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B pobomi docaidoicyromubes eaacmueocmi yY3a2asvherozo po3e’asky 3adayui Kowsi s pieHaAHHA
MENAONPOSIOHOCING HA, NPAMIT, KOAU NPABA YACTNUNG € 6UNAIKOSUM nosem 3 npocmopy Suby(§2).
Kmowoei crosa: Suby(Q2) sunadkosi npouecu, pisHANMA MENAONPOGIOHOCTI, Y3a2ANOHEHUT PO3-
)
8’A30K.

The subject of this work is at the intersection of two branches of mathematics: mathematical physics
and stochastic processes. The influence of random factors should often be taken into account in solving
problems of mathematical physics. The heat equation with random conditions is a classical problem of
mathematical physics. In this paper we consider a Cauchy problem for the heat equations with a random
right part. We study the inhomogeneous heat equation on a line with a random right part. We consider
the right part as a random function of the space Sub,(S2). The conditions of existence with probability
one generalized solution of the problem are investigated.

Using this results one can construct modeless, which approzimate solutions of such equations with
given accuracy and reliability in the uniform metric

Key words: Sub,(2) stochastic processes, heat equation, generalized solution.

CrarTio tipejictaBuB 1. ¢.-M. H., npod. Kozauenko F0.B.

1 Introduction probability one from the Sub,(2) space.
The paper consists of the introduction and
The heat equation with random conditions is two parts. Section 1 contains necessary definitions
a classical problem of mathematical physics. and results of the theory of the Suby, () space. In
Recently, a number of have works appeared, whi- section 2 we consider heat equations with random
ch in many ways have investigated this equation right part. For such problem conditions of exi-
according to the type of random initial conditions stence with probability one of generalized solution
[1, 2, 3, 4]. with random right part from the space Sub, (€2)
The properties of classical solutions of Cauchy are found.
problems for the heat equations with a random
right part which is random field from the space 2  Random processes from Sub,, (Q) spaces
Suby(2), space Ly(€2) and from the Orlicz space
have been studied in the papers in [5, 6, 7|. Esti- Definition 2.1. [8] An even continuous convex
mations for the distribution of the supremum of function u (z), * € R! such that u (0) = 0 and
solution of such equations have been investigated. w (z) > 0 for  # 0 and
We consider the properties of generalized u(z)
solutions of Cauchy problem for the heat equati- lim =0, lim
z—0 X T—0o0 I
ons with a random right part. In particular, we
give conditions for existence with probability one
of the generalized solutions in the case when the ri-  Definition 2.2. [9] We say an N-function u satisfi-
ght part is a random field, sample continuous with es the g¢-condition if there exist constants zy >

= OQ.

is called an N-function.
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0, £ >0, A > 0 such that u(z)u(y) <
Au(kzy) for all x > z9, y > 2o.

Let {Q, &, P} be a standard probability
space.

Definition 2.3. [9] Let ¢ (x) be an N-function for
which there exist constants g > 0 and ¢ > 0
such that ¢ (z) = cz? for |x| < zp. The set
of random variables &(w), w € (O, is called the
space Sub, (€2) generated by the N-function ¢ (z)
if E§ = 0 and there exists a constant a¢ such that

Eexp{A} <exp{p(lag)}
for all A € RL.

Definition 2.4. [8] The stochastic process X =
{X (t), teT} belongs to space Sub, (), (X €
Suby (2)) if X(t)e Sub, (2) for all t € T.

Definition 2.5. [9] The random variable ¢ €
Suby, () is called strongly Sub,, (2), (SSub, (2))
random variable if 7, (§) = (E§2)1/2.

Properties and applications of Sub, ()

random variables and stochastic processes from
Suby, (2) can be found in [9].

Definition 2.6. [10] A family A of random vari-
ables & of the space Suby, (£2) is called SSub,, (£2)

family if
2
To <Z )\ifi) =|E <Z Aifi)
i€l

i€l

1/2

for all \; € R', where I is at most countable and

e, iel.

Theorem 1. [10] Let A be a strongly Sub, (£2)
family of random variables. Then the linear closure
A of the family A in the space Lo (Q) and in the
mean square sense is a strongly Suby, () family.

Definition 2.7. [9] The stochastic process X; =
{Xi(t), teT,iel} is called an SSub, ()
process if the family of random variables X; =

{Xi(t), teT, iel}isan SSub, ().

Theorem 2. [10] Let X; ={X;(t), teT, ic I}
be a family of jointly strongly Sub, (Q) stochastic
processes. Then (T, 0, u) is a measurable space. If
{or, (t),i €I,k =1,00} is a family of measurable
functions in (T, O, u) and the integral

&= [ o X, (0 du (0

T
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is well defined in the mean square sense, than the
family of random variables

Agz {sz, 1el, kZl,OO}
is an SSub, (Q) family.

Theorem 3. [11] Let RF be the k-dimensional

space, d(t,s) = 1H<1ia<}§€‘ti_5i’7 T =1{0<t <

Tii=1,2,....k}, T; >0.X, ={X,(t), teT} €
Suby, (). Assume that the process X, (t) is
separable and

sup T, (Xy (t) — Xn(s)) <o (h),
d(t,s)<h

where o (h) is a monotone increasing continuous
function such that o (h) — 0 as h — 0. We also
assume that

1
/\I/ <1n0_(_1)(€)> dE < o,
0+

where U (u) = #)(u)
function to o (). If the processes X,, (t) converge
in probability to the process X (t) for allt € T,
then X, (t) converge in probability in the space

o(T).

and o= () is the inverse

3 The heat equations with random right
part

We consider the Cauchy problem for the heat
equation

ou(z,t)  ,0%u(x,t)
ot 0 a2

+ (1), (1)

—oo <z <+oo, t>0,

subject to the initial condition

u(z,0) =0, —oo <z < +00. (2)

Let the function &(z,t) = {{(z,t), = €
R, t > 0} is a random field sample continuity
with probability one from the space Suby,)(2),
such that F¢(z,t) = 0, E(£(x,t))? < +o00. Let us

denote

B(x,t,z,8) = BE{(x,t)&(y, s).

Let B(z,t,z,s) be a continuous function.
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Problem when the function £(x,t) nonrandom
has been seen in [12]. Consider

t
]. 2,2 g
7t = — e—CL t—
(y,t) fhvg[

+oo
£y, 1) = \/12? / cos yx&(z, T)dx

(y, 7)dr,

and
+oo
u(z,t) = / cos yxG(y, t)dy. (3)
Let D = {(x,t): z € [-A, A], t €0, T] and
+an
wnleit) = [ cosysGlutidy, (1)

where a,, — oo for n — oo.

Definition 3.1. The solution wu(x,t) which is
represented in the form (3) is called a generali-
zed solution of problem (1)—(2) in the domain D
if sequence (4) converges uniformly in probability
and satisfies the condition (2).

Lemma 1. [5] Let &(x,t) be a random field,
sample continuity for each t > 0 with probabili-
ty one, there is a continuous derivative % for
x € R and satisfy condition

/VE(fQ(:c,t))dx < 0. (5)
R

Then for the function £(x,t) for each t > O the
integral Fourier transform

+00
1
7)== / cos yat (x, 7)dz

exist and

+0oo
£z t) = jﬂ / cos yx(y, t)dy

Lemma 2. Let &(x,t) be a random field,
sample continuity from the space Suby(S). Let
B(x,t,v,s) be the correlation function of the field

&(z,t). For allt >0, s > 0 assume that
+00 +00
[ [ |B(z,t,v,s)|dede <

—00 —00

B < 0.
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Then Lebesgue integrals

+oo
/ cos yzG(y,t)dy

—0o0
exist with probability one.

Proof. We shall prove the existence of the integral

+oo
/ cos yzG(y, t)dy.

— 00

For existence of this integral with probability one
it is enough to prove that there exists following
integral

—+o00
/ E|G(y, t)|dy.

There is an inequality

+oo +oo
/ E|G(y,1)|dy < / VE(G . 6)dy.

Consider

B(G(

t i
_ 1 / / a2y (t-7) g —a2y2(t—s) o
27
0 0

E(&(y, 7)E(y, s))drds.
~+00 +00

/ / COS YT COS YU X

—00 —00

B(E(, 7)€ (v, 5))dadv =
1 +00 +00
/ /cosy:vcosva(x,T,v,s)dxdv.
T

—0o0 —O0

E(&(y, )E(

We obtain

|B(E(y: 7)E(y, 5))] <

“+00 400

1
/ /|B(w,t,v,s)]dwdv<
T

—00 —O0

Then

E(G(y.t)* = (2;)2 . Bx

[

a®y? (t—7) o =a®y* (t=5) Jr dg —
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1 2 a2y2t 2
— | -B-(1—e )= 1-1
2 1 P
Therefore g ()
0+
+o0 5 <1 _ e—a?y?t) Condition (9) holds if o (h) = W for
/ VE(G(y,t))%dy < o 7 dy §>1—1 (C > 0.1In this case the condition
o0 —00 of Theorem (4) is satisfied if there exist constant
C such that
for y #£ 0. O

TBepmxenns 1. [5]
‘e—a2y2(t—t1) _ 1‘ <

(In(y® +€))°

(1n (ﬁwé))‘s’

(In(|y| +¢%))°

(n (52 +66))5

(6)

max(1, a?)

|cos yx — cosyxy| <

(7)

for some § > 0.

Let

Qn

up(z,t) = /cosymG(y,t)dy.

—an

Theorem 4. Let {(x,t) be a random field, sample
continuous with probability one from the Sub,(€2)
and the conditions of lemma 1 and lemma 2 hold,

sup Ty (un<x7t) - Un(l'l,tl)) < U(h)v
|x—x;|<h
‘t—tl‘gh

where o (h) is a monotone increasing continuous
function such that o (h) — 0 as h — 0, moreover,

1
/\Il <].n0-(_1)(5)> dE < oo,
0+

where ¥ (u) = #)(u),
function to o (g).
Then the function u(x,t) which is represented

in the form (3) is a generalized solution to the
problem (1)—(2).

(®)

and o= () is the inverse

Proof. This theorem follows from Theorem 3. O

Ezample 1. Let (x) be a function such that

o(x) = |z|P, for some p > 1 and all |z| > 1. Then
1

U(z) = &' % for z > 1 and condition (8) holds for

alle >0

45

1/2 C

(Blun (@,6) = un (1,0)?) < TR

(10)

for § > 1—%, alln = 1,2, ..., and sufficiently small
|-

Theorem 5. Let {(x,t) be a random field, sample
continuous with probability one from the space
SSuby, (), where @(x) is a function such that
o(x) = |z|P for somep > 1 and all |x| > 1 and the
conditions of Lemma 1 and lemma 2 hold and

+oo

/ (E|g(x,7)2)5 dz < ©

—0o0

for some © > 0. Then the function u(zx,t) which is
represented in the form (3) is generalized solution
to the problem (1)—(2).

Proof. Tt follows from Lemma 2 that there exist
integral with probability one

+oo
/ ycosyxG(y,t)dy.

—0o0
To make the function wu(z,t) which is
represented in the form (3) to be the generalized
solution of problem (1)—(2) it is sufficient to prove
that integral (4) converge uniformly in probability
in |z| <A, 0<t<T to the integral
+o0

/ cos yxG(y, t)dy.

—00
for any A >0, 7T > 0.

According to Theorem 4, using the example
1, to make integral (4) converge in probability in
C(T) the following conditions must hold

1
2 c
2\ 2
<E|un(a:,t) —un (1, t1)] ) < TTh
Using generalized Minkovskoho inequality we
obtain

N|=

(E |t (z,t) — un($17t1)’2>
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an 1
B 1
E /cosny(y,t)dy— \/ﬁ/ E|£$T|>2d1‘<\/77@.
PN Therefore
an 2 ) %
E|G(y,t
/ cosyx1G(y,t1)dy = ( Gy, t1)] )
—an 1/@6_(122,,2(,51_7_)d7_<
an 27
E / [cos yxG (y,t)—
a __—ad®yPt 1
! 27r@a2y2 ‘ c ' (13)
1
cos yz1G(y, t1)] dy| )2 Let t; < t then
1
b (EIG(y,t) — Gy, t1)[*)? =

B| [ lteosye - cosyan) Gy, 1)+ t

1 2.9 ~
an —— | E —aty?(t—7) 7 dr—
1 NG /? &y, mydr

(Gly,t) = Gly,tr)) cos ya] dyl*)* < ’ 1
‘4 2\ 2
1SS 1 e—a2y2(tl—’r)5(y T)dT —
[ [lcosys —cosym] (6wt + ’
% 0
1 “
(E‘G(yvt) - G(yutl)‘Q) 2] dy (11) L FE / |:efa2y2(t77—) _ e*a2y2(t1*7)j| X
V2T
Let |x — 21| < h and for sufficiently small |h|, 0
using the inequality (7), we have . 2\ 3
- — 202 (t—7) &
ye—m) .rydr+ [ Gy | -
|cos yx — cosyx1| < 2 [sin 5 | S P
INY: o
(In(ly| +¢%))° (12) 1 / He*fﬂy%*ﬂ _ @) o
([ Al var |
Consider ) 1
= g 2
(BIG( 0)P)* = (Bléw. 7)) | ar+
1
tl 2 2 t 1
1 L n202(4y ) 2 —a?y?(t—7) F 2\2
p| [eertngy narl | < /e Blé(y,I?)* dr
oo / £(y, 7) t ( )
0 1
Let |t —t1]| < h and for sufficiently small |h[, using
- i the inequality (6), we have
= / ~-0) (i, )P avality (©)
2m ‘e—a2y2(t—‘r) o e—a2y2(t1—‘r) _
It follows from Lemma 1 that
. ‘e—cﬂy?(n—r) ‘e—a2y2<t—t1> _ 1‘ <
ElE(y,7)?)* =
(Eléw NP o (In(y? 4 ¢))’
o0 T) (1, o) 27 )
1 ’ (1 [A[[)°
+oo 2\ 2
1 5 / Ew.r)d Therefore
— cosyxé(x, 7)dx <
NG 1
"\ b (EIG(y.1) - G(y,11)[*)* <
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t t o
1
— /e“QyQ(tlT) max(1,a?) x /ea2y2(t7)d7- dy 3 = — (I + L) .
27 T
0 t1
) S\s ¢ Consider
nly™+ )" g, / e~V (t=Dedr | = !
(|1In |R]])? / (In(y +¢€°))° 1 ‘1—67“21’2“ N
" 1n|h|r y
In(y? +¢%)% 1 0
O
o (maxta) S N ) R R
max(1,a”) ~—— 2‘ - v
¢ (IIn[R[[)°  a?y
1—e @Vt 4 [ @ gr | (14) !
2,2
i +/ea vt dr | dy =
Thus we obtain from (11), (12), (13) and (14) X
that
(In(y —|— el 242t
[EACORSUHCRA I FTTT / D et e
+o0o
© {(111(!?4\ +e0)° 1 ‘ a2t 1
- 1—e @¥t| 4 max(1, a?) lny +e —a?y?t
27_00 (JIn || a2y? ([ Al 5/ ‘1—6 H dy+
0
In(y? +e%))? 1 Ca2a? 1/t
1 2 ( ‘1 _ a“y“ty
max(l, ) =g e L * / /e—a2y2<t—r>d7 dy —
t 7 0 t1
2,2
/e_a v dr | dy = 1 max(1, a?)
—_—T — T Ii3.
i - (D A (L
o 7 (ny+e) 1\ ), O [1- e < et < T, we have
— —e
) LWl o L
0 |
) S I11:/(n(y—z€)) ‘1—6_a2y2t1 dy <
|22 (In(y*+¢€°))° 1 | et 4 Yy
N (Y A AT °
1
t
/ea292(t7)d7' dy = a2T/(ln(y +eM)dy = a®>TCh;.
0
; L 2 5))\0
1 In(y* + e 0242
/[lngﬁ—e 1 ‘1 —a?yty 1122/( 7 ) ‘1—6‘”%1 dy <
—e
(IR a?y? 0
0

1
a,QT/(ln(y2 +e)dy = a®>TCha.

1 o1
max(l,a2)< n(y® +e 6)) — ’1 _ om0t
(Im[r[)? @y 4
¢ ) Using that e~y (t=7) < 1it—1t; < h, then the
+ / e~V T ar | dy+ 9 > 0 and for sufficiently small h, we have
1 1 t
400 [12 = —a2y2(t—r)d d <
(In(y +¢)’ 1 ey " / / ‘ i
’]. — € eyt + 0 t1
(InA])? a?y?
1
1
In(y> +¢°))° 1 a2y (t—t1)dy < |h| < :
maxl,az( ‘1—6“yt1+ In |A[|®
Ly ) A
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So we have e 2 ,6V\6
1 122 — / (1n<y —;-6 )) ‘1 _ e—a2y2t1 dy g
Yy
Il g W (Tcll + maX(l,aQ)TCQQ + 1) . 1
+o0
1 2 §)\0
o [ ey, o,
/ y+e 1 ‘1_ —a2y2t; n Y
(I [A][) 5 a2y2 '
1 +o0o t
o _ 2 2(t— ) o
max(1 a2)(ln(y2+e6))6 1 ’ _—a%yh Iz = / /6 COETdr ) dy =
TR a2 L\
: 1 +00 1
a2y (— B = il (1 _ *GQyz(t*f1)> dy <
—I—/e ey imT dy = a2 / Y2 € Yy
t1 1
+00
= La?) [ (In(? + )’
Iny+e a2u2t max(1, / dy =
1
1 2
max(1,a?) " HQWC%.
il a?(|In
a*(|In|h[[)°
Therefore
71 —l—e 1
n y ‘ —a?y?t
1—e ¥ " dy+ Ir < ————— (C91 + max(1 a2)(022 + Ca3)) .
1 Ay )
0o [/t Then f0r5>1—%, we have
/ /e_ang(t_T)dT dy =
9\ 1/2 C
1 \& (E\un(x,t)—un(:vl,tlﬂ ) < —,
1 e in
max(1,a
I 4 I Ios.
(IR @@ p)s T where
]
Iy = / (ln(y;z 66))—5 ‘1 _ eyt dy < T (TCn + max(1,a%)TCo +1 +
Yy
1 1
— (Co1 + max(1, a?)(Cay + C23))> )
e PNV,
/ wd@/ =Cy. Cij,1=1,2, 7 =1,2,3 are some constants.
) O
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