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Abstract

In this work we discuss the application of an evolution equation that we have developed for the
dynamics of a slowly evolving weakly-curved detonation to a problem of direct detonation initiation.
Despite the relative simplicity of the theory, it successfully explains basic features of the initiation pro-
cess which are observed in experiments and numerical simulations. Moreover, the theory allows one to
calculate initiation energies based on the explosive chemical and thermodynamic properties only, with-
out having to invoke significant modeling assumptions. The evolution equation exhibits the competing
effects of the exothermic heat release, curvature, and shock acceleration. The detonation dynamics dur-
ing the initiation depends on the relative strength of the heat release and flow divergence, resulting in
successful initiation of self-sustained detonation if the heat release is sufficiently stronger than diver-
gence or in failure if otherwise. Using global kinetic data from Caltech detonation database, which are
derived from detailed chemical calculations, we have calculated critical initiation energies of spherical
detonation for hydrogen-oxygen, hydrogen-air, and ethylene-air mixtures at various equivalence ratios
and found a very good agreement with recent experimental data.

1 Introduction

The problem of detonation initiation in gases is of great practical importance, particularly because of related
safety issues. Understanding the critical conditions delineating initiation and failure by a given energy
source is a major problem that has challenged researchers for decades. Although many qualitative features
of the underlying mechanisms are well known, sufficiently accurate quantitative theories and measurements
have been difficult to achieve. One of the main mechanisms by which a gaseous detonation can be initiated
is referred to as a direct initiation. In this case detonation is initiated by a strong localized source, for
example, a high-explosive charge, electric spark, an exploding wire, etc., all of which produce a blast wave
that propagates into the surrounding explosive gas and, if sufficiently strong, can trigger a detonation wave
in the gas. The main quantity of interest is the critical energy of the initiating source. Current understanding
in the area is such that critical energies experimentally determined by different researchers can disagree
by orders of magnitude. Most existing models of direct initiation require major empirical inputs to fit the
experimental data. A theory that would be able to explain the essential mechanism involved in the direct
initiation and to predict the critical energy based only on thermodynamic and chemical properties of an
explosive mixture has been absent. This work presents such a theory based on an analysis of reactive Euler
equations in the asymptotic limit of small shock curvature (measured on the steady reaction-zone length)
and slow time evolution (measured on the reaction time scale of the steady detonation).
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In both experiments and numerical simulations, a successful direct initiation process is observed to
proceed as follows. The shock speed of an initial strong blast wave decays to speeds below the Chapman-
Jouguet (CJ) speed)c;, of the gaseous explosive, reaches a certain minimum speed and subsequently
accelerates tDc; and propagates at that level, often exhibiting a pulsating character after ignition. There
exists an extensive literature on experimental investigations and modeling of the direct initiation that attempt
to characterize the observed dynamics. For a recent review and further references the reader is referred
to [1]. All currently proposed models are based on the idea first proposed in Zel'dovich, Kogarko, and
Simonov’s 1957 work, [2], on blast initiation of spherical detonation. That influential work proposed that
the time required for the initial blast-wave speed to decaRdg has to be proportional to the induction
periodt; of the explosive gas. From this idea one can derive that the critical eBgiigyroportional ta?,
or equivalently to reaction zone thickness cutjézd,ln a number of works since 1957, this correlation has
been made to agree with experiment by invoking variety of assumptions, most notably by Lee and coworkers,
(see references in [1]), and by Vasiliev and his colleagues, (see [3] and references therein). Essentially, the
modeling assumptions involve various other relevant length scales, such as the detonation cell size, critical
diameter, etc., that replace the reaction zone length in the expression for the critical energy. In addition,
because of the experimental observation that the detonation proceeds through a phase of sub-CJ speeds, it is
often suggested that the shock speed used in the critical energy calculations be some empirically determined
sub-CJ velocity rather than the CJ velocity.

Two other models should be mentioned, namely the one by He and Clavin [5, 6] and by Eckett et al.
[4]. He and Clavin, [5, 6], build their theory based on the theoretical observation that the quasi-steady solu-
tion of a curved detonation has a C-shaped form in the space of the shockBpaddshock radiuR (an
observation that dates back at least to Tsuge and coworkers in the early 70’s, see the review by Stewart [7]
). TheD — R curve was derived using a square-wave model of the detonation reaction zone. They used the
upper turning point of the quasi-steady detonation sfpemlirvaturek response curve, to define the critical
conditions for detonation initiation. They assumed that failure occurs due to the loss of the quasi-steady so-
lution below the turning point. They did not consider the possibility that unsteady effects (such as the shock
acceleratiorD that we consider in this work) can affect the critical conditions. As Lee and Higgins empha-
size in [1], unsteady effects in direct initiation can be significant and the curvature considerations alone are
insufficient for accurate prediction of the critical energy. Eckett et al. [4] demonstrated that unsteady pro-
cesses play a very important role in the direct initiation and affect the critical energies significantly. Eckett,
Quirk, and Shepherd’s model that accounts for unsteadiness shows much better agreement with experiments
than can be obtained based on the model of He and Clavin, the latter overpredicting the critical energies by
three orders of magnitude. In the present theory we show that with the inclusion of the shock acceleration
term from rational analysis that derives the detonation evolution equation that resbitslin- k relation
results in critical conditions for initiation that differ from the quasi-steady theory significantly and result in
much better agreement with experiment.

The present work is an application of a more general, rational theory of self-sustained detonation waves
that is developed in [8]. Essentially, the theory treats a self-sustained detonation wave as a structure contain-
ing an embedded sonic surface, that serves as an information boundary, isolating the reaction zone behind
the lead shock from acoustic perturbations in the far field. The theory generalizes classical notion of a sonic
locus in a detonation wave (in steady planar CJ detonation) to unsteady and multi-dimensional detonation
waves in explosives with general constitutive description. Particularly, here we apply a simple version of the
theory that retains leading contributions from chemical reaction, flow divergence (curktamed shock
acceleratioD and uses ideal-gas equation of state. A simple evolution equation is derived that is shown to
reproduce the essential physical processes involved in detonation initiation. With the help of the strong-blast
wave solution and global description of the chemical heat-release rate, the theory is capable of predicting
the critical initiation energy from the thermo-chemical properties of the explosive only. We calculate the



critical energies for a number of explosive mixtures and show that the agreement is remarkably good for
most of the mixture compositions considered. It should also be noted that the present theory does not in-
volve the notion of a critical radius, which is a major departure from all previous work. Instead, it is shown
that appropriate criticality is based on a criti€a)(R) ignition curve which we calignition separatrixthat
separates solutions with initial conditions that lead to ignition from those that lead to failure.

In section 2, we start with a general discussion of the evolution equation that predicts the ignition and
failure phenomenon. Section 3 contains the detailed discussion of the solutions of the evolution equation
and calculations of the critical energies for several explosive mixtures with comparison against experimental
data. Section 4 contains concluding remarks.

2 The evolution equation

The basis of the present theory of direct initiation is a general theory of weakly-curved and slowly-varying
detonations that are self-sustained and are assumed to contain an embedded sonic locus within the post-
shock flow, that is developed in [8, 9, 10]. Specifically, we consider a simplified version of the theory that
retains leading order unsteady and shock curvature terms, and obtain an evolution equation in the form of a
functional relationship between shock sp&kdts acceleratiod, and curvatur&. When applied to spher-

ically (or cylindrically) expanding detonations, the evolution equation is a relatively simple second order
ordinary differential equation. Nevertheless, solutions of the equation exhibit basic physical characteristics
of the initiation process that are observed in experiments and numerical simulations. Most importantly for
the present purpose, it contains the critical behavior of solutions, such that depending on the initial condi-
tion, the long-time attractor is either a stable Chapman-Jouguet detonation (in which case we have successful
initiation) or an essentially inert decaying shock whose final speed is that of an acoustic disturbance in the
unreacted mixture (in which case we have initiation failure).

Here, we summarize the basic ideas of the analysis behind the evolution equation, and refer the reader
for a detailed discussion of the theory to [8, 9]. The starting point is the system of reactive Euler equations
in which general unsteady terms and leading-order curvature terms have been retained. In addition, one has
the Rankine-Hugoniot conditions at the shock. With only these conditions, the system is not closed and
requires that some conditions in the far field of the reaction zone be satisfied for determination of the shock
speed, a situation analogous to classical Chapman-Jouguet analysis, but complicated by unsteadiness and
multi-dimensionality. Such conditions have been derived in [8, 10], and are called speed relation (analog of
local sonicity requirement) and compatibility condition (essentially a generalization of the equation for the
Riemann invariant on forward-facing characteristics). These equations form a closed system of equations
that allow for a solution that includes the detonation speed and the location of the sonic locus.

The reactive Euler equations, written in the shock-attached frame, that retain the general unsteady terms
and leading-order curvature terms are

Mh=—pt—kp(U+D), (1)

Ph=—M; —pD —kpU (U +D), 2)
N S .

H, = U D+pU, (3)

A +UN, = o, (4)

where conserved variables are introduddds= pU, P = p+pU?2, H=e+p/p+U?/2—AQ as mass
flux, momentum flux, and total enthalpy, respectively. The primitive variables are dengitgssurep,
particle velocity relative to the shodk, e is the internal energye(= p/p/ (y— 1) in the case of an ideal



gas),Q is the heat of reaction, and reaction progress variabtesuch that = 0 at the shock and = 1
at the end of the reaction zone. The reaction rate w(p,p,A) is assumed general for now since the
basic analysis does not require that it has a specific form. Substriptd n indicate time- and space
differentiation, respectively. Total time derivative will be indicated by a dot over a symbol. The shock is
located ah = 0 and the reaction zone extendrtac 0.

We rescale the state variables with respect to the initial state by using the ambient ppgsderesity
Pa, anduy = +/ pa/pPa for velocity. The spatial variable is scaled with respect to the half-reaction length,
l1/2, and time a$; > /ua. All governing equations retain their form.

The following conditions must be satisfied at the sonic locus (denoted by subgcript

n, =c, +U,, %)
p* + p*C*U* + KP*CEU* = (V— 1)Qp*00*, (6)

wherey is the ratio of specific heats, is the sound speed. Equation 5 is the equation of the forward
characteristics, which reflects the fact that the sonic locus in general is a characteristic surface, and Eq. 6
is the form of equation for thd, Riemann invariant that must hold @ characteristics; the dot in this
equation indicates time-differentiation on this limiti@g characteristic. Two equations, Eq. 5 and Eqg. 6,
are the necessary closure equations that allow one to determine the lead shock@peed the sonic
locusn, (t). To obtain the evolution equation one has to integrate the Euler equations from the shock to the
sonic locus and substitute the result in the sonic conditions.

Now we look for solutions that have slow time evolution, that is the time-derivatives in Euler equation
can be considered small in addition to small curvature assumption, that is we assume

0

o(1). (7)
In our scales, small curvature means that the length of the reaction zone is much smaller than the radius of
shock curvature. Small time derivative means that the dynamical processes of interest take place on time
scales long compared to the half-reaction time. We should note that these are two essedépéndent
assumptions and one does not necessarily has to relate them (that is choose a distinguished limit) explicitly in
order to proceed with derivations in a consistent manner. For a numerical example illustrating the time scales
involved, consider the case of a stoichiometric hydrogen-oxygen mixture for which a detailed calculation
of the dynamics is given below. The length of the reaction zone and the detonation speed for the mixture
are roughlyl;; =~ 0.04mmandDc; ~ 2800m/s, which gives the reaction time scdle ~ 0.1us while the
initiation dynamics takes place over time scales of at 1886k t;; ~ 10us (see figure 3). As far as the
curvature is concerned, for the same mixture we hkaxed.01 even near the upper turning point (see figure
1).

With the above assumptions and after some algebra, we find that the speed relation, Eq. 5 reduces to the
following equation,

1+F -\, +kf+Dg=0, (8)
where s
F = (D?-D&,) D°Dg; ¥ (9)

2)
D2 (Dg; V)
andDcj is the CJ speed given by

-1
Dcy=+vY+0a+/0d, where gq= VZZQ.



One can see that fd < D¢y, F is negative; it is also easy to show tlat> —1 for anyD with F = —1
only if D = ,/y, the ambient sound speed. Functidnandg are explicit nonlinear functions dd (see
Appendix) that depend on certain integrals over the reaction zone. Notice also that iecadse 1, the
speed relation 8 is not always satisfied which puts constraints on the possible dynamics (e.g. the sonic locus
may be absent iD > Dcj).

The compatibility condition, Eq. 6, can be shown to result in the following equation,

D = a;Qw. — &k, (10)

where againa; anday are explicit nonlinear functions @ and are given in Appendix. By eliminatinig,

which is the reaction progress variable at the sonic locus, from Eqgs. 8 and 10, one obtains a single evolution
equation, relating, D, andk. By settingD = 0in the evolution equation, one obtains the quasi-st&dk
relation,a;Qw, = axk. The evolution equation holds generally for two-dimensional detonations, but we
specify the equation for spherically expanding detonations for the purpose of analyzing the direct initiation
problem. We also assume a one-step Arrhenius reactionuwratek (1—\)” exp(—E/pv) with simple-
depletion,v = 1, where pre-exponeritis fixed by the scaling choice, artlis the activation energy. We
emphasize that the activation energy is not assumed large, in fact it can be arbitrary. The only assumptions
on which the present theory is based are that of small curvature and slow evolution. It is a fully non-linear
theory sinceD can deviate fronDc; by O(1) amount, that i$ does not have to be closeDg;.

3 Direct initiation of spherical detonation and comparison with experiment

We calculate critical energies for hydrogen-oxygen, hydrogen-air, and ethylene-air mixtures at various
equivalence ratios. All global reaction parameters used in this work, that is activation é)enggt re-
leaseQ, and specific heat ratig are based on the data available at Caltech, [11], which have been derived
from detailed chemical calculations for real mixtures. Both activation enefgiesl heat releas€y which
depend on the equivalence ragpare taken exactly the same as in the database, but the constant specific
heat ratioy has been chosen so that the post-shock temperature for CJ detonation matches the detailed cal-
culations. Although some of the detonation properties, such as the detonation Mach number or CJ pressure
differ somewhat from the detailed calculations, still this is a sensible choice because it retains the overall
energetics and state sensitivity of the heat release rate near the shock. Similar parameter assignments were
used by Eckett et al. [4].

Next we show how to calculate the critical energy for one of the mixtures, namely stoichiometric
hydrogen-oxygen, which has the following parameters: 1.258 E = 38.25, andQ = 40.5. Consider
the quasi-steady response, thabis- k dependence obtained by settibg= 0 in Egs. 8 and 10. Figure 1
shows the dependence with a characteristic turning point and two branches, a stable upper one and unstable
bottom one. The stability properties of the two branches will be demonstrated by solving the full equation
that retaind term. We point out one important feature of the curve, that is the fact that the bottom branch
seems to terminate at= 0. But in fact, as in [12] a second turning point always exists at a very small cur-
vature (in figure 1, at a curvatuké < 10~8) and another stable branch extends to large smaller shock
speedd, close toc,, the ambient sound speed in the unreacted explosive. As an example clearly demon-
strating the lower turning point, figure 2 shows theoretically comptedk response curve for= 1.258
Q =405, and a lower value of the activation enerfy= 10. Thus, the fullD —k curve has a Z-shape. The
existence of the second turning point is a property of the one-step Arrhenius model and can have implica-
tions for the detonation reignition after apparent failure. Strictly speaking, because of the second turning
point, once a decaying transient-wave speed passes through the second turning@@rmyetthe shock
acceleratioD becomes positive and reignition is possible. But how serious is this unphysical feature of the
one-step kinetics? From figure 1 one finds that for the stoichiometric hydrogen-oxygen mixture, reignition
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Figure 1: TheoreticdD —k curves for stoichiometric hydrogen-oxygems 1.258 E = 38.25, andQ = 40.5.
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Figure 2: TheoreticdD — k curve aty = 1.258 E = 10, andQ = 40.5 showing both turning points.

at the second turning point is achieved only somewheR:atl0®. In dimensional terms, with the steady
reaction zone length of the mixtukg = 0.043mm the lower turning point is located farther than 4 kilome-
ters away from the center, and would not be encountered in practice. In general, the location of the second
turning point depends strongly on the activation energy, but real mixtures have sufficiently large activation
energies so that the lower turning point is often irrelevant.

Next consider the full evolution equation obtained by substituking: 1+ F +k f +Dg from Eq. 8 into
Eqg. 10,

D =a;Qk(1—A,) exp(—\{g) —ak, (11)
wherec? = [(y+1) /y]*D?/ (1+ DZ)Z. We write Eq. 11 as a second-order ordinary differential equation in
the shock radiu® = 2/k usingD = RandD = R. Our goal is to obtain the solution of equation 11 subject
to various initial conditionsR(0) = Dy andR(0) = Ry. Figure 3 shows the computed results. Shown are
the quasi-steadp — R curve (i.e. withD = 0) and a series db — R curves representing solutions of Eq. 11
starting from different initial conditions. An important feature is that solutions with 1&gésufficiently
strong initiation source) suffer an initial drop in velocity, pass through a minimum andDheoreases
and asymptotically approachBg; asR — . But solutions corresponding to initial conditions with low



Detonation initiation in stoichiometric H2—O2
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Figure 3: Ignition and failure for a hydrogen-oxygengat 1. Thin solid lines are solutions of Eq. 11
for different initial conditions:Ry = 200andDy/Dc; = 1.0, 0.95, 0.9, 0.81, 0.79, 0.75, and 0.7 from top
to bottom. Dash-dot line is the reactive blast wave solution at critical erfeygy 1.48- 108 and radius

Do (weak initiation source) decay witR and never recover. This critical behavior is strikingly similar to
what is observed in experiments and numerical simulations of detonation initiation by a strong blast. Thick
solid curve in the figure separates states that lead to ignition from those that lead to failure and is designated
as the “ignition separatrix”. The separatrix is found by solving the governing evolution equation, Eq. 11,
backward in time starting from an initial condition just below the unstable branch of the quasi-Bteddy

curve at a very large distance. Typically we took the initial poirR at 10* — 10°, although much smaller or

larger distances can be taken with very little effect on the curve for $Rna#. they all essentially collapse

on the same curve &decreases. This just demonstrates extreme sensitivity of the dynamics on the initial
conditions near the ignition separatrix.

A feature observed in experiments and simulations, but not reproduced by this theory is the appearance
of pulsations during and subsequent to the successful initiation phase. A theory that retains higher-order
terms, similar to what is found in [13], is required for their prediction, but it is important that the present
simplified theory contains the essential physics of the phenomenon, required to delineate criticality.

It is interesting to interpret the solution in the successful initiation case in terms of the form of the evo-
lution equation, Eq. 11. Equation 11 is the dynamical law governing the shock evolution with acceleration
D and two “forcing” terms, one positive due to the heat releag®w,, and one negative due to the flow
divergence—azk. Clearly, the heat release tends to accelerate the shock, while the flow divergence takes
away the energy from the shock and tends to decelerate it. At the early stage of the initiation process, that is
at small radii, the curvature term is stronger than the heat release term and the shock decelerates. But even-
tually, the increasing heat release balances the curvature term (corresponds to the miniD(iRpanve)
and then becomes much stronger than the curvature term, resulting in initiation. During further evolution,
the heat release term starts to decrease because the sonic point moves closer to the end of the reaction zone
andA, — 1, as can be seen from the speed relation, Eq. 8. As a result, atRalgeh “forcing” terms
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diminish to zero, and one obtains a steady solubdoa D¢y atR — . The heat release “force” is propor-
tional toQ and depends on the activation energyemp(—yE/cf). Both of these dependencies have simple
physical consequences on the dynamics of initiation. The heat relepk®ys a role of the “strength” of
the “force” and the greatd), the sooner the initiation takes place. The exponent serves as an energy barrier
that delays the initiation process. These effects can be demonstrated by direct solution of Eq. 11, which
shows that increasin@ leads to the shift of the quasi-steady- R curve toward smalleR and hence the
initiation occurs at shorter distances from the origin. On the other hand, increasing activationiehasgyy
the opposite effect, delaying the initiation till the lead shock propagates to larger distances.

Since we have obtained the criticality condition in terms of the initial conditions (tH2g iand Ry)
relative to the ignition separatrix, it is important to describe how the initial state is created, and in particular,
we relate the initial conditions to a strong point-blast wave solution. Strictly speaking, one has to match the
strong-blast wave solution which is valid Rt— O with our theoretical solution that holds Bt< Dcj by
means of an intermediate solution that is valiat D¢y andR= O(1). Here we adopt a simple matching
procedure that connects reactive blast wave solution with the solution of the evolution equation 11 at the
point on the ignition separatrix & = D¢, which corresponds to smallest radius on the separatrix, that we
denote afks. The reason for this choice is that the blast wave solution is most accurate at smaller radii.
Clearly, any point on the ignition separatrix@t< D¢y can be chosen, but one has to have a blast wave
solution that is sufficiently accurate to reproduce the reactive shock wave at such small speeds. With our
choice, given the blast wave solution B$R Ep,,) with source energ¥yw, and letting the solution pass
throughDcj, Rs, we can estimate the critical enerfgy= Epy. We use the Taylor-Sedov-Korobeinikov blast
wave solution, [14, 15, 17, 4],

j+3)2 : B
Epw = A| <J 5 ) pOD%WRHleXp(—DJZQ> , (12)
bw

which accounts for the leading-order asymptotic effect of the chemical reaction on the strong blast dynamics
(j =0,1,2correspond to planar, cylindrical, and spherical symmetry, respectively). In the case of a spherical
detonation, the constamdg andB; are functions o¥/ that can be calculated by the following formulas, given

in Korobeinikov, [16, 17], which we reproduce here for the sake of completeness,

Figure 3 shows the blast wave solution for the critical initiation energy as a dash-dot line.

Following the procedure described above, we have calculated the critical energies for hydrogen-oxygen,
hydrogen-air, and ethylene-air mixtures for a range of equivalence ratios, and compared the predictions with
recent experimental data. The detonation database at Caltech, [11], was used as a source of the experimental
data. The results are shown in Figs. 4-6. Excellent agreement is found for hydrogen-oxygen, especially near
the stoichiometry. Except for lean mixtures, hydrogen-air also shows very close agreement with experiment.
From detailed chemical calculations, the two lean compositions of hydrogen-air with very large initiation
energies, have reaction zone thicknesses of 91.3 and 2.3 mm and very large activation energies. Initiation
energy is quite sensitive to both of these parameters and possible errors could be amplified by orders of
magnitude. As for the ethylene-air mixtures, the present theory overpredicts the critical energies by about
an order of magnitude, although the overall shape of the curve is reproduced very well.

Figures 4-6 also show a comparison with predictions based on He & Clavin’s theory [5]. To calculate



. H,m0,
10 T : : T
*  experiment
—e— present theory
-® He-Clavin theory
10% L 3 : : PEAE . G
S . P .
N S
i e -
<2 Ll
10° Broom E
-
o
i}
10° e
*
10'E B
10°

Figure 4: Comparison of theoretical and experimental, [18], critical energies for hydrogen-oxygen mixtures.

; Hz—air
10 T T T
[] *  experiment
[ —e— present theory
105 -#_ He-Clavin theory ||
10117 |
10° - 1
-
8
10 - 1
x
10° H R i
10° H g
1
10 ; ; ; ; ; ;
0 05 1 15 2 25 3 35

Figure 5: Comparison of theoretical and experimental, [19], critical energies for hydrogen-air mixtures.

CZH [air
10° : :
*  experiment
. —e— present theory
10" \ -® He—Clavin theory
L " !
Al
1012
S 10
10° H
6 x "
10" *
*
--l- * x* *
4 L DPTTORE Lo
10 i i . i i
0 05 1 15 2 25 3
®

Figure 6: Comparison of theoretical and experimental, [19], critical energies for ethylene-air mixtures.



the dimensionless critical energy we use

j+3)\° -
Ec = A <12> poDZRLE, (15)
where y2
1 8ej
DC:DCJ(1_2_8>7 RC:yz_l (16)

are the critical speed and critical radius at the quasi-steady turning point as predicted by the square-wave
model of He & Clavin [5],8 = ET,/Ts is the post-shock temperature-scaled activation energy. As all com-
parisons show, the theory based on the quasi-steady turning point overestimates the experimental critical
energy by about 3 orders of magnitude, as was also pointed out by Eckett et al. [4]. For numerical com-
parison, consider the stoichiometric hydrogen-oxygen, for which we lyave. 258 Q = 40.5, E = 38.25,

Dcy = 7.0478 Rs = 895, I;; = 0.043mm 9 = 6.386, A, = 1.3349 B, = 0.8512 Then we find that the
present theory predict, = 1.192J, He and Clavin’s theory givegHC = 1.213-10%J, while the experimen-

tal result isE¢P = 2.092J. Overprediction of the critical energies seems to be a general feature of a theory
that defines the criticality by the upper turning point of the quasi-st&ad curve, which apparently has

to do with the actual onset of unsteady self-sustained detonation at radii much below the quasi-steady critical
radius. That higher-order unsteady contributions can change the critical conditions significantly compared
to the quasi-steady theory was first demonstrated by Eckett et al. [4] in a combined numerical-analytical
study. Their simulations and the present theory are in agreement in that the critical conditions occur well
before the quasi-steady critical radius is reached. In view of the sensitivity of the critical energy to the radius
(Ec ~ R%), accurate prediction of the ignition separatrix is extremely important.

Considering numerous uncertainties and sources of error involved in both experiment and kinetic data
used for theoretical predictions (for more detailed discussion of these issues, see [4]), and that the theory
does not rely on any fitting adjustments, the agreement can be considered quite satisfactory to excellent.
It is also possible that higher order corrections to the evolution equation that account for oscillatory or
cellular dynamics similar to that observed in experiments and simulations, may adjust the critical initia-
tion conditions, but that is a subject for future analysis, as are the demands for more precise experimental
measurements and precise constitutive descriptions.

We make a final remark regarding the constitutive description on which the present study is based. The-
ories and models based on one-step Arrhenius kinetics have been criticized over recent years because of the
unphysical feature essentially associated with the lower turning point dd the curve, namely that such
kinetics predicts that reignition occurs after an initial decay, given detonation is allowed to run sufficiently
far. In the absence of a satisfactory theory, even an extreme call has been made that the one-step model
“...should be abandoned in favor of more complex chemistry...”, [1]. While, undoubtedly, studies of the role
played by more complex chemistry are important, it is also clear that the single-step kinetics has tremendous
power in predicting not only qualitative aspects, but as can be seen from this work, even sensitive quanti-
tative aspects of direct initiation. The problem of delayed reignition behavior is essentially absent in the
systems that we have considered here, because the second turning point is located at unrealistically large
distances from the origin. The most important features here are the upper turning point and the ignition sep-
aratrix. In the context of a corresponding evolution equation derived from the full reactive Euler equations,
they define criticality and allow connection to an external initiating point-blast source in a theory of direct
initiation.
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4 Conclusions

In this paper we have presented a simplified version of a general theory developed by us in [8, 9, 10] and
applied it to the problem of initiation of spherical detonation by a strong blast wave. We have shown that
the evolution equation of the theory exhibits ignition/extinction phenomenon and that it predicts an ignition
separatrix which is a curve in the plane of the shock speed vs the shock radius such that any initial condition
above the separatrix leads to ignition while that below it leads to failure. A major strength of the present
theory is that it does not involve any empirical input, besides the constitutive description of the explosive
gas. By using a global kinetic description derived from detailed chemical calculations, we calculated critical
initiation energies for hydrogen-oxygen, hydrogen-air, and ethylene-air, and found close agreement with
recent experimental data.
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Appendix: Functions in the evolution equation

The following functions are used in the evolution equation 11:

y (1+D?)(y+3D?)’ y+1  y+3DZ '
_ D(B&;-v) 2 D?
= o1+ (P = gz Mo —lot gz (N =) | (18)
2 [1+(2-1/y’)D? hD 1
)=z Mo —lo) + S———5S - gl 19
1+F 1+F 1+F
Y Tt Y T
pOwO 0 Wo 0 PGWo
1+ apy dAo. 1+F 0po dAo.
lh=-D =-D 21
' %) D Powp’ /o 9D powo’ (21)
_y+1 D* 1 _14D? B -
Po = Y 1+D21_6O’ Po=——T7 V+1 (1+y60) 6O—b\/].—l-lzi)\() (22)

11



References

[1] J. H. S. Lee and A. J. Higgin®hil. Trans. R. Soc. Lond\ 357 (1999) 3503-3521.
[2] Ya.B. Zel'dovich, S. M. Kogarko, N. N. Simono§ov. Phys. Tech. PhyH8) (1956) 1689-1713.

[3] A. A. Vasiliev, V.V. Mitrofanov, and M. E. Topchiankiz. Goreniya Vzryva5 (1987) 109-131 (in
Russian).

[4] C.A. Eckett, J. J. Quirk, and J. E. ShephetdFluid Mech.421 (2000) 147-183.
[5] L. He and P. Clavin). Fluid Mech.277 (1994) 227-248.

[6] L. He, Combust. Flamgel04 (1996) 401-418.

[7] D. S. StewartProc. Combust. Ins27 (1998) 2189-2205.

[8] A. R. Kasimov, PhD thesis, Theoretical and Applied Mechanics, University of lllinois at Urbana-
Champaign, (2004).

[9] A. R. Kasimov and D. S. Stewart, TAM report No. 1042, Theoretical and Applied Mechanics, Univer-
sity of lllinois at Urbana-Champaign, (2004).

[10] D. S. Stewart and A. R. Kasimov, in preparation

[11] Kaneshige, M., Shepherd, J. E. & Teodorczyk, A. 1997 Detonation datab&sg@lasion Dynamics
Laboratory, Caltech, http://www.galcit.caltech.edu/EDL/.

[12] D. S. Stewart and J. Yagombust. Flamel13 (1998) 224-235.

[13] J. Yao and D. S. Stewad, Fluid Mech.309 (1996) 225-275.

[14] G. . Taylor,Proc. R. Soc. LondA 201 (1950) 519-528.

[15] L. I. Sedov,Similarity and dimensional methods in mechanitts edn. Academic, 1959.
[16] V. P. Korobeinikov,Sov. Phys. - Dokll2 (1968) 1003-1005.

[17] V. P. Korobeinikov,Problems of point-blast theorAmerican Institute of Physics, 1991.
[18] H. Matsui and J. H. S. Le®roc. Combust. InstL7 (1979) 1269-1280.

[19] W.B. Benedick, C.M. Guirao, R. Knystautas, and J.H. Lee, in: J. R. Bowen, J.-C. Leyer, and R. I.
Soloukhin (Eds.)Prog. Astronaut. AeronaytvVolume 106, 1986, p. 181.

12



List of Recent TAM Reports

Title

958 Christensen, K. T., and Statistical evidence of hairpin vortex packets in wall turbulence —

No. Authors
R.]J. Adrian
959 Kuznetsov, I. R., and
D. S. Stewart

960 Zhang, S., K. J. Hsia,
and A. ]. Pearlstein

961 Sharp, K. V.,
R.]J. Adrian,
J. G. Santiago, and
J. I. Molho

962 Harris, J. G.

963 Dong, F., A. T. Hsui,
and D. N. Riahi

964 Phillips, W. R. C.

965 Bdzil, J. B.,
D.S. Stewart, and
T. L. Jackson

966 Bagchi, P., and
S. Balachandar

967 Cermelli, P., and
E. Fried

968 Riahi, D. N.

969 Damljanovic, V., and
R. L. Weaver

970 Gioia, G., and
A. M. Cuitino

971 Subramanian, S. J., and

P. Sofronis

972 Sofronis, P., and
I. M. Robertson

973 Pushkin, D. O., and
H. Aref

974 Lian, L., and
N. R. Sottos

975 Fried, E., and
R. E. Todres

976 Fried, E., and
V. A. Korchagin

977 Riahi, D. N.

978 Sofronis, P.,
I. M. Robertson,
Y. Liang, D. F. Teter,
and N. Aravas

Journal of Fluid Mechanics 431, 433-443 (2001)

Modeling the thermal expansion boundary layer during the
combustion of energetic materials — Combustion and Flame, in press
(2001)

Potential flow model of cavitation-induced interfacial fracture in a
confined ductile layer — Journal of the Mechanics and Physics of Solids,
50, 549-569 (2002)

Liquid flows in microchannels — Chapter 6 of CRC Handbook of
MEMS (M. Gad-el-Hak, ed.) (2001)

Rayleigh wave propagation in curved waveguides —Wave Motion
36, 425-441 (2002)

A stability analysis and some numerical computations for thermal
convection with a variable buoyancy factor — Journal of Theoretical
and Applied Mechanics 2, 19-46 (2002)

Langmuir circulations beneath growing or decaying surface
waves — Journal of Fluid Mechanics (submitted)

Program burn algorithms based on detonation shock dynamics—
Journal of Computational Physics (submitted)

Linearly varying ambient flow past a sphere at finite Reynolds
number: Part 2—Equation of motion — Journal of Fluid Mechanics
481, 105-148 (2003) (with change in title)

The evolution equation for a disclination in a nematic fluid —
Proceedings of the Royal Society A 458, 1-20 (2002)

Effects of rotation on convection in a porous layer during alloy
solidification — Chapter 12 in Transport Phenomena in Porous Media
(D. B. Ingham and I. Pop, eds.), 316-340 (2002)

Elastic waves in cylindrical waveguides of arbitrary cross section —
Journal of Sound and Vibration (submitted)

Two-phase densification of cohesive granular aggregates — Physical
Review Letters 88, 204302 (2002) (in extended form and with added
co-authors S. Zheng and T. Uribe)

Calculation of a constitutive potential for isostatic powder
compaction — International Journal of Mechanical Sciences (submitted)

Atomistic scale experimental observations and micromechanical/
continuum models for the effect of hydrogen on the mechanical
behavior of metals — Philosophical Magazine (submitted)

Self-similarity theory of stationary coagulation — Physics of Fluids 14,
694-703 (2002)

Stress effects in ferroelectric thin films — Journal of the Mechanics and
Physics of Solids (submitted)

Prediction of disclinations in nematic elastomers — Proceedings of the
National Academy of Sciences 98, 14773-14777 (2001)

Striping of nematic elastomers — International Journal of Solids and
Structures 39, 3451-3467 (2002)

On nonlinear convection in mushy layers: Part I. Oscillatory modes
of convection— Journal of Fluid Mechanics 467, 331-359 (2002)

Recent advances in the study of hydrogen embrittlement at the
University of Illinois — Invited paper, Hydrogen-Corrosion
Deformation Interactions (Sept. 16-21, 2001, Jackson Lake Lodge,
Wyo.)

Date
Oct. 2000

Oct. 2000

Nov. 2000

Nov. 2000

Jan. 2001

Jan. 2001

Jan. 2001

Jan. 2001

Feb. 2001

Apr. 2001

Apr. 2001

May 2001

May 2001

June 2001

June 2001

July 2001
Aug. 2001
Aug. 2001
Aug. 2001
Sept. 2001

Sept. 2001



No. Authors

List of Recent TAM Reports (cont’d)

Title

979 Fried, E., M. E. Gurtin, A void-based description of compaction and segregation in flowing

and K. Hutter

980 Adrian, R.]J.,
S. Balachandar, and
Z.-C. Liu

981 Adrian, R.]J.

982 Adrian, R. J., and
Z.-C. Liu

983 Fried, E., and
R. E. Todres

984 Stewart, D. S.

985 Kasimov, A. R., and
Stewart, D. S.

986 Brown, E. N.,
N. R. Sottos, and
S. R. White

987 Phillips, W. R. C.

988 Gioia, G., and
F. A. Bombardelli

989 Riahi, D. N.

990 Okhuysen, B. S., and

D. N. Riahi

991 Christensen, K. T., and

R.]J. Adrian

992 Liu, M., and K. J. Hsia

993 Panat, R. P., S. Zhang,

and K. J. Hsia
994 Aref, H.

995 Saif, M. T. A, S. Zhang,

A. Haque, and
K.J. Hsia

996 Fried, E., and
M. E. Gurtin

997 Aref, H.

998 Christensen, K. T., and

R.]J. Adrian
999 Riahi, D. N.

1000 Kessler, M. R., and
S. R. White

1001 Dolbow, J. E., E. Fried,

and A. Q. Shen

granular materials — Continuum Mechanics and Thermodynamics, in
press (2003)

Spanwise growth of vortex structure in wall turbulence — Korean
Society of Mechanical Engineers International Journal 15, 1741-1749
(2001)

Information and the study of turbulence and complex flow —
Japanese Society of Mechanical Engineers Journal B, in press (2002)

Observation of vortex packets in direct numerical simulation of
fully turbulent channel flow — Journal of Visualization, in press (2002)

Disclinated states in nematic elastomers — Journal of the Mechanics
and Physics of Solids 50, 2691-2716 (2002)

Towards the miniaturization of explosive technology — Proceedings
of the 23rd International Conference on Shock Waves (2001)

Spinning instability of gaseous detonations — Journal of Fluid
Mechanics (submitted)

Fracture testing of a self-healing polymer composite — Experimental
Mechanics (submitted)

Langmuir circulations — Surface Waves (J. C. R. Hunt and S. Sajjadi,
eds.), in press (2002)

Scaling and similarity in rough channel flows — Physical Review
Letters 88, 014501 (2002)

On stationary and oscillatory modes of flow instabilities in a
rotating porous layer during alloy solidification — Journal of Porous
Media 6, 1-11 (2003)

Effect of Coriolis force on instabilities of liquid and mushy regions
during alloy solidification — Physics of Fluids (submitted)

Measurement of instantaneous Eulerian acceleration fields by
particle-image accelerometry: Method and accuracy — Experimental
Fluids (submitted)

Interfacial cracks between piezoelectric and elastic materials under
in-plane electric loading — Journal of the Mechanics and Physics of
Solids 51, 921-944 (2003)

Bond coat surface rumpling in thermal barrier coatings — Acta
Materialia 51, 239-249 (2003)

A transformation of the point vortex equations — Physics of Fluids 14,
2395-2401 (2002)

Effect of native Al;O3 on the elastic response of nanoscale
aluminum films — Acta Materialia 50, 2779-2786 (2002)

A nonequilibrium theory of epitaxial growth that accounts for
surface stress and surface diffusion— Journal of the Mechanics and
Physics of Solids 51, 487-517 (2003)

The development of chaotic advection— Physics of Fluids 14, 1315~
1325 (2002); see also Virtual Journal of Nanoscale Science and
Technology, 11 March 2002

The velocity and acceleration signatures of small-scale vortices in
turbulent channel flow — Journal of Turbulence, in press (2002)

Flow instabilities in a horizontal dendrite layer rotating about an
inclined axis — Journal of Porous Media, in press (2003)

Cure kinetics of ring-opening metathesis polymerization of
dicyclopentadiene — Journal of Polymer Science A 40, 2373-2383
(2002)

Point defects in nematic gels: The case for hedgehogs — Proceedings
of the National Academy of Sciences (submitted)

Date
Sept. 2001

Sept. 2001

Oct. 2001
Oct. 2001
Oct. 2001
Oct. 2001
Oct. 2001

Nov. 2001

Nov. 2001
Nov. 2001

Nov. 2001

Dec. 2001

Dec. 2001

Dec. 2001

Jan. 2002
Jan. 2002

Jan. 2002

Jan. 2002

Jan. 2002

Jan. 2002
Feb. 2002

Feb. 2002

Feb. 2002



No. Authors
1002 Riahi, D. N.

1003 Carlson, D. E., E. Fried,
and S. Sellers

1004 Fried, E., and
R. E. Todres

1005 Fried, E., and B. C. Roy

1006 Tomkins, C. D., and
R.]J. Adrian

1007 Riahi, D. N.

1008 Aref, H., P. K. Newton,
M. A. Stremler,
T. Tokieda, and
D. L. Vainchtein

1009 Bagchi, P., and
S. Balachandar

1010 Zhang, S., R. Panat,
and K. J. Hsia

1011 Carlson, D. E., E. Fried,
and D. A. Tortorelli

1012 Boyland, P. L.,
M. A. Stremler, and
H. Aref

1013 Bhattacharjee, P., and
D. N. Riahi

1014 Brown, E. N,,
M. R. Kessler,

N. R. Sottos, and
S. R. White

1015 Brown, E. N,,
S. R. White, and
N. R. Sottos

1016 Kuznetsov, I. R., and
D. S. Stewart

1017 Dolbow, J., E. Fried,
and H. Ji

1018 Costello, G. A.

1019 Wang, J., N. R. Sottos,
and R. L. Weaver

1020 Bhattacharjee, P., and
D. N. Riahi

1021 Fried, E.

1022 Panat, R. P., and
K.J. Hsia

1023 Fried, E., and
M. E. Gurtin

List of Recent TAM Reports (cont’d)

Title

Nonlinear steady convection in rotating mushy layers — Journal of
Fluid Mechanics 485, 279-306 (2003)

The totality of soft-states in a neo-classical nematic elastomer —
Journal of Elasticity 69, 169-180 (2003) with revised title

Normal-stress differences and the detection of disclinations in

nematic elastomers — Journal of Polymer Science B: Polymer Physics 40,
2098-2106 (2002)

Gravity-induced segregation of cohesionless granular mixtures —
Lecture Notes in Mechanics, in press (2002)

Spanwise structure and scale growth in turbulent boundary
layers — Journal of Fluid Mechanics (submitted)

On nonlinear convection in mushy layers: Part 2. Mixed oscillatory
and stationary modes of convection — Journal of Fluid Mechanics
(submitted)

Vortex crystals — Advances in Applied Mathematics 39, in press (2002)

Effect of turbulence on the drag and lift of a particle — Physics of
Fluids, in press (2003)

Influence of surface morphology on the adhesive strength of
aluminum/epoxy interfaces — Journal of Adhesion Science and
Technology 17, 1685-1711 (2003)

On internal constraints in continuum mechanics — Journal of
Elasticity 70, 101-109 (2003)

Topological fluid mechanics of point vortex motions — Physica D
175, 69-95 (2002)

Computational studies of the effect of rotation on convection
during protein crystallization — Journal of Crystal Growth (submitted)

In situ poly(urea-formaldehyde) microencapsulation of
dicyclopentadiene — Journal of Microencapsulation (submitted)

Microcapsule induced toughening in a self-healing polymer
composite — Journal of Materials Science (submitted)

Burning rate of energetic materials with thermal expansion—
Combustion and Flame (submitted)

Chemically induced swelling of hydrogels — Journal of the Mechanics
and Physics of Solids, in press (2003)

Mechanics of wire rope —Mordica Lecture, Interwire 2003, Wire
Association International, Atlanta, Georgia, May 12, 2003

Thin film adhesion measurement by laser induced stress waves —
Journal of the Mechanics and Physics of Solids (submitted)

Effect of rotation on surface tension driven flow during protein
crystallization — Microgravity Science and Technology 14, 36-44 (2003)

The configurational and standard force balances are not always
statements of a single law — Proceedings of the Royal Society
(submitted)

Experimental investigation of the bond coat rumpling instability
under isothermal and cyclic thermal histories in thermal barrier
systems — Proceedings of the Royal Society of London A, in press (2003)

A unified treatment of evolving interfaces accounting for small
deformations and atomic transport: grain-boundaries, phase
transitions, epitaxy — Advances in Applied Mechanics, in press (2003)

Date
Mar. 2002

Mar. 2002

June 2002

July 2002
Aug. 2002

Sept. 2002

Oct. 2002

Oct. 2002

Oct. 2002

Oct. 2002

Oct. 2002

Feb. 2003

Feb. 2003

Feb. 2003

Mar. 2003
Mar. 2003
Mar. 2003
Apr. 2003
Apr. 2003

Apr. 2003

May 2003

May 2003



No. Authors
1024 Dong, F., D. N. Riahi,
and A. T. Hsui

1025 Liu, M., and K. J. Hsia

1026 Liu, M., K. J. Hsia, and
M. Sardela Jr.

1027 Riahi, D. N.

1028 Riahi, D. N.

1029 Fried, E., V. Korchagin,

and R. E. Todres

1030 Sharp, K. V., and
R.]J. Adrian

1031 Yoon, H.S., D. F. Hill,
S. Balachandar,
R.]J. Adrian, and
M. Y. Ha
1032 Raju, R,
S. Balachandar,
D. F. Hill, and
R.]J. Adrian

1033 Hill, K. M., G. Gioia,
and V. V. Tota

1034 Fried, E., and S. Sellers

1035 Kasimov, A. R., and
D. S. Stewart

1036 Fried, E., and B. C. Roy

1037 Fried, E., and
M. E. Gurtin

1038 Panat, R., K. J. Hsia,
and J. W. Oldham

1039 Cermelli, P., E. Fried,
and M. E. Gurtin

1040 Yoo, S., and
D. S. Stewart

1041 Dienberg, C. E.,
S. E. Ott-Monsivais,
J. L. Ranchero,
A. A. Rzeszutko, and
C. L. Winter

1042 Kasimov, A. R., and
D. S. Stewart

1043 Kasimov, A. R., and
D. S. Stewart

List of Recent TAM Reports (cont’d)

Title

On similarity waves in compacting media— Horizons in Physics, in
press (2003)

Locking of electric field induced non-180° domain switching and
phase transition in ferroelectric materials upon cyclic electric
fatigue — Applied Physics Letters, in press (2003)

In situ X-ray diffraction study of electric field induced domain
switching and phase transition in PZT-5H — Journal of the American
Ceramics Society (submitted)

On flow of binary alloys during crystal growth — Recent Research
Development in Crystal Growth, in press (2003)

On fluid dynamics during crystallization — Recent Research
Development in Fluid Dynamics, in press (2003)

Biaxial disclinated states in nematic elastomers — Journal of Chemical
Physics 119, 13170-13179 (2003)

Transition from laminar to turbulent flow in liquid filled
microtubes — Physics of Fluids (submitted)

Reynolds number scaling of flow in a Rushton turbine stirred tank:
Part I —Mean flow, circular jet and tip vortex scaling — Chemical
Engineering Science (submitted)

Reynolds number scaling of flow in a Rushton turbine stirred tank:
Part I — Eigen-decomposition of fluctuation — Chemical Engineering
Science (submitted)

Structure and kinematics in dense free-surface granular flow —
Physical Review Letters, in press (2003)

Free-energy density functions for nematic elastomers — Journal of the
Mechanics and Physics of Solids, in press (2003)

On the dynamics of self-sustained one-dimensional detonations:
A numerical study in the shock-attached frame — Physics of Fluids
(submitted)

Disclinations in a homogeneously deformed nematic elastomer —
Nature Materials (submitted)

The unifying nature of the configurational force balance — Mechanics
of Material Forces (P. Steinmann and G. A. Maugin, eds.), in press
(2003)

Rumpling instability in thermal barrier systems under isothermal
conditions in vacuum — Philosophical Magazine (submitted)

Sharp-interface nematic-isotropic phase transitions without flow —
Archive for Rational Mechanics and Analysis (submitted)

A hybrid level-set method in two and three dimensions for
modeling detonation and combustion problems in complex
geometries — Combustion Theory and Modeling (submitted)

Proceedings of the Fifth Annual Research Conference in Mechanics
(April 2003), TAM Department, UIUC (E. N. Brown, ed.)

Asymptotic theory of ignition and failure of self-sustained
detonations — Journal of Fluid Mechanics (submitted)

Theory of direct initiation of gaseous detonations and comparison
with experiment — Proceedings of the Combustion Institute (submitted)

Date
May 2003

May 2003

May 2003

May 2003
July 2003
July 2003
July 2003

Aug. 2003

Aug. 2003

Aug. 2003
Sept. 2003

Nov. 2003

Nov. 2003

Dec. 2003

Dec. 2003
Dec. 2003

Feb. 2004

Feb. 2004

Feb. 2004

Mar. 2004





