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Abstract

In this thesis, I have experimentally and theoretically investigated the mechanism

by which a liquid drop removes a single solid particle from a surface.

To address this problem, I designed a method based on laser scanning confocal

microscopy to image drop-particle collisions dynamically (speeds 10 to 104 µm s−1)

and to measure the horizontal force acting on the drop during these collisions. Water

drops, glass particles and crosslinked polydimethylsiloxane surfaces were used in most

of the experiments.

Two main collision outcomes were observed: either the particle collided with

the drop and remained attached to the liquid-air interface (successful removal), or

the particle entered and exited the drop (unsuccessful removal). The viscous force

measured when the particle moved through the drop was negligible compared to the

capillary force acting on the particle when it was attached to the liquid-air interface.

Consequently, the dominant force that determines particle removal is the capillary

force. A liquid-air interface will successfully remove a particle when the capillary

force exceeds the resistive force that the particle has to overcome to move (roll/slide)

on the surface.

To understand the difference between the forces acting on a rolling particle and

a sliding particle, I theoretically modelled the capillary force for both cases. There

are two main results. Firstly, a rolling particle enters a drop more easily than a non-

rolling particle (up to 40% less force is required). Secondly, a particle experiences

a resistive capillary torque when rolling at an interface. This torque significantly

increases the rolling resistance of the particle.

The theoretical model for the resistive capillary torque is directly applicable in

addressing broader questions on the motion of particles at interfaces and the mobility

of moist granular matter. Moreover, the experimental method presented in this thesis

can be applied to study a variety of problems in the field of wetting (and beyond),

where the combination of microscopic imaging and friction force measurements is

often insightful.
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Chapter 1

Introduction

On a lotus leaf, water drops are highly mobile. They easily roll off, removing

contaminants (e.g. dirt) that are present on the leaf. As a result, the leaf remains

clean, even after being immersed in dirty water. The lotus leaf is an example of a

self-cleaning surface [10, 81, 18, 85]. Self-cleaning surfaces are surfaces that can be

cleaned by water drops, which may come from rain, dew, fog, or man-made sprays.

Over the past two decades, there has been an extensive amount of research on

designing and applying self-cleaning coatings to various surfaces, such as solar panels

and windows. Despite the substantial experimental evidence demonstrating that self-

cleaning surfaces have an excellent ability to remain clean [75, 82, 6, 58, 49], the

mechanism behind this observation remains elusive. There are several reasons for

this knowledge gap. Visualising the removal of dirt by drops requires high-resolution

microscopic imaging because dirt particles (henceforth called particles) are generally

very small. Furthermore, it is difficult to draw general conclusions on particle removal

because experimental observations tend to depend on the precise details (shape, size,

type) of the particle, the surface, and the drop. Due to these challenges, most

existing studies have only investigated surfaces that are heavily contaminated with

particles. There is no experimental study on particle removal at a single-particle

level. With heavily contaminated surfaces, the ‘efficacy’ of a self-cleaning surface

can be determined by measuring the fraction of particles that are removed after the

passage of a drop. However, the insights provided by such studies are insufficient to

understand the mechanism of particle removal on a single-particle level.

In this thesis, I investigate the removal of single particles from surfaces by drops. A

complete description of this problem requires knowledge of (1) how the drop interacts

with the surface, (2) how the particle interacts with the drop, and (3) how the particle

interacts with the surface. The interaction between a drop and a surface, and between

a particle and a drop (1 and 2) are both problems that form part of a broader field

of study called wetting, and in this thesis, I will focus predominantly on these two

aspects.

In general, wetting is the study of how liquids interact with solids (or other

immiscible liquids). Wetting includes the study of drops on solid surfaces as well as

1



Chapter 1. Introduction 2

particles at liquid-air interfaces. The region where a liquid-air interface meets a solid

is particularly interesting because this region strongly influences dynamic properties,

such as the mobility of the liquid relative to the solid surface and the force acting

between the liquid and the solid. Wetting phenomena can be understood in terms of

capillary forces, which correspond to the forces that act between a liquid and a solid.

Capillary forces are due to cohesive forces between the liquid molecules and adhesive

forces between the liquid and solid molecules. Since capillary forces are the key to

explaining the removal of particles using drops, it is worth reviewing how the field of

wetting evolved over the centuries and understanding why the term ‘capillary forces’

is used to describe the interaction between liquids and solids, even when there is no

‘capillary’ involved.

1.1 Historical overview

The earliest reports of wetting can be traced back to Leonardo da Vinci in the late

fifteenth century.1 Leonardo da Vinci observed the spontaneous rise of liquids in

very thin tubes, called capillary tubes.2 The observation of liquid rising seemed

to contradict the common notion that liquids tend to their lowest possible position

due to the pull of gravity. Most early studies sought to explain the cause of this

contradiction. In the centuries following this observation, many highly influential

scientists, including Issac Newton,3 Albert Einstein [39], Robert Boyle [22] and Robert

Hooke [61], explored the phenomenon of capillary rise. This historical focus on

‘capillary force’ justified the contemporary use of the term when describing the force

between a liquid and a solid, despite there being no capillary involved in some cases.

During an era when concepts such as surface tension were unknown, explaining

capillary rise proved challenging. In the mid-1600s Robert Boyle and Robert Hooke

proposed various theories to explain capillary rise. Robert Boyle concluded that

the curvature of the liquid meniscus in the tube is an important parameter in

understanding this phenomenon. He based his conclusion on the observation that

when a capillary tube is dipped into a water reservoir, the water meniscus has a

convex shape and it rises up the tube. However, when a capillary tube is dipped into

a mercury reservoir, the meniscus has a concave shape and it depresses below the

level of mercury in the reservoir [22]. Robert Hooke hypothesised that capillary rise

is due to reduced air pressure in small tubes [61]. He proposed that air cannot get

inside very thin tubes. This would cause the air pressure inside the tube to be lower

than the air pressure outside the tube. As a result, the difference in the air pressure

would drive liquid up the tube. This idea was later refuted as the discovery of the

existence and size of molecules demonstrated that molecules in air are much smaller

1This was reported by James Clerk Maxwell in [78].
2Capillary tubes have an inner radius of the order of the thickness of a hair.
3Issac Newton discussed capillary rise in Query 31 of his Opticks book, as mentioned in [88].
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than even the thinnest capillary tubes, and thereby face no difficulty in getting inside

the tubes.

In the early 1700s, Francis Hauskbee performed a series of systematic experiments

on capillary rise both in thin tubes and between closely spaced glass plates [54, 55, 56].

He observed that the liquid rises to greater heights in thinner tubes and that the height

to which the liquid rises does not differ when the tubes are in air under standard

pressure or in a vacuum. Francis Hauksbee therefore established that the air pressure

is not the cause of capillary rise. He hypothesised that adhesive forces between

the liquid and walls of the tube are responsible. In 1719, James Jurin performed

experiments to demonstrate that the height to which a given liquid rises in a capillary

tube is inversely proportional to the diameter of the tube [67, 68]. James Jurin built

on Francis Huaksbee’s hypothesis, by adding that capillary rise depends both on the

adhesive forces between the liquid and the tube walls, and on the cohesive forces

within the liquid. Liquid rises up a capillary tube when the adhesive forces are

stronger than the cohesive forces.

In 1751, Johann Andreas von Segner, introduced the notion of surface tension as

an inherent property of a liquid.4 Around fifty years later, Thomas Young [111] and

Pierre Simon de Laplace [73] made significant progress by applying the concept of

surface tension to explain a number of experimental observations, including capillary

rise. Thomas Young considered the forces acting at a junction between a solid surface,

a liquid and a vapour, and proposed that the (contact) angle between the liquid-

vapour interface and the solid can be defined in terms of the liquid-vapour, liquid-

solid and solid-vapour surface tensions (or interfacial tension). The relation between

the contact angle and the three surface tensions is now widely known as Young’s law.

In principle, Young’s law allows us to quantify the relative strength of adhesive and

cohesive forces from the contact angle, which can be measured experimentally.

The analyses by both Thomas Young and Pierre Simon de Laplace were based

on forces and pressures. In their time, concepts of energy were poorly understood.

In the 1850s, Sadi Carnot, James Joule, Émile Clapeyron, William Thomson,

Rudolf Clausius, and Hermann von Helmholtz developed the foundation of modern

thermodynamics [91]. Subsequently, Athanase Dupré [37] and Willard Gibbs [50]

were the first to apply these concepts to wetting. Problems that were previously

solved in terms of forces were now formulated in terms of energies.

In parallel to developments in wetting, the field of fluid mechanics was also

progressing rapidly. In the 18th century, Leonhard Euler constructed a theory to

describe the flow of incompressible and frictionless (inviscid) fluids [62]. In 1821,

Claude-Louis Navier introduced the notion of viscosity, which was a crucial factor in

describing the behaviour of real liquids [62]. Throughout the 1840s, George Stokes

built on the theory of Euler and Navier to describe the flow of viscous liquids and

4This was reported by James Clerk Maxwell in [78].
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performed experiments to confirm his theory [97]. Today, the general equations of

motion describing the flow of fluids are widely known as the Navier-Stokes equations,

in honour of these two pioneers. By the mid-1800s, Jean Poiseuille, who was interested

in modelling blood circulation in the body, provided an empirical equation to describe

the flow rate of liquids in thin tubes. Poiseuille’s empirical equation was later

theoretically derived from the Navier-Stokes equations by Eduard Hagenbach [101].

In the early 1900s, Richard Lucas (1908) and Edward Washburn (1921) combined

Poiseuille’s equation with Young’s law to model the kinetics of liquid rise in capillary

tubes [76, 105].

In the 20th century, research in wetting diversified and fundamental work was often

related to industrial applications to address questions such as: How to maximise the

retention of pesticide sprays by leaves? How to maximise the amount of minerals

that can be extracted by flotation? Consequently, it became increasingly important

to account for effects that arise due to imperfections in real surfaces. Young’s law

is valid for perfectly homogeneous (ideal) solids. It predicts that the contact angle

between a liquid and a solid takes a unique value. In the 1900s it became clear that

this is generally not the case on real surfaces [1, 2, 9, 8, 34]. Instead, the contact

angle lies within a finite range, between the so-called receding and advancing contact

angles. The terms advancing (receding) contact angle is used because it corresponds

to the contact angle that a liquid-air interface makes with a solid surface when it

advances (recedes) on the surface. The difference between the advancing and the

receding contact angles is termed contact angle hysteresis and is usually attributed

to surface roughness, chemical contamination, inhomogeneities, or the presence of

solutes in the liquid [33]. Contact angle hysteresis has many implications. In 1962,

Furmidge, who was interested in quantifying how strongly pesticide sprays adhere to

leaves, derived an expression relating contact angle hysteresis to the force required to

move a drop on a solid surface [47].

In the mid-1900s, Wenzel (1936) [106] and Cassie and Baxter (1944) [27], who

were interested in modelling the wetting resistance of textiles, derived models to

demonstrate that the contact angle measured between liquids and solid surfaces can

differ significantly deviate from the prediction obtained with Young’s equation when

the surface has a substantial degree of roughness. They modified Young’s equation

to incorporate the influence of surface roughness. The findings by Wenzel, Cassie

and Baxter emphasised the relevance of the geometry of surfaces on their wetting

properties. Roughness can significantly increase or decrease the apparent contact

angle, depending on the chemical properties of the surface. An increase in the

apparent contact angle results in a decrease in the contact area between drops and

rough surfaces. A reduction in the contact area leads to a reduction in the capillary

force between the drop and the solid. Therefore, chemically hydrophobic surfaces

that have substantial roughness on the micro and nanoscale (such a the lotus leaf)
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tend to be super water-repellent (or superhydrophobic). Surface roughness is a key

factor in the design of man-made superhydrophobic surfaces.

The interaction of water with superhydrophobic surfaces has been studied

intensively since the 1990s due to their exceptional ability to repel water and stay

free of dirt [10]. Although most studies on superhydrophobicity are motivated by

their self-cleaning properties, relatively few studies have systematically investigated

the phenomenon. The removal of particles from surfaces by drops is a complex

problem since it depends on the particle-drop, particle-surface and drop-surface

interactions simultaneously. Numerous studies have reported that superhydrophobic

surfaces make excellent self-cleaning surfaces [10, 18, 85]. It has been proposed

that particle removal is possible when the capillary force between a drop and a dirt

particle exceeds the adhesion force between the particle and the surface [75, 58].

While this is generally true, it overlooks several details. In particular, the following

questions are still outstanding: What is the maximum capillary force that a drop

can exert on a particle to remove it from a surface? What are the consequences

when a particle rolls on the surface as it is removed? To answer such questions, it

is important to consider particle removal on a single particle level. In this thesis,

I derive analytical models to describe the forces acting on particles rolling at a

liquid-air interface and experimentally investigate the removal of single particles

from surfaces by drops.

1.2 Overview of thesis

In the rest of this chapter, I will introduce fundamental concepts that will be relevant

to this thesis.

In chapter 2, I will describe two experimental methods that I have designed and

implemented. First, I will describe how forces can be directly measured using a

flexible metal blade as a force sensor on a laser scanning confocal microscope. Then,

I will describe a method to measure the change in the surface tension of drops as they

accumulate contaminants from a surface. These methods have been published in Soft

Matter [80].

In chapter 3, I will investigate the behaviour of water drops on silicone

(polydimethylsiloxane, PDMS) surfaces. I will show that when water drops are

placed in contact with a PDMS surface, uncrosslinked PDMS chains migrate from

the surface onto the drop. These uncrosslinked chains influence the effective surface

tension of the drop and its contact angle with the surface.

In chapter 4, I will derive a theoretical framework to model the capillary forces

acting on a particle when it rotates at an interface. Rotation at an interface has

consequences: (1) a rotating particle experiences a resistive capillary torque, and (2)
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the force required to detach a particle from an interface is lower when the particle

rotates.

In chapter 5, I will apply the experimental methods from chapter 2 and the

results from chapters 3 and 4 to investigate how drops remove single micrometre-

sized particles from PDMS surfaces. I will address the following questions: How does

particle removal look like on a microscopic scale? Which forces are involved during

particle removal? How can we increase the chances of removing a particle from a

surface using water drops?

1.2.1 Publications associated with this thesis

Some of the work presented in this thesis have led to publications in peer-reviewed

journals.

The methods described in chapter 2 and some of the results presented in the first

part of chapter 3 and chapter 5 have been published in:

• A. Naga, A. Kaltbeitzel, W. S. Y. Wong, L. Hauer, H.-J. Butt, and D. Vollmer,

How a Water Drop Removes a Particle from a Hydrophobic Surface, Soft Matter

17, 1746 (2021).

Some of the results from the second part of chapter 3 have been published in:

• W. S. Y. Wong, L. Hauer, A. Naga, A. Kaltbeitzel, P. Baumli, R.

Berger, M. D’Acunzi, D. Vollmer, and H.-J. Butt, Adaptive Wetting of

Polydimethylsiloxane, Langmuir 36, 7236 (2020).

The first part of chapter 4 has been accepted for publication:

• A. Naga, D. Vollmer, and H.-J. Butt, Capillary torque on a particle rotating

at an interface, Accepted in Langmuir.

The second part of chapter 4 is being prepared for publication:

• A. Naga, H.-J. Butt, and Doris Vollmer, Detachment force of a particle rotating

at a liquid-fluid interface, In preparation.

1.3 Interfaces and surfaces

An interface is a boundary where two different phases meet. A phase is a region in

space where all physical properties (density, refractive index, chemical composition) of

a material are essentially uniform. At an interface, the phases can be two immiscible

liquids, two different solids, a liquid and a gas, or a solid and a gas. Gas-gas interfaces

do not exist because gases mix. A raindrop in air has only one interface, namely the
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air-water interface. In contrast, a drop resting on a solid surface has three interfaces:

an air-water interface, a solid-water interface and a solid-air interface. The term

surface is a subset of interface, where one of the phases is a gas (or a vacuum) [26].

Wetting is the study of all phenomena where three distinct phases meet. The

three phases can be (1) a liquid, a gas and a solid, for example a rain drop on a

window, (2) two immiscible liquids and a solid, for example a water drop on a surface

submerged in oil, or (3) two immiscible liquids and a gas, for example a water drop

on the surface of oil.

Wetting phenomena are encountered in a variety of settings, from morning dew

on plants and spider webs to bubbles in sparkling wine. Wetting is relevant in

many industrial applications, such as inkjet printing, de-inking of recycled paper,

waterproofing of outdoor garments and during the transport of (moist) granular

matter.

1.4 Surface tension

Surface tension is one of the most important physical properties used to characterise

wetting. Young (1805) formulated his law based on surface tensions. The surface

tension, γ, of a liquid is a measure of the cohesive forces between the liquid molecules.

Surface tension manifests in numerous ways. Liquids rise in capillary tubes. A

carefully placed metal paper clip remains at the surface of water even though metal

has a higher density than water. Sand grains adhere to one another when humid.

Insects, such as water striders rely on surface tension to walk on the surface of water.

Formally, surface tension is defined following either a mechanical approach or a

thermodynamic approach.

1.4.1 Mechanical definition

Liquid Air
γ

δx

l

γ

Figure 1.1: A rod separates a liquid film from a dry region. Surface tension, γ, pulls
the rod towards the liquid film. To extend the film by an amount δx, work needs to
be done against surface tension.
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Consider a liquid film enclosed by a rectangular wire frame with a mobile rod of

length l separating the liquid film from air, as shown in figure 1.1. The work, δW ,

required to pull the rod by an amount δx is

δW = F δx = γlCL δx (1.1)

Here, F is the applied force and lCL = 2l (l is defined in figure 1.1) is the total length

of the liquid-air interface in contact with the rod. The factor of two because the

liquid film has a finite thickness and therefore contact between the film and the rod

is a rectangle with a perimeter of ≈ 2l. Based on this picture, surface tension is the

force per unit contact length pulling the rod towards the liquid film,

F

lCL

= γ. (1.2)

Alternatively, we can think of surface tension as the work required to increase

the surface area of the liquid by one unit. By pulling the rod by δx, we increase the

surface area of the liquid by δA = 2lδx, where the factor of 2 is because the liquid

has two sides, top and bottom. Therefore, the work done per unit area is

δW

δA
= γ. (1.3)

1.4.2 Thermodynamic definition

The Helmholtz free energy of a two-phase system separated by a planar interface is

dF = S dT − P dV +
∑

µiNi + γ dA, (1.4)

where S is the entropy, T is the absolute temperature, P is the pressure, V is the

volume, µi is the chemical potential of molecules of type i, Ni is the number of

molecules of type i, and A is the interfacial area. In closed system (dNi = 0) at

constant temperature and volume,(
∂F

∂A

)
T,V,Ni

= γ. (1.5)

Therefore, from a thermodynamic perspective, surface tension is the change in the

Helmholtz free energy per surface area at constant temperature, volume, and total

amounts of all components.

1.4.3 Microscopic origin

Molecules are attracted to each other by intermolecular forces. Due to attractive

intermolecular forces, it is energetically favourable for molecules to be surrounded

by other molecules. Compared to molecules in the bulk, molecules at an interface

share fewer bonds with other molecules (figure 1.2). Therefore, it is energetically
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Water

Air

Figure 1.2: Molecules at the surface form fewer bonds than molecules in the bulk.
This gives rise to surface tension.

unfavourable for molecules to be at the surface. Surface tension is due to the excess

energy per area associated with molecules at the surface.

The concepts underlying surface tension can also be applied to liquid-liquid

interfaces, where adhesive forces and cohesive forces determine the ‘tension’ between

the two phases. In the context of liquid-liquid interfaces, the term interfacial tension

is generally used instead of surface tension.

1.4.4 Laplace pressure

Surface tension leads to a pressure difference between the two sides of a curved

interface. In equilibrium, the pressure difference across the interface is related to

its curvature according to Laplace’s equation,

∆P = γ

(
1

R1

+
1

R2

)
. (1.6)

where R1 and R2 are the principal radii of curvature of the interface (figure 1.3). ∆P

is called the Laplace pressure or capillary pressure. ∆P > 0 for convex surfaces, such

as the surface of drops. ∆P < 0 for concave surfaces, such as the surface of a water

meniscus inside a capillary tube.

Derivation of the Laplace equation Consider an infinitesimal part of a curved

interface (figure 1.3). Surface tension exerts a force γδl on an element of length δl at

point B. The vertical projection of this force is

γδl sinφ ≈ γφδl ≈ γ
d

R1

. (1.7)

In the first step, sinφ ≈ φ is because we are considering an infinitesimal region and

therefore φ is small. The above expression also corresponds to the vertical force at

point A. Similarly, the vertical projection of the force at points C and D (which lie

in a plane orthogonal to the plane containing A and B) is

γδl
d

R2

. (1.8)

Therefore, the total vertical force at points A, B, C and D is
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γδl
A

R1

R2

ϕ

γδl

O

C

D

δl

Bd
d

Figure 1.3: Sketch for the derivation of the Laplace equation (equation 1.6). The
shaded region (blue) shows a curved liquid-fluid interface with principal radii of
curvature R1 and R2.

2dγδl

(
1

R1

+
1

R2

)
. (1.9)

This expression is independent of the choice of AB and CD and therefore can be

integrated around the segment ABCD to give the total vertical force

πd2γ

(
1

R1

+
1

R2

)
. (1.10)

In equilibrium, this downward force is balanced by an equal upward force, which

is caused by an increased pressure on the lower side of the interface. The pressure

difference acts on an area πd2, causing an upwards force ∆Pπd2. Equating the two

forces leads to equation 1.6, which is valid everywhere along the interface.

The forces arising due to surface tension are termed capillary forces. Capillary

forces includes (1) the contribution due the direct action of surface tension at the

contact between a liquid-fluid interface and a solid, and (2) the contribution due to

Laplace pressure.

1.4.5 Methods to measure surface tension

There are several methods for measuring the surface tension of liquids [3]. Here, I

introduce two commonly used methods: the Wilhelmy plate method and the pendant

drop method.
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The Wilhelmy plate method is based on the definition that surface tension is the

force per unit length (equation 1.2). A thin plate is dipped into the liquid. The plate

is usually made of a material that is completely wetted by the liquid (e.g. roughened

platinum or filter paper) such that the surface tension points vertically downwards at

the three-phase contact line. The force acting on the plate is measured with a force

sensor. After subtracting the gravitational force due to the rise of the liquid meniscus,

the measured force is equal to 2lγ, where l is the length of the plate. Effects due to

the finite thickness of the plate are assumed to be negligible since it is much smaller

than its length. The same principle can also be applied to measure surface tensions

using other geometries, such as rings or rods.

The pendant drop method will be introduced in detail in chapter 2. In essence,

a drop is suspended from a needle. The drop size is large enough such deformations

due to gravity are significant. The two factors determining the shape of the drop are

surface tension and gravity. The surface tension is obtained by fitting the Laplace

equation (equation 1.6) to the drop contour.

1.5 Spreading parameter

When a drop of soapy water is placed on a glass surface, it spreads. However, when

a drop of water is placed on a non-stick frying pan, it takes the shape of a spherical

cap. This difference can be understood in terms of the spreading parameter, S, which

is defined as

S = γSA − (γ + γSL), (1.11)

where γSA, γ and γSL are the solid-air, liquid-air and solid-liquid surface tensions,

respectively. If S > 0, the liquid completely spreads on the solid to form a film,

whereas if S < 0, it makes a finite angle with the solid surface. This concept can

also be applied to determine whether a liquid will spread onto the surface of another

immiscible liquid. Drops of oil with a positive spreading coefficient with respect to

water completely spread on the surface of water. Oil drops with a negative spreading

coefficient do not completely spread.

1.6 Static contact angle

The equilibrium angle which a liquid makes with a solid surface is termed the contact

angle, Θ (figure 1.4). The region where the liquid-air interface meets the solid is

termed the three-phase contact line.
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Contact line

Top view Side view

γ

γSL γSAΘ

Figure 1.4: Drop on a flat surface. The three-phase contact line is drawn in red
(dotted) in the top view schematic. The contact angle, Θ, is sketched in the side view
schematic. The forces acting at the three-phase contact line are drawn (red arrows).

1.6.1 Flat surfaces

On smooth, flat and homogeneous surfaces, Θ can be expressed in terms of the

liquid-air, solid-liquid and solid-air surface tensions by considering the forces (per

unit length) acting parallel to the surface at the three-phase contact line:

f‖ = γ cos Θ + γSL − γSA, (1.12)

where γSA, γSL and γ are the solid-air, solid-liquid and liquid-air surface tensions,

respectively. In equilibrium, f‖ = 0, leading to Young’s equation [111]:

cos Θ =
γSA − γSL

γ
. (1.13)

The contact angle is a useful parameter to characterise the wettability of surfaces

by liquids. When γSA > γSL, is it is favourable for the liquid to wet the surface and

Θ < 90°. When γSA < γSL, it is unfavourable for the liquid to wet the surface and

Θ > 90°. Surfaces which form a contact angle less than 90° with water are termed

hydrophilic whereas surfaces which have Θ > 90° with water are termed hydrophobic.

Young’s law only considers the horizontal force components. The vertical

component of surface tension, γ sin Θ, acts upwards at the three-phase contact line.

On soft solids, such as rubber, this causes a visible deformation, whereas on stiff

solids, such as glass, the deformation is negligible.

1.6.2 Rough surfaces

1.6.2.1 Superhydrophobic surfaces

The maximum static contact angle of water on the most hydrophobic flat surface is

around 120° (on fluorinated surfaces). To attain higher contact angles, surfaces need

to be both chemically hydrophobic and have a significant degree of roughness. This

combination can produce very high contact angles, up to almost 180°. Surfaces with

contact angles greater than 150°, and high water mobility, are called superhydrophobic

surfaces. A few examples of natural superhydrophobic surfaces are lotus leaves, duck
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Cassie-Baxter state Wenzel state

Θ
CB

Θ
W

Figure 1.5: Drops on rough surfaces. The left image shows a drop in the Cassie-
Baxter state. Air gaps are present underneath the drop. In the right image, the drop
is in the Wenzel state and there are no air gaps underneath the drop.

feathers, cabbage leaves and broccoli. All these surfaces have a significant degree of

nano and micro-scale roughness.

ΘCB

γSL γ γSA

δx

b a

ϕ=a/ a+b( )

-δx cos ΘCB

Figure 1.6: A liquid in the Cassie-Baxter state advancing by an infinitesimal amount
δx.

Cassie-Baxter state When a water drop is placed on a superhydrophobic surface,

there is often very little direct contact with the solid due to the presence of air gaps

between the solid features. When air gaps are present beneath the drop, the drop

is said to be in the Cassie-Baxter state [27] (figure 1.5). The macroscopic contact

angle of a drop in the Cassie-Baxter state can be derived by considering the change

in surface energy, δE, (per unit length of the three-phase contact line) required to

move an air-water interface on a rough surface by an infinitesimal amount δx:

δE = φ(γSL − γSA) δx+ (1− φ)γ δx+ γ cos ΘCB δx, (1.14)

where φ is the area fraction of the solid that is in contact with water, (1 − φ) is

the area fraction occupied by the air gaps and the surface tensions have the same

meaning as in the previous section. ΘCB is the contact angle in the Cassie-Baxter

state. Assuming that the contact line can move freely such that the system can always

reach equilibrium, δE = 0 and therefore
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φ(γSL − γSA) + (1− φ)γ + γ cos ΘCB = 0

φγ cos Θ + (1− φ)γ + γ cos ΘCB = 0

=⇒ cos ΘCB = (1 + cos Θ)φ− 1. (1.15)

In the above equation, γSA− γSL was replaced by γ cos Θ (equation 1.13), where Θ is

the Young’s contact angle on a flat surface made of the same material as the rough

surface.

The Cassie-Baxter state is usually only a meta-stable state. As water drops

evaporate on superhydrophobic surfaces, the pressure difference (Laplace pressure)

between the water and the air gaps increase. Furthermore, water vapour condenses

into the air gaps. Both these effects lead to the drop collapsing into the gaps. The

resulting configuration is called the Wenzel state [106].

Wenzel state The contact angle of a drop in the Wenzel state can be obtained

by considering the change in surface energy, δE, when the three-phase contact line

advances by an infinitesimal distance, δx:

δE = r(γSL − γSA) δx+ γ cos ΘW δx, (1.16)

where ΘW is the contact angle in the Wenzel state. Assuming that the three-phase

contact line can move freely such that equilibrium can always be reached, δE = 0.

This leads to

cos ΘW = r cos Θ, (1.17)

where Θ is the Young’s contact angle on a flat surface made of the same material as the

rough surface. By definition, r > 1 on rough surfaces. Therefore, |r cos Θ| > |cos Θ|.
Since the sign of cos Θ changes at Θ = 90°, the two cases have to be considered

separately. If the surface is inherently hydrophilic (Young’s contact angle Θ < 90°),
the Wenzel contact angle will be even lower (ΘW < Θ) and therefore the surface

will appear more hydrophilic. In contrast, if Θ > 90°, the Wenzel contact angle will

be higher than the Young’s contact angle (ΘW > Θ) and the surface will appear

more hydrophobic. Hence, the Wenzel state amplifies the degree of hydrophilicity

or hydrophobicity. Equation 1.17 provides real solutions as long as |r cos Θ| ≤ 1,

otherwise it is not valid.

1.6.2.2 Liquid-infused surfaces

One way to improve the stability of the Cassie-Baxter state is to fill the air gaps with a

lubricant that is immiscible with the drop [71, 108, 32]. This type of surface is called
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50 µm

Figure 1.7: The left image shows a schematic of a drop on a liquid-infused surface.
The lubricant rises around the drop to form a wetting ridge. The right image (adapted
from reference [11]) was taken with laser scanning confocal microscopy. The interfaces
have been drawn for clarity.

a liquid-infused surface.5 Having a lubricant instead of air leads to a more stable

Cassie-Baxter state since it reduces the condensation of water in between the gaps

and reduces the Laplace pressure between the drop and the fluid gaps. A reduction

in Laplace pressure is because the interfacial tension between water and lubricants

is generally less than the air-water interfacial tension. Furthermore, since liquids

are incompressible and more viscous than air, it is more difficult to displace a liquid

lubricant than air.

While liquid-infused surfaces offer a more stable Cassie-Baxter state, they

suffer from a reduction in drop mobility. Drops on liquid-infused surfaces are

surrounded by a lubricant meniscus, called the wetting ridge (figure 1.7). A wetting

ridge arises so that the lubricant-air, lubricant-drop and drop-air surface tensions

balance at the lubricant-drop-air contact line. The wetting ridge causes drops to

experience a significantly higher viscous dissipation on liquid-infused surfaces than

on superhydrophobic surfaces.

1.7 Contact angle hysteresis

Young’s equation (equation 1.13) is only valid for perfectly smooth and homogeneous

surfaces. Practically, this is never the case. Even the cleanest surfaces have physical

or chemical heterogeneities.

Consequently, drops on real surfaces exhibit static contact angles that lie in a

finite range, ΘR < Θ < ΘA, rather than displaying a single contact angle [42, 21, 23].

The range of possible static contact angles is called contact angle hysteresis, ∆Θ =

ΘA −ΘR.

ΘA and ΘR are called the advancing and receding contact angles, respectively.

When a drop quasi-statically moves on a surface, the contact angles at the front and

5In the literature, liquid-infused surfaces are also referred to as hemi-solids, slippery liquid-infused
porous surfaces (SLIPS), or lubricant infused structured surfaces (LubISS).
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rear sides are equal to ΘA and ΘR, respectively (figure 1.8).

ΘR
ΘA

Top view

-γ cos ( )Θ α

r

α

-γ cos ( ) cosΘ α α

Side view

xL

-γ cos ( )Θ α

γ

Figure 1.8: A moving drop has a contact angle equal to the advancing contact angle,
ΘA, at the front side and a contact angle equal to the receding contact angle, ΘR, at
the rear side.

Contact angle hysteresis has several consequences. It results in friction between

drops and surfaces [86, 102, 48]. If real surfaces had a uniquely defined contact angle,

drops would experience no friction when moving slowly (here slowly means negligible

viscous drag). However, this is not the case due to contact angle hysteresis.

In chapter 4, I will derive a theoretical framework to model the consequences of

contact angle hysteresis on the rotation of particles at a liquid-fluid interface.

1.7.1 Physical origin

When a liquid-air interface moves over a surface defect (physical or chemical

heterogeneity) that has a different wettability to the rest of the surface, the

three-phase contact line has to readjust. For example, when a receding air-water

interface moves over a defect that is more hydrophilic than the rest of the surface,

the three-phase contact line gets locally pinned to the defect. To overcome the

defect, the interface has to deform, causing a decrease in the contact angle. If the

defect exerts a pinning force f per unit length of the three-phase contact line, then
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to de-pin, the contact angle has to deviate from the equilibrium contact angle, such

that

γ(cos ΘR − cos Θ) = f, (1.18)

where Θ is the equilibrium contact angle (without the defect), and ΘR is the contact

angle that needs to be reached to detach the three-phase contact line from the defect.

1.7.2 Relation to drop friction

The friction force between a drop and a surface is given by the component of the

capillary force acting opposite to the direction of motion of the drop. The integral of

the horizontal component of the capillary force around the three-phase contact line

is

Fdrop =

∮
γ · x̂ r(α) dα

= −
∫ 2π

0

γ cos Θ(α) cosα r(α) dα, (1.19)

where r(α) is the radial distance between the centre of the contact area and the three-

phase contact line at an azimuthal angle α (figure 1.8). Only the cosα component

of the surface tension is included in the integral because the sinα components cancel

due to symmetry about the axis of motion. Assuming a circular contact line with a

contact angle of ΘA on the front half and a contact angle of ΘR on the rear half, the

integral evaluates to [47, 38, 107, 83, 43, 44, 41, 86]

Fdrop = −γr

(∫ π
2

−π
2

cos ΘA cosα dα +

∫ 3π
2

π
2

cos ΘR cosα dα

)

= 2γr (cos ΘR − cos ΘA) = γL (cos ΘR − cos ΘA) , (1.20)

where L = 2r is the contact line diameter, γ is the surface tension of the liquid, and

ΘR and ΘA are the receding and advancing contact angles at the rear and front sides

of the drop, respectively.

In general, more complex expressions can be used to describe Θ(α). By measuring

the contact angle around a drop at its onset of motion, ElSherbini and Jacobi (2006)

showed that Θ(α) follows a cubic polynomial in α. Integrating equation 1.19 with a

cubic polynomial to describe Θ(α) gives

Fdrop = kγL(cos ΘR − cos ΘA), (1.21)
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where k = 48π3 ≈ 0.75 is a geometrical factor. Equations 1.21 and 1.20 are similar,

except for the different pre-factors.

Equation 1.21 implies that the drops will only start to move relative to the surface

when the applied force is larger than the force given by equation 1.21. The greater

the contact angle hysteresis, the greater the drop friction.

1.8 Particles at interfaces

So far, I have applied general concepts such as surface tension, contact angle and

contact angle hysteresis in the context of drops on surfaces. In this section, I apply

the same concepts to a related problem with a different geometry, namely that of a

particle at a liquid-fluid interface.6 Particles adsorbed at interfaces are relevant in

many applications including foods, pharmaceuticals, cosmetics, and minerals [28, 29,

14]. For example, in mineral processing, froth flotation is used to selectively extract

valuable hydrophobic particles from hydrophilic gangue.

1.8.1 Detachment force

The strength with which a particle is attached to an interface is characterised by the

detachment force. The detachment force is the force required to separate the particle

from the interface. This can be done in two ways. In the case of a particle at a

liquid-air interface, we can either pull the particle away from the water phase or push

it into the water phase until it detaches from the interface.

When an ideal (perfectly smooth and homogeneous) particle is pulled normal to

the interface, the contact angle remains constant (given by equation 1.13) while the

three-phase contact line slides along the particle. During this process, the capillary

force varies according to

F = −
∫ 2π

0

γ sin(φ−Θ) R sinφ dα

= −2πRγ sin(φ−Θ) sinφ, (1.22)

where R is the radius if the particle, Θ is the contact angle, γ is the interfacial tension

and φ is defined in figure 1.9. The force has a maximum when

dF

dφ
= −2πRγ [cos(φ−Θ) sinφ+ sin(φ−Θ) cosφ] = 0

=⇒ φ =
π + Θ

2
or

Θ

2
. (1.23)

6The second fluid can either be a gas or another immiscible liquid.
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ϕ

F2

Figure 1.9: Detaching a particle from an interface. (a) Particle in equilibrium at a
liquid-fluid interface. (b) Detaching the particle by pulling it upwards. (c) Detaching
the particle by pushing it downwards into the liquid.

The first solution corresponds to a downwards capillary force. Therefore, the force

required to overcome this force and detach the particle (upwards) away from the lower

phase [figure 1.9 (b)] is

F1 = 2πγR cos2 Θ

2
, (1.24)

This expression was first derived by Scheludko and Nikolov (1975) [95].

The second solution corresponds to the maximum upwards capillary force.

Therefore, the force required detach the particle away from the upper phase [i.e. to

push it into the lower phase, figure 1.9 (c)] is

F2 = 2πγR sin2 Θ

2
. (1.25)

To derive equations 1.24 and 1.25 we have assumed that the contact line can move

freely over the particle’s surface. In reality, contact angle hysteresis has to be taken

into account.
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When the particle is pulled away from the liquid, the liquid-air interface recedes

and the contact angle is given by the receding contact angle. Therefore, Θ has to be

replaced by ΘR and the expression becomes [93]:

F pull = 2πγR cos2 ΘR

2
. (1.26)

Alternatively, when the particle is detached from the interface by pushing it into

the liquid, the detachment force is given by [4]:

F push = 2πγR sin2 ΘA

2
. (1.27)

Here, the advancing angle is used because the liquid-air interface advances on the

particle as it enters the liquid.

1.9 Surface tension vs gravity

In the above sections, the influence of gravity has been ignored. In this section, I

discuss when this is a valid assumption.

1.9.1 Shape of liquid surface

Consider a drop with a contact angle of around 90° on a solid surface. When the drop

is small, it takes the shape of a spherical cap (figure 1.10). However, as more liquid

is injected into the drop, it starts to deviate from a spherical cap until it eventually

becomes a puddle. The transition from spherical cap to puddle is due to a transition

from the drop shape being dominated by surface tension to it being dominated by

gravity.

Θ Θ

κ
c

-1

h=2 sinκ
c

-1

( /2)Θ

Figure 1.10: Left: Drops of radius much less than the capillary length, κ−1, take the
shape of spherical caps. Right: Above the capillary length, the contact angle Θ does
not change but the drops flatten in the middle.

The length scale below which the Laplace pressure (surface tension) dominates

the hydrostatic pressure (gravity) is referred to as the capillary length, κ−1
c .7 The

7From a historical point of view, the shape of interfaces was defined mathematically in terms of
the curvature, κ. Since lengths can be directly measured and are easier to conceptualise, it is now
more common to define a corresponding length scale by taking the reciprocal of the curvature.
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Laplace pressure is proportional to γ/R (γ: surface tension of the drop, R: radius

of the drop), whereas the hydrostatic pressure is proportional to ρgR, where ρ is

the density of the liquid and g is the gravitational acceleration.8 The Laplace and

hydrostatic pressures are equal when

R = κ−1
c =

√
γ

ρg
. (1.28)

For most common liquids, κ−1
c is of the order of a few millimetres. Water in air has

a capillary length of around 2.7 mm. For length scales� κ−1
c , gravity can be assumed

to be negligible and drops have constant mean curvatures. Above the capillary length

(> κ−1
c ), gravity is dominant and it causes drops to flatten, resulting in non-constant

curvatures (e.g. a puddle).

1.9.2 Particles on a liquid surface

When a few grains of some very fine powder, such as chalk, are sprinkled on the

surface of water, they remain at the surface, even though the density of chalk is

larger than water. However, when a large piece of chalk of the same density is placed

on the same surface, it immediately sinks. This is another example where we transit

from a surface tension dominated to a gravity dominated regime. Below a certain

critical size, particles remain at the surface whereas, above that critical size, surface

tension is insufficient to support the weight of the particle.

For a particle (radius R) that has a contact angle Θ with the liquid, the capillary

force is proportional to γR. In contrast, the weight of the particle is proportional to

∆ρgR3, where ∆ρ is the difference between the density of the particle and that of the

liquid. Therefore, gravity can be neglected when ∆ρgR3 � γR. This corresponds to

particles of radii,

R�
√

γ

g∆ρ
. (1.29)

This expression resembles the expression for κ−1
c , except that here the density of the

liquid has been replaced by the difference between the density of the solid and that

of the liquid.

1.10 Thermal energy

As we have seen above, capillary forces are dominant for small particles, for which

gravity can be ignored. This generally holds for particles smaller than a few

micrometres. At such small length scales thermal energy has a significant influence

8More precisely, ρ is the difference between the density of the liquid and that of the surrounding
fluid. But when the surrounding fluid is air, ρ is almost equal to the density of the liquid since the
density of air is negligible in comparison.
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on the dynamics of particles. Therefore, when considering the capillary force on

small (nano/micro) particles at an interface, it is relevant to consider thermal energy.

The equipartition theorem describes the thermal energy available to a system (e.g.

a particle) that is in thermal equilibrium with its surroundings.

Equipartition theorem Very often, the energy of a system is quadratic in some

variable. For example, this is the case for the kinetic energy (E = mv2/2) and the

potential energy of a spring (E = kx2/2). Therefore, we can write the energy as a

sum over n independent quadratic variables

E =
n∑
i=i

aix
2
i , (1.30)

where ai > 0 is some constant and xi is some variable.

The probability P (x) of a system having a particular energy aix
2
i is proportional

to the Boltzmann factor e−βaix
2
i , where β = 1/(kBT ), kB is the Boltzmann constant

and T is the absolute temperature. Assuming that each xi can take any value with

equal probability, the mean energy is

〈E〉 =

∫ ∞
−∞

. . .

∫ ∞
−∞

EP (x1, . . . , xn) dx1 . . . dxn

=

∫∞
−∞ . . .

∫∞
−∞
∑n

i=1 aix
2
i exp

{
−β
∑n

j=1 ajx
2
j

}
dx1 . . . dxn∫∞

−∞ . . .
∫∞
−∞ exp

{
−β
∑n

j=1 ajx
2
j

}
dx1 . . . dxn

=
n∑
i=1

∫∞
−∞ . . .

∫∞
−∞ aix

2
i exp

{
−β
∑n

j=1 ajx
2
j

}
dx1 . . . dxn∫∞

−∞ . . .
∫∞
−∞ exp

{
−β
∑n

j=1 ajx
2
j

}
dx1 . . . dxn

=
n∑
i=1

∫∞
−∞ aix

2
i exp{−βaix2

i } dxi∫∞
−∞ exp{−βaix2

i } dxi

=
n∑
i=1

1

2β

=
n

2
kBT. (1.31)

Therefore, in thermal equilibrium, each quadratic ‘mode’ of the classical system

contributes an equal amount of energy equal to kBT/2 to the system, such that

the total mean energy of the system is equal to n× kBT/2. This result is called the

equipartition theorem.
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1.11 Bulk flows

When a particle is surrounded by a moving fluid, it experiences a force due to the

viscosity of the fluid (figure 1.11). In this section, I introduce the viscosity of a fluid

and the viscous force acting on a particle that is submerged in a flowing fluid.

The dynamic viscosity, η, of a fluid is defined in terms of the shear stress required

to create a velocity gradient normal to the direction of the shear:

τ = η
∂u

∂z
. (1.32)

Here, τ is the shear stress and ∂u/∂z is the velocity gradient. Viscosity is due to the

lateral transfer of momentum between molecules colliding with one another. Water

has a dynamic viscosity of 0.89 mPa s at room temperature (25 °C).

τ

R

Speed = u0

Speed = 0

F ≈1.7 x 12η πηu R H0 ²/

Viscosity, η

H

z

Figure 1.11: Particle in a laminar flow between two parallel plates. The bottom plate
is fixed. A shear stress τ is applied on the top plate, causing a flow inside the liquid.
The flow gives rise to a viscous force, Fη, on the particle.

The equation of motion (Newton’s second law) for an incompressible fluid can be

written in the form:

∂u

∂t
+ u · ∇u = −∇p

ρ
+
η

ρ
∇2u. (1.33)

Here, u = u(x(t), y(t), z(t), t) is the velocity of the fluid at time t and position

(x(t), y(t), z(t)). ρ is the density of the fluid, ∇p is the pressure gradient, ν∇2u is

the viscous acceleration. Any external forces, such as gravity, will appear as additive

terms on the right hand side. Equation 1.33 is the Navier-Stokes equation for viscous

and incompressible fluids.

The relative importance of inertial to viscous forces can be compared by

introducing a typical velocity scale ∼ |u| ∼ U and a typical length scale of variation,

∇ ∼ 1/L. Then,
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|inertial acceleration|
|viscous acceleration|

=
|u · ∇u|
|ν∇2u|

∼ UL

ν
. (1.34)

The non-dimensional number, UL/ν, is called the Reynolds number, Re.

When Re � 1, inertial forces typically dominate, whereas when Re � 1, viscous

forces typically dominate. Usually, flows with low Re are laminar and flows with high

Re are turbulent. All the experiments presented in this thesis involve only laminar

flows.

For a steady state laminar flow (or Stokes flow),9 equation 1.33 reduces to

∇p
ρ

= ν∇2u. (1.35)

The flow and pressure fields for Stokes flow past a spherical particle are obtained

by solving equation 1.35 subject to the corresponding boundary conditions (no-slip

in velocity at the surface of the sphere, no flow into/out of the particle, unperturbed

flow far from the sphere). The resistive force experienced by the particle is obtained

by integrating the viscous stress over the surface of the particle. The result is called

Stokes’ law:

Fη = 6πηRu, (1.36)

where R is the radius of the sphere and u is the mean velocity of the particle relative

to the surrounding fluid.

When the particle is in contact with a solid surface instead of being surrounded

by fluid all around, the flow profile changes due to the no-slip boundary condition at

the solid surface. Consequently, Stokes’s law has to be corrected by a multiplicative

factor [51]:

Fη = 1.7× 6πηR〈u〉, (1.37)

where 〈u〉 is the mean velocity of the fluid relative to the particle.

1.12 Dynamic contact angles

In the previous section, I described the flow inside a liquid, ignoring the motion of

the liquid-air interface. When studying moving drops, it is important to consider the

motion of the three-phase contact line (highlighted by the red circle in figure 1.11).

The speed at which a liquid can move is strongly limited when a three-phase contact

line is present. Speed also influences the contact angle between the drop and the

surface.

9Steady state means ∂u/∂t = 0 and laminar means that we can ignore u · ∇u
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The velocity dependence of the contact angle has been the subject of numerous

experimental and theoretical studies. The two most common models describing

the speed dependence of the contact angles are the hydrodynamic model and the

molecular-kinetic model [16, 104, 30, 17].

Θ0

Θ
D

Microscopic

Mesoscopic

Macroscopic

(a)    Hydrodynamic model (b)    Molecular-kine!c model

Θ
D

K
0

λ

Figure 1.12: Dynamic contact angle in the (a) hydrodynamic model and (b) the
molecular-kinetic model. In the hydrodynamic model, the microscopic contact angle,
Θ0, is usually assumed to be constant. The interface undergoes viscous bending on
the mesoscale, causing the dynamic macroscopic contact angle, ΘD, to differ from Θ0.
In the molecular kinetic model, Θ0 changes with speed and is equal to ΘD.

The hydrodynamic model assumes that the Reynolds number is small such that

inertial effects can be neglected. Furthermore, the capillary number (Ca = ηU/γ,

where η is the dynamic viscosity, U is the speed of the interface and γ is the

surface tension) is assumed to be small such that the liquid-air interface takes its

(undeformed) static shape far from the contact line [figure 1.12 (a)]. However, viscous

dissipation becomes important in the mesoscopic region close to the moving three-

phase contact line. This causes the liquid-air interface to bend and consequently

influences the macroscopic contact angle. In the hydrodynamic model, the dynamic

advancing and receding contact angles are given by

Θ3
D(v) = Θ3

0 ±
9ηv

γ
ln
L0

Li
, (1.38)

where the + corresponds to an advancing interface and the − corresponds to a

receding interface. L0 is a macroscopic length scale, usually taken to be the capillary

length or the size of the drop. Li is a cut-off length introduced to remove a singularity

at the contact line. Li is usually taken to be the size of a molecule.

The molecular-kinetic model is based on the statistical mechanics of liquid

molecules close to the three-phase contact line. The region close to the contact line

is viewed as consisting of liquid molecules that continuously adsorb/desorb on the

solid surface [figure 1.12 (b)]. When the contact line is in motion, the adsorption

equilibrium is disturbed, causing the local surface tensions and consequently
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the (microscopic) contact angle to change. In this model, the microscopic and

macroscopic angles are equal. According to the molecular-kinetic model,

v = 2K0λ sinh

{
γλ2

2kBT
[cos Θ0 − cos ΘD(v)]

}
, (1.39)

where K0 is the characteristic frequency at which molecules adsorb/desorb, λ is

the distance between adsorption sites, T is the absolute temperature and kB is the

Boltzmann constant. A positive (negative) value for v has to be inserted for the

advancing (receding) side.

Both the hydrodynamic and molecular-kinetic models predict that ΘA increases

with speed whereas ΘR decreases with speed. They assume that the surface properties

(described by surface tensions) of the surface and the liquid do not change over time.

While this is often valid, there are several cases where the assumption fails. Recently,

Butt et al. (2018) [23] proposed a model to account for adaptation processes that

may occur in a solid when it is in contact with a liquid. Adaptation causes the surface

tensions to change. This phenomenon has been termed adaptive wetting and it will

be discussed in detail in chapter 3.

1.13 Adhesion between two solids

Consider a solid A made up of molecules of type A and a solid B made up of molecules

of type B. Both A and B are assumed to be electrically neutral.

Interaction energy between two molecules In a vacuum, a molecule A and a

molecule B attract each other due to van der Waals forces. The potential energy of

the van der Waals interaction is given by

wAB = −CAB

r6
, (1.40)

where CAB is a constant that depends on the properties of molecules A and B.

Interaction between two extended solids The interaction energy between a

solid A and solid B (both containing a large number of molecules) can be obtained

by adding up the interaction energies between all possible pairs of molecules A and

B. This calculation was first performed by Hugo Hamaker (1937) [53]. For two semi-

infinite planes separated by a distance D, the van der Waals potential energy per unit

area is

wadh = − AH

12πD2
. (1.41)
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AH is called the Hamaker constant and is given by AH = π2CABρAρB, where ρA and

ρB is the number density of the molecules in solids A and B, respectively. When the

two surfaces are in contact, D is taken as the interatomic distance.

On a macroscopic level, wadh is the work of adhesion. It is the energy required to

separate a unit area of solid A from solid B and it can be expressed in terms of the

surface energies of the two solids, γ1 and γ2, and the interfacial energy γ12 between

them (figure 1.13) :

wadh = γ1 + γ2 − γ12. (1.42)

γ1

γ2

γ12
w

adh

Unit area

∞

Figure 1.13: The work of adhesion is the energy per unit area required to separate
the two surfaces.

For a spherical particle at a separation distance D from semi-infinite flat surface,

Hamaker’s calculation for the van der Waals potential energy gives

wparticle−plane = −AHR

6D
, (1.43)

where, R is the radius of the particle. The corresponding force between the particle

and the surface is

Fparticle−plane = −dwparticle−plane

dD
= −AHR

6D2
. (1.44)

The above equation can be written in terms of the plane-plane work of adhesion (by

substituting equation 1.41 in equation 1.44):

Fparticle−plane = 2πRwadh. (1.45)

Deformable solids Equation 1.45 assumes that the particle and the flat surface are

infinitely rigid such that they do not deform due to the adhesion force. In practice,

real solids are never completely rigid but they deform under externally applied forces

as well as adhesion forces (figure 1.14).

The theory by Johnson, Kendall, and Roberts (JKR) [66] describes the adhesion

between two solids that are allowed to undergo elastic deformations. External

and/or adhesion forces, F , between the two solids cause them to deform whereas the

stored elastic potential energy tries to restore their unperturbed state. In mechanical
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Figure 1.14: A rigid particle in contact with an elastic surface. The surface deforms
due to adhesion between the two bodies, resulting in a contact radius, a, and an
indentation depth, d.

equilibrium, the contact radius, a, between a spherical particle and a flat surface is

given by

a3 =
3R

4E∗

[
F + 3πRwadh ±

√
6πRwadhF + (3πRwadh)2

]
, (1.46)

and the indentation is given by

d =
a2

R
−
√

2πawadh

E∗
, (1.47)

where R is the radius of the particle and E∗ is the reduced Young’s modulus of the

two materials. E∗ is related to the Young’s modulus of the two solids according to

1

E∗
=

1− ν2
1

E1

+
1− ν2

2

E2

, (1.48)

where E1 and E2 are the Young’s modulus of the two solids, and ν1 and ν2 are their

Poisson ratios.

The adhesion force corresponds to the maximum negative value that F can take

while still providing real solutions to equation 1.46.10 As F becomes more negative,

the term under the square root becomes less positive. Real solutions are obtained as

long as

6πRwadhF + (3πRwadh)2 ≥ 0 (1.49)

Therefore, the adhesion force is

Fadh =
3

2
πRwadh. (1.50)

Fadh is proportional to R, whereas the gravitational force is proportional to R3.

Therefore, for small R, R3 � R and Fadh dominates. As R gets larger, R3 becomes

larger than R and the gravitational force dominates.

10In this formalism, positive forces correspond to forces pressing the two solids together and
negative forces correspond to forces that act to separate the two solids. Therefore, the adhesion
force is the maximum negative force that can be sustained before detachment occurs.
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Although values for wadh have been calculated and measured for a wide range of

materials, they are often of limited practical value in predicting the adhesion force

(using equation 1.50) between solids under normal conditions because surfaces usually

get covered with contaminants or other impurities over time when exposed to the

environment. This may cause the real values of wadh to deviate from their calculated

values, and from their previously measured values because experiments are usually

performed under ideal conditions such as in a vacuum to prevent contamination of

the surfaces. Therefore, equation 1.50 should be viewed as a way to determine wadh

by measuring Fadh rather than as a way to predict Fadh from wadh.

Influence of humidity In a humid environment, water vapour condenses at the

contact between hydrophilic particles and hydrophilic surfaces [110, 45, 25]. The

presence of a water meniscus can significantly affect the adhesion force.

r1

r2

R
ϕ

D

d

Θ
2

Θ
1 h=r1 [cos + cos ( + )]Θ Θ

2 1
ϕγ

π/2- -ϕ Θ1

Figure 1.15: A particle of radius R surrounded by a liquid meniscus of height h.
The segments with radii r1 and r2 (in the azimuthal direction) are assumed to be
circular. Although the real shape of the interface is a nodoid or an unduloid rather
than a circle, the circular approximation is valid for most practical cases. Numerical
calculations showed that the difference between the mean curvatures calculated using
the circular approximation and the exact geometry is less than 6.5% when φ ≤ 10°
and Θ1 ≤ 60° [84].

The capillary adhesion caused by the water meniscus has two contributions. The

first contribution is due to the action of surface tension at the three-phase contact

line on the particle: 2πRγ sinφ sin(φ+ Θ1) (refer to figure 1.15 for the geometrical

parameters). The second contribution is due to the pressure difference (Laplace

pressure) between water inside the meniscus and air outside of the meniscus. When

evaluated at the thinnest part of the meniscus, the Laplace pressure is ∆P = γ(1/r2−
1/r1).11 The Laplace pressure acts over an effective horizontal area πR2 sin2 φ and

11The two radii of curvature of the meniscus are obtained by fitting circular arcs to the air-water
interface. It is evident that the precise shape of the interface is not circular because this leads
to inconsistent values of Laplace pressure when choosing different points along the interface. For
example, when the Laplace pressure is evaluated at the three-phase contact line on the particle
(instead of at the thinnest region), the Laplace pressure is ∆P = γ(1/R sinφ − 1/r1) (instead of
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therefore gives rise to a downwards vertical force of πR2 sin2 φ∆P . Adding these two

force contributions gives an adhesion force of

Fγ, adh = 2πR sinφγ sin(φ+ Θ1)− πR2γ sin2 φ

(
1

r2

− 1

r1

)
. (1.51)

Typically, r1 � r2 and r1 � R. Therefore, the term proportional to 1/r1 in the

Laplace pressure term dominates and equation 1.51 simplifies to

Fγ, adh =
γ

r1

πR2 sin2 φ. (1.52)

To express Fγ, adh in terms of the separation distance D, sin2 φ is expressed as

sin2 φ = 1− cos2 φ = 1−
(
R− d
R

)2

= 1−
(
R− h+D

R

)2

≈ 2

(
h−D
R

)
.

The last approximation is valid for h+D � R. Substituting the above relation into

equation 1.52 gives

Fγ, adh = 2πγR

(
h−D
r1

)
. (1.53)

Based on the geometry, h can also be expressed in terms of the contact angle Θ1

between the liquid and the particle and the contact angle Θ2 between the liquid and

the flat surface:

h = r1[cos Θ2 + cos(φ+ Θ1)]. (1.54)

By substituting the above equation into equation 1.53, Fγ, adh can also be written as

Fγ, adh = 2πγR

[
cos Θ2 + cos(φ+ Θ1)− D

r1

]
. (1.55)

When the particle is in contact with the surface, D = 0 and therefore,

Fγ, adh = 2πγR [cos Θ2 + cos(φ+ Θ1)] . (1.56)

Depending on the types of materials that are in contact, humidity may sometimes

decrease the total adhesion force, despite the capillary adhesion. A decrease in the

adhesion force may occur if the particle and the surface initially carried opposite

electrostatic charges. Since water is a good conductor, it reduces/eliminates adhesion

due to electrostatic forces. Therefore, the total adhesion force decreases in cases

where the initial electrostatic attraction is greater than the capillary adhesion.

(1/r2 − 1/r1)). However, the radius r1 is usually much smaller than the second radius. Therefore,
no matter where the Laplace pressure is evaluated, ∆P = −1/r1 is a good approximation as long as
r1 � r2. Therefore, the circular approximation is generally a good assumption when r1 � r2. The
advantage of using the circular approximation is that it leads to analytical results.
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1.14 Friction between two solids

Friction is the force that opposes relative lateral motion between two surfaces. In

general, the friction force, FF , between two solids is given by

FF = µN, (1.57)

where µ is called the coefficient of friction and N is the normal reaction. N has

contributions due to gravity (when the object is on a horizontal surface) and due to

the adhesion force, Fadh, described above. For small particles, the gravitational force

is negligible compared to the adhesion force and therefore,

FF ≈ µFadh. (1.58)

In general, the coefficient of friction is significantly smaller for a rolling object

compared to a sliding object.
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Experimental methods

In this chapter, I will describe the main experimental methods that will be used to

obtain the results presented in later chapters. I will focus on two methods that I have

designed and implemented during my PhD.

The first method involves using an inverted laser scanning confocal microscope

to directly measure friction forces. Over the past decade, laser scanning confocal

microscopy has proved to be a powerful tool in various fields, including soft matter

physics, chemistry and biology. The main advantage of confocal microscopy over

other types of optical microscopy is that it provides well-resolved three-dimensional

information, including at the interface between different phases, as long as the phases

have similar refractive indices. So far, confocal microscopy has been used primarily

for imaging. In section 2.2, I will demonstrate how confocal microscopy can also be

used to measure friction forces. The combination of confocal imaging and friction

force measurements is useful to study a range of problems where it is valuable to

image processes with microscopic resolution as well as quantify the forces associated

with these processes. I will use this method to study how drops remove particles from

surfaces in chapter 5.

The second method, called the surface pendant drop method, involves measuring

the surface tension of drops as they accumulate contaminants from a surface. The

surface pendant drop method is an adaptation of the standard pendant drop method

(section 1.4.5). With the surface pendant drop method, the drop is suspended from

a surface instead of from a syringe needle. It is known that when drops are placed

on certain types of surfaces, molecules on the surface readjust to the presence of the

drops. This has been termed adaptive wetting [23]. In the case of water drops on

silicone (PDMS) surfaces, uncrosslinked molecules migrate from the surface to the

drop-air interface, resulting in a change in the surface tension of the drop. In chapter

3, I will apply the surface pendant drop method to measure the change in the surface

tension of drops over time when they are placed in contact with silicone surfaces.

32
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2.1 Laser Scanning Confocal Microscopy (LSCM)

LSCM is inspired by two techniques: fluorescence microscopy and confocal

microscopy. Fluorescent microscopy was invented in 1904 and has been used to

image antibodies in biological cells since the 1970s [5].
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Figure 2.1: (a) Jablonski diagram showing the excitation of an electronic state S0

to a state S1 through absorption of a photon of energy hνabs. S1 exists for a finite
time (typically 1 ns to 10 ns) before partially dissipating energy to reach a state S2.
Fluorescent light is emitted when S2 relaxes to S0. (b) An example of an absorption
and emission spectrum of a typical fluorophore (Atto 488 from Atto-Tec).

Fluorescence microscopy In fluorescence microscopy, monochromatic light is

incident on a sample containing a fluorescent marker. Fluorescent markers are

molecules whose electrons are excited to a high energy state by absorbing light of

a certain frequency. The excited electrons subsequently relax (within < 1 × 10−7 s

[57]) to their ground electronic state by emitting photons (figure 2.1). Typically,

the energy of the emitted photons is less than the energy of the absorbed photons

- a phenomenon called Stoke’s shift. The remaining part of the energy is typically

dissipated in the form of vibrational or rotational relaxations of the molecule [57].

In fluorescence microscopy, parts of a sample are selectively marked with fluorescent

markers. Fluorescence microscopy allows very small regions (such as proteins in

cells) to be detected as long as fluorescent markers can be added to these regions.

By labelling the relevant regions in a sample with fluorescent molecules, it is possible

to image the region of interest while intentionally ignoring the rest of the sample.

A simplified schematic of a fluorescent microscope is shown in figure 2.2. A light

source emits monochromatic light (blue rays) onto a dichroic mirror. The dichroic

mirror is chosen such that it reflects the emitted light (blue) but allows fluorescent

light (red) to pass through. The objective lens focuses the incident light onto the

sample (point A). Fluorescent molecules at point A are excited and they subsequently

emit fluorescent light (red) in all directions. Part of the emitted fluorescent light travel

back onto the objective and through the dichroic mirror, reaching a second lens that

focuses the light onto a detector.
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Figure 2.2: Beam path in fluorescence microscopy. Point A lies in the focal plane of
the objective lens and rays emerging from A converge onto the detector. However,
the incident light also illuminates regions that are not in focus (e.g. point B).
Fluorescence signal from point B also reaches the detector but appears out-of-focus.

The main drawback of fluorescence microscopy is that the out-of-focus parts of

the fluorescent signal give rise to a uniform out-of-focus background [5]. For example,

fluorescent molecules at point B in figure 2.2 are also excited by the incident

light. They emit fluorescent light that reaches the detector as an out-of-focus

spot. Therefore, is not possible to distinguish features in the focal plane from

those in the background clearly. Furthermore, fluorescent markers may experience

photobleaching, which is particularly problematic for long experiments.1

Confocal microscopy Confocal microscopy was invented in 1955 by Minsky [79].

However, the term ‘confocal’ was only introduced two decades later by Brakenhoff

et al. (1979) to describe a microscope that focuses light onto a single spot in a

sample and detects light only from the illuminated spot [5]. Microscopes combining

fluorescence microscopy and confocal microscopy were commercialised in the 1980s.

In confocal microscopy, the out-of-focus light can be blocked by inserting a pinhole

at a position optically conjugate to the focussed spot, as shown in figure 2.3. With

this addition, it is possible to eliminate the background light and therefore image

a localised spot, without obtaining out-of-focus light from the rest of the sample.

1Photobleaching occurs when a fluorescent marker undergoes a photon-induced chemical
alteration and permanently loses the ability to fluoresce.
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Figure 2.3: Beam path in confocal fluorescence microscopy. The pinhole filters out
out-of-focus light rays (e.g. from point B).

Since a confocal microscope can only image a single point at a time, the sample

has to be ‘scanned’ (hence the name LSCM) in order to image an extended region.

Scanning is performed either by moving the sample or by moving the laser beam

(e.g. using rotating mirrors) to focus the incident light beam on different points.

Most modern systems use the latter approach since it generally allows faster image

acquisition. The fluorescent signal emitted from each spot is then combined using

computer software to construct an image of the scanned region. Since the laser scans

across the sample one point at a time, obtaining an extended image is relatively slow

compared to methods such as high-speed microscopy. LSCM works optimally when

the sample under observation has a uniform refractive index. A mismatch between

the refractive indices of different parts of the sample gives rise to unwanted reflections

and refractions.

All the confocal images presented in this thesis were taken with a Leica TCS SP8

inverted laser scanning confocal microscope, which has a lateral resolution of around

200 nm and an axial resolution of around 1 µm. Inverted means that the sample is

viewed from below (figure 2.4) instead of from above, as is the case with conventional

microscopes. Imaging from below is often beneficial to study the behaviour of drops on

surfaces since it enables us to image the three-phase contact line. Imaging the contact

line is difficult with a conventional upright microscope since the laser beam has to

travel through the curved drop-air interface, which causes significant refraction and
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therefore leads to a distorted image of the contact line. With the Leica TCS SP8, it is

possible to image in reflection mode and multiple fluorescence modes simultaneously.

For instance, if different features of a sample are labelled with different fluorescent

markers, the fluorescence signal from each feature can be captured independently.

Then, a final image is constructed by overlaying all the detected signals. This is

particularly useful for problems that have multiple phases, such as a water drop on a

liquid-infused surface.

A typical scanning frequency is around 1000 lines per second. Therefore, to scan

an area of 205 µm×205 µm it takes 1024/1000 ≈ 1 s when using a pixel size of 200 nm.

This estimate can be faster or slower depending on the exact pixel size, scanning speed

and magnification. In this thesis, I have used different types of objective lenses,

depending on the experiment. Table 2.1 provides details (magnification, numerical

aperture 2, ...) of all the objective lenses that were used in this thesis.

Table 2.1: List of objective lenses. The name of the lens contains the magnification
and the numerical aperture. For example, 20x/0.75 means that the objective lens
has a magnification of 20 times and a numerical aperture of 0.75. FWD is the free
working distance.

Name of objective lens FWD (mm) Immersion medium

Leica HC PL APO IMM CORR CS2 20x/0.75 0.68 Oil/glycerol

Leica HCX PL APO CS 10x/0.40 2.20 Dry

Leica PL FLUOTAR 2.5x/0.07 9.2 Dry

2.2 Measuring forces with LSCM

Force measurements are valuable in describing physical processes since they allow

us to quantitatively test theories and to find trends and patterns. In this section,

I describe how horizontal forces can be measured with an inverted LSCM using a

blade clamped directly above the objective lens. The combination of forces and

confocal imaging allows us to image samples with microscopic resolution and to

directly measure friction forces (resolution 200 nN) in situ.
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Figure 2.4: Setup for measuring forces with LSCM. The focal plane is set at the
bottom edge of the blade (red dotted line) when measuring forces. When imaging
the drop-surface contact area, the focal plane is set at the blue dotted line.

2.2.1 Basic principle

The basic idea of using LSCM to measure horizontal forces is sketched in figure 2.4. A

rectangular blade is clamped directly above the objective lens. The clamp is mounted

on a support that is connected to a micromanipulator. The micromanipulator is used

to precisely position the blade. The free working distance of the objective has to be

sufficiently large such that it can focus on the bottom edge of the blade, which is

usually around 1 mm above the objective.3

After positioning the blade, such that its lower edge is in focus, the laser is set to

scan from left to right at a given frequency (up to 8 192 Hz). When the laser beam hits

the bottom edge of the blade, some of the light is reflected towards the objective. The

reflected light is captured by the detector and the position of the blade is obtained.

When a force is applied to the blade, it deflects from its equilibrium position. For

small deflections, the position of the bottom edge can be monitored continuously. By

recording the deflection of the blade, the force causing the deflection can be obtained

using Hooke’s law,

2The numerical aperture is given by NA = n sinα, where n is the refractive index of the immersion
medium and α is the maximum half-angle of the cone of light that can enter or exit the lens. A
larger NA results in a higher spatial resolution (resolution ∝ 1/NA). Immersion objectives generally
have larger numerical apertures than dry objectives.

3Objectives with large working distances typically have lower resolutions. Therefore, the objective
should be chosen such that it has just about enough (but not too much excess) free working distance.
I used the 10x objective (table 2.1) which was a good compromise.
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F = kx, (2.1)

where k is the spring constant of the blade and x is the deflection of the bottom edge

from its equilibrium position. Therefore, the force acting at the bottom edge can be

obtained as a function of time, provided that the spring constant is known.

2.2.2 Spring constant

The blade has to be carefully chosen depending on the system under investigation.

The bottom edge of the blade must stay within the field of view of the objective

at all times during a measurement. Therefore, the blade has to be sufficiently stiff

such that the maximum horizontal deflection is less than the field of view (figure

2.5). Furthermore, the deflection in the vertical direction must be smaller than the

focal depth of the objective lens. Otherwise, the reflected signal will move out of the

focal plane. However, having a spring that is too stiff is also detrimental because it

may result in deflections that are too small, therefore compromising on measurement

precision.

Optimally, the blade must be chosen such that (1) the vertical deflection is less

than the focal depth of the objective lens and (2) the horizontal deflection is as large

as possible but less than the field of view of the objective.

Objec!ve

Focus Not measurable

Measurable

Figure 2.5: Deflections that are too large cannot be measured because the bottom
edge of the blade either moves above the focus (dotted red line) or out of the field of
view of the objective (or both).

It is crucial that the spring constant of the blade is accurately calibrated. In

the following, I will describe two methods to determine the spring constant and the

uncertainties associated with each method.
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2.2.2.1 Spring constant from the blade’s dimensions

The spring constant of a rectangular blade is related to its dimensions according to

[24]

k =
Ewh3

4l3
, (2.2)

where E is the Young’s modulus of the blade, w is the width, h is the thickness, and l is

the length (excluding the part that is clamped). This formula is valid when the blade

is clamped at one end and the force applied at the opposite end. Since the blade’s

spring constant is highly sensitive on its length and thickness (cubic dependence), the

spring constant can be tuned over a wide range by adjusting these parameters. It

is important that the blade has a uniform width and thickness throughout its entire

length. Otherwise, the blade cannot be assumed to be rectangular and determining

the spring constant becomes a lot more complicated.

I used commercially available stainless steel feeler gauge tapes (E = 200 GPa)

from Orion as the blade. Feeler gauge tapes were chosen since they have a highly

uniform thickness, which is measured and provided by the manufacturer. The tapes

can be cut precisely into different lengths and widths using a sheet metal guillotine.

In the experiments presented in this thesis, I used blades of thicknesses between 40 µm

and 70 µm, widths between 3 mm and 5 mm, and lengths between 5 cm and 10 cm.

When measuring an a priori unknown force, it is convenient to start with a short

(stiff) blade, and successively increasing its length until the deflection of the blade

can be measured clearly with the microscope.

Uncertainty using blade dimensions Using equation 2.2 to calculate the spring

constant leads to a fractional uncertainty of

∆k

k
=

√(
∆E

E

)2

+

(
∆w

w

)2

+

(
3

∆h

h

)2

+

(
3

∆l

l

)2

=

√(
10 GPa

200 GPa

)2

+

(
0.1 mm

5 mm

)2

+

(
3

1 µm

40 µm

)2

+

(
3

0.1 mm

50.0 mm

)2

=
√

25.00 + 4.00 + 56.25 + 0.36 % ≈ 9%. (2.3)

Here, I have used parameters corresponding to a blade with the following

specifications: E = (200 ± 10) GPa (stainless steel), w = (5.0 ± 0.1) mm,

h = (40 ± 1) µm and l = (50.0 ± 0.1) mm. l, w and h were measured with a digital

vernier caliper having a precision of 0.1 mm.
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2.2.2.2 Spring constant from the natural frequency

The spring constant of the blade can also be determined from its natural frequency of

oscillations. The natural frequency of oscillations can be measured using the confocal

microscope. The bottom edge is displaced by a small amount from its equilibrium

position and then released. The resulting oscillations are recorded and the frequency,

f , of the oscillations is extracted. The spring constant is then calculated from this

frequency using the relation [24]

k = 0.243mω2, (2.4)

where m is the mass of the blade protruding from the clamp and ω = 2πf . This

formula assumes a rectangular blade with uniform mass distribution.

Uncertainty with the frequency method To estimate the fractional uncertainty

in the spring constant, it is useful to first rewrite equation 2.4 as

k = 0.243M
l

L

(
2π

T

)2

, (2.5)

whereM and L are the total mass and total length of the blade, respectively (including

the part that it clamped). l is the suspended length (excluding the part that is

clamped), and T is the time period of the oscillations. The fractional uncertainty is

given by

∆k

k
=

√(
∆M

M

)2

+

(
∆L

L

)2

+

(
∆l

l

)2

+

(
2

∆T

T

)2

=

√(
0.1 mg

72.3 mg

)2

+

(
0.1 mm

100.0 mm

)2

+

(
0.1 mm

50.0 mm

)2

+

(
2

0.000 1 s

0.085 4 s

)2

≈
√

0.02 + 0.01 + 0.04 + 0.05 % = 0.3%. (2.6)

For the above estimate, I have used a blade with the following parameters: M =

(72.3 ± 0.1) mg, L = (100.0 ± 0.1) mm, and l = (50.0 ± 0.1) mm. M was measured

with an electronic weighing scale with a precision of 0.1 mg. The uncertainty in the

time period of oscillations is proportional to the absolute temporal resolution, ∆T0,

of the microscope (1 ms or better). The natural frequency (11.7 Hz for this blade) was

obtained by averaging over multiple oscillations. When averaging over n oscillations,

the temporal resolution is ∆T = (∆T0)/n. In the above estimate, I have averaged

over 10 oscillations, and therefore ∆T = 0.001/10 = 0.000 1 s.
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The uncertainty in determining the spring constant using the frequency method is

less than 0.5%, which is much less than the uncertainty involved when using equation

2.2 to calculate the spring constant (9%). To minimise the fractional uncertainty in

k, the spring constant should be determined from its natural frequency.

2.2.3 Uncertainty in force measurements

So far, we have only considered the uncertainty involved in determining the

spring constant. To obtain the total fractional uncertainty in the force calculated

from Hooke’s law (equation 2.1), we also have to consider the uncertainty in the

displacement. The fractional uncertainty arising from using Hooke’s law to calculate

forces is

∆F

F
=

√(
∆k

k

)2

+

(
∆x

x

)2

, (2.7)

where ∆x/x is the fractional uncertainty in the measured deflection. ∆x is given by

the pixel size of the image, and x depends on the magnitude of the applied force and

the spring constant of the blade.

The maximum value that x can take, xmax, is given by the field of view of the

objective lens. In general, objective lenses that have better resolution (smaller ∆x)

also have a smaller range (smaller xmax). Therefore, it is not trivial which objective

lenses give the smallest fractional uncertainty in the measured deflection. It turns out

that ∆x/x is independent of the objective lens used when the spring constant of the

blade is carefully chosen such that the maximum measured deflection spans the entire

field of view of the objective. This can be understood as follows. ∆x is determined

by pixel size, that is ∆x = xmax/N , where N is the number of pixels in a length xmax.

If the blade is appropriately chosen such that the deflection spans almost the entire

field of view of the objective,4 then

∆x

x
=

xmax

N

xmax

=
1

N
. (2.8)

With the Leica TCS SP8, the maximum value that N can take is 8192 and this

is independent of the type of objective lens used. Therefore, the lowest fractional

uncertainty that can be obtained is ∆x/x = 1/8192 ≈ 0.01%, independent of the

objective lens. The fractional uncertainty in x is negligible compared to the fractional

uncertainty in k.

2.2.4 Noise level

Random fluctuations occur due to ambient vibrations and air drafts in the vicinity

of the setup. These random fluctuations can be quantified by measuring fluctuations

4In practice, I do not use the entire range, but around half to three-quarters of it. But this does
not significantly affect the estimate in equation 2.8.



Chapter 2. Experimental methods 42

Ven!la!on: Off OffOn

Open door Talking

Figure 2.6: Random noise due to ambient vibrations. The standard deviation of the
noise is 0.1 µN.

in the displacement of the bottom edge of a freely handing blade (figure 2.6). The

standard deviation of the noise was 0.1 µN, which is negligible compared to the forces

measured in this thesis. Therefore, the random noise due to ambient vibrations

can be safely neglected. However, these fluctuations will become important when

using low-friction surfaces, such as superhydrophobic or liquid-infused surfaces. When

measuring drop friction on extremely low-friction surfaces, the random noise can be

minimised by enclosing the setup in a draft-free environment.

2.2.5 Applying the method to study drop dynamics

A typical measurement When measuring the friction force between a drop and a

surface, the drop is positioned on the surface, in front of the blade (figure 2.7, position

0). Then, the surface is set in motion and the drop moves together with the surface

until it reaches the blade. Upon initial contact, the blade is attracted to the drop

as the liquid partially spreads on the blade. This ‘snap-in’ is seen as a sharp dip in

the force curve (point 1-2). In principle, snap-in force would be zero when using a

perfectly superhydrophobic blade (contact angle of 180° with the drop).

After snap-in, the drop continues to move together with the surface, pressing

against the blade. As a result, the force increases, reaching a maximum at point 4.

At point 4, the distortion of the drop reaches a maximum and the force is equal to the

static friction, FS [48]. Beyond point 4, the drop starts moving in steady state relative

to the surface and its shape relaxes to a less distorted state. The force plateaus to

steady value, termed the kinetic friction, FK [48].
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Figure 2.7: Schematic of a typical force curve on an ideal surface. Note that in some
cases, FS can be equal to FK.

Motion at constant speed During all the force measurements, the drop is fixed by

the blade while the surface moves at constant speeds between 1 µm s−1 and 2 cm s−1.

The motion of the surface is controlled using a LabVIEW program.5 Moving the

surface while keeping the drop fixed is equivalent to moving the drop while keeping

the surface stationary. These two scenarios are related by a Galilean transformation,

and therefore the same force needs to be applied in both cases.

Moving the surface while keeping the drop fixed is advantageous since it allows the

force to be monitored over an extended time. The blade’s position can only be imaged

if it remains within the field of view of the stationary objective lens. If the surface

is fixed and the blade (and drop) is moved, then the blade will eventually move out

of the field of view of the objective lens (after 1.55 mm for the 10x objective). But

by fixing the blade (and drop) above the objective lens and moving the surface, it is

possible to record the blade’s deflection continuously.

The concept of fixing the drop while moving the surface to measure drop friction

has been reported by previous studies. Pilat et al. (2012) [86] and Gao et al. (2018)

[48] used a glass capillary to hold the drop and a home-built laser system to measure

the deflection of the blade, whereas Daniel et al. (2017) [31] used an acrylic capillary

to hold the drop and a camera to measure the deflection. The notable advantage of

the setup that I have introduced over existing setups is that with the LSCM setup, it is

also possible to microscopically image the three-phase contact line from below during

motion. Microscopic imaging combined with force measurements will be particularly

insightful when investigating particle removal in chapter 5.

5Thanks to Alexander Saal for writing the LabVIEW program.
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(a) (b)

Figure 2.8: Friction force between a water drop and a PDMS surface. (a) Force
required to move a 3 µL water drop at 200 µm s−1. The three measurements were
performed along the same track, with the same drop. The topmost curve corresponds
to the first run and the bottommost curve correspond to the third run. The decrease
in the force between the successive runs is due to a decrease in drop volume due to
evaporation. (b) Force required to move a 3 µL water drop along three different tracks
on the PDMS surface. A fresh drop was used for each measurement.

Reproducibility of measurements I performed two types of experiments to test

the reproducibility of the setup. In the first type of experiment, the drop was

held by the blade while the surface moved at 200 µm s−1 for ≈ 100 s. Then, the

surface was moved backwards to bring the drop back to its starting position and

the experiment was repeated with the same drop along the same track. The shape

of the force curves was highly reproducible [figure 2.8 (a)]. The fluctuations due to

surface inhomogeneities were consistent for all the runs, demonstrating that the force

resolution is sufficient for studying PDMS surfaces.

In the second type of test experiment, a drop was moved along different tracks on

the surface [figure 2.8 (b)]. Each run was performed using a fresh drop at a speed of

200 µm s−1. Each track had a different distribution of surface inhomogeneities, which

resulted in force curves that looked noticeably different. However, the average force

was consistent for all the force curves. Note that the fluctuations due to surface

inhomogeneities (few µN) are much more significant than the noise level due to

ambient vibrations (0.2 µN, figure 2.6), thus validating the previous claim that the

ambient noise can be neglected (section 2.2.4).

2.2.6 Practical considerations

There are a number of additional factors that need to be considered when using a

blade to measure forces. The most important ones are described below.
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2.2.6.1 Compromise between spatial and temporal resolution

Although the best spatial resolution in the deflection is obtained by choosing the

largest number of pixels (N in equation 2.8), this is usually not be the optimal

setting. When selecting the optimal value for N , the temporal resolution also has

to be considered. For a fixed scanning speed, the temporal resolution is inversely

proportional to the spatial resolution. Therefore, when studying problems that require

a high temporal resolution, it is preferable to reduce the spatial resolution.

In general, using the highest spatial resolution is not necessary because even for

relatively low spatial resolutions, the fractional uncertainty in the deflection tends

to be negligible for most practical purposes.6 For example, a 50 times reduction in

the spatial resolution from the highest setting of 8192 pixels leads to a fractional

uncertainty of only ∆x/x ≈ 50/8192 ≈ 2%, which is negligible for most practical

purposes. For a fixed scanning speed, this loss in spatial resolution is compensated

by a 50 times increase in temporal resolution. For most all cases, a 50 times increase

in temporal resolution is a lot more valuable than a 2% improvement in spatial

resolution.

2.2.6.2 Effect of finite drop size

The spring constant determined using the methods presented in section 2.2.2 is valid

when the force is applied precisely at the bottom edge of the blade. When pushing

drops, the force, Fdrop, acting on the blade is not localised at the bottom edge, but

is distributed over circular/elliptical area. Consequently, the moment produced by

Fdrop is smaller than if it was localised exactly at the bottom edge. Therefore, the

apparent force measured by the blade is

Fapp = Fdrop
l − r
l
, (2.9)

where l is the length of the blade. r is the distance between the bottom edge of the

blade and the position where the force exerted by the drop on the blade is centred.

This effect introduces an additional error (in addition to equation 2.7) in the force

measurements:

∆F

F
=
r

l
≈ 1 mm

50 mm
= 2%. (2.10)

Here, I have taken r to be equal to the radius of a typical drop used in a drop friction

experiment. Therefore, the measured force is systematically lower than the actual

force. However, the difference is only 2%, which is negligible for the purpose of this

thesis.

6This statement applies when using a highly sophisticated laser system like the one in the Leica
TCS SP8 microscope. The argument might not hold when using devices that offer lower spatial
resolutions.
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The total systematic uncertainty in the force measurements is ≈ 2%+2%+0.3% ≈
4%, where the contributions are due to (1) the uncertainty in measuring the deflection

of the blade, (2) the error due to the finite drop size, and (3) the uncertainty in

determining the spring constant. As an example, the friction force that a drop (volume

5 µL) experiences when moving on a PDMS surface is typically between 50 µN and

a few 100 µN, depending on the speed. Therefore, the systematic uncertainty in the

force is ∆F ≈ 2 µN (for F = 50 µN).

2.2.6.3 Long and relatively thick blades are better

Thick blades (e.g. thickness 40 µm-70 µm) have the advantage of remaining straight

after being cut into the right dimensions. In contrast, thin blades (thickness < 40 µm)

tend to coil, are less sturdy and are more prone to getting damaged when being

mounted on the microscope.

However, thicker blades also have higher spring constants (equation 2.2). A higher

spring constant results in a lower deflection for the same applied force since x = F/k.

To ensure that the deflection is sufficiently large to be measured precisely, the spring

constant can be tuned by increasing the length of the blade. The longer the blade,

the smaller the systematic error due to the finite drop size effect (equation 2.9).

The longest blade that can be mounted in the limited space on the Leica TCS SP8

microscope is around 10 cm.

2.2.6.4 Blade width

When measuring drop friction with the confocal microscope, zero force corresponds

to the position of the blade before it makes contact with the drop. To obtain the

position of zero force and the drop friction in a single measurement, the width of the

blade should be wider than the drop, and the drop, laser and blade should be aligned

appropriately. The reason for this can be understood by considering a typical drop

friction measurement.

Initially, the drop starts a few millimetres in front of the blade. The objective lens

focuses on the bottom edge of the blade. Then, the recording starts and the sample

starts moving at constant speed. When the blade and drop make contact, there are

two possibilities: (1) the drop gets in the way of the laser beam [figure 2.9 (a)], or (2)

the drop does not disrupt the optical path of the laser beam [figure 2.9 (b)].

If scenario (1) occurs, the optical path of the laser is disrupted due to the difference

between the refractive index of the drop and that of air. When the laser travels

through the drop instead of air, the apparent position of the bottom edge of the

blade shifts out of focus, causing the reflection signal to disappear. In this case, the

position of the blade cannot be monitored continuously. If the width of the blade is

less than the diameter of the drop, scenario (1) is unavoidable. In this case, the zero

position has to be calibrated beforehand, without the drop. Once the zero position is
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Figure 2.9: In this schematic, the drop is being pushed by the blade while the surface
moves into the plane of the paper (along −x). (a) If the laser is positioned such
that it goes through the drop, the reflection signal disappears when the drop makes
contact with the blade since the refractive index of the drop differs from that of air.
(b) In contrast, the deflection can be measured continuously when the drop and the
laser are aligned such that the laser does not go through the drop.

recorded, the drop is brought in contact with the blade and the focus is readjusted.

Finally, the measurement is started by moving the stage at constant speed.

In contrast, with scenario (2), the position of the blade can be recorded

continuously because the the laser travels through a single medium (air) throughout

the entire measurement. To achieve scenario (2), the width of the blade has to be

greater than the diameter of the drop and the drop has to be appropriately aligned

such that it does not get in the way of the laser beam.

When using blades wider than the diameter of the drop, the drop and the blade

should carefully be aligned such that the drop is centred on the blade [figure 2.9

(b)]. This ensures that there are no twisting effects, which could result in erroneous

measurements. However, twisting effects were negligible for the blades that I used,

even when the drop was not centred exactly at the middle of the blade.

2.2.6.5 Influence of blade on force measurements

The surface properties (hydrophobicity/hydrophilicity) of the blade influence the

shape of the drop and therefore the contact width between the drop and the surface.

Since drop friction is proportional to the contact width (equation 1.21), different types

of blades will provide different absolute values for the friction force. For consistent

comparison, it is crucial that the surface properties of the blade remain constant

throughout all measurements. However, this can be experimentally challenging when

using polydimethylsiloxane (PDMS) surfaces. As I will describe in the next chapter,

water drops get covered by a layer of PDMS as they move relative to a PDMS surface.

Consequently, some of the PDMS is also transferred to the blade, causing it to become

more hydrophobic. There are two ways to overcome this problem.
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One approach is to chemically functionalise the blade with PDMS, such that

the blade is already hydrophobic before the measurements. The second approach

is to normalise the measured friction force by the drop-surface contact width. The

normalised force is independent of the drop’s size and of the contact area between the

drop and the blade (equation 1.21). Obtaining the contact width is straightforward

when using the LSCM setup. Each measurement is performed twice: first focusing on

the blade edge to measure the force, and then on the drop-surface contact to measure

the width.

2.3 Surface pendant drop method

Drops may adsorb contaminants when they are in contact with solid surfaces. The

presence of contaminants on the surface of a drop may cause its surface tension to

change. To investigate how fast and by how much the surface tension of a drop

changes when it is placed in contact with a surface, I developed the surface pendant

drop method. Before describing this method, I will give an overview of the standard

pendant drop method.

2.3.1 Background on the standard pendant drop method

With the standard pendant drop method, a drop is suspended vertically from a syringe

needle. The shape of the drop is governed by the gravitational force and the capillary

force acting on the drop. The surface tension of the liquid is determined by fitting

the Laplace equation (equation 1.6) to the drop’s profile [13]. The Laplace equation

(including gravity) is given by

γ

(
1

R1

+
1

R2

)
= ∆P ≡ ∆P0 −∆ρgz, (2.11)

where R1 and R2 are the principle radii of curvature of the drop, ∆P = Pdrop−Pair is

the Laplace pressure across the drop-air interface, and ∆ρ = ρdrop−ρair is the density

difference between the drop and the surrounding phase (air). ∆ρgz is the hydrostatic

pressure. g = 9.81 m s−2 is the acceleration of free-fall. ∆P0 = 2γ/R0 is the Laplace

pressure evaluated at the drop’s apex (z = 0), where R0 is the radius of curvature at

the apex. Since the drop is axisymmetric, the radii of curvature is given by [13](
1

R1

+
1

R2

)
=

z′

x(1 + z′2)1/2
+

z′′

(1 + z′2)3/2
, (2.12)

where z′ = dz/dx and z′′ = d2z/dz2. Inserting equation 2.12 into equation 2.11 gives
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γ

(
z′

x(1 + z′2)1/2
+

z′′

(1 + z′2)3/2

)
= 2

γ

R0

−∆ρgz

z̄′

x̄(1 + z̄′2)1/2
+

z̄′′

(1 + z̄′2)3/2
= 2−Bo z̄, (2.13)

where Bo = ∆ρgR2
0/γ is the dimensionless Bond number, z̄ = z/R0 and x̄ = x/R0.

Equation 2.13 is fitted to the contour of a pendant drop (imaged experimentally),

with Bo as a fitting parameter. The value of Bo which provides the best fit to the

drop contour is extracted. Finally, γ can be calculated, provided that ∆ρ is known.

Practical considerations Typically, a shadow image of the drop is taken using

a camera. The drop’s contour is extracted from the image using an edge detection

algorithm. The resolution of the camera, the pixel-to-length calibration and the

effectiveness of the edge detection algorithm determine the accuracy of the calculated

surface tension. To minimise the measurement uncertainty in γ due to the fitting

procedure, the drop volume Vd should be as close as possible to the maximum volume

at which it detaches from the needle:

Vmax ≈
πDnγ

∆ρg
, (2.14)

where Dn is the diameter of drop at the tip of the needle. This expression is only

approximate (although a good one) because in reality the drop does not always detach

exactly at the needle tip. Instead, it ruptures at its thinnest position, which can

be below the tip. The % relative standard deviation in determining γ scales as

%RSD ∼ (Vmax/Vd)2 [13].

2.3.2 Surface pendant drop setup

The surface pendant drop method is an alteration of the standard pendant drop

method. The drop is suspended from a surface rather than from a needle (figure

2.10). I describe a typical experiment below.

Holes of diameter 2 mm are drilled into the surface. The surface is then placed

on two supports as shown in figure 2.10. It is positioned such that a syringe tip lies

directly above the hole. The outer diameter of the syringe tip (1.8 mm) is almost

equal to, but slightly smaller, than the hole (2 mm).

Automated step-by-step procedure For consistent drop deposition, the

following procedures were automated using a Krüss Drop Shape Analyzer (DSA100).

The drop volumes listed below are relevant for water drops on PDMS surfaces. The

settings need to be adjusted depending on the specific system under investigation.
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Figure 2.10: Schematic of the surface pendant drop setup. The drop’s three-phase
contact line is pinned at the hole. The drop’s contour is monitored over time and
the surface tension is extracted by fitting the Laplace equation (equation 2.13) to the
drop’s contour. The water bath at the bottom is added to slow down the evaporation
of water drops.

1. The syringe tip is lowered through the hole until it is a few millimetres below

the surface.

2. 25 µL of ultrapure water is dosed at 3 µL s−1.

3. After waiting for 10 s for any vibrations from the dosing to subside, the surface

tension is measured, with the drop hanging from the syringe tip. This is to

check whether the initial surface tension of the water drop corresponds to the

expected value of 72 mN m−1.

4. The syringe is moved upwards until the drop touches the surface.

5. The drop volume is increased to 38 µL at 5 µL s−1. 38 µL corresponds to

the maximum drop volume that can be supported by a contact line having

a diameter of 2 mm, assuming that the effective surface tension of the drop

decreases to ≈ 60 mN m−1. Since larger drops lead to more precise surface

tension measurements, the drop has to be as large as possible, but smaller than

the critical size at which it falls.

6. The surface tension is measured at a frequency of 1-10 Hz. The chosen frequency

depends on how fast the change in surface tension is expected to take.

7. At the end of the experiment, the syringe tip is pulled out of the drop. The

surface tension of the drop is measured again, without the tip attached to

it. This is to check if the presence of the syringe tip was influencing the

measurement.

The surface pendant drop method is suitable for liquids that do not significantly

wet the surface. If the liquid completely spreads on the surface, it will not be possible

to keep the drop pinned since it will spread past the hole.
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2.4 Summary

In section 2.2, I presented a method to measure horizontal forces using an inverted

laser scanning confocal microscope. With this method, it is possible to image dynamic

processes with microscopic resolution (300 nm lateral, 1 µm axial) and to measure

friction forces with a resolution of 200 nN (limited by noise). This method will be

used to investigate how drops remove particles from surfaces in chapter 5.

In section 2.3, I introduced the surface pendant drop method to quantify how

fast and by how much the surface tension of drops change as they accumulate

contaminants from a surface. This method will be used in the next chapter.
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Wetting of silicone surfaces

In this chapter, I investigate the static and dynamic wetting properties of water on

silicone elastomers.

Silicone elastomers are widely used for medical implants, sealants, lab-on-a-chip

studies and cell cultures. In the field of wetting, they are often used as model

surfaces. In general, silicone elastomers consist of a silicone backbone with two

organic side chains (−R2Si−O− SiR2−, where R is an organic group). I used

polydimethylsiloxane (PDMS), which contains methyl groups as side chains. PDMS is

known for being hydrophobic, unreactive, stable, and resistant to a wide temperature

range. Most PDMS elastomers are gels, which consist of a crosslinked polymer matrix

containing a small fraction of uncrosslinked chains. Uncrosslinked chains refer to

polymers chains that are not covalently bonded to the crosslinked matrix.

In many applications, PDMS surfaces come into contact with liquids. It has been

hypothesised that when the spreading parameter of PDMS on the liquid is positive,

the uncrosslinked chains separate from the crosslinked matrix and contaminate the

liquid [63, 64, 109]. This phenomenon will influence highly precise experiments and

applications where contamination is strictly undesirable. However, so far, there is

no direct visualisation of the effect and no direct measurement quantifying how fast

uncrosslinked chains accumulate on drops that are in contact with the surface. These

are explored in this chapter.

The knowledge gained in this chapter will be relevant in chapter 5, where PDMS

surfaces will be used as model surfaces to study the removal of particles using drops.

3.1 Materials

3.1.1 PDMS surfaces

PDMS surfaces were prepared by mixing Sylgard 184 (from Dow Chemical Company)

in a ratio of 10 parts base to 1 part crosslinker. In some of the batches, fluorescent

dye was added during mixing so that the PDMS could be imaged using laser scanning

confocal microscopy. The mixture was then degassed as follows. A pump was

52
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connected to a sealed oven (at room temperature) to create a vacuum. As the air

pressure in the oven reduced, air bubbles in the mixture grew and floated to the top.

Then, an inlet was opened to allow air to flow into the oven. The sudden increase in

air pressure caused the bubbles to burst quickly. The process of pumping air out of

the oven followed by the sudden opening of the inlet was repeated (usually around 3

times) until no more bubbles were seen in the PDMS mixture. Meanwhile, glass slides

were rinsed with isopropanol, ethanol and water, then dried with a nitrogen gun. This

step ensures that the glass slides are free from impurities such as fingerprints. The

dry glass slides were placed in a 300 W oxygen plasma oven at 30 to 40 Pa for 5 min.

The degassed mixture was spin-coated onto the clean glass slides at 1000 rpm for 60 s.

Finally, the coated slides were placed in an oven (preheated) at 80 °C for 2 h or 15 h

to allow the polymer chains to form a crosslinked network. The resulting thickness

of the PDMS layer was around 50 µm. Note that, even after 15 h, not all the PDMS

chains get crosslinked, but around 5% (by weight) remain uncrosslinked [109].

3.1.2 PDMS surfaces with added lubricant

Lubricated PDMS surfaces containing 5% added lubricant were prepared by mixing

5.00 g of Slygard 184 base, 0.50 g of crosslinker and 1.83 g (5%) of PDMS lubricant

in a glass vial for 2 min. Two types of lubricants were used: a trimethyl siloxy

terminated PDMS with a viscosity of 1000 cSt (from Alfa Aesar) and trimethyl siloxy

terminated PDMS with a viscosity of 200 cSt (from Xiameter PMX-200, Dow). For

the surface containing 25% lubricant, 5.50 g of lubricant was added instead of 1.83 g.

The mixtures were degassed and spin-coated onto glass slides, as described in section

3.1.1. Finally, the coated glass slides were placed in an 80 °C oven (pre-heated) for

2 h.

3.2 Cloaking of static drops

Drops covered with a thin layer of an immiscible lubricant are said to be ‘cloaked’.

Cloaking is thermodynamically favourable when the spreading parameter of the

lubricant on the drop is positive (section 1.5). The spreading parameter of PDMS

on water is

S = γWA − γLA − γWL ≈ (73− 20− 40) mN m−1 = 13 mN m−1.

Here, γLA, γWL, and γWA are the PDMS lubricant-air, water-PDMS lubricant, and

water-air interfacial tensions, respectively. Since S > 0, water drops are expected

to become cloaked when they are placed on surfaces containing uncrosslinked PDMS

chains. In general, cloaking has several consequences. For example, on liquid-infused

surfaces, cloaking is one of the causes of lubricant depletion, which consequently leads

to a loss of functionality.
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In the following, I will provide the first direct experimental proof of the cloak

layer using laser scanning confocal microscopy. Then, I will use the surface pendant

drop method described in section 2.3 to quantify the kinetics of cloaking on PDMS

surfaces.

3.2.1 Direct observation

The cloak layer is not visible to the naked eye or to regular optical cameras due to

its very small thickness and due to the lack of contrast between the drop and the

lubricant. Advanced techniques such as interference microscopy, scanning electron

microscopy or laser scanning confocal microscopy are required. Here, I used the

latter.

On a liquid-infused surface containing PDMS oil as lubricant, drops were

surrounded by both a wetting ridge and a cloak (figure 3.1). In this case, the wetting

ridge was clearly visible (height ≈ 100 µm). However, a prominent wetting ridge is

not required for there to be a cloak. On a PDMS (elastomer) surface, there is no

visible wetting ridge, but a cloak is still present (figure 3.2).1

3.2.2 Kinetics

Although it is possible to nicely image fully cloaked drops using laser scanning confocal

microscopy, it is tricky to use the technique to accurately quantify how long it takes

for the cloak to form. However, since the surface tension of a drop is expected to

change during cloaking [32, 94, 70, 64], the time taken for the drop to become cloaked

can be determined by measuring its surface tension over time. Therefore, the kinetics

of cloaking can be quantified using the surface pendant drop method described in

section 2.3. In the following, I will describe experiments conducted using the surface

pendant drop method and interpret the results.

With a PDMS surface without added lubricant, no change in surface tension was

observed over 30 min.

With a surface containing 5% of added PDMS lubricant (200 cSt), the surface

tension decreased by ≈ 8 mN m−1 after around 15 min [blue dots in figure 3.3 (c)].

At the beginning of the measurements (time = 0), there is no PDMS on the drop’s

surface and therefore the initial surface tension corresponds to the value expected for

pure water (73 mN m−1). Thereafter, uncrosslinked PDMS chains migrate from the

PDMS surface to the air-water interface, thus reducing its surface tension to a final

value of around 65 mN m−1.

When a PDMS surface containing 25% of added lubricant (200 cSt) was used,

the surface tension decreased by the same amount. However, the decrease was much

1No visible wetting ridge was seen within the vertical resolution of the confocal microscope
(around 1 µm). However, a sub-microscopic wetting ridge should still be present.
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100 µm
DropCloak

Figure 3.1: Cloaked drop on a liquid-infused surface. The solid surface consisted of an
array of cylindrical pillars (diameter: 30 µm, height: 10 µm, centre-to-centre spacing:
60 µm). Only fluorescence from the lubricant (viscosity 1000 cSt) is shown in yellow.
The drop contained 57% of glycerol and 43% water (by weight). Glycerol was added
for two reasons: to suppress evaporation and to match the refractive index of the drop
to that of PDMS. A ratio of 57:43 was chosen since it results in a refractive index of
1.41, which is equal to the refractive index of PDMS. Matching the refractive indices
leads to better image quality since optical artefacts are reduced. The addition of
glycerol to the drop does not change the sign of the spreading parameter.

faster, taking less than 20 s to reach the final plateau [green points in figure 3.3

(c)]. As the surface tension decreased, the drop became increasingly elongated. The

corresponding evolution of the drop contour is shown in figure 3.3 (b), where the blue

line corresponds to the contour before cloaking and the green line corresponds to the

contour after cloaking.

When a PDMS surface containing a more viscous lubricant was used, it took longer

for the surface tension to decrease. For example, when 25% of a 350 cSt lubricant

was added instead of 25% of 200 cSt lubricant, it took around three times longer for

the surface tension to decrease (figure 3.4).

Three main conclusions can be drawn from these experiments: (1) The addition

of lubricant speeds up the cloaking process, (2) for the same amount of lubricant,

cloaking is slower when a more viscous lubricant is used, and (3) the surface tension

of a water drop cloaked with PDMS is around 65 mN m−1. Interestingly, the surface

tension remained constant for a finite amount of time before starting to decrease. This

demonstrates that the surface tension is only affected when there is a sufficiently large

amount of PDMS chains on the drop.2

2With the surface pendant drop method, only the average surface tension of the drop can be
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Figure 3.2: A cloaked drop (57% glycerol, 43% water) on a PDMS surface. The
image was taken using confocal microscopy around 30 min after placing the drop on
the surface. (a)-(c) Three-dimensional image of the top part of the drop. (a) shows
fluorescence signal from the drop only, (b) shows fluorescence from PDMS only, and
(c) is an overlay of (a) and (b). (d) is a side view showing fluorescence from PDMS.
Note the absence of a prominent wetting ridge.

A related but more widely studied problem is the spreading of oil films on water.

The surface of a cloaked drop is similar to the surface of a water bath that is covered

by an oil film (e.g. in a Langmuir-Blodgett trough) because in both cases, there is a

water-oil interface and an oil-air interface separated by an oil film. Indeed, The final

surface tension a cloaked drop (65 mN m−1) is comparable to the surface tension of a

water bath covered by a flat silicone monolayer (63 mN m−1) [74]. Below, I will review

the topic of thin oil films on water and then apply the knowledge in the context of

cloaking.

Background knowledge on oil films on water The study of oil films on

the surface of water has been of interest since the 18th century (at least), with

pioneering contributions from Benjamin Franklin (1774), Agnes Pockels (1891) and

Lord Rayleigh (1899). Franklin [46] reported that when oil is dropped on the surface

obtained. Local changes in surface tension due to small PDMS patches on the drop’s surface cannot
be quantified. Therefore, we should only expect to see a change in surface tension when the drop is
surrounded by a significant amount of PDMS.
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Figure 3.3: Change in surface tension of a water drop as it gets cloaked by PDMS
(200 cSt). (a) Schematic of a drop hanging from a PDMS surface. The contact line is
pinned by a hole. A water bath is placed below the drop to slow down evaporation.
(b) Evolution of the drop profile during cloaking. (c) Change in surface tension of
the drop over time on PDMS surfaces containing 5% of added lubricant (blue) and
25% of added lubricant (green).

Figure 3.4: Change in surface pressure, Π(t) = γ(t)− γ(0), over time during cloaking
of water drops on two types of PDMS surfaces. Both surfaces contained 25% of
lubricant. The only difference was that the lubricant had different viscosities. The
blue and orange squares correspond to a 200 cSt lubricant, whereas the green, purple
and red circles correspond to a 350 cSt lubricant. It took noticeably longer for drops
to become cloaked on the 350 cSt surface.

.
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of a large reservoir of water, such as a lake, it quickly spreads and calms down the

waves over an extended area. Pockels [89] and Rayleigh [90] systematically varied

the concentration of oil on the surface of water and measured the surface tension

of the interface. Pockels demonstrated that the surface tension is independent of

the oil concentration below a critical concentration. However, above that critical

concentration, the surface tension becomes sensitive to the concentration of oil

present on the surface.

Highly precise measurements of the surface tension of water as a function of the

surface concentration of PDMS oil were performed in the 1990s by Lee et. al [74].

They showed that below a surface concentration of C ≈ 0.6 mg m−2,3 PDMS has no

influence on the surface tension of water, which remains equal to that of pure water.

However, the surface tension decreased when C was increased to Cth ≈ 0.75 mg m−2.

By using ellipsometry to measure the thickness of the oil layer, they showed that the

water surface was only partially covered by PDMS patches below Cth. But when the

surface concentration of oil reached Cth, the water surface was completely covered by

a PDMS monolayer. As the surface concentration of oil was increased even further,

the molecules stacked up to form multilayers. However, the surface tension did not

change further once the first complete monolayer had formed.

Mathematically, the influence of oil on the surface tension of an air-water interface

can be described in terms of the surface pressure. When a very small amount of oil (a

monolayer) spreads over the surface of a pure liquid, the surface tension of the liquid

is reduced to

γ = γ0 − Π, (3.1)

where γ0 is the surface tension of the bare liquid, and Π is the surface pressure. An

intuitive way to think about the surface pressure is to consider the work required to

change the area of the interface (e.g. in a Langmuir-Blodgett trough) by an amount

dA:

dW = γ dA = γ0 dA− Π dA. (3.2)

Here, γ0 dA corresponds to the contribution from the bare interface and Π dA is the

contribution due to the monolayer. Therefore, Π dA is the two-dimensional analogue

of the work P dV in bulk thermodynamics. A typical plot of Π against A at constant

temperature (called a surface pressure isotherm) is sketched in figure 3.5. At low

surface concentrations (large A), the oil molecules in the monolayer are effectively

in a ‘gaseous state’ and the surface pressure is close to zero. As the surface area

decreases, the surface concentration of oil molecules increases to form the so-called

‘liquid expanded’ and ‘liquid condensed’ phases. This results in an increase in the

30.6 mg m−2 is equivalent to adding a 0.6 µL drop of oil to an area of 1 m2.
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surface pressure. Further compression leads to a solid phase, and finally, a collapsed

phase when the surface pressure reaches a maximum (or equivalently, when the area

per molecule reaches a minimum). In the collapsed state, molecules stack up and

form multilayers. Even though the collapse state leads to the lowest surface tension

and corresponds to the minimum energy state, it cannot usually be reached when

oil allowed to spread freely onto a liquid without any forced compression. This is

because the condensed phases are usually metastable states and the system generally

settles at these metastable states.
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Figure 3.5: Surface pressure isotherm, redrawn from page 10 in reference [72].

Explaining the shape of the surface tension against time curve In the

following, I will apply the concepts that I have introduced above to explain the

different stages involved as water drops become cloaked on PDMS surfaces.

Since PDMS is insoluble in water, uncrosslinked chains cannot reach the air-water

interface by diffusing through the bulk of the drop. The only possible pathway for

PDMS to reach the surface of the drop is by migrating directly from the three-phase

contact line to the air-water interface.

Following the results of Lee et al. presented above, the surface tension of the drop

is not expected to change until the surface concentration of PDMS becomes large

enough, such that the drop is covered by an almost complete PDMS monolayer. This

explains why there is an initial plateau in the measurements shown in figure 3.3 (c).

Initially, the PDMS chains that are on the surface of the drop are in the ‘gas’ phase

(figure 3.5) and the surface pressure is zero. As the surface concentration of PDMS

increases, the surface pressure increases and the surface tension of the drop decreases

according to equation 3.1. Furthermore, Lee et al. showed that once a complete

monolayer is formed, a further increase in the surface concentration of PDMS does

not decrease the surface tension further. The cloaking experiments in figure 3.3 are
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consistent with this description since the surface tension did not decrease further once

the final plateau (at 65 mN m−1) was reached.

We can therefore draw two further conclusions on the cloaking process. First, the

time taken for the surface tension of the drop to decrease depends on the time taken

for a complete PDMS monolayer to form around the drop. Thus, by measuring the

surface tension of the drop, we directly quantify the rate at which a PDMS monolayer

forms around the drop. Second, the rate at which the monolayer forms increases as

the fraction of uncrosslinked PDMS chains increases (figure 3.3) and decreases when

the molecular weight (viscosity) of the PDMS chains increases (figure 3.4).

Mechanism and rate-limiting step The mechanism by which PDMS chains

migrate from the PDMS surface to the air-water interface can be divided into two

steps. In step 1, the PDMS chains diffuse from the bulk of the PDMS matrix to the

three-phase contact line. Then, in step 2, these chains move from the contact line to

the air-water interface. Which step is the rate-limiting step?

Step 1 depends on how fast uncrosslinked PDMS chains move within the PDMS

matrix and therefore depends on the viscosity of the lubricant as well as the structure

of the crosslinked PDMS matrix. In contrast, step 2 only depends on the viscosity of

the lubricant because once the chains have reached the three-phase contact line, they

only need to migrate to the air-water interface without having to travel through the

crosslinked matrix.

Varying the amount of lubricant while keeping the viscosity constant (3.3)

influences step 1, but not step 2. Since the surface tension took longer to change

on the surface containing a lower fraction of lubricant, we can deduce that step 1

is rate-limiting. If step 2 was the rate-limiting step, the surface tension would have

decreased equally fast on both surfaces. Therefore, the time taken for PDMS chains

to reach at the three-phase contact line is longer than the time taken for them to

move from the contact line to the air-water interface.

3.3 Contact angles of water on PDMS

When drops move on solid surfaces, they experience a friction force due to pinning

of the three-phase contact line and due to dissipation (primarily at the contact line,

section 1.12) arising from the no-slip boundary condition between the solid and the

drop. In general, the friction force depends on the surface tension of the drop and on

the advancing and receding contact angles (ΘA and ΘR) between the drop and the

surface (equation 1.21).

In this section, I present measurements of the contact angles of water on PDMS

surfaces, focussing on the influence of uncrosslinked PDMS chains on ΘA. The model
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by Butt et al. (2018) [23], which assumes that the surface adapts to the drop, provides

the best fit to the data.

3.3.1 Advancing contact angle

Θ
A

Water Air

PDMS

Figure 3.6: Contact angle of an advancing air-water interface on a PDMS surface as
a function of the contact line speed. The data points are from [109]. The adaptation
models are given by equation 3.7. ‘Adaptation without cloak’ assumes that γLV =
73 mN m−1 and uses the following fitting parameters: ν = 2.2 µm s−1 and ∆γSL =
−17 mN m−1. ‘Adaptation with cloak’ assumes that γLV = 65 mN m−1 and uses the
following fitting parameters: ν = 2.8 µm s−1 and ∆γSL = −13 mN m−1. The molecular
kinetic theory is given by equation 1.39 with fitting parameters λ = 2 nm and K0 =
86 Hz. The hydrodynamic theory is given by equation 1.38 with ln(L0/Li) = 2.7×105

as the fitting parameter. γ = 73 mN m−1 was used for the molecular kinetic and
hydrodynamic theories. In all the models, I have used Θ0 = 110° as the equilibrium
(static) contact angle.

The experimental data presented in this section have been published in a study

by Wong et al. (2020) [109], in which I was involved. I contributed to interpreting

and modelling the data. In the following, I will summarise the experiments and the

model that we used to interpret the data. The following discussion also includes

considerations that have not been described in [109] because some of the arguments

only occurred as afterthoughts, while I was writing this thesis. However, these

afterthoughts strengthens the hypothesis that we proposed in [109].
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Experiment A water drop was deposited on a PDMS surface 4 using a syringe. The

drop was expanded by injecting water into the drop at a constant volumetric flow rate.

As the volume of the drop increased, the three-phase contact line advanced. ΘA was

measured during this process. Each measurement is performed using a fresh drop on

a fresh spot on the surface.

Results ΘA is plotted as a function of the speed of the contact line in figure 3.6.

At low speeds, ΘA was around 112°. ΘA increased with speed up to around 120° at

a speed of 100 µm s−1.

Interpretation The increase in ΘA with speed is hypothesised to be due to two

effects. First, there is a rearrangement of uncrosslinked PDMS chains in the PDMS

matrix, which leads to a change in the solid-water interfacial tension. Second, the

water molecules can only hop with a finite frequency (according to the molecular

kinetic theory, section 1.12), thus resulting in a speed-dependent contact angle. In

the following, I will elaborate on these processes, starting with the first effect.

Model for adaptation of the solid The model by Butt et al. (2018) [23]

quantitatively describes how the contact angle changes as the solid surface adapts

to the presence of the liquid. As a first order approximation (described by a single

time scale), the rate at which γSL changes is given by

dγSL

dt
= −γSL − γeq

SL

τ
. (3.3)

Here γeq
SL is the final (equilibrium) surface tension of the solid-liquid interface (i.e.

γSL(t→∞) and τ is the so-called adaptation timescale, which is determined by how

fast uncrosslinked chains can reach the three-phase contact line. Integrating equation

3.3 leads to

γSL(t) = γeq
SL + ∆γSL exp(−t/τ). (3.4)

Here ∆γSL = (γ0
SL − γ

eq
SL) is the difference between the initial and equilibrium solid-

liquid interfacial tensions.

To see how changes in γSL influences the contact angle, we substitute equation 3.4

into the Young’s equation (equation 1.13) to obtain

cos Θ(t) =
γSA − γeq

SL + ∆γSL exp(−t/τ)

γ
(3.5)

= cos Θ0 +
∆γSL

γLA

exp(−t/τ), (3.6)

4Sylgard 184, 10 parts base to 1 part crosslinker, as described in section 3.1.1 (crosslinked over
15 h at 80 °C).
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where cos Θ0 = (γSA − γeq
SL)/γ and γ is the drop-air interfacial tension. Θ0 is the

equilibrium contact angle between the drop and the surface when the system is given

enough time to equilibrate.

To model the experiments in figure 3.6, it is instructive to write cos Θ in terms

of the speed of the contact line, v, rather than in terms of the time, t, that the

contact line has spent in contact with the surface. t can be written in terms of v

by introducing a length scale, l, which we call the peripheral length. The peripheral

length can be understood as the size of the region (around the contact line) that

influences the contact angle. Only uncrossliked chains that are within a distance l

from the contact line influence the contact angle. Chains that are further than l

have a negligible influence on the contact angle. To obtain cos Θ in terms of v, we

substitute t = l/v in equation 3.6:

cos Θ(v) = cos Θ0 +
∆γSL

γLA

exp(−ν/v), (3.7)

where ν = l/τ is the characteristic velocity at which the uncrosslinked chains readjust.

We can now use equation 3.7 to fit the experimental data points in figure 3.6

directly. The green and orange curves are the fits obtained using equation 3.7 with

Θ0 = 110°, which corresponds to the contact angle when the drop is allowed to rest

on the surface for a long time. The orange curve assumes that the drop’s surface

is not cloaked with PDMS and therefore has a surface tension equal to that of pure

water, γ = 73 mN m−1. The green dotted curve assumes that the drop’s surface is

fully cloaked with PDMS and therefore has a surface tension equal to γ = 65 mN m−1.

Both the orange and green curves provide good fits to the data. They both predict

that the solid-liquid interfacial tension decreases when the surface is given enough

time to adapt to the presence of the drop (∆γSL = −17 mN m−1 for the orange curve

and ∆γSL = −13 mN m−1 for the green curve).

Why does the presence of the water drop cause γSL to change? We

hypothesise that a decrease in γSL is due to the rearrangement of PDMS chains from

the bulk of the PDMS matrix to the vicinity of the contact line. Why do the chains

rearrange? This is due to two effects: (1) there is vertical stress which pulls the

PDMS surface (including uncrosslinked chains) upwards at the three-phase contact

line,5 (2) it is favourable for the PDMS chains to rearrange under the drop in order

to lower the surface energy. For example, this could involve the readjustment of the

uncrosslinked (mobile) chains such that their hydrophilic groups face the water drop.

Even though the measured trend can be explained by a variation in γSL, this does

not necessarily mean that this is the only interpretation. To show why γSL is most

likely the dominant parameter controlling the change in contact angle, I consider

5A vertical stress is due to the vertical component of the drop-air interfacial tension, see section
1.6.
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other possible explanations below and discuss why they do not provide an adequate

description.

Why not γSA? How can we know that the variation in contact angle is caused by

γSL and not by γ or γSA? After all, as uncrosslinked chains migrate to the contact

line, it is likely that γ and γSA also change in the vicinity of the contact line. Note

that if γ and γSA change at all, they will decrease (rather than increase) because the

system will always try to equilibrate to a lower energy state.

Since a decrease in γSA (at constant γ and γSL) causes the contact angle to increase

(according to Young’s equation), γSA cannot explain the observed trend. If γSA

changed significantly in the peripheral length region, we would have observed the

opposite trend to what is shown in figure 3.6. The contact angle at low speeds would

have been higher than those at high speeds.

Why not γ? There are two reasons why the variation of the contact angle cannot

be explained by a change interfacial tension of the liquid-air interface (cloaking). The

first reason is that a decrease in γ at constant γSA and γSL causes the contact angle

to increase. Therefore, if cloaking was responsible, the contact angle at low speeds

should be higher than that at high speeds. This is opposite to what is observed

experimentally. The second reason is that a 8 mN m−1 decrease in γ (due to cloaking,

section 3.2.2) produces a negligible change in the contact angle.6 This can be seen in

figure 3.6, where the green (dotted) and orange (solid) curves barely differ. Hence,

cloaking cannot explain the > 5° change in the macroscopic contact angle.

Viscoelastic dissipation in the wetting ridge Wetting ridges are usually a

dominant source of dissipation and may therefore influence the contact angle. To

check for the presence of a wetting ridge, we imaged the contact line using confocal

microscopy with a resolution of 1 µm. However, no wetting ridge was seen [figure 3.2

(d)]. This demonstrates that the size of the wetting ridge is smaller than 1 µm. Due

to its negligible size, the wetting ridge is unlikely to be a significant factor affecting

the contact angle.

Hydrodynamic and molecular kinetic theories Can the trend in the contact

angle be explained using the hydrodynamic theory or the molecular kinetic theory

which both predict a speed-dependent contact angle, but assume that the properties

of the solid do not change? From figure 3.6, the hydrodynamic theory (equation 1.38)

6Note that the cloaking timescale measured in section 3.2.2 cannot be used to estimate how fast
γ changes in the context presented here. In section 3.2.2, the time taken for the entire drop to
be cloaked was measured, whereas here only a small region of the air-water interface (close to the
contact line) is relevant.
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clearly fails at explaining the measured trend. Hence, we can discount the viscous

properties of the liquid as a possible explanation.

In contrast, the molecular kinetic theory (equation 1.39) provides a good fit to

the data, with fitting parameters λ = 2 nm and K0 = 86 Hz. The value of λ agrees

with typical values that have been reported by other studies. However, typical values

reported for K0 are of the order of 1×109 Hz to 1×1010 Hz for water, which significant

differ from the 86 Hz that we obtained from the fit [17].

Conclusion Both the adaptive wetting theory and the molecular kinetic theory

provide good fits to the experimental data. However, it is possible to show that

adaptation (of γSL) is the true cause of the measured trend by performing the following

experiment.

A drop was expanded on the surface. Then, the drop was removed from the surface

and a second drop was injected at the same spot and at the same speed. For the first

drop, ΘA ≈ 120° when the speed was above ≈ 20 µm s−1. When the time between

removing the first drop and creating the second drop was only a few minutes (5 min

in the experiment), ΘA was only 112° for the second drop (even at high speeds). But

when the surface was allowed to rest for 120 min between removing the first drop and

creating the second drop, the contact angle rose back to 120°.
This experiment cannot be explained using the molecular kinetic theory, which

predicts that the contact angle should be the same for both the first and second

drops, as long as the contact line speed is the same in both cases. In contrast, the

experiment can be interpreted based on the adaptive wetting theory. The first drop

causes uncrosslinked PDMS chains to move to the top of the PDMS matrix (at the

water-PDMS interface). When the drop is removed, the uncrosslinked chains remain

on top for a certain amount of time. Hence, when the second drop is expanded on the

same spot within 5 min, γSL starts at the ‘adapted value’ and therefore the contact

angle is 112°. When the duration between removing the first drop and placing the

second drop is 120 min, there is sufficient time for the uncrosslinked chains to diffuse

back into the bulk of the PDMS matrix and the contact angle rises back to 120°.

3.3.2 Receding contact angle

The measured receding contact angles was between 80° ≤ ΘR ≤ 100°, where higher

angles correspond to longer contact times (or slower receding speeds).

3.4 Summary

Silicone (PDMS) elastomers consist of a crosslinked matrix containing a small

fraction of uncrosslinked polymer chains. These uncrosslinked chains rearrange in

the crosslinked matrix when water drops are placed on the surface. The accumulation
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Figure 3.7: Microscopic picture of advancing air-water interface on PDMS. Each
chain represents a PDMS chain. The grey chains correspond to polymers that are
crosslinked to one another whereas the yellow chains correspond to uncrosslinked
polymers that are free to move around. When the interface advances slowly (slower
than the adaptation velocity), the PDMS chains have time to reorganise and free
chains migrate to the contact line.

of uncrosslinked PDMS chains at the air-water interface reduces the surface tension

of the drop. The time taken for the air-water interface to become completely covered

by uncrosslinked PDMS chains depends on the molecular weight of the chains and

on the fraction of uncrosslinked chains present in the elastomer. It takes longer for

drops to become cloaked when the chains have a higher molecular weight and when

there is a smaller fraction of uncrosslinked chains in the elastomer.

Uncrosslinked PDMS chains also influence the contact angle of water on silicone

elastomers. It takes a finite amount of time (defined by the adaptation speed)

for uncrosslinked chains to reach the three-phase contact line. When a water-air

interface advances faster than the adaptation speed, the chains do not have sufficient

time to reach the contact line. In contrast, when the interface advances slowly, the

uncrosslinked chains have enough time to reach the contact line, causing the advancing

contact angle to be lower (112° compared to 120°).



Chapter 4

Capillary force on rotating
particles

The capillary force between particles and liquid-fluid interfaces has been widely

studied, both experimentally and theoretically. Various works have focused on the

capillary adhesion between moist particles (e.g. in a sandcastle) and on the force

required to overcome the capillary adhesion between liquids and particles [95, 87,

4, 93, 25]. However, the effect of rotation on the capillary force remains largely

unexplored despite its potential relevance in addressing question such as: Why does

granular matter flow more slowly when moist?

In this chapter, I investigate the capillary force acting on particles when they rotate

at an interface, focusing on the following questions: How much torque is required to

rotate a particle at an interface? Does rotation increase or decrease the force required

to detach a particle from an interface? How do the shape of the contact line and the

variation of the contact angle around the contact line influence the detachment force?

The findings of this chapter will be important in chapter 5, to understand the influence

of rolling on the removal of particles from surfaces using water drops.

4.1 Why does rotation influence the capillary

force?

An ideal (perfectly smooth and homogeneous) solid has a unique contact angle with

respect to a liquid. This contact angle is given by Young’s law (equation 1.13).

Therefore, when an ideal particle rotates at a liquid-air interface, the interface does

not deform as long as it has time to reach equilibrium [figure 4.1 (a)].

However, all real solids (including particles) exhibit contact angle hysteresis

(section 1.7). Therefore, when a (real) particle rotates relative to a liquid-air

interface, the contact angle on the side that rolls (into) out of the liquid must be

equal to the (advancing) receding contact angle, (ΘA) ΘR [figure 4.1 (b)].

This asymmetry gives rise to two effects. First, it causes a torque that opposes the

rotation (will be discussed section 4.2). I will call this torque the ‘resistive capillary

67
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Θ Θ ΘA
ΘR

(a) (b)Without hysteresis With hysteresis

Air

Liquid
O

Figure 4.1: Particle (grey) rotating at a liquid-air interface (red), ignoring
gravitational effects. (a) Without contact angle hysteresis, the interface remains flat
and symmetric since the contact angle has a unique value, Θ. (b) With contact angle
hysteresis, the interface becomes asymmetric. On the right, the angle is equal to the
receding contact angle, ΘR, whereas on the left, it is equal to the advancing contact
angle, ΘA.

torque’. Second, it influences the force required to detach the particle from the

interface (will be discussed in section 4.3).

4.2 Resistive capillary torque

In this section, I derive an expression for the resistive capillary torque and discuss its

consequences.

4.2.1 Derivation

ΘA ΘR
ϕ

z

α

x

R sin ϕ

y

αx
!

O

A A RR

r
!O

R sin dϕ α

dα

!

xy plane

R cos ϕ

R sin sinϕ α

Figure 4.2: Particle rotating at an interface. Left: Schematic of particle rotating
about a horizontal axis going through its centre. The contact line is marked by the
points A and R. Right: The circular contact line is drawn in red. The blue dotted
line shows the rotational axis.

As model system, I consider a spherical particle at a liquid-fluid interface. In

general, the second fluid can be any gas or any liquid which is immiscible with the

first liquid. In the following, I will refer to the second fluid as ‘air’. The aim of this

section is to calculate torque required to rotate the particle about the x-axis which
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goes through its centre (figure 4.2).1 When the particle rotates counterclockwise, the

liquid-air interface recedes (advances) on the right (left) side of the axis of rotation.

This asymmetry gives rise to a torque about the axis of rotation,

M =

∮
CL

r⊥ × γ dl, (4.1)

where r⊥ is the perpendicular vector from the rotational axis to the three-phase

contact line (red circle in figure 4.2, right), × denotes the vector cross product, and

dl = R sinφ dα is the differential contact line length. The contour integral is around

the contact line (CL), which is assumed to be circular. γ acts at the contact line

and makes an angle Θ(α) with the particle, where Θ(α) is the contact angle at an

azimuthal angle α. In spherical coordinates, γ is given by

γ = γ sin Θ(α) r̂ + γ cos Θ(α) φ̂, (4.2)

where r̂ is the radial unit vector from the centre of the sphere and φ̂ is the polar

unit vector defined from the z-axis. r⊥ can most easily be expressed in terms of the

cartesian unit vectors:

r⊥ = R sinφ sinα ŷ +R cosφ ẑ. (4.3)

In order to evaluate the cross product in equation 4.1, γ is first expressed in

cartesian coordinates using the following transformation: r̂φ̂
α̂

 =

sinφ cosα sinφ sinα cosφ
cosφ cosα cosφ sinα − sinφ
− sinα cosα 0

x̂ŷ
ẑ

 . (4.4)

After applying the transformation to equation 4.2, γ can be written in terms of the

cartesian unit vectors:

γ = γ

sin Θ(α) sinφ cosα + cos Θ(α) cosφ cosα
sin Θ(α) sinφ sinα + cos Θ(α) cosφ sinα

sin Θ(α) cosφ− cos Θ(α) sinφ

 . (4.5)

Here, the first, second and third rows correspond to the x̂, ŷ and ẑ components,

respectively. Now, the cross product in equation 4.1 can be evaluated:

1In figure 4.2, the advancing and receding sides (points A and R) are drawn on the same horizontal
level. This does not lead to any loss in generality, even if in reality R may be higher than A [59],
because the coordinate system can always be rotated such that these two points have the same
z-coordinate.
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r⊥ × γ = γR

 0
sinφ sinα

cosφ

×
sin Θ(α) sinφ cosα + cos Θ(α) cosφ cosα

sin Θ(α) sinφ sinα + cos Θ(α) cosφ sinα
sin Θ(α) cosφ− cos Θ(α) sinφ



= γR

 − cos Θ(α) sin2 φ sinα− cos Θ(α) cos2 φ sinα
sin Θ(α) sinφ cosφ cosα + cos Θ(α) cos2 φ cosα

− sin Θ(α) sin2 φ sinα cosα− cos Θ(α) sinφ cosφ sinα cosα



=
γR

2

 −2 cos Θ(α) sinα
2 sin Θ(α) sinφ cosφ cosα + 2 cos Θ(α) cos2 φ cosα
− sin Θ(α) sin2 φ sin 2α− cos Θ(α) sinφ cosφ sin 2α

 . (4.6)

Integrating the x̂ component of r⊥ × γ around the contact line gives

Mx = −γR2

∫ 2π

0

cos Θ(α) sinφ sinα dα. (4.7)

The ŷ component of the integral is

My = γR2

∫ 2π

0

[sin Θ(α) sinφ cosφ+ cos Θ(α) cos2 φ] sinφ cosα dα = 0. (4.8)

My evaluates to zero because the terms in α are sin Θ(α) cosα and cos Θ(α) cosα,

which both evaluate to zero when integrated from 0 to 2π. These terms integrate to

zero because sin Θ(α) and cos Θ(α) are even functions about the yz plane whereas

cosα is an odd function. Hence, their product is an odd function and therefore the

integral is zero.

The ẑ component of the integral is

Mz = −γR
2

2

∫ 2π

0

[sin Θ(α) sin2 φ+ cos Θ(α) sinφ cosφ] sinφ sin 2α dα = 0. (4.9)

Mz evaluates to zero because the terms in α are sin Θ(α) sin 2α and cos Θ(α) sin 2α,

which are both odd functions about the yz plane.

Intuitively, My = 0 and Mz = 0 are expected due to symmetry of the surface

tension vector about the yz plane. Any surface tension component which produces a

moment along the +y or +z direction is cancelled by an equal and opposite component

pointing along −y or −z, respectively. Thus, the only non-zero torque component is

Mx. Since the capillary torque opposes rotation, Mx is negative. In the following, I

will focus on the magnitude of the torque,
∣∣∣ ~M ∣∣∣ = M = −Mx and I will refer to −Mx

as M .

Evaluating M (equation 4.7) further requires knowledge of the contact angle

variation around the contact line, Θ(α). Θ(α) is expected to be analogous to the
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contact angle variation around a moving drop with a circular contact line. In both

cases, the contact angle has a maximum (advancing angle) on one side and a a

minimum (receding angle) on the opposite side. Several models have been proposed to

describe the variation of the contact angle between these two extremities (for a drop).

Dimitrakopoulos and Higon [36] used a step function, Korte and Jacobi [69] assumed

Θ(α) to be linear, Extrand and Kumagai [44] assumed that cos Θ(α) is linear, and

ElSherbini and Jacobi [40] experimentally demonstrated that both Θ(α) and cos Θ(α)

can be fitted by a cubic polynomial. It turns out that these different assumptions

lead to results that only differ by a numerical pre-factor.

For simplicity, I first consider a circular contact line divided between an advancing

and a receding side with the following contact angle dependence:

Θ(α) =

{
ΘR, 0 < α < π

ΘA, π < α < 2π.
(4.10)

For this case, equation 4.7 can be written as

M

γR2
=

∫ π

0

cos ΘR sinφ sinα dα +

∫ 2π

π

cos ΘA sinφ sinα dα

= 2 sinφ(cos ΘR − cos ΘA). (4.11)

When more realistic and complex expressions are used to describe Θ(α), the resulting

expression is similar to equation 4.11, but with a different pre-factor:

M

γR2
= 2K sinφ(cos ΘR − cos ΘA). (4.12)

K = 1/π ≈ 0.32 when cos Θ(α) is assumed to be linear in α (appendix A.1.1) and

K = 24/π3 ≈ 0.77 when cos Θ(α) is assumed to be cubic in α [see figure 4.3 (a)

and appendix A.1.2]. The results are summarised in table 4.1. I will use K = 24/π3

throughout this thesis because the cubic contact angle variation is both smooth and

continuous, and therefore likely to be the most realistic.

Table 4.1: K factors in equation 4.12 for different contact angle variations, assuming
a circular contact line.

Θ(α) K

Step 1

cos Θ(α) linear in α 1/π ≈ 0.32

cos Θ(α) cubic in α 24/π3 ≈ 0.77

Alternatively, equation 4.12 can be written as
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M

γR2
= 4K sinφ sin Θ sin

∆Θ

2
, (4.13)

where Θ = (ΘA + ΘR)/2 is the mean contact angle and ∆Θ = ΘA−ΘR is the contact

angle hysteresis. The following trigonometric identity was used to arrive at equation

4.13 from equation 4.12:

cosA− cosB = −2 sin
A+B

2
sin

A−B
2

. (4.14)

cos Θ( )α

(a)

(c)

π 2π0

cos ΘR

cos ΘA

π/2 3π/2

ΘA ΘR

ϕz

x

yO

α

α

(b)

Cubic

Θ=60 ֯

Figure 4.3: (a) Particle rotating at an interface. The contact line is assumed to
be circular. (b) Function describing the variation of the contact angle around the
contact line. (c) Capillary torque acting on a sphere [average contact angle, Θ =
(ΘA +ΘR)/2 = 60◦] as a function of the polar angle, φ. The capillary torque increases
with contact angle hysteresis, ∆Θ = ΘA −ΘR, as shown by the different curves.

Figure 4.3 (b) shows a plot of M/γR2 as a function of φ, using Θ = 60◦ as an

example. M has a maximum at φ = 90◦ because the length of the contact line is

largest at this position. The torque tends to zero as φ tends to 0◦ and 180◦ since the

length of the contact line goes to zero at these two extremities. As the contact angle

hysteresis increases, the capillary torque also increases since a higher ∆Θ causes a

more asymmetric interface.
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4.2.2 Special cases and implications

To gain further insight into the implications of the capillary torque, I consider two

special cases: (1) when the particle rotates about its static equilibrium position,

and (2) when the particle is surrounded by a liquid meniscus on a flat surface.

Furthermore, I demonstrate that capillary torque is important when describing

particles in Brownian motion at an interface and when considering the rolling of wet

particles on surfaces.

4.2.2.1 Particle rotating about its equilibrium position

This configuration [figure 4.4 (a)] is relevant to describe particles adsorbed at the

surface of a lake, at the surface of a bubble (e.g. in flotation [28]), or at the surface

of droplets in a Pickering emulsion [29, 100].

Θ Θ

Air

Liquid
O

ϕ=Θ

Before rota"on(a) (b)

Figure 4.4: (a) Static particle in equilibrium at a liquid-air interface (φ = Θ). (b)
Capillary torque as a function of the average contact angle when the particle rotates
about its initial equilibrium position.

When an external force is applied, particles do not rotate unless the applied torque

exceeds the resistive capillary torque. The resistive torque on a particle rotating about

its equilibrium configuration is obtained by substituting φ = Θ in equation 4.13:

M eq = 4γKR2 sin2 Θ sin
∆Θ

2
. (4.15)

M eq is symmetric around Θ = 90° and it increases with contact angle hysteresis

[figure 4.4 (b)]. I have restricted the results to a maximum contact angle hysteresis of

∆Θ = 50°, since the assumptions about the shape of the contact line might no longer

be appropriate for very large ∆Θ.

Practically, most particles are mildly hydrophilic to mildly hydrophobic (mean

contact angle between around 30° to 90° with water). Special treatments, such as

plasma cleaning or the addition of nanoscale roughness, are usually required to achieve

lower or higher average contact angles with water. Therefore, for most practical cases,
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the torque required to rotate a particle about its equilibrium position at an air-water

interface is of the order of γR2 [figure 4.4 (b)].

4.2.2.2 Brownian motion at an interface

In thermal equilibrium, small particles exhibit Brownian motion. When particles

are in Brownian motion at an interface, the translational motion is constrained to

the two-dimensional interface [20, 35]. Furthermore, I will show that particles at an

interface do not rotate as they would do when fully dispersed in the liquid. Rotation

becomes negligible since it is opposed by capillary torque.

Here, I quantify this effect by calculating the root mean square angle through

which thermal energy rotates a particle at an interface. As an example, consider a

hydrophobic particle Θ = 90° resting in equilibrium (half-submerged) at a horizontal

air-water interface. In the complete absence of external forces, φ = Θ = 90°, along

the entire contact line. When small rotational forces are applied, the contact line on

the particle will remain pinned unless the angular rotation against the interface is

greater than half the contact angle hysteresis. At room temperature, thermal energy

will attempt to cause the particle to vibrate and rotate. When thermal energy rotates

the particle counterclockwise by a small angle ϑ about the x axis, the contact angle

on the right side becomes Θ− ϑ and the contact angle on the left becomes equal to

Θ+ϑ. Therefore, the magnitude of the capillary torque resisting the thermal rotation

is obtained by substituting ∆Θ = 2ϑ (and Θ = 90°) in equation 4.15:

M = 4γR2 sinϑ. (4.16)

Since ϑ is expected to be small,2 sinϑ ≈ ϑ. Hence, the work required to oppose

capillary torque and rotate the particle by ϑ about the x axis is

W =

∫ ϑ

0

M dϑ′ = 4γR2

∫ ϑ

0

ϑ′ dϑ′

= 2ϑ2γR2. (4.17)

As W is quadratic in ϑ, the equipartition theorem (section 1.10) can be applied.

According to the equipartition theorem, the thermal energy accessible to each

rotational degree of freedom is kBT/2, where kB is the Boltzmann constant and T

is the absolute temperature. Since capillary torque influences rotation about the x

and the y axes, there are two degrees of freedom for rotation against the interface.

Therefore, the average potential energy associated with rotating the particle against

the interface is 〈W 〉 = kBT . As a result, the root mean square angular displacement

caused by Brownian motion is

2I will later show that this is indeed a valid assumption.
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√
〈ϑ2〉 =

1

R

√
kBT

2γ
. (4.18)

For a nanoparticle of radius 50 nm at an air-water interface (γ = 73 mN m−1,

T = 300 K), we obtain
√
〈ϑ2〉 ≈ 0.2°.3 Since all real particles have a contact angle

hysteresis, ∆Θ� 0.2°, thermal energy is insufficient to overcome contact line pinning

and cause the particle to rotate relative to the interface. Hence, thermal fluctuations

can only rotate the particle with a root mean square angle of around 0.2° about its

equilibrium position. Every time thermal fluctuations rotate the particle, the pinned

contact line will restore it back to the equilibrium configuration, thus preventing any

continuous rotation.

4.2.2.3 Particle surrounded by a meniscus

When a hydrophilic particle is placed in contact with a hydrophilic surface in air,

a water meniscus forms around the contact region due to the condensation of water

vapour from the atmosphere [figure 4.5 (a)] [110, 25]. Capillary condensation leads

to an increase in the normal adhesion force between particles and surfaces due to

capillary forces acting through the water meniscus. The presence of a small meniscus

between particles (e.g. moist sand grains) or between a particle and a flat surface

also influences their rolling friction. One of the factors that contributes to the rolling

friction is the capillary torque. When the contact line diameter between the particle

and the meniscus is d (as sketched in figure 4.5), the resistive capillary torque that

needs to be overcome to roll the particle is obtained by substituting 2R sinφ = d in

equation 4.12:

M = γKdR(cos ΘR − cos ΘA). (4.19)

In figure 4.5 (b), M/γdR (equation 4.19) is plotted against the mean contact angle

for different contact angle hysteresis. The capillary torque increases with contact

angle hysteresis and is symmetric about Θ = 90°. For any contact angle hysteresis,

the maximum corresponds to a mean contact angle of 90°, because in this case the

tangential component of surface tension opposes rotation on both the advancing and

receding sides. This is not the case for other values of Θ. For instance, when ΘA = 50°
and ΘR = 30°, the tangential component of surface tension still opposes rotation on

the receding side but acts in the direction of rotation on the advancing side. Therefore,

the overall resistive torque is lower than when Θ = 90°.
Equation 4.19 is also valid for a particle rolling on a thin liquid film, for example in

experiments performed by Bico et al. [15], and by Schade and Marshall [92]. However,

capillary torque is only one of several contributing factors to the resistive force acting

3This confirms the assumption about ϑ being small.
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d 2R= sin ϕ

(a) (b)

R

ϕ

Figure 4.5: (a) Particle surrounded by a meniscus on a flat surface. (b) Resistive
capillary torque experienced by a particle rolling on a flat surface when there is a
small meniscus between the particle and the surface.

on a sphere rolling on a thin liquid film. For a full description, the solid-solid rolling

friction, which arises due to deformation losses and due to the energy required to peel

the rear contact between the two solid surfaces, has to be included. Furthermore,

the viscous forces and Laplace pressure distribution inside the meniscus have to be

considered [77]. The relative importance of each of these contributions depends on

the material properties (viscosity, surface roughness, viscoelastic properties, surface

energies) of the particle, the flat surface and the liquid meniscus.

Interestingly, capillary torque implies that the onset at which a particle begins

to roll on a wet inclined surface occurs at a finite angle of inclination, even when

there is no solid-solid rolling friction between the particle and the surface. To gain

intuition on how significant the capillary torque is, consider a particle on a flat surface

tilted by an angle α to the horizontal. How large does the particle have to be for

it to begin rolling down the inclined surface? The onset of rolling occurs when the

driving torque due to the particle’s weight becomes equal to the capillary torque. The

torque produced by the weight of the particle is mgR sinα (m: mass, g = 9.81 m s−2:

gravitational acceleration, R: particle’s radius) whereas the capillary torque is given

by equation 4.19. Rolling only starts when

mgR sinα > γKdR(cos ΘR − cos ΘA)

=⇒ R >

[
3γKd(cos ΘR − cos ΘA)

4πρg sinα

] 1
3

. (4.20)

Here, I have expressed m in terms of the volume of the particle (4πR3/3) and its

density, ρ. As an example, a glass particle ( ρ ≈ 2 500 kg m−3) surrounded by a small

water meniscus (with d = R/5, ΘA ≈ 45° and ΘR ≈ 10° [65]) on a surface tilted by

α = 30° only starts rolling if its radius is larger than ≈ 250 µm. Even though I have
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assumed that the capillary torque is the only source of resistance in this example,

the calculated radius is still larger than the radius above which a dry particle would

usually start rolling down a dry flat surface (a dry 100 µm glass bead easily rolls down

an inclined glass slide).

Capillary torque could also be a significant factor that contributes to reducing

the mobility of moist granular matter. When dry, granular matter flows easily, as

exemplified by sand flowing in an hourglass. In contrast, humid sand hardly flows

and can even be moulded into various stable structures, such as sandcastles. Unlike

dry particles, moist particles are connected by microscopic liquid bridges [60]. Several

mechanisms have been identified to explain the reduced mobility of moist granular

matter. First, the liquid bridges increase the normal adhesion between the particles

[25], which in turn causes an increase in friction [19]. Second, the bridges form

an extended network, resulting in a stiff structure [98]. A third factor is due to

viscous dissipation within the liquid bridges [60]. However, none of these contributions

consider the resistive capillary torque. Capillary torque also contributes to reducing

the mobility of humid granular matter and is significant when the torque driving the

motion of the moist particles is less than ≈ γR2.

4.2.3 Unifying the results

The expression for the capillary torque acting on a particle rotating at the surface of

a liquid (equation 4.12) is similar to that for the capillary torque acting on a particle

surrounded by a small meniscus on a flat surface (equation. 4.19). Interestingly, when

normalised by the contact line diameter and the particle’s radius, these expressions

are equivalent to the expression describing the friction force (per width) experienced

by a drop moving on a flat surface (equation 1.21). For all three cases (figure 4.6),

the effective force is

F

L
= k(cos ΘR − cos ΘA), (4.21)

where, L is the diameter of the contact line and k = 24/π3 for a cubic contact angle

variation. The prefactor k may vary depending on the precise contact line geometry

and contact angle variation. For the rotating particles, the effective force in equation

4.21 corresponds to a tangential force applied along the circumference of the particle.

We can take advantage of the similarity of the scenarios sketched in figure 4.6

to indirectly determine the capillary torque (experimentally). Several methods have

been developed to measure drop friction on various surfaces. In contrast, it is unusual,

as well as practically challenging, to measure the torque required to rotate a small

particle at an interface. Therefore, an estimate for the capillary torque that a particle

made of material B would experience when it rotates at the interface between liquid
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Figure 4.6: Equivalent scenarios. The same expression describes the force required
to (1) move a drop on a flat surface, (2) rotate a particle at an interface, and (3) roll
a particle on a flat surface when there is a liquid meniscus between the particle and
the surface.

A and air can be conveniently obtained by instead measuring the force required to

move a drop of liquid A on a flat surface made of material B.

4.3 Detachment force

In the previous section, I have considered the torque required to rotate a spherical

particle about a fixed position at an interface. In this section, I consider the force

required to detach a spherical particle from an interface, while it is rotating. I will use

four models to describe the shape of the contact line and the contact angle variation

around the contact line. The results obtained by the different models will be compared

to test how sensitive the predictions are to differences in the assumed contact line

geometry.

4.3.1 Derivation

The component of the capillary force acting normal to the plane containing the three-

phase contact line is given by

F =

∫ 2π

0

γR cos[π −Θ(α)− φ] cosφ dα, (4.22)

where R is the particle’s radius, φ is the polar angle between the y axis and the

contact line, α is the azimuthal angle in the xy plane, and Θ(α) is the contact angle

between the liquid and the sphere at an azimuthal angle α. Note that in the previous

section, φ was defined as the angle from the z-axis, whereas in this section φ is defined

from the y-axis (figure 4.7).

When the particle rotates counterclockwise, the right half recedes relative to the

liquid whereas the left half advances relative to the liquid. When the speed of rotation

is higher than the detachment speed,4 the contact line remains equally divided into an

4The detachment speed is the speed (along z) at which the centre of mass of the particle moves
relative to the three-phase contact line.



Chapter 4. Capillary force on rotating particles 79

α
ΘA ΘR

ϕ
z

x

y
ΘR

(a) (b)

π-Θ -R ϕ

γ
ΘA

ϕ

F

Rcosϕ

Figure 4.7: (a) Particle rotating at an interface. (b) Detaching the rotating particle
from the interface.

advancing and a receding side throughout the detachment. The following calculations

are based on this assumption.

4.3.1.1 Broken contact line with step contact angle variation

To evaluate equation 4.22 for a rotating particle, I first model the contact line as

comprising of two separate regions as shown in figure 4.8 (a). On the right of the

rotational axis (0 < α < π), Θ = ΘR and φ = φR. On the left (π < α < 2π), Θ = ΘA

and φ = φA. φR is defined as the polar angle from the y-axis whereas φA is defined as

the polar angle from the −y-axis. Both φR and φA are defined to be positive above

the xy plane and negative below the xy plane. For this case, equation 4.22 can be

written as

F =

∫ π

0

γR cos(π −ΘR − φR) cosφR dα +

∫ 2π

π

γR cos(π −ΘA − φA) cosφA dα

= −πγR [cos(ΘR + φR) cosφR + cos(ΘA + φA) cosφA] (4.23)

Next, the detachment force can be calculated by finding the minimum/maximum

value of F . The differential of F is given by

dF =

(
∂F

∂φA

)
φR

dφA +

(
∂F

∂φR

)
φA

dφR

= πγR[sin(φA + ΘA) cosφA + cos(φA + ΘA) sinφA] dφA

+ πγR[sin(φR + ΘR) cosφR + cos(φR + ΘR) sinφR] dφR. (4.24)

As a first approximation, φA and φR are assumed to be independent. In this case,

dF = 0 when

φA = −ΘA/2 + nπ/2
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Figure 4.8: Contact line shapes and contact angle variation for the different models
used when deriving the detachment force. (a) Model 1 - discontinuous contact line
and a step contact angle variation. (b) Model 2 - continuous circular contact line and
a step contact angle variation. (c) Model 3 - continuous circular contact line and a
linear contact angle variation. (d) Model 4 - continuous circular contact line and a
cubic contact angle variation.
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and

φR = −ΘR/2 +mπ/2,

where n = 0 or 1, and m = 0 or 1 such that −π/2 ≤ φA ≤ π/2 and −π/2 ≤ φR ≤ π/2,

respectively.

To determine whether these solutions correspond to a minimum (i.e. maximum

downward capillary force) or a maximum (i.e. maximum upward capillary force), the

second derivatives of F are calculated:

(
∂2F

∂φ2
A

)
φR

= 2πγR[cos(φA + ΘA) cosφA − sin(φA + ΘA) sinφA]. (4.25)

(
∂2F

∂φ2
A

)
φR

=


2πγR > 0, φA = −ΘA/2,

−2πγR < 0, φA = (π −ΘA)/2.

(4.26)

Therefore, φA = −ΘA/2 corresponds to a minimum and φA = (π − ΘA)/2 to a

maximum.

Similarly, φR = −ΘR/2 corresponds to a minimum whereas φR = (π − ΘR)/2

corresponds to a maximum. Substituting φA = (π −ΘA)/2 and φR = (π −ΘR)/2 in

equation 4.23, gives the maximum upwards capillary force,

F push = πγR

(
sin2 ΘR

2
+ sin2 ΘA

2

)
. (4.27)

This corresponds to the force required to detach the particle from the interface by

completely pushing it into the liquid.

The minimum (i.e. maximum downwards) capillary force that the air-water

interface exerts on the particle when the latter is pulled away from the water phase

is obtained by substituting φA = −ΘA/2 and φR = −ΘR/2 in equation 4.23:

F pull = −πγR
(

cos2 ΘR

2
+ cos2 ΘA

2

)
. (4.28)

Note that this force is negative since it acts downwards, pulling the particle towards

the liquid. The magnitude this force corresponds to the force required to detach the

particle from the interface by pulling it away from the liquid.

Alternative ‘derivation’ based on intuition To arrive at equation 4.27, I have

assumed that the left and right halves of the particle are completely independent of

each other. Therefore, I have effectively calculated the sum of the force required to

push the left hemisphere (with contact angle ΘA) and the force required to push the

right hemisphere (with contact angle ΘR).

With this picture in mind, we could have arrived at equation 4.27 by simply

averaging the force required to push a non-rotating sphere (equation 1.27) having a
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contact angle of ΘA and that required to push a non-rotating sphere having a contact

angle of ΘR.

Similarly, equation 4.28 is simply the average of the forces required to pull a

non-rotating sphere (equation 1.26) having a contact angle of ΘR and a non-rotating

sphere having a contact angle of ΘA.

4.3.1.2 Circular contact line with step contact angle variation

In section 4.3.1.1, I have assumed that the left and right halves of the contact line

are independent. This meant that the contact line was discontinuous at the axis of

rotation [figure 4.8 (a)]. In this section, I assume a continuous circular contact line

[figure 4.8 (b)].5

For this case, equation 4.22 can be written as

F =

∫ π

0

γR cos(π −ΘR − φ) cosφ dα +

∫ 2π

π

γR cos(π −ΘA − φ) cosφ dα

= πγR [cos(π −ΘR − φ) cosφ+ cos(π −ΘA − φ) cosφ]

= −πγR [cos(ΘR + φ) cosφ+ cos(ΘA + φ) cosφ]

= −2πγR cos

(
φ+

ΘA + ΘR

2

)
cos

(
ΘR −ΘA

2

)
cosφ. (4.29)

In the last step, we used the following trigonometric identity:

cos(A+B) = 2 cos

(
A+B

2

)
cos

(
A−B

2

)
. (4.30)

To find the maximum force as the particle is pushed (pulled) into (out of) the

liquid, I calculate the derivative of F with respect to φ:

dF

dφ
= 2πγR

[
cos

(
φ+

ΘA + ΘR

2

)
cos

(
ΘR −ΘA

2

)
sinφ

+ sin

(
φ+

ΘA + ΘR

2

)
cos

(
ΘR −ΘA

2

)
cosφ

]
. (4.31)

At the maximum/minimum points, dF/dφ = 0. Equation 4.31 is equal to zero

when

5The xy plane is defined as being parallel to the plane containing the contact line. Therefore,
the angle φ take the same value everywhere along a continuous circular contact line.
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cos

(
φ+

ΘA + ΘR

2

)
sinφ = − sin

(
φ+

ΘA + ΘR

2

)
cosφ

=⇒ tanφ = − tan

(
φ+

ΘA + ΘR

2

)

=⇒ φ = −ΘA + ΘR

4
or

π

2
− ΘA + ΘR

4
.

The first solution leads to a downward capillary force. This downward force has to be

overcome to detach the particle away from the liquid. Substituting φ = −(ΘA+ΘR)/4

in equation 4.29 gives

F pull = −2πγR cos

(
ΘA + ΘR

4

)
cos

(
ΘR −ΘA

2

)
cos

(
−ΘA + ΘR

4

)

= −2πγR cos2

(
ΘA + ΘR

4

)
cos

(
ΘA −ΘR

2

)
. (4.32)

The second solution corresponds to the force required to detach the particle from

the interface by pushing it into the liquid. Substituting φ = π/2− (ΘA + ΘR)/4 into

equation 4.29 gives

F push = −2πγR cos

(
π

2
+

ΘA + ΘR

4

)
cos

(
ΘR −ΘA

2

)
cos

(
π

2
− ΘA + ΘR

4

)

= 2πγR sin2

(
ΘA + ΘR

4

)
cos

(
ΘA −ΘR

2

)
. (4.33)

4.3.1.3 Circular contact line with linear contact angle variation

In sections 4.3.1.1 and 4.3.1.2, I have described the contact angle variation around

the contact line by a step function. In this section, I use a continuous linear variation

of the contact angle, as sketched in figure 4.8 (c).

In this case, Θ(α) is given by

Θ(α) =



α
π
(ΘA −ΘR) + 3

2
ΘA − 1

2
ΘR, −π < α < −π

2

−α
π
(ΘA −ΘR) + 1

2
(ΘA + ΘR), −π

2
< α < π

2

α
π
(ΘA −ΘR) + 3

2
ΘR − 1

2
ΘA,

π
2
< α < π.

(4.34)



Chapter 4. Capillary force on rotating particles 84

Here, I have defined −π < α < π (instead of 0 < α < 2π as in the above sections) so

that Θ(α) can be written in a similar form for −π < α < −π/2 and π/2 < α < π.

This will simplify subsequent algebraic manipulations.

Since the contact line and the contact angles are symmetric about the yz-plane,

equation 4.22 can be evaluated from α = −π/2 to α = π/2 and the result multiplied

by 2, to obtain the total force. Substituting equation 4.34 into equation 4.22 gives

F = 2

∫ π
2

−π
2

γR cos

(
π +

ΘA −ΘR

π
α− ΘA + ΘR

2
− φ
)

cosφ dα

= −2

∫ π
2

−π
2

γR cos

(
ΘA −ΘR

π
α− ΘA + ΘR

2
− φ
)

cosφ dα

= −2γR cosφ

[
sin
(

ΘA−ΘR

π
α− ΘA+ΘR

2
− φ
)]π

2

−π
2

ΘA−ΘR

π

= − 2π

ΘA −ΘR

γR cosφ [− sin(ΘR + φ) + sin(ΘA + φ)]

= − 4π

ΘA −ΘR

γR cosφ cos

(
φ+

ΘR + ΘA

2

)
sin

(
ΘA −ΘR

2

)
. (4.35)

In the last step, the following trigonometric identity was used

sinA− sinB = 2 cos

(
A+B

2

)
sin

(
A−B

2

)
. (4.36)

Equation 4.35 is valid when ΘA and ΘR are expressed in radians.

Next, I equation 4.35 is differentiated with respect to φ to find the maximum and

minimum forces.

dF

dφ
= − 4π

ΘA −ΘR

sin

(
ΘA −ΘR

2

)
[
− sinφ cos

(
φ+

ΘR + ΘA

2

)
− cosφ sin

(
φ+

ΘR + ΘA

2

)]
. (4.37)

At the minimum and maximum points, dF/dφ = 0, which is fulfilled when the term

in the square brackets is equal to zero. That is, when

− sinφ cos

(
φ+

ΘR + ΘA

2

)
= cosφ sin

(
φ+

ΘR + ΘA

2

)
⇒ tanφ = − tan

(
φ+

ΘR + ΘA

2

)
⇒ φ = −ΘR + ΘA

4
or

π

2
− ΘR + ΘA

4
. (4.38)
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Substituting φ = −(ΘR + ΘA)/4, in equation 4.35 gives:

F pull = − 4π

ΘA −ΘR

γR cos

(
−ΘR + ΘA

4

)
cos

(
ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)

= − 4π

ΘA −ΘR

γR cos2

(
ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)
. (4.39)

Substituting, φ = π/2− (ΘR + ΘA)/4 in equation 4.35 gives:

F push = − 4π

ΘA −ΘR

γR cos

(
π

2
− ΘR + ΘA

4

)
cos

(
π

2
+

ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)

=
4π

ΘA −ΘR

γR sin2

(
ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)
. (4.40)

4.3.2 Results and discussion

The expressions for the detachment forces obtained from the different models are

summarised in table 4.2. In the following discussion, I will focus on F pull to analyse

the influence of contact angle hysteresis on the detachment force. Model 3 will be used

as a reference against which the other models will be compared. Model 3 is chosen

as the reference because it provides analytical results and is based on a continuous

contact angle variation and contact line shape.

(b)

ΘA ΘR

(a)

F

Figure 4.9: Comparison between the detachment force predicted by the models
described in figure 4.8. The dotted black line shows the prediction for a non-
rotating particle. Here, the average contact angle, Θ = ΘA + ΘR = 90°. Note
that Θ = ΘR = 90°−∆Θ for the dotted black line since the interface recedes.

Comparison between different models Figure 4.9 compares the F pull predicted

by the different models as a function of the contact angle hysteresis (for an average
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Table 4.2: Force required to detach a rotating particle from a liquid-air interface by
pushing (pulling) it into (out of) the liquid, F push (F pull). Model 0 ignores rotation.
Models 1, 2 and 3 take into account rotation. Model 1 assumes a discontinuous
contact line divided into two separate semi circles [figure 4.8 (a)] . Model 2 assumes
a circular contact line with a contact angle of ΘA (ΘR) on the right (left) side of the
axis of rotation [figure 4.8 (b)]. Model 3 assume a continuous circular contact line
with a linear contact angle variation [figure 4.8 (c)].

Model F push F pull

0 2πγR sin2 ΘA

2
2πγR cos2 ΘR

2

1 πγR
(
sin2 ΘR

2
+ sin2 ΘA

2

)
πγR

(
cos2 ΘR

2
+ cos2 ΘA

2

)

2 2 πγR sin2
(

ΘA+ΘR

4

)
cos
(

ΘA−ΘR

2

)
2πγR cos2

(
ΘA+ΘR

4

)
cos
(

ΘA−ΘR

2

)

3 4π
ΘA−ΘR

γR sin2
(

ΘR+ΘA

4

)
sin
(

ΘA−ΘR

2

)
4π

ΘA−ΘR
γR cos2

(
ΘR+ΘA

4

)
sin
(

ΘA−ΘR

2

)

contact angle Θ = 90°). The prediction for Model 4 (circular contact line, cubic

contact angle variation) was obtained by numerically integrating equation 4.22 with

respect to α and maximising the result with respect to φ. Two conclusions can be

drawn. First, the force required to detach a rotating particle (solid lines) is lower than

the force required to detach a non-rotating particle (black dotted line), regardless of

the model used. Second, the predictions of Models 1, 2, 4 show little deviation with

respect to Model 3 compared to their deviation from Model 0. These conclusions also

apply to other values of Θ.

The deviation between Models 1, 2 and 4 relative to Model 3 is less than 10% up

to ∆Θ ≈ 55° and Θ = 100° (Appendix A.2). In particular, Model 4, which provides

the most realistic (smooth and continuous) contact angle variation, deviates from

Model 3 by only 2%. This wide range of Θ and ∆Θ includes most real particles.

In most practical cases, particles are not completely uniform but have local

impurities and defects. Hence, the shape of the contact line and the contact angle

variation may not follow the idealised geometries that I have assumed above.

However, since the detachment force does not change significantly when different

assumptions are made about the contact line geometry, the expression for Model 3

is expected to provide reasonable estimates for the force even when the contact line
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is slightly distorted, as long as the correct values are inserted for the average contact

angle and contact angle hysteresis.

Figure 4.10: Percentage reduction in the detachment force between a non-rotating
particle and a rotating particle. Each line shows contours of constant percentage
reduction. The numbers associated with each contour gives the reduction in force (in
%), calculated using equation 4.41.

Reduction in detachment force due to rotation The percentage reduction in

the detachment force due to rotation is given by

F0 − F3

F0

× 100, (4.41)

where F0 corresponds to the detachment force of a non-rotating particle (Table

4.2, Model 0)and F3 corresponds to the detachment force of a rotating particle as

predicted by Model 3 (Table 4.2, Model 3). The physical cause of the reduction

in detachment force can be understood based on the following intuition. When a

non-rotating particle is pulled out of a liquid, the average contact angle is ΘR. In

contrast, when the particle rotates during the detachment, the average contact angle

increases to (ΘA + ΘR)/2. Therefore, rotation causes the particle to effectively be

more lyophobic, which results in a lower detachment force. The percentage reduction

in the detachment force can be as large as ≈ 40%, for example when Θ = 100° and

∆Θ ≈ 50° [figure 4.10].

In theory, even larger reductions can be obtained, but these would correspond

to unrealistic values of Θ and ∆Θ, at least when the liquid is water or oils. The

maximum static contact angle of water on any flat surface is around 120° (on

fluorinated surfaces). Higher contact angles can only be achieved on very rough

(superhydrophobic) surfaces. However, the expressions for the detachment force are

not valid for very rough particles because the details of the contact line will become
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important for superhydrophobic particles. For example, when a superhydrophobic

particle is in the Cassie-Baxter state at an air-water interface, the contact line is

separated by air gaps and therefore cannot be described by a continuous circle. In

this case, the expressions for the detachment force has to be corrected by considering

the actual length of the contact line, which is given by the apparent length of the

contact multiplied by the area fraction, φs, that is in direct contact with the solid.

Is it economical to use rotation as a means to detach particles? Since

rotation causes a decrease in the detachment force, it may at first seem that inducing

rotation of particles could be a useful way to facilitate the detachment of particles

from interfaces. However, this may not be economical from an energetic perspective

because in order to rotate a particle at an interface, energy needs to be supplied to

overcome resistive capillary torque described in section 4.2. The energy that needs

to be supplied to rotate the particle is 2πM per revolution, where M is the resistive

capillary torque given by equation 4.12. If 2πMn (n is the number of revolutions

before detachment actually occurs) is greater than the energy saved by having a lower

detachment force, the total energy that will need to be supplied to induce rotation

will be greater than the energy that is economised by having a lower detachment

force.

4.4 Summary

In the first part of the chapter, I argued that a particle experiences a resistive capillary

torque when rotating at a liquid-fluid interface. This is due to contact angle hysteresis.

I derived an expression for the capillary torque and showed that it can be written as

M = γKRL(cos ΘR − cos ΘA), (4.42)

where K = 24/π3 is a geometrical factor, R is the radius of the particle, L is the

diameter of the three-phase contact line and ΘR (ΘA) is the receding (advancing)

contact angle between the liquid and the particle. I described two scenarios where

capillary torque is relevant. First, particles do not rotate when they are in Brownian

motion at an interface because thermal energy is much less than the energy required

to overcome capillary torque. Second, capillary torque prevents wet particles from

rotating on a surface even when the coefficient of rolling friction between the particle

and the surface is zero.

In the second part of the chapter, I derived analytical expressions for the force

required to detach a particle from an interface while it rotates. I considered four

different models, each assuming a different contact line shape and/or contact angle

variation around the contact line. All the models predict that rotation can reduce

the detachment force by up to ≈ 40% .



Chapter 5

Particle removal by drops

In this chapter, I image the collision between drops and single particles at different

speeds using an inverted laser scanning confocal microscope. The forces acting on

the drop during the collision are directly measured using microscope, as described in

chapter 2. I combine the experiments in this chapter with the concepts developed in

the previous chapters to address the following questions:

• What does a drop-particle collision look like on a microscopic scale?

• Which forces determine whether a particle can be removed from a surface?

• How can we increase the likelihood of particle removal?

5.1 Experimental setup

The experimental setup used in this chapter is sketched in figure 5.1. Refer to section

2.1 for details on laser scanning confocal microscopy and to section 2.2 for details on

how the inverted microscope is used to measure horizontal forces.

5.2 Materials

5.2.1 Preliminary considerations

In general, many different materials can be used for the surface and the particle. This

leads to a very large parameter space for the adhesion force and friction force between

the particle and the surface. When the adhesion force and friction force are much

smaller than the force between the drop and the particle, it is expected that the drop

will always be successful at removing the particle. In contrast, when the adhesion

force and friction force are much greater than the force between the drop and the

particle, the drop will never be successful at removing the particle.

To observe both scenarios with the same system, the particle and surface must

be chosen such that the adhesion force and friction force are of the same order of

89
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z
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y

Measure force

Image collision

Objec!ve lens

Figure 5.1: Experimental setup to image drop-particle collisions and to measure the
force acting on the drop during the collision. The collision is imaged by focussing on
a plane going through the centre of the particle (blue dotted line). Horizontal forces
(along x) are measured by focussing on the bottom edge of the blade (red dotted
line).

magnitude as the force between the drop and the particle. PDMS surfaces and glass

particles satisfy this criterion and were therefore chosen as a model system.

PDMS surfaces also have a number of other desirable properties. It is transparent,

which is a crucial requirement when using an inverted microscope. Its preparation

is very reproducible. It is a widely used and well-understood model system.

Furthermore, water drops can be moved on PDMS surfaces without breaking up into

smaller droplets (no thread breakup).

Glass was chosen as model particle because glass consists mainly of silica, which is

often a major constituent in real dust (e.g. sand, soil). Glass is also a widely used and

well-understood material that can be produced reliably and sourced commercially.

5.2.2 Surfaces

PDMS surfaces Glass slides with a thickness of 270 µm were coated with Sylgard

184 PDMS, as described in section 3.1.1. PDMS surfaces were chosen because they are

widely used, transparent (a requirement when using an inverted microscope) and can

be prepared very reproducibly. The contact angle of water on the resulting surfaces

was between 80° and 120° (section 3.3).
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Lubricated PDMS surfaces Lubricated surfaces were prepared by spin coating

10 cSt PDMS oil onto the Sylgard 184 surfaces. A fluorescent marker was added to

the PDMS oil so that it could be imaged with laser scanning confocal microscopy.

5.2.3 Particles

100 µm

(a) (b)

100 µm

(c)

Figure 5.2: Glass particles with radii between 115 µm and 182 µm used in the
experiments. (a) Size of the particles relative to a pen nib. (b) Magnified image
of a particle, taken using scanning electron microscopy. (c) Particle with a defect.
Thanks to Katharina Hegner for images (b) and (c).

Glass beads (from Polysciences Europe GmbH) with radii between 115 µm and

182 µm were used. The beads were spherical, but a small minority of them had

defects (figure 5.2). An example of a particle with a defect is shown in figure 5.2 (c).

The particles were positioned on the PDMS surface using metal tweezers. Since

metal is a good conductor, this ensures that the particles carry no surface charge

prior to the experiments.1

PDMS spontaneously binds to glass, causing it to become more hydrophobic over

time. Therefore, when the glass beads are placed on the PDMS surface, their surface

properties change over time. Teisala et al. [103] have shown that the advancing

and receding contact angles of water on glass increase with increasing exposure time

to PDMS with a molecular weight of 6 000 g mol−1 (viscosity 100 cSt). However,

the angles plateaued after around 3 h. To ensure that the surface properties of the

particles were constant during the experiments, the particles were rolled over the

PDMS surface a few times and then left to rest on it for a few hours before starting

the drop-particle collision experiments.

Some of the glass particles were functionalised with PDMS by immersing them

in PDMS oil (10 cSt) for 24 h. During this process, PDMS molecules adhere to

the particles. To remove the excess oil afterwards, the particles were immersed in

toluene, filtered with a filter paper, and finally rinsed with more toluene followed

1Interestingly, the particles showed significant repulsion towards a plastic micropipette tip. This
could be observed by pouring a few particles on a petri dish and touching them with the tip of the
pipette. This observation led me to the realisation that it might be important to ensure that the
particles are not charged prior to the experiments.
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by isopropanol. The resulting particles showed no difference compared to the

initially unfunctionalised glass particles that were simply left on the PDMS surface

for a few hours. This demonstrates that after a few hours of waiting the initially

unfunctionalised particles were already in equilibrium with the surface, and therefore

we can assume that the surface properties of the particles did not change over the

course of the drop-particle collision experiments.

5.2.4 Drops

Most of the experiments were conducted using ultra pure (Milli-Q) water containing

a fluorescent marker (Atto 488). The drop volume (between 3 µL and 10 µL) was

chosen such that the force exerted by the particle on the drop was clearly visible

when plotted on the same scale as the force required to push the drop alone. The

water drops were assumed to be cloaked during the drop-particle collisions because

they rolled on the PDMS surface for a few centimetres before each collision. Rolling

over PDMS for a few centimeters causes uncrosslinked PDMS chains to accumulate

on the drop-air interface. A water drop covered in PDMS has a surface tension of

65 mN m−1 (section 3.2).2

A few experiments were also performed with drops of diiodomethane, glycerol and

glycerol-water mixtures.

5.3 Criterion for particle removal

There are two ways in which a drop can remove a particle from a surface: either by

capillary force when the particle is at the drop-air interface, or by viscous force when

the particle is submerged inside the drop.

For simplicity, I first consider a two-dimensional analogue of the problem. When

a planar liquid-air interface collides with a stationary particle on a flat surface, the

particle can either remain at the interface or enter the liquid. For the particle to

remain attached to the liquid-air interface, it has to slide or roll (or a combination

of both) over the surface such that its centre of mass moves at the same speed

as the interface. Therefore, it must first be accelerated to match the speed of the

interface. Once the particle starts moving (rolling/sliding) relative to the surface, it

will encounter resistive forces, such as friction between the particle and the surface.

The resistive forces, FR, depend on whether the particle rolls or slides. The criterion

2Hourlier-Fargette et al. [63] showed that moving drops become cloaked after rolling on PDMS
for a few millimetres. The authors showed that the larger the drop volume, the further the drop has
to roll before becoming fully cloaked. The smallest drop volume that they used was 14 µL, for which
the distance taken for the drop to become cloaked was less than 5 mm. Note that the authors used a
glycerol/water (60%/40%) mixture rather than pure water, but this is not expected to significantly
affect the distance over which the drop has to be roll before getting cloaked.



Chapter 5. Particle removal by drops 93

for the particle to stay attached to the interface can be written in the form of Newton’s

second law:

Fmax
γ ≥ FR + Finertial, (5.1)

where Fmax
γ is the maximum capillary force that the interface can exert on the particle,

and Finertial = ma (m is the mass of the particle, a is its acceleration) is the inertial

force required to accelerate the particle.

For small particles, Finertial is negligible since m is proportional to R3, whereas

Fγ and FR are proportional to R (appendix B.1).3 In this case, equation 5.1 can be

simplified to

Fmax
γ ≥ FR. (5.2)

Therefore, the particle remains attached to the interface when the maximum capillary

force is greater than the resistive force that needs to be overcome to move the particle

on the surface.

In contrast, when Fmax
γ < FR, the capillary force is not sufficiently strong to

overcome resistive forces. Consequently, the particle crosses the interface and fully

enters the liquid.

When the particle is inside the liquid, it experiences a viscous force, Fη, due to

the flow of water around it. The particle moves together with the liquid when

Fη ≥ FR. (5.3)

Therefore, a particle can be removed from a surface either by the capillary force

or by the viscous force, if at least one of these forces is greater than the resistive force

that needs to be overcome to move the particle on the surface.

For typical sliding speeds of water drops on most surfaces (windows, leaves,

windshields), viscous drag is negligible compared to the capillary force, Fη � Fmax
γ .

Therefore, when using water drops to remove particles, the only relevant criterion

is equation 5.2. However, as will be discussed in section 5.6, Fη becomes dominant

when more viscous liquids are used.

5.4 Particle remains attached to the drop

In this section, I describe the collision between a water drop and a particle on a

PDMS surface at a low speed. The outcome described below is observed for speeds

up to ≈ 300 µm s−1.

3For small R, R3 � R, and therefore Finertial � Fγ . A good estimate for ‘small’ is anything
below 1 mm. FR is usually proportional to R since the friction force FF ∝ Fadh, where Fadh is the
adhesion force, which is proportional to R according to the JKR theory (equation 1.50).



Chapter 5. Particle removal by drops 94

(b)

Contact t1 t2
(a) t3

Contact
FR
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FR
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250µm

Figure 5.3: (a) Collision between a drop (cyan, volume 3 µL) and a particle (radius
115 µm, dark red) at 50 µm s−1 [80]. The focus was in a horizontal plane through the
centre of the particle. (b) Horizontal force acting on the drop before and during the
collision. F push

R (F pull
R ) is the force required to push (pull) the particle.

Experiment A particle (radius 115 µm) was placed a few millimetres in front of a

water drop and the surface was moved at constant speed while the drop was kept in

a fixed position (figure 5.1).

Before the collision Figure 5.3 shows a collision at 50 µm s−1. When the surface

was set into motion, the force increased until it reached a steady value at ≈ 30 s. The

plateau between 30 s and 55 s corresponds to the friction force between the drop and

the surface.

Initial contact At ≈ 55 s the particle made contact with the drop. This event is

often termed ‘snap-in’. During snap-in, a water meniscus forms around the particle.

This is seen as a small dip in the force curve (labelled ‘contact’).

Particle in front of drop Then, the force increased until the applied force was

equal to the resistive force that needs to be overcome in order to move the particle

relative to the surface. The plateau between contact and t2 corresponds to the force

required to push the particle at 50 µm s−1 (F push
R = 10± 1 µN) .
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Particle moves to the side However, this configuration (when the particle is in

front of the drop) is unstable due to the convex curvature of the drop. Any deviation

from a head-on collision results in an asymmetry in the capillary force, causing the

particle to move sideways. Experimentally, even when a perfect head-on collision is

achieved, an asymmetry arises when the particle moves over a surface inhomogeneity.

Therefore, the particle moved around the drop’s base. At t2, it was at the lateral side

of the drop. In this position, the force had the same value as before the collision since

the capillary force had no component acting along the x-axis (defined in figure 5.1).

Particle at the rear side of the drop After t2, the particle was at the rear side

of the drop. The particle remained attached to the drop while the surface continued

to move at 50 µm s−1. The force required to pull the particle was F pull
R = (12± 2) µN.

0 s 1.3 s 2.6 s 3.9 s 5.2 s

250 µm
water meniscus

250µm

water absorbed no water

Figure 5.4: Contact between a water drop and a particle that is initially surrounded
by a small water meniscus. Upon contact, the water in the small meniscus is absorbed
by the drop. Water in the small meniscus appears brighter than water in the drop
because the dye concentration was higher in the meniscus.

Collision with a wet particle The same behaviour (as in figure 5.3) was also

observed when the particle was initially surrounded by a small water meniscus. In

general, a small meniscus could be due to condensation of water vapour from the

atmosphere or due to residual water from a previous collision. In this case, the water

meniscus around the particle was quickly absorbed by the drop (figure 5.4) and rest

of the collision looked exactly the same as when the particle was initially dry.
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5.4.1 Details of the particle’s motion

In this section, I investigate whether the particle rolls or slides and whether it

aquaplanes when it is pulled by the drop.4 These details are important because

they influence the resistive force experienced by the particle when it moves on the

surface.

5.4.1.1 Does the particle roll or slide?

To determine whether the particle rolls or slides over the surface, I zoomed into a

particle that had microscopic defects. The defects made it possible to deduce how

the particle moved.

When the particle was pulled by a drop at 50 µm s−1, the defects periodically

appeared into focus as shown in figure 5.5 (a). Therefore, the particle rolled. The time

taken for the defects to perform a complete revolution was 16 s, which corresponds to

the time period of pure rolling.5

The defects caused the particle to roll unevenly, resulting in a periodic motion of

the water-air-particle contact line. In figure 5.5 (b), the contact angle, Θ, of water

on the particle and the x-coordinate, xCL, of the contact line relative to the centre of

the particle are plotted. Each data point for Θ and xCL corresponds to the average

value of the upper and lower contact points [two green dots in figure 5.5 (a), middle

column]. Both the contact line position and the contact angle oscillated with a time

period equal to that of rolling (16 s).

The advancing angle is the maximum angle (ΘA ≈ 100°) when the contact line

advanced on the particle. The receding angle is the minimum angle (ΘR ≈ 75°) when

the contact line receded on the particle. These contact angles are higher than what

would typically be expected for water on (clean) glass because uncrosslinked PDMS

chains from the surface adhered to the particle [103].

Calculating the capillary force from the images Next, I calculate the capillary

force that the drop exerts on the particle purely from the image series (figure 5.5)

and compare the result to the measured force F pull
R (figure 5.3) to check if the two

values are consistent.

How to calculate the force from the images? The net capillary force, Fγ ,

acting on the particle is obtained by integrating the surface tension vector around the

contact line. To perform the integral, the contact line is assumed to be circular and

the contact angle is assumed to be uniform along the contact line. Due to symmetry

4Aquaplaning is the phenomenon that causes roads to become slippery when wet.
5Pure rolling is when the particle rolls at the same speed as the surface. The time period of pure

rolling is T = 2πR/v, where R is the radius of the particle and v is the speed of the surface. T = 16 s
for R = 125 µm and v = 50 µm s−1.
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Figure 5.5: Water drop pulling a particle (radius 125 µm) with defects [80]. (a) The
defects appear in focus every 16 s. The green dots (middle row) highlight the position
of the contact line of diameter L. Θ is the contact angle and β is the angle between
the drop-air interface and the x- axis. (b) Position of the contact line (xCL) and
contact angle as a function of time. xCL is defined relative to centre of the particle.
Both Θ and xCL are averages of the values measured at the two green dots in (a). (c)
Capillary force acting on the particle, calculated from the image series in (a).
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of the surface tension vector about the xz plane, the force components along the y-

axis cancel, leaving only the components parallel to the xz plane, |Fxz| = |Fγ | cos β,

where β is the angle between the surface tension vector and the x-axis [defined in

figure 5.5 (a)]. The net force pulling the particle parallel to the surface is given by

the horizontal component of Fxz,

Fx = |Fxz| sinA = πLγ cos β sinA, (5.4)

where πL is the circumference of the contact line, A is the angle between the surface

and the plane containing the contact line and γ is the magnitude of the surface tension

vector. A ≈ 40°, based on the three-dimensional shape of the meniscus (figure 5.6).6

Fx is plotted as a function of time in figure 5.5 (c) using A = 40°. The average force

calculated from equation 5.4 is ≈ 14 µN [figure 5.5 (c)], which is in good agreement

with the measured force, F pull
R = (12± 2) µN [from figure 5.3 (b)].

5.4.1.2 Does the particle aquaplane?

To determine whether the particle aquaplaned during motion, I imaged the contact

between the particle and the surface (figure 5.7). The contact region remained dry,

demonstrating that the particle did not aquaplane.

5.4.2 Resistive forces

Now that I have shown that the particle rolls over the surface without aquaplaning,

the physical origins of the resistive force (F push
R and F pull

R ) that the particle experiences

when it is pushed/pulled by the drop can be determined. Since both F push
R and F pull

R

should have similar origins, I will drop the superscript and call both these forces FR.

FR has three contributions: (1) FS due to solid-solid rolling friction, (2) F∆Θ due

to resistive capillary torque (introduced in chapter 4) and (3) Fη due to viscous drag.

In the following, I will elaborate on each of these contributions.

5.4.2.1 Surface friction

FS originates from viscoelastic dissipation in the PDMS surface and from molecular

attraction forces between the particle and the surface [7, 96, 52].7 As the particle

rolls, the energy required to peel the rear contact is greater than the energy recovered

when closing the front contact, thus giving rise to a rolling resistance [7].

6In general, I expect the shape of the water meniscus to change with speed and therefore A
may deviate from 40° depending on the speed at which the surface moves. However, the temporal
resolution of the microscope is insufficient to accurately image the meniscus in three dimensions
during motion.

7PDMS is a viscoelastic material.
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Figure 5.6: Water meniscus around a particle [80]. (a) Three-dimensional confocal
image of the water meniscus (cyan) surrounding a stationary particle (not drawn)
of radius 125 µm. The image is subject to an optical artefact above the particle’s
centre since the particle obstructs fluorescent light emitted by the drop. Therefore,
the shape of the meniscus is only accurate below the red dots. (b) The lower half
of the three-phase contact line [extracted from (a)] was circular with A = 40°. (c)
Schematic side view showing the capillary force and its horizontal projection.

To determine FS, I measured the force to push a particle by the blade (without

the drop) at constant speeds [figure 5.8(a)]. FS increased at a decreasing rate with

speed.8

5.4.2.2 Resistive capillary torque

The second contribution to the resistive force is due to capillary torque (M∆Θ,

the subscript stands for ‘contact angle hysteresis’) opposing rolling at the drop-air

8During these experiments, the particle rolled on the surface while sliding relative to the blade.
Thus, the measured force is influenced by friction between the blade and the particle. However, the
friction contribution due to the blade is expected to only be ≈ 10% of the measured FS since the
coefficient of sliding friction between the blade and PDMS-coated particle is low (≈ 0.1 [12]).
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100 µm

Dry trail

Figure 5.7: Imaging the contact between the particle and the surface by focussing
on a plane going through the surface-particle contact during motion at 50 µm s−1.
The contact area between the particle and the surface appears black (highlighted by
the red circle) and water appears cyan. In some cases, there was a dry trail directly
behind the particle (left image). However, for the majority of cases, there was no
clear dry trail behind the particle (right image). Regardless of whether there is a dry
trail or not, the region under the particle always remained dry.

interface. This contribution has been discussed in detail in chapter 4. Here, I only

provide a brief intuition for this effect. Consider a particle rotating counterclockwise

at an interface. The right side recedes and has an angle of ΘR with the interface

whereas the left side advances and has an of angle ΘA, as shown in the inset of figure

5.8 (b). This asymmetry gives rise to a resistive torque,

M∆Θ =
24

π3
γRL(cos ΘR − cos ΘA), (5.5)

where R is the radius of the particle and L is the diameter of the three-phase contact

line. The effective force required to overcome the capillary torque is

F∆Θ =
24

π3
γL(cos ΘR − cos ΘA). (5.6)

For a particle with L = 2R = 364 µm, ΘR = 75° and ΘA = 100°, we obtain F∆Θ ≈
8 µN.

5.4.2.3 Viscous drag

As the particle rolls at the air-water interface, it creates a flow in the water due to

the no-slip boundary condition between the particle’s surface and the water. This

results in a viscous drag, Fη.

However, it turns out that Fη is negligible compared to F∆Θ due to the small

capillary number, Ca = ηv/γ ≈ 10−5 � 1, where η is the dynamic viscosity of

water, v is the rolling speed of the particle and γ is the surface tension of the drop.

Assuming a Stoke’s drag gives a viscous force 6πηRv ≈ 1 × 10−8 N, which is two

orders of magnitude lower than both FS and F∆Θ. Therefore, Fη can be neglected

and FR = FS + F∆Θ.
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Figure 5.8: (a) Force required to push a particle on a dry PDMS surface at different
speeds [80]. Error bars correspond to the standard deviation of the measurements
and are due to surface inhomogeneities. (b) Resistive capillary force (equation 5.6)
on a particle (radius 182 µm) rolling at a water-air interface (assumed to be cloaked,
γ = 65 mN m−1).

5.4.2.4 Do the proposed contributions add up?

Results Figure 5.9 compares FS + F∆Θ to the measured values of FR when the

particle was pushed or pulled by a water drop.

For a systematic comparison, FS, F push
R and F pull

R were all measured using the

same particle and all the measurements were performed along the same track on the

surface. There is a very good agreement between the sum of the two contributions

and the measured FR.

Discussion Surprisingly, FR showed no clear speed dependence. This is probably

because F∆Θ decreases with speed and balances the increase in FS such that their

sum, FR, is approximately constant. To understand why F∆Θ could decrease with

speed, consider a particle attached to the rear side of the drop. When the particle

is in equilibrium at the drop-air interface, half of it will lie inside the water phase

since the average contact angle of water on the particle is ≈ 90° in our case. In this
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Figure 5.9: Resistive force experienced by a particle (radius 182 µm) when it was
pushed (orange triangles) or pulled (blue squares) by a water drop [80]. The red
circles and line were obtained by adding the two proposed resistive contributions, FS

and F∆Θ. Error bars correspond to the standard deviation of the measurements due
to surface inhomogeneities.

configuration, the contact line radius is equal to the radius of the particle. However,

when the particle moves with the drop, the net capillary force has a component pulling

the particle towards the drop. To produce this force, the contact line has to slide over

the particle such that the net capillary force has a component pointing towards the

drop, as in figure 5.6 (c). As the contact line slides, the particle moves further out of

the drop and the contact line radius, L, decreases, which corresponds to a decrease

in F∆Θ.

Furthermore, it is likely that the angular tilt of the contact line [A in figure 5.6

(c)] is a function of speed, causing both the magnitude and the direction of the net

capillary force vector to change with speed.

Another important consideration is that when the particle is attached to the drop,

FS may no longer take the same values as measured in dry conditions. The normal

adhesion force between the particle and the surface will be influenced by the vertical

component of capillary force acting at the air-water-particle contact line and by van

der Waals forces which act through water instead of air. Since rolling friction on

elastomers depends on the normal force [7], FS will also change.

Given all the complexity, it is perhaps surprising that FS + F∆Θ ≈ FR.

5.5 Particle detaches from the drop

Particle enters the drop When the collision was performed at 500 µm s−1, the

particle entered the drop (figure 5.10). The force reached a maximum of F push
γ = 16 µN

when the particle crossed the drop-air interface.
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Figure 5.10: Collision between a particle (radius 115 µm) and a water drop (volume
3 µL) at 500 µm s−1 [80]. (a) The focus was on a horizontal plane going through the
particle’s centre. (b) Force acting on the drop. The particle was initially 1.2 cm away
from the drop and collided with the drop at ≈ 23 s.

Particle inside the drop The force decreased to the same value as before the

collision when the particle was inside the drop (t2). This demonstrates that viscous

drag is negligible. The viscous drag is given by equation 1.37:

Fη ≈ 1.7× 6πηR2vD

H
. (5.7)

where η is the dynamic viscosity of water and R is the particle’s radius. vDR/H is

the average velocity of the flow around the particle, where vD is the speed of the drop

relative to the surface and H is the drop’s height.

Fη is of the order of 1 nN, which is indeed negligible compared to the capillary

force. Consequently, a particle that crosses the front side of the drop will easily move

through the drop, reaching the rear interface.

Particle exits the drop The particle detached from the drop just after t3, exerting

a maximum force F pull
γ = 13 µN. From this measurement, we can conclude that the

capillary force is much more significant than the viscous force and is therefore the

relevant force when removing particles using water drops.
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Does the particle have time to roll/slide during entry? To determine whether

particles moved (rolled/slid) relative to the surface as they crossed the drop-air

interface, the positions of the centres of mass of four particles were recorded during

entry. In figure 5.11, each colour corresponds to a different particle colliding with

the same drop in succession. The drop was fixed in place and the particles were

placed in a line (along the axis of motion) on the PDMS surface. The position of the

centre of mass of each particle was monitored as the surface moved at constant speed.

Before making contact with the drop, the particles moved together with the surface at

500 µm s−1. This can be seen in figure 5.11, where the scatter points initially follow a

straight line with a gradient of 500 µm s−1. However, when the particles made contact

with the drop, their centres of mass slowed down. This can be seen in figure 5.11,

where the scatter points deviate from the 500 µm s−1 line after the particle has made

contact with the drop. A reduction in the speed of the particle implies that there is

relative motion (rolling and/or sliding) between the particle and the surface.

Figure 5.11: Positions of the centre of masses of four particles entering a stationary
drop on a surface moving at 500 µm s−1. Each colour corresponds to a different particle
and the straight lines correspond to a speed of 500 µm s−1. The points deviate from
the lines when the particles collide with the drop, demonstrating that the particles
slowed down during the collision.

5.5.1 Maximum capillary forces

5.5.1.1 Prediction

The maximum capillary force that the drop can exert on the particle depends on

whether the particle rolls or slides, the contact line geometry and the contact angle

between the particle and the drop. To estimate the maximum capillary force I first

consider a particle crossing an air-water interface perpendicularly (neglecting the

PDMS surface).
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Figure 5.12: Closeup of collisions at 500 µm s−1 during entry (leftmost column) and
exit (middle column). The rightmost column shows a non-head-on collision at the
same speed. The particle did not enter the drop but went sideways.
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Entry (Slide) For a non-rotating (sliding) particle, the maximum capillary force

with which the drop can push the particle during entry is given by equation 1.27:

F push
slide = 2πRγ sin2 ΘA

2
, (5.8)

where R is the radius of the particle and ΘA is the advancing contact angle of water

on the particle.

Entry (roll) When the particle rolls during entry, the maximum capillary force is

reduced and is given by equation 4.40:

F push
roll =

4π

ΘA −ΘR

γR sin2

(
ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)
. (5.9)

Exit (Slide) The maximum capillary force with which the drop can pull a non-

rotating particle when it exits the drop is given by equation 1.26:

F pull
slide = 2πRγ cos2 ΘR

2
. (5.10)

Exit (Roll) When the particle rolls as it exits the drop, the magnitude of the

maximum capillary force is reduced and is given by equation 4.39:

F pull
roll =

4π

ΘA −ΘR

γR cos2

(
ΘR + ΘA

4

)
sin

(
ΘA −ΘR

2

)
. (5.11)

5.5.1.2 Comparing predicted and measured forces

Figure 5.13 (b) compares the predicted maximum forces to the maximum forces

measured when a particle entered and exited a drop.

All the experiments were performed at 500 µm s−1 along the same track on the

surface and with the same particle. The particle and the drop were carefully aligned

such that they collided head-on. Setting up a head-on collision is crucial, otherwise

a lower force is measured and the particle might not even enter the drop (as shown

in the rightmost column of figure 5.12).9

The predictions are of the correct order of magnitude, but are around two times

larger than the measured forces. This discrepancy is likely because the predictions

assume that the angle A (defined in figure 5.6) between the surface and the water-air-

particle contact line is 90°. But in general, A differs from 90°. Since the measurements

9Setting up a head-on collision, like the one shown in the leftmost column of figure 5.12, requires
placing the particle with micrometre precision such that the particle and the drop are aligned exactly
parallel to the axis along which the surface moves. To achieve this, I used the drop to place the
particle. We have seen that when a particle is pulled by the rear side of the drop, it follows the
drop along the head-on axis, as shown in figure 5.3 (c) (time t3). Once the particle is in this
configuration, I detached it from the drop by suddenly increasing the speed. Then, I performed the
collision experiment by moving the drop back towards the particle at constant speed.
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Figure 5.13: Maximum force measured when a 182 µm particle entered (red squares)
and exited (blue circles) a water drop (volume 8-10 µL) at 500 µm s−1 (data points
are from [80]). The error bars correspond to the standard deviations in the drop
friction due to surface inhomogeneities. The solid horizontal lines correspond to
the predicted force for a sliding particle [equations 5.8 (red) and 5.10 (blue)]. The
dotted lines correspond to a rolling particle [equations 5.9 (red) and 5.11 (blue)]. The
dashed lines takes into account the tilt of the three-phase contact line with respect to
the surface (ignoring rolling) [obtained by maximising equations 5.13 (red) and 5.15
(blue)].

only capture the horizontal component of the capillary force, the predictions provided

by equations 5.8-5.11 are indeed expected to be higher.

To reconcile the predicted and measured forces, only the horizontal projection

of the predicted force has to be considered when calculating the maximum force.

Therefore, |Fγ | sinA has to be maximised instead of |Fγ |. An expression for the

maximum horizontal component of the capillary force (ignoring rolling) was derived by

Leenaars (1989) [75] and Heckenthaler et al. (2019) [58]. They proposed that equation

5.10 should be multiplied by sin ΘS, where ΘS is the contact angle between the drop

and the flat surface (80° - 100° in our case, section 3.3.2). However, the experiments

presented in this chapter demonstrate that this correction still overestimates the

predicted force since ΘS is generally not equal to A, as shown in figure 5.6, where A

was 40°.

A model to account for the contact line tilt The reason why ΘS is, in general,

not equal to A can be understood based on figure 5.14. In equilibrium, β = 0 and

therefore, A = ΘS. However, as the upper part of the interface advances over the

particle, β 6= 0 and A = ΘS + β. The lower part of the interface remains pinned such
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that the contact angles on both the particle and the surface are fulfilled. The net

capillary force acting on the particle is

Fγ = 2πRγ sinφ sin(ΘA − φ) n̂

= 2πRγ sin(ΘA − β) sin β n̂, (5.12)

where n̂ is the unit vector normal to the plane containing the contact line and φ =

ΘA−β (based on the geometry), where π−ΘA ≤ β ≤ ΘA. The horizontal component

(along x as defined in figure 5.14) of Fγ is

F entry
x = 2πRγ sin(ΘA − β) sin β sin(β + ΘS). (5.13)

The vertical (downwards) component of the capillary force is

F entry
y = −2πRγ sin(ΘA − β) sin β cos(β + ΘS). (5.14)

Equations 5.13 and 5.14 are valid for a particle entering a drop. The corresponding

equations for a particle exiting a drop are obtained by replacing ΘA by π − ΘR and

ΘS by π −ΘS.10 The horizontal capillary force pulling the particle towards the drop

during exit is

F exit
x = 2πRγ sin(ΘR + β) sin β sin(ΘS − β), (5.15)

where −ΘR ≤ β ≤ π−ΘR The vertical (downwards) component of the capillary force

during exit is

F exit
y = 2πRγ sin(ΘR + β) sin β cos(β −ΘS). (5.16)

The maximum horizontal capillary force is obtained by maximising equations 5.13

and 5.15 with respect to β. The results are plotted as dashed lines in figure 5.13 and

show very good agreement with the measured forces.

5.6 Different liquids

So far, I have only considered water drops. Water is the most common liquid in nature.

However, its low viscosity and high surface tension is a relatively unique combination

(figure 5.15). When different liquids are used, both the maximum capillary force and

the viscous force change. In the following, I will first discuss how the capillary force

changes when different liquids are used. Then, I will discuss the regime when the

viscous force becomes significant.

10Note that during entry ΘS is given by the advancing contact angle of water on the surface (120°),
whereas during exit, ΘS corresponds to the receding contact angle (80°).
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Figure 5.14: An air-water interface (blue line) moving across a fixed particle. This
scenario is equivalent to a particle entering a fixed drop from left to right (ignoring
rolling). The lower side of the interface is pinned because moving away from the
position sketched in the figure would violate the contact angles ΘA or ΘS, or require
the interface to bend, which is not feasible because it would cause a very large Laplace
pressure that would differ from the rest of the drop. Forces are written in red. The
angles written in grey are defined quantities. Angles written in black are deduced
from the ones written in grey.

5.6.1 Capillary forces

How does the capillary force change when different liquids are used? The

maximum capillary forces (when a particle entered/exited a drop) were measured for

three liquids: glycerol, water and diiodomethane. The surface tensions of the liquids

are given in the table 5.1.

Table 5.1: Surface tension and dynamic viscosity of the different liquids used. The
values correspond to pure liquids at a temperature of 20 °C.

Liquid γ (mN m−1) η (mPa s)

Water 72.8 1

Glycerol 64.0 1412

Diiodomethane 50.8 2.6
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Figure 5.15: Ratio of surface tension, γ, to dynamic viscosity, η, for various liquids.
PDMS x refers to PDMS oil with a viscosity of x cSt.

Figure 5.16 shows that the maximum capillary force is higher when liquids of

higher surface tensions are used.11 This observation is in agreement with equations

5.8 to 5.11, where the capillary force is proportional to surface tension.

Figure 5.16: Entry and exit forces at 500 µm s−1, measured for drops of diiodomethane
(γ = 50.8 mN m−1), a glycerol (γ = 64.0 mN m−1) and pure water (γ = 72.8 mN m−1).
Note: for this plot, I have taken γ as the surface tensions of the pure liquids.

However, it is worth noting that although liquids having higher surface tensions

are more likely to exert larger capillary forces on particles, this might not always

11Viscous force was negligible in these measurements. This can be deduced from the fact that the
force required to push the drop alone was the same as the force required to push the drop with the
particle submerged inside the drop.
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be the case because the capillary force also depends on the advancing and receding

contact angles. The contact angles also change when different liquids are used.

5.6.2 Viscous force

To determine when the viscous force becomes more significant than the capillary

force, consider the following thought experiment. A surface that is contaminated

with particles is pulled out of a liquid bath. Is there a greater chance of removing

particles when the surface is pulled out quickly or slowly?

At low capillary numbers (Ca = ηV/γ), the capillary force is dominant. As

the capillary number increases (for example, by increasing speed), the viscous force

increases. An estimate for the ratio of the viscous force to the capillary force is

obtained by dividing equation 5.7 by 2πRγ:

Fη
Fγ
≈ 5

R

H

(
ηv

γ

)
, (5.17)

where R is the radius of the particle, H is the thickness of the liquid meniscus, η is

the dynamic viscosity of the liquid, v is the speed of the surface and γ is the surface

tension of the liquid. For very low contact angles between the drop and the surface,

H is small close to the three-phase contact line. When H ≈ R, the viscous force

becomes greater than the capillary force when v > 0.2γ/η. Therefore, with water,

the viscous force only begins to dominate the capillary force above ≈ 15 m s−1. In

contrast, with glycerol, the viscous force dominates above ≈ 1 cm s−1.

Based on the above reasoning, the higher the capillary number, the greater the

viscous force and hence the greater the likelihood of removing a particle by viscous

force. Note that this argument only applies if no liquid film is entrained on the

surface.

Therefore, there is no general rule about whether it is more optimal to pull out the

surface quickly or slowly. When the surface is pulled out of the liquid bath slowly, it

is more likely that particles get removed by capillary force, whereas when the surface

is pulled out quickly, it becomes more likely that particles get removed by viscous

force.

Drops In the context of drops, the capillary number is not the only factor that

determines whether the capillary or the viscous force is dominant. The contact angle

between the drop and the flat surface is also important. To understand this, consider

a glycerol drop and a water drop (both much smaller than the capillary length)

on a hydrophobic surface. Due to the higher surface tension of water compared to

glycerol, water drops generally have higher contact angles with hydrophobic surfaces

than glycerol drops. Therefore, when water and glycerol drops of equal volumes are

placed on the surface, the glycerol drop will have a smaller height.
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Since Fη ∝ η/H, where H is the height of the drop (equation 5.7), a glycerol drop

exerts a larger viscous force than a water drop because (1) it has a higher viscosity,

and (2) it has a smaller height due to a smaller contact angle. However, even with

glycerol, the viscous force is still relatively insignificant. For example, a glycerol drop

of height 400 µm moving at a velocity of 300 µm s−1 over a particle of radius 200 µm

exerts a viscous force of the order of 1 µN, which is one order of magnitude lower than

the rolling friction between the particle and the PDMS surface (≈ 10 µN, figure 5.8).

5.7 Different types of particles and surfaces

The experiments described so far involved spherical hydrophobic particles on a

hydrophobic surface. However, there are many other possibilities. Dust particles are

not always spherical but come in a variety of shapes and sizes. Furthermore, the

particle, as well as the surface, do not necessarily have to be hydrophobic. All of

these details will influence the likelihood of a drop successfully removing a particle

from a surface.

In addition, when exposed to outdoor conditions, surfaces constantly change, at

least on the microscopic level. Old dust particles get blown off by wind and new

particles are deposited. In some cases, the surface can undergo physical and chemical

degradation. These factors make it challenging to accurately predict whether water

drops (e.g. from rain) can successfully remove particles from any given surface.

Here, I discuss how particle removal is influenced by different factors such as the

particle type, the particle shape and the surface type.

5.7.1 Different particle geometry

Size Very small (nano) particles are more difficult to remove from PDMS surfaces

because a larger fraction of their area gets embedded inside the PDMS. In equilibrium,

the indentation depth between the particle and the flat surface is given by the

Johnson-Kendall-Roberts (JKR) theory (equation 1.47):

d =

(√
3πwadh

2E∗

) 2
3

R
1
3 . (5.18)

Here, wadh is the work of adhesion and R is the radius of the particle. 1/E∗ =

(1 − ν2
p)/Ep + (1 − ν2

s )/Es, where νp and νs are the Poisson ratios of the particle

and the PDMS surface, respectively, and Ep and Es are their Young’s moduli. Since

Ep � Es,
12 E∗ ≈ Es/(1−ν2

s ). Therefore, the fraction of the particle that is embedded

into the silicone surface is

12The Young’s modulus of glass is of the order of 1× 1010 Pa whereas that of the PDMS is of the
order of 1× 106 Pa.
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Figure 5.17: Fraction of particle that is embedded into the surface (equation 5.19).
The following parameters were used: Es = 0.62 MPa, wadh = 71 mN m−1 and νs = 0.5.
Values for wadh and νs are from reference [99]. Note that the JKR theory is based on
linear elastic theory and is only valid for small deformations. Therefore, the precise
values of d/R at very small R may not be entirely accurate.

When a greater proportion of the particle is embedded, less of the particle can be

in contact with a drop. Since the capillary force is proportional to the perimeter of

the drop-air-particle contact line, the capillary force will be lower. Therefore, even

though the JKR theory predicts that the adhesion between a particle and a surface

decreases with the size of the particle, it is in fact more difficult for drops to remove

very small particles from deformable surfaces. Leenaars [75] argued that liquid-air

interfaces are in principle equally effective at removing particles, independent of their

size. This argument breaks down for deformable surfaces.

Shape Although particles are commonly assumed to be spheres as a first

approximation, most real contaminants are not completely spherical. Some have

sharp edges, some consist of aggregates of many smaller particles, some take the

shape of fibres/hairs and some are rather flat (e.g. sawdust or broken leaves).

Amongst all the possibilities, spherical particles are the most likely to roll. In

contrast, flat particles are highly unlikely to roll and therefore can only be removed

by sliding. Therefore, the capillary torque contribution to the resistive force (equation

5.6) is most likely not relevant for particles that are not round.

On the PDMS surfaces used throughout this chapter, flexible fibres (or hairs) were

particularly difficult to remove using water drops for two reasons. Firstly, they get

caught easily by pinning sites on the surface. Secondly, fibres are typically longer
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than the drop diameter. This means that the capillary force only acts on a small part

of the fibres, exerting a force that is usually insufficient to remove them.

5.7.2 Particles with different surface properties

The average contact angle between water and the particle was around 90° in the

experiments presented in this section. Therefore, the maximum entry and exit forces

were similar. However, if the average contact angle was not around 90°, the entry

and exit forces would differ significantly. Below, I discuss two limiting cases.

Superhydrophobic particle A superhydrophobic particle has a high contact angle

(around 160°) with water. A high contact angle corresponds to a high entry force and

a low exit force. Therefore, superhydrophobic particles can most easily be removed

by pushing (rather than pulling) them with water drops. However, we have seen that

due to the convex shape of drops, particles tend to move along the circumference

of the drop to reach the rear side. If superhydrophobic particles reach the rear side

of the drop, they will easily detach since the pulling force is low for high contact

angles. Therefore, to maximise the chance of removing superhydrophobic particles,

large drops should be used such that the circumference of the drop is not significantly

curved. Alternatively, an easier method would be to vertically dip the particle-

contaminated surface into a water bath such that the water-air interface advances

as a straight line on the surface.

Superhydrophilic particle A superhydrophilic particle has a low contact angle

with water. A low contact angle corresponds to a low entry force and a high exit force.

As a result, a superhydrophilic particle will enter the drop easily, but will strongly

attach to the rear interface. For example, if the particle has a contact angle of 0° with

the drop, the entry force will be zero, whereas the exit force will be 2πRγ. Since the

exit force is the crucial parameter determining whether the particle remains attached

to the drop, it is easier to remove a hydrophilic particle than a hydrophobic particle,

purely based on the maximum capillary force.

However, changing the surface properties of the particle also influences its adhesion

to the surface. Depending on the specific system, the resistive force can either increase

or decrease. To predict whether a change in the surface properties of the particle will

increase or decrease the likelihood of particle removal, changes in both the capillary

force and the resistive force have to be considered.

5.7.3 Surfaces with different hydrophobicities

So far, we have seen drop-particle collisions on a PDMS surface. PDMS has an

average contact angle of around 90° with water. In general, surfaces have contact



Chapter 5. Particle removal by drops 115

angles that can significantly differ from 90°. Here, I discuss the influence of the

hydrophilicity/hydrophobicity of the surface on particle removal.

F
γ

(b)

F
γ

(a)

Figure 5.18: (a) On a hydrophilic surface, the capillary force pulls the particle towards
the surface. (b) On a superhydrophobic surface, the capillary force pulls the particle
away from the surface.

Hydrophilic surface Water forms a low contact angle (< 90°) with hydrophilic

surfaces [figure 5.18 (a)]. Consequently, the capillary force pulls the particle towards

the surface, effectively increasing the adhesion between the particle and the surface.

An increase in adhesion results in an increase in friction and therefore reduces the

likelihood of a successful particle removal.

Superhydrophobic surface In contrast, the contact angle of water on

superhydrophobic surfaces is around 160°. Consequently, when the water-air

interface makes contact with the particle, the capillary force acts upwards [figure

5.18 (b)], against the adhesion force between the particle and the surface. Therefore,

high contact angles (significantly greater than 90°) promote particle detachment.

5.8 Enhancing particle removal

In section 5.3, we have seen that the forces that determine particle removal are the

capillary force between the water drop and the particle and the friction force between

the particle and the surface. A high capillary force favours attachment between the

particle and the drop. In contrast, a high resistive force favours detachment of the

particle from the drop.

Therefore, to enhance particle removal using water drops, we should either increase

the capillary force or reduce the resistive force. Since particles generally move around

the drop’s circumference and end up at the rear side, the maximum capillary force at

the rear side of the drop, F pull, ultimately determines whether the particle is removed.

Therefore, in this section, I will only discuss F pull and not F push. For simplicity, I will

consider a sliding particle, but similar arguments also apply for a rolling particle.
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5.8.1 Maximising the capillary force

For a particle of a given size, the maximum capillary force, F pull
slide = 2πRγ cos2(ΘR/2),

can be increased by (1) choosing a liquid with higher surface tension, or (2)

functionalising the particle such it becomes more hydrophilic (smaller ΘR).

We do not usually have control over which types of particles adhere to surfaces,

especially when they are exposed to the outdoors. However, we can usually choose

which liquid to use to clean the surface. But varying the liquid does not change the

maximum capillary force significantly because the surface tension of most liquids is

more or less of the same order of magnitude (between 1 × 10−3 to 1 × 10−2 N m−1).

Therefore, there is not much scope to significantly enhance particle removal by only

attempting to maximise the capillary force. It is much more effective to devise ways

to reduce the resistive force between the particle and the surface.

5.8.2 Lowering the friction force

To set a particle in motion, the force applied to the particle must exceed the static

friction force between the particle and the surface. Once the particle starts moving,

the friction force typically drops to a lower value, termed the kinetic friction force. A

particle can be removed if the capillary force exceeds the static friction force and the

kinetic friction force.

Lubrication One method to reduce friction is by lubricating the surface. I tested

this idea by lubricating PDMS surfaces with silicone oil (viscosity 10 cSt).

On lubricated surfaces, drops as well as particles are surrounded by wetting ridges.

As a result, the shape of the water meniscus around the particle is different compared

to its shape on a non-lubricated surface. When a particle is attached to the rear side

of a water drop on a lubricated surface, the lubricant wetting ridge wraps around

both the drop and the particle (figure 5.19). In this case, a water meniscus does not

wrap around the lower part of the particle, as was the case on the non-lubricated

surface [figure 5.6 (a)]. Instead, the particle is mostly surrounded by the lubricant.

100 µm200 µm

Par!cle

Figure 5.19: Wetting ridge around a particle (not dyed) attached to a water drop
(cyan) on a lubricated (lubricant shown in yellow) surface.
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A typical collision on a lubricated surface is shown in figure 5.20. The particle

collided with the front side of the drop and moved around the circumference of the

drop to reach the rear side, where it remained attached. Due to the low friction force

between the particle and the lubricated surface, the drop barely deformed during

the collision at 500 µm s−1. In contrast, at this speed the particle entered and exited

the drop on the non-lubricated surface (figure 5.10). On the lubricated surface, the

force required to pull the particle at 500 µm s−1 was around 10 times smaller than the

force required to pull the particle at 50 µm s−1 on the non-lubricated surface (≈ 1 µN

compared to ≈ 10 µN).

Indeed, on the lubricated surface, the particle remained attached to the drop even

at 2 cm s−1, which is the highest speed that can be attained with the experimental

setup.

250 µm

Time: 0 s 8 s 35 s

Figure 5.20: Collision between a drop (cyan) and a particle (drawn in red) on a
lubricated (lubricant: 10 cSt silicone oil, yellow) surface at 500 µm s−1.

Relevance to liquid-infused surfaces Liquid-infused surfaces (section 1.6.2.2)

are hypothesised to be easy-to-clean. Since liquid-infused surfaces are essentially

lubricated surfaces that are cleverly designed to retain the lubricant, they should

have similar properties to the lubricated PDMS surface presented above. Therefore,

the results presented above provide an experimental proof of the easy-to-clean nature

of liquid-infused surfaces.

However, it turns out that liquid-infused surfaces are also more prone to

accumulating contaminants. Since these surfaces are inherently ‘wet’, any dust

particle that touches the surface sticks to it due to capillary force from the lubricant.

On dry inclined surfaces, large dust particles usually do not stick strongly since

the weight of the particle exceeds the adhesion force. However, on liquid-infused

surfaces, the adhesion force is typically much greater due to capillary forces from

the wetting ridge. This causes large dust to stick easily. Therefore, compared to

dry surfaces, liquid-infused surfaces are more likely to get contaminated but are also

easier to clean.
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Superhydrophobic surfaces Another way to reduce the resistive force is to

reduce the adhesion force between the particle and the surface, for example by

using a superhydrophobic surface. Superhydrophobic surfaces typically have low

adhesion with contaminant particles due to their favourable surface chemistry and

their substantial degree of roughness which reduces the true contact area between

the particles and the surface. These factors are responsible for their excellent

self-cleaning property [49].

5.9 Summary

F F
γ

push push
> R

F F
γ

pull pull
< R

F F
γ

push push
< R

F F
γ

pull pull
> R F F

γ

pull pull
< R

Figure 5.21: Summary of all possible outcomes when a particle collides with a water
drop on a surface [80]. The schematic shows the collision (top view) between a particle
(red) and a water drop on a surface. F push

γ (F pull
γ ) is the maximum capillary force that

the drop-air interface can exert on the particle when the latter is to the left (right) of
the drop. F push

R (F pull
R ) is the resistive force acting on the particle when it is pushed

(pulled) by the drop.

In this chapter, I used laser scanning confocal microscopy to (1) image collisions

between water drops and single glass particles on silicone (unlubricated and

lubricated) surfaces and (2) measure the force acting on the drop/particle during the

collisions. When a particle collided with a drop, it either remained attached to the

air-water interface (successful removal) or entered and exited the drop (unsuccessful

removal). The capillary force between the particle and the interface was over two

orders of magnitude larger than the viscous force acting on the particle due to the

flow of liquid inside the drop. Therefore, the capillary force is the dominant force

promoting particle removal.

Successful particle removal occurs when the capillary force exceeds the force

required to displace the particle on the surface (against friction forces). Consequently,
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particle removal can be enhanced by reducing the resistive force, for example by

lubricating the surface or by coating it with a superhydrophobic layer.



Chapter 6

Conclusions and outlook

In this thesis, I devised two experimental methods. The first method enables us

to measure forces dynamically using an inverted laser scanning confocal microscope

(LSCM). The second method allows us to quantify changes in the surface tension

of drops when they are placed in contact with surfaces. Furthermore, I derived

theoretical models to study the rotation of particles at an interface. I showed that

particles experience a resistive capillary torque when rotating at an interface and that

the force required to detach a particle from an interface is reduced when the particle

rotates during the detachment. Finally, I applied all the above experimental methods

and theoretical results to study the collision between drops and particles on surfaces.

In this chapter, I summarise the methods and key results, and propose some future

research avenues.

Forces with LSCM I showed how laser scanning confocal microscopy can be used

to image microscopic processes dynamically and to measure horizontal forces at well-

defined speeds. Forces are measured using a flexible metal blade that is clamped

directly above the objective lens of the microscope. For example, when using this

setup to the friction force between drops and surfaces, the drops is fixed by the blade

while the surface moves at constant speed relative to the drop. When the drop presses

against the blade, the blade deflects. The friction force is obtained by recording the

deflection of the blade (with the microscope) and then using Hooke’s law. This setup

allows us to go beyond static imaging. In general, this setup can be used to study

a variety of problems, where the combination of dynamic microscopic imaging and

friction force measurements is desirable.

A foreseeable improvement is to adapt the setup such that force measurements

and imaging can be performed simultaneously. Currently this is not the case because

the objective lens can only focus on one horizontal plane, either on the blade or

on the object that it is being pushed by the blade (e.g. a drop). Simultaneous

force/imaging measurements can be performed in two ways: (1) a separate camera

can be used to monitor the deflection of the blade, or (2) the objective lens can be

made to periodically oscillate up and down such that in each oscillation, it focuses on
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the blade and on the surface. Note that the second method will not strictly provide

simultaneous measurements, but the measurements can nevertheless be regarded as

simultaneous if the time period taken for each oscillation is much faster than the

timescale of the physical process under investigation.

Surface pendant drop method The second experimental method that I designed

is the surface pendant drop method, which I have used to quantify the surface

tension of drops on PDMS surfaces. This method can be applied more generally

to measure how the surface tension of drops change as they accumulate contaminants

(e.g. particle, surfactants) from surfaces.

Water drops on PDMS I have shown that the time taken for drops to become

cloaked on PDMS surfaces depends on the amount of lubricant in the PDMS matrix

and on the viscosity of the lubricant. Cloaking took longer when there was less

lubricant and when the lubricant was more viscous. These are the first measurements

directly quantifying (1) the surface tension of a cloaked drop and (2) the kinetics of

the change in surface tension during cloaking.

These findings are particularly relevant in the context of liquid-infused surfaces.

One major drawback of these surfaces is that the lubricant gets depleted due to the

cloaking of drops. So far, there is no solution to this problem for water drops on

PDMS. However, if the lubricant viscosity and the concentration of lubricant in the

texture are carefully chosen, such that the cloaking timescale exceeds the duration

over which drops remain on the surface before being shed off, it might be possible to

minimise the problem of lubricant depletion.

Particles rotating at an interface In general, particles either roll and/or slide

when they are pulled on a solid surface by a drop-air interface. By developing a

theoretical framework to model the effect of rotation on the capillary force, I showed

that there are two main consequences of the particle rolling rather than sliding. First,

particles experience a resistive torque when rotating at an interface. Second, the force

required to detach a particle from an interface is reduced when the particle rotates.

Both these effects are due to contact angle hysteresis between the liquid and the

particle.

The resistive capillary torque experienced by rotating particles is relevant to the

granular matter research community. It is well-known that the flow of granular matter

(e.g. sand) is greatly reduced when the particles are moist. The reduced mobility has

been attributed to several factors, but so far capillary torque has not been considered

when modeling the flow of moist granular matter.

In future, the theoretical predictions for the capillary torque and the detachment

force could be validated through experiments and computer simulations. Simulations
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are particularly well-suited for this purpose since they offer the possibility to

systematically investigate the influence of contact angle hysteresis on the capillary

torque and the detachment force. Since the same equations apply to tiny as well as

large particles, an experimental validation might also be possible using large particles

which are relatively easier to handle.

Removal of particles from surfaces using drops In chapter 5, I used the

experimental setup described above (Forces with LSCM) to image the collision

between drops and particles on flat surfaces and to measure the force acting on the

drop during the collision. I combined the experimental results with the theory that

I derived on particles rotating at interfaces to study the mechanism by which drop

remove particles from surfaces.

I showed that when water drops are used to remove particles from surfaces,

the viscous force is negligible compared to capillary forces. Therefore, particles are

removed by the air-water interface rather than by the flow of water inside the drop.

In contrast to particle removal by bulk flows (where high speeds lead to increased

removal), interfaces are more effective at removing particles when they move slowly.

On flat surfaces, round particles are more likely to roll rather than slide since the

coefficient of rolling friction is typically much lower than the coefficient of sliding

friction. However, since a particle experiences a capillary torque when rolling at an

interface, it can still experience a significant resistive force despite the low rolling

friction between the particle and the surface.

In this work, I focussed on the collision between drops and single particles.

The insights that this thesis provides will contribute towards a quantitative

understanding of the more complex problem of how a drop removes multiple

particles. The complexity of the problem is greatly increased when many particles

are present, as demonstrated by a recent study by Geyer et al. (2020) [49] who

investigated the opposite limit (very large number of particles). They showed that

on a superhydrophobic surface, a water drop accumulates particles at its interface

until it is completely covered, forming a so-called liquid marble. Their results imply

that once there is complete coverage, there is no space for more particles and the

cleaning efficiency is therefore greatly reduced.1 Hence, it is important to ensure that

self-cleaning surfaces do not get too heavily contaminated. In wet climates, this will

likely not be a problem due to regular rainfall, fog, or dew. In dry climates, excessive

contamination can be prevented by occasionally spaying water drops on the surface.

From a fundamental perspective, it would be interesting to investigate how the

mechanism of particle removal evolves when the number of particles is successively

increased. With only one particle, removal is only determined by the friction (and

adhesion) between the particle and the surface, and by the capillary force between the

1In this case, larger drops are better due to their greater surface area.
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drop and the particle. With two particles, the interaction between the particles also

has to be considered. The presence of the second particle may influence the friction

force experienced by the first particle, for example, if they rub against each other. As

more particles are added, it becomes increasingly likely that the particles influence

one another and the problem becomes a complex multi-body problem. Therefore, if

we have an ideal surface contaminated with identical particles, the fact that a water

drop can remove the first particle does not necessarily mean that it can also remove

the second particle (and so on) because particle-particle interactions will have to be

considered as well, and the particle-particle interactions will likely change each time

an additional particle is introduced. Systematically studying this problem will also

enable us to answer questions such as: How does a liquid marble form? What are the

fundamental limits when using drops to clean surfaces?



Appendix A

Capillary force on rotating
particles

A.1 Calculation of K factors

In this section, the K factor in equation 4.12 is calculated for two different functions

describing the variation of the contact angle around a circular contact line.

A.1.1 Linear cos Θ(α)

A linear variation of cos Θ(α) is described by the following equation:

cos Θ(α) =



(cos ΘR − cos ΘA)α
π

+ 1
2
(cos ΘA + cos ΘR), 0 < α < π

2

−(cos ΘR − cos ΘA)α
π

+ 1
2
(3 cos ΘR − cos ΘA), π

2
< α < 3π

2

(cos ΘR − cos ΘA)α
π

+ 1
2
(5 cos ΘA − 3 cos ΘR), 3π

2
< α < 2π.

(A.1)

Here, α is the azimuthal angle in the xy plane.

The expression for the magnitude of the capillary torque is (negative of equation

4.7):

M = γR2 sinφ

∫ 2π

0

cos Θ(α) sinα dα (A.2)

= γR
L

2

∫ 2π

0

cos Θ(α) sinα dα, (A.3)

where R is the radius of the particle and L = 2R sinφ is the diameter of the contact

line.

Substituting equation A.1 into equation A.3 leads to
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M

γRL

=
1

2

∫ π
2

0

sinα

[
(cos ΘR − cos ΘA)

α

π
+

1

2
(cos ΘA + cos ΘR)

]
dα

+
1

2

∫ 3π
2

π
2

sinα

[
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α

π
+

1

2
(3 cos ΘR − cos ΘA)

]
dα
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1

2

∫ 2π

3π
2

sinα
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α

π
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1

2
(5 cos ΘA − 3 cos ΘR)
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dα
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cos ΘR − cos ΘA

2π

∫ π
2

0

α sinα dα +
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2
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2π

∫ 3π
2

π
2

α sinα dα +
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2π
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(1) +

(
cos ΘA + cos ΘR

4

)
(1)

−
(

cos ΘR − cos ΘA

2π

)
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(
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(cos ΘR − cos ΘA) . (A.4)

In the last step, the following result was used:

∫ b

a

α sinα dα =

∫ b

a

α
d(− cosα)

dα
(A.5)

= − [α cosα]ba −
∫ b

a

(− cosα) dα (A.6)

= − [α cosα]ba + [sinα]ba . (A.7)

A.1.2 Cubic cos Θ(α)

Using a cubic function to define the contact angle is the most realistic since it allows

the contact angle to vary smoothly and continuously. The contact angle function has

to satisfy four boundary conditions:
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• cos Θ(α = −π/2) = cos ΘA,

• cos Θ(α = π/2) = cos ΘR,

• d(cos Θ)
dα

= 0 at α = −π/2, and

• d(cos Θ)
dα

= 0 at α = π/2.

The last two conditions are required in order to have a smooth contact angle variation.

Since there are four boundary conditions, the function describing the contact angle

variation must have four independent parameters. A cubic polynomial fulfils this

requirement,

cos Θ(α) = aα3 + bα2 + cα + d, (A.8)

where a, b, c, and d are independent variables. These variables can be written in

terms of ΘA and ΘR using the four boundary conditions listed above to obtain:

a =
2

π3
(cos ΘA − cos ΘR) (A.9)

b = 0 (A.10)

c = − 3

2π
(cos ΘA − cos ΘR) (A.11)

d =
1

2
(cos ΘA + cos ΘR). (A.12)

Therefore, the equation describing Θ(α) is

cos Θ(α) =
2

π3
(cos ΘA − cos ΘR)α3 − 3

2π
(cos ΘA − cos ΘR)α +

1

2
(cos ΘA + cos ΘR).

(A.13)

This equation is valid for −π/2 < α < π/2.

To find the K factor corresponding to a cubic variation in cos Θ(α), the integral

in equation A.3 is first rewritten such that the limits of integration match the range

for which the definition of cos Θ(α) is valid (−π/2 to π/2),

M

γRL
=

1

2

∫ 2π

0

cos Θ(α) sinα dα

=
1

2

∫ π

−π
cos Θ(α) sinα dα

=

∫ π
2

−π
2

cos Θ(α) sinα dα (A.14)

The last step is because Θ(α) is symmetric about the yz plane, and therefore the

integrand has a periodicity of π.
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Next, equation A.3 is substituted into equation A.14 to obtain

M

γRL
=

∫ π
2

−π
2

sinα
[
aα3 + cα + d

]
dα

=

[(
3π2

2
− 12

)
a+ 2c+ 0

]
=

24

π3
(cos ΘR − cos ΘA). (A.15)

Therefore, the K = 24/π3 for the cubic contact angle variation. In the above, the

following results were used:
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A.2 Detachment force

In this section, the detachment force (F pull) predicted by Models 1, 2 and 4 are

compared to the detachment force predicted by Model 3.

The percentage difference in the detachment force predicted by the models are

calculated using

Fi − F3

(Fi + F3)/2
× 100, (A.16)

where Fi (i = 1, 2, 4) is the detachment force predicted by Model 1, 2 and 4

respectively. F3 is the detachment force predicted by Model 3.
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Figure A.1: Comparison between the detachment force predicted by Models 1 and
3. The curves are contours of contact percentage difference (calculated using A.16).
The numbers on the contours are the percentage differences.

Figure A.2: Comparison between the detachment force predicted by Models 2 and
3. The curves are contours of contact percentage difference (calculated using A.16).
The numbers on the contours are the percentage differences.

Figure A.3: Comparison between the detachment force predicted by Models 4 and
3. The curves are contours of contact percentage difference (calculated using A.16).
The numbers on the contours are the percentage differences.
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Particle removal by drops

B.1 Role of inertia

When a liquid-air interface, moving at speed v, collides with a stationary particle on

a surface, the particle either remains attached to the interface or goes through it. For

the particle to remain attached to the moving interface, its speed has to increase from

0 to v. This increase in speed corresponds to an increase in the kinetic energy of the

particle by (1/2)mv2, where m is the mass of the particle.

Here, I estimate the average force that the interface needs to exert on the particle

to change its speed from 0 to v. I will call this force the inertial force, Finertial.

The average force required to increase the speed of the particle from 0 to v over a

distance δ is obtained by equating the work done to the initial kinetic energy of the

particle. This gives

Finterial =
1

2δ
mv2. (B.1)

To see how Finertial compares to the maximum capillary force that the interface

can exert on the particle, consider a glass particle (density ρ = 2 500 kg m−3) of radius

100 µm and mass 1×10−8 kg. The capillary force acting on a particle of radius R is of

the order of Rγ. By equating Rγ to Finertial, we find that the speed at which Finertial

becomes comparable to the capillary force is

v ≈ 1

R

√
3γδ

2πρ
≈ 0.4 m s−1. (B.2)

To obtain the numerical estimate, I have used δ ≈ R and γ = 72 mN m−1 (for water).

The collision experiments presented in chapter 5 were performed at speeds that

are at least two orders of magnitude smaller than 0.4 m s−1. Therefore, inertial effects

were negligible in the experiments.
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