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Quantum entanglement is one of the most prominent features of quantum mechanics and forms the basis
of quantum information technologies. Here we present a novel method for the creation of quantum
entanglement in multipartite and high-dimensional systems. The two ingredients are (i) superposition of
photon pairs with different origins and (ii) aligning photons such that their paths are identical. We explain
the experimentally feasible creation of various classes of multiphoton entanglement encoded in polarization
as well as in high-dimensional Hilbert spaces—starting only from nonentangled photon pairs. For two
photons, arbitrary high-dimensional entanglement can be created. The idea of generating entanglement by
path identity could also apply to quantum entities other than photons. We discovered the technique by
analyzing the output of a computer algorithm. This shows that computer designed quantum experiments

can be inspirations for new techniques.
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In 1991 Zou, Wang, and Mandel reported an experiment
where they induced coherence between two photonic
beams without interacting with any of them [1,2]. They
used two spontaneous parametric down-conversion crys-
tals, where one photon pair is in a superposition of being
created in crystal 1 and crystal 2—which can be described
as [y) = (1/v/2)(|a)|b) + |c)|d)). The striking idea (origi-
nally proposed by Zhe-Yu Ou) was to overlap one of the
paths from each crystal (Fig. 1), which can be written as
|b) = |d). This method removes the which-crystal infor-
mation of the final photon in path d. In contrast to a
quantum eraser, the information here is not erased by
postselection. Instead, all photons arrive in the same output
irrespectively in which crystal they are created. The resulting
state can be written as |y)=(1/v2)(|a)+]|c))|d): one
photon is in path d, and its partner photon is in a super-
position of being in path a and c. There has been some
follow-up work in recent years in the areas of quantum
spectroscopy [3,4], quantum imaging [5,6], studies of
complementarity [7-10], optical polarization [11], and in
microwave superconducting cavities [12]. However, this
striking idea has not been investigated in the context of
quantum entanglement generation yet.

Here we show that by superposing photon pairs
created in different crystals, and overlapping the photons’
paths, one can generate very flexible experiments produc-
ing various types of entanglement, both in the multiphoton
and the high-dimensional regime. We start by present-
ing different schemes to produce various multiphoton
polarization-entangled states such as Greenberger-Horne-
Zeilinger (GHZ) states [13] and W states [14,15], and
contrast them with traditional methods of creating
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these states [16]. The method is then generalized to
high-dimensional multiphoton entangled states (such as a
four-particle three-dimensional GHZ state), which so far
can only be produced in a few special cases [17,18].
Furthermore, we present for the first time a method to
create arbitrary high-dimensional two-photon entangled
states, for example, arbitrary high-dimensional Bell states
in orbital angular momentum (OAM) or frequency of
photons.

Multiphoton entanglement in polarization.—First, we
consider four-photon polarization entanglement [Fig. 2(a)].

L7

1

(b)

(a) e

{7

FIG. 1. (a) The simplest example which uses the overlapping
modes has been discussed first in [1]. The two crystals (gray
squares) can produce one pair of photons (blue lines), either in the
first or in the second crystal with the pump beam depicted with
black lines. If the two processes are coherent and the photons
have the same frequency and polarization, it is not known in
which crystal the photons are created. In that case, the resulting
photon pair is in the state |y) = (1/v/2)(|a) + |c))|d). (b) A
simple sketch of the same experiment. For simplicity, we will use
this more abstract representation of physical experiments in the
rest of the manuscript.
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FIG. 2. Multiphoton entanglement with polarization. (a) In four
crystals, two photon-pairs are produced. Crystals 1 and 2 produce
horizontally polarized photons, while crystals 3 and 4 produce
vertically polarized ones. Four-photon coincidences can only
happen when crystals 1 and 2 fire together or when crystals 3
and 4 fire. This leads to a four-particle GHZ state |y) =
(1/v2)(|H,H,H,H) + |V,V,V,V)). (b) Entangled states with
more numbers of particles can be created in an analogous way—
here an n-photon GHZ state |y) = (1/v2)(|H.H.H,...)+
|V,V,V,...)) is shown.

Crystals 1 and 2 can produce horizontally polarized pairs,
while crystals 3 and 4 can produce vertically polarized
ones. The crystals are pumped coherently, and the pump
power is adjusted in such a way that we can neglect the
cases where more than two pairs are created. The idea is
that four-photon coincidences (i.e., one photon in each of
the four paths) can only happen either when the two pairs
come from crystals 1 and 2 or crystals 3 and 4. No other
event produces four-photon coincidences. For example, if
the pairs are produced in crystals 1 and 3, there will be two
photons in path ¢, but none in path b. The resulting four-
photon state can be written as (see Supplemental Material
[19] for a detailed calculation)

|l//> = (|HavHC> + |Hb9Hd> + |Va’ Vb> + |Vc’ Vd>)27
fourfold 1
-

w) 7

where H and V stand for horizontal and vertical polariza-
tion, respectively, and the subscript stands for the photon’s
path. The final result is a four-photon GHZ state. A realistic
diagram of the experimental setup as well as discussion
about requirements for temporal coherence and indistin-
guishability (applying the methods from [20] to the four-
photon case) can be found in the Supplemental Material
[19]. In an analogous way, by increasing the number of
crystals and the pump power, entangled states with more
photons can be created. In Fig. 2(b) the scheme for creating
an n-photon GHZ state is shown.

In contrast to our new method, the traditional way of
creating four-photon entangled states requires two crystals
each producing a pair of polarization entangled photons.
One photon from each crystal goes to a polarizing

(|Ha’Hb7Hchd> + |Va7 Vb7 Vc7 Vd>)’ (1)

beam splitter (PBS), which removes the which-crystal
information. Triggering on events where all four detectors
click, a four-particle GHZ |y) = (1/v2)(|H,H, H, H)+
|V,V,V,V)) state is created [21]. With that traditional
method, GHZ entanglement with eight photons [22,23] and
very recently, up to 10 photons have been created [24,25].

The new scheme does not need entangled photons to
start with. Furthermore, removal of the which-crystal
information using a PBS is not necessary, as it has never
been created in the first place. Our method does not use
cascaded down-conversion, as it has been shown in recent
letters producing multiphoton polarization entangled states
[26,27]. In our examples, stimulated emission does not
happen (which would introduce noise in the entangled
state), because the input modes into the crystal are orthogo-
nal to the output modes (for instance, having different
polarization). In other cases, such as for the generation of
the four photon W state (Fig. 3), stimulated emission can
happen, but its contributions to the four-photon coinciden-
ces are negligible.

Multiphoton entanglement in higher dimensions.—The
principle can be generalized to produce high-dimensional
multiphoton entangled states [28,29]. High-dimensional
entanglement has been investigated mainly in the two-
photon case [30-33], with two recent exceptions which
investigated three-dimensional entanglement with three
photons [17], and the teleportation of 2 degrees of freedom
of a single photon [34]. Figure 4(a) shows our proposal for
an experiment creating a three-dimensional four-party GHZ
state, starting from crystals which create separable photon
pairs. There are three layers of two crystals—i.e., six
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FIG. 3. W states, such as |y) =31(|VHHH) + |HVHH)+
|HHVH) + |[HHHYV)), represent a different type of multiphoton
entanglement. While the GHZ state is considered as the most
nonclassical state, a W state is the most robust entangled state
because the loss of one particle leaves an entangled state. Here,
fourfolds can only happen if both crystals 1 and 2 produce a pair
of photons, or crystals 3 and 4, or crystals 5 and 6, or 6 and 7.
Interestingly, in this setup, one photon from crystal 1 can
stimulate an emission in crystal 3. However, this will not lead
to fourfold coincidences, as there is no photon in path b. Thus,
this event can be neglected.
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FIG. 4. Multiphoton entanglement with high-dimensional
degrees of freedom (in this example: orbital angular momentum).
(a) The setup produces two photon pairs. Four-photon coinci-
dences can only occur when crystals 1 and 2 fire together, or
crystals 3 and 4, or crystals 5 and 6. The produced photon pairs
are all in the lowest mode (such as OAM = 0). After each layer of
crystals, a hologram increases the OAM of the photons (depicted
as a red line). After the third layer, photons from crystals 1 and 2
have an OAM = 2 and photons from the middle layer have an
OAM =1, which leads to a four-particle three-dimensional
entangled GHZ state [|y) = (1/+/3)(]0,0,0,0) + |1, 1,1, 1)+
[2,2,2,2))]. (b) The same technique can also be applied to
two-particle states to produce general high-dimensional states.
All crystals produce pairs of Gaussian photons. The red lines
indicate  OAM holograms, and the green lines indicate
phase shifters. For example, if the holograms are all OAM =
1 and the phases are ignored, then the final output state is
lw) =1(10,0) +[1,1) +]2.2) +[3.3)). However, if one
changes phases and the OAM in photon b, arbitrary four-
dimensional states can be created—for example all 16 four-
dimensional Bell states. By increasing the number of crystals,
more dimensions can be added.

crystals that are pumped coherently, and photon pairs are
created in two of them (because the pump power
is set to such a level that higher-order emissions can be
neglected).

Each photon from the first layer (crystals 1 and 2) passes
through two mode shifters, which in total shifts its mode by
+2. In the case of the OAM of photons [35], mode shifters
are holograms which add one unit of OAM to the photon
(an analogous method could be done with discrete fre-
quency or time bins [36,37]). Photons from the second
layer (crystals 3 and 4) pass through one mode shifter,
while the photons created in the uppermost layer (crystals 5
and 6) stay in their initial mode. The resulting four-photon
state can be described in the following way (see
Supplemental Material [19] for details):

W) = (120 2a) + 125, 2) + [1as 1e) + 15, 14) + 104 0p)
+10.04))%, (2)

where 0, 1, and 2 stand for the mode number (such as the
OAM of the photon), and the subscript denotes the photon’s
path. In the same way as before, by neglecting cases where
more than two photon pairs are produced, one finds that a
fourfold coincidence event in detectors a, b, ¢, and d can
only be created either if crystals 1 and 2 fire together, or
crystals 3 and 4, or crystals 5 and 6. This leads to

fourfold 1
i

lw) 7
+ ‘Oaaobvoz?’od»' (3)

(‘2a72b’20v2d> + |1a7 1ba lc’ 1d>

Our idea can further be generalized to cases of more than
four photons. As an example, a scheme for six photons
entangled in five dimensions is shown in the Supplemental
Material [19]. In general, adding additional columns (and
increasing the pump power) increases the photon number 7,
while adding additional layers increases the dimensionality
of entanglement d. That allows for the creation of arbitrary
n-photon states entangled in d = n — 1 dimensions (for
even n and d = n, for odd n when one photon is used as a
trigger). Furthermore, symmetries of the states can be
exploited which leads to a vast number of available
entangled states (such as asymmetrically entangled states,
which exist only when n and d are both larger than two
[28]). A detailed analysis of which states can be produced
in this way is given in the in the Supplemental
Material [19].

The efficiency, E, of state generation is the probability
of getting a desired state from all n-fold photon terms.

The GHZ state has an efficiency of E = W other

states have higher efficiencies (details in the Supplemental
Material [19]). The efficiency of this method and the
commonly used technique for polarization GHZ states
are the same [24]. The expected efficiency of a
three-dimensional three-photon GHZ state (the only
high-dimensional GHZ state where the experimental imple-
mentation is known) with our new technique is signi-
ficantly higher than the known technique [18].

Two-photon arbitrary high-dimensional entanglement.—
Finally, we show that the same technique can be applied to
generate arbitrary high-dimensional entangled two-photon
states, starting again with only separable (nonentangled)
photon pairs. As shown in Fig. 4(b), four crystals are set up
in sequence (only one photon pair is produced) and their
output modes are overlapped. Between each crystal, one
adds arbitrary phase shifters and mode shifters. That allows
for adjusting every individual term in the superposition
independently. For example, with all phases set to ¢ =
(z/2) and all mode shifters being +1, the setup creates
ly) =3(/0,0) + i1, 1) —]2,2) —i[3,3)). The dimension
can be increased by increasing the number of layers
(crystals); the minimum number of layers for creating a
d-dimensional entangled state is d.
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Traditional methods for producing high-dimensional
entanglement exploit the entanglement produced directly
in a crystal. Such methods can only produce very restricted
type of states. Furthermore, those states are never max-
imally entangled and have low rates of production. Our
technique overcomes these restrictions and can produce
arbitrary high-dimensionally entangled two-photon states.
We can also tune the amount of entanglement in the
following ways: (i) by adjusting the pump laser power
between different crystals, we can produce nonmaximally
entangled pure states; (ii) by pumping the crystals with
pumps that are not fully coherent to each other, we can
produce entangled mixed states.

The number of photon pairs created does not depend on
the number of crystals in the experimental setup. For
example in Fig. 4(b), even though there are four crystals,
only one photon pair is created. Therefore, the expected
two-photon rate is of the same order as in a conventional
single-crystal source. Moreover, our method requires only
separable photon pairs to begin with. Therefore, for the
OAM of photons, the production rates can be significantly
higher than the rate achievable with a traditional method
(where higher-dimensional entanglement is created directly
in the crystal). This is because it is substantially easier to
create photon pairs in zero-order (Gaussian spatial mode)
than in higher-order modes.

Interestingly, the simplest special case of the technique
presented here is a commonly used source of two-photon
polarization entanglement. The so-called cross-crystal
source uses two crystals, one after the other, where the
first one can create a horizontally polarized photon pair,
and the second one creates vertically polarized photon
pairs [38]. Pumping both crystals at the same time and
producing one pair of photons, one can create a |y) =
(1/v2)(|H, H) + |V, V)) state. That technique can now be
seen as a special case of a much broader technique to
produce highly flexible high-dimensional multiphoton
states in various degrees of freedom, by exploiting the
superposition of photon-pair origins and overlapping of
paths of photons.

To conclude, we investigated new types of photonic
entanglement generation by combining two methods. First,
photon pairs which originate from different crystals are
coherently superposed. Second, we aligned photon paths to
manipulate the structure of the entangled state. It allows for
the generation of very general quantum entangled states for
high-dimensional and multiphotonic systems. Our method
can be favorably suited for photonic quantum computation
schemes, particularly in miniaturized compact devices.

Topics for future research involve the following: explor-
ing the relationship of generating entanglement by propa-
gation, detection, and post selection [39], by using the
indistinguishability [40—42], or by using linear optics [43];
treating the temporal coherence (such as investigated in
[20] for two-photon states) in general for multiphoton

experiments; generalizing the creation of entanglement by
path identity (or more generally, the identity of some degree
of freedom) to other quantum entities, e.g., microwave
superconducting cavities [12], atomic systems [44,45],
trapped ions [46], or superconducting circuits [47].

Finally, we discovered this technique by analyzing the
output of a computer algorithm which designs new quan-
tum optical experiments [18]. From there, we generalized
the idea (see Supplemental Material [19]). It shows that
automated designs of quantum optical experiments by
algorithms can not only produce specific quantum states
or transformations, but they can also be a source of
inspiration for new techniques—which can further be
investigated by human scientists.
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