B a Borel subset of [a, b)
where mt denotes Lebesgue measure on [0, 1].

Proof. Let ®(x,y,£) = max(a,sup{z € [a,b) : (6x * 6y)[a, z] < £}). Using the continuity of the
L-convolution, one can show that @ is Borel measurable, see [16, Theorem 7.1.3]. It is straightforward
that m{®(x,y,-) € [a,c]} = m{(dx * 6y)[a,c] = &} = (6x *dy)[a,c]. O

Let X, Uy, X, U,, ... be a sequence of independent random variables (on a given probability
space (€, U, w)) where the X,, have distribution Px, = u, € [a,b) and each of the (auxiliary)
random variables U,, has the uniform distribution on [0, 1]. Set

So =0, Sn =821 @y, X, (4.48)

where X @y Y := ®(X,Y,U). Then the distributions Pg, of the random variables S,, are such that
Ps, = Ps, , * un (n € Np) and, consequently, {S, },en, is an L-additive Markov chain satisfying
(4.47). The identity Ps, = Ps, | * uj, is easily checked:

Ps, (B) = P|®(Sp-1, Xn, Un) € B]
- / / m{®(r. y.") € B)Ps,_, (dx) Py, (dy)
la,b)d [a,b)
- / / (85 % 5,)(B)Ps, ., (dx) Px, (dy)
la,b)d [a,b)
= (Ps,_, * t1n)(B).

The continuous-time analogue of £-random walks are the L-Lévy processes, defined in analogy
with Definition 3.37:

Definition 4.43. An [a, b)-valued Markov process Y = {Y; };>0 is said to be an L-Lévy process if there
exists an L-convolution semigroup {u; };>0 such that the transition probabilities of Y are given by

P[Y, € B|Y; =x] = (Us—s * 6x)(B), 0<s <t a<x<b, BaBorel subsetof [a,b). (4.49)
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If we let v € P[a, b) be a given measure and {u; };>0 a given L-convolution semigroup, then in
the same manner as in the previous chapter one can construct a £-Lévy process satisfying (4.49) and
such that P[X( € -] = v. Like in Corollary 2.18 and Proposition 3.38, the class of Lévy processes
includes the diffusion generated by the associated Sturm-Liouville operator (as defined in Subsection
2.4.3):

Proposition 4.44. Suppose that Assumption MP, holds. The diffusion process X generated by the
Neumann realization (L£L®, D(L?)) of € is an L-Lévy process.

Proof. Similar to that of Proposition 3.38. |

An analogue of the well-known theorem on approximation of Lévy processes by triangular arrays

d
holds for £-Lévy processes (below the notation — stands for convergence in distribution):

Proposition 4.45. Suppose that Assumption MP, holds, and let X be an [a, b)-valued random variable.

The following assertions are equivalent:

(i) X =Y for some L-Lévy process Y = {Y;};>0;
(i) The distribution of X is L-infinitely divisible;

d .
(iti) Sy, — X for some sequence of L-random walks S 182, ... (with S(J) = a) and some integers

m, — oo.

Proof. The equivalence between (i) and (ii) is a restatement of the one-to-one correspondence
{s}r>0 «— w1 between L-infinitely divisible measures and £-convolution semigroups. It is obvious
that (i) implies (iii): simply let m,, = n and S” the random walk whose step distribution is the law of
Y /n-

Suppose that (iii) holds and let 7r,,, i be the distributions of S 7 X respectively. Choose € > 0 small
enough so that (1) > C. > 0 for A € [0, £], where C, > 0 is a constant. By (iii) and Proposition
4.26(iii), 7, (1) — u(A) uniformly on compacts, which implies that 77,,(1) — 1 for all 1 € [0, &]
and, therefore, by Proposition 4.26(iv) r,, = 04. Now let k € N be arbitrary. Since 7, = 0q, WE

can assume that each m,, is a multiple of k. Write v,, = nf,(m"/ k), so that v = u. By relative

compactness of D({r,""}) (see [185, Corollary 1]), the sequence {v, },cn has a weakly convergent
subsequence, say vp; SN Uk as j — oo, and from this it clearly follows that uzk = u. Consequently,

(ii) holds. m]

An L-convolution semigroup {u;};>o such that y; is an £-Gaussian measure is called an £-
Gaussian convolution semigroup, and an L-Lévy process associated with an £-Gaussian convolution
semigroup is called an L-Gaussian process.

Proposition 4.46 (Alternative characterizations of £-Gaussian convolution semigroups). Suppose
that Assumption MP., holds and that A € C3(a, b) (where A is the function defined in (4.2)). Let
Y = {Y;}s50 be an L-Lévy process, let {u;}:>0 be the associated L-convolution semigroup and
let (G0, D(G?)) be the infinitesimal generator of the Feller semigroup associated with Y. The
Jfollowing conditions are equivalent:
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(i) w1 is a Gaussian measure;
(ii) lim, o %,ut ([a, b) \ Va) = 0 for every neighbourhood V, of the point a;

(iii) lim, o %(,u, #0x)([a,b) \ Vi) =0 for every x € [a,b) and every neighbourhood V. of the

point x;
(iv) Y has a modification whose paths are a.s. continuous.

If any of these conditions hold then the infinitesimal generator of Y is a local operator, i.e., (G f)(x) =
(G ¢)(x) whenever f,g € D(GV) and h = g on some neighbourhood of x € [a, b).

Proof. (i) = (ii): This can be proved as in Lemma 3.41 (with the obvious adaptations).

(ii) = (iii): To prove the nontrivial direction, assume that (ii) holds, and fix x € (a, b). Let
YV, be a neighbourhood of the point x not containing a and write E = [a, b) \ V. Pick a function
feC*suchthat0 < f <1, f =0on E, and f = 1 on some smaller neighbourhood Uy C V; of the
point x. (Using the assumption A € C3(a, b), it is easy to check that f, £(f) € D>0)

We begin by showing that

1-(T*HO) _

lim =0 for each 4 > 0. (4.50)

vla  1—wa(y)

Indeed, it follows from (4.43) that limy, |, (7 f)(y) = 1, lim,, (9y[1] (7*f)(y) =0and

(T () = //l (F OO wa(x) wa(y) pr(dd) = (TE(f)) () B t(f)(x) =0,

0

hence using L’Hopital’s rule twice we find that lim,, |, % =lim, |, % =0 >0).

By (4.50), foreach A > 0 there exists a; > a suchthat (7*1g,)(y) < (T*(1-1))(y) < 1—wa(y)
for all y € [a,a,). We then estimate

1 1 X
froE) =1 [T

1

1
T 0w + ula b

1

1
< " ./[a,b)(l —wa(y)) e (dy) + ~H [ay, b)

(1= GD) + prlar ).

~ | —

Given that we are assuming that (ii) holds and, by the L-semigroup property, lim, o %(l - () =
lim, o (1 = 71 (2)") = —log 117 (), the above inequality gives

1 —
lim sup ;(ﬂt #0x)(Ex) < —logpui(4).
t10

This holds for arbitrary 4 > 0. Since the right-hand side is continuous and vanishes for A = 0, we

conclude that lim, | %(;1, x0y)(Ey) =0, as desired.
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(iii) = (iv): 'This follows from Proposition 2.3.

(iv)= (iii): This is a general fact which is known as Ray’s theorem on one-dimensional diffusion
processes. The proof can be found in [86, Theorem 5.2.1].

The final assertion follows from Proposition 2.4. |

Remark 4.47. As in the context of the Whittaker convolution, one can introduce the notion of a
moment sequence associated with the £-convolution.

The canonical L-moment functions @) (k € N) can be defined recursively as the solution of the
initial value problem

t(or)(x) = =20kgr-1(x) —k(k = Dgra(x),  ¢r(a) =0, (p@i)(a) =0

(where @_1(x) := 0 and @o(x) := 1). Equivalently, we can write

x y
o) = k /0 ﬁ /0 FE) 2051 (€) + (k — DFia(é)] dé dy

ak
= ﬁ LUO_Z_T2 (X)

= / skeS o (ds).

(o)

Using the product formula (4.41), one can check that the canonical £-moment functions are a solution
of the functional equation (7> ¢x)(x) = ;?:0 (';)go j(x)@k—j(y), meaning that the ¢ play a role
similar to that of the monomials under the classical convolution.

The canonical £-moment functions are a tool for establishing strong laws of large numbers for
L-additive Markov chains. In particular, the following results hold for a given £-additive Markov
chain {S,,} constructed as in (4.48):

o 1

4.47.1. If{rp}nen is a sequence of positive numbers such thatlim,, r, = coand 3", = (E[¢2(Xn)]-
A (Xn)]z) < oo, then

11’11‘11 (‘pl(Sn) - E[wl(sn)]) =0 m-a.s.

n

447101 If {S,} is an L-random walk such that E[¢>(X1)?/?] < oo for some 1 < 6 < 2, then
Ele1(X1)] < o and

lim%(tpl(Sn) - nE[¢1(X1)]) =0 m-a.s.
non

4.47.111. Suppose that o1 = 0. If {r,}nen is a sequence of positive numbers such that lim,, r, = co
and ¥° . LE[¢y(X,)] < oo, then

n=1r,

1
lim — ¢y (S,) =0 m-a.s.
n ri’l
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4.47.0V. Suppose that o1 = 0. If {S,} is an L-random walk such that E[¢2(X1)?] < oo for some
0 <0 <1, then

) 1
hin m‘ﬁz(sn) =0 m-a.s.

The above statements can be proved exactly as in the hypergroup framework, see [16, Section 7.3]. In
addition, one can show that the modified moments E[¢ (X)] can be computed via the L-transform of
measures and that a martingale property holds for £-moment functions applied to £-Lévy processes
(these results are proved as in Propositions 3.50 and 3.51).

Under additional assumptions on the coefficients of ¢, one can also establish a Lévy-type
characterization similar to that of Theorem 3.54 for the diffusion process associated with the Sturm-
Liouville operator. In particular, an adaptation of the proof of Theorem 3.54 yields the following

result: Set ny(x) := fx ﬁ fay r(&)dé dy and n(x) := fax ﬁ /ay m (&)r(&)dé dy. Suppose that

a
a > —oo, Assumption MP, holds and one of the following conditions is satisfied:

em(x)=cix—a)+cra(x—a)’> +o((x —a)?) and na(x) = c3(x —a)> +o((x —a)?) as x | a,
with ¢, c3 > 0;

eni(x)=ci(x—a)Y +cr(x—a)* +o((x —a)Y) andnr(x) =c3(x —a)* +o((x —a)) asx | a,
with cq,c3 > 0.

Let X = {X; }+>0 be an [a, b)-valued Markov process with a.s. continuous paths. Then the following

assertions are equivalent:

(i) X is the diffusion process generated by the Neumann realization (L, D(L®)) of ¢;
@) {1 (Xy) —t}ss0 and {n2(Xz) —tnp1(Xy) + %}tzo are martingales (or local martingales);

(@ii) {n1(X;) —t};>0 is a local martingale with [n,(X)]; = ZfOt %(ryi(Xs))2 ds.

4.6 Sturm-Liouville hypergroups

Our purpose here is to discuss whether the convolution algebra structure constructed in the previous
section satisfies the hypergroup axioms H1-HS8 introduced in Definition 2.22. We will determine a
sufficient condition that leads to an existence theorem for Sturm-Liouville hypergroups which is more
general than that of Zeuner (stated above in Theorem 4.3). In addition to this, we will introduce a notion
of degenerate hypergroup which includes the Whittaker convolution and many other Sturm-Liouville
convolutions whose associated hyperbolic Cauchy problems are also parabolically degenerate.

4.6.1 The nondegenerate case

We saw in Proposition 4.31 that the L-convolution satisfies the hypergroup axioms HI-HS (with
K = [a, b) and e = a as the identity element; HS holds for the identity involution X = x). In order to
verify axioms H6-HS, one needs to determine the support of vy y = 6 * dy.

A detailed study of supp(vy,,) was carried out by Zeuner in [197]. The next proposition shows
that the results of Zeuner can be applied to the £-convolution, provided that the differential operator
(4.1) has coefficients p = r = A defined on R*, and there exists n € C! (R) satisfying the conditions
given in Assumption MP.
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Proposition 4.48. Let

= —%%(Ad%), x eR*

where A(x) > 0 for all x > 0. Suppose that there exists 7 € C! (R§) such that n > 0, the functions ¢,
Y, are both decreasing on R* and limy_,« ¢,,(x) = 0. Let xo = sup{x > 0 | ¢,,(x) = ¢,,(0)} and
xy =inf{x > 0| ¢,,(x) = 0}. Then:

(@) If xo = o0, x1 = 0 and n(0) = 0 then supp(dx * 6y) = {|x — y|,x + y} forall x,y > 0.

(b) If0 < xp < 00, x1 =0 and n(0) =0 then

{lx_y|’x+y}’ x+y < X,
supp(6x * 0y) =4 {|x = y|} U [2xg —x —y,x +y], x,y <xg<x+}Y,

[lx =yl x+yl, max{x, y} > xo.
(c) If xo = 00, 0 < x1 < 00 and n(0) =0 then

[lx = yl,x+y], min{x, y} < 2xy,
supp(dyx * dy) =
[x =y, 2x1 + |x = y[] U [x+y = 2x1,x +y], min{x, y} > 2x;.

(d) If0 < 3x1 < x9 < o0 and n(0) = 0 then

[lx = yl.x+yl, min{x, y} < 2x; or max{x, y} = xo - x1,

Supp(éx (y) [|x— Vl 2xl t |JC yl]“ max (
s 1 X X X1.
[ y N ]’ mln{x,y} > 2x1 and ma { 5 V} < 1

(e) Ifxo < 3x1 0rn(0) > 0 then supp(6y * 6y) = [|x — yl,x +y] forallx,y > 0.

The proof depends on the following lemma which ensures that the existence and uniqueness
theorems for the associated hyperbolic Cauchy problem (Theorems 4.15-4.16) are also valid for initial
conditions f € D0,

Lemma 4.49. If f € D9 then there exists a unique solution h € C? ((a, b)z) of the Cauchy problem
(4.22) satisfying conditions (a)—(B) of Subsection 4.3.1, and this unique solution is given by (4.23).

Proof. The fact that there exists at most one solution of (4.22) satisfying the given requirements is
proved in the same way.

Let f € D20 and consider the function /(x, y) defined by (4.23). The limit limy |, h(x,y) = f(x)
follows from Lemma 2.35(b) and dominated convergence. Similarly, we have

lim(3)" k) (x, y) = lim / (F L) wax) w1 () pr(dd) =0
yla yla R}

(the absolute and uniform convergence of the differentiated integral justifies the differentiation under
the integral sign). Now fix y € (a, b). By (4.43), we have h(-,y) = 77 f. Using (2.30) and Lemma



128 4. Generalized convolutions for Sturm-Liouville operators

4.32(ii), we obtain

F (T ) = AF (T [)(A) = Awa(y) (F )(A) = wa(y) F () = F(T7E())(A),

hence £, (77 f)(x) = (7Y€(f))(x) for almost every x. Since (by the weak continuity of (x,y) = vy y,
see Proposition 4.31) (x, y) +— (77€(f))(x) is continuous, it follows that

Ceh(x,y) = (TYE(f)) (%), forallx,y € (a,b).

Exactly the same reasoning shows that €,/ (x, y) = (77€(f))(x), hence h € C?((a, b)?) is a solution
of {xu = tyu.

It remains to check that the function (4.23) satisfies conditions (@)—(8). As seen above we have
F(h(-,y))(A) = wa(y) (F f)(A) and F[Lyh (-, )](2) = FITV()](AD) = Awa(y) (F f)(4), hence
(4.26)—(4.27) hold. Moreover, it is immediate from (2.29) that A (-, y) € D(L?), and therefore (@)
holds. |

Proof of Proposition 4.48. Fix z > 0, and let { f.} € D?% be a family of functions such that

fe(€)>0 forz—e<é<z+e,

4.51)
fe(&) =0 foré<z-—candé>z+e.

Observe that z € supp(d * dy) if and only if fR+ fed(6x *6y) > 0forall e > 0. Now, we know from
Lemma 4.49 that the function ’

e = [ fed@cniy= [ mim0) (LW petad

(the second equality is due to (4.43)) is a nonnegative solution of the Cauchy problem (4.22) with
f = fe; writing B(x) := exp(% fox n(&)dé), itfollows thatuy, (x,y) = B(x)B(y)hy, (x,y) is asolution
of pyu — pyu = 0, where p, = —aa—; - ¢,,(x)a% + ¥, (x). Applying Lemma 4.9 with ¢ > 0 and

p1(v) = p2(v) = —v”" = ¢,v" + Yy,v and then letting ¢ | 0, we deduce that the following integral
equation holds:

A)A(Y)
—————ur(x,y)=H+Iy+ L+ L +1 4.52
_ O o
where H = JA(0)[5E= fo(x =) + 50 fulx + )] fo = LR [ S8 £ (s) ds and 11, I, I3

are given by (4.11)—(4.13) with c = 0 and v = uy,. Since f, and hy, are nonnegative, all the terms in
the right-hand side of (4.52) are nonnegative; consequently, we have z € supp(d * dy) if and only if
at least one of the terms in the right-hand side of (4.52) is strictly positive for all £ > 0. In order to
ascertain whether this holds or not, one needs to perform a thorough analysis of the integrals Iy, I, I>
and /3. This has been done by Zeuner in [197, Proposition 3.9]; his results lead to the conclusion
stated in the proposition. |

Theorem 4.50 (Existence theorem for Sturm-Liouville hypergroups). Let € be a differential expression
of the form (4.1). Suppose that y(a) > —co and that there exists n € C'[y(a), ) satisfying the
conditions given in Assumption MP. Then ([a, b), *) is a hypergroup.
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Proof. We need to check that the £-convolution satisfies axioms H6—H8. Assume first that ¢ satisfies
the assumptions of Proposition 4.48. Then the explicit expressions for supp(d * ¢y) show that (in
each of the cases (a)—(e)) supp(dx * d) is compact, depends continuously on (x, y) and contains e = 0
if and only if x = y, so that H6—H8 hold. (Verifying the continuity is easy after noting that the topology
in the space of compact subsets can be metrized by the Hausdorff metric, cf. [99, Subsection 4.1].)

In the general case of an operator ¢ of the form (4.1), the hypothesis that y(a) > —co means that

% is integrable near a, and thus we may assume that y(a) = 0 (otherwise, replace the interior

point ¢ by the endpoint a in the definition of the function y). By assumption the transformed operator

= —%%(A%) defined via (4.2) satisfies the assumptions of Proposition 4.48; by the above, the
associated convolution, which we denote by , satisfies H6—HS8. From the product formulas for the

solutions w, (x) and w; (&) = wa(y~1(¢)) we deduce that

/[ D dy 2 83) =un(@)wa) = Ty D)) = [ 0107 @) 6,070, )

0

and, consequently, 6,0y = ¥~ (8y(x) %0, (y)). Inparticular, supp(x*dy) = ¥~ (supp(Sy (x) ¥y (y)));
since vy is a continuous bijection, we immediately conclude that the convolution * also satisfies axioms
H6-HS. O

Recalling the definition of hypergroup isomorphism given in Section 2.3, we see that the
hypergroups ([a, b), ) and (Rg,?k') considered above (associated with the differential operators ¢ and

2 respectively) are isomorphic.

n_ A
A

above can be re-expressed in terms of conditions SLO-SL2 introduced in Section 4.1:

For Sturm-Liouville operators on R* of the form £(u) = —u u’, the assumption of the theorem

Corollary 4.51. Suppose that A satisfies SLO and SL2. For f € D*9, denote by v r the unique
solution of txvy = yvy, vy (x,0) = v (0,x) = f(x), (ay[l]vf)(x, 0) = ((%El]vf)(o, y) = 0 such that
conditions (a)—(B) of Subsection 4.3.1 hold for h = vy. Define the convolution x via (4.3). Then
(R&. *) is a hypergroup.

Proof. Just notice that, by (4.43) and Lemma 4.49, the definition of convolution given in the statement
of the corollary is equivalent to Definition 4.29. |

The statement of Corollary 4.51 strongly resembles that of Zeuner’s existence theorem for Sturm-
Liouville hypergroups (Theorem 4.3), but its assumptions do not include condition SL1. The corollary
therefore shows that it is natural to modify the definition of Sturm-Liouville hypergroup (Definition

[e9)

4.2) by replacing the space Cqye, by D20 and replacing dy by 6y[1] in the initial condition, because

in this way we are able to extend the class of Sturm-Liouville hypergroups to all functions A satisfying
conditions SLO and SL2.

We emphasize that condition SL1 imposes a great restriction on the behaviour of the Sturm-
Liouville operator £(u) = —u"" — AX'u’ near zero: in the singular case A(0) = 0, SL1 requires that

‘2,((;)) ~ % Therefore, as shown in the next example, Corollary 4.51 leads, in particular, to a

considerable extension of the class of singular operators for which an associated hypergroup exists:
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Example 4.52. If A satisfies SLO and the function AX/ is nonnegative and decreasing, then SL2 is

satisfied with n7 := 0. Therefore, Corollary 4.51 ensures that there exists a hypergroup associated with

the operator £(u) = —u"" — %,u’. Notice that this existence result holds without any restriction on the
A'(x)

growth of Ay asXx 10.

This class of examples includes the following special cases:

(a) €:—dd—;2 (0 < x < 00); here A(x) = 1.

As noted in Example 2.38, the Sturm-Liouville solutions are w,(x) = cos(tx) (1 = %) and
the L-transform is the cosine Fourier transform (¥ 1) (1) = fom h(x) cos(tx)dx. By elementary
trigonometric identities, w, (x)w,(y) = %[w7(|x —y|) + we(x + y)], hence the L-convolution is
given by
1
5x*(5y=§((5|x_y|+5x+y), x,y > 0.

In other words, * is (up to identification) the ordinary convolution of symmetric measures.

b) €=—x>20 L (1—a)x!2* (0 <x <o, a>0)

This operator is of the form (4.1) with p(x) = x!~% and r(x) = x®~!, and it is transformed into
the operator —d‘l—; via the change of variable & = y(x) = x? (cf. Remark 4.1). Accordingly, it
follows from (a) that the £-convolution is given by

1
6){ * (Sy = 5(6|x(l_y(lll/(l +6(xa+ya)l/(z), x,y 2 O

This is the so-called (a, 1)-convolution [178], which is a generalized convolution satisfying
Urbanik’s axioms (cf. Definition 2.24).

d> _ 2+l d 1y. -
() =4 - 2124 (0 <x <oo,7>-3); here A(x) = x*"*\.

As noted in Section 2.2, the Sturm-Liouville solutions are w,(x) = J,(1x) (4 = 72, J,; the
normalized Bessel function of the first kind) and the .L-transform is the Hankel transform
(Fh)(r) = fom h(x) J,(tx) x2*1dx. The product formula for the Bessel function given in
Theorem 2.14 shows that the £-convolution is

217210 (n + 1)

T D) () 21 [(€2 = (x =) (2 +3) > =ED] TP ey ey (€) £dE.
2

(0x%6y)(dE) =
This is the Kingman convolution (cf. Definition 2.15). The corresponding hypergroup (Rg, %),
which is known as the Bessel-Kingman hypergroup, plays a special role in the context of
Sturm-Liouville hypergroups; in particular, it appears as the limit distribution in central limit
theorems on hypergroups [16, Section 7.5].

@ £=—x>20L _ an+1)x'20 L (0<x<oo,p>-1 a>0).

This operator is of the form (4.1) with p(x) = x2?7*! and r(x) = x>*U7#D-1; gimilar to (b)

2
above, the change of variable & = y(x) = x¢ transforms ¢ into the operator —% - %% The
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L-convolution is thus given by
@212 + 1)
VaT(n+3)

x 1 [lxe—ye|l/e (xayya)l/a] (é‘:) é_-2a/—1d§‘

(0x * 6y)(dé) = ()22 [(£27 = (x7 =y ((x* +y7)? = £27)] "7

This is the so-called (a, 8)-convolution [178]; as in (b), one can check that it satisfies axioms
U1-U6 of Urbanik convolutions.

(e) € = —dd—; — [(2a + 1) cothx + (28 + 1) tanhx] L (0 <x < o0, @ > B> -1, @ # —1); here
A(x) = (sinhx)?@*!(cosh x)%+!,

Asnoted in Example 2.42, the Sturm-Liouville solutions are w, (x) = 2 F} (% (n—it), % (p+it); a+l;
—(sinh x)z) (m=a+pB+1, A =1%+n? ,F) the hypergeometric function) and the £-transform
is the (Fourier-)Jacobi transform (2.49). By a deep result of Koornwinder [58, 98], the measures
of the product formula w) (x) wa(y) = f[a’b) wyd(dx * 0y) are given by

2729T(a + 1)(coshx coshy cosh&)@=A-! y
VaT(a + 1) (sinhx sinhy sinh&)2e

X (1=2) " oF (a4 fa = fra+ 521 = 2) )11y v () A(E)dE

(0x * 6y)(d§) =

2 2 2_
where Z 1= (coshx)+coshy)+(cosh &) —1. ) o rresponding hypergroup is the so-called Jacobi

2coshx coshy cosh &
hypergroup.

For half-integer values of the parameters a, 8, this hypergroup structure has various group
theoretic interpretations; in particular, it is related with harmonic analysis on rank one Riemannian
symmetric spaces [98]. Moreover, a remarkable property of the Jacobi hypergroup is that it
admits a positive dual convolution structure, i.e. there exists a family {64, 1,} of finite positive
measures such that the dual product formula w,, (x) wa, (x) = fooo W, (x) 64,,1,(dA3) holds, and
this permits the construction of a generalized convolution which trivializes the inverse Jacobi
transform [11].

) =-L —(242u) L (0 <x < oo, a,pu>0); here A(x) = x¥e.
As noted in Example 2.40, the solutions of the Sturm-Liouville initial value problem are w,(x) =
(2it) " Te M x I M o at (2itx) (1 = 12+ u?, M, ,(-) the Whittaker function of the first kind)
and the £-transform is the index transform (F h)(7) = (21’7’)‘%f000h(x) M_%’%(Zirx) x 2 eM¥dx.
It follows from Corollary 4.51 that there exists a family of probability measures {Vx.y }x,y>0 With

support [|x — y|,x + y] such that the Whittaker function of the first kind satisfies the product
Jormula

(2iTXy)_%€_#(x+y)M_%’%(2iTX)M_%’aT—| (2ity) = /f‘ge_“‘fM_;ﬁ’a;]Qin) Vi,y (dE).

(4.53)
Unlike in cases (a)—(e) above, here the function A does not satisfy condition SL1 of Zeuner’s
existence theorem for Sturm-Liouville hypergroups; the existence of the product formula (4.53)
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is, as far as we know, a novel result. It is natural to wonder whether one can determine the
closed-form expression of each of the measures vy in terms of classical special functions. We
leave this as an open problem.

The convolutions discussed in cases (a)—(d) above are the only known examples of Sturm-Liouville
convolutions which satisfy axioms U1-U6 of Urbanik.

4.6.2 The degenerate case: degenerate hypergroups of full support

Definition 4.53. Let K be a locally compact space and #* a bilinear operator on Mc(K). The pair
(K, =) is said to be a degenerate hypergroup of full support if it satisfies the hypergroup axioms H1-HS,
together with the following axiom:

DH. supp(6, *¢,) =K forallx,y € K\ {e}.

In order to determine the conditions under which the Sturm-Liouville convolution algebra
([a, b), =) is a degenerate hypergroup of full support, we need to know when the solution of the
associated hyperbolic Cauchy problem (4.22) is strictly positive inside (a, b)2. Our starting lemma
provides an integral inequality which proves to be useful for studying the strict positivity of solution.

Lemma 4.54. Write R(x) := %, where B(x) = exp(% fﬁx n(&)dé) (with B > y(a) arbitrary). Take
h e DO such that h > 0. Let u(x,y) = h(y~'(x),y ' (y)), where h € Cz((a, b)z) is the solution
(4.23) of the Cauchy problem (cf. Lemma 4.49). Then the following inequality holds:

y
RMX)R(Y)u(x,y) = %/( )R(s)R(x —y+s)[¢,,(s) + ¢y, (x —y+s)]u(x —y+s,5)ds
y(a

+%/y R(SR(x+y =5)[8y(s) = @y(x+y =) |u(x+y—s,5)ds  (4.54)
v(a)

+3 /A REOR Wy = (&) u(£, ) dédd

whereAEAy(a),x’y={(§,{)ERZ|{Zy(a),f+g“§x+y,§—§2x—y}.

Proof. Let {a,,}men be a sequence b > ay > ay > ... withlima,, = a. Form € N, set d@,, = y(a;,)
and define u,,(x,y) := hm(y~1(x), ¥ 1(y)), where h,, is the function defined in (4.29). The function
Um(x,y) = B(x)B(y)um,(x,y) is a solution of

(@x0m)(x,y) = (@yom) (X, y), X,y >dm
Om (X, @m) = B(X)B(@m)h(y™' (x)), x> dm
(ayvm)(xa am) = %U(dm)B(x)B(dm)h(y_l(x))a X >dm
where p, := —0’9—;2 - ¢,,(x)a% + ¢y (x). Clearly, v,,(x,dmn), (Oyvm)(x,d,) = 0. By Lemma 4.9
(with g1 (v) = 92(v) = =0 — ¢,,0" + ¢,v), the integral equation (4.8) holds with v = v, and ¢ = a,,.
It is clear that we have H > 0, Ip > 0 and I; = O in the right hand side of (4.8); moreover, it
follows from Proposition 4.18 and Assumption MP that the integrands of 7, I, and /3 are nonnegative.
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Consequently, for @ € [d,,, y] we have

y
REOR()um(x,y) = / R()R(x =y +5) [ (5) + @y (x = y +5) |um(x =y +5,5) ds

a

y
+%/a R(S)R(x+y_s)[¢7](s)_¢,](x+y—s)]um(x+y—s,s)ds (4.55)

! /A RERQ) Wy (Q) = ¥y () um(é.£) dédl

where A,y = {(£,0) € R2|(>a é+0 <x+y, - >x—y}. Since by Proposition 4.17
limy; 00 Um (x,¥) = u(x, y) pointwise for x,y € (y(a), ), by taking the limit we deduce that for
each fixed « € (y(a), y] the inequality (4.55) holds with u,, replaced by u. If we then take the limit
a | y(a), the desired integral inequality follows. O

The next lemma will help us in verifying the strict positivity of the integrands in the integral
inequality (4.54).

Lemma 4.55. If y(a) = —oo, then at least one of the functions ¢, ¥, defined in Assumption MP is
non-constant on every neighbourhood of —oo.

Proof. Suppose by contradiction that y(a) = —co and ¢,,, ¥,, are both constant on an interval
(—o0, k] € R. Recall from the proof of Proposition 4.13 that £ is unitarily equivalent to a self-adjoint
realization of —dd—; + g, where q is given by (4.5). Clearly, q(¢) = g := }1¢%7(K) + ¥, (k) < oo for
all £ € (—o0, k). Using the theorem on the spectral properties of Sturm-Liouville operators stated
in [188, Theorem 15.3], we deduce that the essential spectrum of any self-adjoint realization of ¢
restricted to an interval (a, ¢) (for a < ¢ < b) contains [ e, o). However, we know from the proof of
Proposition 4.13 that self-adjoint realizations of ¢ restricted to (a, ¢) have purely discrete spectrum.
This contradiction proves the lemma. O

We are now ready to prove that in the case y(a) = —oo the solution of the (nontrivial) Cauchy
problem (4.22) always has full support on (a, b)?, even when the initial condition is compactly
supported:

Theorem 4.56 (Strict positivity of solution for the Cauchy problem (4.22)). Suppose that y(a) = —oo.
Take h € DO If f > 0 and f(19) > 0 for some 1 € (a, b), then the function h given by (4.23) is
such that

h(x,y) >0 forx,y € (a,b).

Proof. Letu(x,y):=h(y~'(x),y 1(y)) and 7y = y(79). Fixxo > yg > —co. Since limy_, o u(%,y) =
f(19) > 0, there exists k € (—oo, min{yg, 79}) such that u(7p, y) > O forall y < «.

Suppose ¢,, is non-constant on every neighbourhood of —co. Choosing a smaller « if necessary,
we may assume that ¢, (k) > ¢, (&) for all ¢ > «. For each x > 7 and y < k we have by Lemma 4.54

y
R(X)R(Y)u(x,y) = % / R(s)R(x =y +y) [¢,7(s) +¢y(x—y+ s)]u(x —y+s,5)ds

—00
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and the integrand in the right hand side is continuous and strictly positive at s = y — x + T, so the
integral is positive and therefore u(x,y) > 0 for all x > 7y and y < x. Again by Lemma 4.54,

Y0
R(x0)R(yo)u(xo, yo) > 3 / R($)R(x0 +yo — 5) [, (s) — ¢ (x0+ yo — 5)Ju(xo + yo — s, 5) ds
with the integrand being strictly positive for s < min{, xo + yo — 7o}, thus u(xg, yo) > 0.

Suppose now that ¢, is non-constant on every neighbourhood of —co and that « is chosen such
that ¥, (k) > ¥, (€) for all £ > k. The integral inequality of Lemma 4.54 yields

R(xo)R(yo)u(xo, yo) > | /A RERD) [9n(0) = wn(©)|ulé. 0) déde.

where A = {(£,0) € R? | £+ < xo+ Yo, € — ¢ = xo — yo}. Clearly, the integrand is continuous and
> 0on {(19,¢) | £ < min(yg — |xo — 70|, ¥)} C A, and it follows at once that u(xg, yg) > 0.

By Lemma 4.55 it follows that u(xg, yo) > 0. Since xg > yo > —co are arbitrary we conclude that
h(x,y) > 0for b > x > y > a and, by symmetry, for x, y € (a, b). |

Corollary 4.57 (Existence theorem for degenerate hypergroups of full support). Let £ be a Sturm-
Liouville expression of the form (4.1) which satisfies Assumption MP, and suppose that y(a) = —co.
Then ([a, b), %) is a degenerate hypergroup of full support.

Proof. By Proposition 4.31, the pair ([a, b), =) satisfies axioms HI-H5. As in the proof of Proposition
4.48, z € [a, b) belongs to supp(d * dy) if and only iff[(ﬂ,oo) wa(x) wa(y) (F fe)(A) pr(dd) > 0 for
all & > 0, where {f.} ¢ D?0 is a family of functions satisfying (4.51). But it follows from Theorem
4.56 that hy, (x,y) = f[az’m) wa(x) wa(y) (F fe)(A) pr(dr) > 0 for all x,y € (a,b). Hence each
z € [a, b) belongs to all the sets supp(Jy * &y), x,y € (a, b); therefore, ([a, b), *) satisfies axiom
DH. O

This corollary confirms that, as anticipated in Section 4.1, the Whittaker convolution studied
in Chapter 3 is a particular case of a general family of Sturm-Liouville convolutions which do not
satisfy the compactness axiom, but which also allow us to develop the basic notions and facts from
probabilistic harmonic analysis.

Example 4.58. Let £ € C!(R*) be a nonnegative decreasing function and let « > 0. The differential
expression

€=—X2——[K+X(1+{()€))]%, 0<x <o

is a particular case of (4.1), obtained by considering p(x) = xe */**1¢(x) and r(x) = %e"(/ Xl (x)
where I;(x) = flx 4 (y)dy—y. (If k =1and £(x) = 1 —2a > 0, we recover the normalized Whittaker

operator (3.2).) The change of variable z = log x transforms € into the standard form {=- ;—Zzz - % d%,
where ‘:((Zz)) = ke *% + {(e%). Tt is clear that y(a) = —co and that ¢ satisfies Assumption MP with

n =limy_. {(y), and it is not difficult to show that the boundary condition fa ‘ fy ‘ p(ffc ) r(y)dy < o

holds. Consequently, the Sturm-Liouville operator ¢ gives rise to a convolution algebra (R, %) such
that supp(dx * 6y) = R forall x, y > 0.
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4.7 Harmonic analysis on L” spaces

Finally, we turn to the mapping properties of the £-convolution of functions, defined in the natural
way (compare with Section 3.6):

Definition 4.59. Let f, g : [a,b) — C. If the integral

b b
Geow= [ Tnwamrmw= [ 1@ 6@ 0 o
exists for almost every x € [a, b), then we call it the L-convolution of the functions f and g.

As usual, the convolution is trivialized by the £-transform and commutes with both the Sturm-
Liouville operator ¢ and the associated translation operator:

Proposition 4.60. Let y € [a, b) and A = 0. Then:
(@) If f € L*(r) and g € L' (r), then (F(f *£))(A) = (F (D) (Fg)();
(b) If f € L*(r) and g € L'(r), then T>(f xg) = (T7f) x g
() If fe D(LPD)and g € L'(r), then f+ge D(LP) and ((f *g) = (£f) * g.

Proof. We know from Proposition 4.32 that F(7# f)(1) = u(4) (F f)(4), hence these properties
can be proved using the same reasoning as in Proposition 3.59. |

The L-convolution also satisfies a Young inequality analogous to those of the previous chapters:

For f € LP'(r) and g € LP2(r), the L-convolution f * g is well-defined and, for s € [1, co] defined

11 , 1 _ . .
by st m, 1, it satisfies

Proposition 4.61 (Young inequality for the £-convolution). Let p1, p» € [1, co] such that % + plz > 1.

I1f = glls < [1£11p: 11gllp,

(in particular, f « g € L*(r)). Consequently, the L-convolution is a continuous bilinear operator
from LP1(r) x LP2(r) into L°(r).

Proof. ldentical to that of Proposition 3.57. O

4.7.1 A family of L' spaces

We will study the £-convolution as an operator acting on the family of Lebesgue spaces {L.}_.,_, <o
where L! = L'((a, b), wi(x)r(x)dx). Observe that this is an ordered family:

1 1 2
L., L, whenever — o0 < kp < k1] £ 0°. (4.56)

This follows from the fact that (due to the Laplace-type representation (4.16)) we have 0 < w, (x) <

Wy, (x) for all x € [a,b) whenever —co < ky < k; < o2

contained in the spaces L} with 0 < k < 2.

. In particular, the space L(l) = L'(r) is



136 4. Generalized convolutions for Sturm-Liouville operators

The basic properties of the £-transform, translation and convolution on the spaces L. are as
follows (we write || « ||« =] * ”Li):

Proposition 4.62. Let —co < k < 02, let f,g € L\, and fix y € [a, b). Then:

(a) The L-transform (F f)(A) = /ah F(x)wa(x) r(x)dx is, for all A > o2, well-defined as an
absolutely convergent integral; in addition, f is uniquely determined by (F f )| [02.00)

(b) The L-translation (T f)(x) := f[a b) fdvy,y is well-defined and it satisfies ||T7 f||1,« <
we I fll1.« (in particular, T¥(LL) c LL).

(¢) The L-convolution (f = g)(x) = fub(‘fyf) (x) g(v) r(y)dy is well-defined and it satisfies
I # &l < Wi llglh . (in particular, Ly + L, C Ly).

Proof. (a) The absolute convergence of /a b fF(x) wa(x) r(x)dx is immediate from (4.56). Letting
u(dx) = f(x) r(x)dx, the same proof of Proposition 4.26(ii) shows that if (1) = (¥ f)(2) = 0 for
all 1 > o2, then u is the zero measure; consequently, the function f is uniquely determined by its
L-transform.

(b) Let f € L) and let £(%) be the operator defined in Lemma 4.7. We saw in the proof of Theorem
4.23 that V)<CK)>, (d¢) = #u‘i)(y)vx,y(df), hence

TDw= [ Favey=utono) [ Ll =n@mo (7).

[a,b) Wk Wy

here fog and 7, are, respectively, the measure of the product formula and the translation operator
associated with £¢). Since || f|l1 « = | wi it follows from Proposition 4.32(a) that 77 f is
well-defined and

L! (r(K>) s

1T Fllix = we )| 77, L

(i) wie

L1 (- < wK(y)| wi,( Li(re) = Wi (WIS Ik

(¢) Using part (b), we compute

b b
If * gllie < / / (T 1)) 18()] r(€)dé wy (x)r(x)dx
b b
- / / (T4 ) (0| we () dx |g(&)] r(€)dé
a a b
< flhe / 18| we (@) r(@)de = [1flle-lglh.0

Corollary 4.63. The Banach space L., equipped with the convolution multiplication f - g = f * g, is
a commutative Banach algebra without identity element.

Proof. Proposition 4.62(c) shows that the £-convolution defines a binary operation on L! for which
the norm is submultiplicative. Since the trivialization property # (f = g) = (F f)-(Fg) (Proposition
4.60(a)) extends (by continuity) to all f,g € L,l<, the commutativity and associativity of the £-
convolution in the space L! is a consequence of the uniqueness of the L-transform (Proposition
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4.62(a)). An argument similar to that of the proof of Corollary 3.64 shows that the Banach algebra
(L., *) has no identity element. |

Next we state a Wiener-Lévy type theorem for the £-convolution which includes, as a particular
case, the corresponding theorem for the Whittaker convolution established in Theorem 3.66.

Theorem 4.64 (Wiener-Lévy type theorem). For —co < k < o2, write IT, := {/1 eC | [Im(VA - 02)| <
Im(Vk — 0'2)}. Let f € L. and o € C. The following assertions are equivalent:

(i) o+ (Ff)(A) #0forall A € I, (including A = o);
(ii) There exists a unique function g € L\ and complex constant g such that

1

T T - o+(Fe))  (Aell). (4.57)

If im0 wy(x) = 0 for all a < x < b, then the unique complex constant in (4.57)is 0 = o~ ..

We note that the hypothesis lim;_,., w;(x) = 0 holds, in particular, for Sturm-Liouville operators
whose Laplace representation (4.16) is such that the measures 7, € M, (R) (a < x < b) are absolutely
continuous with respect to the Lebesgue measure. (This follows from the Riemann-Lebesgue lemma,
as in the proof of Lemma 3.62.) In addition, it has been proved (see [27, Proposition 1]) that the
property lim,—,. wy(x) = 0 holds for all Sturm-Liouville operators of the form ¢(u) = —u”" — AK,M/
on R* whose coefficient A satisfies assumptions SL1.1 and SL2 with n = 0. The latter class of
Sturm-Liouville operators includes those associated with the Hankel and the Fourier-Jacobi transforms
(Examples 4.52(c),(e)).

The proof of Theorem 4.64 relies on the following generalization of Lemma 3.15, which
characterizes the set of (suitably bounded) solutions of the functional equation determined by the

Sturm-Liouville product formula:

Lemma 4.65. Let —co < k < 2. Assume that 8: [a,b) — C is a Borel measurable function such
that there exists C > 0 for which

|0(x)| < Cwy(x) for almost every x € [a, b) (4.58)

and that 6(x) is a nontrivial solution of the functional equation

6(x)0(y) = /[ ” 0(&) vy y(dE) for almost every x,y € [a, b). (4.59)

Then 0(x) = w,(x) for some A € II,.

Proof. Fort > 0andx € (a, b), let {T;} be the Feller semigroup generated by the Neumann realization
of ¢ and write (T;h)(x) = f[a’b) h(&)p: x(dE), where {p; x}i>0,xe(a,p) is the family of transition
kernels.

Assume for the moment that 0 < k < 02, so that § € Lo, (7). We know from Corollary 4.24
that the measure v; , ,(d€) = gq;(x,y,&) r(§)dé of the time-shifted product formula is given by
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Vi,x,y = Pt,x * Oy; therefore, using the functional equation (4.59) we may compute

(T,(72 6))(x) = /

[a,

(&) Vi x,y(d&)
b)

/[ | (T0E) Pl (4.60)

6(y) /[ OO pra(de) = 60) (T,0))

where we also used the fact that the transition kernels {p; x}/>0,xe(a,») are absolutely continuous
(Proposition 2.36). On the other hand, we know from a general result on one-dimensional diffusion
semigroups (see [129, Corollary 4.4]) that the Feller semigroup {7;} is such that

%(Tth)(x) = —l(Tyh) (x) forall h € Lo (7) (t>0, x € (a,b)),

and we thus have (noting that 778 € L., (r), cf. Proposition 4.32(iv))

LT (T O)) ) = —2

EP (TH(T>0))(x) = &y (T (T 0))(y) (4.61)

where the second equality holds because (7; (77 6))(x) = (T;(7*6))(y). Combining (4.60) and (4.61),
we deduce that

0
ty[0(y) (T 0)(x)] = —%[G(y) (T:6)(x)] = _E[G(x) (T:6)(y)] = tx[6(x) (T:0) ()]
for all # > 0 and almost every x, y € (a, b), and therefore

~3(T,8)(x) _ 0B() _ 6,600 _
(T;0)(x) 6(x) 6(y)

for some constant 4 € C. From the last equality (which holds for almost every y) it follows that

(4.62)

6(y) = crwa(y) + coma(y), where u, is a solution of £(u) = Au linearly independent of w, and
c1, ¢ € C are constants. In particular, 6 is continuous (in fact, by (4.58) we have 8 € Cy[a, b)), and
by continuity the functional equation (4.59) holds for all x, y € [a, b); moreover, if we let yg be such
that @(yo) # 0, we see that

1 1
o) = 5o /{a’b) 016) Vi () — 5 /[ L B@8, =1 asrla

In order to show that 8(x) = w,(x), by Lemma 2.26 it only remains to prove that lim, |, (p 8) (x) =
0. We know that lim, |(7;60) (x) = 6(x) and, by (4.62), %(T, 0)(x) = —A(T;6)(x), hence

(T;0)(x) = e Y 0(x) (t>0, x € (a,b))

and therefore
6(x)

Ry = 7

(n>0, x€(a,b))
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where, asin (2.3), R,, f = fom e~ T, f dt denotes the resolvent of the Feller semigroup {7} };>0. Since
0 € Cola, b), it follows that (R,,0) (x) belongs to D(L?), and therefore we have lim, 1la(p@)(x) =
limy |, (A +7)p(x)(R,6) (x) — 0asx | a, as desired.

Finally, suppose that x < 0 and choose ky < . Recalling Lemma 4.7, it is easily seen that

the function 6¢0)(x) := 99 _ is bounded almost everywhere by w,ﬁ'io,zo (x) = ulj)’(—((xx)) € Cola, b) and
(]
satisfies the functional equation

Wiy (x)
g('«))(x) 9<Ko>(y) — /

la,b

| 000)(&) v (d¢)  for almost every x, y € [a, b)

2

where, as seen above, vi’f§>(d§) - (&) oy Yy (d¢). Using the proof given for the case 0 < « < o

g (X) g
(where we replace the associated Sturm-Liouville operator by £(¥0?), we deduce that 80)(x) = wfl’;°>(x)
for some 1y € C. Consequently, 8(x) = w,(x) for some A € C.

It only remains to show that A € I1,.. Indeed, taking into account the Laplace-type representation
wy(x) = /R cos(sVA — 02 ), (ds), the inequality (4.58) holds if and only if

/cos(s\//l — 02)mx(ds)
R

<C / cos(sVk — 02 )y (ds) for almost every x € [a, b)
R

and clearly this takes place if and only if 4 € I1,. |

Proof of Theorem 4.64. Following the arguments from the proof of Lemma 3.65, one can prove the
following counterpart of Lemma 3.65: if J : L. — C (-c0 < k < 0?) is a linear functional

satisfying
J(h+g)=J(h)-J(g)  forallh,ge Ll

then J(h) = f[a b) h(E)wa(&)r(€)dE for some A € IT,.. One can then establish the Wiener-Lévy type
theorem by a straightforward adaptation of the proof of Theorem 3.66 (replacing L, and ‘W, by,
respectively, L] and 7, etc.). m]

4.7.2 Application to convolution-type integral equations

As in Section 3.7, the Wiener-Lévy type theorem established above is applicable to the study of a class
of integral equations of convolution type.

Definition 4.66. The integral equation

F)+ /0 TG y) () dy = h(x), (4.63)

where h and J are known functions and f is to be determined, is said to be an L-convolution equation
if J(x,y) = (T¥)(y)r(y) for some function ¢ € Llrz. In other words, (4.63) is an L-convolution
equation if it can be represented as

F) +(f *¢)(x) = h(x)

with h e L' .
ag
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An argument similar to the one given in Section 3.7 yields the following existence and uniqueness
theorem for £-convolution equations:

Theorem 4.67. Assume that J(x,y) = (T*¢)(y)r(y) for some ¢ € L.
If 1+ (Fp)(A) # 0 forall A € I, (including A = ), then, for each given h € L., the integral
equation (4.63) admits a unique solution f € L,l(; moreover, this solution can be written in the form

b
F(x) = 0h(x) + (h* ) (x) = oh(x) + / 1) (T9) () r(3)dy (4.64)

for some function g € L\. and some constant o € C.
Conversely, if 1 + (F¢)(do) = 0 for some Ay € II,, then there exists no f € L. satisfying the
integral equation (4.63).

As an interesting particular case, we deduce the existence and uniqueness of solution for integral
equations involving the density g, (x, y, &) of the time-shifted product formula (cf. Proposition 4.22):

Corollary 4.68. For each fixedt > 0, a < x < b and y € L'(r), the integral equation

b
h(y) + / h(E) 41 (xoy. E)F(E)dE = w(y)

has a unique solution h € L' (r) which can be written in the form (4.64) for some function g € L' (r).

Proof. Let us justify that this result is obtained by setting f = f; , := p(¢,x, ) in the statement of
Theorem 4.67. Notice first that by Corollary 2.37 we have f; , € L} = L'(r). Moreover, we have
(F fr.x)(A) = e 7wy (x) (cf. (2.39)), thus 1 + (F £;.,)(0) =2 and

1+ (Ffr) (D] 2 1= e *Ywy(0)] >0, A€\ {0}
(this is easily seen to hold by setting 1 = 72 + o~ and recalling the estimate (4.17)). Recalling that
(F(T fe)) (D) = (F fr.) (D) wa(y) = e wa(x)wa(y) = (Fgi(x,y,)) ()

where we used Proposition 4.32(ii), we see that (77 f; ) (&) = g;(x,y, &), so that the corollary is a

particular case of the theorem. m|



Chapter 5

Convolution-like structures on
multidimensional spaces

After having constructed convolution-like operators associated with the Shiryaev process and with a
family of one-dimensional diffusion processes generated by Sturm-Liouville operators, we now turn
to a more general discussion of the problem formulated in the Introduction: the construction of a
generalized convolution associated with a given Feller process on a generally multidimensional state
space.

We start this chapter by describing the desired properties of such a generalized convolution structure;
these properties will be seen to lead to strong restrictions in the behaviour of the eigenfunctions of the
Feller generator. In Sections 5.2-5.3, after reviewing some basic notions and facts from spectral theory
and differential operators, we show that such restrictions fail to hold for reflected Brownian motions
on bounded smooth domains of R4 (d > 2) and also for certain one-dimensional diffusions, leading
to negative results on the existence of associated convolution-like structures. Finally, in Section 5.4
we propose the notion of a family of convolutions associated with a given Feller semigroup as a
natural way of overcoming the difficulties in constructing convolutions on multidimensional spaces;
such families of convolutions will be shown to exist for a general class of two-dimensional manifolds

endowed with cone-like metrics.

5.1 Convolutions associated with conservative strong Feller semigroups

Our work in Chapters 3 and 4 indicates that none of the standard axiomatic definitions in the literature
on generalized harmonic analysis — hypergroups, hypercomplex systems, Urbanik generalized
convolutions, stochastic convolutions, etc. (see Section 2.3) — is fully satisfactory in identifying the
essential requirements for constructing a convolution-like operator associated with a given transition
semigroup. In light of the results of the previous chapters, here we propose the following notion of

convolution-like structure:

Definition 5.1. Let E be a locally compact separable metric space, and let {T; },>0 be a conservative
strong Feller semigroup on E. We say that a bilinear operator o on Mc(E) is a Feller-Lévy trivializable
convolution (FLTC) for {T;} if the following conditions hold:

141
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L. (Mc(E), o) is a commutative Banach algebra over C (with respect to the total variation norm)
with identity element 6, (a € E), and (u, v) + u < v is continuous in the weak topology of

measures;
II. P(E)oP(E) Cc P(E);
III. There exists a family ® c By(E) \ {0} such that for u, u1, u» € P(E) we have
U= [y o U if and only if w(®) = w1 (9) - ua () forall ¥ € ©

where u(9) := fE HEu(dE);

IV. The transition kernel {p; x };>0.xer of the semigroup {7}} is of the form

DPt,x = HUr © 6Xa

where {u; };>0 € P(E) is a family of measures such that p;, = p; o ug forall ¢, s > 0.

Conditions I and II in the above definition can be interpreted as basic axioms that allow us to
interpret (Mc(E), ¢) as a probability-preserving convolution-like structure. Condition III requires the
existence of an integral transform with bounded kernels which determines uniquely a given measure
i € Mc(E) (in the sense that if u () = v() for all ¢ € ©, then u = v) and trivializes the convolution
in the same way as the Fourier transform trivializes the ordinary convolution. As noted in [184], it is
possible, in principle, to study infinite divisibility of probability measures on measure algebras not
satisfying Condition III; however, it is natural to require Condition III to hold, not only because, to
the best of our knowledge, all known examples of convolution-like structures are constructed from a
product formula of the form ¢#(x)#(y) = (6x ¢ dy) () (and therefore possess such a trivializing family
of functions) but also because this trivialization property leads to a richer theory. Lastly, condition
IV expresses the motivating goal discussed in the Introduction: the Feller semigroup {7;} should
have the convolution semigroup property with respect to the operator ¢ or, in other words, the Feller
process {X;};>0 determined by {7;} is a Lévy process with respect to ¢ in the sense that we have
P[X, € | Xs :x] =500 forevery0 < s <rtrandx € E.

The problem of existence of an associated FLTC is meaningful for any given strong Feller
semigroup on a locally compact separable metric space. Before we present some notable examples of
this class of semigroups, let us recall some prerequisite notions from the theory of Dirichlet forms.
Let y be a o-finite measure on E. We say that (&, D(&)) is a Dirichlet form on L>(E, u) if D(E)
is a dense subspace of L?(E, u) and & is a nonnegative, closed, Markovian symmetric sesquilinear
form defined on D (&) x D(E). The associated non-positive self-adjoint operator (G, D(GP)) is
defined as

ueD(G?) ifandonlyif 3¢ e L*(E,u) suchthat E(u,v) = —($, )2k, forall v € D(E)

(5.1)
and GPu := ¢ foru € D(G?). The semigroup determined by & is defined by Tt(z) = ¢t (where
the latter is obtained by spectral calculus); one can show [30, Theorem 1.1.3] that {Tt(z)} is a strongly
continuous, sub-Markovian contraction semigroup on L?(E, u). The Dirichlet form (&, D(&)) is
said to be strongly local if E(u,v) = 0 whenever u € D(E) has compact support and v € D(E) is
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constant on a neighbourhood of supp(u). It is said to be regular it D(E) N C.(E) is dense both in

D(&E) with respect to the norm ||ul|p(g) = \/8(14, u) + ||ullp2(g,,) and in Co(E) with respect to the
sup norm. A well-known result [63, Theorem 7.2.1] states that if (&, D(&)) is a regular Dirichlet
form on L?(E, y1) with semigroup {Tt(z) }+>0, then there exists a Hunt process with state space E whose
transition semigroup {P;};>o is such that P,u is, for all u € C.(FE), a quasi-continuous version of
Tt(z)u. (A Hunt process is essentially a strong Markov process whose paths are right-continuous and
quasi-left-continuous; for details we refer to [63, Appendix A.2].)

Example 5.2.

(a) Let (E, g) be a complete Riemannian manifold and let m be the Riemannian volume on E. The
sesquilinear form

1
E(u,v) = 3 /E(Vu,Vv)g dm, u,v € ND(E)

with domain
D(E) = closure of C°(E) in the Sobolev space HY(E)={u € L*(E) | |Vu| € L*(E)}

is a strongly local regular Dirichletformon L?(E) = {f : E — C | W flle2e) = (/E | f|?dm)'/? <
oo}. The Hunt diffusion process {X; };>0 with state space E associated with this Dirichlet form is
the Brownian motion on (E, g). One can show that the strongly continuous contraction semigroup
{T,} determined by & is such that T; (By(E)) ¢ Cp(E), so that the Brownian motion {X,} is a
strong Feller process [172, Section 6]. Moreover, it is shown in [63, Example 5.7.2] that the
Feller semigroup {7;} is conservative provided that the Riemannian volume m is such that

1
liminf — log m(B(xp; 7)) < oo for some fixed xy € E.
r—00 r

Let GO : D(G©) c Cy(E) — Cy(E) be the infinitesimal generator of the Brownian motion
{X,}. Then GOy = %Au foru € C¥(E) c D(G?), where A is the Laplace-Beltrami operator
on the Riemannian manifold (E, g).

(b) Let E = R?, m a positive function such that m, % € Cp(RY and A = (a jk) a symmetric d X d
matrix-valued function such that a j; € C(R?) (for each j, k € {1,...,d}) and

d

el < ) apgige <clél,  (x,€) eRY xR (5.2)
j.k=1
for some constant ¢ > 0. The sesquilinear form

d _
1 ou Ov
E(,v) =5 > 1 (X) 57— —m(x)dx, , &
(u,v) 2_i,k:1‘/Rd ajk(x)(?xj aka(x) X u,v € D(E)

with domain

D(E) = closure of C.° (R) under the inner product (-, +) + (-, )12 (m)
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(c)

(d)
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is a strongly local regular Dirichlet form on the space L?(m) = L?(R¢, m(x)dx) [63, Section 3.1].
The Hunt diffusion {X; };>0 associated with the Dirichlet form & is conservative [63, Example
5.7.1]. The process {X,}, which is called the (A, m)-diffusion on R?, is a strong Feller process,
ﬂ € L]ZOC (R?) for each
j.keA{l,...,d}, then the 1nﬁn1tes1mal generator G of the Feller semlgroup is the elliptic
operator (GO u)(x) = 2m(x) ZJ k=1 B 2 (m(x)ax (x) 2 ) (for u € C2(RY) c D(G?)).

cf. [173, Example 4.C and Proposition 7.5]. If, in addition, we have

Let E be the closure of a bounded Lipschitz domain £ ¢ R? and, as usual, let H*(E) be the
Sobolev space defined as H*(E) := {u € L*(E,dx) | 0%u € L*>(E,dx) foralla = (ay, ..., aq)
with |a| < k}. Letm € H'(E) be a positive function such that m, % € C(E)andlet A = (a ;i) be
a symmetric bounded d X d matrix-valued function such that a;, € H YE) for j,ke{l,...,d}
and the uniform ellipticity condition (5.2) holds for (x, &) € E x R%. The sesquilinear form

E(u,v) = 3 Z/ aji(x )(9 ﬂm(x)dx u,v e D(E) = H(E)

j. k=1

is a strongly local regular Dirichlet form on L?(E, m) = L?(E, m(x)dx) whose associated Hunt
diffusion process is a conservative Feller process, cf. [29, 31]. The process {X,} is called
the (A, m)-reflected diffusion on E. The infinitesimal generator Q(O) of the Feller process
{X;} is such that C2(E) ¢ D(G?) and (¢ Vu)(x) = 2m(x) ZJ k=1 B (m(x)ajk(x)(%‘k) for
ue Cg(E ). In the special case a;; = 6;; and m = 1, the (A, m)-reflected diffusion is known as
the reflected Brownian motion on E, whose infinitesimal generator GOu = %Au is the so-called
Neumann Laplacian on E.

Let E be a locally compact separable metric space with distance d and let m be a locally finite
Borel measure on E with m(U) > 0 for all nonempty open sets U C E. Suppose that the triplet
(E,d, m) satisfies the measure contraction property introduced in [173, Definition 4.1]; roughly
speaking, this means that there exists a family of quasi-geodesic maps connecting almost every
pair of points x, y € E and which satisfy a contraction property which controls the distortions of
the measure m along each quasi-geodesic. It was proved in [173] that the family of Dirichlet
forms defined as

1
Sr(u,u)z—//
2 JE IB(xir)\(x)

(and & (u, v) defined via the polarization identity) converges as r | O (in a suitable variational

u(z) —u(x) 2
d(z,x)

m(dz) m(dx)
Vm(B(z; 7)) Vym(B(x; 1))

r>0

sense, see [173]) to a strongly local regular Dirichlet form on L?(E, m). The associated Hunt
diffusion {X;};>0 is a strong Feller process with state space E. If the growth of the volumes
m(B(x;r)) satisfies the condition stated in [63, Theorem 5.7.3], then the Feller process {X;} is
conservative. This class of strong Feller processes includes, as particular cases, the diffusions of
Examples (a) and (b) above, diffusions on manifolds with boundaries or corners, spaces obtained
by gluing together manifolds, among others.

As discussed above, our motivating problem is that of determining, for a given Feller semigroup

{T:}, necessary or sufficient conditions for the existence of an associated FLTC satisfying the
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requirements of Definition 5.1. The following proposition shows that the converse problem of
constructing a (strong) Feller semigroup associated with a given convolution-like semigroup of

measures on the space E has a straightforward solution:

Proposition 5.3. Let E be a locally compact separable metric space with the Heine-Borel property (i.e.
where each closed bounded subset is compact), and let ¢ be a bilinear operator on Mc(E) satisfying
conditions I and Il of Definition 5.1. Let {u;} C P(E) be a family of measures such that

Uirs = Uy o g forall t,s >0, ﬂti)uo as t]0, Uy =0g.

For v € M*(E), define (T"f)(x) := fEfd(v o 0y), and assume that T f € Co(E) for all
f € Co(E) and y € E. Then the operators

T; : Co(E) — Co(E), T,f =7TH"f

constitute a conservative Feller semigroup. If, in addition, we have (u; ¢ 8+)(dy) = p:(x, y)m(dy)
(t > 0, x € E) for some measure m € M (E) and some density function p;(x,y) which is locally
bounded on E X E for each t > 0, then {T;};>0 is a strong Feller process.

Proof. It is trivial that each operator T; is positivity-preserving and conservative. The semigroup
property T,y = T;Ty and the strong continuity lim; g [|7; f — f|lo = O follow as in the proof of
Proposition 3.34. Next, let v € M, (E) and {x,} C E a sequence such that d(x,,a) — oo asn — oo.
By assumption 7% f € Co(E), thus by dominated convergence we have

(T F) ()] < /E (T P )| v(dy) — 0 asn — oo

showing that for each & > 0 the space {x : [(7” f)(x)| > &} is bounded and, therefore, compact (by
the Heine-Borel property). This shows that 7" (Co(E)) c Co(E) for all bounded measures v; in
particular, 7; (Co(E)) € Co(E). The fact that {73} is strong Feller under the stated absolute continuity
condition follows from the criterion given in [22, Theorem 1.14]. O

We now prove an important fact concerning the family © of trivializing functions in the definition
of an FLTC, namely that each ¥ € ® is an eigenfunction of the Cy-generator of the associated Feller
semigroup. (As in (2.4), the notion of Cy-generator of a semigroup {7} },>¢ refers to the operator G»)
with domain D(G?)) = R, (Co(E)) (7 > 0) and given by (GPu)(x) = qu(x) — g(x) foru = R,8,
g € Cp(E);recall that R, f = fooo e~ " T, f dt denotes the resolvent of the semigroup {7}}.)

Proposition 5.4. Let {T;} be a conservative strong Feller semigroup on a locally compact separable
metric space E, and let ¢ be a bilinear operator on Mc(E) satisfying conditions I, I and 1V of
Definition 5.1. Suppose that ¢ € By, (E), ¢ # 0 is a function such that

(0x 0 0y) () = (x)-F(y) forallx,y € E. (5.3)

Then 9(a) = |9l = 1. Moreover, ¢ is an eigenfunction of the Cy-generator (G*), D(G?)))
associated with an eigenvalue of nonpositive real part, in the sense that we have ¢ € D(G®)) and
G P9 = -9 for some A € CwithRe A > 0.
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Proof. Clearly, #(x) = 6x(#) = (6x ¢ 64) () = P(x)¥(a) for all x € E. Since ¢ # 0, this implies
that 9 (a) = 1.

Next, pick € > 0 and choose xg € E such that |#(xo)| > [|#]lee —&. Then (||?|eo — )% < [9(x0)|*> =
[(0xy ¢ 0xy) ()] < [|[P|oo (by condition IT, 6, © 6x, € P (E), which justifies the last step). Since € is
arbitrary, ||9]|% < ||®|e, hence || PH|e < 1.

Since ¢ is bilinear and weakly continuous, a straightforward argument yields that (u ¢ v)(d¢) =
fE fE((Sx 0 0y)(dé)u(dx)v(dy) for u,v € Mc(E). Consequently, (5.3) implies that (u o v)(#) =
u()-v(3) for all u,v € Mc(E). In particular,

(T:9)(x) = pr.x(F) = (e © 6x)(F) = p (F) - I (x)

due to condition TV. Given that {T;} is strong Feller, we have T; € Cy(E) and therefore ¢ =
% € Cp(E). Moreover, the fact that {T;} is a conservative Feller semigroup ensures that
(%) = (Ty9)(a) is a continuous function of  which, by condition IV, satisfies the functional equation
Urrs (9) = 1 (9) s (9). Therefore u; (9) = e for some A € C, and the fact that |, ()] < [|]leo = 1
implies that Re 1 > 0. We thus have ;¢ = e~} and R0 = % for n > 0, so we conclude that

9 e D(G®) and P9 = -29. O

Corollary 5.5. Let {T;} be a conservative strong Feller semigroup on a locally compact separable
metric space E. Let o be an FLTC for {T;} and © the corresponding family of trivializing functions.
Then

®C {w e D(G") | w(a) = |wlle =1, GPw=—-Aw for some A € C withRe A > 0}.

In particular, each u € Mc(E) is uniquely determined by the integrals u(w) = /E w(x)u(dx), where
w belongs to the set of solutions of G P u = —Au (Re A > 0) satisfying w(a) = ||wle = 1.

It is worth noting that if the strong Feller semigroup {7;} is symmetric with respect to a finite
measure m € M, (E) (i.e. if fE(T,f)(x)g(x)m(dx) = fE f(x) (Tyg)(x)m(dx) for f,g € C.(E)),
then the space Cy(E) is contained in L?(E, m); accordingly, the Feller semigroup {7} },>0 and the
Cp-generator G extend, respectively, to a strongly continuous semigroup {Tt(z)} of symmetric
operators on L2(E, m) and to the corresponding infinitesimal generator G®. In this setting, the
trivializing functions ¢ € © are eigenfunctions of the L?-generator G‘?. Applying spectral-theoretic
results for self-adjoint operators on Hilbert spaces, we can deduce further properties for the trivializing
functions:

Proposition 5.6. Let {T;} be a conservative Feller semigroup on a locally compact separable metric
space E. Suppose that the corresponding transition kernels {p; x(+)}i>0.xer are of the form
pi.x(dy) = p:(x, y)m(dy) for some finite measure m € M, (E) and some density function p;(x,y)
which is bounded and symmetric on E X E for each t > 0. Then {T;} is strong Feller, is symmetric
with respect to m, and admits an extension {Tt(2)} which is a strongly continuous semigroup on the
space L2(E, m). There exists a sequence 0 < A1 < Ay < A3 < ... with A; — oo and an orthonormal
basis {w;}jen of L>*(E,m) such that

Tt(z)(.t)j = e_’lfta)j (t > O), g(z)wj = _/ljwj
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where G?) stands for the generator of the L*-semigroup {Tt(z) }. The sequence of eigenvalues is such
that Z;’;l e~ < oo for each t > 0 (so that, in particular, lim; e Aj = ).

Assume also that ¢ is an FLTC for {T;} and that © is the family of trivializing functions for o.
Write Sy = {j € N | A; = Ax} and my = |Sk| (k € N). Then each function ¢ € © is a solution of
Gy = —A ;¢ for some j € N. Furthermore, there exist functions {#;} jen C © such that

span({w;}jes,) = span({d;}es,)
and, consequently, Span(®) = L>(E, m).

Proof. The strong Feller property follows from [22, Theorem 1.14]. The symmetry with respect to m
is obvious, and it is straightforward to show that for f € C.(E) we have [|T; fll 2(gm) < I fll2(£.m)
and ||T; f = fllz2(g,m) — Oas | 0, so that the extension {Tt(z)} is a strongly continuous semigroup
on L2(E, m).

Let (-, ) be the inner product on L?(E, m). By the spectral theorem for compact self-adjoint
operators (cf. e.g. [175, Theorem 6.7]), the operator Tl(z) can be written as Tl(z) =22 Hjlw), ) wj,
where u; > pp > ... are the eigenvalues of Tl(z) and {w;} jen is an orthonormal basis of L?*(E,m)
such that each w; is an eigenfunction of T1(2) associated with the eigenvalue y;; in addition, we
have y; < ||T1(2) || and p; | O as j — oo. If we define 4; = —logu;, then it follows that
Tl(z) = Z;’.‘;l e"Y"(w;,*)w;. (This can be justified as follows, cf. [69, pp. 463-464] for further
details: we know that (Tl(z) —Hjw; = (T(z) + ,u;./z)(T(z) - ,u;./z)wj = 0, and all the eigenvalues of

1/2 1/2

(Tl(/zz) + ,ujl./ %) are positive, hence Tl(/zz) wj = p}/ w 3 similarly Tt(Z) w; =eY'w; forall t = m/2k and
thus, by strong continuity, for all 7 > 0.) Consequently, G? w j = limg o %(Tt(z) wj—-w;)=-1jw;.
Since m is a finite measure and the densities p; (-, +) are bounded, the operator T,(z) is, for each t > 0,
a Hilbert-Schmidt operator, and therefore we have 3.7, e~ < oo forallt > 0.

By Corollary 5.5 each ¢ € © is such that G 9 = —19 for some A € C. Given that ® c L?>(E, m)
and eigenfunctions associated with different eigenvalues are orthogonal, we have 4 = A; because
otherwise we get a contradiction with the basis property of {wx}.

For the last part, fix 1 > 0, k € N and let O := {¢# € © | /Y9 = e~%!9} c L2(E,m). Given
that {w; }jcs, is a basis of the eigenspace associated with A, we have span(0®y) C span({w;}jes,)-
To prove the reverse inclusion, let & € span({w;};es, ) N span(Ox)*, write vy, (dx) := h(x)m(dx) and

observe that (since m is a finite measure) v, € Mc(E). Then the integral
vip(9) = / I(x)h(x)m(dx)
E

is equal to zero for ¥ € Oy because h € span(@y)*, and is also equal to zero for ¥ € © \ O
because then /& and 9 are eigenfunctions of Tt(z) associated with different eigenvalues. Since measures
v € Mc(E) are uniquely determined by the integrals {v()}gce, it follows that v;, = 0 and therefore
h = 0; this shows that span(®;) = span({w;};es,). It follows at once that there exist linearly
independent functions {#};} jex C O such that span({w;}es,) = span({;}es,)- |

The conclusions of Proposition 5.6 are valid, in particular, for the Feller semigroups associated
with the Brownian motion on a compact Riemannian manifold or with an (A, m)-reflected diffusion
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on a bounded Lipschitz domain, cf. Examples 5.2(a) and (c) respectively. (Indeed, it follows from e.g.
[173, Theorem 7.4] that in both cases we have p, «(dy) = p;(x, y)m(dy) with p,(x,y) bounded and
symmetric; recall also that compact Riemannian manifolds have finite volume, cf. e.g. [72, Theorem
3.111)

It is worth emphasizing that, by Corollary 5.5 and Proposition 5.6, the existence of an FLTC for a

Feller semigroup {7} } satisfying the assumptions above implies that the following common maximizer

property holds:

CM. There exists a set {1} } jei of eigenfunctions of G which is dense in L?(E, m) and such that
¥#;(a) = ||¥]l = 1 for some point a € E.

(The functions ¥}; associated with a common eigenvalue need not be orthogonal in L*(E,m).) This
necessary condition will play a fundamental role in the proof of the inexistence results established in
Section 5.2.

The next proposition and corollary show that the existence of an FLTC is closely related with
the positivity of a regularized kernel which resembles the density (4.39) of the time-shifted product
formula for Sturm-Liouville convolutions.

Proposition 5.7. In the conditions of the first paragraph of Proposition 5.6, assume that the metric space
E is compact. Let 0 < 1) < Ay < A3 < ... be the eigenvalues of —G® and let {pj}jen C L*(E,m)
be an orthogonal set of functions such that

2 I
TV =eVg; =1, supllg;la <
J

where || - ||» denotes the norm of the space L*>(E,m). Then ¢ j € C(E) forall j € N, and the series

2_711 ”‘Pi I e~ Y9 (x) @;(y) ¢, (&) is absolutely convergent for all t > 0 and x, y, ¢ € E. Moreover,

the following assertions are equivalent:

(i) We have

[

q:(x,y,§) = Z

g1

e~ (x) () ¢;(€) 2 0 (5.4)
forallt > 0and x,y,¢ € E.

(ii) Foreachx,y € E there exists a measure vy, € P(E) such that the product ¢ ;(x) ¢ (y) admits
the integral representation

01() 0 () = /E 01 (6) vay(dE).  xy€E, jel, (5.5)

If these equivalent conditions hold and, in addition, there exists a € E such that ¢;(a) =1 for all
J € N, then the bilinear operator o on Mc(E) defined as

(110 v)(dé) = /E /E Vs () p(dx) v(dy) (5.6)

is an FLTC for {T;} with trivializing family ® = {¢;} jen.
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Proof. Denote the inner product of the space L>(E, m) by (-, -). For each & > 0 we have

e (0] = eI 0,) ()] = €Y%, pe (. ) < co VM(E) eV¥||gjl < 00 form-ae. x € E

(5.7)

where ¢z = sup(, y)cpxe Pe(x,y). This shows that the function ¢; belongs to the space By,(E)

(possibly after redefining ¢ ; on a m-null set). Since {7} is strong Feller (Proposition 5.6), it follows

that p; = eY¢Tep; € C(E). The assumption that sup; |l¢;[l2 < co, together with the estimate (5.7),
ensures that the series % =177 ”2e Aty i(x) @ (y) (&) is absolutely convergent.

Suppose that (5.4) holds and fixx,y € E. Fort > 0, let v;  y, € M, (E) be the measure defined

by vi x,y(d&) = q:(x,y,£)m(dé). We have

/‘P](f) szy(df)—‘/éoj(f)z 1 QDk(x)‘Pk(Y)SDk(f)m(dg)
= ||90j||2
- Z 1 or(xX) e (y) (@) @) (5.8)
= el
e (x) @i (y)

It then follows from (5.8) (with j = 1) that v, » ,(E) = 1, so that
Vix,y € P(E) forallt >0, x,y € E.

Now, let {t, },en be an arbitrary decreasing sequence with #,, | 0. Since any uniformly bounded
sequence of finite positive measures contains a vaguely convergent subsequence, there exists a
subsequence {7, } and a measure vy, € M.(E) such that v;, ., N Vx,y as k — co. Let us show
that all such subsequences {thk, x,y } have the same vague limit. Suppose that t}(, ti are two different
sequences with 77 | 0 and that Vs x,y SN Vyy as k — oo (s = 1,2). Recalling that E is compact, it
follows that for all 2 € C(E) and & > 0 we have

[an@ v ) = im [ @@ vz (a0

[ee)
= lim Z
k—o0

2 13

e—/lj(li+8)

@ (x) ;i (y) (h, )

Vepi(x) 0 (v) (h, @)

where the second equality follows from the identities (g, (x,y,+),¢;) = e Y'p;(x) ¢;(y) and
(Teh,¢j) =(h,Tep;) = e~ Yie(h, ¢ ;). Consequently, we have

[ am@ v, = [(am@vi,we  forate>o 59)

Since h € C(E), by strong continuity of the Feller semigroup {Tt} we have lim,S 10 1Teh = hll =0,

so by taking the limit € | 0 in both sides of (5.9) we deduce that y. y(h) = V2 y(h), where h € C(E)

1

is arbitrary; therefore, v, ,, =

x, y- Thus all subsequences have the same Vague limit, and from this
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we conclude that v; SN Vx,y ast | 0. The product formula (5.5) is then obtained by taking the
limit # | O in the leftmost and rightmost sides of (5.8).

Conversely, suppose that (5.5) holds for some measure v, , € M, (E). Noting that for 7 € C(E)
we have

Mz

(B, pi(x,)) = (T h)(x) = 5(Tih, ¢j) ¢j(x)

II%IIZ
L
:Z Se ™ (h, 07) ¢ (x)
g, 17
= {n ) e e, () ()
= ||90]||2
we see that p,(x,y) = ] 1 Tes ”28 4t :(x) ¢;(y). Consequently, for > 0 and x,y € E we have
( )= e (x) (2) vy,¢(dz) = (x,2) vy,¢(dz) 20
q:(x,y,¢& se Tj(x w;(2) vy,e(dz Pr(x,2) vy £(dz) 2
j=1 ”‘10J||2 E E

because both the density p; (x, -) and the measures v, ¢ are nonnegative.

Finally, assume that ¢;(a) = 1 for all j and that (ii) holds. Let o be the operator defined by (5.6).
To prove that ® = {¢;} ey satisfies condition III in Definition 5.1, it only remains to show that each
1 € Mc(E) is uniquely characterized by {u(¢;)} en. Indeed, if we take u € Mc(E) such that
u(¢j) =0 forall j, then for h € C(E) and ¢ > 0 we have

[ @meuan = [ Z

and this implies that u (/) = 0 for all h € C(E), so that u = 0. Using the fact that ® satisfies condition
III, we can easily check that ¢ is commutative, associative, bilinear and has identity element 6. It is
also straightforward that ||u o v|| < ||u||- ||v|| and that P(E) ¢ P(E) c P(E). If x,, - xand y,, — y,
then

[0e]

eV, 07) @ (x) p(dx) = Y e (h, ) () =0
g =

(0x, ©0y,)(@)) = @j(xn)@j(yn) — ¢;(X)@;(¥) = (0x © 6y)(¢;)) (J €N)

and therefore (by compactness of E and a vague convergence argument similar to that of Remark
4.27.11) 6, 6y, = dx©0y; arguing as in the proof of Proposition 4.31 it follows that (i, v) > povis
continuous in the weak topology. Noting that p; «(¢;) = e ¢ ;(x) = pr.o(¢;)dx(¢;), we conclude
that ¢ is an FLTC for {7} }. O

Corollary 5.8. In the conditions of Proposition 5.7, assume that the operator Tl(z) has simple spectrum
(i.e. all the eigenvalues e~% have multiplicity 1). Let {(4),w;)}jen be the eigenvalue-eigenfunction
pairs defined in Proposition 5.6. Then the following are equivalent:

(i) There exists an FLTC for {T;};>0,

(ii) There exists a € E such that |w;(a)| = ||wj|lw for all j € N, and the positivity condition (5.4)

holds for the nonnormalized eigenfunctions ¢ ;(x) = wj_ Ea;
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Proof. The implication (ii) = (i) follows from the final statement in Proposition 5.7.

Conversely, if (i) holds then the common maximizer property discussed above implies that
wj(x),

O ={¢;}jen where p;(x) := PREE from this it follows (by condition IIT of Definition 5.1) that the

product formula (5.5) holds with v, = 6 ¢ 6, and therefore (by Proposition 5.7) the ¢; satisfy the
positivity condition (5.4). m|

We note here that the assumption that Tt(z) (or, equivalently, the generator G ) has no eigenvalues
with multiplicity greater than 1 is known to hold for many strong Feller semigroups of interest. In fact,
it is proved in [79, Example 6.4] that the property that all the eigenvalues of the Neumann Laplacian
are simple is a generic property in the set of all bounded connected C? domains E ¢ R?. (The
meaning of this is the following: given a bounded connected C> domain E, consider the collection
of domains M3(E) = {h(E) | h: E — R< is a C>-diffeomorphism}, which is a separable Banach
space, see [79] for details concerning the appropriate topology. Let Mgimp C M3(E) be the subspace
of all E € M3(E) such that all the eigenvalues of the Neumann Laplacian on E are simple. Then
Mimp can be written as a countable intersection of open dense subsets of M3(E).) Similar results
hold for the Laplace-Beltrami operator on a compact Riemannian manifold: it was proved in [177]
that, given a compact manifold M, the set of Riemannian metrics g for which all the eigenvalues of
the Laplace-Beltrami operator on (M, g) are simple is a generic subset of the space of Riemannian
metrics on M.

However, one should not expect the property of simplicity of spectrum to hold for Euclidean
domains or Riemannian manifolds with symmetries. For instance, if a bounded domain £ C RZ is
invariant under the natural action of the dihedral group D,,, then one can show (see [77]) that the
Dirichlet or Neumann Laplacian on E has infinitely many eigenvalues with multiplicity > 2.

Remark 5.9 (Connection with ultrahyperbolic equations). Assume that there exists a dense orthogonal
set of eigenfunctions {¢;} jen such that ¢; = 1 and ¢;(a) = ||¢;|l = 1 for all j € N. By the above,
in order to prove the existence of an FLTC for {7;} we need to ensure that

(o)

Qn(xy) =)

J=1

e _HZe—M_igoj(X) ¢;(»)(h,@;) 20  forall he C(E) and ¢ > 0.
ALY

The function Q; 5 (x, y) is a solution of gff’)u = Qy(o)u (where Q)(CO) is the Feller generator G acting
on the variable x) satisfying the boundary condition Q; ,(x,a) = (T;h)(x). Since the point a is a
maximizer of all the eigenfunctions ¢;, the function Q; 5, (x, y) also satisfies (at least formally) the
boundary condition (V,Q; ;) (x,a) = 0. (This could be justified e.g. by proving that the series can be
differentiated term by term. In the next section we will see that this argument can be applied to the
Neumann Laplacian on suitable bounded domains of Rd.) This indicates that, as in Subsection 4.3.1,
the (positivity) properties of the boundary value problem

Q;O)u = y(o)u, u(x,a) = up(x), (Vyu)(x,a) =0 (5.10)

are related with the problem of constructing a convolution associated with the given strong Feller

semigroup.
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Consider Examples 5.2(b)—(c) or, more generally, any example of a strong Feller semigroup
generated by a uniformly elliptic differential operator on E ¢ R (d > 2). In this context, the principal
3 >

2
part of the differential operator Q,(CO) - Qy(o) has d terms e with positive coefficient and d terms 357
J J

with negative coefficient. Such partial differential operators are often said to be of ultrahyperbolic
type (cf. e.g. [140, §1.5] and [151, Definition 2.6]). According to the results of [39] and [38, §VIL.17],
the solution for the boundary value problem (5.10) is, in general, not unique. The existing theory
on well-posedness of ultrahyperbolic boundary value problems is, in many other respects, rather
incomplete; in particular, as far as we know, no maximum principles have been determined for
such problems. Adapting the integral equation technique which was used in Chapter 4 to problems
determined by Feller semigroups on multidimensional spaces is, therefore, a highly nontrivial problem.

5.2 Nonexistence of convolutions: diffusion processes on bounded do-
mains

The results of the previous section show that the existence of an FLTC for a given Feller process
depends on two conditions — the common maximizer property and the positivity of an ultrahyperbolic
boundary value problem — for which there are no reasons to hope that they can be established other
than in special cases. In particular, the common maximizer property becomes less natural when we
move from one-dimensional diffusions to multidimensional diffusions: while in the first case it is
natural that the properties of a differential operator enforce one of the endpoints of the interval to
be a common maximizer, this is no longer the case on a bounded domain of R? with differentiable
boundary because one no longer expects that one of the points of the boundary will play a special role.

In fact, under certain conditions, one can prove that (reflected) Brownian motions on bounded
domains of R? or on compact Riemannian manifolds do not satisfy the common maximizer property
and, therefore, it is not possible to construct an associated FLTC. We start by reviewing some special
cases where the eigenfunctions are known in closed form.

Example 5.10 (Neumann eigenfunctions of a d-dimensional rectangle). Consider the d-dimensional
rectangle E = [0, 81] X ... x [0, 84] € R?. The (nonnormalized) eigenfunctions of the Neumann
Laplacian on E and the associated eigenvalues are given by

d d 2
. X J . .
i, jd(xl,---,xd)=HCOS(7TJ5—), Ao, jd=ﬂ22—é (J1»---»Ja € Np).
=1 B 7= Be
These eigenfunctions constitute an orthogonal basis of L2(E ,dx). The point (0, ..., 0) is, obviously,

a maximizer of all the functions ¢, thus the common maximizer property holds. Moreover, we

..... jd s
can trivially construct an FLTC for the (reflected Brownian) semigroup generated by the Neumann

Laplacian: indeed, it is easy to check that the product of the hypergroups ([0, 81], ? ), ..., ([0, Bal, [? )
1 d

satisfies all the requirements of Definition 5.1. (The product of the hypergroups is taken as in Section
2.3; recall also that ([0, B¢], [?) is the Sturm-Liouville hypergroup of compact type associated with
4

the operator dd—; on [0, B¢], cf. Remark 4.4.)
(4
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Example 5.11 (Neumann eigenfunctions of disks and balls). Let E ¢ R? be the closed disk of radius
R. It is well-known that the eigenfunctions of the Neumann Laplacian on E are given, in polar
coordinates, by

@o.k(r,0) = Jo(Jox &)
Pk 1 (1, 0) = T (j;, 1 ) cos(mb)
Pk 2(rs0) = Jm(j,, 1 ) sin(mo)

where m, k € N and j,’m « Stands for the k-th (simple) zero of the derivative of the Bessel function of

the first kind J,,,(+) (see [97, Section 7.2] and [78, Proposition 2.3]). The corresponding eigenvalues

are g x = ( j(’)’ ! R)? (with multiplicity 1) and A, x = ( jr’n, o/ R)? (with multiplicity 2). It is known

from [187, pp. 485, 488] that for m > 1 we have |Jm(jr,n,k)| > |Jn(x)| for all x > jr’n’k, hence the
Jm1

eigenfunctions ¢, x,1 and ¢, 2 (m > 1) attain their global maximum on the circle {r =7 R}.
m,k

This shows, in particular, that no orthogonal basis of L2(E , dx) composed of Neumann eigenfunctions

can satisfy the common maximizer property.
More generally, if E ¢ R is a closed d-ball with radius R, then the eigenfunctions of the Neumann
Laplacian on E are
(1 0) =170, g (k) Hin(9)

where (r, 8) are hyperspherical coordinates, m € Ny, k € N, H,, is a spherical harmonic of order

m (see [97]) and ¢, « is the k-th zero of the function & — (1 - %)Jm_H% (&) + f]}; Lod (£). The
T2

corresponding eigenvalues are A, = cfn «» Whose multiplicity is equal to the dimension of the space

of spherical harmonics of order m. By similar arguments we conclude that the common maximizer
property does not hold.

Example 5.12 (Neumann eigenfunctions of a circular sector). Let E  R? be the sector of angle g,
E ={(rcosf,rsinf) |[0<r<1,0<0 < g}, where g € N. The eigenfunctions of the Neumann
Laplacian on E and the associated eigenvalues (which have multiplicity 1, cf. [17]) are given by

‘)Om,k(rv 0) = COS(me)qu(j(;m’k %)a /1m,k = (jém,k/R)z-

. . . - L Jgm
As in the previous example it follows that the global maximizer of ¢, x lies in the arc {r = .f’—"R},
gm,k
so that the common maximizer property does not hold.

Example 5.13 (Neumann eigenfunctions of a circular annulus). If E ¢ R? is the annulus {(r, 6) |
ro<r<R,0<60 <2}, where 0 < rg < R < oo, then the Neumann eigenfunctions on E are

@0,k (r,0) = Jo(co,x ) Y5 (cox) = Jo(cox)YolcorF)
Pm,k,1 (r, 9) = (Jm(cm,k %)Yr’n(cm,k) - J,;/,(Cm,k)Ym(Cm,k ;_g)) COS(mH) (511)
‘Pm,k,Z(r, 6) = (Jm(Cm,k%)Y;;(Cm,k) - J;n(cm,k)ym(cm,k%)) sin(m6)
where m, k = 1,2,..., Y,,(+) is the Bessel function of the second kind [135, §10.2] and ¢, « is

the k-th zero of the function & + J;, (£ €)Y, (£) — J;,(£)Y,, (R £). The associated eigenvalues are
Amk = (cfn ! R?). Figure 5.1 presents the contour plots of some of the Neumann eigenfunctions,
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Pria)  (A1,1=2.503) P121(X)  (42=26.393) #4.1,1(%) (/141—28228) P42.1(X) (/\42 83.770)

:j 15 I
O I A -~ .' ’ I
-08 - ' ' -1.0 “ .

(a) Closed form expressions

wy(x) (A,=2.503) wo(x) (19=26.398)

€

Fig. 5.1 Contour plots of the Neumann eigenfunctions of a circular annulus with inner radius ro = 0.3
and outer radius R = 1. In panel (b), the notation wy refers to the orthogonal eigenfunction associated
with the k-th largest eigenvalue 1. In both panels the eigenfunctions were normalized so that their L?
norm equals 1. Similar results were obtained for other values of %%

wi1(X) (M%.ZM)
I ew | I

Yy ..
C e " \'4 OB

cu24(x) (A24=33-395)

(b) Numerical approximation

obtained in two different ways: in panel (a) using the explicit representations (5.11), where the constants
cm,k are computed numerically with the help of the NSolve function of Wolfram Mathematica; and in
panel (b) using a numerical approximation of the eigenvalues and eigenfunctions which was computed
via the NDEigensystem routine of Wolfram Mathematica. Since the eigenvalues A,,, x with m > 1
have multiplicity 2, the plots obtained by these two approaches differ by a rotation. The results indicate
that some of the eigenfunctions (those associated with the first zero ¢, 1) attain their maximum at the
outer circle {r = R}, while other eigenfunctions (those associated with the higher zeros ¢, k, k > 2)
attain their maximum either at the inner circle {r = ro} or at the interior of the annulus. It is therefore
clear that the Neumann eigenfunctions do not satisfy the common maximizer property.

There are few other examples of domains of R for which the Neumann eigenfunctions can be
computed in closed form. However, in the general case of an arbitrary domain E ¢ R? it is still
possible to assess whether the common maximizer property holds by analysing the contour plots of
the eigenfunctions; these can be computed, for a given bounded domain of R?, by the same procedure
which was used to produce the plots in panel (b) of Figure 5.1.

This is illustrated in Figures 5.2 and 5.3, which present the contour plots of the first eigenfunctions
of two non-symmetric bounded regions of R? with smooth boundary. As we can see, the eigenfunctions
attain their maximum values at different points which lie either on the boundary or at the interior of
the domain. Note also that the associated eigenvalues are simple, which is unsurprising since the
domain has no symmetries (cf. comment after Corollary 5.8).

Remark 5.14 (Connection with the hot spots conjecture). All the examples presented above have the
property that if @, is an eigenfunction associated with the smallest nonzero Neumann eigenvalue A,

then the maximum and minimum of ¢, are attained at the boundary 0E. This is the so-called hot
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(x) (Ar=1.567) I ws(x) (A3=3.197) I ws(X)  (A6=10.446) I ws(x)  (Ag=12.170) I
04 4

" - " g ..3“ .\ :
I . I« I I

Fig. 5.2 Contour plots of some eigenfunctions of a region obtained by a non-symmetric deformation
of an ellipse. (As above, we denote by w; the Neumann eigenfunction associated with the k-th
largest eigenvalue Ay, and the plots were produced using the NDEigensystem function of Wolfram
Mathematica.)

wr(X) (A,=4.294) w4(x)  (A4=11.717) ws(x) (A6=19.870) wo(x) (A9=32.511)

I10 I1.5
05
05
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0
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\ I _10 -15 ' I -1.0 ‘ I 15

Fig. 5.3 Contour plots of the Neumann eigenfunctions of a region obtained by a non-symmetric
deformation of a pentagon with smoothed corners.

spots conjecture of J. Rauch, which asserts that this property should hold on any bounded domain
of R%. The physical intuition behind this conjecture is that, for large times, the hottest point on an
insulated body with a given initial distribution should converge towards the boundary of the body.
The hot spots conjecture has been extensively studied in the last two decades: it has been shown
that the conjecture holds on convex planar domains with a line of symmetry [3, 138], on convex

domains E c R? with Cg?;&?; < 1.378 [132] and on any Euclidean triangle [89] (for further positive

results see [89] and references therein). On the other hand, some counterexamples have also been
found, namely certain domains with holes [25].

The common maximizer property can be interpreted as an extended hot spots conjecture: instead
of requiring that the maximum of (the absolute value of) the second Neumann eigenfunction is attained
at the boundary, one requires that the maximum of all the eigenfunctions is attained at a common point
of the boundary. The negative result of Corollary 5.16 below shows that the location of the hottest
point in the limiting distribution (as time goes to infinity) of the temperature of an insulated body
depends on the initial temperature distribution.

The common maximizer property and the hot spots conjecture are subtopics of the more general
problem of understanding the topological and geometrical structure of Laplacian eigenfunctions,
which is the subject of a huge amount of literature. We refer to [71, 87] for a survey of known facts,
applications and related references.

Moving on to a more general discussion of the common maximizer property for reflected Brownian
motions on bounded convex domains of R? (Example 5.2(c)), we begin with two crucial observations.
The first is quite obvious: if a is a common maximizer for the eigenfunctions {¢;} jew, then it is a
common critical point, i.e. we have (Vg;)(a) = 0 for all j. The second observation is that the usual
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eigenfunction expansion

oo
f=2%<f,soj>¢j (5.12)
g1

suggests that the point a will also be a critical point of any function f which is sufficiently regular
so that the expansion (5.12) is convergent in the pointwise sense and can be differentiated term by
term. Thus if we prove that such pointwise convergence and differentiation is admissible for a class of
functions whose derivatives are not restricted to vanish at any given point, then the common maximizer
property cannot hold. The next proposition and corollary make this rigorous.

Proposition 5.15. Let E ¢ R< be the closure of a bounded convex domain. Let {X;} be the
reflected Brownian motion on E, let {w;};jen be an orthonormal basis of L*(E) = L*(E,dx)
consisting of eigenfunctions of the Neumann Laplacian -G = —An : D(Ay) — L*(E) and let
0 <A €Ay £ A3 £... be the associated eigenvalues. Letm € N, m > % + 1 and let h € H™(E) be
a function such that A*h € D(Ay) fork =0,1,...,m — 1. Then

h(x) = i(h,wj)a)j(x) and (Vh)(x) = i(h,wj)(ij)(x) forallx € E, (5.13)
J=0 Jj=0

where both series converge absolutely and uniformly on E.

Proof. Let {Tt(z) }+>0 and {7%572 ) } >0 be, respectively, the strongly continuous semigroup and resolvent
on L%(E) generated by the Neumann Laplacian and let p, (x, y) be the Neumann heat kernel, i.e. the
transition density of the semigroup {T,(Z) }. Using the Sobolev embedding theorem [190, Corollary
6.1], one can prove (cf. [41, proof of Theorem 5.2.1]) that the heat kernel is C™ jointly in the variables
(t,x,y) € (0,00) X E X E. Denote by d;_, the directional derivative with respect to the variable x € R4
in a given direction 3 € R? \ {0}. Then there are constants c ;j such that the following estimates hold:

2
— X —
pi(x,y) < ¢ ew(—%) (5.14)
_ Ix —y|?
|05,y p: (x, )| < c3t™ (D2 eXp(—Tty . (5.15)

(The first of these estimates is a basic property of the Neumann heat kernel, see [7, Theorem 3.1]. The
second estimate was established in [186, Lemma 3.1].) Using the basic semigroup identity for the heat
kernel, we obtain

lx — y|?

Seul ) (5.16)

105,405,y p1 (x, )| < /E 105,xP1/2(%, €) 35,y p1j2 (&, y)|dE < cst™ eXP(—

Next we recall that [40, Problem 2.9]

l [ee)
(RVeh = (@ — Ay)*h = D / TP hdr (he LXE), @>0, k=1,2,...)
D1 J,
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and therefore the k-th power (Rf,z))k of the resolvent is an integral operator with kernel

1 ©
Gak(x,y) = = 1),/ e~ p,(x, y) dt. (5.17)

If k = 2m > d+1, then using the estimate (5.14) we see that G 4 2, (X, x) < co and, furthermore, G 4 2
is a continuous function of (x, y) € E x E. Since E is compact and (R?)?" : L2(E) —> L2(E) is
nonnegative and has a continuous kernel, an application of Mercer’s theorem [161, Theorem 3.11.9]
yields that the kernel G, 2,, can be represented by the spectral expansion
o W ()w;(y)
Gaom(x,y) = y L1 5.18

a2m (. Y) ; G (5.18)

where the series converges absolutely and uniformly in (x,y) € E X E. (Note that ((a + 4 j)—2m’ w;)

are the eigenvalue-eigenfunction pairs for R §3).) In addition, it follows from (5.17) and the estimates
(5.15)—(5.16) that

1 < _
05,x05 yG aom(x,y) = m/o e " 155,x55,ypt(X,y) dt

where the integral converges absolutely and uniformly and defines a continuous function of (x, y) €
E X E. (The function 5 G 4,2m is also continuous on E X E.) Using standard arguments (cf. [134,
§21.2, proof of Corollary 3]), one can then deduce from (5.18) that

05054 G 2" (x,y) = Z((’J‘ 5w (x) (F5w,) (y) (5.19)

= (@ +a,)>

again with absolute and uniform convergence in (x,y) € E X E.

Let h € H™(E) be such that Ak € D(Ay) fork =0,1,...,m — 1, and write h = R™g where
g :=(a@—Ayn)"h € L*(E). Since m > %l +1, we have & € C!(E) by the Sobolev embedding theorem.
We thus have

sz ) 059 = Z o)

jw; (%))
: (% '<g’wf>'2) (Z PR RET >2m)
= llgll- (GE™(x,x)) " < oo

and similarly
12 _

D M) (@50 ) ()] < llgll 05,435, G & (x, )|
Jj=0

This shows that the series in the right-hand sides of (5.13) converge absolutely and uniformly in x € E,

and the result immediately follows. m|
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Corollary 5.16 (Nonexistence of common critical points). Let m € N, m > ‘% +1 and let E c R?
(d > 2) be the closure of a bounded convex domain with C*"*? boundary 0E. Let {w j}jen be an
orthonormal basis of L*(E) consisting of eigenfunctions of —Ay. Then for each xo € E there exists
J € N such that (Vw;)(xo) # 0.

Proof. If xo € E, it is clearly possible to choose & € CX(E) c {u e HY(E) | u,Au, ..., A" 'u €
D(AN)} such that (VA)(xg) # 0. If xo belongs to IE, let b € Tye (xo) \ {0} and choose ¢ € C*(IE)
such that dg,, (9) # 0. Combining the inverse trace theorem for Sobolev spaces [190, Theorem 8.8]
with the Sobolev embedding theorem, we find that that there exists # € H>"(E) c C!'(E) such that

d'h

- J) 0, j=1,2,....2m—1

hye =¢ and TraE(

where n denotes the unit outer normal vector orthogonal to 0 E. Consequently, 4 is such that (Vi) (xg) #
Oand i, Ah, ..., A" 'h e D(An) = {u € H*(E) | Tryp (22) = 0}. (This characterization of D(Ay)
is well-known, see [158, Section 10.6.2].) Therefore, given any xog € E we can apply Proposition 5.15
to the function 4 defined above to conclude that

D, w ) (Vo) (x0) = (V) (x0) # 0,
Jj=0

which implies that (Vw;)(xo) # O for at least one ;. O

The conclusions of Proposition 5.15 and Corollary 5.16 are also valid for the eigenfunctions of the
Laplace-Beltrami operator on a compact Riemannian manifold (Example 5.2(a)):

Proposition 5.17 (Nonexistence of common critical points on compact Riemannian manifolds).
Let (E, g) be a compact Riemannian manifold (without boundary) of dimension d and {w;}en
an orthonormal basis of L*>(E,m) consisting of eigenfunctions of the Laplace-Beltrami operator
on (E,g). Then (5.13) holds for all functions h € H*™(E) := {u | u,Au,...,Au € L*(E,m)}
(meN, m> % + % ), with the series converging absolutely and uniformly. Furthermore, for each

xo € E there exists j € N such that (Vw ) (xo) # 0.

Proof. We know from [41, Theorem 5.2.1] that the heat kernel p, (x, y) for the Laplace-Beltrami
operator is C* jointly in the variables (z,x,y) € (0, 00) X E X E. In addition, the heat kernel p;(x, y)
and its gradient satisfy, for 0 < ¢ < 1 and x, y € E, the upper bounds

d(x, y)?

; ), IVyp:(x,y)| < cat ~(d+D/2 ex ( M)
c2

pe(x,y) < ™2 exp(—
cylt

where d is the Riemannian distance function. (For the proof see [85] and [72, Corollary 15.17].) Let
U C E be a coordinate neighbourhood. Arguing as in the proof of Proposition 5.15, we find that
for x, y € U the kernel of the 2m-th power of the resolvent admits the spectral representation (5.18)
and can be differentiated term by term as in (5.19). (The directional derivatives are defined in local
coordinates.) We know that for m > 4 +5 L the Sobolev embedding H*"(E) c C!(E) holds on the
Riemannian manifold E [72, Theorem 7. 1], therefore, the estimation carried out above yields that the
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expansions (5.13) hold. We have 0F = 0, thus for each xo € E we can choose h € C*(E) such that
(Vh)(xp) # 0. As in the proof of Corollary 5.16 it follows that (Vw;)(xo) # O for at least one j. O

As noted above, the existence of a common critical point is a necessary condition for the common
maximizer property to hold; in turn, this is (under the assumption that the spectrum is simple,
cf. Corollary 5.8) a necessary condition for the existence of an FLTC. Therefore, the following

nonexistence theorem is a direct consequence of the preceding results.

Theorem 5.18. Let {T; };50 be either the Feller semigroup on a bounded domain E ¢ R? with C*"+?
boundary (m > % + 1) associated with the reflected Brownian motion on E or the Feller semigroup
associated with the Brownian motion on a compact Riemannian manifold. Assume that the operator

Tl(z) has simple spectrum. Then there exists no FLTC for the semigroup {T;}.

This theorem is not applicable to regular polygons and other domains which are invariant under
reflection or rotation (i.e. under the natural action of a dihedral group), as this invariance enforces
the presence of eigenvalues with multiplicity greater than 1. On the other hand, we know that the
eigenspaces on such symmetric domains can be associated to the different symmetry subspaces of
the irreducible representations of the dihedral group [77]. In most cases, the multiplicity of all the
eigenspaces corresponding to the one-dimensional irreducible representations is equal to 1 [126];
therefore, an adaptation of the proofs presented above should allow us to establish the nonexistence of
common critical points among the eigenfunctions associated to the one-dimensional eigenspaces.

The nonexistence theorem established above strongly depends on the discreteness of the spectrum
of the generator of the Feller process. Extending Theorem 5.18 to Brownian motions on unbounded
domains on R4 or on noncompact Riemannian manifolds is a challenging problem, as these diffusions
generally have a nonempty continuous spectrum. We leave this topic for future research.

5.3 Nonexistence of convolutions: one-dimensional diffusions

As we saw in the previous sections, the construction of an FLTC is a difficult problem for which
there is little hope of finding a solution unless the generator can be decomposed into a product of
one-dimensional operators. Motivated by this, we now return to the one-dimensional setting in order
to demonstrate that the necessary conditions for the existence of an FLTC determined in Section 5.1
also give rise to nonexistence theorems for a class of one-dimensional diffusion processes.

The following result shows that a necessary and sufficient condition for existence of an FLTC
similar to that of Corollary 5.8 holds for Sturm-Liouville operators whose spectrum is not necessarily
discrete:

Proposition 5.19. Consider a Sturm-Liouville operator € of the form (4.1) whose coefficients are
such that p(x),r(x) > 0 for all x € (a,b), p,p’,r,r" € ACic(a, b) and fac fyc %r(y)dy < o0.
Let wy(+) (A € C) be the unique solution of (2.18), pr the spectral measure of Theorem 2.30,
A = supp(py), and {T; }; >0 the Feller semigroup generated by the realization of € defined in (2.40).
Assume that the endpoint b is not exit and that e™'* € L>(A; py) forallt > 0. Set I = [a,b) if b is

natural and I = [a, b] if b is regular or entrance. Then the following are equivalent:
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(i) There exists an FLTC for {T;};>0 with trivializing family ® = {w,} 1eA.

(it) We have wy € Cy(I) for all A € A, and the function

Gy ) = /A M ua (@) wa() wa() pr(dl) (150, moyE e (@b) (520

is well-defined as an absolutely convergent integral; moreover, the measures defined as

Vix,y(dé) = q1(x,y,&) r(€)dE are such that {v; x y}o<i<1, x,ye(a,p] IS, for each < b, a tight
Sfamily of probability measures on 1.

Proof. (i) = (ii): Let ¢ be an FLTC for {T;};50 and p;x = s ¢ 05 the transition kernel of
{T:}+>0- Since the w, are multiplicative linear functionals on the Banach algebra (Mc (1), ), we have
|lwallo = 1 for all A € A, hence the right-hand side of (5.20) is absolutely convergent. Moreover,

(ke 065 0 8y)(wa) = e wa(x) wa(y) = Flge(x,y,)1(A) (>0, x,y € (a,b))

and it follows that for g € C. (/)

/ 2(8) (s 065 ©6,)(dé) = lim / (Tug)(&) (s 0 65 06, (de)

I s10 Jg
- lim /A (F)(D) e, (x) wa(y) p(dd)
- /, 9(6) 41 (xay.€) r(£)dé

where we used Fubini’s theorem, Proposition 2.36 and the isometric property of ¥. Since g is
arbitrary, this shows that the measures (u; 00 ©0y)(d€) and v; x , (dé) := q;(x,y, &) r(€)dé coincide.
Consequently, v; ., € P(I) forall t > 0 and x,y € (a,b). Since {T;};>0 is a Feller process, the
mapping (#,Xx) = p;.x = f4; ©d, is continuous on R x I with respect to the weak topology of measures,
and therefore the family {v; x,y }o<s<1, x,ye(a,p] iS relatively compact, hence tight.

(ii)=(i): In the case where b is regular or entrance, this implication follows from Proposition
5.7. Assume that (ii) holds and that b is natural. By Theorem 2.30

et w(x) wa(y) = /Iw,l(f) Vix,y (dE) (t>0, x,y € (a,b), 1€ A) (5.21)

where the integral converges absolutely. Since {V; x y}o</<1, x,ye(a,p] iS tight, given x, y € I there
exists a sequence { (¢, Xn, yn) tnen C R* X (a, b) X (a, b) such that (¢,,, x,,, y,) — (0, x,y) and the
measures ¥;, r. v, converge weakly to a measure vy , € P(I) as n — oco. Moreover, if (x,y) # (a,a)

and v}(’y, vi’y denote two such limits, then arguing as in the proof of Theorem 4.23 we find that

/ SOV, (df) = / wa(x) wa () (F) () p(dd) = / SOV, () forallg e DO
1 A 1

so that V)lc,y = vi,y; hence the measures v, 3 5 converge weakly as (t,x,y) — (0,x,y) to a unique

limit v, , which is characterized by the identity f] 8(&) vx y(dé) = /A wa(x) wa(y) (Fg)() pr(d)
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(g€ DP9 x,y el (x,y) # (a,a)). Using this fact and the reasoning in the proof of Proposition
4.26(ii), we can verify that each measure u € Mc([) is uniquely determined by the family of integrals
{t(wa)}aea. From this it follows, by taking limits in both sides of (5.21), that the measure v, , = d,
is the unique weak limit of v;, x, .y, as (#4,%,, Yn) — (0,a, a).

For u,v € Mc(I), define (u ¢ v)(d¢) := /I /1 Vx,y(dé) p(dx) v(dy), where vy, € P(I) is the
unique weak limit described above. Then (5.21) yields that

wa(x) wa(y) = /I wA(E) (85 08,)(dé)  (v.y el A€ A) (5.22)

and, consequently, condition III of Definition 5.1 holds with ® = {w,}1cA. It is also clear that
(Mc(1),0) is a commutative Banach algebra over C with identity element 6, and that P (1) o P(I) C
P (I). From the tightness of {v; x y}o<i<1,x,ye(a,p] (B < b) it follows that the family of limits
{Vx,y}x.ye(a,p] is also tight; it then follows from (5.22) that the map (x,y) + vy, is continuous
with respect to the weak topology and, consequently, (i, v) — u o v is also continuous. Finally, the
same reasoning of the proof of Proposition 3.38 yields that the transition kernel {p; y }s>0,xer satisfies
condition IV of Definition 5.1. |

We note that the assumption that e "€ L2(A; p ) holds for all Sturm-Liouville operators whose
left endpoint a is regular, and it also holds for a fairly large class of operators for which the endpoint a
is entrance [100, 101].

Using the proposition above, one can show that the positivity of the limit limg % (cf.
Lemma 4.6) is a crucial condition for the construction of Sturm-Liouville convolutions presented in
Chapter 4:

Proposition 5.20. Consider a Sturm-Liouville operator € of the form (4.1) whose coefficients are
such that p(x),r(x) > 0 for all x € (a,b), p,p’,r,r" € ACy(a,b) and /ac fc dx_ 1 (y)dy < oo.

y px)
Suppose that y(b) = fc b ;(& )) dy = oo and the function A defined in (4.2) is such that AX’ is of bounded
variation on [, co) for some ¢ > y(a) and limg_,« ?f‘/\(T?) = 0 € (—00,0). Then the unique solution

wa(+) of (2.18) is such that

sup |wa(x)| =00  forall 1> o2
x€la,b)

Consequently, there exists no FLTC for the Feller semigroup {T;} generated by the realization of €
defined in (2.40).

Proof. The Sturm-Liouville equation —%(Au’)’ = Au is of the form (pu’)’ — qu = 0, where the
coeflicients p = A and ¢ = —AA are such that

P _ a1+ $)  with k= ———, ¢:= -1

so that ¢(¢) = o(1) as ¢ — oo and ¢’ = (z(?—lA)’ is integrable near +oo (this follows from the
assumption that AK, is of bounded variation, cf. [59, Proposition 3.30]). After applying a result on the
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asymptotic behaviour of solutions of second-order differential equations stated in [49, Theorem 2.6.1],
we conclude that for A # o> the equation —% (Au’)" = Au has two linearly independent solutions u.
and u_ such that

ui<§>~[—M(f)z]-‘*“l‘”/"zexp( P (A,(Z) —1)dz)

il
+
m/c 20A(2) \20A(2)

The function A(¢)™"/% = A(c)™'/? exp(-3 f.cff i’((;)) dz) is clearly unbounded as ¢ — oo; therefore, u.

and u_ are both unbounded for A > o2, Since w,(x) is a real-valued linear combination of u_(y(x))

and u4(y(x)), it follows that sup, [, ) [wa(x)| = oo for 4 > o2

Combining the above with Proposition 5.19, we find that {w,},. 2 cannot belong to any
trivializing family for an FLTC, hence by Corollary 5.5 the trivializing family must be contained in
{wa}aepo,02] N Cola, b). On the other hand, it follows from Theorem 2.30 that there exist nonzero
measures u € Mc[a, b) such that u(w;) = 0 whenever A € [0, 02] and w, is bounded. (Indeed, we
have (02, 00) C A by the same argument in the proof of Proposition 4.13; if we let ¢ € L*>(A; ps)\ {0}
with supp(¢) C (02, ), then u(dx) = (F~'¢)(x)r(x)dx defines a measure u € Mc[a, b), and we
have u(w,) = 0 for A ¢ (02, 00).) Consequently, no family ® c {watiero,02] N Cola, b) can satisfy
condition III of Definition 5.1. This contradiction shows that there exists no FLTC for {T;}. |

Example 5.21. Proposition 5.20 shows, in particular, that the following operators do not admit an
associated (positivity-preserving) Sturm-Liouville convolution structure:

(@) £=—L —(2124) L witha > 0and u < 0.

dx?

This is the generator of a mean-reverting Bessel process with negative drift (Example 2.40).

(b) £ =—-4 —[(2a + 1) cothx + (28 + 1) tanh x| &, with @ > —l and @ + B+ 1 < 0.

x2 dx’
This is the Jacobi operator, which is the generator of the hypergeometric diffusion (Example
2.42).

() = —xzdd—; —(c+2(1 —a)x)%, with ¢ > 0 and @ > %

This is the Whittaker operator, which is the generator of a nonstandardized Shiryaev process
(Example 2.41 and Remark 3.71).

Sturm-Liouville operators with two natural endpoints were excluded from the discussion in
Chapter 4 because, given the absence of a natural candidate for the identity element, the construction
of generalized convolutions would require a different approach. The ordinary convolution is a
Sturm-Liouville convolution for the operator dd—; on R; as far as we know, this is the only known
example of a convolution associated with a Sturm-Liouville operator with two natural boundaries.
Let us note some examples in which the nonexistence of an associated FLTC follows from the results
above:

Example 5.22 (Sturm-Liouville operators with two natural endpoints).
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(a) Let @ > 0 and c € R. The differential operator

{=———(c—6x)— —00 < X < 00

is the generator of the Ornstein-Uhlenbeck process [2, 114]. Both endpoints x = —oco and x = +o0
are natural. It is well-known that the self-adjoint realization of ¢ has a purely discrete spectrum,
with eigenvalues 1, = nf and orthogonal eigenfunctions ¢, (x) = H,(LQ’C) (x) (n € Ny), where
H,(LG’C) are the Hermite polynomials defined as

2 d"
dxm

(Q—necx—gxz)‘

HO (x) 1= eex+x
Since each H,(la’c) is a polynomial of degree n, it is clear that the L?-extension of the Feller
semigroup generated by £ (and therefore the Feller semigroup itself) has no bounded eigenfunctions
other than ¢g = 1. Consequently, by Corollary 5.5, one cannot construct a Sturm-Liouville
convolution for the transition semigroup of the Ornstein-Uhlenbeck process.

(b) Let x > 0 and @ € R. The differential operator

l (1+x?) @ (a x)d 00 <X < 00
= — — — K - - -
dx? dx’

is the generator of the Student diffusion process [2, 114]. Both endpoints x = +oo are natural,
and the self-adjoint realization of ¢ has a purely absolutely continuous spectrum on the interval
((k + 1)?/2, ), together with a finite set of eigenvalues below (x + 1)2/2. The operator
¢ can be transformed, via the change of variables ¢ = arcsinh(x), into the standard form

d? A(¢) d A(E) _ : : A(E) _
_d_‘fz — md_f(’ \)Vhere m = ﬁ - (K + 1) tanh(x). Since hmg_,oo m = —(K + 1) <0
A&

andlimg oo 77z = k+1 > 0, it follows from the proof of Proposition 5.20 that if 1 > (k+1)2/2
then the equation €(u) = Au has no nonzero bounded solutions. Arguing in the same way we
conclude that the transition semigroup of the Student diffusion does not admit an associated

Sturm-Liouville convolution.

The next examples, related with the Laguerre and Jacobi polynomials, show that Sturm-Liouville
operators which do not admit an associated FLTC may, nevertheless, admit a convolution structure
satisfying a weaker set of axioms:

Example 5.23. Let a, k > 0. The Laguerre differential operator

2

d
€=—x@—l<(a—x)a, O<x<o

is the generator of the Cox-Ingersoll-Ross (CIR) process [2, 114]. The endpoint x = 0 is classified
as regular if ko < 1 and entrance if k@ > 1, while the endpoint x = +o0 is natural. The spectrum of
the Neumann realization of ¢ is purely discrete, with the orthogonal eigenfunctions being given by
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on(x) = L,(lﬁ ) (kx) (n € Ny), where 8 = ka — 1 and Lf,’B ) are the Laguerre polynomials defined as

dn
xPe*

B dar
Lo (x) = B+ 1) dx"

( xﬁ+n e—x).

As in Example 5.22(a), the fact that each L ,(1'8 )isa polynomial of degree n means that the nonconstant
eigenfunctions of the Feller semigroup generated by ¢ (i.e. of the transition semigroup of the CIR
diffusion) are unbounded, and from this it follows that there exists no FLTC for this Feller semigroup.
For 8 > —1, one can also reach the same conclusion by recalling the well-known product formula for
the Laguerre polynomials, which is given by [70, p. 149]

LY (€) Kp(x,y.€) EPe € de, B>-1
B (7 By — _ _
Ly (x)Ly " (y) = %[evm,g U2 (V5 = \5)2) + e VL 1/2)((\/;+\/y)2)]
+ LS Koa(x,y, ) €7 PeE de, B=-}%
where
26711 (B+1) X & -1/2 1
N e PG+ 5+ 3) pap(@) 2P P (e ymey (€), B> =3
Kﬁ(x, y> ‘f) -

—Lxy&)Pexp(¥ + 3+ ) 11(2) Z7 (yre o, ()21 () B=-3

The kernel of this product formula fails to be nonnegative, so it does not lead to a positivity-preserving
convolution structure.

The normalized Laguerre functions defined as Lflﬁ ) (kx) := e™**¥/ ZL;B ) (kx) are the eigenfunctions
of the modified Laguerre operator

C Tdx T dx 4

It is clear that LY (0) = 1, and by [70, Remark 1.10.88] we have |L® (x)| < 1 for all 8 > 0 and
n € Ny. Moreover, the normalized product formula

LPLP(y) = /O LP (&) kp(x,y,6)EPde,  kp(x,y,&) = exp(=% — ¥ = £) kp(x, . &)

is such that fom lkp(x,y,€)|€Pdé < 1forall B> 0andx,y € R*, cf. [70, Lemma 1.10.25]. This
property allows us to define the Laguerre convolution of finite complex measures as (u x v)(d¢) :=

ﬁé+ﬁl§+(6)€ * 5y)(d§) ,Ll(d)C) V(dy)’ Where
(6 * 8y)(d€) = kg(x,y,&) EPde forx,y >0, Sx % 00 =00% Oy = Oy.

It is clear that 6, % ¢, is, for x, y > 0, a nonpositive signed measure, and therefore this convolution
does not preserve the space P (R). But, as noted in [155, Section 2], the Laguerre convolution is a
bilinear operator on Mc(R{) such that:
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(i) The space (Mc(R{), %), equipped with the total variation norm, is a commutative Banach
algebra over C whose identity element is the Dirac measure dy;

(ii) The map (u, v) — u * v is continuous in the vague topology;
(iii) {Li,ﬁ >}neN is a trivializing family for %, i.e. we have

U=y * o if and only if ,u(Lle)) :yl(Lﬁlﬁ))-,uz(L,(f)) foralln € N.

In addition, one can check that p; » = p; o * d,, where p; . stands for the (nonconservative) Feller
semigroup generated by ¢£.

Example 5.24. For «, 8 > —1, consider the Jacobi differential operator £ = —(1 — xz) S-B-a-
(¢ +B+1)x)L 75 cf. Example 2.39. Recall from Remark 4.4 that if 8 < @ and either g > —% or

a + S > 0, then the product formula (4.4) for the Jacobi polynomials R,(l“"B )

gives rise to a hypergroup
structure and, therefore, to an FLTC for the transition semigroup generated by the Neumann realization
of €. The stated condition on the parameters is in fact necessary and sufficient for the existence of an
FLTC: this follows from the fact that, by the results of Gasper [67], the product formula (4.4) exists for

all @, B > —1, with the measures v,(c y'B ) satisfying

/ dvisP <M (x,ye[-1,1]) ifandonlyif B<a, a+B>-1 (5.23)
[-1.1]

and such that v( ’8 Visa nonpositive signed measure when 5 < 5 and a + B > 0. If the equivalent

conditions in (5. 23) hold, then the Jacobi convolution defined by 6 @ Oy = viay'g ) endows Mc[-1,1]

with a structure of commutative Banach algebra such that the convolutlon semigroup property
Dt.x = Pro ® Oy holds for the transition probabilities p; , of the diffusion generated by ¢.
@p

The notion of a signed hypergroup was introduced in [155] as a generalization of hypergroups
where the convolution satisfies a weaker form of axioms H2—-H6 of Definition 2.22, and it is no longer
required that probability measures are preserved by the convolution. The Laguerre convolution is an
example of a signed hypergroup, as well as the Jacobi convolution with -1 < § < a@and a + 8 > —1.
Example 5.23 demonstrates that such signed hypergroups are also a tool for endowing diffusion
semigroups with the convolution semigroup property, hence it would be desirable to establish sufficient
conditions for the existence of a signed hypergroup associated with a given Sturm-Liouville operator.
However, as far as we are aware, the known examples of non-positivity-preserving signed hypergroups
of Sturm-Liouville type are limited to differential operators whose eigenfunctions can be written in
terms of classical special functions. (See [123] for related work on a class of perturbed Bessel and
Laguerre differential operators.)

Most of the nonexistence theorems presented above are based on the unboundedness of the
solutions of the Sturm-Liouville equation £(u) = Au. We will not address the more difficult problem
of establishing such theorems for Sturm-Liouville operators such that £(u#) = Au admits bounded
solutions (such as those described in Lemma 2.29); however, we stress that this would require an
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investigation of the (non)positivity of the kernel (5.20) and the closely related (non)positivity of the
hyperbolic Cauchy problem (4.22).

5.4 Families of convolutions on Riemannian structures with cone-like
metrics

The discussion in Sections 5.1-5.2 indicates that the construction of convolution structures on
multidimensional spaces only becomes feasible once we are able to decompose the problem into
simpler one-dimensional problems. One should realize that this is, in particular, a key requirement for
the associated ultrahyperbolic PDE (Remark 5.9) to become tractable. It is therefore natural to restrict
the attention to Feller semigroups generated by elliptic operators on two-dimensional manifolds which
admit separation of variables in the sense that the eigenfunctions are of the form w,(£) = Y1 (x) da(y)
¢ =(x,y) €M).

We have already noted (cf. Section 2.3 and Example 5.10) the trivial fact that if M = M| X M, is
a product of Riemannian manifolds endowed with the product metric (so that the Laplace-Beltrami
operator on M| X M, obviously admits separation of variables) and if there exists a convolution for the
Laplace-Beltrami operator on both M; and M>, then we can define a convolution associated with the
Laplace-Beltrami operator on M by taking the product of the convolutions on M and M.

In the present section we will introduce a nontrivial generalization of the notion of product
convolution which is suited to manifolds of the form M = R* x M, endowed with the so-called
cone-like metric structures. Such cone-like metrics are possibly singular metrics of the form
g =dx*+A(x)g M,; this is a natural generalization of the metric cone, cf. [28]. The Laplace-Beltrami

operator of (M, g) is
A’(x) 1
A=08%+ +
A T A(x)?

(where A; stands for the Laplace-Beltrami operator of M;) and admits separation of variables, as its

Ay

eigenfunctions can be written as wg 1(€) = Y 1(x) dr.a(y), where ¢y 1(y) are the eigenfunctions of
. . . . . d? A’ d .

A, and ¢ 2 (x) are eigenfunctions of the Sturm-Liouville operators Ay x == 7= + ﬁﬂ - %,

where 17, > 0 are separation constants. If the eigenfunctions of A, and of each of the operators Aj

admit a product formula, then this gives rise to a product formula of the form

wi,(€1) wra(é2) = / Wi, A dYk, &, 8-
M

The distinctive feature of this product formula (in comparison with those of Equations (3.15) and
(4.21)) is that in general the measure in the right-hand side also depends on the multiplicity parameter
k. This naturally leads to the notion of a family of convolutions associated with a given elliptic operator.
One of our goals is to demonstrate that the convolution semigroup property for the reflected Brownian
motion on the manifold (M, g), together with other properties of FLTCs, can be extended to the
families of convolutions discussed in this section.
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5.4.1 The eigenfunction expansion of the Laplace-Beltrami operator
In the sequel we consider the (possibly singular) Riemannian manifold (M, g), where M = R{ x T
(with T = R/Z) and the (C', possibly non-smooth) Riemannian metric is given by

g = dx* + A(x)*do? 0<x<o0, €T

where the function A is such that

dx < A is nonnegative and decreasin
co, —1i iv ing.
Ax) A & &

(5.24)
The Riemannian volume form on M is dQ, = +/detg dxdf = A(x)dxdf. Thus, the Riemannian

1
A e C(RHNCHRY), A(x) > 0forx >0, /
0

gradient of a functionu : M — Cis

1

Vu = ((’)xu, -

59u),
and the Laplace-Beltrami operator is

. A’(x) 1
A=divoV = §> O, Z
ivo x+A(x) +A(x)29

(5.25)

The closure of A with reflecting boundary at x = 0 is introduced in the standard way. Consider the
Sobolev space H' (M) = H' (M, Q) = {u e L*(M, Q) | Vu € L*(M, Qg)}, and the sesquilinear
form & : H' (M) x H' (M) — C defined as

E(u,v) = (Vu, VU>L2(M,Qg)

o - (5.26)
=‘/M(6xu6xv+A(x)269u69v ng

It is clear from (5.26) that € is a symmetric, nonnegative, closed sesquilinear form. The associated
self-adjoint operator (Ay, Dy ), defined (as in (5.1)) by

Dy = {u e H'(M) ! HueLz(M,Qg) such that (Vu, Vz) = —(v,z) forall z € HI(M)}, Ayu=v

is called the Neumann Laplacian on M. It is an extension of the Laplace-Beltrami operator defined in
a domain of smooth functions satisfying the reflective boundary condition at x = 0

(Adwu) (0,0)=0 VOeT.

We use the notations LP (M) = LP(M,Q,), LP(A) = LP(R*, A(x)dx), and consider the Fourier
decomposition

LA(M) = @ Hy,  Hip={e"%(x)|ve L2(A)}, (5.27)
keZ

where Hy are regarded as Hilbert spaces with inner product (e’ %y, ¢/2k7%y)

He = (u,0) 124y - The

direct sum is also regarded as a Hilbert space with inner product ({ux}, {vk}) pr, = 2 Uk, vi) >
keZ
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such that for u(x,0) = 3 €279 (x), v(x,0) = Y €279, (x), we have
keZ kezZ

0y 2oy = D Stk ) 12
keZ

E(u,v) = Z Ex(ug, vi),

keZ

where Eg (ug,vr) = /R+ (”2 (x)vy (x) + (jlz;r)); ug (x)vg (x) ) A(x)dx are sesquilinear forms with domains

D& = {u € L2(A) N ACp. (RY) 2%% € L2(A), u' € LZ(A)}.

Thus, we obtain the decomposition, compatible with (5.27):

H' (M) = P D(&).

keZ
It can be checked that the forms &, are symmetric, nonnegative, and closed. Therefore, a similar

argument allows us to construct self-adjoint realizations of the Sturm-Liouville operators Agu(x) =

77 A ’ 2k )%
u” (x)+ A((;C))u (x) — (A(:))Z

u(x), whose domain is
D(Ax) = {u € L*(A) | u,u’ € ACioc(RY), Aru € L*(A), (Au’)(0) = 0},

for k € Z. This provides a decomposition of the Neumann Laplacian:

Dy = @ D(Ap), AN(Z eﬂk""uk(x)) = Z e RTON (). (5.28)

keZ keZ kezZ

The first ingredient for the convolution operators associated with A is the following characterization
of the solutions of the eigenfunction equation —Au = Au with Neumann boundary condition at x = 0.

Lemma 5.25. For each (k, 1) € Z x C, there exists a unique solution Vi 4 € Hy « = {eiZk”Hw(x) |
we C(Rg)} of the boundary value problem

—Av = A, v(0, ) = ¢2k79 v!110,6) =0 (5.29)

where v (x,0) = A(x) (0,v)(x,0). Moreover, A — Vi.a(x,0) is, for each fixed (x,0) € M and
k € Z, an entire function of exponential type.

i2km6y)(x), where w is a solution

Proof. Clearly, any such solution must be of the form Vi ,(x,60) = e
of

—Arw(x) = Aw(x), w(0) =1, (Aw’)(0) = 0. (5.30)

Therefore, Proposition 2.1 yields the result. |
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The unique solution of (5.30) will be denoted by wy_(x), so that Vi 4(x,0) = e*™%uw; 1 (x).
Throughout the paper we will make frequent use of the change of dependent variable described in the

following elementary lemma (which results from Remark 2.31):

Lemma 5.26. Define wy 2(x) := wé‘k‘(g) where {i(x) := cosh(2kn Ox%). Then wy () is a
solution of
G(w) =aw,  w(0) =1, (Bxw’)(0) =0 (5.31)

where |

0i(9) =~ (Big)'s Bulx) := A) &)™, (5.32)
Moreover, we have g—;’z =1+ ¢, where n(x) = % tanh(2k 7 fox %) > 0 and the functions ¢ = %’

’ 2
and y = %n’ - %nz + zBTkkn = (ZIX;) are both decreasing and nonnegative.

The final assertion of the above lemma implies, in particular, that Assumption MP of Chapter 4

holds for the coefficients of the Sturm-Liouville operator .
In what follows, to lighten the notation, points of M are denoted by & = (x, 8), &1 = (x1,61), etc.

It is well-known that the classical Weyl-Titchmarsh-Kodaira theory of eigenfunction expansions
of Sturm-Liouville operators can be generalized to elliptic partial differential operators on higher-
dimensional spaces, see e.g. [66], [45, Theorem XIV.6.6]. As remarked in [45, p. 1713], the knowledge
about the boundary conditions satisfied by the kernels of the eigenfunction expansion is much smaller
in the (general) multidimensional case, when compared to the one-dimensional setting. However, in
the special case where separation of variables can be applied to the eigenvalue problem for the elliptic
operator and therefore the eigenvalue equation reduces to a system of ordinary differential equations,
further information on the eigenfunction expansion can be obtained from the theory of multiparameter
eigenvalue problems. This connection will be further discussed in Remark 5.56 below.

In particular, the Fourier decomposition (5.28), combined with the eigenfunction expansion of the
Sturm-Liouville operator —Ay, gives rise to an eigenfunction expansion of (Ay, Dy ) in terms of the
separable solutions Vi ; defined in Lemma 5.25:

Proposition 5.27. There exists a sequence of locally finite positive Borel measures px on R{ such that
the map h — Fh, where

(D = [ 1OV Q(de)  (kZ, 220, (533)
is an isometric isomorphism F : L*(M) — P K<z Lz(Rg, pr) whose inverse is given by
oD@ =Y, [ o) Via€) petan), (5.34
keZ ¥ ™0

The convergence of the integral in (5.33) is understood with respect to the norm of L? (R§, pr), and
the convergence of the inner integrals and the series in (5.34) is understood with respect to the norm
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of L*(M). Moreover, the operator F is a spectral representation of (An, D) in the sense that

Dy = {h e L>(M) Z/ AZ|(9fh)k(A)|2pk(dA) < oo} (5.35)
kezZ Rg
(F(=ANR)), (D) = 2-(Fh)(2), heDy, kel (5.36)

Proof. Let h € L*>(M). By Fubini, h(x,-) € L>(T) for a.e. x € R*. For these points x we have

1
h(x, 0) :th(x) e'2k70 where Ay (x) := / e k70 (x, 9)d, (5.37)
kezZ 0

the series converging in the norm of L*(T). It is straightforward to check that hi € L?(A) for all
k € Z, and therefore the function hx can be represented in terms of the eigenfunction expansion of the
Sturm-Liouville operator Ax (Theorem 2.30): denoting the spectral measure of Ax by pg, we have

0 = [ (Fa) (D wea() (@), where (72 T) (1) = [ Fe(s)wia() Ay

the integrals converging in the norms of L?(A) and L?(pg) = L? (R, pr) respectively.
By definition of i, we have (Fa, 1) (4) = [, h(€) Vi 1(€) Qg (d€) = (Fh)i(A), with equality
in the L2 (pg)-sense. Furthermore, by a dominated convergence argument it is clear that T (x)eikr0 =

fR+ (ﬂkﬁk) (A) Vi 1(€) pr(d) with equality in the L?(M)-sense; therefore,
0

0= 3 [ (T () Via() pr(a)

keZ

proving the inversion formula (5.33)—(5.34). Finally, the fact that the integral operator ¥ is isometric
follows from the identities

”h“iZ(M) = Z”ZkHiZ(A) = Z”ﬂkﬁk”;(pk) = ”{(Th)k}“z@m(pk)
keZ

keZ

where the first and second steps follow from the isometric properties of the classical Fourier series and
the eigenfunction expansion of Ay respectively.
It only remains to justify the identities (5.35)—(5.36). Using (5.28) we obtain

(F(=Anh)) (D) = (Far (CANDR) (D) = (Fap (~Ac 7)) (D) = A+ (Fh) (1), heDy

which proves (5.36). Now, if 4 € L>(M) is such that ;.7 /R+ /12|(9’h)k (/1)|2pk(d/l) < oo then by
(2.29) we have ’

(hkez € P D(A) = @{u € L*(A) ‘ /R AN(Faw) (P pr(dd) < oo}

keZ keZ

and therefore h = Y,y e?2k7™ Ohe € Dn. Conversely, if & € Dy then by (5.36) we have {A-
(Fh)i(D)} € P,z L*(pk), and we conclude that (5.35) holds. m]
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Since Ay is a negative self-adjoint operator, it is the infinitesimal generator of a strongly
continuous semigroup in L?(M), denoted by {e’*N },¢. It is not difficult to check that the sesquilinear
form & is Markovian (in the sense that if u € H'(M) then v := max(min(u, 1),0) € H'(M) and
E(v,v) < E(u,u)); in other words, (&, H'(M)) is a Dirichlet form. Therefore, as mentioned in
Section 5.1, {¢’N },5 is a sub-Markovian contraction semigroup on L*(M). Furthermore, for every
p € [1,+00] the subspace L>(M) N L? (M) is invariant under ¢’*N for every ¢ > 0, and the semigroup
{e’AN } ;>0 can be extended into a strongly continuous contraction semigroup in L” (M) (seee.g. [41,
Sections 1.3-1.4]). The analogous statement holds for the semigroup {e’Ak } ¢>0 1IN LP(A), for every
k € Z.

Proposition 5.28. Assume that the action of ¢'®N on L*>(M) is given by a symmetric heat kernel, i.e.
there exists a measurable function p : R* x M x M — R{ such that:

I. Forallt,s >0and é1,& € M,

p(t, €1, &) = p(t, €2, €1) and P(I+S7§1,§2)=/Mp(t,§17§3)p(8,-53752)Qg(d§3);

II. Fort >0, he L>(M) and Qg-a.e. &1 € M,

("™ ) (&p) = /M h(&D) plt, £1.£2) Q, (dE2).

Then, fort > 0 and Qq-a.e. &1, &2 € M, the heat kernel admits the spectral representation
P =Y [ Va6 Voral&) pr(dd) (5.38)
icez YRy

where the integral and the sum are absolutely convergent.

Proof. Fix t > 0. It follows from condition I that

/M Pt £1. 67 Qu(dEs) = p(2. £1.61) <00 (&1 € M),

meaning in particular that p(z, &, -) € L>(M) for all £ € M. Moreover, by the spectral representation
property (5.35)—(5.36) we have [F(e'*N h)[x () = e " (Fh)i () for all h € L?>(M), hence

>, [ T 1700 £ prld) = (€ )60

kez (5.39)

=F e (FO}E) = ) /R e UF W) Viea(€) pr(dd)

keZ
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for Qq,-a.e. §1 € M. Since h € L*(M) is arbitrary, from (5.39) we deduce that {e~"*V; (&)} =
{[Fp(t, €1 )]k(D)} € Py L*(p) for Qg-ae. & € M. Therefore

) [ Wi l@0 pr(a = Yl i a(@s ) < o0
kez kez

and it follows (by the Cauchy-Schwarz inequality) that the right-hand side of (5.38) is absolutely
convergent for Q,-a.e. £1, & € M. Moreover, the isometric property of F yields

p(t’ fl’ 52) = <p(t/2’ é‘l’ ')’ p(t/z’ 52’ .)>L2(M) = Z(e_t/l/2vk,/l(§1)’ e_t/l/zvk,/l(§2)>L2(pk)

kezZ

and therefore the identity (5.38) holds for Qc-a.e. £1, &2 € M. m]

Corollary 5.29. Ifthe assumptions of Proposition 5.28 are satisfied, thenfort > 0, k € Z, 1 € supp(px)
and Q¢-a.e. &1 € M we have

W 1) = /M Via(£2) p(t, £1.£2) Qu (dE).

Proof. Fixt > 0 and k € Z. Notice that

p(t,€1,8) = ) e OMpy (1 x1,x,),
JEZ
where pa (1, x1,x2) = fR6 e " w; a(x1) w;a(x2) pj(dA) is the heat kernel for the semigroup {e’*/}

on L>(R*, A(x)dx) (Proposition 2.36), and the sum converges absolutely. Hence for A € supp(pg)
and Qc-a.e. £&1 € M we can write

/M Ve (&) p(t. €1, £2) ()

=/ ek 0 1(x2) Z€i2j”(91_92)PA,-(f,X1,X2)A(xz)dxzd92
M :
JEZ

o 1
:/ Wi a(x2) E eiZj”HI/ eiz(k_-i)”gzdezij(t,xl,xz)A(xz)dxz
0 - 0
JEZ

:eianel/ W, a(x2) pa (2, x1,x2) A(x2)dxs
0

=270 (xy) / W (x2) / e 710 Wy 2y (1) Wiay (X2) Pr(dAo) B (x2)dxa
0 R}

— ei2k7r6)1 e_t/lwk,/l (xl)

= e "Wy (&).

The second to last equality follows from the eigenfunction expansion of the Sturm-Liouville
operator {; defined in Lemma 5.26, considering that the double integral can be recognized as

Fe [F;, e Dx,.(x1)](A), where (F5,8) (D) := [, &(») Wea(y) Be(¥)dy = (Fa, (Li-8)(A). It
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should also be noted that
e e L*(py), ﬁ;le_t' e L'(R*, By (x)dx), wi,1 € Co(RY)

(cf. Proposition 2.36 and Lemma 2.29), and therefore the second to last equality, which holds initially
for pg-a.e. 1 > 0, can be extended by continuity to all A € supp(pg)- |

The two results above depend on the assumption that the heat kernel exists. In the general framework
of metric measure spaces, the existence of the heat kernel for the semigroup {e’9 . } determined by a
given Dirichlet form is equivalent to the ultracontractivity property ||e’9 @ hleo < y(®)||A]l.1, Where
vy is a positive left-continuous function on R* (see [4, Theorem 3.1]). A discussion of geometric
conditions which ensure the existence of a heat kernel satisfying Gaussian estimates can be found in
[73] and references therein.

In particular, it is known that the Laplace-Beltrami operator with Dirichlet or Neumann boundary
conditions on a domain of a complete Riemannian manifold admits a heat kernel [33, 41]. We can
thus state:

Proposition 5.30. Ler M = R* x T. If A belongs to C*® (Ry) and A(0) > 0, then there exists a heat
kernel p(t,x,y) € C*(R* x M x M) satisfying the assumptions of Proposition 5.28.

Proof. Observe that under the stated condition we can regard (M, g) as a submanifold of the complete
smooth Riemannian manifold (R x T, g), where g = dx? + A (x)%d#? and Ace C*®(R) is a positive
extension of the function A; therefore [33, Theorem 1.1] yields the result. O

5.4.2 Product formulas and convolutions

Taking advantage of the separability of the eigenfunctions and the results of Chapter 4, we derive the
following product formula for the eigenfunctions of the Neumann Laplacian:

Proposition 5.31 (Product formula for Vi ). For each k € Ny and &1, &, € M there exists a positive
measure Yy g g On M such that the product Vi_(€1) Vi.a1(£€2) admits the integral representation

Va0 Vi) = [ Va9 Vg g(df).  GLEEMAC (540
M
Since V_i 4 = Vi 4, this result trivially extends to all k € Z.

Proof. Fix k € Np. Recall that Vi 1(x, 6) = e"%79 71 (x) wy_1(x), where Wy is a solution of (5.31).
We saw in Lemma 5.26 that the operator £y satisfies Assumption MP, hence we can apply the existence
theorem for Sturm-Liouville type product formulas (Theorem 4.14) and conclude that there exists a
family of measures {7r)[c]f,]x2 Fxy.xo ert C P (Ry) with supp(ﬂ)[clf,]n) C [|x1 —x2[,x1 +x2] (cf. Proposition
4.48) and such that

Bt Ta) = [ Teadrldl,  (meRg 20

0
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Consequently, the product formula (5.40) holds for the positive measures y; g, ., defined by

TS Vi, &, &(dE3) (5.41)

'Yk,gl,gz(dES) =
h k] 5
Where vi g1, & = Tx; x, ® 00,+6,- [m|

It follows at once from the definition that the measures vy ¢, g are probability measures on M.
The convolution operators determined by these measures are defined in the natural way:

Definition 5.32. Let k € Z and u, v € Mc(M). The measure
w0 = [ [ sl g vag
k MJIM

is called the Ag-convolution of the measures y and v.

In other words, the convolution algebra (M, i) is a product of hypergroups, namely the Sturm-

Liouville hypergroup associated with ¢; (Theorem 4.50) and the hypergroup determined by the
ordinary convolution on the torus.

The analogue of the trivialization property for the family of Ag-convolutions is described next.

Definition 5.33. Let u € Mc(M). The A-Fourier transform of the measure y is the function defined

by the integral

(Fu)(k, ) = V_k’—/l(f)ﬂ(df), keZ, 1>0.
M

Li(x)

It follows from Lemma 2.29 that ||%||oo < 1, hence (Fu)(k, 1) is well-defined for all
u € Mc(M) and (k,A) € ZXRg.

Proposition 5.34. Let u1, v € Mc(M). We have
(F(u * v))(k,A) = (Fu)(k,2)-(Fv)(k,A)  forallk € Zand A > 0. (5.42)
Moreover, for fixed k € Z we have
(Fa)(k,) = (F) (k) (Fv)(k.-)  ifandonlyif @y = [k o Vi

where Ty (T = a, 1, v) is the complex measure on R} defined by Ty (J) = fM e”12k70 7, (x) T(déE), and
. . ~ = . [k] -~ = [k]
<]z is the convolution defined as <]: Vi(s) = /RE ng Ty, (+) Hi (dx1) Vi (dxz) (here my, ., € P(RY)

are the measures from the proof of Proposition 5.31).

Proof. Applying the product formula (5.40), we obtain

V_i,a(€)

(T(MZ‘V))(/CJ) = )

(u p v)(d€)
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Voi,a(€3)
//./M Ji(x3) (5'51}‘;‘sz)(dfs)#(d&)v(dfz)

= Voia(€1) Vor,a(£2) ~ .
_/M-/M Cr(x1)  i(x2) u(dév(déy) = (Fu)(k,)-(Fv)(k, 1)

so that (5.42) holds. Since Z is the Sturm-Liouville convolution for the operator £ = —Blk % (B %),

the second statement is a consequence of Proposition 4.30. |

Proposition 5.35. The A-Fourier transform Fu of u € Mc (M) has the following properties:

(i) For each k € Z, (Fu)(k,-) is continuous on R. Moreover, if a family of measures {1} C
Mc(M) is tight and uniformly bounded, then {(Fu;)(k,-)} is equicontinuous on Rf.

(i) Each measure u € Mc(M) is uniquely determined by F .

(@i) If {un} is a sequence of measures belonging to M.(M), u € M. (M), and u, N U, then for
each k € Z we have

(Fun)(k,s) — (Fu)(k,-) uniformly on compact sets.

(iv) Suppose that lim,_,. A(x) = oo. If {uy,} is a sequence of measures belonging to M, (M) whose

A-Fourier transforms are such that
(Fun)(k, ) —— f(k,Q) pointwise in (k,1) € Zx R}
n—oo

for some real-valued function f such that (0, -) is continuous at a neighbourhood of zero, then

Un = u for some measure u € My (M) such that Fu = f.

Proof. (i) We have (Fu)(k, ) = (Fz, tr)(A) where F, is the Sturm-Liouville transform of measures
determined by ¢; (Definition 4.25), thus the result follows from Proposition 4.26(i).

(ii) Let u € Mc(M) be such that (Fu)(k,A) =0forall k € Zand A > 0. Let f € C.(R§) and
g € C!(T). Recalling that the Fourier series g(0) = 3, <7 (g, e 2k™) ¢i2k79 converges absolutely
and uniformly [47, Theorem 1.4.2], we get

[ 1@ e@utde.o) = [ 160 Yt e udr0)

keZ
= D (g ey | F() Eor(d)
D2 R
=0

where the last equality holds because, by Proposition 4.26(ii), (Fu)(k, -) = 0 implies that iz = 0. By
the Stone-Weierstrass theorem (see [160, Section 38] and also [95, Corollary 15.3]), this implies that
u is the zero measure.

(iii) This follows directly from Proposition 4.26(iii).
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(iv) By the same argument in the proof of Proposition 3.18(iv), it is enough to show that {u,,} is
tight. Fix £ > 0. Given that f(0, -) is continuous near zero, we can choose § > 0 such that

1

26
‘5/0 (f(0,0) = £(0,2))dA| < &.

Furthermore, we have limy_,o wp 1(x) = 0 for all > 0 (Corollary 4.8), and thus we can pick
0 < B < oo such that

26
/ (1-Voa(&))da=6  forall (x,0) € (B,00) X T.
0

We now compute

26 26
(I8, ) XT) < £ /[g,m /O (1-Vo(&))d pn (df) < /O ((F 1) (0.0) = (Fpan) (0, 1))

and from this inequality we obtain

26
lim sup p, ([B, ) x T) < élim sup/0 ((F1n)(0,0) = (Fun)(0,2))dA

n—oo n—oo

1

26
=5 /0 (£(0,0) = (0, ))dA

<é&

where ¢ is arbitrary, showing that {u,,} is tight. O

In the remainder of this section we will always assume that limy_,o, A(x) = oo.
Corollary 5.36. For each k € Z, the mapping (u,v) — u : v is continuous in the weak topology.

Proof. We have (F (S g * 6g))(j, ) = e 206 (T (5, 26”))(/1)’ and it follows from Propo-

sition 4.31 that the right-hand side is a continuous function of (&1, &2). Using Proposition 5.35(iv)
we conclude that (€1, £2) = g . 0 & is continuous in the weak topology, which readily implies our
claim. O

The operator ‘TZ defined by the integral

(T @ = [ hdogr
M k
is said to be the Ag-translation by the measure u € Mc(M). The next result summarizes its mapping

properties. For brevity, we write Lf = LP(M, By (x)dxd9).

Proposition 5.37.
(a) If h € C,(M), then T’k’h € Co(M) for all u € Mc(M).
(b) If h € Co(M), then T*h € Co(M) for all u € Mc(M).
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(c) Let1 < p <oo,ue My.(M)andh e Li. The Ay -translation (‘T’,:h) (x) is a Borel measurable
function of x € M, and we have

1T Rle < Nl 2l p (5.43)

(d) Let py, pa € [1, 0] such that % + % > 1, and write T,f = T,ff (£ € M). For h e LY and
g€ Liz, the Ay-convolution

(hs9)© = [ (TF) g Butrdndo
M

is well-defined and, for s € [1, co] defined by % = % + é — 1, it satisfies
1 gllzy < 1Al pillgllr

(in particular, h i g € Ly)

Proof. (a) Immediate consequence of Corollary 5.36.
(b) By Proposition 4.32(iv) and a dominated convergence argument we have (F(6 g . W) (j, ) =
[,y € H OO (Fy (6 26,(1))(/1)/1(5151) — 0 as x — co. An argument similar to that of the proof

of 4.32(iv) then yields that TZh € Co(M) for all u € Mc(M).

(c) In the case p = oo, the proof is straightforward. Let 1 < p < oco. Suppose first that
h(x,0) = f(x)g(6) and observe that

(T2 W) (1, 00) = (T2 F) (1) (T 2) (61)

where 7;; is the generalized translation associated with the Sturm-Liouville operator ¢, and
(‘71}92g)(01) := g(01 + 0>) is the ordinary translation on the torus. By Proposition 4.32(i) we

have |17, fllLr &+, By (x)dx) < [1f1lLp =+, Bi(x)dx)> and therefore

, 0
NTE= " Rllp = 1T Fllee @, B coan 12 € lle )

< W fllr &+, By (x)ax) IgllLr (T)

= 1Al

A continuity argument then yields that IIT,(CX’H)hII L < || ]| Lr forall h € LZ and (x,0) € M, showing
that (5.43) holds for Dirac measures 4 = d(x,9). We can then extend the result to all u € M, (M) by

using Minkowski’s integral inequality.
(d) 1dentical to that of Proposition 3.57. O
In the next statement we show that if a heat kernel exists for the heat semigroup {2~ }, then the

functions e!2N Via= e‘MVk, 1 also admit a product formula whose measures do not depend on the

spectral parameter A and, moreover, are absolutely continuous with respect to Q.
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Proposition 5.38. Assume that the action of ¢'®~N on L*>(M) is given by a symmetric heat kernel
satisfying conditions I and II of Proposition 5.28. Let y, ;. .6 be the positive measure defined by

Vi 606060 = [ Ve gy .00 P01 £ (0

Then, the product eV, 1(€1) Vi 1(&2) admits the integral representation

eV a(€1) Via(£2) = /M Via(€3) Y, 1. g.6d€3) (620, é1,& € M, A € supp(px)).

Proof. By direct calculation we get

[ Vea@ v 0@ = [ [ Vial@y, g6 (a8 p(c 090 a8

= e "Wy 2(&1) Vi a(£2)

where, by Proposition 5.31 and Corollary 5.29, the second equality holds for r > 0, 1 € supp(pk),
&2 € M and Qg-almost every & € M. Using the symmetry relation fM Vi.a(€3) y,’k,fl’&(d.fg,) =
/M Vi a(€3) ¥, 1. &8 (dé&3), the identity extends by continuity to all £1, &, € M. (The given symmetry
can be deduced by noting that, by (4.43) and Propositions 5.27-5.28, we have for g € C2(R*)

[ ety pntit = [ [ Ve (60 Vi €9 (78 (Wpr(d) s 61,609 €0

= /R+ e Wi a(€1) Vie 1(£2) (Fag) (A) pr(dA)

0

and, therefore, (¥, ;. g £)-k = (Y1 & &)-k") i

5.4.3 Infinitely divisible measures and convolution semigroups

The basic notions of divisibility and probabilistic harmonic analysis for the Ag-convolution can be
defined in the usual way (cf. Sections 3.4 and 4.5):

Definition 5.39.

* The set Py iq of Ar-infinitely divisible measures is defined by
Prid = {,u e P(M) | for all n € N there exists v,, € P (M) such that u = (vn)*k"} (5.44)

where (v,,)"" denotes the n-fold Ag-convolution of the measure v,, with itself.

* The Ag-Poisson measure associated with v € M, (M) is

o] N
3
— —||V||§ Y
V). =¢€
ex(v) n!
n=0

(the infinite sum converging in the weak topology).
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* A measure u € P(M) is called a Ag-Gaussian measure if u € Py jq and

u=er(v) * 0 (v e My (M), 9 € Pria) = ex(v) =6(0,0)-

It is easy to check that, for v € M, (M),

[ maw et =en| [ [ Taw-10). G 2Ry 549
M M

(This is an equivalent characterization of Ag-Poisson measures, because by [16, Theorem 2.2.4] each
measure yu € Mc(M) is characterized by the integrals /M e 270 i A(x)u(d€).) More generally,
if the positive measure v is (possibly) unbounded and the equality (5.45) holds for some measure

ex(v) € P(M), then we will also say that ey (v) is a Ag-Poisson measure associated with v.
Definition 5.40. A family {u; };>0 € P (M) is a Ag-convolution semigroup if it satisfies the conditions

Us :,ut = Ugy forall s, > 0, Mo = 6(0,0) and N 0(0,0)ast ] 0.

The Ag-convolution semigroup {u, }; >0 is said to be Gaussian if u; is a Ap-Gaussian measure.

A measure u € Mc(M) is said to be symmetric if u(B) = u(B) for all Borel subsets B ¢ M,
where B is the image of B under the mapping (x,6) — (x,1 —6). One can show that for each
symmetric measure u € Pk iq there exists a unique Ag-convolution semigroup {u;};>o such that
U1 = u; consequently, there is a one-to-one correspondence between symmetric Ag-infinitely divisible
measures and symmetric Ag-convolution semigroups. (The proof is similar to that of the corresponding
result for the ordinary convolution on the torus, see also [16, Theorem 5.3.4].)

Proposition 5.41 (Lévy-Khintchine type representation). Any symmetric measure € Py ia can be

represented as
p=yx ex(v)

where ey (v) is the A -Poisson measure associated with the o -finite positive measure v = liﬂ)l( % He)| M\(0.0)
t 5
and vy is a Ag-Gaussian measure.
The representation is unique, i.e. if u =y * e (V) for a o-finite positive measure v and a Gaussian

measure y, thenv =v and y = .

Proof. This is a particular case of a Lévy-Khintchine type theorem on commutative hypergroups
stated in [152, Theorems 4.4 and 4.7]. (Note also that by [183, Theorem 3.1] the definition of Gaussian
measures proposed in [152] is equivalent to the definition of Agx-Gaussian measures presented
above.) O

Exactly as in the previous chapters (cf. Propositions 3.34 and 4.39), every convolution semigroup
determines a transition semigroup with the expected Feller-type properties:
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Proposition 5.42. If {u; }: >0 is a Ag-convolution semigroup, then the family {T; };>o defined by
(Tih) (&) = (T4 h)(€) = /M hd(g s m)

is a conservative Feller semigroup such that the identity T, T f = T[T; f holds for all t > 0 and
v € Mc(M). The restriction {T,| Col M)} can be extended to a strongly continuous contraction

semigroup {Tt(p)} on the space LP (M) (1 < p < o). Moreover, the operators Tt(p) are given by
TP f =T (f € LP (M),

Our next result shows the heat semigroup generated by the Neumann Laplacian has the convolution
semigroup property, in the sense that its action can be represented in terms of integrals with respect to
Ag-convolution semigroups:

Proposition 5.43. For k € Z, let mg € Mc(M) be an absolutely continuous measure with respect to
Qg whose density function gy, belongs to L*(M)nLY(M, & -Q,), and such that (mg); = 0 for each

J # k. Then there exists a Gaussian Ar-convolution semigroup {,uf } >0 such that

h(§)
m Lk (x)

[ i@ maag) - (s (Gom)@8)  (heL(M), 120). (540
M

Proof. Fort > 0,let u* = a*®48,, where a* (dx) = py, (1,0, x) Bx.(x)dx are the transition probabilities
of the diffusion process generated by the Sturm-Liouville operator £; (cf. Proposition 4.44). We recall
from the proof of Corollary 5.29 that we have ¢4 € L?(pg) and a* (dx) = (”Ft,;le"')(x)Bk (x)dx,
where 7‘};16‘” e L' (R*, By (x)dx).

Our first claim is that the measure é (uk * ({x -my)) is absolutely continuous with respect to Q,

and that its density function ¢ ik mo belongs to L*>(M). Note first that, by assumption, (ing) ; =0 for
J # k, and therefore (e.g. by Proposition 5.35(ii)) mg = (mg)x ® #x, where %y is the measure on T
defined by x (d6) = ¢**7? 0. We thus have

ur * (& -mo) = (af 0 (k- (Mo)x)) ® k.

The absolute continuity assumption on mq implies that (ing)x (dx) = (Gmg )k (x)A(x)dx With (Gmy )k €
L?(A), so we can now use the properties of the convolution <]: (see Proposition 4.61) to conclude that

i (a,"i(f « - (Mg)x)) is also absolutely continuous with respect to A (x)dx with density belonging to

L*(A), and this proves the claim.

Let h € L?>(M). Combining the above with Proposition 5.27, we may now compute

'/IW(etANh)(f) my(d§) = <etANh9q_mo>L2(M) = Z(T(etANh)ja(Tq_mo)j>L2(pj)

JEZ

= (e (Fh)=ts (F Tmg)-k) 1205y = ((Fh)—ic, (F1f)(=k, ) (F Gmg)-k
(px)

= Z<(Th)ﬁ (Tquf,mo)f>L2(pj) = <h’ qu;",m0>L2(M)

JEzZ

L2 (pg)
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B h(€) k(.
- [ 28 ks @)@

so that (5.46) holds. m]

One can check that the Dirichlet form (&, H' (M) is regular (see [21, 63]). As observed in
Section 5.1, it follows that there exists a Hunt process {W; };>o with state space M whose transition
semigroup {P; };so is a quasi-continuous version of {¢’*N }. The process {W,} is called the reflected
Brownian motion on the manifold (M, g).

The convolution semigroup property (5.46) can be rewritten as

Em, [R(W;)] = /M hd(i* ;:mo), (he L2(M), t > 0) (5.47)

where:

* En, is the expectation operator of the reflected Brownian motion with initial distribution
my € Mc(M) (defined as Ep,[2(W;)] = /M Eg[h(W;)]mo(d€), where E¢ is the usual
expectation operator for the process started at the point £);

* The convolution * is defined by v; v = i(({k-vl) x ({kv2)) or, equivalently, by (v * v)(+) =
fM fM Vi &8 vi(dé1) v2(dé), withy, o . given as in (5.41);

k
o uk= ‘2—; (so that ¥ satisfies the convolution semigroup property with respect to 2().

Corollary 5.44. Let mg € Mc(M) be an absolutely continuous measure with respect to Qg whose
density function qm, belongs to L*(M) N (N LY (M, k- Qg)). Then there exist Gaussian Ag-
convolution semigroups {*}; o such that

/M (") () mo(dg) = ) /M e"z"”"hk—m(uf;<<4k-mo,_k>)<df> (h € L2 (M), 12 0)

= i (x)
where mg . = (g)x ® xx and I is given as in (5.37).

Proof. We have

[ e (Z (0T, <x>) mo(d) = Y, [ eV (PR () () © -4) ().
M keZ kez'M

Since each measure (Mg)_x ® x_ satisfies ((Mg)-x ® %_k);,\: 0 for j # —k, the corollary follows by
applying Proposition 5.43 to each term in the right-hand side. O

The result of Proposition 5.43 can be extended to other Markovian semigroups whose generators
are functions of the Neumann Laplacian:

Proposition 5.45. For k € Z, let mg € Mc(M) be an absolutely continuous measure with respect to
Q. whose density function qm, belongs to L>*(M) 0 L'(M, {x -Qy), and such that (ig); = 0 for each
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J # k. Let Y. be a function of the form

Ui () =ca+ ‘/R+(1 — wi 1(x)) T(dx) (1=20) (5.48)

where ¢ > 0 and T is a o-finite measure on R* which is finite on the complement of any neighbourhood
of 0 and such that fR+(1 — Wy_(x)) 7(dx) < oo for A > 0. Assume also that e”'¥<") € L?(pg) for all

t > 0. Then there exists a Ag-convolution semigroup { ,u;/' >0 such that

h(§)

m Sk (x)

[ @@ moag) - (/" (Gomo)) (@) (he L(M), 120) (549)

where e~ (=AN) s defined via the usual spectral calculus.

We observe that, since et € L*(pg) for all r > 0, the assumption e %<} e L2(pyg) is
automatically satisfied whenever ¢ > 0 in the right hand side of (5.48).

Proof. By Theorem 4.37, there exists a Z—convolution semigroup {oz,l/' *}+0 such that (F, a;’/’ ) =

e "« Using Theorem 2.30 and the assumption e~*%*() ¢ L2(pg), we deduce that af’k (dx) =
(ﬁ;le"‘/’k('))(x)Bk (x)dx, where ﬂ;le"'/’k(') e L'(R*, By (x)dx). The result can now be proved
using the same argument as in Proposition 5.43 above. |

The sesquilinear form &¥* associated with the Markovian self-adjoint operator —x (=Ap ), defined
as

DEH) = DB AT). 8% w0) = (VIR C o) 1 VR AN

is a regular Dirichlet form on L>(M). (We can prove this claim using Proposition 4.34 and the proof
of Proposition 3.1 of [128].) Accordingly, there exists a Hunt process {X; };>o with state space M
such that (e ?Y«(-AN)p) () = B £[h(X;)], and therefore the convolution semigroup property (5.49)
translates into the Lévy-like representation

Em, [h(X)] = /Mhd(;z;”k xmg)  (he L*(M), t > 0)

for the law of the process {X;}. (Here my is any complex measure satisfying the assumptions in
Proposition 5.45.) The representation (5.47) for the law of reflected Brownian motion on (M, g) is a
particular case of this result.

Remark 5.46. In general we cannot state a counterpart of Corollary 5.44 for semigroups generated
by functions of the Neumann Laplacian. Indeed, in order to derive such a result for the semigroup
{e7"¥(=AN)} one would need that the function (1) could be written, for each k = 0,1,..., as
crd+ f (1 ="k, 2) dti with ¢, > 0 and 7, measures satisfying the conditions stated in Proposition 5.45,
but there are no reasons to expect that this is possible other than in the trivial case (1) = cA. (See
[198] for a related investigation on the set of stable infinitely divisible measures for the hypergroup
(RS, 2), which was shown to depend nontrivially on the eigenfunctions of the operator ¢y.)
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5.4.4 Special cases

We now present some special cases in which the theory of special functions provides further information
on the eigenfunction expansion of Ay and the associated convolution structure. We start with an
example where the solutions Vi ; can be expressed in terms of the Whittaker function of the second
kind, and the Fourier decomposition gives rise to a family of Sturm-Liouville operators which are
generators of drifted Bessel processes.

Example 5.47. Consider the case A(x) = v/x, so that the Riemannian metric on M = R* x T is
g = dx* + x d#?, the volume form is dQg = \/x dxd6 and the Laplace-Beltrami operator on (M, g) is
A=0%+ 50 +102.

(i) The unique solution of the boundary value problem (5.29) is given by

Via(x,0) = 70 (2ixVA)F My, (2ixV2). (5.50)
va 4

where M, (z) is the Whittaker function of the first kind.

One can verify this by noting that the Sturm-Liouville equation —Ay w = Aw is equivalent, up to a
change of variables, to 20 = v, where € = —-45 — (5 + (4km)?) < and A= A+4(2kn)*. The

> T dx?
solutions of £;v = Av were described in Example 2.40.

il - -2 79— 2.3 2;012 )
(ii) Letoy(d) =273 g2 14 eXP(_Zk\F; )05 - Z(Ii;,%) )|, Theintegral operator F : L*(M) —
@kez L? (R*, ok (2)dA) defined by

o 1
(Fh)(d) = / / h(x,0) e 7040 (2ixNA) 3 My e (2ixVA) x'2dx
0 Jo aTE

vl

is a spectral representation of the Laplace-Beltrami operator (cf. Proposition 5.27), and its

inverse is given by

on@=, [ ) e QiVD Mg, CirVD (D,

kez \z

To obtain this result we just need to recall from Proposition 5.27 that (Fh)x (1) = (Fa, Ek) (1) and
(FHeor (&) = Spey e2km0 (TA‘kl ¢k)(x), and then observe that the eigenfunction expansion of Ay
can be deduced from that of £ (Example 2.40) by elementary changes of variable.

(iii) For each k € Ng and € = (xj,0;) € M (j = 1,2) there exists a positive measure Vi, &, & O
M such that for all T € C the solutions (5.50) satisfy

. 1
612]{”(0]"'02) (2l.T.x1x2)71 Mz(kn)zi i (2iX1T) Mz(k,,)Zi 1 (2i-x2T)
»T 4 T 4

T T

. 1
= RO M s (2ix3T dé&s).
A/I 3 2(em) ’_%( 3 )yk,§1,§z( £3)

The support of measure Vi &6 is the set [|x1 — x|, x1 +x2] X {01 + 6>}
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This product formula is a particular case of Proposition 5.31. One should notice that y, & &(d.f) =
eH (X1X2-X3) Vx,.x, (dx3) 69,+0,(d63), where vy, , is the measure of the product formula (4.53) (with
parameters @ = % and pu = 2(2kn)%).

According to [21], one can formally interpret the manifold (M, g) as a cone-like surface of revolution
S ={(t,r(t)cos @,r(t)sin@) | t > 0, § € T} with profile r(t) ~ vt as ¢ | 0. The properties of self-
adjoint extensions of the Laplace-Beltrami operator (and the corresponding Markovian semigroups)
on such cone-like manifolds have been widely studied, see [21] and references therein. As a particular
case of Corollary 5.44, we obtain the following convolution semigroup property for the heat semigroup
generated by the Neumann realization of the Laplace-Beltrami operator on (M, g):

(iv) If mg € Mc(M) satisfies the absolute continuity assumption of Corollary 5.44, then the
transition probabilities of the reflected Brownian motion {W;} on the manifold (M, g) with
initial distribution mq can be written as

B (0W)] = [ (@@ mo(dg) =Y, [ 0 R) (7 xmor) (@8 (55D

kez /M
where {ﬁl‘}tzo is a convolution semigroup with respect to the convolution : defined by

(u 31:- v)(+) = /M /M 'Yk,.gl,.g—'z(')ﬂ(dfl) v(dé&;) and the measures mg _y are defined as in
Corollary 5.44.

The convolution semigroups {fi¥} are, by definition, of the form ((z—f) ® 8¢, where {@*} is the law of
the one-dimensional diffusion process (started at x = 0) generated by the Sturm-Liouville operator
{y defined in (5.32). The equations {xu = Au and Lxv = Av are related via a change of variables;
therefore, the identity (5.51) can be intepreted as a decomposition of the law of {W;} in terms of
transition probabilities of (one-dimensional) drifted Bessel processes.

Finally, we call attention to the following convolution semigroup representation for Markovian

semigroups generated by fractional powers of the Laplace-Beltrami operator:

(v) Let mg € Mc(M) satisfy the assumptions of Proposition 5.45 and (fmg); = 0 for each j # 0.
Let 0 < g < 1. Then the Markovian semigroup generated by the operator —(—An)? is such that

/ (e7" AN 1) (&) mo(d§) = / h(&) (vq.c % mo) (d€)
M M

where {v4 1} >0 is a x-convolution semigroup.
- 0

This representation can be obtained from Proposition 5.45 after observing that the convolution »5 is
(modulo the product with the trivial convolution on the torus) the Kingman convolution with parameter
n= _le’ so that by Theorem 2.20 the function (1) = 19 belongs to the set of admissible functions
of the form (5.48).

Example 5.48. Consider now the more general case A(x) = x# with 0 < 8 < 1. The corresponding
Riemannian metric, g = dx? + x*d6?, endows the space M = R* x T with a metric structure which,
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like in the previous example, can be formally interpreted as that of a surface of revolution with profile
r(t) ~tFast | 0.

Ifp + %, the solution of the boundary value problem (5.29) and the spectral measures pg
(k =1,2,...) can no longer be written in closed form. Notwithstanding, it is clear that the convolution
semigroup property of the Laplace-Beltrami operator A = 62 + g(?x + x%,ag on the cone-like manifold
(M, g), stated in property (iv) of the previous example, continues to hold here. Moreover, the

convolution )(’)( is now the Kingman convolution with parameter = ’1%, and therefore the convolution

semigroup representation for {e*(=2~)"} .o formulated in property (v) of the previous example,
extends to the present setting without any essential change.

In the latter example, the limiting case 8 = 0 corresponds to the trivial (product) metric on the
cylinder R* x T, for which the convolutions introduced in the previous subsections have a particularly
simple structure:

Example 5.49.If A = 1, the Fourier decomposition (5.28) yields the Sturm-Liouville operators
A = 02 — (2km)?. The eigenfunction expansion (5.33)—(5.34) is simply a composition of a Fourier
series in the variable 8 and a cosine Fourier transform in the variable x,

(Fh)(2) = /O ) /0 1 h(&)e 270 q9 cos(xAx) dx (A = VA — (2km)?)

1 © : ~ .~

FHeaD© =12 [ e costely T,
T ez 2km)?

and the product formula Vi 1(&1) Vi.a(&2) = fM Vi.a a’yk’gl’g2 (where Vi 1(£1) = g 12k cos(x/Tk))

holds for the measures y; ¢ o = %(6 Ix1—x2| +0x;4x,) ® 0 6,+0,, Which do not depend on k. Accordingly,
the convolution x = 7{( has the product structure

551 * (552 = (6X1 S}</>m(5xZ) ® ((591 %(592)

where s §>m is the symmetric convolution (Example 4.52(a)) and % is the ordinary convolution on the
torus. In turn, the convolutions * of Definition 5.32 are, modulo the product with the convolution on T,

identical to the convolutions of the so-called cosh hypergroups (as defined in [16, Example 3.5.71]).

We proceed with another example where the family of Ag-convolutions on (M, g) yields a
generalization of a well-known one-dimensional generalized convolution:

Example 5.50. Consider A(x) = (sinhx)2?*!(coshx)?#*!, which satisfies condition (5.24) provided
that —% <B<a<Owitha # —%. The first component in the Fourier decomposition of the Laplace-
Beltrami operator is the Sturm-Liouville operator Ag = 92 + [(2a + 1) coth(x) + (28 + 1) tanh(x)]d,,
hence the convolution ~())( is the product of the convolution of the Jacobi hypergroup (Example 4.52(e))
with the ordinary convolution on the torus.

The results of the previous subsections show that the Sturm-Liouville solutions determined by
the operators Ay = Ag — (2kx)?(sinhx)™?~2(cosh x) =2 also admit a product formula, whose
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measures are also supported on [|x; — x2|,x; + x2]. The convolution structure associated with the
Laplace-Beltrami operator (5.25) on (M, g) is therefore a natural two-dimensional extension of the
Jacobi hypergroup.

In all the examples above, the support of the convolution 6 g * 0 & = Vi, &, & does not depend on

the parameter k. Our final example shows that this is not always the case:

Example 5.51. Let ¢ € CZ°(R{) be a nonnegative decreasing function with supp(¢) = [0, S] and
let A(x) = exp(/ox ¢(y)dy). By definition we have ¢ g * 0g = ﬂ)[clf,]xZ ® 0g,+6,» Where n,[clf,]xz is the

measure of the product formula for the Sturm-Liouville solutions determined by ¢ = —Blk % (By %).
[k]

It follows from Proposition 4.48 that the supports of the measures 7., are given by

o] « _ et =xal,xi +x2], min{x;, xo} < 28,
Supp(ﬂxhxz) - .
[|x1 = x2[,28 + |x1 —x2|] U [x1 +x2 — 2S5, x1 + x2], min{xy,xo} > 2S.

and (]
supp(7y, x,) = [lx1 = x2|, x1 +x2], k>1.

5.4.5 Product formulas and convolutions associated with elliptic operators on subsets
of R?

In this subsection we show that the techniques used above also allow us to construct families of
convolution-like operators for elliptic differential operators on R* x I ¢ R? of the general form
A’(x) 1

V=0 O ,

(xeR*Y, zel)

where ¢, = ﬁ (p(z) 812 + p’(2)0;) is a Sturm-Liouville operator which admits an associated
generalized convolution. As in Section 2.4 we assume that the coefficients of ¢ are such that p,r > 0
on (a, b), p, r are locally absolutely continuous on (a, b) and fanyc % t(y)dy < oo. The coefficient
A(x) is assumed to satisfy the conditions (5.24) and limy_, A(x) = oco.

Let us fix some notation: set I = [a, b) if b is an exit or natural endpoint of g and I = [a, b] if the
endpoint b is regular or entrance. We shall write M = R§ x I and Q9(d(x,z)) = A(x)dx t(z)dz. We
denote by i, the unique solution of =g, (u) = nu, u(a) = 1, (pu’)(a) = 0 (cf. Lemma 2.26), and the

eigenfunction expansion for the Neumann realization of ¢ (cf. Theorem 2.30) will be denoted as

b
(Tog) (1) = / §(2) Uy () 12,

(T3 0)(2) = / (1) Uy (2) o(d).
-

If the endpoint b is regular, entrance or exit, then the inverse transform is written as (J; Yo)(2) =
P W‘P(Uk) Yy (2), where the 7y are eigenvalues of ¢ (cf. Proposition 2.32). In these
K

conditions, an application of the eigenfunction expansion to functions A (x, z) € L?(M, Q) yields the
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decomposition

L*(M,Q) = @H,,k, Hy = {yry(2)o(x) |v e L*(A)}.

k=1

A similar expansion also holds if b is natural, with the direct sums replaced by direct integrals [60,

§7.4]. Note also that if u € H) N CS (M) then G¥u = G,y u, where G,, := 82 + {;‘; e

A(x)2
The following result is a counterpart of Proposition 5.27:

Proposition 5.52. For each (1,n) € C X R, there exists a unique solution V /l n € Yy (DQwx) |w e
C(R{)} of the boundary value problem

-G%w = Aw, w(0,z2) = yy,(2), wt'(0,2) =0

There exists a locally finite positive Borel measure p¥ on (Rg)2 such that the map h — F,h, where
(Foh)(A,m) := /M h(x,z) Vj?n(x, 2) QY(d(x, 7)) (A,m>0), (5.52)
is an isometric isomorphism ¥, : L*(M, Q%) — Lz((Rg)z, p¥) whose inverse is given by
(F5'®)(x.2) = /( L OUDVY (5.2 PP ). (5.53)
0

The integrals in (5.52) and (5.53) are understood as limits in LZ((Rg)Z, p?) and L*(M, Q%) respec-
tively.

If b is regular, entrance or exit, then p¥ (A1 X A2) = 2, cn, ”w TP p,,k (A1), where pfj is the
spectral measure of (the Neumann realization of) the Sturm-Liouville operator Gy, and the expansion
(5.52)—(5.53) reduces to

T;/J : LZ(M’ QXO) B @ LZ(R+’ pf;k)’ T;Oh = ((T@h)(" 77])’ (fph)(', 772)’ .. )

k=1

(Fp {ex D (x,2) = Z

lly ||2/ () Mk(x,Z)pf}’k(d/l).
Nk

Proof. The result for b regular, entrance or exit can be proved in a direct way using the same method
as in Proposition 5.27.

If b is natural, start by considering the operator G¥ on the restricted domain My = [0, N] X [a, N],
where max{0,a} < N < oco. Applying first the eigenfunction expansion of the Sturm-Liouville
operator g on the interval [a, N] (with boundary condition u’(N) = 0) and then the eigenfunction
expansion of the Sturm-Liouville operators G,, on [0, N] (also with u’(N) = 0), we obtain a discrete

eigenfunction expansion of the form

(For b aotin) = [ HDVE | 000 Q2D

Mn
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(Folnle) (6,2 = D e Vi (5,2).
L =1 ”V/lk,N,l]k,N ||

Using the techniques of [23], one can show that in the limit N — oo this discrete expansion gives rise
to an eigenfunction expansion of the general form (5.52)—(5.53), where p¥? is the limiting spectral
measure. O

Proposition 5.53 (Product formula for V/“fq). Suppose that there exists a family {n% .}z, zer € P(I)
such that

Uy(z1) ¥y (22) = /I;bn dzrfl,z2 (z1.22 € I, n € supp(0)). (5.54)

Then for each n € supp(0), &1 = (x1,21) € M and & = (x2,22) € M there exists a positive measure
yf; .6 O M such that the product an(fl) an(.fz) admits the integral representation

Ve (€D VY, (&) = /M VP ()7 o 5 (dEs)  (é1.£2€ M. €T, e supp(0)). (5.55)

Notice that the assumption on the existence of the product formula (5.54) obviously holds if g
belongs to the family of Sturm-Liouville operators satisfying Assumption MP of Chapter 4. It also
holds for many Sturm-Liouville operators with discrete spectrum defined on compact intervals of R
(sufficient conditions are given in [12, pp. 312-314], [16, pp. 242-245]).

dy

Proof. 1t is straightforward that Vj"’n(x, 2) = Yy(2) £ (x) Wy, (x), where &, (x) := cosh(/77 /oxTy))

and uy,;, is the solution of
1 ~I\’ ~ ~ ~7
—B—(an ) = Aw, w(0) =1, (B,w’)(0) =0
n

where B, (x) = A(x){;, (x)2. Arguing as in the proof of Proposition 5.31, we deduce that the product
formula (5.55) holds for the positive measures

{77(351)577()52) ©

9 -
yn,fl,fz(d§3) = {,7()63) Vn’gl’fz(dffl)
where vf; a6 =T )[C?JXZ ® ﬂfl ., and 7 )[c?],cz is the measure of the product formula for v, ,,. O

Definition 5.54. Suppose that there exists {71‘?1,22 }z1.z0er © P(I) such that (5.54) holds, and let
n € supp(o), 4 > 0and u,v € Mc(M). The measure

('unjkgov)(.) :‘/M/A‘dvg:;,ﬁ,&(')ﬂ(dfl) V(dEZ)

is called the G,,-convolution of the measures u and v. The functions

Ve (@)
(Fop) (A7) = / A

o ama (TH@) = /M hdsg



5.4. Families of convolutions on Riemannian structures with cone-like metrics 189

are, respectively, the G¥-Fourier transform of u and the G,,-translation of a function h by u.

Unsurprisingly, the G,,-convolution shares many properties with the Ag-convolution studied in the

previous sections, among which the following:

Proposition 5.55. Assume that there exists {JTg"l,Z2 Yzer.zer © P (L) such that (5.54) holds. Assume
also that e™'* € L>(R}, o) for all t > 0.

(a) For each n € supp(0o), the space (Mc(M )’77*@)’ equipped with the total variation norm, is

a commutative Banach algebra over C whose identity element is the Dirac measure 6, q)-

Moreover, the subset P (M) is closed under the G,,-convolution.
(b) (T@(u”fWV))(/L n) = (For)(A,n)-(Fov)(4,n) forall A >0 andn € supp(o).
(¢) Each measure u € Mc(M) is uniquely determined by F, .

Set ¥ := supp(0o) if I = [a,b] and set X := R if I = [a, D). In the latter case, assume also that
lim,13, ¥5,(z) = 0 for all n > 0. Then:

(d) Let {u,} be a sequence of measures belonging to M(M) whose G¥-Fourier transforms are
such that
(Fo ttn) (A, 1) — f(a,n) pointwise in (1,17) € R§ x X

where the function f is such that

f(-,0) is continuous at a neighbourhood of zero  if b is regular or entrance

f is continuous at a neighbourhood of (0, 0) if b is exit or natural.

Then uy, = u for some measure u € M, (M) such that F,u = f.

(e) Foreachn € X the mapping (u,v) — 'un*@V is continuous in the weak topology.

) If h € Co(M) (respectively Co(M)) then T#’ph € Co(M) (resp. Co(M)) for all u € Mc(M).

(g) Let1 < p < oo, u€ My (M) and h € Lfm, := LP (M, B, (x)dx t(z)dz). The G,-translation
(Tf; oh) (x) is a Borel measurable function of x € M, and we have

1% ohllp < - Wl

We omit the proofs as they contain no new ideas.

Notions such as infinite divisibility and convolution semigroups with respect to the G,,-convolution
can also be defined like in the previous subsection, giving rise to a Lévy-Khintchine type representation
and to Feller semigroups on Co(M). The details are left to the reader.

Remark 5.56. The above result on the existence of a family of convolutions associated with the
functions an can be interpreted in the context of the theory of multiparameter Sturm-Liouville

spectral problems.
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First we recall some known results. Consider the system of Sturm-Liouville equations

N
~(Pmt) (Xm) + (@it %) = D An (Pt (¥) — (m=1,...,N) (556
n=1

where N € N and a,,, < x,,, < by, together with boundary conditions at the endpoints a,, and b,, of
the form

U (am) cos(Im) = u,, (am) sin(Im), Up (bm) cos(9y,) = u,,(by) sin(9;,) (m=1,...,N).

(5.57)
Let us assume that the intervals I,, = [a,, by, ] are bounded, the functions py,;, ¢, Fmn are sufficiently
well-behaved and r(x) = det{r;,,(x;n)} > Oforx = (x1,...,xn) € szl I,. fA=(44,...,An)
is chosen such that for each m there exists a nontrivial solution u,, (x,,; 1) of (5.56)—(5.57), then
the function u(x; 1) = ]_[l].\i | Wm(Xm; A) is said to be an eigenfunction of the system (5.56)—(5.57)
corresponding to the eigenvalue A.

By the completeness theorem for multiparameter eigenvalue problems [56], the following Fourier-
like expansion holds:

b
h(x):Z(Fh)(/l(k))u(x;/l(k)), where (Fh)(1¥)) := / h(x) u(x; A%) r(x)dx,  (5.58)
k

a

A% are the eigenvalues of (5.56)—(5.57), and fab = ‘/;1[1)1 ... faleN.

Similar results have been established for (singular) systems where some of the intervals [a,,, by, ]
are unbounded; in this case, the sum in (5.58) is, in general, replaced by a Stieltjes integral with respect
to a spectral function [23, 24]. However, compared to one-dimensional Sturm-Liouville operators,
much less is known regarding the spectral properties of such singular systems [1, 162].

A comparison of this general formulation of the multiparameter Sturm-Liouville eigenvalue
problem with the eigenfunction expansion for the operator G¥ shows that the transformation (5.52)—
(5.53) can be reinterpreted as a Fourier-like expansion for the system of differential equations (5.56)
with N =2, x; € R, x2 € [a,b], 21 =, Ao =n, pr=rii1=A,pp=p,rn=r,r112= % and
q1=¢q2 =712 =0.

As we saw in Chapter 4, a crucial requirement in the theory of product formulas and convolutions
associated with one-dimensional Sturm-Liouville equations —(pu’)’ + gu = Aru is that the measures
of the product formula should not depend on the spectral parameter A. Similarly, the measures of
product formula (5.55) for the generalized eigenfunctions wi),n do not depend on one of the spectral
parameters (the measures y,, g ¢ are independent of A); this is a fundamental property which (as we
saw above) enables us to develop the theory of G,,-convolutions. This suggests that the natural way
to introduce the notion of a product formula for a general Sturm-Liouville system (5.56) (regular or
singular, with suitable boundary conditions) is as follows:

Let 1 < s < N. The system (5.56) is said to admit a (1, ..., As)-product formula if for each

xW x@ e .= HZ:I I, there exists a positive measure ‘;/):S” """

) < on I such that the product
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u(xM; ) u(x@; ) admits the representation
u(xD; ) u(x?@; ) = /u(x;/l) Yoo (da), A,y 2 0. (5.59)
J .

As far as we are aware, no general results are available on the existence of such product formulas for
nontrivial Sturm-Liouville systems of the form (5.56). (Here the word ‘nontrivial’ means that r,,, # 0
for some m # n.) Proposition 5.53 can be interpreted as a first step in this direction. Developing a
general theory of product formulas for nontrivial systems of Sturm-Liouville equations is an interesting
problem which is left open for further investigation.
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Appendix A

Some open problems

The following list is a summary of the open problems that arise from the present work, part of which

have already been mentioned in the main text.

(a)

(b)

(c)

()

(e)

®)

(2

Prove or disprove the existence of Whittaker convolution semigroups whose log-Whittaker
transforms are of the form (1) = 2# where 0 < 8 < 1 (cf. Remark 3.39).

Establish necessary and sufficient conditions for:

(b1) The measures of the Sturm-Liouville product formula (4.21) to be absolutely continuous
with respect to the Lebesgue measure. (See [197] for known results on Sturm-Liouville
hypergroups satisfying the assumptions of Theorem 4.3.)

(b2) The measures of the product formula to be of the form vy, (d¢) = k(x,y, &)r(€)dé, where
k(x,v,€) = F Hw. (x)w.,(y)](£). (This is known to hold on some Sturm-Liouville
hypergroups [27], and we saw in (3.49) that it also holds for the Whittaker convolution.)

Let ([a, b), *) be a Sturm-Liouville convolution constructed as in Chapter 4. Prove or disprove
that the log £-transform of any £-Gaussian measure u is of the form ¢, (1) = cA for some
¢ > 0. (As noted in Remark 3.31, this result is known to hold on the hypergroups studied by
Zeuner.)

Is it possible to extend the characterization of weak convergence stated in Remark 4.27.1 and the
theory of infinite divisibility of Subsections 4.5.1-4.5.3 to Sturm-Liouville convolutions not
satisfying Assumption MP,?

Generalize the Lévy-type characterization for the associated one-dimensional diffusion (stated in
Remark 4.47) to a larger class of Sturm-Liouville convolutions. In particular, can the Lévy-type
characterization be extended to the drifted Bessel process?

Determine a closed-form expression for the measures of the product formula (4.53) for the
Whittaker function of the first kind. Can this be achieved using techniques similar to those used
in Section 3.1?

Provide examples of Sturm-Liouville convolutions (other than the Whittaker convolution, cf.
Corollary 3.70) for which Theorem 4.67 yields an explicit expression for the solution of integral
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(h)

@

@

(k)

()

A. Some open problems

equations with special functions in the kernel. In particular, can we find explicit solutions for
convolution-type integral equations with respect to the convolutions of the Bessel-Kingman and
Jacobi hypergroups?

Prove the existence of probabilistic product formulas for Sturm-Liouville operators with
nondifferentiable coefficients and extend the theory developed in Chapter 4 to the induced
convolution operators. (The reader should note that most of the Sturm-Liouville theory presented
in Section 2.4 extends to differential operators with measure-valued coefficients, cf. [50, 100].)

Do the techniques used in Chapter 4 also allow us to generalize the known results on existence of
Sturm-Liouville hypergroups of compact type to operators for which the associated hyperbolic
Cauchy problem is degenerate? Does this give rise to a notion of degenerate Sturm-Liouville
hypergroups of compact type?

Establish a nonexistence theorem (similar to Theorem 5.18) for convolutions associated with
diffusions on unbounded domains of R¢ (d > 2), Brownian motions on noncompact Riemannian
manifolds, or other multidimensional diffusions whose generator does not have a discrete
spectrum.

Can we take advantage of other known results on the asymptotic behaviour of solutions of
second-order differential equations (cf. [49]) to extend the nonexistence result of Theorem 5.20
to other families of Sturm-Liouville operators? In particular, does the conclusion of Theorem

5.20 also hold if lim¢ o 35055 = —00?

Find nontrivial examples of Sturm-Liouville systems (other than those studied in Section 5.4)
whose generalized eigenfunctions admit a product formula of the form (5.59). Study how
such examples could be unified into a general theory of product formulas for multiparameter
Sturm-Liouville spectral problems.
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