
We apply the Lyapunov’s direct method [3] to establish sufficient conditions to 
ensure the elimination of the tumor in the chemoimmunotherapy system (1)-
(6). For this, we propose the candidate Lyapunov function ℎ6 = 𝑇  and 
determine the Lie derivative as follows: 
 

𝐿𝑓ℎ6 = 𝑎 − 𝑎𝑏𝑇 − 𝑐𝑁 −
𝑑𝐿𝑙

𝑠𝑇𝑙 + 𝐿𝑙
− 𝐾𝑇 1 − 𝑒−𝛿𝑇𝑀 𝑇. 

 

In addition, it is observed that 𝐿𝑓ℎ6 is negative definite, i.e., 𝐿𝑓ℎ6 ≤ 0, if the 

following condition is fulfilled: 

𝑎 − 𝑎𝑏𝑇 − 𝑐𝑁 −
𝑑𝐿𝑙

𝑠𝑇𝑙 + 𝐿𝑙
− 𝐾𝑇 1 − 𝑒−𝛿𝑇𝑀 < 0. 

 

Considering the following statements about the boundaries of the populations 
of lymphocytes, NK and T cells, it is possible to obtain the solution of the 
inequality 
 
 
 
 
 
 
 
 
 

and accordingly, the next negative upper limit is defined for 𝐿𝑓ℎ6 

𝐿𝑓ℎ6 ≤ 𝑎 − 𝑐𝑁𝑖𝑛𝑓− −
𝑑𝐿𝑖𝑛𝑓−

𝑙

𝑠𝑏−𝑙 + 𝐿𝑖𝑛𝑓−
𝑙 − 𝐾𝑇 1 − 𝑒−𝛿𝑇𝑀𝑖𝑛𝑓 𝑇 ≤ 0. 

 

One can solve the following inequality with respect to the two treatment 
parameters and get the next two cases: 

𝑎 − 𝑐𝑁𝑖𝑛𝑓− −
𝑑𝐿𝑖𝑛𝑓−

𝑙

𝑠𝑏−𝑙 + 𝐿𝑖𝑛𝑓−
𝑙 − 𝐾𝑇 1 − 𝑒−𝛿𝑇𝑀𝑖𝑛𝑓 < 0. 

 

Case 1: With respect to chemotherapy treatment 𝑣𝑀: 

 
 

 
By replacing the value of the parameters,  we obtain 
 

 
 
Case 2: With respect to immunotherapy treatment 𝑣𝐿: 

  
 
                                     
 
 
 
By replacing the value of the parameters, we obtain 
 

Asymptotic stability at the tumor-free equilibrium point 
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𝐶𝑖𝑛𝑓 ≥ 𝐶𝑖𝑛𝑓− =
𝛼

𝛽+𝐾𝐶
, 𝐶𝑠𝑢𝑝 ≤ 𝐶𝑠𝑢𝑝+ =

𝛼

𝛽
, 

𝑁𝑖𝑛𝑓 ≥ 𝑁𝑖𝑛𝑓− =
𝑒𝐶𝑖𝑛𝑓−

𝑓+𝑝𝑏−1+𝐾𝑁
, 𝑁𝑠𝑢𝑝 ≤ 𝑁𝑠𝑢𝑝+ =

𝑒𝐶
𝑠𝑢𝑝+

𝑓−𝑝𝑁
, 

𝐿𝑖𝑛𝑓 ≥ 𝐿𝑖𝑛𝑓− =
𝑣𝐿

𝜎6
+

𝜎7
2

4𝜎6
2 −

𝜎7

2𝜎6
, 

𝜎6 = 𝑢𝐶𝑠𝑢𝑝+, 

 
𝜎7 = 𝑞𝑏−1 + 𝐾𝐿. 
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𝑣𝑀 = 𝑀𝑖𝑛𝑓 >
1

𝛿𝑇
ln −1 +

𝑎

𝐾𝑇
−

𝑐𝑁𝑖𝑛𝑓−

𝐾𝑇
−

𝑑𝐿𝑖𝑛𝑓−
𝑙

𝐾𝑇 𝑠𝑏−𝑙+𝐿𝑖𝑛𝑓−
𝑙

, 
(7) 

Asymptotic stability 

𝑣𝐿 >
𝑢𝛼

𝛽

𝑠𝑏−𝑙 𝑓+𝑝𝑏−1+𝐾𝑁 𝛽+𝐾𝐶 𝑎−𝐾𝑇 1−𝑒−𝛿𝑇𝑣𝑀 −𝑠𝑏−𝑙𝑐𝑒𝛼

𝑓+𝑝𝑏−1+𝐾𝑁 𝛽+𝐾𝐶 𝑑−𝑎−𝐾𝑇 1−𝑒−𝛿𝑇𝑣𝑀 +𝑐𝑒𝛼

𝑙
2

  

 

(8) 

                +
𝑠𝑏−𝑙 𝑓+𝑝𝑏−1+𝐾𝑁 𝛽+𝐾𝐶 𝑎−𝐾𝑇 1−𝑒−𝛿𝑇𝑣𝑀 −𝑠𝑏−𝑙𝑐𝑒𝛼

𝑓+𝑝𝑏−1+𝐾𝑁 𝛽+𝐾𝐶 𝑑−𝑎−𝐾𝑇 1−𝑒−𝛿𝑇𝑣𝑀 +𝑐𝑒𝛼

𝑙
𝑞𝑏−1 + 𝐾𝐿 , 

If conditions (7) and (8) are met, then the tumor cell population is 
eradicated by the combined chemoimmunotherapy treatment. The 
latter implies asymptotic stability to plane 𝑻 = 𝟎. 

In silico experimentation 

Through the localization of compact invariant sets method [4], Lyapunov’s 
direct method [3] and in silico experimentation, we  achieved to both 
demonstrate the asymptotic  stability  of the tumor-free equilibrium point 
of the system. According to the numerical simulations, the tumor cell 
population is asymptotically eliminated when using a concentration of 

chemotherapy 𝑣𝑀 > 𝑣𝑀𝑖𝑛𝑓
 and immunotherapy 𝑣𝐿 > 𝑣𝐿𝑖𝑛𝑓

 (in pulses for 

7 days) in a period of less than 100 days. 

Conclusions 

The mathematical model of cancer chemoimmunotherapy presented by de 
Pillis et al. [1] describes the dynamics between the population of tumor cells 
𝑇 𝑡 , the NK cells 𝑁 𝑡 , the effector cells 𝐿 𝑡 , the circulating lymphocytes 
𝐶 𝑡 , the concentration of the chemotherapy drug (doxorubicin) 𝑀 𝑡  and 
the  IL-2 (interleukin-2) 𝐼 𝑡 .  
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
where 
 
The dynamics of the system (1)-(6) is located in the non-negative ortant:  
 

 𝑹+,0
6 = 𝑇 ≥ 0, 𝑁 ≥ 0, 𝐿 ≥ 0, 𝐶 ≥ 0, 𝑀 ≥ 0, 𝐼 ≥ 0 . 
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Figure 1. Elimination of tumor cells  when the chemotherapy treatment is 
applied at a concentration of 0.5 𝑣𝑀𝑖𝑛𝑓

 in 𝑀1(𝑡),  0.75 𝑣𝑀𝑖𝑛𝑓
 in 𝑀2(𝑡) and 

1.25𝑣𝑀𝑖𝑛𝑓
 in 𝑀3(𝑡) and the immunotherapy treatment is applied in pulses 

for 7 days. 

 𝑣𝑀 > 𝑣𝑀𝑖𝑛𝑓
= 0.3556 

𝑚𝑔

𝑙 ×𝑑𝑎𝑦
 . 

𝑣𝐿 > 𝑣𝐿𝑖𝑛𝑓
= 8.5455 × 108 

𝑐𝑒𝑙𝑙𝑠

𝑙 ×𝑑𝑎𝑦
 . 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

Assumption 

If a solution describing the growth of a cell population goes below the value 
of 1 cell, then it is possible to assume the complete eradication of such 
population [2,4]. 
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