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Abstract

This paper focuses on the study of continuous age-structured models, or more general, physiologically
structured models, which used for detailed and accurate study of population dynamics in many ecological,
biological applications and medicine. In contrast to simpler unstructured models, these models allow us to
relate the individual life-histories described as fertility and mortality rates of an individual at a given age with
population dynamics. Depending from the particularity of reproduction mechanism continuous age-structured
models are divided into monocyclic (reproduction occurs only at the one fixed age of individuals) and polycyclic
(reproduction occurs with age-dependent probability at some age reproductive window) models. The linear
monocyclic age-structured models are used often in cell cycles modelling, in population dynamics of plants,
etc. In this case continuous age-structured models allow for obtaining the exact analytical solution. Since the
linear and non-linear polycyclic age-structured models are more general then monocyclic models, they cover
wider range of applications in life science. But in this case solution of model can be obtained only in the form
of recurrent formulae and can be used only in numerical algorithms. Both solutions obtained in this work allow
us to study numerically the important dynamical regimes — population outbreaks of three types: oscillations
with large magnitude, pulse sequence and single pulse. Thus, analysis of continuous age-structured models
of population dynamics provides insight into features and particularities of complex dynamical regimes of
populations in many applications in biology, ecology and medicine.
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1. INTRODUCTION

Advanced continuous monocyclic and polycyclic age-structured models occupy important place in the study
of complex processes of population dynamics in various applications of life science. Since these models
provide the theoretical analysis and practical insights into the demographical processes of populations (i.e.
reproduction and mortality of individuals) they can be used for deep analysis of dynamical regimes of
populations in biology, ecology, medicine and others fields. The Kermack and McKendrick models [14],
[15], [16] put the beginning of a large number of scientific works dealing with the theoretical analysis of
the systems of linear and semi-linear hyperbolic equations with non-local integral boundary conditions for
the continuous age-structured models of population dynamics [10] , [11], [12], [13], [17], [18], [20], [21].
Now the demographical processes in populations play an important role in the most theoretical and applied
biological studies, such as the bacterial population dynamics, modeling of label-structured cell populations,
modelling of dynamics and treatment of cancer, and many others.

In this paper we study the continuous age-structured monocyclic [1] and polycyclic [3] models of population
dynamics. The feature of the first one is that individuals of population can give offspring with some likelihood
only at some fixed age. If individuals do not give offspring, they lose their ability to reproduce. We derive the
exact solution of linear model and obtain its asymptotic which was not considered in work [1]. In the second
model individuals can give offspring at any age of the fixed reproductive window (age interval). In this work
we consider the age reproductive window with maximum reproductive age less than individual’s maximum
lifespan that is more realistic than those one used in work [3]. We derive the explicit recurrent formulae for
the solution. Both solutions obtained in this work are used in the developed accurate numerical algorithms
for study of the special types of dynamical regimes — population outbreaks. The results of modelling for
three types of polycyclic population outbreaks — oscillations with large magnitude, pulse sequence and single
pulse are shown in the last section.
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2. EXACT SOLUTION OF THE LINEAR MONOCYCLIC MODEL

The age-structured monocyclic population is divided at the age a, into the two sub classes: individuals
of the first one are born, mature, and either give offspring at the fixed age a, (§ new individuals of zero
age) and die, or move at the second (matured) subclass. The matured individuals do not reproduce, and
can die or live up to a maximal age (lifespan) aq (a, < aq). The age-specific densities of first and second

subpopulations u1(a,t) and us(a,t) are defined in domains oW = {(a, t):0<a<a, 0<t<T}, and

5(2)
aqd

defined as Uy (t) = f ui(a,t)da, Us(t) = qu(a t)da. The dynamics of uy(a,t), uz(a,t) are described by

0 ap
the system of initial-boundary value problems for the linear hyperbolic equations of the first order:

= {(a, t): ap <a<ag, 0<t<T}, respectively. The quantity of individuals in each subclass are

% * % = —si(a,t)ui(at), (a,1) € QY )
u1(0,t) = 0o (t) ui(ap,t), te€(0,T), ,
u1(a,0) = ¢1(a), a€[0,a,], 2

% * % = —sa2(@, uz(a,),  (w,t) €0, 3)
uz(ag,t) = (1 —o(t))ui(aq,t), te(0,T), @

u2(a7 O) = ¢2(a)’ ac [&p,ad],

where o(t) is a fertility rate at the age a,; § = const > 0 is a mean number of offspring; s,,(a,t) are
death rates of each subclasses (m = 1,2); ¢,,,(a) are initial values of subclasses density. The period [0, T
is divided into the set of time cuts [tx_1,%], tx = kap, k = 1,..K, to = 0, txx = T, which create the
consequence of sets (Fig.1):

Q(ll) ={(a,t) |t € [(k—Dap,a+ (k—1)ay], a €0,a]}, 5)

9.7 = {(@ B[t € o+ (k= Vag ha,], a€0.,]},
21

9% = {(@,t)|t € 0.0~ a,). a€lapad}, ©
22

0% = ((a,0) |t € [a—ap,T], a € [ap,ad}

where 01 = U Q(l) ( (11 (12)) Q® = q® Uﬁ(n). In the new characteristics variables
k=

1

U =a—1 (m=1,2), v, Q( ), and time ¢ system (1) - (4) is reduced to the Cauchy problem for the
linear ODE system described propagation of “travelling wave” fronts along the characteristics v,, = const
(18], [19]:

Oty

ot

= —8m(Vm + 1) U, um(kuo) = om(vm), (m=1,2), @)

with additional conditions (2), (4). Solution of Equation (7) in ﬁ(ln), 5(112), (k =1, m = 1) is given [19]:

t

u{” (v1,t) = ¢1(v1) exp ( / s1(v1 + asm&) . if (at) € Y,

0

ui(a,t) = ®)

uf (v1,8) = FY (01) exp ( / 81<v1+£,£)ds), if (,t) € ',

—vq

where the auxiliary functions F(l)(vl) are defined from the Equation (2) (see Fig.1):
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Figure 1: Splitting of domain Q = o U o = U (Ql(cll) U QI(:Q)) yayat»
k=1

Since Fl(l)(vl) depends only from the new variable v; = a — t (Eq.(8)), we have:
Jais —0 (0) _ 10
L (v1) o(=vi)uy (v1 + ap, —v1). (10)

Substituting (13) in (11) yields the solution ugl)(m t):
t
) (01.6) = o (—0)o (01 + ap)exp |~ [[salon + €€ an
0

Egs. (8) (10), (11) provide the exact solution of the first equation of system (7) u1 (a, t) (m = 1) in domains

Q(u) Ql (k = 1). The particular solutions ugk)(a, t) are defined consequently at the next time steps
k =2,..., K in domains Q,(CH) ﬁ,(cu). Thus, the final solution u;(a,t) (m = 1) can be given by two different

but equlvalent expression. The first form is described by the following recurrent formula (k =1, ..., K):

WD) =V (@ — 1), if (a,t) € Oy,
t

(0D = 010 0, 8) = (o) (01 + ap—on) exp ( / 81<v1+5,s>ds>, if (@peap?, P

—vq

t
(01, 8) = 61 (v1) exp /81 o € 6)de | (13)
0
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The other form of solution is described explicitly for each particular solution ugk) (a,t), k=1,...K:

—v1—(k—1)ap

u (01, 1) = g1 (vn + kap)o(—v) exp | — / 51(01 + kay + £, €)de
(0]
t k1 —v1—(l-1)ap (14)
X exp (— / sl<v1+£,£)ds) [T 6o(~(o1 +la,)) exp | — / o1 (on +lap + €, €)de |,
—v1 =1 —vy—lap

where u§°> (v1,t) is given by Eq.(13). To complete the derivation of solution w;(a,t) we have to consider

the compatibility condition for the two branches of solution (12) using the particular solutions (13), (14).
The continuity condition of solution w4 (a,t) € C (Q(l)) at the points a =t — t;_1 in directions a = const,
t = const is given:

lim up(a,t) = lim uq(a,t),
a—(t—tr—1)" aﬂ(t*tk—l)Jr (15)
lim w(a,t) = lim  ui(a,t).
t%(tkflﬁﬂl)_ t—)(tk,1+a)+
Solution (12) provides the continuity condition (15) in the explicit form:
WY (<, 1) = ulP (<t b). (16)

Substituting Eq.(14) in (16) yields the continuity condition for the initial value ¢;(x):
$1(0) = 00(0) p1(ap). a7)

The smoothness condition of solution w;(a,t) € c (Q(l)) at the points of characteristics a =t — t;_1
in directions a = const, t = const is given:

. aUl . 3u1
hm _— = hm —_—,
a—(t—tp—1)" da a—(t—ti_1)" Oa 8
. a’LLl . aul ( )
lim - = lim -1
t—(tp_1+a)~ Ot t—(tp_1+a)t Ot
do 4o _da _ _
(e(dt tzogbl(ap)Jr da |a=ayp J(O)) dt a:O) $1(0)s1(0,0) = 0. 19)

.The general solution of the second problem (3), (4) (including (9), m = 2) in domains ﬁ(zl), 5(22) is
given:

t

uéU(Uz, t) = ¢a(v2) exp (— / s2(va + £,£)d£) . if (ad) € 5(21);

0

us(a,t) = (20)

t
=(22)

ul? (v2,t) = Fa(vz — ap) exp | — / s2(vz + €,6)de |, if (a,t) € Q%

—vatap

where function F»(v3) is defined by analogy with Fj(v1) from the boundary condition (4):
Fy(va —ap) = (1 — o(—(v2 — ap)))u1(va, ap — v2), (21)

where u1(a,t) is given by Eq.(12). By analogy with compatibility (continuity and smoothness) conditions
(15), (18), we obtain the corresponding compatibility conditions for solution us(a,t):

$2(za) = (1 —0(0)) ¢1(xa), (22)
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do dor

d
7| _ drlan)+ a2

da |a=ayp

(1-0(0)) - + (1= 0(0)) ¢1 (ap) 51 (ap, 0) — p2 (ap) 52 (ap, 0) = 0.

(23)

da |a=ap

Thus, the unique smooth solution w., (a,t) € c™ (Q(m)) nc ﬁ(m)), (m = 1,2) of problem (1) - (4)
given by Egs. (12), (13), (14), (17), (19), (20) - (23) exists if the coefficients of system (1)-(4) and initial
values (2), (4) satisfy the conditions:

¢1(a) € CW ([0,a,]),  ¢2(a) € CY ([ap, ad)), o
Smla,t) € C (Q<m>) . oty e cW(0,1)), @

0 =const >0, 0<opa), 0<splat), 0<o(t)<lLl. (25)

By analogy with [1], from all result obtained above we arrive to the following theorem.

Theorem 2.1. Let 0, ¢,,(a), o(t), spm(a,t), (m = 1,2) satisfy conditions (24), (25), then the unique smooth
solution of problem (1) - (4) un, (a,t) € c (Q(m)) NnC ﬁ(m) exists and is given in the two different but
equivalent forms: (12), (13), (20), (21) or (12), (13), (14), (20), (21).

Corollary 2.1.1. Solution (13), (14), of the system (1)-(5) with constant coefficients provides us the asymptotic

behavior of monocyclic population model with t — oo (K — 00). In particular, solution (14) with o, s,
¢1 = const > 0 at instants t, = ka, (Fig.1) is:

ul? (a,tr) = ¢1(00)" exp (—kaps1), (a,tx) € QY. (26)

Hence, if the basic reproductive number Ry = 6o exp(—a,s1) < 1 the monocyclic population declines to
extinction u(1 )(a, tr) — 0, if Ry = 1 it remains at the initial value u(lk)(a7 t) — ¢1, and if Ry > 1 it grows

infinitely ugk)(a, ti) — oo.

3. SOLUTION OF NONLINEAR POLICYCLIC MODEL

Nonlinear continuous age-structured model of polycyclic population dynamics with a density-dependent
death rate is studied in this section. In contrast with the model of monocyclic population in this model
individuals can proliferate at any age a € [ayp, af|, where ay, is an age of maturation (the onset of reproduction),
ay is a maximum individual’s reproductive age, [a,,as| is an age reproductive window. We assume that
individuals have the finite maximal lifespan a4 and they all die when reach the maximal age aq. Age-specific
population density u(a, t) is defined in domain Q = {(a, ¢)|a € [0,aq4], t € [0,T]}. We will use also domain

aq

Q= {(a, t)|a€(0,aq), t € (0,T)}. The quantity of individuals at instant ¢ is U(t) = [ u(a,t)da. The

0
dynamics of u(a, t) is described by the initial-boundary value problem for the nonlinear hyperbolic equation
with integral boundary condition:

du 0 3
ST e = —(s(@.t) + 05(a,t) +r(OU M), (1) €, @7

Ot-@/ (a,t)u(a,t)da, 0<t<T,
(28)

u(a,0) = gb(a, 0<a<ay
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where s(a,t) is a death rate, r(t) is a coefficient of proportionality of nonlinear death rate, § > 0 is a
coefficient of reproduction, § denotes the biological type of population and takes only values O or 1: § = 1
when individuals die or are eliminated after reproduction (like biological cells after dividing, some species
of fishes and insects, etc.), 6 = 0 when individuals can survive the birth of offspring (for example, the cell
of yeast, most species of animals, people, etc.), o(a,t) is a fertility rate, function &(a,t) is defined as

. o(a,t), if a€lap,aq]
t) = . t) e C(Q). 29
@t = {0 g ey P 0@ 2
i\
t=t+a
2 T
o
L
i E r=—a
’f —
i
e
tp : : ‘ -
0 ap ar  dg a
@ ) o,

K
Figure 2: Splitting of domain Q = |J (Q,(Cl) U Q,(f)) and the age intervals [aﬁ}), aSL)H] ,m=0,...,M.
k=1

The period [0, 7] is divided on time cuts [tx—1,tx], tx = kag, kK = 1,..., K, tg = 0, which define the
domains:

Q](Cl) ={(a,t)|t € [(k —1)aq,a+ (k—1)aq], a €[0,aq]}, (30)
a?

{
02 = {(a,t) |t € [a + (k — 1)ag, kaa], a € [0,a4]},

_ K
where 2 = | (Q,(;) U Q,(f)> (see Fig.2). We define the sets of age-specific intervals:

Q™ = { [—aﬁ,’i), —aiﬁf)ﬂ} ‘ag,lf) =map + (k—1ag,m=0,1,.... M — 1, ag\lf[) =ay + (k- 1)aa, a%’})ﬂ = kay },
(31

M= { lag/ap] +1, if ap/ap—[af/ap] >0, (32)

lag/ap], if ap/ap—lay/ap] =0,
where [a] - is an integer part of real number a. Using the new variables v = a — t, t = ¢t we reduce the
problem (27) — (28) to the Cauchy problem for the nonlinear ODE
ou

ap =~ Bt ) +rYURE)) uv, b)), u(v,0) = é(v), 33)
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where 5(a,t) = s(a,t) + 66 (a,t) is a linear part of death rate which does not depend from the population
density. The boundary condition (28) will be used also in Cauchy problem (33). Solution of problem (33) in

domains le) and Q(12) is defined in variables a, ¢ by analogy with [3], [S]:

w(a,f) = {um, t) = F{Y(a—t)W(a—t,to,)UL(t), if (a,t) € Qf); )

FPa—t)W(a—t.t—at)Ui(t), if (a,t) Q)

<
—_—
N
—
—
<
~+
~
Il

( §(v+¢&,8)d¢ |, (35)
= exp ( r(€ )dg | . (36)

Differentiating Eq.(36) by ¢ and substituting U (¢ fu (a —t,t)da + f u (a — t,t)da, the first and
second part of Eq. (34) in the obtained expression y1elds the Cauchy problem for unknown function Uy (¢):

t
Uy (t /F2> (a—t)W(a—t,t—a,t) da—i—/F(l (a—t)W(a—t,to,t)da | UX(t), (37)
0
Ui(tg) =1 (38)
Solution of problem (37), (38) is given:

Ui(t) = <1+/T(n) (/FfQ)(a—n)W(a—mn—am)da +/Ffl)(a—n)W(a—mto,n)da) dn) ' 39)

n

te [to, tl].
Substituting the initial value (28) in the upper part of Eq. (34) yields:
ui (v.t0) = F{V (0) = (v). (40)
Function Fl(Q)(v) is obtained from the integral Eq. (28):
P (=t,t) = F@ (—t)U,(t) = 0 / ola,t)yu(a, t)da, t€0,aq). @1

From (34) it follows that Fl(Q)(u) is defined by auxiliary functions ®1,,(z) step by step at the intervals

ze [—al), -2 1}, 1., M:
aerz
eu() =0 [ oly—z-2) FOWW.to, -2y, 2 € [-al’.~af")]. “2)

ap+z
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m—2 m—3 J
B1pn(2) =0 / oy — 2 —2)Bim 1 () Wy, —y, —2)dy +0 3 /“a@—a—@ﬁﬁuwwwr%—a@
a,p+z J=0 7(1(1)
J+1
af+z

+0 / U(y - % _Z)Fl(l)(y)w(y’ to, _Z)dy7 EAS |:_a1(¢1L)7 _a"(nt)711| , M= 27 L] Ma
(1)

a (43)
where the sum in Eq.(43) is not used when m = 2. Solution of equation (41) F’ (1)(11) is:
Fl(Z)(v) =®,v), ve€ [—a;?, —agll}, m=1,.., M. (44)
af+v
FI(Q)(U) =4 / o(y — v, —v) Fl(z) (YW (y, —y,—v)dy, v€ [—ag\}[)er —ag\?} . 45)
ap+v

. . . . . . 1 2
Substituting (39), (40), (44), (45) in (34) yields the solution of problelm (272) - (28) in domains Q§ ), Qg ),
(k = 1). We consider solution of problem (27) - (28) in domains Q;@ ), Q,(C) for the next £ > 1. On the
border of two domains Q(l_) U 9(2_) and QY U 9(2), at the points ¢ = t;_1 solution u(a,t) has to satisf
k—1 k—1 k k p y
continuity condition:
u](cl)((l—tk,htk,l) zu,(f_)l(a—tk,l,tk,l), k> 1. (46)

Hence, common solution of problem (27) — (28) in domain Q for k € N is:

w(a,t) = uM(w,t) = Fa—t)W(a —t,tx_1,OUk(E), if (z,t) € Q); @
’ uP(0,t) = FP(a - t)W(a —t,t — a,)Ux(t), if (x,t) € Q)
FV () = 6(v), (48)
FU ) = B2 ()W (v, ~v, i) U1 (teer), v=a—tey, k> 1, (49)
af+z
Dp1(z) =6 / o(v—2z,—2) Fél)(U)W(U,tkfl, —2)dv, z€ [—agk), —a((]k)] , (50)
ap+z
) )
m—2 m—3 J
D (2) =0 / o(v—2z,—2)Ppm—1(v) W(v,—v, —2)dv + 0 Z / o(v—z,—2)Pkjt+1(v)
ap+z =0
i+
af+z (51)
x W (v, —v, —z)dv + 0 / o(v—z, —z)F,gl)('U) W (v, tg—1, —2z)dv,
NO)
0
z € [—affi)7 —a$11]7 m=2,..,M,
F]£2)(’U) =Ppp(v), vE {—agf), —as,lf)_l} , m=1,..,M, (52)
af+v
F,gQ)(v) =0 / o(y — v, —v) F,EQ) (YW (y, —y,—v)dy, v€ [—agka)Jrl, —ag\];)} , (53)
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t n—tr—1 ag
Ue(t) = | 1+ / r(n) / F,iz)(a —n)W(a—mn,n1—a,n)da + / F,El)(a —n)W(a—n,tk—1,n)dx | dn
t—1 0 n—tk—1
(54)

where the sum in Eq.(50) is not used when m = 2. The continuity condition of solution u(a,t) € C (Q) at
the points @ =t — t_1 across lines a = const, t = const leads to the equation:

FO (~ty-1) = B (~t-1). (55)

From this we arrive to the condition for the initial value:
ay
50)=0 [ o (0.006(0)cv (56)

The smoothness condition of solution u(a,t) € CV(Q) N C(Q) at the points a = ¢ — t;_; across lines
a = const, t = const leads to the equation:

/ I
F (—tpq) = FO (—t9). (57)

From Eq.(57) it follows the restriction on the coefficients and initial value of system (27)-(28):

%(0) =0 |o(ar,0)¢(ay) — o(ap,0)¢p(ay) —|—/ (gg(v, 0) — %Z(U’ 0) 4+ o(v,0)8(v, O)> o(v)dv

(58)

Thus, the unique smooth solution u(a,t) € CM(Q) N C(Q) of problem (27)-(28) given by Eqgs. (47)-(54)
exists if coefficients of system (27)-(28) and initial values (28) satisfy the conditions:

¢(a) € CV ([0,a5]), s(a,t) €C(Q), &(a,t) € CV(Q), r(t) € C(Rso), (59)
0 =const >0, ¢(a) >0, r()>0, s(at)>0, o(a,t)>0 (60)

By analogy with [3], from all result obtained above we arrive to the following theorem.

Theorem 3.1. Let initial value ¢(a) and coefficients s(a,t), r(t), o(a,t), of problem (27)-(28) satisfy the
conditions (59), (60), continuity and smoothness conditions (56), (58). Then there exists a unique solution
u(a,t) € C(Q)NC(Q) of problem (27)-(28) which is defined by the explicit recurrent formulae (47)-(54).

4. POPULATION OUTBREAKS IN NUMERICAL EXPERIMENTS

Explicit form of solutions obtained in Theorems 1 and 2 for age-structured models of monocyclic and
polycyclic populations allows for developing of accurate numerical algorithms for simulation of different
dynamical regimes of populations [1], [2], [3], [5], [6]. The one of the important classes of population
dynamical regimes is a population outbreaks observed in various biological systems. Among different types
of population outbreaks [8] we distinguish three main types of population density dynamics: oscillations
with large magnitude, sequence of pulses and single pulse. For instance, oscillation with large magnitude of
population density were observed in desert locusts populations [7], herbivorous insects, forest Lepidoptera,
Cardiaspina albitextura Taylor [8], etc. The time series of NIH 3T3 cell population in the form of sequence
of pulses were observed by using the FUCCI method in [9]. Outbreak in the form of single pulse of infected
population density is observed in a result of quick epidemic invasion of infective disease [4]. According to
the population outbreak classification oscillations with a large magnitude and sequence of pulses is inherent
to the populations with periodical eruption dynamics [8].

In simulations of age-structured model of polycyclic population dynamics we observe these three types of
population density outbreaks: oscillations with large magnitude (Fig.3a, 3b), pulse sequence (Fig.3c, 3d) and
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single pulse (Fig.3e, 3f). All dynamical regimes with outbreak are obtained for periodic by time functions
of death and birth rates like in work [3]. It was expected that solution of system with periodic coefficients is
oscillating function because according to Theorem 3.1 solution depends continuously from the coefficients
of model. On the other hand, pulse sequence and single pulse exhibit quite new form of solution of age-
structured model of polycyclic population dynamics which can be valuable in practice and applicable for the
various applications in life science.

ut
w //\\ //\\ //\\ ]
NRVERVAY.
TV v
10 . r . r — t
0 20 40 60 80 100
(a)
u(t u(a,t)
/\ i
20
05
1 N A\ 0
0 T d
0 20 40 60 80 100 ¢
(c) (W]
u(t u(a,t)
/\ i
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0,5
w j /\\ j I\ |
0 T r T T T d
0 20 40 0 30 100 ¢
(c) @

Figure 3: Graphs of the quantity of individuals U(t) and population density u(a, t) of polycyclic population outbreaks:
(a), (b) — periodic regime with large magnitude, (c), (d) — pulse consequence, (e), (f) — single pulse.

5. CONCLUSION

In this work the exact solution of linear age-structured model of monocyclic population dynamics and the
explicit recurrent formula for the solution of semi-linear age-structured model (with density-dependent death
rate) of polycyclic population dynamics were obtained. The explicit form of obtained solutions allows for
developing the accurate numerical algorithms for simulation of complex dynamical regimes of population
such as population outbreaks. The theoretical and numerical study of nonlinear age-structured models of
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monocyclic and polycyclic population dynamics helps us understand better the different dynamical regimes
of populations observed in various real-world applications in practice.
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