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Abstract

We concern the asymptotic behaviour of the dynamical systems induced by nonlinear Lasota
equation. We study chaoticity in the sense of Devaney and strong stability of the system. In
many articles authors consider the properties of the linear version of the equation. By the
construction of the operator in the separable space, we can formulate the relations between
the solutions of the linear equation and its nonlinear version in Lebesgue space. The aim of
the paper is to present the detailed construction of the operator thanks to which, the study
of simple relationships allows determining the chaotic behaviour of the nonlinear equation.
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1 Introduction

Lasota equation is the part of the model of precursor cells with the assumption that cells
mature with different intensity. Due to the biological application, the equation is still the
matter of interest for many mathematicians. Many authors consider the linear version of the
Lasota equation in various functional spaces: C, L?, Holder and Orlicz spaces. Despite the
simple appearance of the linear equation, its asymptotic behaviour is not straightforward.
Solutions show chaotic or stable behaviour depending on the value coefficient of the consid-
ered equation and parameters of the space under consideration. In some cases the question
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about the kind of the asymptotic behaviour has been left unanswered. For example, in L”
space the decisive value of the coefficient, when we have transition from stability to chaos,
is —%. But when we try to consider more general functional space, we do not get unam-
biguous results. It is known that L? space is the example of the Orlicz space with particular
modular. Hence in paper [5], we generalize the previous results concerning L? space and
consider Orlicz spaces with any modulars and we apply Matuszewska-Orlicz indices p and
g as the description of the ¢- function. And we get two critical values for the coefficient of

the equation, i.e. —% and —%, chaos on the interval (—%, oo) and stability in (—oo, —%].

The question about asymptotic behaviour in the interval (— %, — %] stays still open. Chaotic

behaviour of the nonlinear Lasota equation in LP has not yet been described. In this paper
we present new results concerning this theme. We construct the operator thanks to which we
can formulate the relations between the solutions of the linear Lasota equation and its non-
linear version in Lebesgue space. Thanks to this, the study of simple relationships allows
determining the chaotic behaviour of the nonlinear equation. The idea of the construction is
adapted from [4] where nonlinear equation in Holder space is under consideration.

2 Dynamical Systems

The basic equation describing the dynamics of an age-dependent population is the McK-
endrick equation [13] from 1926 (called more often in the literature as the von Foerster
equation). Over the years McKendrick’s model was generalized in many ways, among oth-
ers by Lasota and Wazewska-Czyzewska [16]. In their paper the equation is part of the
mathematical description of a particular population, as the population of red blood cells is.
It is the model with a feedback, because a circulatory system controls the global number of
erythrocytes to some quantity optimum which can change. It happens, for example, during
mountain trips or in a case of any disease of the respiratory system. Lasota, in his next paper
[11], introduced a new model of precursor cells. There the main assumption is the fact that
cells mature with different intensity. The form of the equation is the following

u

Ju _
5 +C(x)£ = f(x,u),

where ¢ : [0, 1] = Rand f : [0, 1] x [0, co) — R are the given functions fulfilling suitable
conditions (see [12]). Here x denotes the degree of cell differentiation (maturity) and the
coefficient ¢ is the velocity of cell differentiation. Because of biological application, the
above equation is still the matter of interest for many mathematicians [2, 8-10, 14, 15] and
references therein. In this paper we consider a simpler case of the Lasota equation, that is

ou u _F |
5+C(x)$ = Fu) (D

with the initial condition

u(0, x) = v(x). ()

We consider the semidynamical system (7;);>¢ that is connected with presented problems
(1)-(2) and fix our attention on its chaotic solutions in Lebesgue space L”. We study
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chaoticity of the dynamical system in the sense of Devaney. In papers [5] and [6], we
describe the asymptotic behaviour of the linear version of Lasota equation

ou du _ 3)
o tox T

in L? space. It is known that Eq. 3 with the initial condition (2) generates the semigroup
(Trv) = u(t, x) = e v(xe™),

where u is the unique solution of Eqs. 3 and 2. Asymptotic properties of the dynamical
system (7;);>0 depend on the value of the coefficient y. By the construction of the oper-
ator in the separable space, we can formulate the relations between the solutions of the
linear (3) and its nonlinear version (1) in Lebesgue space L. In Section 3, we present nota-
tion and remarks crucial in the sequel. Section 4 provides details about dynamical system
connected with linear Lasota equation. In Section 5, our main results concerning the oper-
ator construction and the resulting asymptotic properties of nonlinear Lasota equation are
proved.

3 Notation, Definitions and Remarks

Definition 1 A function vy € V is a periodic point of the semigroup (7;),>0 with a period
to > 0if and only if T;vgp = vg. A number 7y > 0 is called a principal period of a periodic
point vy if and only if the set of all periods of vy is equal Nry.

Definition 2 (Devaney [7])
Dynamical system (7;);>0 defined in a metric space (V, d) is chaotic as

i) (Ty):>0 has a property of sensitive dependence on initial conditions in the sense of
Guckenhaimer, i.e. there is a positive real number M (a sensitivity constant) such that
for every point v € V and every ¢ > 0 there exist such w € B(v, ¢) and ¢ > O that
d(Tyv, T;w) > M,

i)  (Ty):>0 is transitive, that is for all nonempty open subsets U, Uy € V there exists
t > 0 such that T;(Uy) N U, # @;

iii)  The set of periodic points of the system (7;);>0 is dense in V.

Definition 3 We define the space L to be
1
LP*([0,1]) = {v e L?: / (lv()|x*)” dx < oo}.
0

If v e LP*([0, 1]) we define the L?>* norm of v by

1

ol = [/01 (|v<x)|xK)de} "

Remark I Let m, , be the measure on [0, 1] with the density x”*. Then, L?*([0, 1]) =
LP([0, 1], mp «)-

Remark 2 The space LP-*([0, 1]) is separable.
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4 Linear Lasota Equation

In this section we consider the linear Lasota equation (3) with initial congition (2).In [5] and
[6], it was proved that asymptotic behaviour of the dynamical system (7;);>0 in L? ([0, 1]),
p > 0, space depends on the coefficient y values. Its decisive value is —%.

Theorem 1 The dynamical system (i),zo in L?([0, 1]), p > O, space is:

i)  Chaotic in the sens of Devaney if y > —%;

ii) Strongly stable if y < —-

Remark 3 Let us define
ux) = u(x)x”.
Then, we can express the dynamical system (ﬁ)zzo in the following form
Tu(x) = e u(xe™) = e’ i(xe " )x " ek = VTG (xe )x ¢

Therefore we get the conclusion that in the functional space L”*([0, 1]) the dynamlcal
system (T,)t>0 has the same asymptotic behaviour as the dynamical system (T,) >0 given
by the formula

T (x) = eV T 5(xe™")

in the space L”.

5 Dynamical System Generated by the Nonlinear Lasota Equation

In the sequel we will consider the dynamical system generated by problems (1)—(2). Here,
c:[0,1] - Rand F : [0,a) — R are given continuous Lipszchitz functions satisfying
conditions
c(0)=0, c(x) >0 forx e (0, 1],
FO)=0, F(u) >0 foru € (0, a).
If a is finite, we assume also that
lim F (u) = 0.
u—a

From the classical theory of first-order partial differential equations, it follows that the
solution of this problem has the form (see [3])

u(t,x) = U(t, v(X(—1,x))) “)
where U (-, v) and X (-, ¥) denote the solutions of the problems

{U:FW)

U©) = v )

and
X' =c(X)
{ XO0)=y ’
respectively. Let a semidynamical system 7, : LP([0, 1]) — LP([0, 1]) be given by the
formula
(Trv) (x) = u(r, x)

where u is the solution of Egs. 1 and 2 defined by Eq. 4.
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Lemma 1 There exists increasing function x : [0, 00) — [0, 00) that its inverse function
o fulfills the following condition

£¢'(§) = c(p&)), §=0. (6)
Moreover, for every ¢ > 0 there exist § > 0 and C1, Co» > 0 such that for every x < §
Clxl/(M—S) <x(x) < szl/(?»1+s), @)

where L1 = limy_,¢ ‘(x—x) and A1 € [0, 00).

Lemma 2 For every y > O there exists the non-zero function ¥ : [0,a) — (0, 00)
satisfying the following two conditions:

i)  Firstly,
V' @) Fw) =yy), u=>0. ®
ii) Secondly, for every ¢ > 0 there exist 8 > 0 and Dy, D> > 0 such that for every u < §
Dlu)//(h—ﬁ) <VYu) < Dqu/(?\2+€), )

F(u)

where Ly = limy_.o =~

The detailed proofs of Lemmas 1 and 2 can be found in [3].

Theorem 2 Let A be the operator defined on LP ([0, 1]) space by the formula
(Au)(§) = ¥ (u(@(§))) (10

and let y = 32, where iy = lim,o “ and 2y = limy—.o Z&. Then, A(LP([0,1])) =

L2 ([0, 1]), where g = M p and k = %(1 — /\l—]).

Proof From Lemma 2 we have the equation

YW F W) = yyu)

for some non-zero function . Hence,
/ dy / ydu
(4 F(u)'

__ [co ydu
IN Fay for x <co

D(x) = 0 for x = ¢

x ydu
fco Fay for x>co

Define

for some ¢y € (0, a). It is obvious that
¥ (x) = Y (co)e®™.

By the assumption

. F(u)
lim =
u—0 U

A2

thus for every n > 1, close to 1, there exists § > 0 such that

—1 F(u)
N o<

<
Au 7
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foru € (0, 8). Forx < §

/CO ydu _/‘S ydu +/C° ydu
y F@ Jo Fw) ~Js F)
C §
/0 ;du :/ ydu _ ().
x F) x F)

/5 ydu vy /5 lou du
» F)  x )y F) u’
so for X > 0 we have the following estimations

d
Y ns — 1),
Fu) ~ M

and

Moreover, it is clear that

yn~!

A2

s
(Inéd —Inx) < /
X

and
yn _yn 8 du Y
5 i}

xR28 R <e NTFW <x 2§ P2,

Multiplication by ¥ (co) gives the following inequalities

ym _yn V!
A

Pl s <) <yl 2 8

For X, < 0 we have the analogical estimations but with the opposite inequalities. Let us
define

-1
Yn
C(n) = max { ¥(co)e®@s %2, sup

Therefore, we get
1

Y(x) < C(n)x%

and the conclusion

gyn~!

/ Au()E* 7 < C(n) / o) e ge.

By Lemma 1 we have

qyn~!

/|M(¢(§))|T§‘K‘1dg = /|u(x)|[77]71X/(x)(x(x))l(qu <
ng/|“(x)|pnil)(/(x)x%dx = C;q/|u(x)|pn’lx/(x)xl—ﬁdx.

The function x’ is bounded on any interval besides zero point and

’ x'(x)
m

x>0 -1
X *

€ (0, c0).

Therefore,

1
/0 |Au()E* 7dE < oo,
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Remark 4 Let a function u be a solution of Eq. 1. Let us introduce the following notation
u(&,t) = (Au(-, 1))(&). A trivial verification shows that

ou N v ; ou ;
5(5, ) =Y (u(p(@), ))5(‘”(5)’ )

and
?(S N =y (u(pé), t))?(w(é) 0@ (€).
Therefore, using Lemmas 1 and 2, we get
8
- “EE = ¥ (u(p). 1) |:*(§0(‘§) t)+C(<ﬂ(«§))£(<p($) t)]

¥ (), D) F (), n) =y (), n) = yu.
It shows that u is the solution of Eq. 3. Therefore, the diagram

LP L} LP

N 1a
Lq’K f) Lq’K

T

where g = Ajp and k = %(1 — %l), is commutative.

Remark 5 According to Theorem 1 and Remark 3, we have chaotic behaviour of the dynam-
ical system T, in the space LY if y +k > —— and strong stability if y + k < —--, where

y=5q=npandc=5(1—5)

By the above remark, we can formulate the following theorem concerning asymptotic
behaviour of nonlinear Lasota equation (1).

Theorem 3 Let A; = lim,_,¢ @ and Ay = lim,_, @ Then, dynamical system (T;);>0
in LP ([0, 1]) space is

(i)  Chaotic in the sense of Devaney if % > -1

>
(ii)  Stable lfM <=5

Example 1 In paper [1] authors consider a particular form of Eq. 1, i.e.

ou 5\ du

o) e

and prove its chaotic behaviour in L? space when y > —-. However, an easy use of
Theorem 3 gives the immediate conclusion, because of A = y and A = 1.
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