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Abstract

Using a combination of techniques from conformal and complex geometry, we show the
potentialization of 4-dimensional closed Einstein-Weyl structures which are half-algebraically
special and admit a “half-integrable” almost-complex structure. That is, we reduce the
Einstein-Weyl equations to a single, conformally invariant, non-linear scalar equation, that we
call the “conformal HH equation”, and we reconstruct the conformal structure (curvature and
metric) from a solution to this equation. We show that the conformal metric is composed of: a
conformally flat part, a conformally half-flat part related to certain “constants” of integration,
and a potential part that encodes the full non-linear curvature, and that coincides in form
with the Hertz potential from perturbation theory. We also study the potentialization of
the Dirac-Weyl, Maxwell (with and without sources), and Yang-Mills systems. We show
how to deal with the ordinary Einstein equations by using a simple trick. Our results give a
conformally invariant, coordinate-free, generalization of the hyper-heavenly construction of
Plebaiiski and collaborators.

1 Introduction

One of the main connections between the notions of integrability in complex geometry and in
differential equations is given by Penrose’s twistor theory [I, 2], which relates solutions to the
self-dual (SD) Einstein vacuum equations to integrable almost-complex structures on twistor
space. While in this approach the complex structure is defined on the latter space, one can
also understand the Ricci-flat, SD conditions in terms of (orthogonal) complex structures on the
4-dimensional (4d) manifold, via Plebariski’s ‘heavenly equations’ [3]. These equations encode
the SD Einstein equations into a scalar PDE for a potential, in terms of which the metric and
curvature can be fully reconstructed; this approach then leads to a “potentialization”.

The Ricci-flat, SD equations are equivalent to the hyperkéhler condition (see e.g. [4]): there
is a 2-sphere of orthogonal complex structures with respect to which the metric is Kéhler. Ple-
banski’s work [3] involves complex 4-spaces, so one should talk about a complex hyperkdhler
structure, i.e. the “complex structures” are complex-valued map.

Plebariski’s first heavenly equation translates the Ricci-flat condition to a non-linear scalar
PDE (a Monge-Ampére equation) for the Kéhler scalar associated to a choice of complex struc-
ture. This form of the equation involves symmetrically both holomorphic and anti-holomorphic
coordinates, or in other words, both eigenspaces of the complex structure. Alternatively, the
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Ricci-flat equation can also be encoded in Plebariski’s second heavenly equation, which is a
scalar (non-linear) “wave-like” equation such that only one of the eigenspaces of the chosen com-
plex structure is manifest. This second point of view is more appropriate for the generalization
to the ‘hyper-heavenly equation’ of Plebanski and Robinson [5].

In addition to leading to major simplifications in the study of the SD Einstein equations,
Plebanski’s scalar potentials have found many applications in different areas of current interest,
such as in supersymmetry [6], algebraic geometry [7, 8], and scattering amplitudes [9]. The self-
duality condition, however, is a strong restriction on the curvature. From the complex geometry
perspective, self-duality is encoded in the hyperkéhler structure, but the heavenly equations
involve the choice of only one explicit complex structure out of the 2-sphere of them. One may
then wonder whether the potentialization result can be extended to the case where there is
only one complex, non-Kéhler structure. The removal of the Kéhler condition also allows to
consider the possibility of a conformally invariant generalization, given that the integrability of
an orthogonal almost-complex structure is a conformally invariant property. In this work we
study these questions, assuming a half-algebraically special (instead of self-dual) Weyl tensor.

These questions, and the results we obtain, are closely related to (and inspired by) the
hyper-heavenly (HH) construction of Plebariski and collaborators [5 10} [I1], who extended the
heavenly formalism to the reduction of the full vacuum Einstein equations for an algebraically
special (complex) 4-space to a single non-linear scalar PDE (the HH equation), by exploiting the
existence of a special set of four complex coordinates adapted to a foliation by “null strings”.

Our main result is the generalization of such a potentialization to a conformally invariant
setting or, more specifically, to (4d) closed Einstein-Weyl structures@, as well as a coordinate-
free formulation based on the invariant structures associated to complex geometry. See [12] for
a review of Einstein-Weyl geometry. We derive a (coordinate-free) “conformal HH equation”,
and reconstruct the conformal structure (curvature and metric) from a solution to this equation.
We comment on relations to perturbation theory, and also study the potentialization of the
Dirac-Weyl, Maxwell (with and without sources), and Yang-Mills systems.

Our method is based on an involutive, maximally isotropic distribution on the tangent bundle.
Recall that, in dimension n, this is a subbundle L such that g|; = 0 (isotropic), it is (n/2)-
dimensional (maximal), and it satisfies [L,L] C L (involutive). This immediately suggests a
connection with complex geometry and twistor theory. More precisely, for an n-dimensional
orientable Riemannian manifold, we have the isomorphisms (for a given choice of orientation)

orthogonal almost ~ Jmaximal isotropic| projective
complex structures | subspaces ~ | pure spinors

(1.1)

see [I3 Chapter IV, Propositions 9.7 and 9.8]. This means that, at least in the Riemannian
setting, we can understand complex structures, isotropic subspaces, and projective (pure) spinors
as different aspects of essentially the same object: twistor space. This space can, itself, be given
a natural almost-complex structure, and the Atiyah-Hitchin-Singer theorem [14] establishes that,
in 4d, this is integrable (and thus the twistor space is a complex three-fold) if and only if the
Weyl tensor is SD.

On the other hand, suppose that a specific element (as opposed to the whole space) in
one of the spaces in (LLI) has some special property, then this translates into some special
conditions for the associated elements of the others. In particular, an involutive isotropic subspace
corresponds, on the one hand, to an integrable almost-complex structure, and on the other hand,
to a (projective, pure) spinor field satisfying some differential equation. These equivalences give
a unified perspective on the structures that lead to the integration procedure in this work.

2We will not be concerned here with conformal gravity in the sense of the Bach-flat equations.



An important point, however, is that the isomorphisms (LT]) are valid for Riemann signature,
but in this work we are interested in working with generic signature (or complex metrics). Let
us restrict the discussion to four dimensions. All spinors in 4d are pure, so purity is not an
extra condition here. It is clear that a projective spinor defines a maximal isotropic subspace
and viceversa, so the issue is the equivalence with complex structures. First, recall that an
orthogonal almost-complex structure is a (1,1) tensor J that squares to —1 and that preserves
the metric. Ignoring for the moment reality conditions, one can show [15] that in any signature
(Riemann, Lorentz or split), this map is equivalent to two projective spinors with the same
chirality. This is a point in a complex sphere CS? = (CP! x CP!)\CP!. Reality of .J then
translates into reality conditions for spinors. In Riemann and split signature, spinor complex
conjugation preserves chirality so J is real as long as its defining spinors are ‘real’. This reduces
CS? to a real sphere CP! = S? in the Riemannian case, and to a hyperboloid CP*\RP! in split
signature, so, in both cases, J is equivalent to only one projective spinor. In Lorentz signature,
by contrast, spinor complex conjugation changes chirality, and this translates into the fact that J
is necessarily complex—valuedﬁ. Therefore, for Lorentz signature, the isotropic subspace L defines
only “half” of J. In the present work, either .J is fully determined by the geometry (Riemann and
split signature), or we can choose the other half at will (Lorentz signature and complex metrics);

see section 2011

In any case, the involutivity of L implies some notion of “integrability” for J. In Riemann
and split signature this is just the usual notion, whereas in Lorentz signature (and complex
metrics), we have “half-integrability”: since the eigenspaces of J are not related, only “half of J”
is integrable. We also mention that two actually different notions of “halves” are involved in this
work, but we postpone this discussion to section 2411

Now, even though the heavenly equations may involve the choice of only one explicit complex
structure, the hyperkéhler condition is still implicitly used, since the existence of a parallel spin
frame is assumed (see [3 Eq. (1.34)]), and this implies SD curvature. That is, even though
only one point of the “sphere” CS? is made explicit, the special structure of the rest still plays a
central role. In our work we choose a half-integrable J but there are no other special conditions,
apart from half-algebraic speciality of the Weyl tensor. However, it turns out that a choice of J is
sufficient to construct a general formalism that, when restricted to special conditions, somehow
mimics, in a conformally invariant manner, the features of hyperkdhler that are needed. The
price to pay is, loosely speaking, that the whole construction is tied to such a specific J. In more
concrete terms, J produces a conformally invariant connection, which we denote by C, = C4 4/,
see section Half-integrability of J, together with algebraic speciality of the Weyl tensor,
imply that the projective spinor field o associated to the involutive eigenbundle satisfies

GAAIOB =0, [OAGAA/, OBGBB/] =0, (1.2)

where the commutator acts on any (primed or unprimed) spinor field. These two conditions are
sufficient to construct the two key objects that underlie our procedure in practice: (i) a special
de Rham complex, whose local exactness leads to the existence of potentials, and (iz) parallel
frames for all the relevant fibre bundles involved. Notice that in twistor theory, operators of the
form 04V 44 also play a special role since they represent differentiation along twistor surfaces;
in addition, the analogue of the second equation in (L2) corresponds to SD curvature. The
difference is that, in that case, the spinor field o varies over the whole sphere since there are
no preferred complex structures, whereas here o is fixed and this changes Vg4 to Cg4:. We
illustrate this in Fig. [l for the Riemannian case.

3There are different ways to see that J is complex-valued, see e.g. the work of Flaherty [16], [17]. See also
remark 2] below.



integrable J 2d twistor space

Figure 1: The 2-sphere CP' = S? of orthogonal almost-complex structures in Riemann signature. For a
hyperkihler geometry, all points in S? are equivalent in the sense that they all define integrable J’s. In
turn, each J defines a 2d twistor space, which is a fiber of the 3d twistor space over CP! (see [15, Section
5.2]). In the present paper, only one J (i.e. one point in S2, or more generically CS?) is privileged, and
all geometric constructions, such as the connection C,, are adapted to this J. The only remaining twistor
structure is a 2d twistor space associated to the (half-)integrability of J.

Overview. In section2we give the necessary background for the rest of the work: Einstein-Weyl
systems, almost-complex structures, the formalism of the complex-conformal connection €44/,
the integration machinery based on special de Rham complexes, and a notion of “formal solutions”
and “constants of integration” that are needed in later sections. In section[3we study linear fields:
the Dirac-Weyl and Maxwell systems; and in section [4] we generalize the construction to the non-
linear Yang-Mills fields. In section [l we analyse closed Einstein-Weyl structures, deriving what
we call the “conformally invariant HH equation”, and showing also how to study the ordinary
Einstein equations from this perspective. In section [0l we reconstruct the conformal structure
in terms of a solution to the conformal HH equation. A summary and conclusions are given in
section [[1 We include three appendices with additional identities and details of calculations.

Notation and conventions. We work with 4d, orientable “spacetimes” which can be complex
or real-analytic, with generic signature. We follow the notation and conventions of Penrose and
Rindler [I8, [19]; in particular, we will use the abstract index formalism. Abstract indices are
a,b,c,...., A,B,C,..., A,B',C’,...and i, j, k, ... for, respectively, spacetime, left and right spinors,
and Yang-Mills objects. We also follow the usual convention of associating tensor indices with
pairs of spinor indices of opposite chirality, that is a = AA’, b = BB’, etc. Where explicitly
stated, concrete numerical indices will also be used, and they are the boldface counterparts
of their abstract versions, namely a,b,... = 0,...,3; A,B,... = 0,1; A/, B/,... = 0,1} i,j,... =
1,...,n. In addition, following also the notation in [I8], we will often denote an arbitrary collection
of abstract spacetime/spinor (not Yang-Mills) indices by <7, that is (see [I8] pp. 87-91])

o7 = PRr (13)
Related work. Our work is inspired in the hyper-heavenly (HH) construction of Plebanski
and collaborators [5], 10, [IT]. This construction was studied and developed further mainly in
the 80s; we mention in particular the works by Torres del Castillo [20], Hickman and McIntosh
[21], Rozga [22], and Jeffryes [23]. This last work analysed exhaustively several systems, in
particular the coupled Einstein-Yang-Mills equations, and we will find some parallelisms among
Jeffryes’ results and ours (we mention however that we do not treat the coupled Einstein-Yang-
Mills system). Regarding the study of complex structures in relativity, we mention the works
of Flaherty [16, [I7]. The relation between complex structures and conformal connections was
noticed by Bailey [24]. Finally, we would like to mention the works of Bailey [25] and Penrose
[26, 27] about a complex surface in projective twistor space (what we call a “2d twistor space”).



2 Complex and conformal geometry in 4d

2.1 Einstein-Weyl systems

Let M be a manifold equipped with a metric g,,. A conformal transformation is a map

Gab = 2 ab, (2.1)

where 2 is a positive-definite, smooth scalar field. The conformal class of metrics associated to
Jab 18 [gap] = {2%gap | Q2 € C®(M),Q > 0}, and we call the pair (M, [g4]) a conformal structure.
A Weyl connection for the conformal structure is a torsion-free, linear connection V}  such

that for any representative gup € [gap], it holds Vi¥gp = —2wagpe for some 1-form w,, that
we call the “Weyl 1-form”. It follows that for any other representative o, = Q?gq, one has
VG = —2WaGpe, Where W, = w, — 0 log Q. A conformal structure equipped with a Weyl

connection is called a Weyl manifold [12]. Given a particular gu € [gap], With Levi-Civita
connection V,, the relation between V¥ and V, when acting on an arbitrary tensor, say T,°, is

VT = VT’ — Ko Ts¢ + Kaa®Ty?,

where K¢ = wqp + W05 — Weg“Gab-

The curvature tensor of V', which we denote by becd, is introduced as usual by [V, V}:’]vd =
Ry cdvc for any vector field v®. The Einstein- Weyl equations are the condition that the symmetric,
trace-free part of the Ricci tensor of V7 vanishes, which is equivalent to

Ry + R, = AV gap, (2.2)

abc cba

for some function \¥. Unlike the ordinary Einstein case, the function AV is generally not constant,
unless one requires some other special conditions.

A closed Einstein-Weyl manifold is a Weyl manifold in which, besides (2.2]), the Weyl 1-form
is closed, dw = 0. It is, therefore, locally exact: there exists, locally, a scalar field w such that

Wo = 0 logu, (2.3)

where v transforms under conformal rescaling (1)) as u — Q~u. In this work we will focus on
closed Einstein-Weyl systems. For this case, the function AV in ([2.2]) is actually constant [12].
We give the spinor decomposition of RY, ¢, for the case in which (Z3) holds, in appendix [Al

abc

2.2 Almost-complex structures

For the purposes of this work, an orthogonal almost-complex structure on a 4-manifold equipped
with a metric ggp, is a tensor field J% such that J%.J¢ = —8% and gegJ % J% = ga». Notice
that these conditions are conformally invariant. The usual definition also requires J%, to be
real-valued. Ignoring for the moment reality conditions, one can show [15] that any such map
is equivalent to two independent projective spinors with the same chirality. More explicitly,
choosing for concreteness negative chirality (i.e. unprimed spinors), J%, is equivalent to two
projective spinors [04], [14] via

Jab = i(OALB + LAOB)5A/B/, (2.4)

where we chose the normalization 0404 = 1 (otherwise the factor (oct®)~! should be included
in the right hand side of (Z4), see [I5]). Recalling that o and ¢ should really be thought of as
projective spinors, if we want to preserve the normalization the possible rescalings are

ot = No?, A LA (2.5)



This is the basic ‘gauge freedom’ associated to the ‘GHP formalism’ (see e.g. [I8, Section 4.12]);
here we see that it arises from the inherent ambiguity in the representation (2.4]) of an orthogonal
almost-complex structure.

The (+i)- and (—i)-eigenspaces of J%, here denoted L and L, are respectively spanned by

/ / . / /
vectors of the form (Pv? and oPu? for varying v® and p? .

Regarding reality conditions, we see that, since J%, can always be expressed in the form
@34) for some [04],[t] (with 0at? = 1), these conditions are reflected in the possibilities of
having ‘real spinors’. For genuinely complex manifolds, there is no meaning of reality conditions
for a tensor (or spinor) field, see [19, Section 6.9]. For Riemannian signature, spinor complex
conjugation t preserves chirality, so J%, is real as long as 14 = 02. Similarly, in split signature
J% is real provided that the condition 74 = 04 holddl. Finally, in Lorentz signature there is no
invariant notion of real spinors, so J%, cannot be real either.

For real J%, (Riemann and split signature), the eigenspaces L and L are complex conjugated
of each other: L = L. For complex J% (Lorentz signature and complex manifolds), L and L
are independent. For this reason, we use a tilde for objects associated to the eigenspace L (see
e.g. (ZI1) below). The fact that L and L are independent in Lorentz signature gives rise to the
phenomenon of “half-integrability”, which we will discuss in Section 2.4l below. This phenomenon
has no analogue in Riemann signature; but it also appears in split signature, more precisely in
para-complex geometry.

In this work we will not specify the metric signature, but only make some comments through-
out regarding special features that are particular to each case. One can also take the point of
view that everything is complerified from the beginning, and then the different cases can be
recovered by the imposition of appropriate reality structures, see [28], [29)].

Remark 2.1. After the completion of this work, we learned about some very interesting works
in the literature [30] 31], 32] dealing also with the Lorentzian analogue of a complex structure, in
which the terminology of (almost) null, Robinson, and optical structures is used. Since here we are
leaving the signature unspecified, we will continue to use the term “almost-complex structure”,
but the terminology of [30, B1] B32] mentioned above is more appropriate for the Lorentzian
case. In addition, the formalism developed in [32] will likely be useful for analysing the possible
generalization of some of the results in the present work to higher dimensions.

2.3 The complex-conformal connection C,

There is an intimate link between Weyl connections and orthogonal almost-complex structures, as
follows from Lee’s construction [33]: there is a natural Weyl connection for conformal manifolds
with a non-degenerate 2-form. We know that an orthogonal almost-complex structure J%, gives
automatically a non-degenerate 2-form, namely, the fundamental form wy, = gp.J associated
to a conformal representative g,;. The associated Weyl 1-form is called Lee form, and will be
denoted by f,. In four dimensions, and in terms of the Levi-Civita connection V, of gu, it is
given b

fo=—3T0.VyJC. (2.6)

We will denote the corresponding Weyl connection by Vg. Recall that this is defined by the
condition Vggbc = —2fuGbe-

“Even though the basic spinors in split signature are real, the ones appearing in (Z4) must be complexified
versions (this follows from the fact that o, .4 are principal spinors for J%), see [I5, Remark 3.9].

°In GHP notation, f, can be expressed as fo = p'la + pna — T'Ma — Ta, where £y = 0apiar, Na = LaVA/,
Ma = 0ava and Mg = tapiar, and piar, 4 is an arbitrary primed spin frame with g 0?4 = 1.



In the following we give a brief review of the construction of the complex-conformal connection
C, that is central to this work; for further details we refer to [34], 35| [15].

The gauge group for the frame bundle F' of the conformal structure i ¢ = Spin(4) x Rt
where Spin(4) is the spin group appropriate to the choice of signature. For concreteness let us
focus on the complex case, Spin(4,C) = SL(2,C) x SL(2,C), but the construction can also be
done in the other cases as well, with minor modifications. Spinor fields over M (including tensors
and scalars) transform under representations of GG, and should be thought of as sections of vector
bundles associated to F. However, a choice of almost-complex structure J%, gives a reduction
of G to the subgroup that preserves it. Taking into account our choice of normalization for the
spinors representing J%, this subgroup is G, = C* x SL(2,C) x R*. Denote by F, the principal
bundle over M with structure group G,. Spinor fields now transform under representations of
G,. Such representations can be characterized by two real numbers, which we call weights and
are defined as follows. If, under the transformations (Z1)) and (7)), a spinor field ¢ (recall the
notation (L3])) transforms as

07 — NPQUp7 (2.7)

where A € C*, Q € RT, then we say that the field has ‘GHP weight’ p and ‘conformal weight’ w.
Fields transforming this way are to be thought of as sections of vector bundles associated to Fy;
these bundles will be denoted by S, ,,. The notion of weights is simply a reminder of the ‘gauge
freedom’ associated to a choice of spinors and metric from the equivalence classes.

It will be convenient to think of p and w as functions that take fields and return real numbers,
so that we will use the notation p(p?) and w(¢?). For example, a metric in the conformal class
has weights p(gqp) = 0 and w(ga,) = 2, and the almost-complex structure has weights p(J%,) = 0,
w(J%) = 0. The spinors o and 4 have weights p(o?) = 1, w(o?) = w® and p(1?) = —1,
w(t4) = w', where w and w! can be chosen at will as long as they satisfy w® +w! +1 = 0.
Here we will choose

w =0, w'=-1 (2.8)

The Weyl connection V£ gives a local connection 1-form in F. In turn, the reduced bundle
F, inherits a connection from the reduction. This 1-form allows to define a covariant derivative
on the associated bundles S, ,,. We denote this covariant derivative by C,. Its action on a generic
spinor field p? with weights p and w is explicitly

Cop” = Vo™ + (wha + PPa)p”, (29)
where P, := 15V!oP (for the choice (Z8)). Under a transformation (Z.7)), it holds
Cap” — APQYCLp7 . (2.10)

Of central importance to this work are the projections of €, to the eigenbundles of J. We
define

éA/ = OAGAA/, Car = LAGAA/. (2.11)

These operators correspond to covariant differentiation (of sections of S, ,,) along vectors in L
and L respectively: if P, P are the projectors to L, L, then Cu and Cu correspond to €py and
Cpx for any vector field X.

In appendix [Bl we give some details and identities for the curvature of C, and the operators
(211D, both for arbitrary spacetimes and for the special spacetimes considered in this work.

SFor simplicity we consider real conformal rescalings.



2.4 Half-integrability

In Riemann and split signature, an orthogonal almost-complex structure is said to be inte-
grable if its (—i)-eigenbundle L is involutive under the Lie bracket of vector fields. Since the
(41)-eigenbundle is the complex conjugate, it is then also involutive. In Lorentz signature, the
eigenbundles are independent, so involutivity of one of them does not imply involutivity for
the other. For this reason we talk about “half-integrability” in this work, and we say that J is
“half-integrable” if only one of its eigenbundles is involutive.

The following discussion applies to any signature. Let J be an orthogonal almost-complex
structure, and let o, 14 be the spinors representing it as in (Z4]). A calculation shows (see [15])
that the eigenbundle L is involutive if and only if the spinor field o? satisfies the equation

040PV g 05 = 0. (2.12)

We call this equation the “shear-free condition” on o, since, in Lorentz signature, when (ZI12)

holds it implies that the real vector field 044 is tangent to a null geodesic congruence which
is shear-free; see [19, Chapter 7]. Using identity (B.2al), we see that (ZI2) is equivalent to the
equation

GAAIOB =0, (2.13)

thus, integrability is encoded in parallel spinors under C,. We notice though that (ZI3) is
actually a non-linear equation for o, since €44 also depends on o? via the associated J.

Besides the integrability property (ZI2)), in this work we also require 0 to be a repeated
principal spinor of the Weyl tensor, i.e. we require o to satisfy

U 45cpoPofol =0 (2.14)

where W 4pcp is the anti-self-dual (ASD) Weyl curvature spinor of the conformal structure. We
then have the following;:

Proposition 2.2 (See [35, [15]). When @I2) and ZI4) hold, the operator € 4 defined in (21T
satisfies

[Car,Cr] =0 (2.15)
when acting on any weighted spinor field ¢ .

Alternatively, (215) can be written as A€y =0. In practice, this is the condition we will
use to find potentials: if a spinor field satisfies G4’ 4 = 0, then, roughly speaking, CA'C 4 = 0
implies that there is ¥ such that ¢4 = e A%. In order to make this more precise, in section
we will introduce a special exterior derivative and its associated de Rham complex.

2.4.1 Two different notions of “halves”

We make a small digression here to comment on two different meanings of “halves” regarding
complex geometry in different signatures. This is originated in the different possibilities for spinor
complex conjugations: in the Riemannian and split cases, this conjugation preserves chirality of
the spin-spaces, and in the Lorentzian case it interchanges the chiralities. In all cases, the space
of orthogonal almost-complex structures has two components, one of them associated to positive
chirality and the other one to negative chirality.

In Riemann and split signature, the requirement that an almost-complex structure be real-
valued translates into the condition that the two spinors in (2.4 are complex conjugated from
each other, and this implies that there is no notion of half-integrability. On the other hand,



positive and negative chirality spinors are independent, which means, for example, that the
SD and ASD Weyl spinors U apcp and W pop are independent, so one can talk about one
“side” being special while the other one remains general. In particular, this makes the twistor
construction in Riemann signature non-trivial: the twistor space is a complex 3-fold if and only
if all orthogonal almost-complex structures in M are integrable, and this implies W apcp = 0;
but one still has a non-trivial geometry since ¥ 4/p/cvpr remains general.

In Lorentz signature, we mentioned that an orthogonal almost-complex structure is necessar-
ily complex-valued, and this implies that the eigenspaces are independent, so we have a notion of
half-integrability. On the other hand, positive and negative chirality spinors are related by com-
plex conjugation, and this means that the SD and ASD Weyl spinors are complex conjugated,
U apcop =Wapcp. As a consequence, unlike the rest of the cases, there are no two “sides”
regarding the curvature.

In summary, let us denote the eigenspaces of an almost-complex structure by L, L, the spin-
spaces with opposite chirality by S, S/, and complex conjugation by a bar ~. In Riemann and
split signature, we have L = L and S # §’, and in Lorentz signature L # L and S = §'.

2.5 De Rham complexes

Given an involutive distribution D on the tangent bundle, a simple way to associate a natural
de Rham complex to D is to observe that D has the structure of a Lie algebroid. See e.g. |36
Section 3.1|. Then the distribution comes automatically with a natural exterior derivative for
differential forms over D, together with an associated de Rham complex.

Taking as our involutive distribution the eigenbundle L, the above is the basic logic that
allows us to deduce the existence of potentials. However, we need a slight generalization of this:
we need to consider differential forms over L with values on the weighted spinor bundles Sp,w of
section 23l That is, denoting A¥ = AFL*, we need to consider the space A¥ @ Sp.w- Notice that
elements of the dual L* are of the form 1k 4/ for varying s 4.

The first problem that arises when replacing A by differential forms with values on a vector
bundle is that one needs a connection for the latter structure (i.e. a covariant exterior derivative).
In our case this is easily solved, since for S, ,, we have the complex-conformal connection €, of
section 2.3l The second problem is that, in order to get a differential complex, the resulting
covariant exterior derivative should square to zero. This will follow from (2Z.I5]).

Since L is 2-dimensional, we have AF = @) for k > 2, so we only need to consider 0-, 1- and
2-forms. Mimicking the definition for the Lie algebroid differential (which in turn mimics the
ordinary exterior derivative), we introduce

d®: T(A* @ S,.) = T ®S,.) (2.16)
by its action on S, ,-valued 0- and 1-forms (recall the notation (L3])):

(d®h)” (X) = exh?, (2.17a)
(d%w)” (X,Y) = Cxw? (V) — Cyw? (X) — w([X,Y]e). (2.17b)

where b7 € A'® Sp.ws w? € A'® Spw, X and Y are sections of L, and we are using the bracket
[X,Y]e = CxY — CyX. We also make the convention that <7 does not include the differential

form indices from A*. To compute (dé)Q, we only need to consider 0-forms, since (dé)Qw% =0
for any 1-form w? (on account of the 2-dimensionality of L). From (ZI7a)-(@I7h), we find:

[d°d°R)” (X,Y) = CxCyh” — CyCxh” — Cix.yi h7,



so we see that (dé)2 is given by the curvature 2-form of €, evaluated on elements of L. More
explicitly, since X,Y € I'(L), we have X = o254 Y = 024 for some 74, . Then a short
calculation (analogous to the proof of lemma 4.8 in [15]) gives

[%d%h)7 (X, V) = 3P CuwCA Y.
By virtue of (2.I5)), the right hand side vanishes, so we have indeed (dé)2 = 0. In other words:

Lemma 2.3 (See Eq. (3.27) in [35], and Lemma 4.8 in [I5]). Suppose that o? is shear-free and
a repeated principal spinor, eqs. (212) and (ZI4). Then the following is a differential complex:

0—T(A®Spw) &, T(A'®Spw) LN T(A? ®Spw) — 0. (2.18)

The abstract index version of eqs. (ZI7al)-(@2I7D) is:
(@%h)? = (Carh? )i, (2.19a)
(%)% = (Bor@®)atpearn, (2.19b)

where in the second line we defined @¢ ¥ = ng < We have:

Lemma 2.4. Suppose that [212)) and 2.I4]) are satisfied. Assume that the manifold is comple,
or real-analytic with complezification CM.

. Let ¥, be a spinor field with weights (p,w) such that
1. L f{ b ) ld with weigh h th

ey = 0. (2.20)
Then there exists, locally, a spinor field ®% in CM, with weights (p — 1,w), such that
v = Cpd. (2.21)

2. For any 07 with weights (p,w), there exists locally a spinor field 5:5(, i CM, with weights
(p — 1,w), such that .
07 = eVed,. (2.22)

Proof. First of all, the complexification CM is needed in order to be able to interpret the differ-
ential complex (2.1I8) as a de Rham Complex which is then locally exact.
For the first item, define W< = 149, so < € I'(A' ® Sp_1,4,). Using equation [2.I9h), we

see that (2.20) is simply (de\I’)a 0. Therefore, there exists, locally, a field 7 € T(A°®S,_1.4)
such that U = (defb) Using (2.19al):

U =y = (0°9)7 = (Car® ),
thus (2.27)) follows.
For the second item, suppose that 8 is given, with weights (p, w). Define @‘C% = —LaLgeap 07,
then ©% € T(A2®S,_2,4). From ([2I8) we see that (de@)abC = 0, so there exists locally a field
EY = 1469 € (A ® Sp_a,,) such that % = (deﬁ)ﬁ That is:

0% = —tapeapt”’ = (A°2)% = (Cot® Japenp,
o (222) follows. O
Remark 2.5. Notice that the representation (2.21)) is not unique: we have the “gauge freedom”
7 5 o7 + g7, Cug? =0. (2.23)

Similarly, for (2:22)) there is the freedom §f{, — {% + Cuy?
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2.5.1 The Lee form

As a first application of the integration machinery, let us study the Lee form (2.6)).

Proposition 2.6. Suppose that the conditions [2.12)) and [214) are satisfied. Then there exists a
scalar field ¢ with weights p(¢) = 0, w(¢p) = —1, and a scalar field n with p(n) = =2, w(n) = —1,
such that the Lee form ([2.8) can be written as

fAA’ ZVAA/ 10g¢—0AéA/U. (224)

Proof. The result (ZI5]) implies that, in particular, we can consider solutions to the equation
Ca¢ = 0 where ¢ is a scalar field with arbitrary weights. Choosing p(¢) = 0, w(gb) —1, we see
from (Z9) that 04V 440 — 04 faa:¢ = 0, or equivalently 04V 44/ log ¢ = 0 f44. In addition,
for scalar fields with p = 0 the operators Cu and €y commute, so 0 = C e ¢ = eA Caro.
Applying lemma [2.4] there exists a scalar field o', with p(n') = —2, w(n’) = —2, such that
Ca¢p = Cun/. Multiplying by ¢!, we get ¢ 1Ca¢p = Cam, where n = ¢~ 11/ has weights
p(n) = =2, w(n) = —1. Using ¢ 1Cup = 1AV gar log d — 14 faur, the result Z24) follows. O

Now, as mentioned in the introduction, the central object in which our method is based is
a maximally isotropic subspace L. In Riemann (and split) signature, the isomorphisms (LII)
imply that this is equivalent to both a projective spinor field and an almost-complex structure.
In Lorentz signature, we still have the equivalence between L and a projective spinor field, but
this determines only “half” of an almost-complex structure .J; in other words, the spinor ¢4 in

(24)) remains arbitrary. It turns out that we can choose it so as to eliminate 7 in ([2.24)):

Proposition 2.7. Suppose that ZI12) and @I4) are satisfied. Then the spinor field 14 can be
chosen such that the Lee form of the associated almost-complex structure ([2.4)) is

Ja = 0qlog . (2.25)
Proof. Under a change (4 A+ bo?, where p(b) = —2, w(b) = —1, we have J%, — J% +
2ibo0pdA 5. Then a short calculatlon shows that the Lee form changes as f, — fo — 0 ACArb.
Choosing then b = —7, the new Lee form has the structure (2.25)). O

Remark 2.8. The condition (225 is not assumed in sections Bl and [, but it is assumed in
sections [ and

Proposition 27 shows that for Lorentz signature and complex manifolds, we can fix the
almost-complex structure J to be such that the corresponding Lee form is a gradient (2.25). On
the other hand, for Riemann and split signature, the spinor 0 alone already fixes .J, so it is not
necessarily the case that (2.25]) holds (although (2.24)) is still true). In fact, for these cases, (2.29])
would imply that the manifold is conformally Kéhler (since J is integrable), which, as far as we
can see, is not guaranteed to be the case from our current assumptions. However, as stressed
by remark 2.8 the condition (2.25)) is only needed in sections [l and [, where the Einstein-Weyl
equations are assumed. It turns out that these equations, in the Riemannian and split cases, are
sufficient to show that (Z25]) actually holds, see remark [B.11

2.6 Formal solutions and constants of integration

In the next sections we will be concerned with integrating the field equations for several systems.
As in ordinary calculus, there will be ‘constants of integration’ involved, a feature which already
appears, of course, in the original HH construction |5l [I0]. The HH construction is based on a set
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of four special complex coordinates, and the constants of integration there are scalar (complex)
functions that depend on only two of these coordinates. More specifically, Plebanski et al use
coordinates (24", 2A") where indices A/, B’,... = 0/, 1’ are concrete numerical indices, see section
below. (In the notation of [I0], one has 24" = p? and 24" = ¢4.) The equations to
be integrated in the HH formulation involve only partial derivatives of 4", so the result of
an integration involves arbitrary functions f (zA,). As a typical example, the solution to the
equation 0;a/0;p F' = 01is F(Z,2) = Jar(2)Z7 4 k(2), where Ja/(2) and k(z) are three arbitrary
functions of zA', see e.g. [I0, Eq. (3.1)]. More in general, solutions to equations of the form
Ozar...0;x F' = 0 are polynomials in 72 with coefficients (‘constants of integration’) depending

on zA/; equivalently, the coefficients are in the kernel of 0. a/.

Our formulation is coordinate-free and it only involves abstract spinor fields, so we need an
abstract version of the above, namely of both the constants of integration and of the coordinates
zA" First of all, the vector fields 0- -ar belong to the eigenspace LofJ (they are anti-holomorphic;
see egs. (6.29) and (6.41]) below), so in our construction they correspond to the abstract operator
4, acting on sections of Spw- Thus, the analogue of functions with dependence only on A are
spinor fields in the kernel of C4:

Definition 2.9. In the context of an integration procedure, we will say that a spinor field K
is a “constant of integration” if .
Ca K7 =0. (2.26)

On the other hand, starting from the observation &A/z = 52,, we can think of the abstract

A/

analogue of the two coordinates A" as a spinor field 74" satisfying the twistor-like equation

CarB =65 (2.27)

The weights of 74" must be p(74) = —1, w(zx?) = 0. Later, in section B2, we will see the
explicit relation between a solution of (Z27) and the coordinates ', see eq. (6.36). Any other
solution to (2.27)) can be expressed in terms of 74" and constants of integration:

Proposition 2.10. Let 74 be a spinor field such that é(A/TB/) = 0. Then T4 can be expressed
as T4 = ama + bas, where Cua=0=Cyubg.
Proof. The equation G(A/TB/) = 0 implies that GA/TB/ = ae 4 g for some function a. Contracting

with (‘3A we see that C4a = 0. Therefore: CA/T = adB = aCynB = @A/(aWB ), so we have

Car (B —anP’) = 0. Defining b = 78" — an?’, the result follows. O

The ‘constants of integration’ (Z.26)) together with the spinor field 74" in (Z27) allow to give a
formal, abstract solution to equations of the form €C4/...Cx/F1/. g = 0 or with symmetrizations.
The equations we will need in later sections are

Car...Cap, F =0, (2.28)
ary = 0. (2.29)

G(A eA/TA;H_I

For (2.28)), it is straightforward to check that the solution can be written as

F=K'4+ Ky + KE‘SA' e 44 Km 1 7 pAm-t (2.30)

m 1

where K fl’ 4 (no sum over k) are arbitrary ‘constants of integration’ in the sense above, namely

3 LAY

Cp K% , =0. For (ZZ9), it is convenient to first analyse the case in which there is only one
LAY

C 4 derivative:
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Proposition 2.11. Let n € N. Let TAL A be a totally symmetric spinor field satisfying the

equation G(A/ITAIQ___A/H) =0. Then TAL..A Can be written as
_ 0 1 2 n—1 n
TAII___A/n =cC 7TA’1---7TA§L +C(A’17TA’2---7TA;L) +C(A’1A’27TA§,"'7TA%) + ... —i—C(A,l___A;kl?TA;L) —i—CA/l___A,n (2.31)

where éB/c’Z,l v =0 (no sum over k) for all k =0,...,n.
Proof. By induction in n. The case n =1 was already shown in proposition 210 Now suppose
t~hat @31 is t~rue for n —1. Let 74, a; be suc? that G(AETAQ---ALH) = 0. Contracting with
CAn+1, we get G(A’IPA’Q...A',L) = 0, where pAy..A, = GAHHTAQ---AQLA;H' Since we are assuming that
2.31)) is true forn — 1, p Af.Al_ | can be expressed in terms of 74" and constants of integration
blj"y--% as in the right side of (Z31):
PA A =0y a0 Tar Ty A+ D A + b7t
Aj AL Ay AL (AT A TRAL) T (A7 A7, An—l) AlAL

Each term in the right hand side of this equation can be written as

k _ oAl 1k

. . S A7 .
where my, is some numerical factor, so p LA = CA4nE ALLAL LA where E AL A IS the expres-

1

sion that results from these replacements. But we also have pyr 4 = GA%TA/I AL A, thus,
n— n— n

Tay AL = Ear 4 +Car...Cay Afor some A. Since e(AllTAIQ"'A{n+1) =0= G(AQEA'Q---ALH)’ we have

éA'l ng...A;H = 0, where CZ;...A’” = éAg---éA;IA- Replacing everything, the result follows. O
The result of proposition 2ZI1] can be used to find the solution to (Z29]) for higher order

derivatives. The specific case we will need later is é( 4C B'Tcpry = 0, so we give the solution to
this equation (the general case can be analysed following the same reasoning):

Proposition 2.12. Let 74 be a symmetric spinor field such that é(A/éB/TC/D/) = 0. Then
Tag can be expressed as

TA'B = 7TA/7TB/7TC,G/é/ + W(A/WC,GQB/)C/ + WC,G’SA’B/C/ + aj/B/ (232)
where ™ is defined by (227) and the rest of the spinors in the right are constants of integration.

Proof. Putting vpc'pr = CpTerpry, we have Cavpicrpry = 0, S0 vapor can be expressed

as in the right hand side of ([23I). In addition, the condition vapcr = CaTpicry gives
CA'CB @Y vy grer = 0, which implies that the term of highest order in 74/ in (Z31)) is absent for
VA'BICY, SO

10 : o= b%A,TFB/T('C/) + b%A’B’TrC") + b?‘VB/C/'
We have b%A/TrB’ﬂ'C’) = Ca (7‘(‘3/7‘1’0/)1)})/7{[)/), etc., which leads to €4 Kpcry = 0, where Kqpr =
TA B — WA/wB/b})/ﬂ'Dl - w(A/bQB,)D,ﬂ'DI - bi/B/D,TFDI. Using proposition 211l we get Kyp =
COT('A/T('B/ + C%A,T('B/) + ci/B,, SO
! / /
TA'B = COTFA/T('B/ + C%A/T{'B/) + 0124131 + 7TA/7TB/b1D/7TD + W(A/bQB,)D,TFD + bi/B/D/TFD .
Renaming the constants of integration and reorganizing, (2.32]) follows. O

We will need the result (2.32)) in section [@] (see proposition [6.4). For higher order twistor-like
equations (2.29]), the solution can be found in a similar way.
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3 Linear fields

In this section we assume that the conditions (Z12]) and (214]) are satisfied.

3.1 Dirac-Wey!l fields

The right-handed (RH) spin 1/2 equation is V 44'¢ 4 = 0. The weights of the field are p(¢ /) =
0, w(¢a) = —1. Using identity (BIda)), we can write the field equation as C44 ¢a = 0
Contracting with o, we get éA/(ﬁ A = 0. Applying then lemma 2.4] we deduce that there exists,
locally, a scalar field ® with weights p(®) = —1 and w(®) = —1, such that ¢4 = Ca®. Notice
that ® is deﬁned only up to the addition of a function g such that e arg = 0, see remark [2
Contracting €44 ¢4 = 0 with ¢ and replacing ¢4 = Cu® gives @4’ Cyd = 0. Using identity
[BI3) we get (O +R/4)® = 0, where R is the ‘scalar curvature’ of €, see (B.6), (B.26). Since
¢4 was arbitrary, the following result is obtained:

Theorem 3.1. Any solution to the RH spin 1/2 equation can be locally written as ¢4 = Cad
where ® satisfies (O + R/4)® = 0 and is defined only up to the freedom ([2.23)).

Remark 3.2. Using the expression (BI8) for (¢ in terms of GHP operators, we have
(O° + R/4)® = 2[(p' =) b - (0 —7) 3]@. (3.1)

3.2 Maxwell fields
3.2.1 Preliminaries
Maxwell equations for a 2-form F,; are

VOeFy, = 4nJy, (3.2a)
v[anbc] =0, (32b)

where J, is assumed to be given and it physically represents the source. Since we are assuming
the manifold to be orientable, ([3:2D) can be written as V*Fy, = 0, where *Fy, = 24/ Fy.
The spinor decomposition of the field strength is

Foy = dapean + papeap - (3.3)

oo p and pap are respectively the SD and ASD parts of F,,, and we are ignoring reality
conditions for the moment. Thus, Maxwell equations can be written in spinor terms as

VY dap + Vptoas = Anpp, (3.4a)
Ve boam — Vetpas =0. (3.4b)

Imposing (B.4D)), and replacing in (3.4al):
VBAI¢A/B/ = 27TJBB’- (35)

Although (3.5 may suggest that the ASD part p4p disappears from the picture and is “decou-
pled” from the SD part, it is actually ‘hidden’ in the fact that we are already using (3.40): this
equation implies that V[, Fy) = 0, so Fyp can (at least locally) be expressed in terms of a vector
potential A, by Fyp = 2V, Ay. In spinor terms this is

/

bap = VawApy, oA =Vauip (3.6)
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so the SD and ASD parts are related by the vector potential. Roughly speaking, if we solve
B3 for ¢4 p, this should give us an expression for A4/, which then, replacing in the second
equation in (3.6]), should in turn give us an expression for pp.

Now, let us take into account reality conditions. For complex manifolds, the 2-form Fy
is complex, and, if we do not impose anything else on Fg;, the SD and ASD parts of Fy; are
independent. However, if we impose ([B.2D)), then ¢4p and pap are actually related by (B.6]).
So, if we study the (complex) Maxwell equations only in terms of ¢4/p via ([B3]), we can still
get information of wp by using (3.6). This point will be particularly important not only for
Maxwell fields but also for the other more general fields that we will study in later sections.

For real manifolds, we want to impose Fy;, to be a real 2-form. Since we are working with
spinors, this reality condition will take different forms according to signature. For Riemann
signature, we mentioned that there is a notion of ‘real spinors’ via the involutive Euclidean
spinor complex conjugation j. For split signature, spinors are themselves real objects. So, for
these two cases, the discussion about the SD and ASD parts of F; is very similar to the complex
case: we can study the Maxwell equation (3.5) for the SD part ¢4/p/, and the ASD part will be
given by the second eq. in (B.6) once we determine an expression for A44/. The only difference
is that the spinors are now required to be real.

For Lorentz signature, there are no real spinors, since complex conjugation changes chirality.
The reality requirement for the 2-form Fy; translates into the condition that the SD and ASD
parts must be complex-conjugated: pap = ¢ap. This means that, for this case, we can focus
entirely on ¢ 4/p/: once we solve ([B.3) for it, the full Maxwell field F,;, will be given by ([B.3]) with

PAB = QAB-

Since we are leaving the signature arbitrary, in what follows we will study the SD and ASD
parts separately. This will also be useful for later sections, where the treatment will be very
similar. For the SD part, we will consider both trivial and non-trivial sources; but for the ASD
part we will focus only on the source-free case. In addition, for the treatment of the ASD field
we will need to assume that this part is algebraically special (except in Lorentz signature).

3.2.2 The self-dual part

Here we will study the system
Ve =0. (3.7)

Notice that this equation, by itself, is equivalent to the vacuum Maxwell equations only in Lorentz
signature, and not in the other cases. For this reason, we will refer to (3.7)) as the “spin 1 system”.
This difference will be important for the study of the ASD field 45 in section 323l
The source-free case
Theorem 3.3. Any solution to the spin 1 system [B.1) can be locally written as

pap = CuCp® (3.8)

where @ is a scalar field with weights p(®) = —2 and w(P) = —1, defined only up to the freedom
223), that solves the equation
(O% +R/2)® =0, (3.9)

where R is the scalar curvature of C, (B.6))-(B.24).
Remark 3.4. Using identity (B8], in GHP notation we have

(¢ + R/2)® = 2[() =) (b +p) — (3 =7)(2 +7)]®. (3.10)
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Proof of Theorem[Z3. Let ¢ p be a solution to [B7). From (B.I4a) we know Ve oup =
Cppap. Contraction with of leads to CA¢ap = 0. Applying lemma 24 and using the
symmetry ¢ap = ¢4 pry, we deduce that there exists, locally, a scalar field ®, with weights

p(®) = —2 and w(®) = —1, such that
A = éA/éB/‘i). (3.11)

Contracting now Cp4 ¢ 45 = 0 with &, we get @4 ¢4 = 0, so replacing the expression above
for ¢ 4rpr: o B B B B
0=e4 Garg = eA CaCp® = @B/GA Ca® + [Cpr, @A/]GA P. (3.12)

Noticing that p(C4'®) = —1 and applying identity (B:30), the commutator term on the right
vanishes. Using then (BI3), we get:

Cp (0% +R/2)d = 0. (3.13)

Thus, (¢ + R/2) = 2K, where K is a constant of integration: CaK = 0 (see section 2.6).
Notice that K = C4'C4 ®. Now, similarly to the “gauge freedom” (223)), in the expression (Z11))
for ¢ 4rpr we see that we can perform a “gauge transformation”

éB/qo)—> éB/qQ)—l-gB/7 (314)
where é( agpy = 0, and the field (B.II)) remains invariant, but K is changed according to
K=CYC,d - K =CYCpd+cYgy=K+C¥gu.

In particular, choose g4 = € 4 a for some auxiliary field a. Then K’ = K+ CYCpa=K+1 (De—i—
R/2)a. The solution to the problem (¢4 R/2)a = —2K always exists (at least locally) since it
isa wave equation with source. In addition, replacing in ([B14) we have e B/CIH— g B/ = Cp' P, where
® = & +a. The field (BII) is then ¢ a4 pr = €4 Cp®, and ® satisfies C4'Cp® = (DG—FR/Q)‘I) =
0, thus the result follows. O

The case with sources

For general sources in (3.0]), it is clear that a field of the form (B.§]) is not a solution, since
contracting with o and replacing ([3.8) leads to

27TOBJBB/ = OBVBA,(ﬁA/B/ = éA,(ﬁA/B/ = éA,éA/éB/(I) =0, (3.15)

therefore, if 0®Jgp # 0, this equation is inconsistent. In order to solve this issue, we follow
a strategy similar to the one adopted in [37], which involves the introduction of a ‘corrector’
potential. Our approach is however slightly different in that it does not assume any particular
form for the ‘corrector term’, and it only uses the integration machinery given in Section

Theorem 3.5. The solution ¢arp to the equation (B3 for a given source Jpp: can be locally
written as o
¢A/B’ :eA’eB/(I)_l'xA’B’a (316)

where x 41 g is determined from Jgpg as a particular solution to the equation

eAle/B/ == 27TOBJBB/, (317)

and ® is a scalar field with weights p(®) = —2 and w(P) = —1 that solves the inhomogeneous
equation
IO +R/2)0=T (3.18)

with the source T determined by xap:.
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Proof. Suppose that the source Jpps in ([B.0) is given. We want to find the general solution ¢ 4/p/
to this equation. Applying item 2. in Lemma 24 for the field 87 = 2w0P.Jzp:, we know that
there exists z4/p' = T(4/p) such that eq. ([3.I7) holds. We can choose any particular solution
to this equation. Using identity (BI4al), eq. (BIT7) implies that BV rap = 2P Jpp,
therefore

PV (pap —xap) = 0. (3.19)

Now define
SBB’ = 27TJBB/ - VBA T A B

From (35) and (3I9) we see that 0®Spp = 0, therefore Spp = opyp where yp = 1P Spp =
2rJigr — LBVBA,.%'A/B/. This yps is known once we integrate ([BI7) to find z4/5. Now,
a straightforward computation shows that VBB Spp = 0. But we also have the identity
VBB Spp = BB Spp, thus, replacing Sgp = opyp/, we get éB,yB/ = 0, from where we
deduce that there exists, locally, a scalar field T" such that

yp = Cp/T. (3.20)
Now we use T as a source for the equation
T =CYCxd = (¢ + R/2)®

where @ is undetermined at the moment. Since 7" is known from ([B.20) (assuming we already
determined x 4/p/), this equation can be solved for ®. Therefore:

- )~ /
Spp = 0pCpCYCL® = 2nJgp — V™ LTAB,

from Whigh we get, after a straightforward calculation, 2nJgg =V BAIQOS ap +V BA,x A'B', Where
oap = CyxCp®. Thus the result (3.10) follows. O

3.2.3 The anti-self-dual part

From the discussion in section [B.2.1] recall that for Lorentz signature we do not need to worry
about different treatments for the SD and ASD parts of the Maxwell field, since they are related
by complex conjugation. However, for all the other cases, even if we solve the problem (B.7))
for ¢ 4rpr we still must consider separately the issue of determining the ASD field pap5. We will
see here that we can still “determine” the ASD part pap as long as it is algebraically special.
More precisely, provided this is the case, p4p will be given in terms of arbitrary constants of
integration.

First, notice that since A, has vanishing p and w weights, we have V{, Ay = €[, 4y, so the SD
and ASD parts of Fy), can be expressed as ¢4 = €y Ag,), waB = Cy AAg/). Equivalently:

QSA’B/ = é(A’AB’) - G(A’AB’), (321&)
QYAB = OAOB(CA/AA, — O’}L‘/AA,) — O(ALB)(CA/AA, + éA/AAI) + LALBéAuZlAI, (3.21b)
where Ay = 04Axn, Ay = 1A A4, and Uil, is defined in (©I7). Now, assume that pap
is algebraically special with repeated principal spinor o, that is 0*0Ppap = 0. From (3.21D)

we then see that @A/A‘j‘/ = 0, so there exists (locally) a scalar field y, with weights p(u) = 0,
w(p) = 0, such that Ay = Cqu. But then we can get rid of p by a gauge transformation
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Ay — Ay — Vau, so we can simply put Au = 0. The vector potential is then Agar = 04 Ay,
and we can focus on the determination of A4/. The Maxwell field becomes

bap = é(A/AB/), (3.22a)
YAB = OAOBGA/AA/ — O(ALB)éA/AA/. (3.22b)

Now, the vacuum Maxwell equations are V~BA~/¢A,B/ = VB/A@AB and VBAléA/B/ = 0. From
the latter equation, we know that ¢4 5 = C4Cp®, for some locally defined scalar field ®.
Comparing this expression to ([B.22al), we deduce

Ay = éA/(I)+TA/, (3.23)

where 74/ is defined only by the condition

G(A’TB’) = 0. (324)

The formal solution to this equation is given by proposition 2ZI0/in terms of constants of integra-
tion and the solution to (2.27). On the other hand, as in the proof of theorem B.3] the equation
@AltbA/B/ = 0 leads to €4 éA@ = K, where K is a constant of integration, éA/K = 0. For the
spin 1 system (3.7]), we noticed that we had the “internal gauge freedom” (3.14]), which we used
to set K = 0. In our current situation, equations (B.23])-(B.24]) seem to be the analogue of (3.14]),
however, in this case this is not a ‘gauge freedom’ while the SD curvature ¢ 4/p/ is insensitive to
T4, the field 74 appears explicitly in the ASD part @45, as can be seen from replacing (3.23))
into (3:22h). More explicitly, using G4 C4'® = —K, we find:

oap = og0p(—K + C ™) — O(ALB)éA/’TAI. (3.25)

In particular, the trick that we used in the spin 1 case (i.e. 74" = @4 and CYCpa = —K ) now
leads to a self-dual Maxwell field, that is p4p = 0. In the present section, however, we do not
have this freedom, and the ASD Maxwell field v 45 depends on the constants of integration K
and 74/. This difference between the SD and ASD fields will also appear in the Yang-Mills and
gravitational systems.

3.2.4 Parallel frames

Although for the Maxwell case the treatment of the previous sections is sufficient, an analogous
strategy for the Yang-Mills and Einstein-Weyl systems is much harder, so it is convenient to
give an alternative formulation of the analysis above in terms of “parallel frames”, since this will
extend to the other more complicated cases.

We now think of Maxwell theory as a gauge theory. That is, we consider a principal bundle
P! over M with a 1-dimensional structure group G'; the vector potential then arises by assuming
that P! is equipped with a local connection 1-form, A,. The ‘charge e representations’ p, : G —
GL(C) are given by p.(a)i = a®p, with a € G', 1 € C, and a charged scalar field with charge e is
simply a section of the associated vector bundle E, = P! x p. C. By taking the tensor product of
FE. with the various spinor bundles, we obtain charged spinor fields as the corresponding sections.
The fact that A, is now seen as a connection form implies that it induces a covariant derivative
on these bundles, D,. That is, if a spinor field ¥/ has charge e, then D) = V00? + eA 00
The curvature of D, given by the commutator [D,, Dy], involves both the spacetime curvature
and the curvature of the connection A,, the latter being given by 2V, Ay = Fyp.

We can then consider spinor fields which, in addition to the electromagnetic charge e, have
also weights p and w. The covariant derivative on such objects can be obtained by simply
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replacing V, by D, in the previous expressions for the complex-conformal connection C,, that
is, one defines
¢, :=C, +eA,. (3.26)

For fields with charge e = 0, €, reduces to C,. We also introduce the projections ¢ =0 440
and €4 = 12€ 4 4,. The curvature is [€,, €] = [Cq, Cy] +eFyp. Let o be a scalar field with charge
e(a) = 1 and weights p(a) = 0, w(a) = 0, then [€,, Cpla = Fypa. Assuming a # 0 in some
region U, we get Fy, = a 1[€,, €]a. The SD and ASD fields are

¢A’B’ = C!illji/B/CY, (327&)

pap = o 'O pa. (3.27D)

Now, from [€,, €] = [Cq4, Cp] + eFy, we see that the new operator ¢ 4 satisfies [€4/,Cp/] =
eapeooPap. Therefore, we deduce that [€4,€p/] = 0 if and only if the ASD part is alge-
braically special, 0*0Bpap = 0. In such case, the integration technique from section can be

generalized to the operator €4 . In addition, a key point is that the equation ¢A'¢ 4 = 0 allows
us to consider fields that are parallel under €4/, so we can take

¢ =0. (3.28)

The generalization of this equation will correspond in later sections to parallel frames (see e.g.
[38, Theorem 2.4.1] for the connection between flat connections and parallel frames). Using
identities (B.35al)-(B.350]), the SD and ASD fields are then:

dap = Cap), (3.29a)
PYAB = OAOBQ:A/’)/AI — O(ALB)QEA/’)/AI, (3.29b)

where we define
Yar ‘= Oé_lgA/O[. (330)

The field 4/ is essentiallyﬁ Ay from section B.2.3] but now expressed in terms of a “parallel

frame” (3.28). The charge of y4s is e = 0, so in (3.29al)-([3.290) we can replace €, by €, and,
thus, these formulas coincide with the earlier expressions (3.22a)-(3.22D)), and the analysis is the
same as before. The current formulation has the advantage that it will extend to the Yang-Mills
and Einstein-Weyl systems.

Remark 3.6 (Charged Dirac fields). The formulation in this section allows us also to consider
the possibility of spacetime fields that are charged with respect to the electromagnetic field. For
example, the charged Dirac-Weyl equation is

Da¥ da =0, (3.31)

where the field ¢4/ is assumed to have a non-trivial charge e(¢4/) = e. Equation ([B31)) can
be written as €44 ¢4 = 0, or €4 ¢ = 0 and €44 = 0. The former equation leads to
par = Carx, where p(x) = —1, w(x) = —1, and e(x) = e. The other equation is €4'C 4y = 0.
In terms of wave operators and curvature, a short calculation shows that this is

(OF + R/4 — 2e01)x = 0, (3.32)

where O0¢ = g“bQGQb and g1 = oALngAB.

"From the definition of €4, we have y4 = 1?94/ loga + A4s, 50 v4/ is gauge-equivalent to A .
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4 Yang-Mills fields

We assume that conditions ([2.12) and (2.14]) are satisfied.

4.1 Preliminaries

Let P be a principal bundle over M, whose structure group is some Lie group G. We consider the
natural representation of G in which its elements act as matrices on some n-dimensional vector
space V. We will use abstract indices i, j, k, ... to denote elements of V. We refer to this kind of
indices as ‘Yang-Mills’ or ‘internal’ indices, and we make the convention that they do not include
spacetime indices. The action of m € G on an element u' € V is u’ — m;'u/. We then take
the associated vector bundles £ = P x5 V, and a spacetime field that is ‘charged with respect
to G’ is a section of E. As usual, fields with more Yang-Mills indices are obtained by simply
considering tensor products of V' and its dual, together with the corresponding representations
of G. More generally, fields with mixed spacetime/internal indices are sections of vector bundles

that are obtained as a tensor product of the corresponding spinor/tensor bundle and the Yang-
Mills bundle.

Assume that P is equipped with a local connection 1-form A. By definition, this takes values
in the Lie algebra Lie(G), so in abstract indices we can write A,;7. The covariant derivative
induced on associated vector bundles, which we denote by D, as in the Maxwell case, is given by

Da'wczii — va/[di _{_Aaji,u;afj, (41)

where 7 is arbitrary, and V, on the right hand side acts only on spacetime indices <. The
curvature of D, can be computed from (4.1]) by applying an additional derivative and taking the
commutator:

(D Do)’ = [V, Vol + Fapy' 1”7,
where we define the Yang-Mills curvature by

Foi? =2V, Ayi? + 2407 Ayi® (4.2)

The skew-symmetry Fyp/ = F] [ab]ij allows the following spinor decomposition:

Fuid = xapiean + oapdenn, (4.3)

. . . 1 ! . . .
where xa/pi? = %EABFabZ‘] and pap? = %EA B Fopi? are, respectively, the SD and ASD pieces

of Fu;7. Notice that reality conditions for Fj7 are subtle since they depend on the gauge
group G, which we are here leaving unspecified. Thus, we will consider x 4/p/ and Y g7 to be
independent, so in this sense the situation is analogous to the Maxwell case in section 3231

Using the identity [Di., Da]Dy pt = D.[Dq, Db]],ui, one deduces that Fabij‘satisﬁes the Bianchi
identities: D Fy ;7 = 0. Alternatively, these can be expressed as D**Fyp,;” = 0, or in spinors:
D BA’X apid =D B/Ago 4i’. The Yang-Mills field equations are D*F,;;7 = 0. In spinor terms
(using Bianchi identities):

DY xapi’ =0, (4.4)
Dppap’ = 0.

The complex-conformal connection of section 23] can be generalized to act covariantly also
on Yang-Mills indices. This generalization is achieved by simply defining

Copt”? = Copt™’ + Agj "1™, (4.6)

80n spacetime indices, [Dq, D3] acts as usual via the Riemann tensor, which satisfies R[Cab]d =0.
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together with the obvious extension for more Yang-Mills indices. We also define the projections
Ca = 02C a0 and €4 = A€ 4. The weights of the Yang-Mills potential are p(Ay?) = 0,
w(Ag?) = 0. The curvature is [€,, Cplp?t = [Cq, Colp”t + Fap'u™I. Similarly to the Maxwell
case, we find [€ 4, Cp ]t = eA/B/voBgoABjZIuMJ.
Proposition 4.1. Assume that o satisfies Z12) and 2I4), and that the ASD Yang-Mills
curvature satisfies '
voBgoABi] =0. (4.7)
Then for any field u]m, it holds
[€ar, Eplut = 0. (4.8)
Using this result, we now proceed to impose the Yang-Mills field equations (44)-(£5) and
analyse the potentialization of the system.

4.2 The self-dual part of the curvature

The Yang-Mills curvature has weights p(Fpi7) = 0, w(Fy?) = 0. Tt then follows that Qﬁ[anc]l-j =
D[anc]ij, so we can write the Bianchi identities as Q[anc}ij =0, or €*F 7/ = 0. Similarly, the
field equations can be written as €*F,;;7 = 0. In spinor terms:

¢t xapi’ =0, (4.9)
Q:B/AQDABij — V. (410)
Notice that p(xapi’) =0 and w(xa /) = —1, and the same for @ 4p;7.

We can summarize the results of this subsection as follows:

Theorem 4.2. Assume that the Yang-Mills curvature satisfies (1), and denote goouj = oALBgoABZ-j.
Any solution to the Yang-Mills field equation (@A) can be locally written as

xapi = Calpdd, (4.11)
where ®;7 is a (spacetime scalar) field with weights p(®;7) = —2 and w(®;7) = —1, such that
(O 4+ R/2)®;7 — 2(C 4 DF) (@Y B7) + 4(001 "7 — o1’ BiF) = 2K, (4.12)
where ¢ = gabQ:aQZb, and K7 is a constant of integration, @A/Kij =0.

Remark 4.3. The potentialization (411l of the Yang-Mills field, together with the equation
(£12) for the potential, are the generalization of the Maxwell results (3.8)-(3.9) to a non-abelian
gauge theory. (Notice that for the abelian case, the non-linear term in (4I2]), as well as the
coupling term between g/ and ®;7, are absent.) These results are a conformally invariant
generalization of Jeffryes’ results [23, Eqgs. (4.11) and (4.19)].

In the rest of this subsection we will prove the result The proof is similar to the Maxwell
case, theorem [3.31 The first observation is that, contracting (#9) with o, we get CANapid =0,
so the potentialization (ZIT]) follows. Contracting then ([E3) with Z, one gets

0=CYCuCpd’ =CretC o + [Cp,Cu]C D7, (4.13)

so we need to compute the commutator on the right hand side. This is analogous to the calcu-
lation we needed in eq. (BIZJ), but here it is a little bit longer. In this case we need the identity
(B38), and we put pA'7 = €A ®7, so p(u?'i7) = —1. This gives immediately:

(€5, Ca]C D7 = — xpr €YD + XA €V DF + 001 Cp @7 — 01 Cp @ik
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Now, we already established that (ETII)) is true. Replacing this in the terms involving x apr/ in
the equation above, it is easy to see that

x4 il € B = —¢p [(éA"bik)(éAl(bkj)} :

On the other hand, contracting [I0) with o” and using @), it follows that €1/ = 0, so
the terms involving g,/ are

001" Cp @) — ol CpdF = T <<P01ik@kj - <P01kj‘1>z‘k) :
Putting all together, we get:
Cp [QA/éA@ij — (€ ®F)EN DY) + o107 — @Olqu)ik} =0,
which gives
CVCL D7 — (C4®F)(EY B + o1 B4 — porr’ @i = K (4.14)

where K7 is a constant of integration, € 4 K7 = 0. (Compare to Jeffryes’ result [23, Eq. (4.19)].)
Using now identities (BI6h) and (BI5h) for €4'€ 4, equation [@IZ) follows.

4.3 The anti-self dual part of the curvature

While the analysis of the SD Yang-Mills curvature is similar to what we did in section
for Maxwell, for the ASD curvature the method is analogous to the discussion of section B.2.4l
Recall that in that case, the point was to use a “frame” « to express the curvatures Di, 5 and
0% (equations ([(3.27a)-(B.27h)), and then to take advantage of the fact that, due to the flatness
of €4/, we can use a frame that is parallel under € 4. The logic now is the same.

We denote concrete numerical Yang-Mills indices by i,j,k,... = 1,...,n. Let a! be a set of
linearly independent sections of E over some neighbourhood U C M. These fields form a basis
for the fiber E, for all x € U. We denote the dual basis by o}, so that it holds oz%ozj: = 6} and

ozgag = 5g . The action of the Yang-Mills spinor curvature operators Dg/ g and DE‘ B on a{( is
given by formulas (B.36al)-(B.36L). Choosing p(ai) = 0 and multiplying by o, we get:

Xapi = af0% pad, (4.15a)

papd = af0%paq. (4.15b)

These are the analogues of eqs. (B27a)-([B27h) for Maxwell. Now, since the connection €4 is

flat, we can choose aj_ to satisfy
Caay = 0. (4.16)

Define now the generalization of ([3.30]) as
Yari? = a¥ € arad.. (4.17)
Using identities (B.35a))-(B.35h), a short calculation shows that

Xapi = é(A/’YB/)ij, (4.18a)

papi’ = 0a05(€a™ 7+ yai v ) — oais Can . (4.18b)

These are the non-abelian generalization of (3.29al)- (3.290).
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Notice that, in deducing formulas ({I8al)-(£I8D]), we did not use the field equations; rather,
(4I8a)-(4.I8L) are a consequence of the geometric structure. Imposing now the field equations,
we can compare (£I8a) and (£IT]), so we deduce that

'YA’z‘j = éA/(I)Z‘j + TA/ij, (419)

where 74/;7 is such that 3 '
Q:(A/TB/)Z'] = 0 (420)

The solution to (4.20) is given by the obvious generalization of proposition 210 to the Yang-Mills
case. Replacing (A1) into (£I8N), we get @ p;/ in terms of the potential ®;/ and the constants
of integration involved in 74/;7.

Remark 4.4. After the integration procedure, the ASD Yang-Mills curvature depends explicitly
on the solution ®;/ to (@IZ), as can be seen from replacing (ZI9) into (EI8L). This is a
consequence of the non-abelian character of the theory, and is in contrast to the Maxwell case,
eq. ([3:25), where the ASD Maxwell field was given by constants of integration. If we set 74/ = 0
in (19) and K;/ = 0 in [@I2), the resulting Yang-Mills field is self-dual, ¢ 4p;7 = 0.

5 The Einstein-Weyl equations

Recall that the Einstein-Weyl equations for a Weyl connection V) are (2.2). In this section we
will study these equations for the case in which the Weyl 1-form is closed: we have, locally

wq = Oglogu = 9, log 0L (5.1)

The introduction of the field Q = u~! is simply a matter of convenience: we can interpret Q

as a conformal factor (its conformal weight is w(€2) = 1). The Einstein-Weyl equations can be
expressed in spinor terms as

(D:XBC’D’ - O, (52)
where ®% 5, is defined by (A.4)), and given in terms of a Levi-Civita connection by (A.8h).
We assume that the spinor field o? satisfies (Z12) and (Z14).

Remark 5.1. In this section we assume that the Lee form f, has the expression (Z25]). For
Lorentz signature and complex manifolds, this can always be achieved, as long as ([2.12]) and
(214) hold, see proposition 2771 For Riemann and split signature, on the other hand, conditions
(2I2) and (2.14) do not imply that (2Z25]) holds, see the comment below remark However,
in these signatures, the condition (ZI4]) implies that the Weyl spinor ¥ 4pcp is actually type
D. From the Bianchi identities expressed in the form of eq. (B.7h) below, together with the
Einstein-Weyl equations (5.2)), it then follows that

Co(Q1Wy) =0, (5.3)
where Uy = WypcpotoBiCiP. Since p(Q1Wy) = 0, w(Q1Wy) = —3, equation (5.3) implies

that )
fa = Valog(Q1W,)1/3, (5.4)

so (2.:23]) holds for these cases as well.
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5.1 Relations between the two Weyl connections

For the study of the Einstein-Weyl system, there are two Weyl connections involved. One of
them, V' is the one that defines the field equations (5.2)) of the Einstein-Weyl system we want
to study, and the other one, Vg, is associated to the almost-complex structure (section [Z3]) and
is not related to field equations. For both of them, the Weyl 1-forms are closed.

Some general identities for Weyl connections, with closed Weyl 1-forms, are given in Appendix
[Al We denote the curvature spinors associated to Vi by XW gcvp, Xigops ®Uperp and AY.
The definitions of these objects are given by (A4])-([A.6), and the relations between them and
the curvature spinors of the Levi-Civita connection of an arbitrary metric in the conformal class
are given by formulas (A8a)-(AS8d). The corresponding objects for V! will be denoted by
v f f f f
Xupeps Xapopr Paperp and A . .

We recall that the totally symmetric parts of XY, 5 v and Xg/ prorp coincide with the
ordinary SD Weyl spinor ¥ 4/p/¢pr, and similarly X&BCD) = X(fABCD) = W ApcD.

We will need the relations between the curvature spinors of V¥ and those of V£, as well as the
Bianchi identities expressed in terms of C,. All these relations can be obtained by using formulas
(A.8al)-(A.8d) and (A.ITa)-(A.I12d) in appendix [Al After some straightforward calculations, we
get:

Proposition 5.2. Assume that (Z12), @I4), 225) hold, and let ) be given by (G1).
1. We have the identities

AV = Af 1000, (5.5a)
Y porp = Piperp + Q7 CuerCppQ. (5.5b)
In particular:
0P 0% g = 010P O i + QTR G, (5.6a)
oMY sy = 0N B po 4 Q—lé(c/emﬁ, (5.6b)
B poipy = B0 o + SQTl(C(C/ Cpry — a(lc/éD/))(al, (5.6¢)

where o'y, is defined in (B.2L).

2. The Bianchi identities for the curvature spinors of VY can be expressed as:

Qe [V ap o] =0 A0 pyapl, (5.7a)
QCp A0 Wapep] = O CHY QR D) 4 p ], (5.7b)
Q2CAC (2% gy ) + 3072 Cppr (Q2AY) = 0. (5.7¢)

5.2 The conformally invariant HH equation

Theorem 5.3. Assume that the Einstein-Weyl equations ([B.2)) are satisfied. Then there exists,
locally, a scalar field ® with weights p(®) = —4 and w(P®) = —1 such that the SD Weyl curvature
spinor of the conformal structure is

Uy perp =0C0CpCeCH @, (5.8)
and such that ® satisfies the conformally invariant equation

(O° + 3R/2)® + Q(CuCp @) (CYCF @) — 4(CY Q) (CF @)(CuCp ) = 2K, (5.9)
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where 0¢ = g®€,Cy, R is the ‘scalar curvature’ of Cq (BB)-([B2G), and K is an arbitrary scalar
field defined only by the condition C4CpCxK = 0. We call (59) the “conformally invariant
hyper-heavenly (HH) equation”.

Remark 5.4. The arbitrary function K in (5.9) can be expressed in terms of 74" (defined by
(2217)) and three constants of integration as in equation (230) for m = 3.

Remark 5.5. The potentialization (5.8]) of the SD Weyl spinor, together with equation (5.9]), are
the generalization to the Einstein-Weyl system of the corresponding results for Dirac, Maxwell,
and Yang-Mills fields. In principle, we could also think of (B.8)-(59) as a ‘particular case’ of a
Yang-Mills system, by making the identifications x a/p;/ = Q’I\T/A/B/C/D, and ;7 = CCP'®.
More formally, this would look like a Yang-Mills theory for the gauge group G = SL(2 C). We
notice, however, that in our treatment it is the field U 4 o, not O~ g’ which arises
as the curvature of a connection.

The proof of theorem B3] is very similar to the proof of the corresponding Maxwell and
Yang-Mills results, seen in sections and respectively; the only difference is that the
computations are harder. We leave most of the details to appendix [C.T] and here we simply give
the main points for this proof.

First of all, the Einstein-Weyl equations (5.2]) together with the Bianchi identities expressed
in the form (B.7al) imply that

e (U W ) = 0. (5.10)
Contracting with o, this is éA/(SEJTl\T/ apcorpr) = 0, therefore, there exists (locally) a scalar field

®, with weights p(®) = —4 and w(®) = —1, such that (5.8) is true. Contracting (B.10) with B,
we get GA/(Q*I\I/A/B/C/D/) = 0. Replacing (5.8):

0= GA,éA/éB/éC/éD/@ = éB/éC/éD/C}A/éAICP + [GA’; éB/éC/éD/]éA,@. (511)

We see that, as in the Maxwell and Yang-Mills cases (equations (3.12) and ([AI3]) respectively),
the derivation of equation (5.9) boils down to the computation of the commutator in the right
hand side of (5.I1]). The Maxwell case was almost trivial, the Yang-Mills case required a little
bit more work, and now the calculation is in turn a little harder, but, using the identities given
in appendix [B.2], the required computation is tedious but straightforward. We leave the details

to appendix
An important point that is needed in the intermediate computations is the following:

Proposition 5.6. Suppose that the Finstein- Weyl equations ([5.2)) are satisfied. Then the scalar
field Q2 satisfies o
CaCpQ)=0. (5.12)

Proof. This follows from (5.6a) and (B.22d), after imposing the field equations (5.2]). O

. . . . . . /
From the discussion in section 2.6} we can express the solution to (5.12) in terms of 74" and

constants of integration:
O =Ky + KO, (5.13)

where éA/Ké, =0=CyuKO.
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5.3 The ordinary Einstein equations

The Einstein equations Ry, = Agqp are not conformally invariant. In particular, R, is not a
conformal density; so the conformal machinery associated to C, seems, in principle, inapplicable
to this case. However, there is a simple trick we can use to study this system as well. Recalling
expression (B.I)) for the Weyl 1-form, we see that if we set Q =1, then

Valo—1 = Va, (5.14)

that is, the Weyl connection V) reduces to a Levi-Civita connection V,. All the formulas we
obtained above for the Einstein-Weyl system remain valid for the particular value Q0= 1, the only
thing that happens is that we break conformal invariance. Correspondingly, the Einstein-Weyl
equations reduce to the ordinary Einstein equations, and the potentialization result applies to
them. In particular, putting O = 1, the SD Weyl spinor is

@A’B’C’D’ = éA’éB/éC’éD/(ba (515)
and the conformal HH equation (5.9]) becomes
(O° + 3R/2)® + (€4 Cp®)(CYCE @) — 4f4 (CP'®)(CyCp®) = 2K, (5.16)

where f4 = 04 fs4. Conformal invariance is of course broken in (5.15) and (5.I6). Choosing
a special set of coordinates (see section below), (5I6]) should reduce to the hyper-heavenly
equation of Plebanski and Robinson [5] and Plebanski and Finley [10, Eq. (3.14)] (but we have
not attempted to show this).

6 Reconstruction of the conformal structure

After deducing the conformal HH equation (5.9)) for the Einstein-Weyl system (5.2)), we will now
see how to reconstruct the full conformal curvature and metric from a solution to (5.9). The
procedure for the reconstruction of the curvature is analogous to the one used for the Maxwell
and Yang-Mills cases, seen in sections [3.2.4] and 3] respectively. That is: our method is based
on the consideration of suitable parallel frames. An important difference is that we now have
two types of parallel frames, namely primed and unprimed spin frames.

On the other hand, the reconstruction of the conformal metric requires a different technique,
which uses as an auxiliary intermediate step the special coordinates associated to twistor surfaces.
The final expression we get is, however, in terms of abstract spinor fields.

We assume that the conditions (2.12)), (2.14) and (2.25]) are satisfied.

6.1 Curvature

The curvature of C, is described in Appendix [Bl From formulas (B:27al)-(B:27d)) we see that
the action of Di, p and D(j g on primed and unprimed spinor fields with p = 0 involves only one

of the curvature spinors X1f4/ BC' D @;BC, D Xﬁl pcop- Considering then a primed spin frame

& = (G, a4y with p(a4,) = 0, and an unprimed spin frame a4 = (af}, af) with p(ay) =0,

we get the following expressions for the curvature spinors:
~ oy ~
XEIB’C’D’ = ag/D%/B/ QE'D’ (
~ / ~
(DfABC/D/ = OZE/DEBOZE/D/ (61b
f E—C
Xapep = acUapED, (6.1c

@fAIBICD = Oég«[lg/B/OéED. (61d
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These expressions are analogous to the Maxwell case, eqs. ([3.27al)-(B3.270), and to the Yang-Mills

case, eqs. (LI5a)-({.15D).

Remark 6.1. A crucial point for the analysis that follows is the equality between equations
(6.1D) and (6.1d)), which follows from assuming that the Lee form f, is a gradient (Z.25]). If only
the weaker condition (2.24]) is used, it is still possible to get formulas like ([G.Ial)-(E.1d) provided
that one chooses specific conformal weights for the spin frames. The analysis is however quite
more complicated.

We now choose the frames &ﬁ/, and ag to be parallel under Cur:
Cudh =0, Cual=0. (6.2)
Define
’N)/A/B/C = &g/ @A/&g,, ")/A/BC = cheA/Oz%. (6.3)

These objects are the generalization of ([3.30) and ([EI7). By using identities (B.11al)-(B.11h)
together with (6.2)), a short calculation shows that

Xypop = é(A’:YB’)C’D’ (6.4a)
O\ o = 0408(CaFY oo — A AN E pr) — 04t CaFY oy, (6.4b)
A" = g€ (6.4c)
Xipep = 0408(Cav* o — v v P p) — 0(ats)Cay¥ e, (6.4d)
Y pop = Cavpep, (6.4e)
A= —1e (" epoiP). (6.4f)

These formulas, in turn, are the generalization of (3.29al)-(3.29D]) for Maxwell and (ZI8al)- (£.18h)
for Yang-Mills.

6.1.1 The self-dual part

From identities (6.4al)—(6.4f) we deduce, after straightforward calculations, some further formulas
that we will need below:

X;’B’C’D’ + EA/B/OALB(b;BC/D/ = éA/’?B/C/D/, (65&)
f A By f o

@A/B/CD—FGA/B/O 2 XABCD :@A/’yB/CD, (65b)

OCLD(I);/B/CD + 3€A/B/Af = éB/’yA/()l (6.5¢)

where y401 = Yarpco?C.

The basic variable that allows us to reconstruct the conformal structure (by which we mean
the full curvature and the conformal metric) is a spinor field 645 defined by the following:

Proposition 6.2. There exists a symmetric spinor field 0 451 = 04151y, with weights p(04p) =
—2 and w(0ap) =0, such that

Jamor + eporyao = 2Cp 0o (6.6)
Remark 6.3. The spinor field 84/ p/ is defined only up to
Oap — Oap +kap, (6.7)

where Cakpcr = 0. We will use this freedom later (see the proof of proposition [6.13).
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Proof of Proposition[6.2. Contracting (6.5al) with e?'?" and renaming indices, we get éB/ﬁA/ BC =
—éc/*yA/m, or equivalently: B

C¥ (Gaper + eperyan) = 0.

Therefore, from lemma 2.4] there exists (locally) a spinor field 6oy such that (6.6) holds. It
remains to show that 04/ can be Chosen to be symmetric. Contraction of (6.6) with A’
shows that YA g +’YB/01 =2C 3/0 C/ so taking an additional derivative and renaming indices:
GA'VB’C’ "+ @A/70101 = 24 €68 . On the other hand, contracting (6.5a) with e’ D' we
have CA/'yB/C/ = —GA/’YC/(H, thefefore @A/CC/H " = 0. Now, when we replace ’YA/B/C/ in
(6.4a)), (6.4b)), (6.4c)), all formulas involve two C a/-derivatives of 64 5,. Decomposing 64/ into
its symmetric and antisymmetric parts, the fact that e A/éC/HB/ g = 0 implies that the curvature

depends only on the symmetric part of 84/5,. Thus we can take 08 5 = 0, ie. Oup =

G(A/B/). D
Taking the symmetric and antisymmetric parts in B'C" in (G.6]), we get

Japer =2Cp 0o ar, (6.8)

vaor = Cp0” 4. (6.9)

From formulas (6.4al), (6.4bl), (6.4cd) we see that the SD curvature Xﬁv pop together with
<I>f4 BC'D! Af depend only on 44/ g/, therefore, ([6.8) allows us to express this part of the curvature
in terms of the spinor field #4/5/. On the other hand, from (G.4d) we see that X pcp involves
vage, and (69) is only the component v4/9;. Thus, in order to obtain the full curvature in
terms of 6 4/p/, we need to determine the whole v/ gc. We will do this in section below.

Imposing the field equations (5.2]), we get the following:
Proposition 6.4. Suppose that the Einstein-Weyl equations ([5.2)) are satisfied. Let ® be the
potential for the Weyl spinor, eq. (B.8). Then the spinor field 6 4/p defined by ([6.6]) is given by
Oap = QCaCr® —2(CuQ)(Cpn®) + Tarp, (6.10)
where Tprg s such that é(A/éB/TC/D/) =0.

Remark 6.5. As discussed in section [2.6] the spinor field 745 in (6I0) can be expressed in
terms of 74 (defined by (2.27)) and constants of integration, see (2.32).

Proof of proposition[64. Since the primed Weyl curvature spinor is W picrpr = X(fA'B'C'D')’

using (6.4al) we get ) o
e(A/’?B/C/D/) == QeA/eB/eC/eD/(b. (611)

Notice that this equation involves only the totally symmetric part Jap/cr). Using equation
(B12), it is straightforward to check that the solution is

;)(I(A’B’C’) = QéA/éB/éC/q) - (é(A/Q)(éB/ éc/)‘b) + [)A/B/C/7 (612)

where papicr = parprcry is such that é(A’PB’C’D’) = 0. Recalling now formula (6.6)) for ¥/5:¢,
we have

é(A’eB’C’) = QéA/éB/éclq) — (é(A/Q)(éB/éC/)‘I)) + parpcr- (6.13)
The solution to this equation can be easily found as:
Oap = QCaCr® —2(CuQ)(Cpn®) + Tarp, (6.14)

where 745 is such that é( ATBICY) = PA'B/C- (The existence of such a spinor follows from the
condition CA'CB €Y p 4 v = 0, which in turn follows from applying €4 €5 €Y to ©12). O
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6.1.2 The anti-self-dual part

We observed before that, in order to determine the ASD curvature Xg pcps We need to determine
vaBo, and (6.6) only gives us v4/91. To determine the rest, we notice that we can choose the
unprimed spin frame ag to be given by some rescaling of 0?, 4 so as to make p(ag‘) = 0. That
is, we set oz()4 = 5\0‘4, oz‘f‘ = 5\_154, where \ is a weighted scalar field such that

p(A)=—1, Cxr=0. (6.15)

The role of this field A at this point is only auxiliary; however, we will see in section below
that there is a convenient specific choice of A, see around eq. ([620). The resulting spin frame
aﬁ satisfies then C A/ag =0 and p(aﬁ) = 0, so all the above formulas for the curvature apply.
Furthermore, we get:

YA'BC = 03000114/ — QO(BLC))DTIGAIS\, (6.16)

where o}, is defined in (B.2H), and it represents the ‘shear’ of :. We see that ALC A = yarp1 =

é BIHB, A’y SO s only auxiliary as mentioned. The part of v4/p¢ that remains to be determined
then is 0114,.

Proposition 6.6. The relation between the spinor field o, in (6.16) (defined by (B2D)) and
HA’B’ 18:
0'114/ :2(GB/HA/B —’?A/B/C/QBC)—{—]CA/, (6.17)

where ky satisfies C 4 Cpiker = 0.

Proof. The Bianchi identity (B.34D]) can be written as eA’ (X%/A/C'D""GB'A/‘I)%'D'm) = —éB,CIDfC,D,M.
Replacing (6.5al), we get:

r~ ~
GA GB/'YA/C/D/ = —GB/q)fC/D/ll.

In addition, (B.34d)) can be expressed as @C/(fﬁfC,D,Ol +3Aecip) — éC'@g,D,H = 0, which, when
combined with (6.5d), gives

CYCpyanm = VO 5.
Adding the two previous equations and using (6.6) and (B.31al), we get
QGA,éB/éC/GD/A/ = —éB/éc/U})/.

We then see that, in the left hand side of this equation, we have to commute the operators C 4/
and € 4. This can be done with the help of the general identities that we give for this commutator
in appendix [B.2l For the sake of brevity, we defer this calculation to appendix [C.2] where we
prove that

CaCpCobp™ = CpCer(Calip™ — o), (6.18)

and therefore
CrprCo (0113, —2(Cafp A — %,E,F,QE’F’)) _0.

Thus the result (€.17) follows. O
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The explicit expression for v4/gc in terms of 84/ is thus:
YA'BC = QOBOC <GB/9A/B/ - 2(é3/90/,4/)93/0/ + k‘A/) - QO(BLC)éB/aB/A/. (619)

Imposing the Einstein-Weyl equations, we can replace 045 by its expression (6.10]) in terms of
the solution ® to the conformal HH equation (5.9]) and the field 74/p/, which consists of terms
with 74" and constants of integration. Inserting then the resulting expression of v/ g¢ into the
ASD curvature, we obtain XﬁlB(JD as a function of ® and 74/p.

In summary, we see that the SD Weyl spinor U 4 e depends only on the solution ® to
(59), and the ASD Weyl spinor ¥ 4pcp depends on ® but also on constants of integration. This
is analogous to the results we obtained for Maxwell and Yang-Mills fields. More explicitly, the
Weyl scalars W3 and ¥4 can be computed in terms of o, as given by formulas (B.31h) and

(B.31d), and for ¥y we use (B.28) and (6.4d), which give

\IIQ = — %éA/éB/HA,BI, (6.20&)
Wy = Car(Cp0P — 3B Gp0n) + LCa kY, (6.20b)
Uy = QGA/(@B/QA/B/ — ’?A/B/CIQB/C/) + @A/kﬁA/. (6.20c)

6.2 Twistor surfaces and Plebanski coordinates

In the previous section we reconstructed the full conformal curvature in a covariant (coordinate-
free) form, from a solution to the conformal HH equation (5.9]) together with constants of inte-
gration. In this section we will see how to obtain, in a coordinate-dependent manner, the general
structure of an arbitrary metric in the conformal class, based on the original insights of Ple-
bariski and collaborators in the hyper-heavenly construction [5], [0, IT]. This general structure
does not depend on any field equations. In the next section we will see the relation between this
coordinate-dependent expression and the abstact objects we considered in previous sections. In
what follows, besides the usual abstract spinor indices that we have been using, we will also use
concrete numerical indices A,B,...=0,1 and A’,B’,... =0, 1.

Our construction so far is based on the use of the preferred unprimed spin frame (0%, %),
but we did not need to specify anything about primed spinors. It turns out that the special
structure of the geometries we consider is sufficiently rich so as to also single out a primed spin

frame, and this is needed for our approach to the reconstruction of the metric.

In the hyper-heavenly construction, Plebanski et al use four special complex coordinates
(denoted by (u,v,z,y) in [5]), which arise roughly as follows. If the manifold is complex, or
real-analytic with complexification CM, then the involutivity of the distribution L implies the
existence of a foliation of CM by 2-dimensional complex surfaces ¥ C CM such that T = f/]g.
These ‘totally null surfaces’ may be considered as the basic object of twistor theory, and we call
them twistor surfaceﬂ. Then the four special complex coordinates for CM are given by: two
coordinates comnstant on the surfaces, and two coordinates along the surfaces. The original HH
construction is entirely formulated and expressed in these coordinates [5], [10, [11].

Coordinates constant on twistor surfaces

At the level of the cotangent bundle, the almost-complex structure .J given by (Z4) produces
the decomposition T*M ® C = L* & L*, where L* and L* are the (+i)- and (—i)-eigenbundles

In the terminology of Plebanski and collaborators, these are called null strings. In twistor terminology, we
can also call them SB-surfaces (since, according to our conventions, the surface element is anti-self-dual), see [19].
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(and also the duals of L and L). The (+i)-subbundle is L* = {w, € T* ® C | wy = 0apa'}, for
fixed 04 and varying p4/. The integrability condition implies the existence of two coordinates
A = (zol,zll) (denoted by (u,v) in [5]) such that dz® € L*, where the twistor surfaces are
given by z&" = constant. We then use dz4" as two elements of a coframe eAA" = (eOA,, elA,):

A = dA (6.21)

Since dzA" € L*, there must exist two spinors C%, C}{, with €45’ A C}BI, = 0, such that, in abstract
indice

VA = opCh . (6.22)
We require (6.21]) (or ([6:22))) to be ordinary 1-forms, in the sense that they must have vanishing
p- and w-weights. This implies that the spinors C;?// must have p(Cf//) =—1, w(¢ A//) = —1, which
in turn implies that eA'B'¢9,¢L, %1, s0 Cﬁ‘,l is a non-normalized spin frame. We can express this
as

AP A (B = NA'P (6.23)

for some function N # 0 with weights p(N) = —2, w(N) = —3, and where eA'B’ = —¢B'A"

O =1, Thus, we can take the other two elements of the coframe, that is A = eéA,dxb, as

= Nlpch. (6.24)

One can then check that the usual abstract index expression for the metric is recovered, namely

0A’
Gab = 2€A’B’6( eb) — €EABEA'B’.

Proposition 6.7. The spinor fields Cj,, defined in [©22) satisfy the following:
éA/CE/I =0, GA/CB,A, = 0. (6.25)

Proof. We have d2z4" = 0, so, from [622), this implies 8[ae;}A/ = 0. Since e!A" has vanishing
weights, it holds 8[ae;]A/ = G[aeé}A/. Replacing ([6.22)), the result follows. O

/ / . . . . .
A'B" and its inverse eaps to raise and lower concrete indices, analo-

A/BleB/ A/ Cg’,,. Notice that with

We can use the object €
gously to abstract spinor indices. For example, we define Cﬁi =c
this definition, we have C;?// Cé: =-N 5@,/ .

From (6.25), we see that the existence of twistor surfaces gives origin to a primed, non-
normalized spin frame that is parallel under €. In particular, then, we can use ¢ A,/ to deﬁne a
parallel, normalized spin frame by &4 4 =iN~ 1/2¢4 A/ , whose weights are p(a ot ") = 0 and w(a4, ot ) =
1/2. The factor ‘i’ in aﬁ, iIN~ 1/2CA, ensures that the ‘dual’ of aA, is aﬁ, = eA,B,eB A/ag,,
namely &’y dé/, = 6A/ All the formulas for curvature, connections, etc. given in section [6.1]
are, therefore, valid 1f we use this particular spin frame. In addition, since p(N 1/2) = —1 and
Cu N2 =0, we see that N gives us a specific choice for the scalar field A introduced in (G.I5),
that is, we can set:

A= N2 (6.26)

Proposition 6.8. With the choice ([6.20), the relation between the spinor field 6 4/g: introduced
in ([66]) and the primed, weighted spin frame Cj‘,/ defined by ([6.22)) is

20plcry = —N"CD Calprcr. (6.27)

0%e could also use a notation like w = wBB/deB/; however, while the identification wgp: = wp is well-
established, the object “dz®P ” might be misleading here since, on curved spacetimes, it is not really the exterior
derivative of four scalar fields.
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Proof. Using the spin frame df}// =N~V 2@‘1&/ and its dual, we can define the ‘connection form’

Aarpror as in ([63). Defining A by ([626), recalling that 401 = A€ A, and expressing . grcv
in terms of A = N2 and Cﬁ,,, a short calculation gives

Jarpor + eporyam = =N (R Calpror.
Recalling now formula (6.0, the relation (6.27) follows. O
The result ([6.27) will be key below to connect the expression for the metric and the solution

to the conformal HH equation.

Coordinates along twistor surfaces

In order to get an expression for the metric, we first need to understand how the second pair of
complex coordinates arises. The frame of vector fields dual to the coframe e will be denoted
by eaar = €% o/0. It is defined by the condition eAA (eppr) = 5804/ One can check that

by = — NLBCE, (6.28a)
el = 0BCR. (6.28b)
Notice that p(egar) =0, w(egar) = 0 and p(ejar) =0, w(ejar) = —2.

Proposition 6.9. Let ¢ be the scalar field deﬁned by the Lee form ([2.25), and let e;ps be the

two vector fields [©280). Local coordinates 8 = (3%, 5Y) along the twistor surfaces are given
by
g, _
55A7 = ¢ Yerar. (6.29)

Proof. Using ([6.28), a short calculation shows that the vector fields defined by the right hand
side of (6:29) commute; therefore, they define local coordinates. Notice that the factor ¢—2 is
essential to ensure the commutation property, and it also ensures that the vector fields 0;as have

conformal weight zero. O
We recall that, in terms of a null coframe eAA/, the metric can be written as
g= e el el @ OV g 10 10 g 01 (6.30)

. . . . ! /
In abstract indices, this is g, = eaBe€ A/B/e‘(";A ebB)B .

Proposition 6.10 (See [10]). In terms of the complex coordinates (22", 72, the metric has the
eTpressio {1
g =20"2epapdz® ©di® +2QamdzA ©d2P, (6.31)

where we define

Qa'® = ¢ %e0a (ZB). (6.32)
Proof. We have

/ ! / / / !
g = GABGA/B/eAA ® BB = 26A/B/60A oeP = 26A/B/dZA oe'B ,

"Our convention for the symmetric tensor product is a ®b:= (e @b+ b ® a).
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X ’ . ~A! / . .
so we need to find an expression for !B in terms of 24", 24", To do this, we notice that

déA/ = eBB/(éA/)eBB/
= eop/ (2A/)60B/ + e1pr (2A/)61B/
= eOB/(éA/)dzB/ + 2
where in the last line we used (B2I) and (629); the latter implying that e;p/(34) = ¢255.
Therefore:
e'B = ¢72d4zB — o260 (2B)d2C . (6.33)

Defining then QB via ([32), the result follows. O

Remark 6.11. As noticed by Plebariski and collaborators [0, [10], the tensor field
= 2eapdz® ©dzB =2(d2"dzY —dz"dz"), (6.34)

is simply a flat metric expressed in (complex) double null coordinates (see e.g. |2, Chapter 2|).
Therefore, the metric (6.31)) consists of a conformally flat part ¢~2n plus a Q o-g/-dependent part
that codifies the non-trivial curvature of the conformal structure.

Remark 6.12. Using €4 = A{B,IOB(‘EBB/, the identity 6%, = —N*ICA//CE, the definition ell’c, =
oP Cg,,, and the result (6.29), a short calculation gives

€ = —N71p? (Y. (6.35)
(Recall that zD" are ordinary scalar fields.) Multiplying by ¢*2C§:, it follows that
CurB =65, where B = ¢ 2B Y. (6.36)
This equation gives us the explicit relation between coordinates on twistor surfaces and a solution
to the twistor-like equation (2.27).
6.3 The conformal metric and the almost-complex structure

Having determined the general structure (6.31]) of the metric (for which we followed Plebanski et
al [5, 10, [11]) together with some relations to abstract objects we used in previous sections (such
as ([6.26)-([627) ), we now want to understand how, in case the Einstein-Weyl equations (5.2)) are
satisfied, the solution to the conformal HH equation (5.9]) enters the metric.

The first step to do this is to convert (G.31]) to an abstract expression. Using (6.34]) and
(621)), a short calculation shows that ([6.3I)) can be written in abstract indices as

Gab = & *Nab + 20408Q 411 (6.37)
where we defined the spinor field
Qup = Ch (B Qap. (6.38)
Notice that p(Qap') = —2 and w(Qap) = 0.

Proposition 6.13. The relation between the spinor field Q o' defined in ([6.38]) and the spinor
field 0 41 given by ([6.0) is
Quap =—204p. (6.39)
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Proof. By definition (6.32), we have QB = ¢~2 egarOcZ B’ Since ZB/ are ordinary scalars, it
holds 9,58" = €.2B’. Using then (MD QaB = —¢ 2N~ ICC Cc 2B . In terms of the spinor
field ([63R), this is QP = gb‘QCSi@A/ , where we used the identity CA' A= —N5

Lowering an index, we have Qg = ¢~ CD/C'GB/Z , and since eA'CD'C’ = O = @A/(ﬁ, and
€4 and C4 commute on ordinary scalars, we get e A/Q o =0 2 C 5 C 43P . Using (6.35])
and Cpr¢ = 0, we have GA/QB/C/ = —(pcCp/ (N~ CA, ), which can be rewritten as

CaQpcr = N'CR Cplper,
where we used N~ (prcr ¢} = ecrar. Recalling now the result (627), we see that

Ca(Qpcr +20pcr) =0,

from where we deduce that Qg = —2(0 4 p + kap) for some k4 g with éA'k?B/C/ = 0. But
we noticed in remark [6.3] that for 645 we have the freedom (6.7)), which means that ky g can
be absorbed in the definition of 6 4/, Thus, the relation ([6.39) follows. O

Imposing now the Einstein-Weyl equations (5.2)), the constructions of previous sections apply,
so there exists a scalar field ® that solves the conformally invariant HH equation (5.9) and such
that the SD Weyl spinor is (5.8)), and the spinor field 645/ is given in terms of ® and constants
of integrations by formula (6.I0). Replacing these expressions, we arrive at:

Proposition 6.14. Assume the Einstein-Weyl equations ([0.2)) hold. In terms of the scalar field
® that solves the conformal HH equation (5.9)), any metric in the conformal class can be expressed
as

9ab = ¢_277ab + Cap — 493 [Q gb 4Vd( (a b) ¢4(I))] (640)
where V, is the Levi-Civita connection of gap, Capy = —4040pTa g TEPTesents constants of inte-
gration, and the tensor field Pupeq is defined by Pypeq = 4040B0c0DEA B EC D! .

Regarding the almost-complex structure (2.4]), we have:

Proposition 6.15. In the coordinates (2%, Z%"), the almost-complex structure (24) is

. 8 Al . 3 ~Al -2 B/ A/
J = zm ® dz™ — Z(%A/ ®dzZ™ + 2ip“Qar 558 ®dz™. (6.41)
Proof. Using the original expression (2.4)) for J, together with (6.22]), (6.24)), (6.28a)), (6.28b)), and
the identity 54 = —N—lgg’gﬁi, a short calculation shows that J = iegas ® € 0A" _jeia @ 1A,
Using now (6.21), (629, 63), and
(9 2 Bl a
A B9 6.42
€0A aZA/ + ¢ QA 82B ( )

we get (64I). Equation (642) is obtained by noticing that we must have egas(2B") = 65, and
5B\ _ 420 B O
ecoar(Z°) = ¢°Qar™ .

From (G41) we see that while §/0z4" are anti-holomorphic vector fields for .J, the presence
of the Q o/ -term implies that the vector fields 3/32A/ are not holomorphic w.r.t. J. Notice
that the first two terms in (6.41]), namely
®dz4, (6.43)

Jo = ® dzA

) .
AT ERCELY

give an orthogonal complex structure for the conformally flat metric ¢ 25, that is (Jy)? = —I,

¢7277(J0'7 JO') - ¢72n('7 )
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6.4 Discussion

From proposition [6.14] we see that the conformal metric can be expressed as gg, = ¢ 2Nap +
Cab + hap, where the tensor field hyy, is defined by

hay = =43V [Q 20V o(P, ) ‘6" @)]. (6.44)

We can then distinguish three different contributions to ggup.

First, as noticed in remark [6.11], the tensor field ¢ =21, is a conformally flat metric; in other
words, this gives a flat conformal structure. It corresponds to setting ® = 0 and all ‘constants
of integrations’ to zero. Both SD and ASD Weyl spinors vanish in this case: ¥ 4/pcvp = 0 and
Vagep = 0.

Second, the part ¢y, is only associated to ‘integration constants’, since it only involves 74/p/,
whose explicit expression is (232]). It corresponds to setting ® = 0, which leaves a half-flat
conformal structure since the SD Weyl spinor then vanishes, W 4/ grerp = 0. In other words, this
corresponds to a (possibly complex) conformally hyperkdhler structure. The ASD Weyl spinor,
in turn, only depends on constants of integration.

Finally, the third contribution to g is given by the tensor field (6.44]), and it encodes the full
curvature of the conformal structure. We find this term particularly interesting for the following
reason. Setting O=1 (i.e., breaking conformal invariance and restricting to an Einstein metric
in the conformal class, as in section [£.3)), (6.44]) coincides exactly with the expression for a “Hertz
potential” in linearized gravity (on curved backgrounds). In perturbation theory, the (ordinary)
linearized Einstein equations are reduced to a scalar, linear, wave-like equation known as ‘Debye
equation’ or ‘adjoint Teukolsky equation’, and a Hertz potential is the reconstruction of the
linearized metric in terms of a solution to this equation. Here, however, all of our results are
valid for the full, non-linear Einstein(-Weyl) equations, and there are no linearizations involved
whatsoever.

Remarkably enough, the full non-linear curvature of the conformal structure is still coming
from a “Hertz potential” (more precisely, its conformally covariant version (6.44])), but now the
scalar field ® is required to satisfy the non-linear conformal HH equation (5.9)).

Notice that, at the linear level, i.e. keeping only linear terms in ®, and setting the integration
constant K to zero, the conformal HH equation (5.9) is (¢ 4+ 3R/2)® = 0. We can express this
in GHP notation by using identity (BIS) and recalling that p(®) = —4, w(®) = —1 and that
R = —12Vy (eq. ([B.26)). After a short calculation (using also [18, Eq. (4.12.32)(f)]) we get

(O° + 3R/2)® = 2[(b' =) (b +3p) — (0 —7)(d+37) — 3W5]® = 0. (6.45)

This is exactly the Debye (or adjoint Teukolsky) equation for gravitational perturbations. Thus,
from formulas (6.44) (for © = 1) and (6.45), we see explicitly that the metric reconstruction and
Teukolsky equation from perturbation theory in 4d general relativity are the linearized version of
the conformally invariant HH construction obtained in this paper. This answers in the affirmative
a question posed in [35, Remark 3.14].

7 Summary and conclusions

Inspired by the connections between integrability in complex geometry and in differential equa-
tions that are derived from twistor theory and the heavenly equations in the hyperkéhler setting,
and motivated by the observation that the integrability of an orthogonal almost-complex struc-
ture is conformally invariant, in this work we have studied the potentialization of 4d closed
Einstein-Weyl structures with a half-algebraically special Weyl tensor and a half-integrable
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almost-complex structure (equivalently, a shear-free spinor field), as well as the potentialization
of the Dirac-Weyl, Maxwell, and Yang-Mills systems. Our method was based on the construction
of a conformally invariant connection, €44/, associated to a choice of almost-complex structure
J, that, when the half-integrability properties of J are taken into account, produces a flat ‘con-
nection’ €4 = 0€y A, that is at the heart of the integration machinery, since it gives origin to
a de Rham complex and to parallel frames for all the systems considered.

As with any integration process, the general solution to the differential equations we studied
depends on a sort of ‘constants of integration’, that in our approach take the form of spinor
fields in the kernel of C4. The equations can be solved formally in terms of these constants
of integration and a spinor field 74" that satisfies the twistor-like equation [227)), as discussed
in section These two objects correspond to an abstract, conformally invariant version of
the coordinates (34", z4") adapted to twistor surfaces in which the original HH construction is
based: our ‘constants of integration’ correspond to functions which only depend on A and
A" and A are, respectively, coordinates
constant and along twistor surfaces, see section [6.2]). The different dependence of each part of
the reconstructed fields on integration constants and potentials is subtle, see below.

the spinor field 74" is an abstract version of A" (z

The concept of “potentialization” is here understood as follows. The field equations lead to
two main consequences. First, primed spinor fields can be entirely expressed in terms of a scalar
ﬁel: a ‘potential’, which is the generalization of the Plebarski potential in the second heavenly
equation. Second, the potential must satisfy a scalar, conformally invariant wave-like equation,
which is linear or non-linear depending on whether the corresponding original system is itself
linear or non-linear. Recall that the ordinary scalar conformal wave equation is (O+ R/6)® = 0.
For linear systems, the equations we obtained are a generalization of this:

(O° +nR)® = 0, (7.1)

where n is some number depending on the system considered, and (0% and R are respectively
the wave operator and scalar curvature of C,. Equation (7)) includes the Teukolsky equations
from perturbation theory, see eqs. (B.]), (310), (645). This connection to perturbation theory
can be understood as a generalization to the conformal HH setting of the fact that linearized
solutions to the heavenly equations satisfy the ordinary wave equation, as shown in [39]. For
non-linear systems, eq. (Z.I]) involves also terms non-linear in the potential, as well as a constant
of integration in the right hand side.

On the other hand, unprimed spinor fields are not directly involved in the potentialization,
but they can be related to the potential when one considers the primed and unprimed fields as
the SD and ASD parts of the curvature of a connection (a fact that is itself independent of the
field equations). Thus, even though only “one side” of the geometry is special, both sides are
related via the connection form.

A signature issue must be mentioned here: in Lorentz signature, reality conditions can be
imposed so that the SD and ASD parts are complex-conjugated of each other. In the Maxwell
case, we saw that this can be exploited to eliminate the integration constants. For the Einstein-
Weyl system, the implementation of different reality conditions is more subtle and was not
analysed here. Naturally, each signature has its own peculiarities that deserve special attention;
for example, in Riemann and split signature, our assumptions ([2.12)) and (ZI4) lead to a half-
type D Weyl tensor together with an (ordinary) integrable complex structure, so several formulas
and identities get simplified. In addition, split signature allows the interesting possibility of real
twistor surfaces. We also mention that the integrability issue for the hyper-heavenly equation is
subtle and it might also be related to signature, see [40] and [41].

12 . . . . . .
Here we mean of course spacetime scalar, since for the Yang-Mills case the scalar has internal indices.
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The Einstein-Weyl system has the additional feature that one is also interested in reconstruct-
ing the conformal metric. When the field equations are satisfied, three different contributions
to the structure of the conformal metric can be distinguished: a conformally flat part ¢=2n,,
a conformally half-flat part ¢y, associated to constants of integration, and a potential part hg,
(644), which encodes the full non-linear curvature (see sections and [6.4]). When restricted
to an Einstein metric in the conformal class, h,, has exactly the structure of a so-called Hertz
potential, which is a tensor field arising in linearized Einstein theory (on curved backgrounds)
that reconstructs the linearized metric in terms of a solution to the Teukolsky equation (Z.1)).
In our case, the same tensor field (or, rather, a conformally covariant version) arises in the full,
non-linear Einstein(-Weyl) theory, where it satisfies the conformal HH equation (5.9]).

Finally, one of our main goals in this work has been to show that conformal invariance
features prominently in the analysis of the geometric structure and potentialization of special
spacetimes, even for systems that are not conformally invariant such as the ordinary Einstein
equations (see section [5.3] where we show how to deal with such non-conformal systems by using
a simple trick). In our approach, this symmetry originates in the fact that the integrability
of an orthogonal almost-complex structure J is conformally invariant. The connection €44/
incorporates, by construction, these structures, and it also encodes integrability of J in parallel
spinors (ZI3). (Alternatively, in view of (B3), eq. (ZI3) is equivalent to €40P = 0, which
we can interpret as saying that o? is holomorphic, in agreement with [13, Chapter IV, Theorem
9.11].)

Acknowledgments. The possibility of relations among some of the structures considered in this
work and Plebariski’s hyper-heavenly construction was suggested to me by Maciej Dunajski and
Lionel Mason in 2019. I am very grateful to them for this suggestion and for conversations at that
time, which led to the development of this work, and also for helpful comments on the current
manuscript. I would also like to thank Steffen Aksteiner and Lars Andersson for discussions
on related topics. This work is supported by a postdoctoral fellowship from the Alexander von
Humboldt Foundation.

A Spinor decomposition for Weyl connections

Let V)’ be an arbitrary Weyl connection, with Weyl 1-form w,. The curvature tensor is given by
vy, Vzv]vd = becdvc. If Ryp.? is the Riemann curvature of an arbitrary metric in the conformal

class, with Levi-Civita connection V,, we have the relation

Ry 4= Rabcd + QV[G,Kb]Cd + 2K[a\e|de}ce7 (Al)

abc

where K¢ = wqdp + wid; — Weg“gap. We notice that the scalar curvature is

RY .— gac(ngw d — R+6(Vaw“ +WaWa)- (AQ)

abc

By definition, we have the symmetry R%; cd = ngblcd. In addition, the torsion-free property

implies that Rf;bc}d = 0. From this it follows by a standard argument that the Bianchi identity is

satisfied, VFZR;”b}Cd = 0. Defining R% ., = R% °geq, applying another V¥ derivative to Vg, =
—2w.gpe and taking the commutator, one finds

abed = Lopiea) + 9edOjaWy- (A.3)

We thus see that RY, , is antisymmetric in the last two indices if and only if w, is closed,
Ojawy = 0. From now on we will assume that this is the case. The condition R} ; = szb[cd}’

together with the other symmetries, imply the additional symmetry R}, , = RY,,;.
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The algebraic symmetries of R}, , mentioned above lead to the following spinor decomposition
(the proof is completely analogous to the discussion in [I8, Section 4.6] for the ordinary Riemann
tensor):

RZLNbcd = XX/B’C/D’EABGCD + @‘XBC/D/EA/B/ €CD + ‘I)X'B/CDGABGC’D’ + XXBC’DGA/B/EC'D/a (A4)
where XY picvpy = %GABGCDRZVM, etc. The spinors XY povp, Xipop can be furthermore
decomposed into irreducible pieces as

XX’B’C’D’ = \i’VAV/B/C/D/ —|— AW(GA’C’EB’D’ —|— EA’D’EB’C’), (A5a)
XApep = Vipep + A (eacesp + eapesc), (A.5D)

Iw YW w YW Aw _ 1yw A'B w_ 1lyvw AB
where \I]A/B/C/D/ = X(A’B’C’D’)’ \IIABCD - X(ABCD)? AV = 6+ A’ B’ ’ AV = EXAB '

From the symmetries R%, , = R, . and R‘[’ébc] 4 = 0 it follows, respectively, that
(ijBC/D/ — (bVCVVD’AB7 ]\W — AW. (A6)

We notice that, if w, is not closed, the first of this relations does not hold. We also notice that
the relation between A" and the scalar curvature (A.2)) is

AY = R¥ /24, (A7)

The relation between the curvature spinors of V) and those of an arbitrary Levi-Civita
connection in the conformal class are as follows:

AV = A+ LH(Vew® + wew©), (A.8a)
®Upcrp = Paporp — Ve awp)pr + Wer(aWB) D (A.8Db)
Vo = Yamon, (A.80)
Visep = YaBep. (A.8d)

We see that the totally symmetric parts of XX, pop and XY pop coincide with the ordinary
Weyl curvature spinors; so we can drop the superscript ¥ on Y'Y, 5/ v pr, ¥ gop-

Although the Weyl connection is fixed in the conformal class of metrics, it does not map
general conformal densities to conformal densities. This issue can be fixed by considering a
simple modification: a covariant derivative D, acting on objects with conformal weight w by

Dy 1= VY + w w,. (A.9)

It follows that D,gp. = 0, so D, has the advantage that, when working with an expression
involving it, we can raise and lower indices unambiguously. Since Jj,wy = 0, the curvature
tensors of D, and V) agree,

[Da, D] = [V3, Vi (A.10)
The Bianchi identities can be written as D[eRZVb]C 4 = 0. In spinor terms:
@BAIXX/B/C/D/ - DB/A@Vé/D/AB’ (Alla)
The irreducible pieces are
@BA @X/B/C/D/ = Q(B’A(I)‘g”D’)AB’ (A12a)
D WY pep = Ds™ Pepyap (A.12Db)
DAY DY o py + 3D pp AY = 0. (A.12¢)

Unlike the Bianchi identities for a Levi-Civita connection, each side of the equations in the
identities above is a conformal density.
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B Identities for C,

We will often use the following notation: subscripts 0 and 1 mean contraction with o and ¢4
respectively; that is, for an arbitrary spinor-indexed object ¢pap. Fam.. LA/ s

AB FGH L
$00...011...1A"...8" = PAB..FGH...LA'...5'0" 0" .00 171 ..L”. (B.1)
B.1 Arbitrary spacetimes

The complex-conformal connection C, was defined in section B3l If 04,14 are the (projective)

spinor fields that define €., we have the following identities:

Caaof = J%/LALB, oy = 040PV qx08, (B.2a)

Caa® = O'}LVOAOB, Uil, = 124BV qa1p. (B.2b)

Let @ = 04C4 A, Car = 14C 4 4. Notice that it always holds
@AloB = 0, éA/LB = 0. (B3)

Acting on arbitrary spinor/tensor fields with weights (p, w), the curvature of €, can be decom-
posed as

[Ca, Cb) = [V, Vi) + w200 f) + 20y, Fy)- (B.4)

In particular, let e% be a frame of vector fields with w(el) = w and p(e%) = p, and let €2 be the
dual coframe. We then have:

eg[eaa eb]eg = Rf d + 2(wa[afb] +pa[apb])5ga (B'5)

abc

where R, ¢ is the curvature tensor of the Weyl connection Vi, see (A]). We could define the

abc
left hand side as the curvature tensor of C,, “Rsbcd”, but this depends explicitly on the weights

(p,w) of the frame that is used for the definition. However, the “scalar curvature”, defined by
the contraction with 9“553, coincides with the scalar curvature of Ribcd and so is independent of
the frame:

R := e®[C,, Cylel = R'. (B.6)

Recall from ([(A2) that Rf = R+ 6(Vf® + fuf%).

The curvature operators D%, 5 and Dfl B
The curvature [C4, Cp] can also be decomposed into SD and ASD pieces:
[ea,eb] == GABD%/B/ +6A/B/D,€4B (B?)

where 0%, 5 = 2e48[C,, @] = €y A,eg/) and 0% = 2e'P'[€,, €] = C( Aeg’). Performing
an analogous SD-ASD decomposition for each term in the right hand side of (B.4]), we get the
following formulas:

D%/B/ = DfA/B/ + lUVA(A/fg/) +pVA(A/Pg/), (B8a)
D%B = DfLXB —|—’U)VA/(Af§)/ +va’(AP§)/ (B8b)
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Therefore, if 1cr . p and @, pr have weights (p, w) each, we have:

O% prtber..r = X,fath/c/Q/wQ/D'...M' +...+ X,fél’B’M’Q’T;Z)C’...L’Q/

+ [wVaa Fy + PV A Py | dorar (B.92)
O%svcr . = @ poig® b + oo + Sy prpgiber. .

+ :wVA/(Af§; +va’(AP§‘),} Yor. s (B.9b)
0% prec..mr = Pupcee®p..+ -+ Supgee. L

+ :wVA(A/fg/) +va(A’P]§1/)} PC... M (B.9¢c)

O%pec.m = Xhpeoe®p..m + .+ Xhpuove..r?
+ :wvA,(Afg‘)' + va/(APé‘),} ©c..M, (B.9d)

where X,f4' BC'D <I>fA BC'D!> Xﬁl pcop and <I>fA, prop are the curvature spinors of the Weyl connec-
tion Vg: in terms of the curvature of an arbitrary Levi-Civita connection in the conformal class,
we have:

Xypop =Xapop + €(A'|D| [VB/)Cfg/ + fB/)cfg/] ; (B.10a)
Oy o = Papcrn — Vpalse + foralfeier (B.10b)
Xhpep = XaBep + €ap| [VB)c/fg/ + fB)c/fg/} , (B.10c)
'y pep = Pamcp — Vow ey + fou e (B.10d)

Notice that these formulas are more general than the ones seen in appendix [A] since here we do
not assume that the 1-form f, is closed.

Another useful expression for D%, p and Dg g s in terms of Car, Car: a short calculation gives
D%’B’ = é(A’GB’) - G(A’éB’)a (Blla)
%5 = 0405(Ca€Y — 04, €M) + 1atp(CaCY + 0% CY) — o(ap) (CaCY + C4CY), (B.11b)

Contractions of €4 and €4 can be expressed in terms of curvature and the wave operator
0¢ = g?C,Cy:

éA/éA/ == —Dgo — UOA/GA/, (B.12a)
GA'éA/ = %De — Dgl’ (B.12b)
éAIGA/ = —%De — Dgla (B.12¢)
ey = 0% + o' Cy. (B.12d)

(3OS, ete. are defined according to (B.I])). One can show that for a scalar field ® with weights
(p,w), it holds:

CAC® = 1(0° — pR/4)®. (B.13)

If o4 g and 4. g are totally symmetric, and with weights p = 0, w = —1 each, then:
Va oar. k= Ca dur o, (B.14a)
Valoa .k =Catoa. k. (B.14b)
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Yang-Mills

The connection C, is generalized to €, when we study Yang-Mills fields, as we describe in section
M The curvature [€,, €] decomposes into SD and ASD parts analogously to (B.7)), so one has
the operators D%B/ =y Qﬁg,) and D%B = ¢A/(Ac:g’). For arbitrary p;7, we have:

0% g = 0% g — xarpi® e + xar i i, (B.15a)
O%pud = 04 — oapi®m + ease’ mi®. (B.15b)
Similarly to (B.12al)-(B.12d)), we have the general identities
ey = —0§, — o*Veu, (B.16a)
ey = i0% - 0, (B.16b)
ey = —10% - 0f, (B.16¢)
eey =05, + o Ty (B.16d)

Some GHP expressions

When acting on scalar fields with weights (p, w), the wave operator (° can be expressed in GHP
notation as:

0 =2[(b—pp = A)(B' —p') — (@ —pr = 7) (@ —7')]
+2(w+1)(pb +p' b -7 =70 —2A — Uy)
—2(w+1)(p —w)(pp —77") + 3p¥a + 2(p — 1) (kK' — 00”). (B.17)
Alternatively, commuting the GHP operators:
0° = 2[(/ +pp’ = §') (b —p) — (O +p7' = 7)(0—7)]
—2(p— (w+1))(p'b+pp =7 d—-7 —2A — U,)
+2(p— (w+1)(p—w))(pp —77") = 3p¥y — 2(w + 1)(kK — o0’). (B.18)

B.2 The case in which o? is shear-free and a repeated principal spinor

Here we specialize the general identities given in appendix [B. to the case in which o? satisfies
[2I12) and @I4). In addition, the other spinor field 14 in the definition of €, is chosen so that
the Lee form is a gradient (see proposition [2.7):

fa = 0alog ¢. (B.19)
In the general curvature identities (B.9a)—([B.9d), eq. (B.19) implies &, 5 = @5, 45, and
Vau fiy =0=Vaufh. (B.20)

The operators DZ,B, and DZB

The fact that C440p = 0 allows to describe the curvature of €44/ entirely in terms of the

f as we now show. Applying another @, derivative

curvature spinors of the Weyl-connection V,

to Cpoc = 0 and taking the commutator:
0= DE/B/OC = q)fA/B/CDOD + (VA(A/Pél/))OC, (B21a)

0 =0 p0c = X\ pepo” + (VaraPh) oc, (B.21b)
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from where we deduce:

g = — VA(A/PA/)7 (B.22a)
Xipor = — VA’(AP§57 (B.22b)
Ol pigo = 0, (B.22¢)
Xlipoo =0, (B.22d)
and therefore, from (B.22al)-(B.22D):
20, Py = —(earm Xlypor + €AY o). (B.23)
Furthermore, (B.22d)) can be written as
U 4pcopo’ ol = —2A 0408, (B.24)
which implies, in particular:
Wy = —2AF (B.25)
Thus, recalling that the ‘scalar curvature’ (B.6)) of C, is R = 24A!, we get:
R = —120,. (B.26)
The action of the operators D%B/ and DEB is then:

D,CLVB/T/JC’...M’ = Xi/B/C/QﬂbQID’...M' +.t Xi/B/M/QﬂﬁC’...L'QI - p‘bi/B/mT/}C’...MH (B.27a)
D%B¢C'...M' = q)ilBC’Q’TzZ)QID’...M’ + ...+ ¢f43Mfo¢C'...L'Q - PX£1301¢C'...M', (B.27b)
Dg’B’SDC...M = q)a’B’CQSDQDmM + ...+ q)a’B’MQSDCmLQ — pq>f4/B/01SDC,..M, (B27C)

O%sec.m = Xhipeoe®p..m + .. + Xhpyovc. .19 — pXYpovc..m. (B.27d)
Commutators
The commutator [€4/, Cp/] can be computed by noticing that
[Car,Cp) = 0" [Ca, &) = O + e TGy (B.28)

Straightforward calculations then give:

[Car, Crrltbcr.. = (Xl pog + ean®ocig)? b

+ + (XEVB’M’Q’ + €A B! q)glM/Q/)¢C/___LIMI — p(q)fé/A’Ol + 3Af€B/A/)7,Z)C/mM/
(B.29a)

[Car,Crlpc. i = (Phpcg + ean Xoiog)P®p..m
+ ot (Ppo + ean Xoig)ec..L™ — p(@ a0 + 30 epa)oc.

(B.29b)
The contraction of (B:29a) with ¢%'™" is also needed in this work:
[éA/, GB/]TJZ)C/WL/BI == (XEVB’C’Q/ + EA/B/ @glC,Q/ﬁbQ D'... L' !
+ + (Xg/B/L/Q/ + EA/B/@BlL/Q/)'l/}C/“.K/QIM/
— (p+ )P a1 + 30 ) 7 (B.30)
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All these formulas can be checked by considering the simplest case of a spinor with only one

index.

Taking into account that 0114, = 1BC@ 1, applying the identities above we find:

© f
G(A/O'IB/) - ¢A’B’117
éA/UlA/ = 2Us3,
GA/O' = \1’4

Bianchi identities
The Bianchi identities are
-
GBA X1f4’B’C’D’ == GB/Aq)fC/D/AB,
Ay f Al xf
GB’ XABCD = GB (I)CDA’BU
or in irreducible components:
A, Axf
eB WA/B/C/D/ == G(B/ @C/D/)AB’
A A xf
GB/ \I/ABCD - G(B @CD)A/B/7
!’
GAC ‘I)fABC/D’ + 3GBD/Af - 0

Contracting (B.32al) and (B.33d) with o and +Z, and taking into account (B.22d):

~ Al ~ ~
GA Xzfél’B’C’D’ - _GB’@fC’D’OD
A’ f _ f © f
c* X Cp® Cp®
A'B'C’'D’ = “B'*C'D'01 T “VB'¥(C'D'11s
~ ~
- @C (pr’D’Ol + 3GDIAf - 07
1 ~ !
GC (be’D’OI - (‘30 (be’D’ll + 3eDlAf - O

(B.31a)
(B.31b)
(B.31c)

Eqs. (B34a) and (B.34D) can be expressed in terms of the Weyl spinor by taking the parts

totally symmetric in B'C'D’.

Yang-Mills

The Yang-Mills spinor curvature operators (1% a g and 0% A p can be expressed in terms of Car, Cur

analogously to (BITa)-(B.I1L). For the case that 09, = 0 and €4/€4" = 0, we have:

O = CuCs) — Cu ),
D95 = 040B(€4 €Y — 04 €Y) — 0415 (€4 €Y + €4 @),
The explicit action on a field u* with weights (p,w) is
D%’B’Mi = - p(I)g/B/OLU,Z' + XA’B’ji,Ufj,
O%pu’ = —pXhpors' + pan; .

The commutator (B.29al) acting on a field pucr;?, with arbitrary weights (p,w), is

[Car, Cpilpcri? = [Car, Coilucri’ — xarpri o’ + xarpid peni®

+ €arpr (—@oukucucj + @Olkj,UC’ik> .
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(B.36b)
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Contracting with €5'¢":

[Ca,Cppl?? = —(p+1) <‘I’51AIBIMB// +3A )

- XA’B’ik,UB W+ XA’B’kj,UB i+ <P01z‘kMA/kj - <P01kj/iA/ik- (B.38)

Einstein-Weyl spaces

Recall that the F:instein—Weyl equations are ®% ., = 0. Using the Bianchi identities (5.7hJ),
this gives € B/A(Q*I\II AaBcp) = 0. These can be expressed in components as follows (using
Newman-Penrose notation for the Weyl scalars):

Cp (10, =0, (B.39a)
Cp (2 1Wy) — (27 1W3) = 0, (B.39b)
Cr (Q71W3) — 305, Q 10y — Cp (Q710y) = 0. (B.39¢)

Using (B28) and (B3%a)), we see that €4/ (2 1A) =0, so
CaAf = Q1AL (B.40)
Recalling (5.12)), we get o
CaCr Al =0. (B.41)
C Some details of calculations

C.1 The conformal HH equation (5.9)

The commutator term in (5.11)) is

[Car, éB/éC/éD/]éA/(I) = —éB/éC/Kb/ — éB/K%/D/ — K%’C’D” (C.1)
where
Kb =[Cp,CulCt @, (C.2)
K2 = [Ccr, Car]Cpi €A ®, (C.3)
K%’C’D’ - [éB/, eAl]éc’/éD/éA/(I). (04)

Using identity (B:30) and taking into account that p(®) = —4 and p(Ca/) = 1, we get:

Kby =205, 1 CF & + 6ATC i, (C.5)
K2 = Upponp CF @F @ 4+ 2M €/ Cppv® + ecr pr @) 1oy CF CF @, (C.6)
K%/C/D/ — 2®E1F1B/(CléD/)éEléFl(b - 2AféB/éC/ éD/q) + 2@81(C/E/éD/)éB/ éE'/(b (C?)

Replacing, we have:

GA/éB/éc/éD/éA/q) = éB/éC/éD/ (GA/éA/CI) - 6Af‘1>> + Npicipr, (C.S)
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where for convenience we defined
NB/C/D/ = — é(B’ <\I]C’D’)E’F’e e (I)) — 2\I’E1F1 B/CIGD/)GE/ éF/q)
+ 653(3/60/ <<I>GD,)A ) (é(B/A )(Cer €y D)

The idea now is to express everything in terms of U 4 grcvp and its derivatives, by means of the
Bianchi identities. Using (B.AT]), the terms with Af simplify to +4(€(z/A")(Ccr€pn®), and upon
expanding the two derivatives in the first term of the last line, the terms with ‘1>fA, Blo1 are
~ ~ £ ~ 1 ~ £ ~ ~ 7o
_2(G(B’GC’¢D’)E’01)(GE (I)) - 4(G(B’¢C’|E"Ol)(eD’)eE q))
The Bianchi identity (B.34al) can be written as
éA,q/A/B/C/D/ - —éB/ (pr’D’Ol - 2€BI(C/éD/)Af. (ClO)

Taking another derivative and symmetrizing: é( 4C B@fc/) = —é( wCE T pc)yp - Therefore,

D01
after replacing the resulting expressions for é( B/équ)ﬁ),) gro1 and e B/<I>g, 01, We arrive at
NB/C/D/ = — é(B/ (@C/D/)E/F/éEléFl(b> - 2@ElF{(B/C/éD/)éE,éFl¢
+2(C CF U pry ) (CF @) + 4(CF U gy s 1) (Cpy €F D).
Now, we have:
éB’éC’éD’ [Q(éEléF/q))(éEléF/(I))} = 2@(3/(@0/D/)E/F/éE/éF/q)) + 4®E/F/(Blc/éD/)éE/éF/(I)

—"_ 4@E/F/(C/D/(Q_léD/)ﬁ)(éE, éFl(b)
+6(CpQ)(CrC¥ I @) (Cpn CpCrd),

and
CrCerCpy [(éE’f’z)(éF/@)(éE,éF,@)] = U o (€ i 2)(EF BF )
+3(Cp ) (€ CF I @) (Cpn CrCrd)
+ (Cp € e pry i) (CF @)
+ Q(éEl\i’E’F’(B’C’)(éD’)éF,(b)'
Therefore:

Ngcrpr = CpCaiCpy [__Q(eE,eF,cp)(eE CF'®) + 2(CF'Q)(CM®)(CrCpm®)|.  (C.11)

Thus, the right hand side of (CR) is CpCvCpr(—K), where
— K =CuCY® — 6AT® — LO(Cp Cr @) (CF B @) + 2(CF () (G @) (CpCr®).  (C.12)

Replacing the expressions for €4 €A and Af, the conformal HH equation (0.9) is obtained.
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C.2 Proof of (6.I8)
We have:

CuCrCebp? =CpCeCablp™ —CpCcor,Cal0p™ — [Crr, Ca)Ccrp ™, (C.13)
The commutators can be computed using (B:30), (6.5a), [6.5d), and p(dp4') = —2:
[Ccr, Cal0p? = (Codppp )0 + (Corypo)0p”
€5, Ca)Cetp™ = CrApcr) (€ 0p ™) + (CnAppr)(Cot™™).
Using the identities g prpr = e pAarp™ +3p g and CoFap™ = —Corymor, we get
Cp[Ccr,Calop™ = Cp[(Corip pp )0
= CpCor(ApmrbF ") — Co(ip pm Cr®' ).
Then the terms with commutators in (C.I3) are:
Cx/[Cor, Calbp™ + [Crr, CalCrlp™ = CrCor(Fp P T ) + Zyerpy, (C.14)
where

ZB’C”D’ = — (éB’iD’E’F’)(éC’HE/F/) — :)'/D/E/F/éB/éCIGElFI
—|— (éB/’N)/E/C/F/)(éFIHD/E/) —|— (éB’:YE’D’F’)(éC’HElF/)-
Using now the fact that yp/ gpr = 2é(E/9F/)D/ and replacing in Zg/c/pr, a tedious but straight-

forward calculation leads to Zg:crpr = 0. Replacing then (CI4) into (CI3), equation (G.IR))
follows.
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