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As is well-known in the context of topological insulators and superconductors, short-range-correlated
fermionic pure Gaussian states with fundamental symmetries are systematically classified by the periodic ta-
ble. We revisit this topic from a quantum-information-inspired operational perspective without referring to
any Hamiltonians, and apply the formalism to bosonic Gaussian states as well as (both fermionic and bosonic)
locality-preserving unitary Gaussian operations. We find that while bosonic Gaussian states are all trivial, there
exist nontrivial bosonic Gaussian operations that cannot be continuously deformed into the identity under the
locality and symmetry constraint. Moreover, we unveil unexpectedly complicated relations between fermionic
Gaussian states and operations, pointing especially out that some of the former can be disentangled by the latter
under the same symmetry constraint, while some cannot. In turn, we find that some topological operations are
genuinely dynamical, in the sense that they cannot create any topological states from a trivial one, yet they are
not connected to the identity. The notions of disentanglability and genuinely dynamical topology apply equally
to generic interacting topological phases and quantum cellular automata.

Introduction.— Classifying topological phases of quantum
matter is a central topic in modern condensed matter physics
[1]. The arguably most well-established paradigm is the clas-
sification of free fermions described by band theory, which
are expected to be relevant to the majority of natural mate-
rials with weak electron interactions [2, 3]. In the presence
of fundamental two-fold Altland-Zirnbauer (AZ) [4] symme-
tries, the result is well-known as the periodic table [5–8].

In contrast, one popular way of classifying strongly in-
teracting topological phases follows a quantum-information-
inspired viewpoint [9–15]. That is, instead of Hamiltoni-
ans, one focuses directly on short-range correlated quantum
many-body states, typically in the tensor-network represen-
tations [16–18], to see whether one can be transformed into
another by a finite-depth quantum circuit of local unitaries
with symmetries (if any). For example, topologically ordered
states cannot be disentangled by local quantum circuits and
thus exhibit long-range entanglement [9]. Such an operational
perspective has recently been used to study the topology of
locality-preserving unitaries themselves [19–25], which natu-
rally generalize quantum circuits and are usually called quan-
tum cellular automata (QCA) [26–28]. This topic is closely
related to Floquet topological phases [29–38].

The operational formalism is certainly applicable also to
noninteracting systems, whose ground states are Gaussian.
While this point has been tacitly mentioned in the literature
[39–41], to our knowledge, an explicit formalism based on
Gaussian states (GSs) alone is till missing. More importantly,
while the classification of fermionic Gaussian states (fGSs)
should be given by the periodic table, that of unitary Gaussian
operations (GOs) remains unclear. We also note that there is
considerable recent interest in free-boson topological phases
[42–44], although the classifications seem to differ a lot de-
pending on the setups [45, 46]. Hence, it is also worthwhile
to clarify the classification of bosonic Gaussian states (bGSs)
in the operation-based framework.

In this work, we fill the gap between the operational for-

malism and the classification of GSs, and apply the former
to GOs. We find consistent classifications for fGSs, and only
one trivial phase for bGSs. Nevertheless, there exist nontriv-
ial bosonic Gaussian operations (bGOs). Remarkably, we find
the relations between fGSs and fermionic Gaussian operations
(fGOs) to be unexpectedly complicated — not all the topolog-
ical fGSs in the periodic table can be disentangled by fGOs
with the same symmetries, and not all the topological fGOs
can create topological fGSs from trivial ones. This observa-
tion allows us to refine both topological fGSs and fGOs into
two types — disentanglable vs. non-disentanglable, and state-
like vs. genuinely dynamical, respectively.

Quantum Gaussian states and operations.— Consider a d-
dimensional (dD) lattice Λ = Zd with n internal states at each
unit cell labeled by the elements in I . In terms of the fermion
/ boson modes ĉrs / ârs (r ∈ Λ, s ∈ I), we can define a set
of Majorana fermions γ̂r+s ≡ ĉ†rs + ĉrs, γ̂r−s ≡ i(ĉ†rs −
ĉrs) / quadratures ξ̂r+s ≡ â†rs + ârs, ξ̂r−s ≡ i(â†rs − ârs).
A pure fGS/bGS |Ψ〉 on Λ is fully [47] characterized by the
covariance matrix Γ:

(Γf)rS,r′S′ =
i

2
〈Ψf |[γ̂rS , γ̂r′S′ ]|Ψf〉,

(Γb)rS,r′S′ =
1

2
〈Ψb|{ξ̂rS , ξ̂r′S′}|Ψb〉,

(1)

where S ≡ ±s and the subscript f/b stands for
“fermion/boson”. We focus on short-range correlated
GSs, whose covariance matrices satisfy |(Γ)rS,r′S′ | ≤
Γ0e
−|r−r′|/` for some O(1) constants Γ0 and `.

A unitary fGO/bGO Û transforms each mode linearly as:

Û†f γ̂rSÛf =
∑
r′,S′

(Vf)rS,r′S′ γ̂r′S′ ,

Û†b ξ̂rSÛb =
∑
r′,S′

(Vb)rS,r′S′ ξ̂r′S′ .
(2)

We focus on locality-preserving GOs, for which, just like Γ,
the entries in V decay exponentially in terms of |r−r′|. Note
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that it is the locality that allows us to distinguish different spa-
tial dimensions. Without locality, all the GSs/GOs can be con-
sidered to be of zero dimension.

For simplicity, we assume the lattice translation sym-
metry such that (Γ)rS,r′S′ = (Γ)r−r′,SS′ , which enables
us to perform the Fourier transformation (Γ(k))SS′ =∑
δr∈Λ(Γ)δr,SS′e−ik·δr, where k ∈ T d is a wave vector

in the Brillouin zone. One can check that Γ(k)∗ = Γ(−k),
Γf(k)† = −Γf(k), Γb(k)† = Γb(k) > 0 and

Γf(k)2 = −112n, Γb(k)σΓb(k) = σ, (3)

where σ ≡ iσy ⊗ 11n is the symplectic matrix, σx,y,z is the
Pauli matrix and 11n is the n × n identity matrix. Similarly,
we can define V (k) and confirm the following inherent prop-
erties: V (k)∗ = V (−k) and

Vf(k)Vf(k)† = 112n, Vb(k)σVb(k)† = σ. (4)

The short-range (exponential decay) nature of |Ψ〉/Û turns out
to be equivalent to the analyticity of Γ(k)/V (k) in k [48].

To impose a symmetry on a GS/GO, we only have to require
the symmetry operator commute [49] with |Ψ〉〈Ψ|/Û and then
identify its action on the covariance matrix Γ/representation
matrix V . This is different from the way of imposing symme-
tries to Floquet unitaries [50], which is not compatible with
our operational framework due to the dynamical breaking of
anti-unitary symmetries [51].

Topological equivalence.— Let us clarify the definition of
topological equivalence for GSs/GOs. We say two GSs/GOs
are strictly equivalent if they can be interpolated by a contin-
uous (more precisely, smooth) path along which both symme-
tries (if any) and locality are respected. Mathematically, this
is nothing but the homotopy equivalence for Γ(k) and V (k),
which are smooth maps from T d to some matrix spaces. In
fact, by first defining strict equivalence for GOs, we can al-
ternatively define that two GSs are strictly equivalent if one
can transfer one into another by a trivial GO, which is strictly
equivalent to the identity. Obviously, this definition implies
the original one. To see the converse, suppose that Γ(k;λ)
(λ ∈ [0, 1]) interpolates Γ(k; 0) and Γ(k; 1), then the triv-
ial GO V (k; 1) can be determined by solving ∂λV (k;λ) =
K(k;λ)V (k;λ) with V (k; 0) = 112n and

Kf(k;λ) =
1

2
Γf(k;λ)∂λΓf(k;λ),

Kb(k;λ) =
1

2
Γb(k;λ)σ∂λΓb(k;λ)σ.

(5)

Note that Kf(k) = −Kf(k)† and σKb(k)σ = Kb(k)†, so
Vf(k) is unitary and Vb(k) is symplectic. This construction is
compatible with any additional symmetries [52].

Due to both the mathematical difficulty of calculating
generic homotopy groups [53] and the physical feasibility of
introducing “catalysts” [54], a more useful definition is given
by the following weaker version. That is, two GSs/GOs are
said to be equivalent if they are strictly equivalent after some
trivial ancillas being added. Mathematically, this definition is

TABLE I. Dictionary for the symmetry constraints on the AZ classes
in the state (2-4 columns) and Hamiltonian (5-7 columns, where PHS
and SLS stand for particle-hole and sublattice symmetries, respec-
tively) formalisms. Strong topological invariants of fGSs/fGOs in
dD are given by πd(F), where πd is the dth homotopy group and
F is the classifying space in the last column. Cells marked in blue
correspond to the symmetry constraints on and the classifications of
bGOs without and with TRS. SU(2) symmetry marked by z/“other”
is imposed only in z-direciton/other degree of freedom than spin.

AZ TRS U(1) SU(2) TRS PHS SLS Classifying space
A 0 1 0 0 0 0 C0 / C1

AIII − 0 z 0 0 1 C1 / C21
AI + 1 0 + 0 0 R0 / R1

BDI + 0 0 + + 1 R1 /R2
1

D 0 0 0 0 + 0 R2 /R1

DIII − 0 0 − + 1 R3 / C1
AII − 1 0 − 0 0 R4 / R5

CII − 0 other − − 1 R5 /R2
5

C 0 0 1 0 − 0 R6 /R5

CI − 0 1 + − 1 R7 / C1

fully captured by the K-theory [55], which concerns essen-
tially the stable homotopy in the presence of additional de-
grees of freedom. Similar to the case of strict equivalence, we
can alternatively define two GSs to be equivalent if one can
be transferred into the other by a trivial GO and assisted by
some ancillas. Here the triviality of GO can be either strict
or weak, since in the latter case one can add more ancillas to
make the extended GO strictly trivial. We define trivial GSs
to be those without correlations, i.e., Γ(k) is k-independent
or (Γ)rS,r′S′ ∝ δrr′ , and of course their equivalent states.

Classifications.— We classify fGSs by applying the stan-
dard Clifford algebra technique [7] to Γf(k) and the result is
given by the well-known periodic table [5–7], as shown in Ta-
ble I. It should be emphasized that the emergent symmetries
in iΓf(k), which are compatible with the symmetries in the
Hamiltonian formalism [1], may arise from a very different
physical symmetry. For example, even without any physical
symmetry, iΓf(k) exhibits the particle-hole symmetry; a spin-
less time-reversal symmetry (TRS) implies a sublattice sym-
metry {σz ⊗ 11n, iΓf(k)} = 0. On top of TRS, it suffices to
impose the U(1) symmetry, which generates a phase to crs’s
/ ars’s, or the SU(2) spin-rotation symmetry to obtain all the
AZ classes [4, 5]. See Table I for the complete dictionary.

To classify fGOs, we utilize the Hermitianization technique
developed in the context of Floquet topological phases [56]
and more recent non-Hermitian topological phases [57–59].
That is, given any unitary Vf(k), σ+ ⊗ Vf(k) + σ− ⊗ Vf(k)†

(σ± ≡ (σx ± iσy)/2) turns out to be involutory and can
be regarded as an element in a Clifford algebra. As shown
in the right half of the last column in Table I, the classify-
ing spaces turn out to coincide with those for non-Hermitian
topological phases [57], as can be understood from the unita-
rization procedure for invertible non-Hermitian Hamiltonians.
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Explicit classification results for fGOs (left) and fGSs (right)
with d ≤ 3 are presented in Fig. 1.

For bosons, we claim that all the short-range correlated
bGSs are trivial. To see this, first noting that Γb(k) > 0,
we can uniquely define its logarithm log Γb(k) [60], which is
Hermitian and anti-commutes with σ (cf. Eq. (3)). One can
thus continuously deform Γb(k; 0) ≡ Γb(k) into the identity
Γb(k; 1) ≡ 112n, which corresponds to the vacuum, via

Γb(k;λ) = e(1−λ) log Γb(k), λ ∈ [0, 1]. (6)

This construction is also compatible with additional symme-
tries. Note that the triviality of bGSs does not contradict
the possible nontrivial excited bands [61–63] or dynamical
phases [42] in stable or unstable free-boson systems, since
short-range correlated bGSs correspond to the ground states
of stable and gapped free-boson systems [64].

In constrast, bGOs may be topologically nontrivial. To see
this, we can polar decompose the representation matrix into
Vb(k) = Wb(k)Pb(k), where Wb(k) is unitary and Pb(k)
is Hermitian and positive-definite, both of which satisfy the
right relation in Eq. (4) [52]. We can trivialize Pb(k) into
the identity following Eq. (6) and accordingly unitarize Vb(k)
into Wb(k), which commutes with σ and thus conserves the
particle number. The classification of bGOs thus turns out to
be that of fGOs in the presence of the U(1) symmetry. Exam-
ples with or without TRS are marked in blue in Table I.

Relations between Gaussian states and operations.— As
mentioned previously, topologically equivalent GSs can be re-
lated to each other by trivial GOs. Taking the dual of this state-
ment, we know that GOs generating topological GSs from
trivial reference states are necessarily topological.

However, topological GOs may not always change the topo-
logical class of a GS. This happens for bosons, and actually
also some symmetry classes of fermions. One simple ex-
ample is class A or AI in 1D, where there is no topological
fGS while fGOs are classified by Z, which corresponds to the
winding number of Vf(k) [29] and is exemplified by the lattice
translation [19]. Indeed, lattice translations leave translation-
invariant fGSs unchanged, and cannot alter any topological
feature even in the presence of disorder.

There also exist topological fGSs that cannot be generated
by acting with any fGOs on a trivial state, or equivalently,
cannot be disentangled by any fGOs. This clearly happens in
2D, where fGOs are all trivial while fGSs are not (see Fig. 1).
In particular, class D without any symmetry is classified by Z,
which corresponds to the Chern number and is exemplified by
the ground state of a chiral superconductor [65, 66].

In general, one can define a group homomorphism from
the K-group of GOs to that of GSs induced by the func-
tor F : U → U |Ψ0〉, where |Ψ0〉 is a trivial reference GS.
This group homomorphism is obviously trivial for bosons,
but turns out to be unexpectedly complicated for fermions.
From the above examples, where either fGSs or fGOs are al-
ways trivial, we already know that this group homomorphism
may be neither injective nor surjective. What remains unclear

fGO fGS

SL

GD
D

ND

GD
ND

SL

GD
D

8

TABLE VIII. BdG fGS

d 0 1 2 3
D Z2 Z2 Z 0

DIII 0 Z2 Z2 Z
C 0 0 2Z 0
CI 0 0 0 2Z

TABLE IX. BdG fGO

d 0 1 2 3
D Z2 Z 0 0

DIII 0 Z 0 Z
C 0 2Z 0 Z2

CI 0 Z 0 Z

TABLE X. BdG WD CS fGS

d 0 1 2 3
D Z2 Z2 Z 0

DIII 0 Z2 Z2 Z
C 0 0 2Z 0
CI 0 0 0 2Z

A Z 0 Z 0
AI Z 0 0 0
AII 2Z 0 Z2 Z2

AIII 0 Z 0 Z
BDI Z2 Z 0 0
CII 0 2Z 0 Z2

TABLE XI. BdG WD CS fGO

d 0 1 2 3
D Z2 Z 0 0

DIII 0 Z 0 Z
C 0 2Z 0 Z2

CI 0 Z 0 Z

A 0 Z 0 Z
AI Z2 Z 0 0
AII 0 2Z 0 Z2

AIII 0 Z2 0 Z2

BDI Z2
2 Z2 0 0

CII 0 2Z2 0 Z2
2

8
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BdG

WD

CS

FIG. 1. Homomorphism from theK-groups for fGOs to that for fGSs
induced by applying fGOs to trivial reference fGSs. The kernel and
its complement are identified as genuinely dynamical (GD, marked
in blue) and state-like (SL), respectively. The image and its comple-
ment are defined as disentanglable (D) and non-disentanglable (ND,
marked in red). For the Bogoliubov-de Gennes (BdG) classes, we
have the most general situation. For the Wigner-Dyson (WD) classes,
the homomorphism is all-to-trivial and thus all the topological fGOs
are genuinely dynamical. For the chiral symmetry (CS) classes, the
homomorphism is surjective and thus all the topological fGSs are
disentanglable. Cells marked in light (dark) blue / red indicate that
only a subgroup (all) of the topological fGOs / fGSs are genuinely
dynamical / non-disentanglable.

is, when both fGSs and fGOs have nontrivial classifications,
whether the former can be disentangled by the latter.

We give the complete answer to the above question: fGSs
in the Dyson-Wigner classes [67], including A, AI and AII,
are fully non-disentanglable. In contrast, the chiral-symmetry
classes [68], including AIII, BDI and CII, are fully disen-
tanglable. The remaining four Bogoliubov-de Gennes classes
[4], including D, DIII, C and CI, are partially disentanglable
for specific spatial dimensions. These results are schemati-
cally illustrated in Fig. 1

Let us provide some physical insights into these results.
Understanding the full disentanglability of chiral-symmetry
classes is the easiest. In fact, one can show straightforwardly
that any fGSs in these classes can be disentangled by certain
fGOs with the same symmetries [52]. Turning to the Wigner-
Dyson classes with particle number conservation, the full non-
disentanglability can be understood from the absence of ex-
ponentially localized (and compatible with the TRS, if any)
Wannier functions [69, 70].

For class D/C, the fGSs and fGOs are both nontrivial only
in d = 0, 1/4, 5, where class BDI/CII also has nontrivial fGSs
and can be surjectively (in the sense of topological equiva-
lence) included into class D/C by forgetting the TRS. Recall-
ing the full disentanglability for class BDI/CII, we know that
these topological fGSs in class D/C are also disentanglable.

The remaining classes DIII and CI are the most compli-
cated. By explicitly calculating the winding number or the
Chern-Simons form [1], we find that topological fGSs are
fully disentanglable in d = 1, 7 (DIII) or d = 3, 5 (CI), while
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TABLE II. Examples of topological fGSs that can and cannot be disentangled by fGOs, as well as topological fGOs that are state-like and
genuinely dynamical. Since we automatically obtain the examples of state-like topological fGOs from the disentanglers for disentanglable
topological fGSs and vice versa, these two categories are merged.

Gaussian topological order Intrinsic Symmetry-enriched Symmetry-protected

Disentanglable fGS (State-like fGO) class D, d = 1 class BDI, d = 1 class BDI, d = 1
Kitaev chain × (2m+ 1) Kitaev chain × 2m

Non-disentanglable fGS class D, d = 2 class A, d = 2 class AII, d = 2, 3
Chiral superconductor Quantum Hall insulator TRS topological insulator

Genuinely dynamical fGO class D, d = 1 class AI, d = 1 class AII, d = 3
Lattice translation TRS Z2 operation

only a subgroup 2Z out of Z is disentanglable in d = 3 (DIII)
or d = 7 (CI). The latter result is consistent with the fact that
classes AII and AI are non-disentanglable: let us temporarily
use the Hamiltonian formalism. For topological insulators in
class DIII/CI, we can surjectively include them into classes
AII/AI by forgetting the particle-hole symmetry. Therefore,
the former cannot be fully disentanglable since otherwise it
would contradict the non-disentanglable nature of the latter.

Discussions.— One question with practical interest could
be whether one can make a topological GO strictly locality-
preserving, i.e., (V )rS,r′S′ = 0 as long as |r− r′| exceeds an
O(1) threshold. The GS counterpart of this question, which is
related to the compactness problem of Wannier functions, has
been answered by Read [71], who found that this is possible
only in 1D. Here we have the same answer for GOs, as can be
understood from the Hermitianization technique [56].

Let us briefly comment on the relevance of fGOs to free
Floquet systems described by time-periodic Bloch Hamilto-
nians h(k, t + T ) = h(k, t). While dD topological fGOs
cannot be generated by Hamiltonian evolutions and are thus
not Floquet unitaries VF(k) ≡

−→
Te−i

∫ T
0
dth(k,t) in dD, we

expect that they can be embedded as the edge dynamics into
(d+ 1)D intrinsic Floquet topological phases with no equilib-
rium counterparts. There are actually some 1D examples in
the literature [31, 37], and it would be interesting to consider
explicit constructions in higher dimensions.

It is well-known that general topological quantum states
can be categorized into intrinsic [72], symmetry-protected
[73] and symmetry-enriched topological order [74]. Here a
similar categorization for fGSs is available: nontrivial fGSs in
class D are intrinsically topological, while nontrivial symmet-
ric fGSs that are still nontrivial/become trivial in the absence
of symmetries exhibit Gaussian symmetry-protected/enriched
order [75]. Moreover, we can further refine each category into
two classes based on the disentanglability. Similarly, we can
also categorize topological fGOs and refine them to be state-
like or genuinely dynamical, depending on whether they can
generate topological fGSs. See some examples in Table II.

Finally, we note that the notion of disentanglability ap-
plies equally to generic quantum states by simply extend-
ing disentanglers from Gaussian operations to arbitrary QCA.
For example, the Kitaev chain [76] still exhibits disen-

tanglable intrinsic topological order in the presence of in-
teractions [77], since it cannot/can be disentangled by a
fermionic circuit/nontrivial fermionic QCA [23, 37]. In
fact, all the symmetry-protected topological phases classified
by (super)cohomology [11, 78–80] are known to be disen-
tanglable. In contrast, the toric code [81], which is also topo-
logically ordered, is not disentanglable due to the triviality
of 2D bosonic (spin) QCA [82]. This example highlights
the inequivalence between being disentanglable and having
commuting-projector parent Hamiltonians [83]. We also em-
phasize that state-like and genuinely dynamical topology ap-
plies equally to general QCA. For example, the nontrivial
1D fermionic QCA mentioned and a recently discovered 3D
bosonic QCA [84] that disentangles the Walker-Wang model
[85] are state-like, while the (symmetry-protected) index is a
genuinely dynamical topological invariant in 1D [19–22, 24].

Summary and outlook.— We have revisited the classifica-
tion problem of free fermions from an operational perspec-
tive, which in turn inspires us to consider the boson counter-
part and the classification of GOs. We have found that while
bGSs are all trivial, bGOs are not. We have also clarified the
complicated relations between fGSs and fGOs, which allow us
to refine topological fGSs based on the disentanglability and
in turn distinguish state-like topological fGOs from genuinely
dynamical ones.

One obvious open problem is the generalization to generic
quantum states and operations. Two specific questions could
be finding non-disentanglable symmetry-protected topologi-
cal phases and genuinely dynamical topological QCA in d ≥
2D. Even within GSs/GOs, we can consider many generaliza-
tions such as to crystalline [86–88] and higher-order [89–91]
topological phases or/and mixed Gaussian states and channels
[92–95]. Last but not the least, it might also be interesting to
study the implications of topological obstructions for Gaus-
sian variational methods with local ansätze [96–98].

We thank Ignacio Cirac, Alex Turzillo and Lorenzo Piroli
for very helpful discussions. Z.G. is supported by the
Max-Planck-Harvard Research Center for Quantum Optics
(MPHQ). T.G. is supported by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under
Germany’s Excellence Strategy – EXC-2111 – 39081486.
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[18] J. I. Cirac, D. Pérez-Garcı́a, N. Schuch, and F. Verstraete, “Ma-

trix product states and projected entangled pair states: Con-
cepts, symmetries, and theorems,” (2020), arXiv:2011.12127.

[19] D. Gross, V. Nesme, H. Vogts, and R. F. Werner, Commun.
Math. Phys. 310, 419 (2012).
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However, if Ûs is unitary and not traceless, we can show that
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Supplemental Materials

We derive the explicit symmetry (either unitary or anti-
unitary) constraints on the covariance matrices for GSs and
the representation matrices for GOs. In particular, we confirm
the consistency with the widely used Hamiltonian notation in
the literature. We also provide the full periodic table for topo-
logical fGSs and fGOs, as well as the refined ones based on
disentanglability.

SYMMETRY CONSTRAINTS ON AND TOPOLOGICAL
CLASSIFICATIONS OF GSS AND GOS

Unitary and anti-unitary symmetries

A pure fGS is fully characterized by its covariance matrix

(Γf)jj′ =
i

2
〈Ψf |[γ̂j , γ̂j′ ]|Ψf〉 . (S1)

We consider symmetry operators Ûs that we assume to be
Gaussian unitaries or anti-unitaries, meaning that they trans-
form the modes linearly:

Û†s γ̂jÛs =
∑
j′

(Vs)jj′ γ̂j′ . (S2)

Imposing the symmetry on a fGS corresponds to requir-
ing [Ûs, |Ψf〉〈Ψf |] = 0. At the level of the covariance
matrix this is equivalent to i/2 〈Ψf |Û†s [γ̂j , γ̂j′ ]Ûs|Ψf〉 =
i/2 〈Ψf |[γ̂j , γ̂j′ ]|Ψf〉 for unitary symmetries and
i/2 〈Ψf |Û†s [γ̂j , γ̂j′ ]Ûs|Ψf〉 = i/2 〈Ψf |[γ̂j , γ̂j′ ]|Ψf〉∗ for
anti-unitary symmetries. Considering that Γf is imaginary,
we have

VsΓfV
†
s = ±Γf (S3)

where the + / − holds for unitary / anti-unitary symmetries.
A pure bGS is fully characterized by its displacement vector

(∆b)j = 〈Ψb|ξ̂j |Ψb〉 , (S4)

and covariance matrix

(Γb)jj′ =
1

2
〈Ψb|{δξ̂j , δξ̂j′}|Ψb〉 , (S5)

where δξ̂j = ξ̂j − (∆b)j .
Invariance under the symmetry operators Ûs, defined simi-

larly to before, is given by

Vs∆b = ∆b (S6)

VsΓbV
†
s = Γb . (S7)

Due to the fact that ∆b and Γb are real, in the bosonic case
there is no difference between unitary and anti-unitary sym-
metries.

One can continuously deform ∆b into 0 in a symmetric
manner simply via ∆b(λ) = (1 − λ)∆b. This is realized
by on-site displacement operations and thus does not alter the
short-range nature of the bGS. In what follows we therefore
assume ∆b = 0 and in the case of bGOs we do not consider
displacements.

Let us now consider the effect of imposing symmetries on
a unitary GO Ûf/b. We have to impose the commutation rela-
tion [Ûf/b, Ûs] = 0. This coincides with requiring

[Vf/b, Vs] = 0 . (S8)

As Vf/b is always real, there is no difference between unitary
and anti-unitary symmetries. This result implies the consis-
tency of symmetry constraint in Eq. (5) in the main text, es-
pecially for the case of fermions and anti-unitary symmetries:
while Γf anti-commutes with Vs, Kf turns out to commute
with Vs and so does Vf .

We now review some unitary and anti-unitary symmetries.
We define them in the case of fermions, but analogous results
hold, where applicable, also for bosons, simply by replacing
ĉj with âj and γ̂j with ξ̂j .

U(1) particle-number symmetry — In the case of the uni-
tary particle-number symmetry Ûs = Φ̂, for Gaussian states it
is sufficient to impose the discrete subgroup Z4 generated by
Φ : ĉrs 7→ −iĉrs, ĉ†rs 7→ iĉ†rs. In the Majorana representa-
tion this leads to

Φ̂†γ̂rsΦ̂ = iσyγ̂rs , (S9)

where γ̂rs ≡ (γ̂r+s, γ̂r−s)
T.

SU(2) spin-rotation symmetry — In the case of the unitary
spin rotation symmetry Ûs = R̂, for Gaussian states it is suffi-
cient to impose the π-rotation symmetry along x and z direc-
tions:

R̂†x,z

(
ĉ†r↑s̃
ĉ†r↓s̃

)
R̂x,z = iσx,z

(
ĉ†r↑s̃
ĉ†r↓s̃

)
. (S10)

In the Majorana representation this leads to

R̂†x,zγ̂rs̃R̂x,z = (iσy ⊗ σx,z) γ̂rs̃ , (S11)

where γ̂rs̃ ≡ (γ̂r+↑s̃, γ̂r+↓s̃, γ̂r−↑s̃, γ̂r−↓s̃)
T and s̃ indicates

the internal degrees of freedom other than spin.
Time-reversal symmetry — In the case of spinless fermions

we can always find a basis such that the anti-unitary time-
reversal symmetry (TRS) Ûs = Θ̂ leaves the operators ĉrs
invariant. That is, in the Majorana basis,

Θ̂†γ̂rsΘ̂ = σz γ̂rs. (S12)

In the case of spin-1/2 fermions, the TRS additionally flips
the spin according to

Θ̂†

(
ĉ†r↑s̃
ĉ†r↓s̃

)
Θ̂ = iσy

(
ĉ†r↑s̃
ĉ†r↓s̃

)
, (S13)
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and we therefore have

Θ̂†γ̂rs̃Θ̂ = (σz ⊗ iσy)γ̂rs̃ . (S14)

In summary:

Particle-number (U(1)): VΦ = 11Λ ⊗ iσy ⊗ 11n
Spin-rotation (SU(2)): V x,zR = 11Λ ⊗ iσy ⊗ σx,z ⊗ 11ñ

Spinless TRS: VΘ = 11Λ ⊗ σz ⊗ 11n
Spin-1/2 TRS: VΘ = 11Λ ⊗ σz ⊗ iσy ⊗ 11ñ,

where ñ = n/2.

Classification of states with Hamiltonian-based AZ classes

We now show that the constraints deriving from imposing
the physical symmetries discussed above on fermionic Gaus-
sian states are equivalent to imposing certain emergent sym-
metries at the level of the matrix iΓ. These emergent symme-
tries can be understood in terms of the Hamiltonian-based AZ
classes.

In the Hamiltonian-based formulation, symmetries can be
classified as time-reversal, particle-hole or sub-lattice symme-
tries acting on Bloch/Bogoliubov-de Gennes (BdG) Hamilto-
nians in the following way:

VTh(k)∗V †T = h(−k), VTV
∗
T = ±11,

VCh(k)∗V †C = −h(−k), VCV
∗
C = ±11,

VSLh(k)V †SL = −h(k), V 2
SL = 11.

(S15)

The different combinations of these symmetries, and whether
they square to +11 (involutory) or to −11 (anti-involutory),
lead to the ten AZ symmetry classes, as summarized in Ta-
ble I. Note that if the Hamiltonian satisfies both a TRS and a
particle-hole symmetry (PHS), which always commute with
each other, it will also satisfy a sub-lattice symmetry, which
can be constructed out of the product of VT and VC.

TABLE I. Altland-Zirnbauer (AZ) classes in terms of symmetries in
the Hamiltonian-based formalism.

AZ TRS PHS SLS Classifying space
A 0 0 0 C0

AIII 0 0 1 C1
AI + 0 0 R0

BDI + + 1 R1

D 0 + 0 R2

DIII − + 1 R3

AII − 0 0 R4

CII − − 1 R5

C 0 − 0 R6

CI + − 1 R7

For fermions, we have that the matrix iΓf(k) is Hermitian
and involutory and can thus be regarded as a flattened Hamil-
tonian. It also has to fulfill the condition

[iΓf(k)]∗ = −iΓf(−k), (S16)

which in the Hamiltonian-based formalism corresponds to an
involutory PHS. In the case of no physical symmetries there
no further constraints, leading to class D.

In the case of spinless TRS alone, we have the condition
{Γf(k), σz ⊗ 11n} = 0. At the Hamiltonian-based level
this can be seen as the result of iΓf(k) satisfying both the
PHS (S16) and the TRS

(σz ⊗ 11n)[iΓf(k)]∗(σz ⊗ 11n) = iΓf(−k), (S17)

both of which square to +11. This means that iΓf(k) belongs
to class BDI. The general form of iΓf(k) reads

iΓf(k) =

(
0 q(k)

q(k)† 0

)
, (S18)

where q(k) is a unitary satisfying q(k)∗ = q(−k).
In the case of spin-1/2 TRS alone, we have the condition
{Γf(k), σz ⊗ iσy ⊗ 11ñ} = 0. This can again be understood
as the result of iΓf(k) satisfying both the PHS (S16) and the
TRS

(σz⊗iσy⊗11ñ)[iΓf(k)]∗(σz⊗iσy⊗11ñ)† = iΓf(−k), (S19)

where now the TRS squares to −11. This means that iΓf(k)
belongs to class DIII. The general form of iΓf(k) reads

SiΓf(k)S =
1

2

(
i[q(k)− q(k)†] [q(k) + q(k)†]σz
σz[q(k) + q(k)†] −iσz[q(k)− q(k)†]σz

)
,

(S20)
where σz is a simplified notation for σz ⊗ 11ñ (this simplifica-
tion will be adopted hereafter, sometimes with ñ replaced by n
or σµ replaced by σ0⊗σµ), S = (

∑
µ=0,x,y,z σµ⊗σµ)⊗11ñ/2

swaps the Majorana and spin degrees of freedom and q(k) is
an n× n unitary satisfying q(k)T = −q(−k).

In the case of U(1) particle-number symmetry alone, the
condition [Γf(k), iσy ⊗ 11n] = 0, toghether with Eq. (S16),
implies that iΓf(k) must have the form

iΓf(k) =
1

2

(
h(k)− h(−k)∗ ih(k) + ih(−k)∗

−ih(k)− ih(−k)∗ h(k)− h(−k)∗

)
=
σ0 − σy

2
⊗ h(k)− σ0 + σy

2
⊗ h(−k)∗ , (S21)

where h(k) is a flat n×n Hermitian matrix with no symmetry
constraint, which belongs to class A.

In case we impose U(1) particle-number symmetry and
spinless TRS, then iΓf(k) will have to be of the form (S21)
with the additional constraint, coming from the TRS, that
h(k) satisfies

h(k)∗ = h(−k). (S22)
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h(k) is therefore a Hamiltonian satisfying an involutory TRS,
leading to class AI.

In case we impose U(1) particle-number symmetry and
spin-1/2 TRS, then iΓf(k) will have to be of the form (S21)
where now h(k) satisfies

(iσy ⊗ 11ñ)h(k)∗(iσy ⊗ 11ñ)† = h(−k). (S23)

Therefore h(k) now satisfies an anti-involutory TRS, leading
to class AII.

In the case of SU(2) spin-rotation symmetry alone, the Her-
mitian and involutory matrix iΓf has to satisfy Eq. (S16) and
additionally [iΓf(k), σy ⊗ σx ⊗ 11ñ] = 0 and [iΓf(k), σy ⊗
σz ⊗ 11ñ] = 0. Imposing these constraints we obtain that iΓf

should be of the form

iΓf(k) =

1

2

(
h(k)− h(−k)∗ i[h(k) + h(−k)∗]σz

−iσz[h(k) + h(−k)∗] σz[h(k)− h(−k)∗]σz

)
,

(S24)

where h(k) is a flat n× n Hermitian matrix satisfying

(iσy ⊗ 11ñ)h(k)∗(iσy ⊗ 11ñ)† = −h(−k). (S25)

We therefore have a Hamiltonian satisfying an anti-involutory
PHS, leading to class C.

In case we impose SU(2) spin-rotation symmetry and spin-
1/2 TRS, we have that iΓf should be of the form (S24) where
h(k) satisfies the anti-involutory PHS (S25). Additionally the
TRS implies that

h(k)∗ = h(−k), (S26)

which from the Hamiltonian-based point of view is an involu-
tory TRS, leading to class CI. The general form of h(k) reads

h(k) =
1

2

(
q̃(k) + q̃(k)† i[q̃(k)− q̃(k)†]
i[q̃(k)− q̃(k)†] −q̃(k)− q̃(k)†

)
, (S27)

where q̃(k) is an ñ× ñ unitary satisfying q̃(k)T = q̃(−k).
If, on the other hand, we impose the SU(2) rotation sym-

metry on another internal degree of freedom different from
the spin, then iΓf will be of the form (S24) (where σz should
be understood as σ0⊗ σz ⊗ 11ñ) with h(k) satisfying the anti-
involutory PHS (S25), where now iσy acts on this other degree
of freedom:

(σ0 ⊗ iσy ⊗ 11ñ/2)h(k)∗(σ0 ⊗ iσy ⊗ 11ñ/2)† = −h(−k).
(S28)

The TRS (S19) will then act on the spin indices of h(k) as

(iσy ⊗ 11ñ)h(k)∗(iσy ⊗ 11ñ)† = h(−k), (S29)

giving this time an anti-involutory TRS. We are then in class
CII. The general form of h(k) reads with respect to the spin
indices

h(k) =
1

2

(
i[q(k)− q(k)†] −[q(k) + q(k)†]σy
−σy[q(k) + q(k)†] −iσy[q(k)− q(k)†]σy

)
,

(S30)

where q(k) is a unitary satisfying (iσy ⊗ 11ñ/2)q(k)∗(iσy ⊗
11ñ/2)† = q(−k). We emphasize again that here iσy acts on
the other degree of freedom.

Finally, if we consider a spin-1/2 system with TRS and
we impose a further U(1) symmetry, namely a spin-rotation
symmetry around the z-axis, then iΓf must have the form of
Eq. (S20), where q(k) is given by

q(k) =
σ0 − σy

2
⊗ q̃(k)− σ0 + σy

2
⊗ q̃(−k)T, (S31)

and q̃(k) is an arbitrary ñ × ñ unitary. Alternatively, iΓf can
be generally expressed as Eq. (S24), where h(k) given by
Eq. (S27) with q̃(k) being arbitrary. Arbitrary unitaries be-
long to class AIII.

Classification of operations with Hamiltonian-based AZ classes

We will use the Hermitianization technique to map the
constraints on unitary representation matrices to condi-
tions which, like before, can be classified in terms of the
Hamiltonian-based AZ symmetry classes. In some cases we
will be in situations where we have additional order 2 sym-
metries on top of the ones summarized in Table I. To classify
these cases we will use the formalism introduced in Ref. [87].
The results will be double checked by the general forms of the
representation matrices.

fGOs

We will first treat the case of fermions. In this case, Vf(k)
is unitary and satisfies Vf(k)∗ = Vf(−k). Using the Hermi-
tianization technique, we will consider

X(k) =

(
0 Vf(k)

Vf(k)† 0

)
, (S32)

where we now have thatX(k) is Hermitian, involutory (X2 =
11) and satisifies

X(k)∗ = X(−k), (S33)
(σz ⊗ 112n)X(k)∗(σz ⊗ 112n) = −X(−k), (S34)

where 2n is the dimension of Vf(k). We can therefore regard
X as a flat Hamiltonian satisfying involutory TRS and PHS.
For this reason, fGOs with no physical symmetries fall into
class BDI with classifying spaceR1.

In the case of spinless TRS alone we have the condition
[σz ⊗ 11n, Vf(k)] = 0, which at the level of the Hermitianized
operator X means

(σ0 ⊗ σz ⊗ 11n)X(k)(σ0 ⊗ σz ⊗ 11n) = X(k). (S35)

This is an additional unitary and involutory symmetry that
commutes with both the TRS and PHS ofX . We are therefore
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in the case s = 1, t = 0 (U+
++) of Sec. III C of Ref. [87]. This

means the K-group is given by

K(s = 1, t = 0; d) = πd(R2
1). (S36)

This result is consistent with the following general form:

Vf(k) =

(
u1(k) 0

0 u2(k)

)
, (S37)

where u1(k) and u2(k) are two independent n × n unitaries
satisfying u1,2(k)∗ = u1,2(−k).

In the case of spin-1/2 TRS alone we have the condition
[σz ⊗ iσy ⊗ 11ñ, Vf(k)] = 0, which at the level of the Hermi-
tianized operator X means

(σ0 ⊗ σz ⊗ iσy ⊗ 11ñ)X(k)(σ0 ⊗ σz ⊗ iσy ⊗ 11ñ) = X(k).
(S38)

This is an additional unitary and anti-involutory symmetry
that commutes with both the TRS and PHS of X . We are
therefore in the case s = 1, t = 2 (U−++) of Sec. III C of
Ref. [87]. This means the K-group is given by

K(s = 1, t = 2; d) = πd(C1). (S39)

This result is consistent with the following general form:

SVf(k)S =

1

2

(
u(k) + u(−k)∗ i[u(k)− u(−k)∗]σz

−iσz[u(k)− u(−k)∗] σz[u(k) + u(−k)∗]σz

)
,

(S40)

where S is the same as that in Eq. (S20) and u(k) is an arbi-
trary n× n unitary.

In the case of U(1) particle-number symmetry alone, we
have the condition on [Vf(k), iσy ⊗ 11n] = 0. Similarly to the
case of fGSs, this, combined with Vf(k)∗ = Vf(−k) implies
that Vf(k) must have the form

Vf(k) =
1

2

(
u(k) + u(−k)∗ iu(k)− iu(−k)∗

−iu(k) + iu(−k)∗ u(k) + u(−k)∗

)
=
σ0 − σy

2
⊗ u(k) +

σ0 + σy
2

⊗ u(−k)∗ , (S41)

where u(k) is an arbitrary n× n unitary matrix. Let us again
reduce ourselves back to the Hamiltonian-based formalism
through the Hermitianization technique. In this case we have
to consider the object

Y (k) =

(
0 u(k)

u(k)† 0

)
, (S42)

which is an involutory Hermitian matrix satisfying

(σz ⊗ 11n)Y (k)(σz ⊗ 11n) = −Y (k). (S43)

This can be understood as an involutory sub-lattice symmetry.
There are no further symmetry constraints and we are there-
fore in class AIII with classifying space C1.

In case of U(1) particle-number symmetry and spinless
TRS, then Vf(k) will still take the form (S41), but now the
TRS imposes the additional constraint

u(k)∗ = u(−k). (S44)

At the Hamiltonian level therefore we have the following sym-
metries on Y (k):

(σz ⊗ 11n)Y (k)∗(σz ⊗ 11n) = −Y (−k), (S45)
Y (k)∗ = Y (−k), (S46)

which can be seen as involutory PHS and TRS respectively,
leading to class BDI, with classifying spaceR1.

In case of U(1) particle-number symmetry and spin-1/2
TRS, we similarly find that Vf(k) takes the form (S41), but
now the TRS imposes the constraint

(iσy ⊗ 11ñ)u(k)∗(iσy ⊗ 11ñ)† = u(−k). (S47)

At the Hamiltonian level therefore we have

(σz ⊗ iσy ⊗ 11ñ)Y (k)∗(σz ⊗ iσy ⊗ 11ñ)† = −Y (−k),
(S48)

(σ0 ⊗ iσy ⊗ 11ñ)Y (k)∗(σ0 ⊗ iσy ⊗ 11ñ)† = Y (−k), (S49)

which are now anti-involutory PHS and TRS, leading to class
CII with classifying spaceR5.

In the case of SU(2) spin-rotation symmetry alone, we have
the constraints [Vf(k), σy ⊗ σx ⊗ 11ñ] = 0 and [Vf(k), σy ⊗
σz ⊗ 11ñ] = 0. Similarly to the case of fGSs, this, combined
with Vf(k)∗ = Vf(−k) implies that Vf(k) must have the form
of the rhs of Eq. (S40):

Vf(k) =

1

2

(
u(k) + u(−k)∗ i[u(k)− u(−k)∗]σz

−iσz[u(k)− u(−k)∗] σz[u(k) + u(−k)∗]σz

)
,

(S50)

where u(k) is a unitary matrix, satisfying

(iσy ⊗ 11ñ)u(k)∗(iσy ⊗ 11ñ)† = u(−k). (S51)

This is the same situation as in the case of U(1) particle-
number symmetry and spin-1/2 TRS, which can be seen as
equivalent to imposing the anti-involutory PHS (S48) and
TRS (S49) to the Hermitianized martix (S42). Therefore we
are again in class CII with classifying spaceR5.

In case we impose SU(2) spin-rotation symmetry and
spin-1/2 TRS, we have again that Vf(k) takes the form of
Eq. (S50) and that the Hermitianized matrix (S42) satisfies
the PHS (S48) and TRS (S49). Additionally, the TRS implies
that

(σ0 ⊗ iσy ⊗ 11ñ)Y (k)(σ0 ⊗ iσy ⊗ 11ñ)† = Y (k). (S52)

This is an additional anti-involutory unitary symmetry that
commutes with both the PHS and TRS of Y (k). This means
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we are in the case s = 5, t = 2 (U−++) of Sec. III C of
Ref. [87], where the K-group is given by

K(s = 5, t = 2; d) = πd(C1). (S53)

This result is consistent with the following general form:

Vf(k) =
σ0 ⊗ σ0 − σz ⊗ σy

2
⊗ ũ(k)

+
σ0 ⊗ σ0 + σz ⊗ σy

2
⊗ ũ(−k)∗,

(S54)

where ũ(k) is an arbitrary ñ× ñ unitary.
If we impose the SU(2) rotation symmetry on an internal

degree of freedom different from the spin, then Vf(k) will
be of the form Eq. (S50) (where σz should be understood as
σ0 ⊗ σz ⊗ 11ñ/2) with Y (k) satisfying the PHS (S48) and
TRS (S49), where now iσy acts on this other degree of free-
dom. The TRS will then act on the spin indices of Y (k) as

(σ0 ⊗ iσy ⊗ 11ñ)Y (k)∗(σ0 ⊗ iσy ⊗ 11ñ)† = Y (−k). (S55)

giving an additional anti-involutory anti-unitary symmetry
that commutes with both the PHS and TRS of Y (k). This
means we are in the case s = 5, t = 0 (A−++) of Sec. III C of
Ref. [87], where the K-group is given by

K(s = 5, t = 0; d) = πd(R2
5). (S56)

This result is consistent with Vf(k) having the form of
Eq. (S50) with u(k) of the general form:

u(k) =

1

2

(
ũ1(k) + ũ2(k) i[ũ1(k)− ũ2(k)]σy

−iσy[ũ1(k)− ũ2(k)] σy[ũ1(k) + ũ2(k)]σy

)
,

(S57)

where ũ1(k) and ũ2(k) are two independent ñ × ñ unitaries
satisfying (iσy ⊗ 11ñ/2)ũ1,2(k)∗(iσy ⊗ 11ñ/2)† = ũ1,2(−k).

Finally, if we consider a spin-1/2 system with TRS and we
impose a further U(1) spin-rotation symmetry around the z-
axis, then one can show that Vf(k) must have the form

Vf(k) =

1

4
[(σ0 ⊗ σ0 + σy ⊗ σz + σz ⊗ σy + σx ⊗ σx)⊗ ũ1(k)

+ (σ0 ⊗ σ0 − σy ⊗ σz − σz ⊗ σy + σx ⊗ σx)⊗ ũ1(−k)∗

+ (σ0 ⊗ σ0 − σy ⊗ σz + σz ⊗ σy − σx ⊗ σx)⊗ ũ2(k)

+(σ0 ⊗ σ0 + σy ⊗ σz − σz ⊗ σy − σx ⊗ σx)⊗ ũ2(−k)∗] ,

(S58)

where ũ1(k) and ũ2(k) are two independent arbitrary ñ × ñ
unitaries. Therefore, the K-group is given by πd(C2

1).

bGOs

Let us now turn to bosons. As discussed in the main text,
the symplectic matrix Vb can always be continuously unita-
rized. This is based on considering the polar decomposition

Vb(k) = Wb(k)Pb(k), where Wb(k) is unitary and Pb(k) is
Hermitian and positive definite. Substituting this into Eq. (4)
in the main text, we obtain

[−σWb(k)σ][−σPb(k)σ] = Wb(k)Pb(k)−1, (S59)

where σ ≡ iσy ⊗ 11n is the symplectic matrix. Recalling the
uniqueness of polar decomposition, this means that Wb(k)
and Pb(k) are also symplectic. Finally, Pb(k) can be contin-
uously deformed to the identity according to Eq. (6).

We then reduce ourselves to classifying Wb which is uni-
tary and fulfills

Wb(k)∗ = Wb(−k), (S60)

Wb(k)σWb(k)† = σ, . (S61)

Considering that Wb(k) is unitary, the condition (S61) is
equivalent to [Wb(k), σ] = 0. We are therefore in a situa-
tion completely equivalent to the one of fGOs with a U(1)
particle-number symmetry. Just like in that case, we have that
Wb(k) must have the form of Eq. (S41):

Wb(k) =
σ0 − σy

2
⊗ u(k) +

σ0 + σy
2

⊗ u(−k)∗ , (S62)

where u(k) is a unitary matrix. As before, we can see this as
imposing a sub-lattice symmetry on the Hamiltonian matrix
(S42), which leads to class AIII with classifying space C1.

In case of a spinless TRS alone, we have that this can be
seen as imposing involutory PHS and TRS on Y (k) (as in the
case of fGOs with U(1) symmetry and spinless TRS). This
leads to class BDI and classifying spaceR1.

In case of a spin-1/2 TRS alone, we have that this can be
seen as imposing anti-involutory PHS and TRS on Y (k) (as
in the case of fGOs with U(1) symmetry and spin-1/2 TRS).
This leads to class CII and classifying spaceR5.

Imposing a U(1) particle number symmetry just corre-
sponds to enforcing [Vb(k), σ] = 0 directly, without having to
first unitarize Vb(k). Because of (S61) this means that Vb(k)
has to already be unitary. This constraint therefore does not
change the classification of bGOs.

Imposing SU(2) rotation symmetry on a matrix Wb(k) of
the form (S62) corresponds to imposing it trivially on u(k),
i.e., [u(k), σx ⊗ 11ñ] = [u(k), σz ⊗ 11ñ] = 0. This means
u(k) = σ0⊗ ũ(k) for an arbitrary unitary ũ(k). We therefore
remain in class AIII with classifying space C1.

Finally if we consider a system with spin-1/2 TRS and we
impose a spin-rotation symmetry around the z-axis only, we
have that Wb(k) must be of the form

Wb(k) =
σ0 ⊗ σ0 + σz ⊗ σy

2
⊗ ũ(k)

+
σ0 ⊗ σ0 − σz ⊗ σy

2
⊗ ũ(−k)∗,

(S63)

for an arbitrary ñ× ñ unitary ũ(k), which leads again to class
AIII with classifying space C1.
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PERIODIC TABLES

After a brief review of the expressions of the topological
invariants (cf. Ref. [1]), we first present the full periodic ta-
ble for fGSs and fGOs as well as the group homomorphism
from the latter to the former. Then we refine the periodic ta-
bles according to the disentanglability as well as the genuinely
dynamical topology.

Topological invariants

There are two different types of Z (or 2Z) topological num-
bers in the periodic table. The first one is associated to an in-
volutory Hermitian matrix h(k) in even dimensions d = 2m
(m ∈ N). This is the mth Chern number:

Chm =
1

m!

(
i

2π

)m ∫
Td

TrFm, (S64)

where F is the Berry curvature built from the Berry connec-
tion via F ≡ dA+A ∧A with

(A(k))αβ ≡ ψα(k)†dψβ(k) =

d∑
µ=1

ψα(k)†∂kµψβ(k)dkµ,

(S65)
Here ψα(k)’s are the eigenvectors of h(k) with eigenvalue
−1. Alternatively, we can express the Chern number (S64)
directly in terms of h(k) as

Chm = − 1

22m+1m!

(
i

2π

)m ∫
Td

Tr[h(dh)2m]. (S66)

The second-type integer topological number is associated
with a unitary matrix q(k) in odd dimensions d = 2m + 1.
This is the mth winding number:

ωm =
(−)mm!

(2m+ 1)!

(
i

2π

)m+1 ∫
Td

Tr[(q†dq)2m+1]. (S67)

Alternatively, the winding number can be expressed as twice
of the Chern-Simons form

CSm =
1

m!

(
i

2π

)m+1 ∫
Td

∫ 1

0

dtTr(AFmt ) (S68)

with Ft ≡ tdA + t2A ∧ A under a special gauge. Here A is
defined in the same form as Eq. (S65) with ψα(k)’s being the
eigenstates of σ+ ⊗ q(k) + σ− ⊗ q(k)† with eigenvalue −1.
The special gauge is chosen such that

ψα(k) =
1√
2

(
φα

−q(k)†φα

)
, (S69)

where φα’s form an orthonormal basis. In general, the Chern-
Simons form is well-defined up to an integer due to the gauge
freedom and is not necessarily quantized.

As for the Z2 index, there are also two different types of
formulas depending on d. If d = 2m is even, the Z2 index is
given by the Fu-Kane formula:

FKm =
1

m!

(
i

2π

)m ∫
1
2T

d

TrFm

− 1

(m− 1)!

(
i

2π

)m ∫
∂( 1

2T
d)

∫ 1

0

dtTr(AFm−1
t ),

(S70)

where 1
2T

d = {k : k1 ∈ [0, π], kµ ∈ [−π, π] ∀µ > 1}
refers to half of the Brillouin zone and it boundary reads
∂( 1

2T
d) = {k : k1 = 0, π; kµ ∈ [−π, π] ∀µ > 1}. Re-

calling that the Chern-Simons form (S68) is gauge dependent,
we have to set some constraints on the gauge at ∂( 1

2T
d) such

that FKm (S70) is well-defined up to an even integer. For
classes AI, AII, DIII and CI, the constraint is given by

ψα(−k)†VTψβ(k)∗|k∈ 1
2T

d = const., (S71)

where VT is the emergent TRS on h(k) (cf Eq. (S15)) and the
constant, although being k-independent, may still depend on
α, β. For classes D, C, BDI and CII, the constraint is given by∫
∂( 1

2T
d)

Tr[(X†dX)2m−1] = 0,

X(k) =

 ↑ ... ↑ ↑ ... ↑
ψ1(k) ... ψn(k) VCψ1(−k)∗ ... VCψn(−k)∗

↓ ... ↓ ↓ ... ↓

 ,
(S72)

where VC is the emergent PHS on h(k) (cf Eq. (S15)).
In contrast, if d = 2m + 1 is odd, we can compute the

Chern-Simons form (S68). For classes AI, D, AII and C, the
gauge freedom introduces an integer ambiguity and a half-
integer implies a nontrivial Z2 index. For the remaining four
classes, however, we have to constrain the gauge degree of
freedom by imposing Eq. (S71) / Eq. (S72) for classes DIII
and CI / BDI and CII over the whole Brillouin zone (i.e., re-
placing ∂( 1

2T
d) by T d), such that the Chern-Simons form is

well-defined up to an even integer. In this case, an odd integer
implies a nontrivial Z2 index.

Full periodic table

Having in mind the general forms of the covariance and rep-
resentation matrices, we can readily identify the correspond-
ing classifying spaces and K-groups. The image of the group
homomorphism can then be determined by the subgroup that
consists of all the covariance matrices in the following form:

Γf(k) = Vf(k)Γ0Vf(k)†, (S73)

where Γ0 corresponds to a fixed trivial state. The full re-
sults are presented in Table II. As mentioned in the main text,
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TABLE II. Topological classifications of fGSs / fGOs in the AZ classes. Just like Fig. 1 in the main text, here non-disentanglable topological
fGSs and genuinely dynamical topological fGOs are marked in red and blue, respectively. In particular, light red / blue is used to indicate that
only a subgroup is non-disentanglable / genuinely dynamical.

AZ d = 0 1 2 3 4 5 6 7
A Z / 0 0 / Z Z / 0 0 / Z Z / 0 0 / Z Z / 0 0 / Z

AIII 0 / 0 Z / Z2 0 / 0 Z / Z2 0 / 0 Z / Z2 0 / 0 Z / Z2

AI Z / Z2 0 / Z 0 / 0 0 / 0 2Z / 0 0 / 2Z Z2 / 0 Z2 / Z2

BDI Z2 / Z2
2 Z / Z2 0 / 0 0 / 0 0 / 0 2Z / 2Z2 0 / 0 Z2 / Z2

2

D Z2 / Z2 Z2 / Z Z / 0 0 / 0 0 / 0 0 / 2Z 2Z / 0 0 / Z2

DIII 0 / 0 Z2 / Z Z2 / 0 Z / Z 0 / 0 0 / Z 0 / 0 2Z / Z

AII 2Z / 0 0 / 2Z Z2 / 0 Z2 / Z2 Z / Z2 0 / Z 0 / 0 0 / 0

CII 0 / 0 2Z / 2Z2 0 / 0 Z2 / Z2
2 Z2 / Z2

2 Z / Z2 0 / 0 0 / 0

C 0 / 0 0 / 2Z 2Z / 0 0 / Z2 Z2 / Z2 Z2 / Z Z / 0 0 / 0
CI 0 / 0 0 / Z 0 / 0 2Z / Z 0 / 0 Z2 / Z Z2 / 0 Z / Z

the homomorphism is always surjective (trivial) for the chiral
symmetry (Wigner-Dyson) classes, but becomes rather com-
plicated for the BdG classes. Remarkably, it turns out that
there are four nontrivial bijective homomorphisms in the BdG
classes: class D in 0D, class C in 4D, class CI in 3D and class
DIII in 7D.

Chiral symmetry classes

Let us first consider the chiral symmetry classes, which in-
clude AIII, BDI and CII. As shown previously, the covariance
matrix of a fGS is uniquely determined by a unitary q(k),
which is arbitrary for class AIII (cf. Eq. (S31)) and satis-
fies q(k)∗ = q(−k) / (σy ⊗ 1̃1)q(k)∗(σy ⊗ 1̃1) = q(−k) for
class BDI / CII (cf. Eq. (S18) / Eq. (S30)). Here (and after)
for simplicity, we do not distinguish q(k) and q̃(k) as well
as 11n with different n. On the other hand, the representa-
tion matrix is uniquely determined by two independent uni-
taries u1,2(k) satisfying the same symmetry constraints (cf.
Eqs. (S58), (S37) and (S57)). This is why the classification of
fGOs is simply a double of that of fGSs.

By properly choosing Γ0 in Eq. (S73), we can relate q(k)
to u1,2(k) via

q(k) = u1(k)u2(k)†. (S74)

This implies all the topological fGSs in the chiral symmetry
classes are disentanglable, and all those topological fGOs with
u1(k) and u2(k) deformable (under the symmetry constraint)
into each other are genuinely dynamical.

Wigner-Dyson classes

We turn to consider the Wigner-Dyson classes, which in-
clude A, AI and AII. As shown previously, the covariance

matrix of a fGS is uniquely determined by a Hermitian ma-
trix h(k) (cf. Eq. (S21)), which is involutory for class A and
further satisfies h(k)∗ = h(−k) / (σy ⊗ 1̃1)h(k)∗(σy ⊗ 1̃1) =
h(−k) for class AI / AII (cf. Eq. (S22) / Eq. (S23)). In con-
trast, the representation matrix is uniquely determined by a
unitary u(k), which is arbitrary for class A (cf. Eq. (S41))
and u(k)∗ = u(−k) / (σy ⊗ 1̃1)u(k)∗(σy ⊗ 1̃1) = u(−k) for
class AI / AII (cf. Eq. (S44) / Eq. (S47)). This is why the
classification of fGOs coincides with the state classification
of AIII, BDI and CII.

It is already clear from the classifications that the only pos-
sibilities of topological fGSs in the Wigner-Dyson classes be-
ing disentanglable are class AI in 7D and class AII in 3D,
where both fGSs and fGOs are characterized by Z2. Note that
any group homomorphism from a torsion group, such as Z2,
to Z is trivial. This observation rules out the possibility of
disentanglable topological fGSs in class AI in 0D and class
AII in 4D. The Z2 index for TRS fGSs in odd dimensions are
given by the Chern-Simons form (S68), which is equal to half
of the winding number (S67) of the sewing matrix

(w(k))αβ ≡ ψα(−k)†VTψβ(k)∗, (S75)

where ψα(k)’s are the eigenvectors of h(k) with eigenvalue
−1 and VT = 11 / iσy ⊗ 1̃1 for class AI / AII. Now consider a
TRS fGS which is disentangled by Ûf represented by Vf(k).
This implies ψα(k)’s can be related to some k-independent
TRS basis φα’s via

ψα(k) = u(k)φα, (S76)

where u(k) also satisfies the TRS. No matter whether u(k)
is topological or not, we can check that the corresponding
sewing matrix (S75) is k-independent and thus its winding
number vanishes, implying a trivial Z2 index. Therefore, all
the topological fGSs in the Wigner-Dyson classes are non-
disentanglable.
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BdG classes without TRS

We move on to the most complicated BdG classes, which
include D, DIII, C and CI. Let us first consider classes D and
C without TRS. As shown in Eq. (S16) / Eq. (S25), the co-
variance matrix is uniquely determined by a Hermitian invo-
lutory matrix h(k), which further satisfies h(k)∗ = −h(−k)
/ (σy ⊗ 1̃1)h(k)∗(σy ⊗ 1̃1) = −h(−k) for class D / C. In con-
trast, the representation matrix of a fGO is uniquely deter-
mined by a unitary that satisfies exactly the same symmetry
constraint as class AI / AII (cf. the fundamental constraint
Vf(k)∗ = Vf(−k) / Eq. (S51)). This is why the classification
of fGOs in class D / C is the same as that in class AI / AII,
which coincides with the state classification for class BDI /
CII.

According to the classification, we know that the topologi-
cal fGSs in class D / C are possibly disentanglable only in the
dimensions where class BDI / CII also have nontrivial fGSs
(and fGOs). If the dimension is even (d = 0 / 4), the Z2 in-
dex of classes D and BDI / C and CII are computed by the
same Fu-Kane formula (S70) under the same gauge constraint
(S72). If the dimension is odd (d = 1 / 5), the PHS-protected
Z2 index of the fGSs in class BDI / CII is nontrivial if and
only if the winding number is odd, as can be understood from
the fact that the winding number is twice of the Chern-Simons
form for a specific gauge (S69). In short, we have a surjective
inclusion (by forgetting the TRS) of the topological classes
of BDI in D and those of CII in C in these dimensions. As
demonstrated previously, the former is always disentanglable,
so is the latter.

BdG classes with TRS

The remaining two classes are DIII and CI. As shown in
Eq. (S20) / Eq. (S27), the covariance matrix is uniquely de-
termined by a unitary q(k), which satisfies q(k)T = −q(−k)
/ q(k)T = q(−k) for class DIII / CI. In contrast, the repre-
sentation matrix of a fGO is uniquely determined by a unitary
u(k) without any constraint (cf. Eqs. (S40) and (S54)). This
is why the classification of fGOs in class DIII / CI is the same
as that in class A, which coincides with the state classification
for class AIII.

The classification suggests that the fGSs in class DIII / CI
could be generally disentanglable except for d = 2 / 6. To see
whether this is the case, we note that all the disentanglable
fGSs are associated with q(k) that takes the following form:

q(k) =

{
u(k)(σy ⊗ 1̃1)u(−k)T, DIII;
u(k)u(−k)T, CI.

(S77)

In 1D / 5D, the Z2 index for class DIII / CI is determined
by the Chern-Simons form under the gauge constraint that the
sewing matrix is k-independent (cf. Eq. (S71)). One can read-

TABLE III. Disentanglable topological fGSs / state-like topological
fGOs. Intrinsic and symmetry-enriched Gaussian topological orders
are marked in purple and orange, respectively. In particular, class
BDI in 1D marked by light orange only has a Z2 subgroup that re-
mains topological in the absence of symmetries.

AZ d = 0 1 2 3 4 5 6 7
A 0 0 0 0 0 0 0 0

AIII 0 Z 0 Z 0 Z 0 Z
AI 0 0 0 0 0 0 0 0

BDI Z2 Z 0 0 0 2Z 0 Z2

D Z2 Z2 0 0 0 0 0 0
DIII 0 Z2 0 2Z 0 0 0 2Z
AII 0 0 0 0 0 0 0 0
CII 0 2Z 0 Z2 Z2 Z 0 0
C 0 0 0 0 Z2 Z2 0 0
CI 0 0 0 2Z 0 Z2 0 2Z

ily write down a valid solution as

ψα(k) =
1√
2

(
v(k)φα

−u(−k)∗φα

)
, (S78)

where v(k) = u(k)(σy ⊗ 1̃1) for class DIII / v(k) = u(k) for
class CI. The Z2 index thus turns out to be the parity (even or
odd) of the winding number of u(k). Since the Z2 index can
be nontrivial for odd winding numbers, we know that the topo-
logical fGSs in class DIII in 1D / CI in 5D are disentanglable.
In other nontrivial dimensions, where the state topological in-
variants are simply the winding number of q(k) (d = 3, 7),
we find that while the topological fGSs in class DII in 7D / CI
in 3D are all disentanglable, only a subgroup 2Z characterized
by even winding numbers is disentanglable in 3D / 7D. This
is because the winding number of u(k) coincides with that of
u(−k)T for d ≡ 3 mod 4 (cf. Eq. (S67)), so the winding
number of q(k) in Eq. (S77) is always even.

Refined periodic tables

We can separate Table II into three refined periodic tables
according to the disentanglability. In Table III we present the
periodic table for disentanglable topological fGSs, which is
nothing but the non-shaded part in Table II and, by definition,
coincides with that for state-like topological fGOs [99]. Here
we consistently use the term “disentanglable” in 0D to refer to
those topological fGSs that cannot be generated by any topo-
logical fGOs from some trivial reference states.

There remains a problem of distinguishing symmetry-
protected and -enriched orders for the nontrivial AZ classes
other than D. This can be done by studying the K-group ho-
momorphism to class D by forgetting the symmetry. This ho-
momorphism is obviously trivial in d ≥ 2D so it suffices to
consider d = 0, 1. In 0D, the only nontrivial class is BDI,
which can certainly be intrinsically nontrivial (i.e., symmetry-
enriched) since the Z2 number is also characterized by the
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TABLE IV. Non-disentanglable topological fGSs. Colors share the
same meanings as those in Table III.

AZ d = 0 1 2 3 4 5 6 7
A Z 0 Z 0 Z 0 Z 0

AIII 0 0 0 0 0 0 0 0
AI Z 0 0 0 2Z 0 Z2 Z2

BDI 0 0 0 0 0 0 0 0
D 0 0 Z 0 0 0 2Z 0

DIII 0 0 Z2 Z2 0 0 0 0
AII 2Z 0 Z2 Z2 Z 0 0 0
CII 0 0 0 0 0 0 0 0
C 0 0 2Z 0 0 0 Z 0
CI 0 0 0 0 0 0 Z2 Z2

Pfaffian of the covariance matrix, just like class D. In 1D, it
turns out that only those topological fGSs in class BDI with
odd winding numbers exhibit symmetry-enriched orders. Oth-
erwise, we can always deform the fGS into a product state of
two copies with spin up and down, which exhibits a trivial Z2

number by construction.
Let us move on to non-disentanglable topological fGSs.

This can be simply obtained by dividing the disentanglable
topological classes from the full periodic table for fGSs.
Mathematically speaking, this is the quotient group of the full
K-group for fGSs with respect to the subgroup consisting of
disentanglable topological classes.

To distinguish symmetry-protected and -enriched orders,
we first note that, in the absence of symmetries (class D),
topological fGSs appear only in 2D and 6D, and the corre-
sponding topological (Chern) numbers are integers. This ob-
servation already allows us to conclude that all the topolog-
ical fGSs characterized by Z2 are symmetry-protected. In
contrast, those topological fGSs characterized by integers are
symmetry-enriched. Moreover, the group homomorphism to
class D is a multiplication by 2, as can be understood from
Eq. (S21) and the fact that h(k) and−h(−k)∗ share the same
Chern number in 2D and 6D (space inversion k → −k does
not change the Chern number, while the complex conjugate
inverses the Chern number in d ≡ 2 mod 4D; cf. Eq. (S66)).

We finally turn to genuinely dynamical topological fGOs.
Similar to non-disentanglable fGSs, the topological classes
can be simply obtained by dividing the state-like ones from
the full periodic table for fGOs. This is the quotient group of
the full K-group for fGOs with respect to the subgroup con-
sisting of state-like topological classes.

It turns out that, in the absence of symmetries, genuinely
dynamical topological fGOs appear in d = 1, 5 and 7D. In
particular, in 1D and 5D, all the topological invariants are inte-
ger winding numbers. It follows that all the genuinely dynam-
ical topological fGOs in these two dimensions are symmetry-

enriched (more precisely, symmetry constrained). The homo-
morphism to class D is a multiplication by 2 for classes A,
AI, BDI, DIII, AII and C, and a multiplication by 4 for classes

TABLE V. Genuinely dynamical topological fGOs. Colors share the
same meanings as those in Table III.

AZ d = 0 1 2 3 4 5 6 7
A 0 Z 0 Z 0 Z 0 Z

AIII 0 Z 0 Z 0 Z 0 Z

AI Z2 Z 0 0 0 2Z 0 Z2

BDI Z2 Z 0 0 0 2Z 0 Z2

D 0 2Z 0 0 0 2Z 0 Z2

DIII 0 2Z 0 0 0 Z 0 0
AII 0 2Z 0 Z2 Z2 Z 0 0
CII 0 2Z 0 Z2 Z2 Z 0 0
C 0 2Z 0 Z2 0 2Z 0 0
CI 0 Z 0 0 0 2Z 0 0

AIII, CII and CI, respectively. This can be seen by count-
ing the number of topological equivalent blocks in the general
forms of representation matrices.

Things become much trickier in 7D, where general fGOs
are classified by Z2. One can show that a representative
genuinely dynamical fGO in class AI or BDI takes the form
σ0 ⊗ v(k), where v(k) = v(−k)∗ exhibits a nontrivial Z2 in-
dex. Therefore, σ0⊗v(k) = v(k)⊕v(k) is trivial by construc-
tion, implying that the Z2 indices for class AI and BDI are
both symmetry-protected. What remains unclear is whether
the homomorphism from class A or AIII to D could be non-
trivial. To simplify the problem, we make use of the Bott peri-
odicity and consider the effective dimension d = −1, where,
instead of the wave vector, we have a periodic space-like pa-
rameter x [8]. Now the fundamental symmetry constraint on
the representation matrix is V (x) = V (x+ 2π) = V (x)∗ and
the Z2 index can be understood from the fact π1(O(N)) = Z2

for N ≥ 3. Noting that the embedding of π1(O(2)) = Z into
π1(O(N)) = Z2 is surjective and a generator of the former
can be realized in class A:(

cosx sinx
− sinx cosx

)
=
σ0 − σy

2
e−ix +

σ0 + σy
2

eix, (S79)

we know that fGOs in class A with odd winding numbers are
symmetry-enriched, while those with even winding numbers
are symmetry-protected. On the other hand, genuinely dy-
namical fGOs in class AIII always have even winding num-
bers upon being embedded in class A (if we choose the U(1)
symmetry to be the spin-rotation symmetry in z direction),
and are thus symmetry-protected.
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