arXiv:2106.01303v1 [physics.plasm-ph] 22 Feb 2021

Ultrarelativistic electrons in counterpropagating laser beams
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The dynamics and radiation of ultrarelativistic electrons in strong counterpropagating laser beams are inves-
tigated. Assuming that the particle energy is the dominant scale in the problem, an approximate solution of
classical equations of motion is derived and the characteristic features of the motion are examined. A specific
regime is found with comparable strong field quantum parameters of the beams, when the electron trajectory
exhibits ultrashort spike-like features, which bears great significance to the corresponding radiation properties.
An analytical expression for the spectral distribution of spontaneous radiation is derived in the framework of the
Baier-Katkov semiclassical approximation based on the classical trajectory. All the analytical results are further
validated by exact numerical calculations. We consider a non-resonant regime of interaction, when the laser
frequencies in the electron rest frame are far from each other, avoiding stimulated emission. Special attention
is devoted to settings when the description of radiation via the local constant field approximation fails and to
corresponding spectral features. Periodic and non-periodic regimes are considered, when lab frequencies of
the laser waves are always commensurate. The sensitivity of spectra with respect to the electron beam spread,
focusing and finite duration of the laser beams is explored.
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I. INTRODUCTION

Electromagnetic processes in strong laser fields are characterized by nonperturbative multiphoton dynamics. An efficient
treatment of nonlinear processes in strong field QED has been provided within the Furry picture [1]], regarding the strong field
as classical and employing the electron wave function in such fields for the calculation of amplitudes of QED processes. The
Volkov wave function of an electron in a plane wave laser field [2] has been successfully and extensively employed to explore
the nonlinear Compton effect, nonlinear Breit-Wheeler [3H5]], and nonlinear Bethe-Heitler pair production processes [6]. The
multiphoton processes in a plane wave field enter into play at large values of the classical strong field parameter ¢ = —ea/m > 1,
where a is the amplitude of the vector potential, a = VA2, while e and m the electron charge and mass, respectively. Relativistic
units /i = ¢ = 1 are used throughout the paper, unless specified otherwise. Present day laser facilities attain intensities of up to
5 x 1022W/cm? in optical wavelengths [[7,[8], corresponding to & ~ 100. For the next generation extreme laser infrastructures an
order of magnitude increase of intensity is expected [9} [10], opening a bright avenue for investigation of extreme nonlinear strong
field QED processes [[11H14] in laser-plasma or laser-electron beam interactions.

The desire to increase the effective laser field with a given laser beam energy gave rise to the concept of multi-beam configura-
tions and to the notion of a dipole wave [[15H21]]. The simplest case of a multi-beam configuration is the counterpropagating laser
beam setup, which is an attractive setup to study QED effects [22H29]]. All of the above admit no exact analytical solution for the
wave function and are, therefore, not accessible to strong field QED calculations within the Furry picture. The common way of
treating strong field QED processes in laser-plasma interaction is to approximate the emission by that in the presence of the local
constant field when the field intensity is very high (¢ > 1). The local constant field approximation (LCFA) is rigorously derived
in the asymptotic limit & > 1 for the plane wave case (more precise condition is (£/y/*)[w/(e — w)]'3 > 1 [30, 31]], with typical
emission frequencies w/e ~ y/(y + 1) and the electron energy &). In this case the formation length of the process becomes smaller

than the field wavelength, and the process probability depends solely on the quantum parameter y = e /—(F*'P,)2/m?, where
F,, is the electromagnetic tensor and P, = (&, P) the particle 4-momentum. Due its simplicity, this approximation allows for
the inclusion of QED processes in kinetic Monte Carlo and particle-in cell (PIC) simulations involving fields of complex forms
[32H34]. However, recently deficiencies and failures of LCFA have been observed in low [30}[35H37]] and high energy limits [38]].
LCFA violation in counterpropagating laser waves is demonstrated in [39] which is due to emergence of an additional small time
scale in the electron dynamics.

Beyond LCFA treatment, one may apply the Wentzel-Kramers-Brillouin (WKB) approximation to describe the electron
quantum (quasiclassical) dynamics [40l 41]]. A similar high-energy approximation describing the electron dynamics in a focused
laser field, when the electron longitudinal momentum dominates over transverse one, is developed in [42] and applied for
description of corresponding nonlinear QED processes [43H45]. As WKB approximation is closely connected with the classical
description, a WKB wave function in closed analytical form can be derived in the cases when such solution is available for the
electron classical trajectory. In the 60s’ this observation motivated Baier and Katkov to develop the operator approach and with its
help to express the amplitudes of strong field QED processes, such as radiation and pair production, as a function of the electron
classical trajectory in the external field [46-48]].

We consider the setup of counterpropagating laser beams. Here one should distinguish resonant and non-resonant regimes
of interaction. The resonance appears when the frequencies of the laser waves match in the average rest frame of the electron
[49], which would lead to stimulated emission of laser photons [50,|51], to coherent electron scattering from the moving laser
grating (Kapitza-Dirac effect [52H535]). Rather than the widely explored topic of stimulated processes in the resonant regime, we
discuss in this paper the non-resonant regime, relevant to the investigation of spontaneous radiation in this setup. The equation of
motion is highly nonlinear and is known to exhibit chaotic dynamics when the corresponding field are strong 56, 57]. In the
quantum domain, approximations to the wave function of a scalar particle experiencing this field have been discussed in [38}159].
Radiation in this setup and its reaction to the electron dynamics have been investigated within LCFA via PIC-QED simulations
[22, 255271 129]. In particular, this configuration turned out to be favorable to QED cascades where the emitted y-photons are
energetic enough to produce electron-positron pairs, starting an avalanche-like dynamics. Moreover, it was shown that radiation
reaction can essentially modify the trapping of particles in this field [24} [28]].

In the present paper an electron interacting with counterpropagating laser beams in the non-resonant regime is considered,
using laser fields of equal frequency and the ultrarelativistic electron moving initially along the propagation direction of the first
laser beam. An approximate analytical solution to the classical equation of motion is derived, imposing a restriction on the laser
parameters and electron initial momentum, in particular, demanding &,&, < 2, for the lasers’ field parameters &, & and y as the
average Lorentz factor of the electron in the fields. Based on the approximated analytical trajectory, the radiation is calculated in
the realm of the semiclassical Baier-Katkov formalism. We compare the obtained formula with a fully numerical calculation and
discuss radiation features in different regimes. Furthermore, the influence of the pulses width and focusing, which cannot be
accounted for analytically, are studied numerically.

The paper is organized as follows. In Sec. [ll|an approximate solution to the Lorentz equation in the counterpropagating beams
is derived. The investigation of the photon emission is given in Sec. Radiation spectra in strong fields are discussed along
with a numerical example. The validity of the analytical treatment and the deviations with respect to numerical calculations are
analyzed. The impact of finite duration and focusing of the laser beam is investigated numerically. Conclusions are given in



Sec.[IVl

II. THE CLASSICAL DYNAMICS

The classical equation of motion for the particle in electromagnetic (EM) fields reads

fl—f = ey [E(r,x(1)) + v X B (7,x(1))], M

where 7 is the proper time, ¥y = g/m is the relativistic Lorentz-factor, £ = Vm? + P? is the energy, P is the momentum, E, B
are the electric and magnetic fields, correspondingly, and v = P/e is the velocity. In the general case, Eq. (1)) cannot be solved
analytically because of its nonlinearity, as x(7) depends on the momentum via x(7) = f dtP(7)/m. In the following, we seek for
an approximated solution to the particle’s equation of motion in the presence of counterpropagating circularly polarized waves
with the four-vector potential A = A; + A, where

A = aygy(k; - x) [cos(kl - x)é; + sin(k; -x)e;‘] 3 AY = argo(ky - x) [cos(kz - x)é; + sin(k, -x)ef,;]. )
The four-wavevectors of the beams are k| = (w, 0,0, w), k> = (w,0,0,-w) and e, = (0, 1,0,0), e, = (0,0, 1, 0) are the unit vectors.

The dimensionless functions g; (k] - x), g2(k; - x) are slow wave envelopes. In this section they will be set to unity. We will refer to
them when considering the influence of the turn-on process on the relation between the average momentum and its initial value in

Sec. III. The electric and magnetic fields are derived from the vector potential through E = —% and B =V xA:
E| = —aiw[-sin(k; - x) e, +cos (k- x) e,] ; Ey = —apw [—sin (k; - x) e, + cos (ky - x) e, ] 3)
B = ajwl[cos(k; - x) e, +sin(k; - x)e,] ; By = —ayw[cos (ky - x) ex +sin(ky - x) e, ]. @

A. Classical trajectory

For solving the equation of motion Eq. (I)) the phases appearing in the fields arguments are expressed via the trajectoryx(z)

ki -P k- P
B0 =k x(0) = LEr 610, a(0) = ko X(D) = T+ (D) )
where
5y = f gk oP@. 5y = f a2 oP@ (6)
m m

with 6P, = P,(1) - }3,1. The bar symbol designates time-averaged quantities. The key assumption lying in the basis of our
derivation is

m
"k P cos(é1 — ¢2), )

f'¢d = ¢f’¢d = ¢f‘(¢ p2)d
S @ dt = — — COS @, SIN QdT =~ — — COS (@), SIN(P1 — P)dT =
k] -P k2 . P

as well as similar relations where in the right wing cos — sin and in the left wing sin — — cos. By employing this assumption, the
4-momentum P of the particle can be derived. With the momentum, expressions for ¢, ¢, according to Eq. (6)) are calculated
under certain restrictions, which assure the validity of the assumption of Eq. (7).

Since the vector potential is independent on the transverse coordinates, the canonical momentum in these directions is conserved
P, (1) = p, — eA(t). Without loss of generality, we choose the initial transverse momentum p, to be on the x-axis. Then,

P.(7T) = px + mé&) cos ¢p1 +m&> cos ¢y, (®)
P, (1) = m&; sin ¢y + m&> sin g, 9)
where —ea;, = mé| 5. Applying the assumption of Eq. (7)), the x, y components of the trajectory read
Px mé:l . m€2 .
x(t)=|—17+ —=sin¢; + — sin s 10
(7) (m &P ¢ % P ¢2) (10)
mé, mé>
=- = COS @1 + = COS . 11
y(7) (k1 P ¢ P ¢2) a1



Now let us consider the oscillations on the z axis

dP.
:=2p, xB. (12)
dt m

Employing Eqgs. , (EI) and (@), one can find out that the terms scaling like fz,fg cancel. Therefore we have

dP,

F = —pxw [E] sin ¢1 - é:z sin ¢2] - 2(1)]1’!5152 sin (¢1 - ¢2) . (13)

Accordingly, P, = P, + 6P, can be written out explicitly as

mé; mé»
= COS - — COS
BN T B

2mé &
+ m cos (¢1 — ¢2), (14)

oP, = prw

where P, is the time-averaged momentum along z direction, whose relation to the initial momentum of the electron before
interacting with the laser pulses will be discussed in Sec. Integrating over 7, one obtains the z-component of the trajectory

2m2§1§2w
[(k1 = k2) - P]?

P
z(1) = ZZT + sin (¢; — @) + pxw[% sin ¢ — (k;nf—;_)z sin ¢2]. (15)

Let us now calculate the energy and its oscillatory part: & = y/m? + P2 + P2+ (P, + 6P,)2. With Egs. @Ej
B B 12
€= [mz +mPEL + mPES + 2p, (mE) cos ¢y + mé cos ¢a) + P2+ pi + 2P, 6P, + 2mPE1 £, cos(p — ¢o) + 5P§] . (16)

Using 6P, given by Eq. and recalling that (k; — k) - P = —2wP,, one can find out that the terms proportional to cos(¢; — ¢)
cancel each other. The expression for the energy may be further simplified to

12
5 méi mé»
&= {mZ +m?&L + mé; + p2 + P2+ 6P? + 2p, [(1 5 cos ¢y + Tro) cos¢2]} (17)

withk; - P = wé(1 = @,), ky - P = wé (1 + ,), where the average velocity on the z axis is defined as 9, = P./&. With a Taylor
expansion the following expression is obtained
2

P
gz§+5s+o(%), (18)

where the average energy, effective mass, and the oscillatory part are defined as

E= \mE+p2+ P2 mo=ml+&+ &, (58=pxw[km§;3cos¢1+km§iﬁcos¢2. (19)

1 2

Notice that for vanishing transverse momentum p, = 0 the energy is constant, in accordance with [49]]. The expansion in Eq. (I8)
is justified if 0P, <« &. Here we have taken into account that for an ultrarelativistic electron, the amplitude of 6P, is always larger
than 6 according to Egs. (T4) and (19) and thus ¢/ < 6P./e < 1. Taking into account the explicit form of 6P,, Eq. (T4), the
validity condition 6P, < & reads
M P (20)
ki-Pg  (1-10,)&%
mé& P _ P&y
ky P (1 +10,)82
2 2 2
whbe _mhg
(ky — ky) - P& 0,82

<1 (21

(22)

So far ¢, ¢, were not specified yet. With the help of de, P, we evaluate d¢, 6¢, and thus obtain the phases ¢, ¢,. Accordingly,
the validity criterion for the basic assumption of this derivation, Eq. (7), is determined. Substituting Eqs. (T4} [I9) in (€) we have

0¢1 = 1+ Csingy — Ciasin(@y — ¢2), 0¢p = o + Casingy + Cia sin(@y — ¢2), (23)



where &, &, are arbitrary constants and the coefficients are

_ 2pxm§2w2 _ 2pumé&, _ 2pxm§-‘1(u2 _ 2pumé _ 2m2§1§2w2 B mz‘f]é‘z

(ky-PY (1 +05) > (kP2 (-0 7 [k-k) PP 2822 o

Eq. (5) together with Eq. (23) form an implicit system for the solution of the phases. Without loss of generality, we assumed
that 0; > 0, i.e. the particle copropagates with the £ beam, leading to asymmetry between the two beams. As a consequence,
ki - P < k; - P, so that if the beams amplitudes are of the same order of magnitude, C, is considerably larger than C;. In the
following we assume that C, Cj; < 1, yielding the following expressions
ko P 2pamére’

T, )~ by + T+ — sin @;. 25

$2(1) ~ &y + — k1 PP ¢1 (25
In order to prove the consistency of this closure, one should accomplish two things. First, one has to show that the contributions
of Cy, C; to the momentum are of second order, justifying the neglection. For this purpose, we consider a general function F
with the following argument ¢(7) = ¢o(7) + v sin f(7), where v is a small constant and ¢o(7), f(7) are general functions. Taylor
expanding with respect to v yields

ki-P

$1(7) = P +

Fl¢p(D)] ~ Flgo(D)] + vF [¢o(r)] sin f (7). (26)

In our case, ¢ designates the approximated phases ¢; or ¢, given in Eq. (25) and v is either C, or C», ¢ stands for the full phases
including the neglected terms proportional to C, Cy, and F(¢) either € cos(¢) or € sin ¢, where € stands for the amplitudes of the
various momentum oscillations appearing in Egs. (8)), (9),(I4). Since F’ ~ €, the correction scales as O(ev). One should notice
that the amplitude of the momentum oscillations are assumed to be considerably smaller with respect to the particle energy, being
the dominant energy scale. Hence, € is a small parameter and the corrections corresponding to C, C|, may be neglected, up to
the second order.

Second, one should verify that the approximation of Eq. (7) indeed holds. Plugging the phases Eq. (23) into Eq. (7) we notice
that all the three integrals take the form 7 = f cos [at + Bsin(kt)] dr with different choices of @, B, . In order to calculate this
integral, we recall the identity

e[ﬁ sin(kT) — Z Jy(ﬂ)E[SKT, (27)
where J(B) is the Bessel function. Multiplying ?®* on both sides, one readily obtains the real and imaginary part, respectively, as
cos [at + Bsin(kt)] = Z Jy(B) cos [(@ + sk)7] ; sin[at + Bsinkr)] = Z Jy(B) sin [(a + sk)7]. 28)
The integral can thus be obtained as
7= _1 J (ﬁ) 1 [ei(a/+s1<)‘r + e—i(a+sk)‘r] ) (29)
2 & T+ sk

For a certain 8 we know that J,(8) vanishes if the index s is larger enough than 8. Therefore, further simplification can be
accomplished if

skla < Brla < 1. 30)
The integral is thus approximated by
1
I ~ ——cos|at + Bsin(k1)], 3D
a
where Eq. (28) has been considered. This result is in agreement with Eq. (7). Now let us find the conditions for which Eq. (30)
is satisfied for all three cases. For the first integral, B vanishes and Eq. is trivially fulfilled. For the second case, one has
a = (ky - P)/m?, k = (ky - P)/m* and 8 = C», so that Eq. yields

pamé _ (1+0)(1+75)

32
&2 2 (32)
For the third integral 8, « are as in the second case but @ = [(k, — k;) - P]/m?, imposing the condition

p‘—"fl <o -75). (33)

*



Thus, Eq. (7) was explicitly shown to be valid, given that Eqs. (32)) and (33) are satisfied. Combining C1, C1, < 1 with Eqs. 20}22)
and (32}{33), yields the final validity criteria

m gl 52 p,\ é:l

< (1+10,)% o <0 o.(1 — ). (34)

< o, min [1,22;],

Let us conclude the derivation. The final expressions for the trajectory and momentum are Egs. (TO[TTIT3) and Eqs. (S[OIT4IT9),
correspondingly. The phases ¢, (1), ¢2(T) are given by Eq.25) and k| - P,k, - P appear in Eq. (Il A). The validity criteria

corresponding to this solution are Egs. (34] In the ultrarelat1v1st1c regime 1 — 0, < 1 they are simplified to

mefz m‘fle prm§1
2e2 7 g2 7 o2

(35)

The above criteria can be fulfilled in a scenario where an ultrarelativistic electron moves along the laser propagation direction
with a small deviating angle. Alternatively, one may write the instantaneous momentum in a covariant form as follows

ep-Ai(d) |(¢72)'A2(¢2)} Y [EP'Az((Z’z) . A1(¢2) - Ax(¢2)
ky- P (ky —ky) - P 2| kP (ky —ka)-P |

Pu(t) = Py — e[ Al(g1) + Ay(g)] + K (36)

One may verify that in the case if one of the laser beams vanishes, our result Eq. (36) recovers the familiar plane wave solution [5]].

The above derivation expresses the physical quantities of interest, namely the trajectory and the 4-momentum, as a function of
the proper time 7. However, for practical applications it is favorable to use the laboratory time as the independent variable. The
two quantities are simply related through dt = £dr. Performing the integration we obtain

t(r) = —T + prw sin ¢1(7) + sin ¢2(T)] 37

Ja
(ki - P)? (ky - P)2

The latter along with x(7) provides a parametric description of the particle coordinate as a function of the laboratory time.
Alternatively, one may further approximate the phases. We start by writing Eq. as

m mé| . mé .
T= E{t — pxw [m sin ¢ (1) + U P sin ¢2(T)]}. (38)
Substituting (38) into the phase ¢; given in (23] one obtains
_ mé; méy
o1 =P + wit — prow; [(kl Py sin ¢y + s P sin ¢2} . 39

where w; = (1 — 0;)w. This equation is implicit, since ¢, appears in both wings. Nevertheless, it proves useful as a starting point
for approximation of the phases, as we immediately show. According to the validity condition Eq. (34)), one notices that the
coeflicients of the sine functions in Eq. are much smaller than 1. As a result, Eq. may be employed here. The fact that
Eq. (39) is implicit (¢, appears in both wings) poses no difficulty, since the argument f(7) in (26) is general and has no influence
on the final result. Due to (26) and according to the same reasoning that led us to neglect Cy, C\,, they may be omitted, leading to

2px’"§lw2

N~ ® + wit, 1)~ P+ wor + =
¢1(t) =~ o1 +wit, (1) * P2 + w2 ki D)2

sin(wi 1), (40)
where w; = (1 + 0;)w. Hence, one observes that w, w; are the characteristic oscillation frequencies associated with the &}, &
beams, respectively. Notice that according to our convention the particle copropagates with the &; beam, so that o, is positive, and
hence w, is considerably larger than w,, which indicates the non-resonant regime of interaction.

B. Characteristics of the trajectories

With the obtained analytical expression for the electron momentum and coordinate, we study in this section the main
characteristics of the motion. As the dynamics is strongly effected by both of the laser beams, we would expect to find some
unusual features in the electron trajectory, where the acceleration is large and which may yield radiation emission deviating from
the LCFA results based on the Baier-Katkov technique [47]. We inspect the electron velocity in all components for 3 different
field parameters in Fig.[I] featuring various behaviors. The results shown in the figure are obtained within the analytical treatment
presented above and proved by the fully numerical solutions of Eq. (I). In all cases the initial transverse momentum vanishes
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Figure 1. The electron velocity for three different field configurations. In all cases, the electron is copropagating with the & laser beam and the
velocity is shown for one period of &;. Simulation parameters are: (a) & = 50,&, = 1; (b) & = 20,&, = 20; (c) & = 1,& = 50. In all cases the
electron has no transverse momentum and its energy in the field is & = 2.6m...

= 0 and the energy is € = 2.6m,, corresponding to w»/w; = 25. The plots present a time interval of 27r/w;, so it consists of one
cycle of the £ beam and 25 cycles of the & beam.

In panel (a) the laser parameters are & = 50, &, = 1. In the x-y plane the particle performs a cyclic motion with a radius of
m¢ /e and a frequency w, and on top of it rapid oscillations with frequency w, and amplitude mé,/e. According to Eq. (T4), the
amplitude of the oscillation on the z axis scales as ~ m?&&,/€? and is, therefore, considerably smaller as compared to those in the
X,y axes.

Panel (b) depicts the case of & = & = 20. In the x-y plane the oscillations amplitude are now identical, so that the particle
moves in circles with frequency w, according to &,. An interesting point is that the origin of the circle also exhibits a cyclic
motion due to &; with a frequency of w;. Both the fast &, circle and the slow & circle have the same radius because of the identical
oscillation amplitudes. In addition, one can observe that the tilting angle of the total velocity with respect to the z axis is gradually
changing. The reason is that the oscillation frequency on the z axis is w; — w;. As a result, the relative phase between v, and v, for
example gradually increases during the time interval under consideration from O to 2.

Panel (c) presents the dynamics for & = 1,&, = 50. It is quite similar to the previous case, but now the radius of the slow &;
circle is negligible, such that the motion takes the form of a single circle with time dependent tilt.

With respect to radiation emission, the more irregular the trajectory is, the more interesting is the spectral shape. Hence, in
the following we concentrate on the &, > &, case, like in panel (a) of Fig. [T} where the dynamics is much more complex. Fig. 2]
shows a two dimensional projection of the velocity on the x-y plane for &, = 50, &, = 1 with three different particle energies ¢.

Panel (a) corresponds to & = 130m. As mentioned in Fig.[I] one can see that the dynamics is a combination of a large circle due
to &) and rapid oscillations corresponding to &;, which have a smooth sine-shape, see in the inset. When the energy is increased,
see panel (b) with € = 182m, several interesting changes take place. First of all, the number of the &, oscillations contained in
one cycle of & increases since the ratio of the frequencies, w,/wi, is now 51 instead of 25 in panel (a). Furthermore, the radius
of the circle as well as the amplitude of the small oscillations becomes smaller. This is because the amplitude of the transverse
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Figure 2. The transverse velocity in the x — y plane for & = 50,4, = 1, p, = 0 with three electron energies: (a) € = 130m; (b) € = 182m; (¢)
& = 250m. The transverse momentum in all panels is zero. The inside is just the zoom in of the velocity for a certain time. The plots are for one
cycle of &;.
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Figure 3. The y component of the velocity as a function of time is shown for half period of &,. The time is in units of 7 = 2x/w. The electron
has an average energy & = 182m copropagating with &, and the transverse momentum is p, = 2.5m. The field parameters are &; = 50,&, = 1.

velocity v, ~ mé/e decreases with the energy increase. More interestingly, a sharp spike-like feature emerges for each cycle of
&, oscillation. It should be emphasized that the time scale corresponding to these spike-like features is significantly shorter than
both 1/w; and 1/w,.

In order to shed light on this spike-like feature, we take advantage of the approximated phases Eq. and derive from the y
component of the trajectory (IT) the corresponding acceleration

méwi §2 W) m2

v, = — cos ¢ + cosp = — (/\(1 CcoS ¢y + 2 COS o), 41

where in the last expression we take into account that the quantum parameter is proportional to the acceleration y = £2[i|/m> [47].
Here y| = £1ew /m, and y;, = & ews/m are the quantum parameters induced, respectively, by beams 1 and 2. Let us take a close
look at the time interval corresponding to 0 < ¢; < m/2. One can see that as long as y» < 1, the acceleration does not change its
sign. Namely, the velocity will monotonously decrease, as the case in Fig.[2{a). Increasing the energy results in higher values of
the ratio w,/w1, and at a certain point y, exceeds y1. When y, becomes large enough, the acceleration v, will change its sign
during the time interval. If y, is only slightly higher than y, the acceleration is positive for a very short time, leading to sharp
spikes, as encountered in Fig.2|b). In case x> is significantly larger than y, the acceleration is positive about half of the time,
giving rise to the whirl appearing in Fig.[2|c), where the energy is further increased to & = 250m. The impact of these phenomena
on the radiation emission has been explored in Ref. [39].

Finally, let us examine the influence of the transverse momentum p,. From the final expressions for the momentum and energy,
one observes that this quantity has several contributions. First, it gives rise to the oscillations in the longitudinal momentum
P, and the energy &, see Eqgs. and (19), respectively. This means that the energy of the electron in the field is not constant
anymore. Moreover, the non-zero transverse momentum also adds a slow sine-term (with frequency w;) to the phase ¢,, see
Eq. (23). As a result, the rapid oscillations corresponding to &, are periodically modulated. This phenomenon is demonstrated in
Fig.|3] where the y-component of velocity is plotted as a function of time within half a cycle of &;. To verify our analytical results
(black), the numerical solution is also shown in this figure as a blue line. The agreement between the numerical solution and the
analytical one is excellent, as the two curves are on top of each other. In addition, as we expected, the frequency of the small
oscillations increases with time up to /T ~ 7, with T = 2r/w, and then gradually decreases again.

C. Drift momentum

From the discussion above, we can see that the drift momentum of the particle in the laser fields, especially the average energy
in the field, is an essential parameter for our approximation. However, the drift momentum depends on the asymptotic momentum
of the particle before entering in the laser fields as well as the way of switching on the laser pulses. In this section, we will derive
the relation explicitly. The relation between P, and the asymptotic momentum of the particle p,, is governed by the ponderomotive
force [60} 161], arising from the turn on process of the laser fields:

ap, 1 94—
=——_—|eAl". 42
= amar M 42)
Substituting Eq. (Z) and keeping the envelope functions g, g2, we have

dP,
dr f‘ de,

91[¢1( )] - g2 |. (43)

§2d¢



Suppose that the copropagating laser pulse with the amplitude &; is turned on first. During this process the second integral for P,
is vanishing, and the particle momentum reads
, d ,
dv' ——gil$1(7')] = p. +

_ wé?
P = 1 f
< TPt o,

Here ¢, = (k - p)t/m, because in the absence of the counterpropagating pulse k; - P is exactly conserved. It is worthwhile to
mention that this result is similar to the one corresponding to the plane wave case. Now the second pulse is turned on. Its
contribution to the momentum is given by
2
_ _ wé
p=pn 22 [Ty L T
=P - 46,2 HIZICHIN

Recalling the approximation derived above Eq. (PEI) and assuming that the pulse is turned on adiabatically, namely g’/g, — 0,

242
m-&;

e 44
29 )

(45)

the oscillatory part of the phase may be omitted, yielding g>(¢2) = g2 (—‘r) Since the first pulse effect comes into play through

the neglected oscillatory term in ¢,, it does not influence the integration. We further assume that k, - P remains constant during
the turn on of the second pulse. Then, the integral in (45)) is straightforwardly carried out, yielding for P, and &:

m? m2 242 242
5 me . me _ 1 [m2& mPe
+ P = + | — o, 46
S 21ki-p kz P(]) £=ho 2\ki-p  ky-PD w (46)
where Egs. " and £ = \/m? + P? were employed. Hence

_ I’I’lz(‘;:2 msz
Pt =p'+ 21 °2 M. 47
7 2(ki -p) ' 2lky - PD] 2 7

Examining the final momentum @), one may observe that our assumption k, - P = k, - P\ was justified. We underline that

_ m*E2(ky - kp) _ m*Ex(ky - kp)
P=kj-p+—2—" fp-P=ky-p+ —— =
VP Sk, Py 2P ok - pl

Namely, neither k; - P nor k; - P are conserved. One may observe that k| - P is modified during the rise of the counterpropagating
pulse and vice versa. In case the counterpropagating beam is turned on first, an analogous derivation leads to

mzflz u
2[k; - PO] !

(48)

m2§§ 2

P )2

(49)

where PLZ) =pu+ 2(k2 p)ka

The relation between the drift momentum and the asymptotic initial momentum has been also investigated by numerically
solving the Lorentz equation and comparing with the analytical results. Table [] presents the average 4-momentum of the
electron after both laser beams are turned-on, corresponding to different initial momenta and intensities of the lasers. Since the
order by which the lasers are turned-on affects the final state, the table contains both options. For the sake of simplicity, we
assume the initial p, = 0 for all situations. From the expression for the final momentum Egs. (#7) and (49), one can see that two

case| & [ & | p. [Order (&, P)* (&, P)Y

1 lol10l o a (51.495,49.505) | (51.502,49.450)
b (51.495,-49.505) | (51.502,-49.450)

2 13120020 a |(200.637,199.613)((200.637,199.612)
b (25.471,15.452) | (25.835,15.321)

3 1302 1| @ |(187816,185.391)[(187815,185.390)
b (43.522,31.451) (29.531,-0.396)

Table I. The average 4-momentum of an electron after both laser beams are turned-on. We consider three different cases for different initial
momentum p, and field parameters. In all the cases, the initial transverse momentum is chosen to be zero such that P, = P, = 0. The fifth
column, named Order, indicates the order by which the two laser beams are turned-on; (a) The &; beam is turned-on first. (b) The &, beam is
turned-on first. The 4-momentum is given in units of the electron rest mass m. The superscript N designates the numerical calculation and A the
analytical one.
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factors determine which of the beams will be dominant. The obvious one is the corresponding field intensity. The surprising one
is the relative direction between the propagation direction of the particle and the beam under consideration. It stems from the
denominator k - P, namely, counterpropagating beams have lower influence than copropagating beams.

In the first case the two beams have identical intensity and the particle is initially at rest, so the only thing that breaks the
symmetry is the turn-on order. It demonstrates that a given beam will have a stronger influence if it is the first to be turned on. The
reason is that after the turned-on, the particle will copropagate with the first beam and thus this beam will have a large influence in
the final results. This also reflects in the direction of the average momentum as in this case the particle always copropagates with
the first beam at the end, see in Table

For the second case appearing in the table, one may naively assume the & beams should be dominant, since &/£; ~ 7 and the
contribution to the final momentum of each beam scales like ~ ¢2. However, due to the fact that £, is copropagating, its effect
is actually of the same order of magnitude as of the & beam. This can be seen by the fact that the order of the turn-on causes
an order of magnitude difference between the final energies. Namely, when & is turned-on first (Order (a)), the particle is first
accelerated to ultrarelativistic energy and then slightly deccelerated when & is turned-on. The final energy is about € ~ 200m,
which is much larger than the final energy € ~ 25m of the second scenario (Order (b)), where the particle is first deccelerated and
then accelerated.

In the third case a new situation is encountered. The particle flips its direction of motion during the turn-on of the second
beam if the &, beam is turn-on first, Order (b) in the table. One may see that it initially propagates to the left and only after the
second pulse rises it flips direction and propagates to the right. Both from analytical and from experimental perspectives, such a
scenario should be avoided. From an experimental point of view, as it will lead to collisions of electrons in the beam with those
following them. From analytical perspective, since a direction flip implies that the particle average velocity should vanish at a
certain point in the middle of the turn-on process, violating the validity conditions. Indeed, the analytical expression in this case
fails to reproduce the numerical result.

To complete the discussion, we specify several considerations which were taken into account when choosing the above
parameters. First, we made sure that the validity criteria derived above are met. Second, the final propagation direction is always
copropagating with the first turn-on beam, in agreement with the convention introduced in the previous subsection. Third, both
laser amplitudes were chosen to be higher than 1. Since the contribution of each beam scales as o £, a beam with nonrelativistic
intensity would have no influence on the final momentum.

D. Systematic errors analysis of the trajectory

In the following, the accuracy of the analytical solution derived in the previous sections is systematically put to a test. For the
sake of this purpose, we define the relative deviation of the analytical prediction (subscript a) of a quantity X with respect to the
numerically calculated value (subscript n) as follows

1 T

Ay = — dt
*=ar ),

X, - X,

X | (50)

0.92 (@)
0.88f

0.84f

0.80

0.95A

A 0.85f

0.75f

/T

Figure 4. The analytical (blue) and numerical (red) longitudinal velocity for (a) €, = 0.5 and (b) €; = 0.1. In both cases €, = 0. The dashed line
corresponds to advancing the analytical solution in time through the turn-on process and the solid to determining ®,, , according to the particle
location when the turn on is over, see text. The time is in the unit of T = 27/w.
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Figure 5. The relative deviation between analytical and numerical calculations of the following quantities: (a) the transverse velocity; (b) the
longitudinal velocity ; (c) the energy. The x, y axes are the small parameters stemming from the analytical derivation as €; = 2p,mé&;/m? and
€ = m*¢,&,/8%. The average energy is fixed to be & = 200m and the amplitude of the first beam is & = 100. The initial momentum and the &,
beam amplitude are in the range 0 < p, < 15m and 0 < &, < 60, respectively.

with X being either the transverse velocity v, = /2 + 02 the longitudinal one v, or the energy &. The integration time is taken
to infinity, i.e. 7 — co. These deviations are explored as a function of €, = 2p,mé1/m? and €, = m>&,6,/&2, being the small
parameters of the derivation for ultrarelativistic particles, see Eq. (33). In the following we restrict ourselves to & > &, and hence
the third small parameter is by definition smaller than €,, namely p,mé&,/(2&%) < €,. For quantitative comparison of the analytical
and numerical quantities, we specify the arbitrary constants $;, ®, in the phases ¢, ¢, which is done in two ways, see Fig.[4]

Before our broader parameter survey, it is worthwhile to take a close look at a specific case in order to gain intuition regarding
the nature of deviation. Fig. @ presents the longitudinal velocity for & = 50, & = 200m, p, = 0 for a different &, value: & = 20
and &, = 40 corresponding to €; = 0.05 (upper plot) and €; = 0.1 (lower plot), respectively. One can see that the main deviation
stems from an inaccuracy in the phases ¢1, ¢,, rather than in the amplitudes. Moreover, the comparison between the dashed and
solid curves in Fig. ] demonstrates that the two approaches to determine the phases ®;, ®, give almost identical results and the
first method was employed in the following calculations.

Fig. |§|depicts the relative deviations A, A;, A, defined in Eq. as a function of €, €;. We fixed the parameters &, = 100, & =
200m and varied &, p, in the ranges 0 < & < 60, 0 < p, < 15m, respectively. The initial momentum on the z axis was tuned in
order to keep the energy € constant. One may notice that for vanishing &;, the analytical calculation is accurate regardless of the
value of p,. This occurs due to the fact that vanishing of &, corresponds to the plane wave limit, where the analytical solution
Eq. (36) is exact without any restriction.

Furthermore, we can see from all three panels in Fig. [5]that the influence of the small parameter €, is considerably stronger as
compared to that of €;. This is because ¢, affects the phase while €; stems from the Taylor expansion of the energy (Eq. (I8)) and
the discrepancy mainly originates from the dephasing in time, as shown in Fig.[d The amplitude of the oscillation in v, v, and &,
on the other hand, can be predicted quite well by the analytical expression even for nonnegligible €}, €, which provides us a way
to crudely estimate the relative error. For example, the average and oscillatory parts of v, may be roughly estimated, respectively,
as ~ mé /e and ~ mé&/e, and therefore the relative error is approximately A, ~ &/&;. The relative error for v, is ~ m>&&/(0.&2),
which is smaller than A, . For the energy, according to (T9), the oscillations are closely related to €;, i.e. 6g/e ~ €;/2. If we plug
in the simulation parameters, these estimations qualitatively explain that for the same small parameter €, and €, v, has the largest
deviation. For Fig.[5|c), we can see that the analytical results predict a very good approximation when €, = 0 no matter how
large € is. The reason is that when py is zero the energy is constant (see Eq. (I9)). Consequently, the phase plays no role and the
approximation is quite good for the entire range of €; values presented in the figure.

III. RADIATION

Using the classical trajectory developed in Sec. [[TA] the radiation is calculated according to the Baier-Katkov method [47]. For
the sake of simplicity, we start with a spinless particle. Analogous derivation for the spinor case is given later. The Baier-Katkov
expression for the emitted intensity / reads

ae

= ——— T &K 51
(27r)23’T0| il oD
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where « is the fine structure constant, T is the interaction time, &’ = & — «’, and

Zr X, (52)

8’

T = [ dmoet. v
where v, = dx,/dt, k, is the emitted photon four-momentum characterized by its energy '’ and the emission direction n as
k, =" (1,n), (53)

with n = (cos ¢ sin 8, sin ¢ sin 6, cos §). In the realm of this theory, the oscillation d& are assumed to be small as compared to &,

which holds in our case as shown in the previous section. Accordingly, the factor appearing in the phase may be approximated as
£ = § [1 + %] In the following derivation the second order correction is neglected. Moreover, for simplicity reasons, the
average energy ¢ is replaced from now on by . Furthermore, since the trajectory is given in terms of the proper time 7, we change
the integration variable in Eq. (52)), leading to

Tuk') = f " dTPNT(T)ew/. (54)

00

Substituting the trajectory and the emitted wavevector into expressions (54), the phase reads
W = YnpT — 21 sin(e) + 24 cos(¢y) — 23 sin(¢) + 2§ cos(¢) — z3 sin (g1 — ¢2) , (55)

where u = & and the following quantities were introduced

2
méu w méu U w méru m-é1&u
Z)lc = i [”x + P (nz - 1):| > Z? = ny, Z; = mg_ [nx - Px (nz + 1)]’ Zg = é: ny, 3= _—é:nz’ (56)
w) wE w) Wy W& wy U, Awe
The linear term coefficient in (53] reads
2
ue _ . _
np = 7(1 — Dy cossinf — v, cos ). &)

The phase ¢ may be simplified by introducing

Y b4
2= @+ @2 = @)+ (D) ¢ =tan! (—i) ¢ =tan”' (—i) (58)
Z Z-

1 2

Therefore, the phase takes the form

W = YT — 2y sin(@ — 1) — 22 sin(¢1 — @) — 23 sin (¢ — o). (59)

Notice that in the particular case of p, = 0, the second term in the expressions for z},z; vanishes, leading to

méjusin g mé&u sin @ m2é&xu
= D=—"—"> B3=—7-C

— 0s 6 (60)
W w v, Awe

<1
as well as ¢; = ¢» = . Let us calculate the y component of 7 in detail. Employing (9), we obtain
Ty = fd‘r [£1sin ¢ + & sinp] €. (61)
In order to analytically solve this integral, the identity [S]

(1, cos ¢, sin ¢p)e* sin(¢-¢) — Z(Bo, By, By)e™ ™. (62)

is invoked. The functions By, B;, B, are related to the Bessel function and its first derivative J;(z), J;(z) through
: S . S .
Bo(s,z, ) = Js(2)e"™  Bi(s,z,¢) = [ZJ_Y(z) cos ¢ — iJ;(z) sin go] e By(s,z,¢) = ZJS(Z) sing + iJ;(z) cosp|e™?.  (63)
As a result, the integral in is solved, yielding

Ty =27 3 3" ) 6@ 1) [E1Bo@IBoAD) + £B0(1Bx(2)] Bo(3), (64)

S1 52 53
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where 1 = (51,21, ), 2 = (52,22, ¢) and 3 = (3, 23, 0) respectively, and the § function argument is given by
E
QS[,Sz,S} = Wnp - Z [s1w1 = $2w2 — 83 (W1 —w)] . (65)

One may notice that different combinations of the indices sy, 52, s3 may yield the same ¢ function argument. As a result, when
squaring 7, interference terms will arise. This interference depends on the quantity w»/w;. If this ratio is an integer, the motion
is periodic with the frequence 27m/w,. Otherwise, the motion is non-periodic. In the following we discuss each of the cases
separately.

Since the dynamics of the electron can be either periodic or non-periodic in w; based on the ratio w,/w; being integer or not,
the expression for the emitted spectrum is also different, as the interference between different harmonics in the spectrum depends
on the periodicity of the motion. In this section, we will separately discuss the emission for the non-periodic and periodic cases.

A. The non-periodic case

In the non-periodic case, when the ratio w,/w is not an integer, it is convenient to define s; = s; + 53, Sg = 52 — 53. Hence, one

may write
Ty =21 ) > MyS(Q ), (66)

SL SR

with Q =Yy, — % (spw; — sgpw>). The matrix element takes the form

'SL>SR

My =" Bo3)[£1BoDBa(D) + E&By(1)Ba(2)] (67)

83

An analogous procedure may be applied for the other components as well, yielding

T =21 )" > Mu(se, sr, €08 0)0(Q, 5,), (68)
where o
M, = Z 30(3)[ Bo(1)By(2) + 22 fl Bi(1)By(2) + 22 30(1)31(2)] (69)
M, = Z(%Bo(l)Bo(Z)BoG) + Bo(3) [£1B0(2)B1(1) + szo(l)Bl(Z)]), (70)
M. = 2(30(1)30(2)[%30(3) f‘&B 3 +BO(3)p : [5‘ Bi(1)By(2) - é190(1)191(2)]) (71)

As the squaring 7 does not mix terms associated with different s;, sg indices, the interference takes place only between terms
included within M(sy, sg). Finally, the emitted intensity may be obtained by integrating over the polar angle.

dl am

dw'dy 2

d(cos O)w"” Z Z|M(SL’ Sg,w’, cos 9)|25(QsL,sR) (72)

SL SR

where the identity 62(Q5L,SR) = ;—]"Té(QSLJR) is used. The proper interaction time is given by 7o = (m/g)T. The condition imposed
by the ¢ function, Q = 0, determines the relation between cos 6 and «’, ¢

1—p—1i,cos6 =i,cose V1 —cos?b. (73)

Squaring and solving this equation one obtains two possible angles

'SL>SR

0,(1 —p) £ 0, cosgp\/Z

74
02 + 02 cos? g 7%

cos b, =

where the following quantities were introduced
’

A55Z2+E)2Ccoszgo—(1—p)2, p= ei)

/ (Spwi + Spwy) . (75)



14

Notice that when squaring a redundant solution may be added, which solves the equation
1—p—i,cos60=—0b,cosp V1 —cos?é, (76)

rather than the original one. Thus, the solutions given in are physical only when a positive results appear after substituting it
into the right wing of (73). In quantitative terms, this condition reads

P cosO< 1. 77

Z

A solution that does not meet this criterion is therefore excluded. Employing the ¢ function to perform the integration leads to

0’8(4) SL.SR |
_ M , , 9 LR 78
dw’dtp Qe ; Z,: ZR:' (st 5k, )| |d(cos ) lo= (78)
The reciprocal of the derivative of the ¢ function, required for the integration, reads
dQs, s |- ! 1
woe |1 MEL it k= |— (79)
d(cos ) 2w U, cospcotf — i,
Plugging (79) into the final result follows
aw'm?
o~ d¢ = et Z %}}M(sb ., 00| (6, (80)
For spinor particle the initial emission expression (51)) is modified as follows
2
2 5 g +¢ 2, W 2
= - Tol”. 81
TP = K] ( e )| Tl + 555170 @1)
Therefore, the final results for scalars is multiplied by (5'22;2) and a second term is added
dal am?o’ 2 2
Tords et Z D0 k0|~ (% + &) IMy(si, s + wm? | MoGsi, se)P | (82)

=+ 5L SR

B. The periodic case

Now, we consider the case of periodic motion when w, = nw;, with an integer n. As a result, the kinematic relation which
follows from the ¢ function is modified. Using the relation between s;,, sg and s1 » 52,53 One obtains s;wq + Spwy — S.wq, with the
definition s, = 51 + ns, — s3(n — 1). Accordingly, p in 1) is replaced by p = Z5s.w;. As a consequence of the periodicity, the
summation over s, takes place inside the matrix element, similarly to s3. Correspondingly, we have

M, = ZZBO@[ & BB + B By 2) + P2 Boa)Bl(z)] (83)
sy 83 W&

M= Z(%BO(I)BO(Z)BOC’) + Bo(3) [£1Bo(2)B1 (1) + szoa)Bl(zn), (84)

My =" 3" By [£1Bo@)Ba(1) + £Bo(DBa(2)] (85)

52 53

M. = ZZ(BOmBom[ £ By (3) - f‘&Bms)]

Z

2
“ | b - 5_30(1)31(2)]) (86)
52 53
Compared to the non-periodic case, the interference between different harmonics in the spectrum is much more complicated in the
periodic case as there is a double summation inside the squaring of the matrix elements. The final result, analogous to of the
non-periodic case, is given by

d:)i,ldgp = ZZ:;U Z ZK(Q)[—S (8 +& )IM“ |2 +¢U'2m2IMO| ] &7)

It is worth to point out that the periodic case is most likely to be observed in a short laser pulse, when the condition w, = nw; can
be fulfilled within the broad bandwidth of the laser pulse. We discuss this issue below.
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C. Vanishing initial transverse momentum

In this subsection several quantities are explicitly evaluated for the particular case of vanishing initial transverse momentum,
px = 0. It allows us to simplify the expressions and thus to obtain order of magnitude estimations which will prove useful later on.
Substituting p, = 0 to (74), the emitted photon angle reduces to

l-p

cosd = (88)

U,

Since p < 1, the corresponding sine function is approximately given by sin 8 = 2 Substituting this expression to the

Bessel arguments definitions (60) one obtains

_ &mam _ &mm

21 u(ug —u), 2 u(ug — u) (89)

w1&
2
where we have defined u, = w and the relation 512 =1- ’g—z was employed. The maximal value of z;,z, corresponds to
u = uy/2, namely

Jmax _ &1 (spwy + spwy)  mauéy max _ & (spw + spwy) m.ués
! wm, we 7 wan, wre

(90)

D. Spectra in the strong field regime: &, > 1

In what follows we consider in detail the case where the copropagating beam is of relativistic intensity. It should be stressed
that the spectrum may not be approximated by LCFA even though &, > 1. The physical conditions and the nature of this specific
LCFA violation is discussed in [39].

In the strong field regime the argument of the Bessel function in Eq. can be the order of 10® or even larger with the
increasing of the laser field strength. This means the sum over the harmonics in the emission spectrum covers an extremely large
region. In order to make the calculation feasible, we have employed an optimised scheme for the calculation, based on the logic
proposed by Ritus [5].

It is well known that an ultrarelativistic particle emits mainly within a cone of angle ~ 1/y along its propagation direction.
Hence, the emission angle # may be approximated by the angle of the particle’s momentum between P with respect to the z axis.
Examining the classical momentum P, one observes that this angle lies in the range sin 6, < sinf < sin 8, and its time-averaged
value is sin 6., where

m: + p2 + - + +
sing, = ——, sinf; = PxCos¢ + m, &), sin@, = PxCOSp + m(& + &) . 91)
£ £ £

In the case considered here, namely £ > 1,&, < &, and due to p, < m¢ (see Eq. (20)), this range is very narrow and the angle
may be crudely estimated according to the average value 6.. Accordingly, one may show that the second term in the brackets
appearing in the expression for z{, z} is negligible. As a result, the p, = 0 expressions provides an order of magnitude
estimation for z1, 25, z3. Plugging in sin 6, = m./e, cos 6, ~ 1 one obtains
m.&u e mbu . m&&u

wie 2= wre 4= U, €

7= 92)
Notice that z{, z5 coincide with the maximal value possible for these quantities, see Eq. . Furthermore, one may observe that
since 0, ~ 1 and m, ~ mé| we have 7 ~ z5.

In the following we take advantage of these relations in order to accelerate the harmonics summation (sz, sz, §3) appearing
in the final emission formula ([82)) as well as derive simplified validity conditions. We follow the logic presented by Ritus [5]
for emission in a circularly polarized laser. Since u ~ y, and y =, these arguments may be much larger than 1. As a result, the
number of harmonics contributing to the emission may be enormous, and an efficient way to carry out the summation is required.
First, we replace the summation by integration. Second, since Bessel function of high order is maximal for z ~ s and strongly
suppressed for either z > s or z < s, the integration is centred around

SLELNHEG SR=H 5 S5=4 ©3)
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Figure 6. The time-dependent quantum parameter y(¢) as a function of ¢ for both non-periodic case (a) and periodic case (b). The solid black
curves are for the one cycle of the laser pulse and the dashed blue curves are for another cycle that is ten period away. The emission spectra for
non-periodic case (c) and periodic case (d). Here ¢, is corresponding to y(¢) near maximum, ¢, is for y(¢) in the middle and ¢; is for y(¢) near
minimum. The other parameters are &; = 20 and &, = 0.3 with p, = 0. The non-periodic case is for € = 4m. with w,/w; = 60.1, while the
periodic case is for w,/w;, = 60 (& = 4.02m,,).

In order to estimate the integration range, we define Z1 , zz, z2 and z},25,724 an.alogouslly to 77,725,725 gppearing in Eq. (92) with
6 = 6, and 0 = 6, respectively. Accordingly, the upper and lower limits of the integration are respectively

d_d,d d__d_d d_.d
SL=2+25, SR =2 =23 S35 Sp =43, Sp =2 =3, 83 =2 04)

In mathematical terms, our improved summation scheme may be formulated as

st s s
Z > f dsL,Z > f dsR,Z = f ds; (95)
SL L SR R $3 3

The replacement of the summation by integral in the calculation is appropriate only when s, — s4 is large enough, which strongly
depends on the chosen parameters.

In the following we present typical spectra in the strong field regime (¢, = 20,&; = 0.3, p, = 0), and use it to discuss the
differences between the periodic and non-periodic cases derived above. Please note that the radiation reaction is neglected in the
applied parameter regime, as the energy emitted during one laser cycle is very small compared with the electron energy.

Non-periodic case versus periodic case with p, = 0. In Fig.[6[a) and (c), we consider the non-periodic case. The energy was
chosen to be € = 4m,, so that the ratio w;/w; is 60.1, namely non-integer. Since the radiation of an ultrarelativistic electron
emitted to a certain direction originates from the vicinity of the location where the particle velocity points to the detector, it
implies that the emission should depend on ¢. However, due to the non-periodicity, we can see from Fig. [6a) that the emission
at a given ¢ takes place with different y values in different w; cycles. As a result of this y-averaging, the difference between
emissions at various ¢ disappears with long enough pulse of &, see the spectra in Fig. [f[c) for three different ¢. The spectrum
was evaluated with the aid of the non-periodic formula (82) together with (93).

In the periodic case, Fig. |§kb) and (d), the electron energy is tuned ¢ = 4.02m, to fulfil the integer ratio w,/w; = 60. As
opposed to the non-periodic case, here a particular value of y parameter corresponds to the emission at a given ¢ at any period of
the trajectory (see Fig.[6] (b)), and therefore the emission depends on ¢. In Fig. [§(d) the black, blue and red curves are calculated
with different values of ¢, respectively. One may see that these three curves significantly differ from each other.
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Figure 7. The emission spectra for the same parameters as in Fig.[§] The blue curve corresponds to the non-periodic case and the black solid and
dashed lines correspond to the periodic case for specific values of ¢ corresponding to the minimum y,,;, and the maximum y,,.,, respectively.
The circles (squares) designate the numerical calculation of a finite pulse of 10 (5) cycles. The filling (open) markers are related to ¢ for

Xmin (Xmax) .

Now we examine numerically the spectrum obtained for the non-periodic case, but with finite number of cycles in the laser
pulse (as compared to the infinite pulse assumed by the analytical derivation). For the numerical calculations, we have evaluated
Eq. numerically, employing the numerical trajectory for the electron, as for realistic laser pulses the trajectory is not available
analytically. In Fig.[7|full (hollow) circles designate 10 cycles with ¢ corresponding to, respectively, the miminum (maximum) y
and full (hollow) squares are for 5 cycles with the same ¢. First of all, the non-periodic spectrum, which represents averaging over
¢, lies indeed in the middle between those curves, as expected. Secondly, one may see that the spectra for the finite laser pulse are
far from the infinite pulse calculation. Moreover, the shorter the pulse is, the closer the results are to the periodic case. The reason
is that the averaging out of the azimuthal dependence, as explained above, requires many cycles of interaction. The criterion
which determines when one may employ the periodic formula is that the y-averaging is not significant, namely

Nn-n,) < 2rn (96)

where N is the number of cycles in the laser pulse, n = w,/w; and n. is the closest integer number to n. For the parameters
considered above this quantity reads 0.5 and 1, respectively. Consequently, the periodic expression provides a good estimation to
the final result for short laser pulse, provided that the condition (96) is fulfilled.

Non-periodic case versus periodic case with p, # 0. Previously, we have discussed the emission of an electron in CPW with
vanishing transverse momentum. However, in a realistic experimental setup, the electrons in a beam always have non vanishing
transverse momentum because of the angle spreading of the beam. In order to study the influence of the transverse momentum on
the radiation process, we have in this section calculated the emission spectrum of an electron with p, # 0 for both non-periodic
and periodic cases.

In Fig.[8] the spectra for p, being 0.25% of the total energy have been investigated. Both of the spectra are not sysmetric with
respect to the azimutal angle ¢ as the x—direction is favorable. For the non-periodic case, even the gradual shift of y regarding the
azimuthal angle still happens for p, # 0, the spectrum is nevertheless ¢ dependent because the transverse momentum breaks the
sysmmetry. Furthermore, the spectrum for the periodic case with nonzero p, has fringes with respect to ¢. This means that the
quantum parameter y still has the similar dependence on the azimuthal angle like in Fig. [6(b).

E. Validity condition

In the following we derive the validity conditions for the emission formula obtained in the previous section. For this purpose,
we recall that the next order correction to the trajectory employed in this paper reads

¢1 > ¢1 + Crsingy — Cppsin(dy — ¢o) ¢ — ¢2 + Casingy + Cyp sin(¢y — ¢2) G

Let us substitute these modifications into the expression (53] for to the phase ¢ and examine the additional terms. Next, we take
advantage of the identity

sin (@t + By sink T + B sin kT — ) = Z Z Js, (BT, (B2) sin [(@ + 1K1 + $262) T — 0] (98)

51 52
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Please note that  here is just a parameter and not related to Eq. (79). Consequently, sin, cos functions in (53) are replaced
according to

cosat = I(A) =« fd‘r sin (@7 + B sink T + By sinkeT — @) , 99)
sinat - I,(A) =« fd‘r cos(at + B sink T + By sinkaT — @) (100)

with A denoting (e, 81, k1,32, k2, ¢). Using (98) one obtains

_ZZ 1 JS1(ﬂl)Jsz(B2) cos [(Q’ + 51K +S2K2)T _90] , (101)

+ (s1/q + S2K2)/a'

‘151 Jsz .
I, = ZZ ] Br)J; (52) sin [(@ + s1k1 + $5262) T — @] . (102)

+ (511 + 52K2) |

In the preVi(?us section the trigopome.:tric identity z} cos ¢ + z{ sin¢; =z sin(¢; — ¢1) was employed, where z;, ¢; are given by
(58) respectively. Analogously, in this case we have

21 L2(No) + 21 11(No) = 21.12(Ay) (103)

where

W€ e (w - a)z)s’ 1) (104)

As a result, the modified phase may be written as

¥ = Uyt~ 0 Ta(A) ~ 22T2(A) - 1 To(A3) (105
where
Ay = (mz'S 0,0,Cyp, L= ‘”2)8,<pz), As =(M,Cl =22 —2clz,ﬂ’0)' (190
m m m mn

Let us estimate the neglected contribution to the phase, namely the difference between (59) and (T03). For the sake of simplicity,
we split the corrections to 3 contributions, Ay, Ay, Ay associated with z1, 22, 23, respectively.

Ay = Ay + Ay + A . (107)
dI/dwdp(x107?) dl/dwde(x107]
ﬁ ﬂ
0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20

. . S
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w/e [x107%] wle [x107%]

Figure 8. The emission spectra for the non-periodic case (a) and periodic case (b). Here we have p, = 0.25m, being about 0.25% of the total
energy, for both cases. The non-periodic case is for w»/w; = 60.2, while the periodic case is for w,/w; = 60. The other parameters are the same

as in Fig.
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In explicit terms, the corrections take the form Ay = —z; [1 (A1) — sin (¢; — ¢1)], and for Ayr,, Ays we have z; — z;,23. Since
C1,C12 < 1, we consider only first order corrections, namely s; = 0,5, = +1 and 57 = =1, 5, = 0. Therefore, one readily obtains

1
I (Ay) —sin(at — @) = %(1 e sin[(@ + k)T —¢] — [ xja sin[(@ — k) T — go]) + (B1, K1 = B2, K2) (108)
where J1(8) = —J_1(8) ~ B/2 was used. Using Eqs. (I08)), (I04) yields
Ay = —m1 [sin(@1 + @2 — @1) + sin(py — ¢z — @1)] + m2 [sin(dz — ¢1) — sin(2py — 2 — ¢1)] (109)

where w;/w, <« 1 was employed. Analogously, for the other contribution one finds

Ay = —n3sin(@1 — o) — qasin(2ey — 1 — ¢2)  AYz = -5 sin(@1 — 22) + nesingy + 7 sin [2(¢1 — ¢2)] + 57 (110)
The following coefficients were defined

_z2Cwr  _ 71Cpw
m= 12 =
2&)2

_2Cpwy Chp € nCwy  53Ch (w—w)ezsCi
= ’774= ,T]5= 4 ,n6= 20)1 77]7= 57]8= .

4 2 m

In order to formulate the general validity condition, we notice that the phase (59) contains a linear term with low (w;) and
high (w;, w, — wy) frequencies. Therefore, we require that the coefficients of the high frequency corrections, will be smaller as
compared to z»,z3. Similarly, the coeflicients of the low frequency should be lower than z;, and the one corresponding to the
linear term smaller than y,,,. Hence the general validity condition may be cast in the form

>13

20.)2 20.)1

m,m2,N4,MN5, M7 K<22,23 M3, <21 Mg <K wnp . (111)

We call attention to the fact that these conditions depend on the emitted photon properties w, 6, ¢. As a result, for given interaction
parameters (laser amplitudes, particle energy), part of the spectrum may be described by our analytical expression whereas a
different part may exhibit deviations. Hence, one should verify that (ITT)) holds for the entire spectral range of interest. In the
strong field case, however, the situation is much simplified and simple criteria are derived, which hold for the entire spectrum.
Let us consider explicitly the strong field regime (£; > 1). As explained in Sec. in this regime the emission is restricted

to a limited angle range, for which the Bessel coefficients may be approximated by z{,z5,z5. Substituting these expressions to the
requirement 1} and employing the trajectory validity conditions in Sec. as well as the approximation Z—? = }% r %’ we
find that 14, 175, 177, 73 obey (1)) by definition. Employing Eq. (92) as well as the expressions for Cy, C|2, the validity condition is
simplified to
&2 m2&2

L TR RS N AP (112)

22 2m*§2 21 2m*§1 22 2e 21 2¢e
The last three conditions are automatically fulfilled according to the validity conditions for the trajectory. Hence, only a single
additional condition, corresponding to 7, Eq. (I12), is required to validate the applied formalism:

Pr
24,

As demonstrated above, the analytical approximation depends on several criteria being fulfilled. In the following, we examine
in detail the strong field case, where the number of quantities required to be low is relatively small, allowing for a tractable study

< 1. (113)
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Figure 9. The relative deviation in percentage between the analytical and the numerical spectrum as a function of the small parameter €. See
text for details.



20

08><10’3
o Wy (o)
0.6, e % 5
ST 5% 1
g()4 g 10 10
S o 6 10
0.3
O % i =] f.
%.%00 0.0005

0.0010 _ 0.0015
w/e

Figure 10. The emitted spectra for various pulse duration and spot sizes. wy is the spot radius and o7 the pulse duration. The solid line stands for
the analytical expression (wg, 09 — ©0).

of the error. The main quantities, which stem from the trajectory approximation, are €, €, given in Sec. In the following we
investigate systematically and quantitatively the relation between these parameters and the corresponding error. For the sake of
this purpose, a new quantity is introduced

A+ M+ A L (u;) — I (u;
CA Ayl ) 1)
3 In(ui)

A
measuring the relative difference A (in percent) between the analytical (/,) and numerical (7)) results. It is evaluated in 3 points
u; on the spectrum. Fig.[9]shows the deviation A as a function of €|, assuming that e, vanishes. One can see that error grows
monotonically, and that €; = 0.1 yields a deviation of 15%. In order to examine the influence of €,, the calculation was generalized
to two dimensions, and the results are presented in Tab. [[I} One may see that the impact of ¢, is significantly smaller as compared
to €;. The results presented in this subsection provides quantitative information which may be valuable when applying our
expressions in practice.

e ©10.03] 0.06 | 0.09 | 0.12 | 0.15
0.03 {3.01{10.25|13.85|18.35|25.46
0.06 {3.05|10.60{14.19|19.10{26.19
0.09 {3.10{11.00{14.72|19.83|26.99
0.12 {3.19]11.40|15.57|20.56|27.81
0.15{3.32{11.80{16.79|21.45|28.90

Table II. The relative difference between the analytical and numerical results as a function of the parameters €; and ;.

F. Realistic pulse effects

The analytical derivation presented above assumes that the laser fields are one dimensional, of infinitely long duration and
sinusoidal. This approximation is appropriate for long pulses (dozens of cycles) which are focused on large spots (radius of
dozens of wavelengths). However, realistic pulses tend to be short and tightly focused, in order to maximize the obtained intensity
for a given pulse energy. Therefore, for practical reasons it is highly important to thoroughly examine the dependence of the
emission on pulse duration and focal size. In particular, we wish to establish qualitatively which spectral features are affected by
shortening / focusing the laser pulse, what is the amplitude of the deviation and to find the conditions for which the spectrum
recovers the analytical result.

Fig.[I0]depicts the angle integrated emission of a particle interacting with pulses with normalized amplitudes &, = 12.5,& =
0.1, & = 80m, respectively. The solid line stands for the analytical expression. Numerical calculations corresponding to variety of
pulse durations (denoted by o) and focal radii (denoted by wy) were carried it. For the sake of comparison, we wanted to keep
the energy of the particle in the main part of the pulse identical for all compared cases. For this purpose, the initial electron energy
was zero and its initial location zy was tuned, namely the distance to the beginning of the £&; and &, beams. From an experimental
point of view, it may be realized by placing atoms which are ionized by the laser field.
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As expected, the analytical formula coincides fairly well with the numerical calculation for a long pulse with large focus
wo = 50, 09 = 20. Let us examine the influence of the temporal width first. Decreasing the duration to oo = 10 does not change
much the spectrum. However, for ultrashort pulses (full circles) with o = 5, the emission significantly increases. This may be
explained by the fact that the rapid rise of the pulse is accompanied by stronger acceleration and enhanced y value. Moreover, the
shorter the pulse is, the larger the edge effect will be in the emission spectrum. This edge effect will induce deviations of the
spectrum from the LCFA predictions and enhance the emission, especially in the high energy domain [39].

As for the spatial focusing, one observes an opposite trend. Namely, a small spot results in a significant decrease in the emitted
spectrum, as well as in a deformation of its spectral shape. We suggest that this outcome stems from the fact that tightly focused
beams rapidly expel the particle from the focus due to the transverse pondermotive force. Furthermore, one may notice that even
moderate focusing, wy = 20, results in a considerable deviation from the one dimensional case. Thus, Fig. [_115] shows that finite
duration yields significant deviation from the analytical expression only for ultrashort pulses, whereas the focal radius has greater
influence and should be fairly large in order to recover the theoretical result.

IV. SUMMARY AND CONCLUSION

We have investigated the radiation properties of a relativistic electron in counterpropagating laser waves within the semiclassical
formalism introduced by Baier and Katkov. This formalism is valid when the electron dynamics in the background classical fields
is quasiclassical. It treats a photon emission quantum mechanically, fully taking into account the quantum recoil of the emitted
photon. As the formalism employs the electron classical trajectory in the given fields, we firstly investigate in detail the electron
classical dynamics in the counterpropagating laser beam setup. The classical momentum and trajectory are analytically derived
assuming that the particle energy is the dominant scale and that the angle between the particle propagation direction and the
beams axis is small (see the exact conditions in Eq. (34)). The trajectory characteristics as a function of the laser parameters
and the particle energy are discussed. In particular, we show that in the case when the quantum parameters induced by each of
the beams are comparable, y; = x», a peculiar spike-like feature arises. Since its typical time scale is significantly shorter as
compared to 1/wy, 1/w,, it will bear great significance to the corresponding radiation properties. Moreover, a detailed comparison
with the full numerical solution was carried out resulting in a good agreement and validating our analytical solution in the given
conditions. The dependence of the small deviations with respect to the exact solution on the parameters has been systematically
investigated. We have observed an interesting relationship of the cycle-averaged momentum in the field to the asymptotic one. We
show that the final average momentum depends on the order by which the laser beams are turned on.

Further, employing the approximated analytical trajectory, the radiation has been calculated in the Baier-Katkov semiclassical
framework. The Baier-Katkov integrals were analytically solved yielding closed formulas in terms of sums over Bessel functions.
Different regimes, periodic and non-periodic, are explored.

We concentrated on the strong field regime, which was found to be of particular interest for anomalous LCFA violation
[39]. An optimised calculation method based on a physical reasoning is suggested, which enables quick summation over the
numerous Bessel harmonics appearing in the analytical formula. The result is employed to compare in detail the periodic and
the non-periodic regimes. We have observed that as opposed to the non-periodic case, where non-uniformity in the azimuthal
direction finally averages to zero, in the periodic case considerable dependence on the azimuthal angle appears. We found that in
a rather short laser pulse the emission in the non-periodic case becomes similar to the periodic one. Furthermore, we analyze
numerically the effect introduced by a finite duration and spot size of the beams, which are not included in the analytical derivation.
We demonstrate that the ultrashort pulse results in enhanced emission while tightly focused beam reduce the emitted energy and
give physical explanations.

Finally, elaborated analytical analysis of the validity condition is presented. In the general case, it depends on the energy and
angle of the emitted photon. In the strong field case, it reduces to a simple restriction on the ratio between the energy and the laser
amplitude. The error in the spectrum is evaluated numerically and systematically explored as a function of the small quantities
lying in the foundation of the theoretical approximation.
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