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HODGE DECOMPOSITION FOR COUSIN GROUPS AND FOR
OELJEKLAUS-TOMA MANIFOLDS

ALEXANDRA OTIMAN AND MATEI TOMA

ABSTRACT. We compute the Dolbeault cohomology of geodesically convex domains con-
tained in Cousin groups which satisfy a strong dispersiveness condition. As a consequence
we obtain a description of the Dolbeault cohomology of Oeljeklaus-Toma manifolds and in
particular the fact that the Hodge decomposition holds for their cohomology.

1. INTRODUCTION

A Cousin group X is a quotient C"/A, where A is a discrete subgroup of rank n + m, with
1 < m < n, such that the global holomorphic functions on X are constant. They are named
after P. Cousin and introduced in [Coul(]. In [Vog83| it is shown that a Cousin group has
finite dimensional Dolbeault cohomology groups provided if and only if the discrete subgroup
A satisfies a certain dispersiveness condition, which we shall describe in the paper and call
weak dispersiveness. Moreover, Hodge decomposition is proven by Vogt to hold on X under
this same condition.

The aim of our paper is twofold. Firstly, we extend the “if” direction of Vogt’s result to open
sets U in C"/A, whose inverse image in C" are convex domains, see Theorem Bl For this
we need to impose a new condition on the discrete subgroup A, which we shall call strong
dispersiveness. We show that this condition is actually equivalent to the finite generation
of the Dolbeault cohomology of such domains, see Theorem B4l thus extending the “only
if” direction of the cited result as well. Secondly, we use the aforementioned extension to
show the Hodge decomposition and to compute the Dolbeault cohomology of Oeljeklaus-
Toma (OT) manifolds, see Theorem These are compact complex manifolds associated
to number fields allowing a positive number of real embeddings as well as a positive number
of complex (non-real) embeddings, see Section [4l Their construction and first properties are
described in [OT05]. Thus OT manifolds give examples in any dimension of compact complex
non-Kahler manifolds for which Hodge decomposition holds, or equivalently, the Frolicher
spectral sequence degenerates at the first page. As a consequence, we also obtain a new way
of computing the Dolbeault cohomology of Inoue-Bombieri surfaces, which are obtained as
Oeljeklaus-Toma manifolds of complex dimension 2, without using powerful tools like the
Riemann-Roch theorem or Serre duality and providing instead a more complex-analytical
proof.
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2. PRELIMINARY FACTS ON COUSIN GROUPS

We present in this section basic definitions and results about Cousin groups and introduce
the notions of weak and strong dispersiveness, see Definition 2.4]

Definition 2.1. A connected complex Lie group X admitting no non-constant global holo-
morphic functions is called a Cousin group or a toroidal group.

Cousin groups of complex dimension n are shown to appear as quotients X = C"/A, where
A is a discrete subgroup of C" of rank n 4+ m, with 1 < m < n, cf. [AKO1], Proposition 1.1.2].
Moreover A may be assumed to be generated by the columns of a matrix of the form:

(21) P = <Om,n—m Tm,2m > ,

[n—m Rn—m,2m
which we shall call the normal form, where I,,_,, is the n — m identity matrix, T}, op, is a
basis of the lattice of an m-dimensional complex torus and R has real entries. Furthermore,
one can arrange 1" such that the normal form is:

~ (Omn-m Im M+iN
(2.2) p_( o M )

where M and N have real entries and N is invertible, see [Vog82, Proposition 2|, [Vog83|
Proposition 1]. In the above situation we will say that P is the period matriz of A.

Proposition 2.2 ([Vog82, Proposition 2]). Suppose that X = C"/A with A generated by the
columns of a matrix P in normal form (21). Then X is a Cousin group if and only if for
any o € Z""\ {0}, toR & Z*™.

Proposition 2.3. Let X = C"/A be a Cousin group and let U C X be a non-empty open
subset whose inverse image U in C" is conver. Then any global holomorphic function on U
18 constant.

Proof. We use essentially that C"/A is a Cousin group, a similar argument as in [OT05,
Lemma 2.4] and the fact that U is convex. We may and will assume that A is generated by
the columns of a matrix P in normal form (2.1]).

For (2{,...,29) € U, the set conv((2Y,...,22) + A) is a real affine (n 4+ m)-dimensional plane
in C", where by conv(S) we mean the convex hull of S. It is also a subset of U by the
convexity and A-invariance of U. Since the functions Im 2,11, ...,Im z, are A-invariant we
get conv((z),...,20) + A) =C™ x ((2%,4,...,23) + R"™™). Therefore

(2.3)

U= U O x((Bgrree 2D +R™™ =C"x (g 2) + RO,

(2(1)7.--722)60 (2(1)7722)60
Thus, U = C™ x W, where W C C" ™ is a convex domain, hence Stein, and moreover
Z"~"-invariant.

Let now f be a holomorphic function on U, f its lift to f] and choose arbitrarily w € W.
Since C™ x (w 4+ R®™™) /A is diffeomorphic to (S*)"*™, f is bounded on C™ x (w + R"™™)
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and therefore constant on C™ x {w}. Using the fact that C"/A is a Cousin group and
Proposition we get ‘o R ¢ Z*™ for all o € Z"~™ \ {0}, hence the group generated by the
column vectors (I,—,, R) is dense in R"~"™. Consequently, the image of C™ x {w} is dense
in C" x (w+R"™)/A and thus, f is constant on C" x (w+R"™)/A and f is constant on
C™ x (w+ R™"™). By the identity principle, f has to be constant on U. m

We now introduce two notions of dispersiveness which will play an important role in this
paper.

Definition 2.4. A discrete subgroup A in normal form (2.2) is said to be strongly dispersive,
(respectively weakly dispersive) if

Va € (0,1), (respectively Ja € (0,1)), IC(a) >0, Yo € Z"~™\ {0}, Vr € Z*™
(2.4) I['eR +! 7]|> C(a)d.

In [Vog82] the following example of a discrete subgroup A, is considered with period basis
P, in normal form:

25) (1)

where « is a real number. By Proposition C2?/A4 is a Cousin group if and only if « is
irrational.

Vogt shows in [Vog82] that for a = Z‘;‘;l ﬁ the discrete subgroup A, is not weakly
dispersive.

Remark 2.5. Set ug := 1, ujq1 :=10% for all j € N, and
= 1
7j=1
Then the discrete subgroup A, generated by the columns of the matrixz P, given by (Z3) is
weakly dispersive but not strongly dispersive.
Proof. The strong (respectively weak) dispersiveness condition for A, is rephrased as
Va € (0,1), (respectively Ja € (0,1)), 3C(a) >0, Vg € Z\ {0}, Vp € Z
(2.6) lqa — p|> C(a)al?l.

For g = ug, k > 1, we get
o

. u 2u 2k 1
inf |ga — p|= Z A A =—,
pEZ i Uy Uk+1 Uk+1 hHa

hence A, cannot be strongly dispersive for our choice of a.
We now check the weak dispersiveness of A,. For a real number S we denote by {3} its
fractional part. Then for up < q < ugi1, &k > 0 we get
1 1
{qa} > T > 1o
It remains to estimate 1 — {ga}. But it is clear that the uy + 1-st decimal digit of {ga} is 0,
hence the uy + 1-st decimal digit of 1 — {ga} is 9. Thus
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9 1 91
10 10w ~ 10104’

which proves weak dispersiveness of A, by taking a = 1—10. [

1—{qa} >

Examples of strongly dispersive discrete subgroups are provided by the following

Proposition 2.6. If A is a discrete subgroup defining a Cousin group and such that all the
entries of some period matriz are algebraic numbers, then A is strongly dispersive.

Proof. By using a generalization of Liouville’s Theorem on the approximation of algebraic
numbers ([Sha98, Theorem 1.5]) it is proved in [BO15, Theorem 4.3] that the discrete subgroup
Of is weakly dispersive, see Section [4] for notations.

More precisely in the proof of [BO15, Theorem 4.3] it is shown that if R is a k x [ matrix
with elements algebraic numbers, then there exist constants C' > 0 and A < 0 such that for
any o € ZF\ {0} and every 7 € Z', ||'oR +' 7||> C|o|*. But this condition is stronger than
strong dispersiveness, since clearly for any a € (0,1), there exists a constant C(a) such that
lo|4> C(a)al’! for all o € Z¥\ {0}. m

The following result proved by Chr. Vogt in [Vog82], [Vog83|] will be extended in Section [3]
to the case of open sets in C"/A, whose inverse image in C™ are convex domains.

Theorem 2.7 ([Vog82],[Vog83]). If X = C"/A is a Cousin group, then H'(X,O) is finite
dimensional if and only if A is weakly dispersive. Moreover, in this situation all the Dolbeault
cohomology groups Hg’q(X ) are finite dimensional and X satisfies the Hodge decomposition.

Additionally, Vogt gives several equivalent conditions for the finite dimensionality of H!(X, O)
in terms of the discrete subgroup A, the holomorphic line bundles on X and the generators
of HY(X, O).

3. DOLBEAULT COHOMOLOGY OF CONVEX DOMAINS IN COUSIN GROUPS.

In this section we will prove analogous results to those of Theorem 2.7 for open subsets U
in Cousin groups X = C"/A, whose inverse images in C" are convex domains. We will call
such open sets U in X simply convez since they are the geodesically convex open subsets of
the Lie group X for the unique system of geodesics which are left and right invariant; these
are given by translates of one-parameter subgroups of X. In particular, the definition of a
convex open subset in a Cousin group X does not depend on the chosen presentation C"/A
for X; see also [AKO1l, Proposition 1.1.8] for an alternative argument.

Theorem 3.1. Let U be a domain of a Cousin group X = C"/A, whose inverse image U in
C™ is a convexr domain. If A is strongly dispersive then HI(U,QP) is finitely generated and
moreover,

(e Adz)] | TC {1, m},J C {1, m}|T]=p,|J|= g}

is a basis and thus, dimc¢HY(U, QP) = (;L) : (ZL)

We follow the lines of the proofs of Proposition 4 and Proposition 5 in [Vog83|] and adapt
them to the new setting.

We start with the following lemma:
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Lemma 3.2. Let ¢ > 1. Any A-invariant O-closed (0, q)-form w on U is -cohomologous to
a A-invariant (0, q)-form on U, whose coefficients depend holomorphically on zm1,. .., 2n-

The proof of this Lemma follows the same steps as in [Vog83l Proposition 4]. The only new
thing we have to check is that U is the total space of a locally trivial holomorphic fibration
over a complex torus with fibre a Stein manifold. To this aim we remark as in the proof
of Proposition 23] that U = C™ x W, where W is a convex Z" ™-invariant domain. Since
U = U/A, the map

(3.1) m:U—C"/T,

given by 7([z1,...,2,]) = (21, .-, 2m), is well-defined, where [-] and * are classes with respect
to taking quotients by A and by the lattice generated by the columns of T, respectively, cf.
[Vog83l Proposition 2]|. Clearly,  is a holomorphic map and in fact, (8] is a fibration with
fibre isomorphic to F' := W/Z"~™. Via the map exp(2wi-), C"~™/Z"~™ is biholomorphic
to (C*)"~ ™ so we regard F' directly as an open subset of (C*)"~™. In fact, seen in this
way, F'is a (relatively complete) logarithmically convex Reinhardt domain in (C*)"~™ and
is therefore a domain of holomorphy in C"~™ and thus Stein, [Car73, Lemma 1.7] (see also
[JPO8, Theorem 1.11.13]).

We can now proceed to the proof of Theorem B.Il Unlike the situation of [Vog83] we need
to deal with domains of holomorphy different from (C*)"~". This is no major obstruction
in the case of the proof of the previous Lemma, but will entail substantial modifications in
the proof of Theorem B.] as compared to [Vog83, Proposition 5]. More precisely, in loc. cit.
essential use is made of the classical fact that a Laurent series ) ., a,27 is convergent on
(C*)P if and only if lim sup,czr '3/|as| = 0. In our set-up this is no longer applicable and we
need to show that we get positive convergence radii of corresponding Laurent series around
each point of our domain of holomorphy. For this the strong dispersiveness condition will be
used in a crucial way.

Proof. We divide the proof in two steps.

Step 1: We will show that any O-closed, A-periodic (p, q)-form w on U is d-cohomologous to
a form ZLJ crjdzr A dzy with constant coefficients cy; € C.

If wis a (p,0)-form, the statement is obvious, as w has to be of type >, frdzr, with fr
holomorphic A-invariant functions on U, but these are constant by Proposition 2.3l

Let now ¢ > 1. Once we prove the statement for (0, ¢)-forms, it will immediately follow for
(p, q)-forms as well, since w = 31 ; frydzi NdzZ; =3 dzr A(3_; frydzy) and each > ; frdz,
is O-closed.

Therefore, take w = > ; f;dZ; on U, d-closed, A-periodic. By Lemma B2, we may assume
that f; depend holomorphically on z,+1,...,2, and J C {1,2,...,m}.

The strategy will be, as in the proof of [Vog83|, Proposition 5], to define a A-invariant (0,q—1)-
form 7 on U, using the Fourier expansion of the A-invariant functions f; and show there exist
¢y € Csuch that w =) ;¢5dzy = On. Formally,  has the same expression as in the proof of
[Vog83l Proposition 5], but the difficult part in our case will be to show that 7 is well defined,
namely, that its coefficients are convergent series.
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Let (z1,...,2m) =t @ + iy and (2m41,...,2n) =t w. For any m,p € Z™ and o € Z"™™, we
define the following function on U:
(3.2)

Vrpo (2150, 2n) = €xp (27ri . ((tw _t oRy)x + (t,o —taM +t o(RiM — Ry)) - N7ty 41 aw))

Each v o is A-invariant and thus, we develop f; in Fourier series on U:

(33) fJ = Z fJ,w,p,U’Yn,p,m

0,0
where f;r ,o € C. We define the following:

1

(3.4) trpe =5 (7~ oRa) +i("p —' 7M +' o (R M — Ry))N~') e C™
(3.5) B:={> bjdz; | b; € C}

j=1

m ™ biGr poi

(3.6) Arpo i B Co Arpo(D by dz) = 2j=1bifmpers

27TiHa7r,p,UH2 ’

where ar , o,; is the j-th component of ar ,,. We will see at a further point in the proof that
|| p,0|| does not vanish.

We extend Ay ,, to a homomorphism:
(3.7)

k
)\W,p,UJ : AkB _>Ak_1B )\W,p,UJ(al/\”’/\ak Z ng(ap)al/\.../\dp/\.../\ak
p=1
and define the A-periodic (0, — 1)-form on U.

(38) n= Z (_1 < ,p,oJ Zf]ﬂ,p, dZJ ) Ym,p,0+
J

(m,p,0)#0

By a straightforward, but lengthy, computation, presented in [Vog83], one gets that On =
w—>; f100,0dZ;. Step 1 will be clear once we show that 7 is a convergent series. It is at
this point that the strong dispersiveness of A will play an essential role.

We now proceed to the proof of the convergence of the series 7. We show first by using (2.4])
that for any a € (0,1), there exists a constant Cj(a) > 0 such that for any (m,p,0) # 0,
llam,p.0l1= Ci(a)al”.

Take ky = | MN7V|, ky = ko

Then clearly

(3.9) laMN7Y|< killef|,  Ya€R™
(3.10) laNTY[> kellall,  VaeR™
Let k := m If (7T p,0) # 0 is such that 2||Re(ax,0)||= ||'m —* o R1||< kC(a)al?!, then

by @24), we get ||'p —f o Rs||> (1 — k)C(a)al’! and therefore by [39) and BI0):
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(3.11)
2|Im(ar po)||= ||Cp—to RN =t —to R)MNY|> (ka(1-k)C(a)—k1kC(a))al?! = kC(a)al?l.

This means that for Ci(a) := 1kC(a) we get
(3.12) lam ol C1(@)al”!, ¥, p, ) #0.

In particular ||ar,, || does not vanish for (m, p, o) # 0.
By the expression in (3.8]), we deduce that:

(313) n = Z Z tﬂ,p,cr’%r,p,o dEKa

|K[=g—1 \(mp,0)7#0

where tr . is a finite sum of terms of type % fxuijix We need to show that

Ar,p,0,5
TP [lam p,ol[?
hg = Z(ﬂ,p,o‘);é() tr p,oVm,p,o 18 CONVErgent on U.
_ . r,p,0,5 : 7
We prove that for each |J|= ¢, hy := Z(ﬂ,p,o‘);é() fJJr,p,omympﬁ is convergent on U and
this will suffice.

Fix zg = 29 + iyg € C™. Then

hj(z0,w) = Z (Z mep, - f,Qeazp(Qﬂia(zo))> exp(2mito - w),

where a(2) := (‘r ~toR))x + ('p ' 7M +' 0(R1M — Ry))- N"'y € R, for any z € C™.
Recall that U = C™ x W, where W is a Z"~™-invariant convex Stein domain in C*~". We
prove now that ) (Z o 1 00T H T2l exp (2mi(a (z)))) w? is uniformly absolutely conver-

gent on C™ x Wy, where W; = exp(27nW) Note that W7 is a Reinhardt domain, therefore,

Wy =T .S, where S = {(|lwi],. .., |Wn-m|) | (W1,...,w0p—m) € Wi}

Choose w’ = (wf,...,wd_,,) € Wi NR}™™, a neighbourhood U, of z in C™ and S;”O =
—w

(W) —e,wf +e) x ... x (wd_, —e,wd_ +¢), for asmall e >0, such that S_ C Wj.

For any a € (0,1), on U,, x T"~ ™ . S}g”, we have by (B.12]):

2
(3.14)
o, . o ar,p,0, o
5 (SlsseaotEzeten antaon) ) = 3 (S snaetiriessts) i
o e o P, 7T’ i
mCI Z <Z|f‘]ﬂ-7p70’| a |U|> |w0|
o Py

We split now the series > <Zp77r|fJ77r,P,0|'a_‘U‘> |w?| in a sum of 2"~™ series

(315) h; = Z <Z|f],7r,p,0|'a_|g|> |ZUU|,

O'eDg P,
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where g : {1,...,n—m} = {-1,1} and Dy = {(01,...,0n—m) € Z""™\{0} | sgn(o;) = g(i)}.
By convention we consider sgn(0) = 1. Then on U,, x T"~™ . S
2

he =

_ wy Wn_m e , . 7
frmpala™ g 7| T + gDl [0 + g — m)ef
oégg:p T e ZU? + 9(1)6 wg_m + g(n — m)e 1 n

< Y Mampola 800 o+ g(Del ) + g(n —m)e| 7,
o€Dg,p,m

w10+g(J)§ ) | £0p <l
L+9()e

We can choose now a to be d o . and thus,

where 60 0 o =maz{|

n—m

wl,...,w

hy < D fampollwd + (Ml Jup + g(n — m)el ™.
O-EDg?pvﬂ-

But the series in the right hand side above is bounded by a constant C((w?,...,w3_,.),¢),
since fj is holomorphic in z,,41,...,2, and thus, the series Eaﬂpfj,mpﬁexp(%riz)w” is

absolutely uniformly convergent on U,, x T"~™ - swt,
2

What we actually proved above is that Zg;é(] Z(ﬂ,p) frmpo ﬁ’h,p,g is convergent. But
if o = 0, we observe ;chattfor (m,p) # 0, ||larpol|> 1. Indeed, it is clear by 2||Re ar p0||= ||'7|
and 2|[Im ar . 0l|= [["p =" |l.
Consequently, the missing part of hy, which is z(w, 0)#£0 f Jm,p@%%r,p,oa is dominated by
f7m.0.07Vr.0.0, Which is convergent since f; is. We conclude that 7 is convergent on U
(7r,p)7$0 S50 Py
and Step 1 is proved.

Step 2. We prove now that {[dzy ANdZy] | I = (1 < i1 < ... <ip<n)J=010<1i <

. < ig < m)} is a basis for HI1(U,QP). Step 1 tells us that H9(U, Qp) is generated by
{lder Ndzy] | T = (1 < <...<ip<n)J=(1<i <..<i;<m)}, therefore
dimcHY(U, QP) < (Z) (Z") Since all HY(U, ) and Hj,(U,C) are finitely generated, we can
apply Frolicher’s inequality and get:

(3.16) dimcHjp(U,C) < Y dimcHY(U, ) < Y (n) <m> _ <n+lm>
pta=l pro=t P2

As U ~ (§h)mm x R dimc H),(U,C) = ("3™), therefore we have equality in (BI6) an
the conclusion follows. m

The fact that equality holds in ([B.16) immediately implies

Corollary 3.3. If A is strongly dispersive, then the Hodge decomposition holds for any convex
domain U in the Cousin group C™/A.

We next state and prove a converse of Theorem 3.1t
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Theorem 3.4. If H' (U, O) is finite dimensional for every open subset U of the Cousin group
X = C"/A such that its inverse image U in C™ is convex, then A is strongly dispersive.

Proof. We shall argue by contradiction, namely, we show that if A is not strongly dispersive,
then there exists an open convex U such that H'(U,©) is infinite dimensional. Indeed, if A
is not strongly dispersive,

Ja € (0,1),VC > 0,30(C) € Z"™\ {0},37(C) € Z*™,||'a(C)R -t 7(C)||< Cal7©),
which by taking C' = %, with & € N*, implies that:
1
7))l

1 lala(k .

1 1 1
(3.17) Ja € (0,1),Vk € N*,EIO'(E) € Z"_m\{O},EIT(E) ez, Hta(—)R—tT(E)]K .
For convenience, we shall use the notation o (k) instead of o(3). We can assume that o(k) #
o(l) for k # [, otherwise we can extract a subsequence (k;);en such that o(k;) are all different.
Indeed, if we had a finite set of values for the sequence (o (k))ren, we would have a subsequence
(kj )geN such that o(k;) = ¢ # 0, for all k;. Then by (B.I7), we get that ‘cR € Z*™, which

is impossible by Proposition [2.21 Moreover by taking again a subsequence if needed, we can
consider that for any position i € {1,...,n —m}, sgn(o(k);) is constant. Therefore, (B.17)
tells us that:

(3.18)

Ja € (0,1),Vk € N*, 3o (k) € Z"~™\ {0}, 3r(k) € 2™, |['o(k)R - 7(k )H< ra al?®l < glo®)l,
such that o(k) # o(l), whenever k # [ and hence |O'(k7)|k—> 0.
—00

We are led to consider U := C™ x [[-" H*™(* ) and U := U/A, where we set H+! := H,
H':= -H={z€C|Imz < 0}. Here we have set sgn(0) = +1 by abuse of notation. In
fact by applying the automorphism

20 (21, ey Zmy SgN(0(K)1) * Zmt1s -y SEN(0(K)—m) * 2n)
of C" we reduce ourselves to the situation where all o(k); are non-negative. In the sequel
we will suppose that this is the case. Thus the considered convex domain in C" will be
U=C"x H™,
We are in a situation where the sheaf cohomology H'(U, ©) may be computed as the group co-
homology H!(A, H*(U, ©)), where A on H°(U, O) naturally via translation on U, see [Mum?70,
Appendix to Section 2]. Thus

HYU,0)= HY(A,HY(U,0)) = ZY(A, HY(U,0))/BY(A, H (U, 0)),
where
ZY A HY(U,0)) :={A:AxU - C |
A(\,-) € HY(U,0) VA € A,
AN+ X2, 2) = A, 2+ Ag) + A(Xg, 2), VAL A €A, Vze U},
BYA,HY(U,0)):={A:AxU —C|3ge H(U,0)
AN 2) =g(z+N) —g(z) VA€ A, V2 € U}

The strategy is to define an infinite family of linearly independent elements in H'(A, H*(U, 0)).
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For any o0 € Z"~™ \ {0} we set 1), := max,, |exp(2ni‘c - r;) — 1|, where r; for j € {1,...,2m}
are the columns of R. We shall denote by v; the columns of P.

For \ = Z?Jrlm njv; € A, n; € Z we will further denote by I()) := Z"+m| n;jl.

For each z € (0,1), we define an element A®@) ¢ Z1(A, HO(U,©)) by:

(3.19)

‘t . J—
A(x) ()\’ z) — Z ax|‘7(k)‘ (eXp(Qﬂ'l O'(k) ()\m+17 . e ,)\n)) 1) exp (27T1t0'(k) . (Zm-i-la o ’zn)) )
keN Mo (k)

Let us check the holomorphicity of A®)(X,-) on U for every ), the other condition being

clearly satisfied. To this aim, as exp(2nito (k);Z()\(ZL)+1’”'7)\n))_1 is bounded by I()) it suffices to

check that the series S := Y, . a®l 7" w1 |71 . |, [7(R)n=m s uniformly convergent on
D"~™. But this is clear since a® < 1.

Note that
(3.20) A® (v;,2) =0, Vze U, Vie{l,...,n—m}.

Take now s > 0 and 0 <y < ... <ws < 1. We will show that the classes of Al Alws)
are C-linearly independent in H'(A, H*(U, O)).

Suppose that this is not the case. Then there exist ci,...,cs € C, not all zero and a holo-
morphic function g on U such that

(3.21) ch )\, 2) = g(z 4+ X) — g(2).

From (20) and (B2I]) we deduce that g is (0,Z"")-periodic and therefore has a Fourier
series expansion

(3.22) g= Z 9oexp(27ito - (Zmats -5 2n))-
oezn—m\{0}

Using now (3.19) and plugging (3:22) in (3:21)), we get go = Y i, C Z“Ui‘z,il;)‘ if o = o(k) for

some k € N and g, = 0 otherwise. Therefore

- ¥ (3

o(k)ezn—m\{0}

xl\o

> eXp(QTFitO'(k’) : (zm—l-b s 7Zn))‘
No (k)

Since g is holomorphic, the following series is absolutely uniformly convergent on D"~

s z;i|o(k)]
a o o _
g1 := § ( § ¢ ) wm(—lf-)ll "'wn(k)" m
=1

o(k)€Zn—m\{0} Nlor(k)

A straightforward computation shows that |['o(k)R —* 7(k)||< al®®)| for some 7(k) € Z*™
entails 7, < 2ral?®) for all k. Tt follows that

1
L := limsup,———— >a" %

\U(k]\/na(k)

Set p = % We have p < a
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Define

zilo (k)|
S;=c; Z (a > wfn(f_)f ---wg(k)"*m.

kEN No (k)

We may suppose that all coefficients ¢; are non-zero. Restricting g and the series S; to D via
the diagonal embedding D — D"*™™ we get

(3.23) 51’]]]): glh]])—Sg‘]D)—... _Ss’]]])'

But the convergence radius of each S;|p equals a=%p and is thus lower or equal to a' =% and

also lower than 1. It follows that the convergence radius of the series appearing on the left
hand side of equation ([B.23)) is strictly smaller than the convergence radius of the right hand
side. This is a contradiction.

In fact the family A®, x € (0,1) provides an infinite set of linearly independent elements of
HY U,0). m

Corollary 3.5. Let X = C"/A be a Cousin group. Then A is strongly dispersive if and only
if HY(U, O) is finitely generated for every convex domain U in X.

4. DOLBEAULT COHOMOLOGY OF OELJEKLAUS-TOMA MANIFOLDS

In this section we will apply TheoremB.I]to determine the Dolbeault cohomology of Oeljeklaus-
Toma manifolds. We start by a brief presentation of their construction following [OT05].
Let Q C K be an algebraic number field with n embeddings in C, out of which s are real,
01,...,0: K — R, and 2t are complex conjugated embeddings, os41,...,0s4¢,Ostt41 =
Tstly---,0s49; = 0s44: K — C. Clearly, n = s 4+ 2t. In the sequel we shall only consider
algebraic number fields for which s,t > 1.

Let Ok be the ring of algebraic integers of K, and OR’JF be the group of totally positive units,
which is the subset of O consisting of those units with positive image through all the real
embeddings.

Consider the action Ok O H* x C! given by:
To(Wi, ..oy Wy Zgg1y- -y 2s4t) = (w1 +01(a), ..., 251t + 0syt(a)),

where H denotes the upper half-plane and the action (9;{’+ O H?* x C! given by dilatations,
Ru(wi, . We, 2ot 15 Zogt) 1= (W1 01(W), - ., Zogt - Osp(u)).

In [OTO5] it is shown that there always exists a subgroup U C (9;{’+ such that the action
Ox x U O H* x C! has no fixed point, is properly discontinuous and co-compact. We shall
call such a subgroup admissible. The Oeljeklaus-Toma manifold (OT, shortly) associated to
the algebraic number field K and to the admissible subgroup of positive units U is

X(K,U) := H*xC'/Og x U.

Note that the admissibility of U is equivalent to the fact that the action of U on R, by
w-(r,...,rs) = (o1(uw)ry,...,05(u)rs) is properly discontinuous and co-compact. By con-
struction, X (K,U) is a smooth fibre bundle over R,/U, which is diffeomorphic to a real
s-dimensional torus T®. Moreover, the fibre is again a real torus:

(4.1) TS & X(K,U) 5 T°,
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but the fibration is not principal (and of course not holomorphic). The submersion map 7 is
given by:

(4.2) m([wyy .. Wsy 21,0, 2]) = (Imwl,/...\,lmws).

We call X(K,U) of simple type if there exists no proper intermediate extension Q C K "cK
such that U C O;{,.

By [OTO05, Lemma 2.4] C*™/Of is a Cousin group and by Proposition 2.6] one has

Proposition 4.1. The discrete subgroup O is strongly dispersive.

Theorem [3.1] will be applied to the convex open subset (H* x C!)/O of the Cousin group
(cs—l—t /O K.

Warning: In the previous section, we denoted by U a convex domain in a Cousin group, but
for the rest of the exposition, U shall only stand for an admissible group of positive units.
Also n equals now s+2¢ and no longer denotes the dimension of the Cousin group we consider.
From now on, we use the notation X instead of X (K,U) for the Oeljeklaus-Toma manifold
and not for the Cousin group C**!/O.

Remark 4.2. In [MT15] the construction of Oeljeklaus-Toma manifolds was slightly gener-
alized by replacing the discrete subgroup O by an additive subgroup M of rank s + 2t which
is stable under the action of U. The resulting manifolds X (M,U) were shown to admit finite
unramified covers of type X(Ok,U). All our results extend without difficulty to this larger
class of compact complex manifolds. When s =t =1 the class of manifolds of type X (M,U)
coincides with the class of Inoue-Bombieri surfaces, [MT15, Remark 8].

By the Dolbeault isomorphism, Hg’q(X ) ~ HY(X,QP), where QP is the sheaf of germs of
holomorphic p-forms.

We shall compute H?(X, ) by using three instruments: the Leray-Serre spectral sequence
associated to the fibration (4.I]), Theorem 3.1l and Frolicher-type inequalities.

We denote by PE;" the Leray-Serre spectral sequence associated to (4I]) and the sheaf QP.
Then pE;’j = HY(T*, R 7,QP), where R/m,QP is the sheafification of the presheaf 7']1) given
by:

(4.3) TPW) = H (n (W), Q1 )5

for any open set W of T®. We use the notation 7:]1) from now on, instead of R7QP.

Lemma 4.3. For any 0 < p,j < s+t 7:;’ s the local system on T® associated to the
representation p : U — GL (N (p,j),C),

(4.4) p(u) = diag(or(u)7 (),

where N(p,j) = (s;t) (;), I runs through all the subsets of length p of {1,...,s+t}, J through
all the subsets of length j of {1,...,t} and for any K = {iy,...ix} C{1,...,s+1t}, ox(u) :=
oi (w)-... 04, (u), with the convention that if K C {1,...,t}, T (u) := ospiy (U) ... Tgtiy, (u).

Remark 4.4. In particular, when j > t, 7:]1) 1s the sheaf that vanishes on every open set of
T#. Note that 71(T*%) = U.
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Proof. We show first that 7373 is locally constant, namely, that for any x € T®, there exists
an open set W > x such that 73-1’|W is constant. Indeed, let W > x be a trivialization
open set for (1], which can be assumed, by shrinking it if needed, to be the image of an
open set Wi x --- x W, C RE,, where each W; C R~ is an open interval. Then for every
1 <j<sweset W; := R xiW; C H. This is an open convex set in H. We further set
Wi=Wix...x Wy CH’. By @2) n=1(W) =W x C!/Of. Since W x C! is an open convex
Ok-invariant subset of C*** and since O is strongly dispersive by Proposition 1], we are
in a situation where Theorem [3.1] applies.

By Theorem Bl applied to W x C! and Ok, we get that for any open convex trivialization
set W

] _— s+t\ [t .
(45) dime (w0090 ) = (51 (1) = M)
The basis of Hj(ﬂ_l(W),Qﬁr,l(W)) is, therefore, given by {[dz; A dz ;] | |I|= p,|J|= j, I C

{1,...,s+t},J C{1,...,t}}.
Since the set of convex open sets W is co-final, in the sense that

(TP =lmTP(V)=  lm  TZ(W).
Vox W3z, W convex

we have (7?3)96 = (7;73)96 = CNWJ) | meaning that 7:]7’ is locally constant.

In order to determine the corresponding representation of U, we need to check how an element
u € U acts on the basis [dz; A dz;]. From the definition of OT-manifolds, we have:

u*(dZ] VAN df]) = O'](U)EJ(U)dZ] NdZj

and consequently the representation associated to 7:]7) is precisely p. Since p is diagonal, we
deduce moreover that

(4.6) 7" =@ Ly,
1,J

where Ly j is the flat complex line bundle over T® associated to the representation pr j: U —
C*, pr(u) = or(u)o(u). m
Theorem 4.5. Any OT-manifold X satisfies the Hodge decomposition, in the sense that
dimeHjp(X) = > dimcHY(X, Q7).
p+g=l
Proof. By the Frolicher inequality, we have:
(4.7) dimeHjp(X) < > dimcHY (X, Q7).
p+q=l
Since PE;" = H*(X,QP), by a Frolicher type inequality, we get:
(4.8) dimcHY(X,9P) < Y dimeH'(T*, T7).
i+j=q
By (49), dimCHi(TS,fjp) = dimcHi(Ts,@LJ L;,7) and using now Lemma 2.4 in [IO], the
following holds:
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(4.9)

dimcH (T*, @5 Lr,s) = dime H'(T*) - #{I C{1,...,s +t},J C{1,....t} [ [I|=p,|J|=j, prs = 1}
1,J

(1.10) — (3) IS s+ 0T € e = p = o) 7 ) = 1)

Putting together (A7), (48] and ([9]), we have:

dimcHjp(X) < Y dimcHY(X, QF) <
(4.11) P =l
>y <j>-ﬁ{Ig{1,...,s+t},J§{1,...,t}]\I\:p,]J]:j,JI(u)-EJ(u)El}

p+q =litj =q
Using the fact that for any 1 < r < ¢, 054, (u) = 0s414+-(u), the last term of the inequality can
berewrittenas >, _, (Z)ﬁ{] = {i1, ... ipy C{L,..., 542t} [ o4, (u)-.. .04, (u) = 1,Vu € U}.
By Theorem 3.1 in [IO], this is exactly dim¢H, éR(X ). Hence all the inequalities above are
actually equalities and we obtain Hodge decomposition. m

Corollary 4.6. For any OT manifold X of type (s,t), dimcH'(X,0) = s.

Proof. By [OTO05], we know that b; = s and H(X, Q') = 0. Applying now Theorem [H] for
I =1, we immediately get dimcH'(X,0) =s. m

In [IQ] it is shown that the de Rham cohomology of an OT manifold X can be easily computed
if X satisfies the following condition:

Condition (C): ogy=1ifand onlyif [=J =0 or I ={1,....,s+t} and J = {1,...,t},
where o1 and @y are defined on U as in Lemma [{.3

Remark 4.7. From a number theoretical point of view, Condition (C) means that if a product

of embeddings oy, equals 1 on U then this must be a power of o1 - ... 0syo:. Moreover, it
automatically implies that X (K,U) is of simple type. Indeed, if there ezisted Q C K c K an
intermediate extension such that U C K, then there would exist a product Oiy - .. Oj giving

1 on U, where k= [K' : Q] < s+ 2t.

A specific situation when Condition (C) holds is when |os41(u) .= |osyt(u)|?, for any
u € U, as shown in the proof of [LOL Proposition 6.4]. Geometrically, this particular condition
is equivalent to the existence of a locally conformally Kdhler metric on X (K,U), as proven
in [OT05, Proposition 2.9] and in the appendixz of L. Battisti of [Dubl4], Theorem 8.

On the topological side, Condition (C) can also be interpreted as X(K,U) having the lowest
possible Betti numbers among the OT-manifolds of type (s,t), see [I0, Theorem 3.1].

P=

By a straightforward computation that results from (£I1]) being an equality, we also have the
following:

Corollary 4.8. If X satisfies Condition (C), then

dimcHY(X,0) = <Z> if ¢ < s, dimcHY(X,Q5"") = <q .

and the rest of the Dolbeault cohomology groups are trivial.

)ifq>t
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Remark 4.9. In [Kasl3] it is shown that any OT manifold X admits a solvmanifold presen-
tation I'\ G, in such a way that the natural complex structure on G is G-left invariant. It is
well known that the Lie algebra cohomology H*(g) injects into Hjp(X). If X satisfies Condi-
tion (C), one can check that the generators given in [IO] are G-invariant, hence the inclusion
morphism H*(g) — H}p(X) is an isomorphism. This and the Hodge decomoposition for X
gives an isomorphism at the level of Dolbeault cohomologies H**(g) = H**(X).

Corollary 4.10. If X is of simple type, then H*(X,Q%) = 0 = H(X, Q') and dimc H?(X,0) =
(3)-
Proof. By the proof of [OT05, Proposition 2.3], we deduce that if X is of simple type, then

for any different indices i1,y € {1,...,s+ 2t}, 04,04, : U — C* is not trivial and moreover,
by = (;) Therefore, using again ([4.I1]) for [ = 2, we obtain the stated dimensions. m

Finally by Corollary and Remark we get
Corollary 4.11. For an Inoue-Bombieri surface X one has dimcH'(X,0) = 1.
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