
Design and characterization of a quantum heat pump in a driven quantum gas

Arko Roy1, 2, ∗ and André Eckardt1, 3, †

1Max-Planck-Institut für Physik komplexer Systeme, Nöthnitzer Straße 38, 01187 Dresden, Germany
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We propose the implementation of a quantum heat pump with ultracold atoms. It is based on
two periodically driven coherently coupled quantum dots using ultracold atoms. Each dot possesses
two relevant quantum states and is coupled to a fermionic reservoir. The working principle is based
on energy-selective driving-induced resonant tunneling processes, where a particle that tunnels from
one dot to the other either absorbs or emits the energy quantum ~ω associated with the driving
frequency, depending on its energy. We characterize the device using Floquet theory and compare
simple analytical estimates to numerical simulations based on the Floquet-Born-Markov formalism.
In particular, we show that driving-induced heating is directly linked to the micromotion of the
Floquet states of the system.

I. INTRODUCTION

The miniaturization of heat engines and pumps to sys-
tems consisting of a few relevant quantum states only
[1, 2] and their description in terms of quantum thermo-
dynamics [3–6] constitutes a fascinating and active field
of research. In this context the implementation and in-
vestigation of such devices with ultracold neutral atoms
in tailored light-shift potentials defines a promising di-
rection of research. Especially the recently developed
quantum-gas microscopes, where digital mirror devices
are employed for microstructuring almost arbitrary po-
tential landscapes with high resolution both in space and
time [7–12], provide an interesting platform for this goal.
One advantage of atomic quantum gases in optical poten-
tials is that they provide extremely clean conditions for
studying the fundamental properties of quantum engines
and pumps, since they do not suffer from dissipation in-
duced by the coupling to phonons or due to radiative
loss, as it is typically present in electronic systems. First
experiments in this direction include the creation of a
heat engine [13] as well as local probes for thermometry
in ultracold gases [14–16]. Moreover, the implementation
of a heat pump could be also of practical use for reaching
lower temperatures.

In this paper, we design, characterize and propose to
implement a quantum heat pump in an optically mi-
crostructured quantum gas. The starting point is a setup
as it is realized by the Zurich group, where two reservoirs
are coupled by a structured channel [13, 17–19]. The de-
vice itself is based on the potential landscape sketched
in Fig. 1(a). It consists of two coupled quantum dots, to
be labeled l (left) and r (right), each coupled to a larger
fermionic system and each hosting two relevant single-
particle levels, to be labeled by 1 (lower) and 2 (upper)
[Fig. 1(a)]. The upper levels shall correspond to excita-
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FIG. 1. (a) Sketch of the potential landscape used to build
the heat pump. (b) Open-system model used to describe the
device.

tions transverse to the sketched potential. This brings
various advantages: the energies of the individual levels
can easily be tuned by the local transverse potential, the
tunnel coupling between the upper levels is comparable to
that of the lower ones, and unwanted tunneling between
the upper and lower level of different dots is forbidden
by opposite transverse parity. Finally, we assume a time-
periodic energy modulation K cos(ωt) for particles in the
right dot with amplitude K and frequency ω. The pro-
posed setup can be realized using available experimental
techniques: Two fermionic reservoirs coupled by tailor-
made potential landscapes have already been realized by
the Zurich group [13, 17–19]. Furthermore, the combina-
tion of digital mirror devices with high-resolution optics
has become a standard technique for engineering light-
shift potentials with high spatio-temporal resolution [8].

A driven double-quantum-dot structure similar to the
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one considered here was proposed also for electrons in a
driven heterostructure [20]. It was modeled as a one-
dimensional system with stepwise constant potentials,
which allowed for a treatment using a Floquet transfer-
matrix approach [21] and which differs from the system
considered here by the fact that it does not involve trans-
verse degrees of freedom. Different from this previous
work, our analysis presented below is based on Floquet-
Born-Markov theory [22–25]. Another difference consists
in the fact that we are assuming reservoirs of finite size,
as they are relevant for a quantum-gas system, and study
their time evolution. The latter reveals the interplay be-
tween cooling via energy pumping on the one hand, which
for (suitable parameters) dominates on short times, and
heating that we relate to driving induced micromotion
on the other, which eventually will dominate in the long-
time limit. The fact that the working mechanism of
our system will be based on the transport of particles
(fermions) between the dots and the reservoirs, distin-
guishes it, moreover, from very recently proposed peri-
odically driven heat pumps based on energy exchange
[26, 27] and from an incoherently driven double-dot de-
vice [28].

II. BASIC IDEA

The model that we employ to describe the system
is sketched in Fig. 1(b). We treat the fermionic sys-
tems coupled to the left and right quantum dot as ther-
mal reservoirs characterized by temperatures Tl, Tr and
chemical potentials µl, µr. For simplicity, we assume (i)
the reservoirs (which we label by the dot they are coupled
to, d = l, r) to have a density of states Dd(E) = ρdθ(E)
taking a constant value ρd above their minimum energy
E = 0 (θ denotes the step function) and (ii) the parti-
cle exchange between reservoirs and dots via tunneling
to be captured by an energy independent parameter γ.
However, this choice is not essential.

Within the double-dot structure, for zero driving (K =
0) the lower and the upper state shall be arranged sym-
metrically with respect to the energy E0 in both wells
and they shall be separated by 2(Eg + ∆) and 2Eg in
the left and the right well, respectively, with ∆, Eg > 0.
Moreover, particles can tunnel “horizontally” between
the lower and the upper pair of levels with matrix el-
ement −J , whereas “diagonal” tunneling between the
lower level of one dot to the upper one of the other dot
is suppressed by the opposite parity of the transverse
wave-function. Thus, the lower and the upper pair of
levels form two individual channels, 1 and 2, individu-
ally connecting both reservoirs. All in all, the double-dot
system is described by the Hamiltonian

Ĥ(t) = (E0 + Eg + ∆)n̂2l + [E0 + Eg +K cos(ωt)]n̂2r

+ (E0 − Eg −∆)n̂1l + [E0 − Eg +K cos(ωt)]n̂1r

− J(â†1râ1l + â†2râ2l + h.c.), (1)

where h.c. stands for hermitian conjugate and âcd and
n̂cd, with dot label d = l, r and channel label c = 1, 2,
denote the annihilation and number operators for spinless
fermions in the four levels.

In the following, we will assume J � ∆, so that tun-
neling between the dots is energetically suppressed in the
undriven system. However, we will also assume that the
driving frequency is tuned to resonance with this offset,
∆ = ν~ω with integer ν, so that coherent tunneling can
be induced as a “photon”-assisted process. In this way,
one can achieve a situation, where fermions of energy
E0 +Eg absorb ν energy quanta ~ω from the drive, when
passing from the right to the left reservoir via channel 2,
whereas fermions at the lower energy E0 − Eg emit the
energy ν~ω into the drive, when moving from right to
left via channel 1. Together with the reverse left-to-right
processes, one can immediately see that a steady-state
situation without net particle and energy flow between
both reservoirs can be given by a configuration, where
µl = µr = E0 and

Tl
Tr

=
Eg + ∆

Eg
≡ a > 1. (2)

Namely, in this case the Fermi-Dirac distribution
fT,µ(E) = {exp[(E − µ)/T ] + 1}−1 of the right reser-
voir at energies E0 ± Eg equals that of the left reservoir
at energies E0 ± (Eg + ∆), respectively. Therefore, one
can expect that the driven double-dot acts as a quantum
heat pump, transferring energy from the colder right to
the hotter left reservoir, as long as

Tl
a

. Tr < Tl. (3)

Note that Eqs. (2) and (3) are simple estimates, only.
Deviations from them will arise due to “photon”-assisted
tunneling processes between the levels E0 ± Eg of the
driven right quantum dot and states of the right reser-
voir at energies E0 ± Eg + m~ω, during which integer
numbers m 6= 0 of energy quanta ~ω are absorbed or
emitted by the drive. Furthermore, also the level split-
ting within each channel, as it is induced by resonant
tunneling, alters this simple picture.

III. OPEN-SYSTEM APPROACH

Each channel corresponds to a driven two-level sys-
tem. In the “rotating” reference frame, obtained by in-
tegrating out the potential offsets V̂ =

∑
c scν~ωn̂cl +

K cos(ωt)n̂cr between both wells of each channel, with
sign sc ≡ (−1)c, the tunneling parameter becomes time

dependent. Namely, after a gauge transformation Ĥ ′ =
Û†ĤÛ − i~Û† ddt Û with the time-periodic unitary opera-

tor Û(t) = exp
[
− i
∫ t

0
dt V̂ (t)/~

]
, we arrive at

Ĥ ′(t) =
∑
c=1,2

[
(E0 + scEg)n̂c

− J
(
ei(α sin(ωt)−scν~ωt)â†crâcl + h.c.

)]
, (4)



3

where we have introduced the total channel occupations
n̂c = n̂cl+ n̂cr as well as the dimensionless driving ampli-
tude α ≡ K/(~ω). In the high-frequency limit J � ~ω,
we can average this rapidly varying phase factor over one
driving period to obtain the effective time-independent
Hamiltonian in rotating-wave approximation,

Ĥeff =
∑
c=1,2

[
(E0 + scEg)n̂c − Jeff

c (â†crâcl + h.c.)
]
. (5)

Here Jeff
c = JJscν(α) denotes the effective tunneling ma-

trix element, where Jk(x) denotes the kth-order Bessel
function of the first kind (see, e.g., Ref. [29] for de-

tails). Diagonalizing Ĥeff Hamiltonian and transforming
the eigenstates back to the original frame of reference,
one obtains the time-periodic single-particle Floquet
modes |uc±(t)〉 =

(
e−iscνωt|cl〉 ± e−iα sin(ωt)|cr〉

)
/
√

2,

with quasienergies εc± = E0 + scEg ± Jeff
c , where

|cd〉 = â†cd|vac〉 with vacuum |vac〉. For non-interacting
fermions, we also define time-periodic Floquet-Fock
states |{nc±}(t)〉 characterized by sharp occupation num-
bers nc± of the single-particle Floquet modes.

Let us treat the double-quantum dot as an open
system coupled to the left and the right reservoir
[Fig. 1(b)]. In the limit where the coupling to the reser-
voirs, γ, becomes small compared to the quasienergy
level splitting ∼ |Jeff

c |), the system approaches a quasi-
steady state described by a time-periodic density matrix
ρ̂(t) =

∑
{nc±} p{nc±}|{nc±}(t)〉〈{nc±}(t)|, which is di-

agonal with respect to the time-periodic Floquet-Fock
states [22–25]. The diagonal elements are given by time-
independent probabilities p{nc±}, which are determined

by the rates (1 − nc±)R∗c± and nc±R
†
c± for the gain

(“birth” ∗) and the loss (“death” †) of a fermion in state
c±, respectively. The rates have contributions from both

reservoirs (d = l, r), Rηc± = Rηlc± + Rηrc± with η = ∗, †,
and can be obtained using Floquet-Born-Markov theory
in combination with the secular approximation [22–25].
They are given by a sum of golden-rule type terms de-
scribing processes where the system exchanges m energy

quanta ~ω with the drive, Rηdc± =
∑
mR

ηd(m)
c± with

R
ηd(m)
c± =

2π

~
|γ(m)
cd,±|2Dd(εc± +m~ω)fηTd,µd

(εc± +m~ω),

(6)

where f∗T,µ(E) = fT,µ(E), f†T,µ(E) = 1− fT,µ(E) as well

as γ
(m)
cd,± = 1

T

∫ T
0

dt eimωt〈vac|γâcd|uc±(t)〉. For the un-
driven left dot only one term of the sum contributes,

γ
(m)
cl,± = γδm+scν/

√
2, describing the coupling to reservoir

states at energies E0 + sc(Eg + ∆)± Jeff
c . In contrast for

the driven right dot, we find coupling matrix elements

γ
(m)
cr,± = γJm(α)/

√
2 for particle exchange with reservoir

states at all energies E0 +scEg±Jeff
c +m~ω. The “satel-

lite” coupling terms with non-zero m are a direct con-
sequence of the periodic time-dependence of the Floquet
states |uc±(t)〉 known as micromotion.

For small driving amplitudes one has Jm(α) '
(α/2)m/m!. Thus, the ideal situation captured by
Eqs. (2) and (3), where the right dot is just coupled to
reservoir states of energy E0 + scEg, is given in the limit
α → 0, only. However, in this limit also the effective
tunneling matrix elements vanish, Jeff

c → 0, suppress-
ing transport between both reservoirs. As a result, when
choosing α there will be a trade-off between enhancing
Jeff
c and avoiding detrimental processes associated with

photon-assisted (m 6= 0) tunneling between the system
and the right reservoir. Since our theory is limited to
the regime γ � |Jeff

c |, where the bottleneck of transport
from one reservoir to the other through the double dot
is γ rather than Jeff

c , it does not directly describe the
suppression of transport for α → 0. However, it is still
taken into account indirectly by the fact that transport
is limited by a value of γ, which is assumed to be smaller
than |Jeff

c |.
In the steady state the mean-occupations of the Flo-

quet modes obey d
dt 〈n̂c±〉 = R∗c±(1−〈n̂c±〉)−R†c±〈n̂c±〉 =

0, so that 〈n̂c±〉 = (1 +R†c±/R
∗
c±)−1. From this solution,

we obtain the steady-state rates for the change of particle
number, Ṅd, and energy, Ėd, in both reservoirs:

Ṅd =
∑
c±

[
R†dc±〈n̂c±〉 −R∗dc±(1− 〈n̂c±〉)

]
(7)

Ėd =
∑
c±
m

[
R
†d(m)
c± 〈n̂c±〉 −R∗d(m)

c± (1− 〈n̂c±〉)
] (
εc± +m~ω

)
.

While the total particle number is conserved, so that
Ṅr + Ṅl = 0, energy is not conserved for non-zero driv-
ing, so that Ėr + Ėl 6= 0 (we always find Ėr + Ėl > 0,
consistent with the second law of thermodynamics). In

the quantum-heat-pump regime, Ėr < 0 for Tr < Tl,
where the system extracts energy from the colder right
reservoir, we can define the coefficient of performance
COP = −Ėr/(Ėr + Ėl).

IV. RESERVOIR DYNAMICS

Assuming the reservoirs to thermalize sufficiently fast
to individually remain in equilibrium while exchanging
energy and particles with the double dot, we compute
the time derivatives of µd and Td from Eqs. (7). For this
purpose, we invert(

Ṅd
Ėd

)
=

(
∂µd

Nd ∂Td
Nd

∂µd
Ed ∂Td

Ed

)(
µ̇d
Ṫd

)
, (8)

where Nd = Nd(Td, µd) =
∫∞

0
dερdfTd,µd

(ε) and Ed =

Ed(Td, µd) =
∫∞

0
dερdεfTd,µd

(ε). In the following, we will
use the tunneling parameter J as the unit of energy and
measure times in units of τ = ~/(2πγ2ρr), so that γ drops
out and the dynamics depends on the ratio λ ≡ ρl/ρr of
reservoir “sizes” rather than on the absolute values ρr
and ρl.
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FIG. 2. (a) Change rate of the right temperature, Ṫr, vs.
∆T = Tr − Tl and ∆µ = µr − µl, for fixed µl = E0 = 46
and Tl = 0.2µl and α = 0.1, ∆ = ~ω = 20, Eg = 6, λ = 10.
(b) Relative change rate of right chemical potential µ̇r/µr
(red solid line, left axis) and coefficient of performance COP
vs. ∆T (blue dotted line, right axis) for ∆µ = 0 for parameters
of (a).

V. RESULTS

In order to test, whether the driven double dot can
operate as a heat pump, in Fig. 2(a), we examine the

rate Ṫr at which the right temperature changes in re-
sponse to finite differences in temperature and chemical
potential, ∆T = Tr − Tl and ∆µ = µr − µl, keeping
Tl and µl fixed (the parameters are given in the cap-
tion). Since we are considering a small driving ampli-
tude α = 0.1, for ∆µ = 0 we expect the system to op-
erate as a heat pump roughly in the regime (3), i.e. for
0 > ∆T > −(1 − 1/a)Tl ≈ −7.1. And, indeed, we find

Ṫr < 0 for ∆T & −7, in excellent agreement with this
prediction. Moreover, the relative rate at which the right
chemical potential changes [Fig. 2(b), red line] is negligi-
bly small, as desired for the operation of the device as a
heat pump. The blue line in Fig. 2(b) shows the coeffi-
cient of performance, reaching its maximum of about 0.3
at ∆T = 0.

In Fig. 3(a), we plot the time evolution of Tr (solid
lines) and Tl (long-dashed lines) starting from the same
initial temperature T0 and chemical potential µ0 = E0

(the parameters are given in the caption). The thin
green, intermediate blue, and thick red lines correspond
to increasing driving strengths α = 0.1, 0.25, and 0.5,
respectively. The best performance can be observed for
the weakest driving strength. Here the temperature of
the left reservoir first drops to 0.6T0 due to heat transfer
to the left reservoir, before it increases again very slowly
as a result of driving induced heating. Increasing α and
with that also |Jeff

c | the dynamics can be made faster
by increasing γ so that τ becomes smaller. However,
at the same time also driving-induced heating increases
with α and causes a smaller temperature reduction to
0.8T0 for α = 0.25 and even a temperature increase of
both reservoirs for α = 0.5. The inset shows the time
evolution of the chemical potential µr of the right reser-
voir for α = 0.25. We can see that it changes by about
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FIG. 3. (a) Time evolution of Tr (solid lines) and Tl (dashed
lines) for initial conditions Tr = Tl = T0 = 0.2µl and µl =
µr = E0 = 46; driving amplitudes α = 0.1 (thin green), 0.25
(intermediate blue), 0.5 (thick red); as well as for Eg = 6,
∆ = ~ω = 20 (giving a = 13/3), and λ = 1. Dotted red

line shows Tr for α = 0.5 neglecting rates R
ηd(m)
c± with m 6= 0.

Dot-dashed green line shows Tr for α = 0.1 and λ = 10. Inset:
Evolution of right chemical potential for α = 0.25. (b) Tl/Tr
when Tl reaches its minimum vs. ~ω/Eg; for Eg = 6 (red
symbols), = 12 (blue symbols); different ~ω = ∆; α = 0.1
(triangles), 0.2 (circles), 0.3 (diagonal crosses), 0.4 (pluses),
0.5 (diamonds); λ = 10 (filled symbols), 1 (open and other
symbols). The dashed line shows a.

one percent only on the time scale needed to reach the
minimum temperature, so that the driven double dot pre-
dominantly cools the right reservoir.

The driving-induced heating is directly associated with

the micromotion and the resulting rates R
ηd(m)
c± with

m 6= 0 [Eq. (6)]. When we set the m 6= 0-rates to
zero artificially by hand, no driving-induced heating oc-
curs and a steady state with Tr ≈ 0.54T0 is reached, as
can be seen from the thin short-dashed red line show-
ing Tr for α = 0.5 (where before no cooling was ob-
served at all). For this artificial steady state, we expect
Tl/Tr ≈ 1 + ∆/Eg = a, according to Eq. (2). Including
also m 6= 0, this estimate sets also an upper limit for
Tl/Tr at the time where Tr becomes minimal. This is
confirmed in Fig. 3(b), where we plot this ratio versus
∆/Eg = ~ω/Eg for various different parameters (differ-
ent symbols, see caption) together with a (dashed line).
From this Figure, we can see that, as expected, the data
comes closer to the optimal limit a (dashed line) when α
is lowered. While also lowering ~ω/Eg helps to approach
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FIG. 4. Tmin
r /T0 for initial conditions Tr = Tl = T0 = 0.2µl

and µl = µr = E0 = 46 (a) vs. Eg for ~ω/J = 20; α =
0.1 (diamonds), 0.2 (triangles), 0.5 (squares); λ = 1 (open
symbols), 10 (filled symbols); (b) vs. ~ω = ∆ for α = 0.2;
Eg = 6 (triangles), 12 (circles), 18 (squares); λ = 1 (open
symbols), 10 (filled symbols); (c) vs. λ for Eg = 6 for ω =
∆ = 20, α = 0.1 (lower red circles) and Eg = 12, ω = ∆ =
15, α = 0.2 (upper blue circles); the dashed lines show the
corresponding results for λ→∞.

the bound a, the bound itself becomes more favorable for
larger ~ω/Eg, so that (at least for sufficiently small α)
we still find better (larger) temperature ratios for larger
~ω/Eg.

Finally, we observe larger temperature ratios when in-
creasing the relative size λ of the energy absorbing left
bath. This is a consequence of the fact that the left bath
can absorb more of the heating-induced energy during the
evolution, since its temperature remains lower. An addi-
tional major benefit of raising λ is, furthermore, that not
only Tr/Tl is lowered, but at the same time also the ab-
solute values of Tl and with this also Tr. The advantage
of an increased left reservoir is confirmed by the dash-
dotted green line in Fig. 3(a) showing the evolution of Tr
for the same parameters like the solid green curve, except
that now λ = 10 is chosen rather than the value λ = 1
used for all other curves. As a result, Tr is reduced to
0.26T0, which is almost the optimal value T0/a ≈ 0.23T0

of the bound

Tr & T0/a (9)

obtained from Eq. (3) for λ → ∞ so that Tl = T0 at all
times. In Fig. 4 we investigate how the minimal right
temperature assumed during the evolution depends on
the system parameters. As expected from Eq. (2), we
find that Tmin

r /T0 decreases both when lowering Eg [at
least for sufficiently weak driving strength α, Fig. 4(a)]
and when increasing ~ω = ∆ [Fig. 4(b)]. Moreover, we
find that the enhancement of cooling by increasing the
relative size λ of the right reservoir saturates at values of
about λ = 5 [Fig. 4(c)]. This is a very promising result
for the implementing such a heat pumps with ultracold
atoms, since it implies that it is sufficient to engineer
reservoirs of rather moderate size.

Besides the optimization of parameters with the aims
of both saturating and lowering the bound (9), an alter-
native strategy for reaching lower temperatures is to put

𝑇𝑇/
𝑇𝑇 0

FIG. 5. Temperature evolution of three reservoirs l, m, r
(upper, middle, lower line) coupled by identical heat pumps;
for initial conditions Tl = Tm = Tr = T0 = 0.2µr, µl =
µm = µr = E0 = 46 and ~ω = ∆ = 20, Eg = 6, α = 0.1,
ρl/ρm = ρm/ρr = 5.

two (or more) heat pumps in series. This scenario is in-
vestigated in Fig. 5, where we plot the evolution of the
temperatures of three reservoirs (l, m, r) that are cou-
pled by two identical heat pumps (see sketch). Motivated
by the results of Fig. 4(c), we have chosen a hierarchy of
reservoir sizes according to ρl/ρm = ρm/ρr = 5. Note
that both left and middle reservoir together are still only
30 times larger than the reservoir that we wish to cool.
The lower limit for the temperature of the right reservoir
is now given by Tr & T0/a

2 ≈ 0.053T0 and, indeed, we
can see that during the evolution Tr/T0 is reduced to the
temperature 0.07T0, which is only slightly larger.

VI. CONCLUSION

We have described a simple design for a quantum heat
pump. It is based on two coherently coupled, periodically
driven quantum dots, each possessing two relevant quan-
tum states and being tunnel-coupled to a reservoir. The
working principle is based on energy-selective “photon”-
assisted tunneling processes, where a particle that tun-
nels from one dot to the other either absorbs or emits
the energy quantum ~ω associated with the driving fre-
quency, depending on its energy. We simulate the device
using an open-system approach based on Floquet-Born-
Markov theory and show that it indeed works as a heat
pump and that unavoidable fundamental driving-induced
heating is directly linked to the micromotion of the sys-
tem’s Floquet states. It is a promising perspective to im-
plement such a device with quantum-gases using recently
established experimental techniques for microstructuring
light-shift potentials. Namely, quantum gases provide
extremely clean conditions, since they do not suffer from
detrimental dissipation via radiative losses or the cou-
pling to a phonon-bath, as it is present in electronic sys-
tems. Moreover, the proposed device might also be of
practical use for reaching lower temperatures.
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