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Asymptotic theory of ignition and failure of self-sustained detonations

Aslan R. Kasimov and D. Scott Stewart
Department of Theoretical and Applied Mechanics,
University of lllinois at Urbana-Champaign, Urbana, IL 61801, USA

Based on a general theory of detonation waves with an embedded sonic locus that we have developed in Kasi-
mov (2004) and Stewart & Kasimov (2004), we carry out asymptotic analysis of weakly-curved slowly-varying
detonation waves and show that the theory predicts the phenomenon of detonation ignition and failure. The
analysis is not restricted to near Chapman-Jouguet detonation speeds and is capable of predicting quasi-steady,
normal detonation shock speed, curvatude-(k) curves with multiple turning points. An evolution equation
that retains the shock acceleratidn, namely aD — D — K relation is rationally derived and its solution for
spherical (or cylindrical) detonation is shown to reproduce the ignition/failure phenomenon observed in both
numerical simulations of blast wave initiation and in experiments. A simple physically transparent explanation
of the ignition phenomenon is given in terms of the form of the evolution equation. A single-step chemical
reaction described by one progress variable is employed, but the kinetics is sufficiently general and is not re-
stricted to Arrhenius form, although most specific calculations in this work are performed for Arrhenius kinetics.
As an example, we calculate critical energies of direct initiation for hydrogen-oxygen mixtures and find close
agreement with available experimental data.

I. INTRODUCTION

During detonation in an explosive, the lead shock is maintained by the chemical energy release in the reaction zone.
However the region that influences the shock and hence the reaction zone immediately behind the shock can be as
large as the domain of the reacted products or as small as a reaction zone thickness. Self-sustained detonation waves
are detonations whose dynamics are determined by a reaction zone of limited extent between the lead shock and a
trailing sonic locus. The flow in the reaction zone between shock and sonic locus is isolated from the far-field flow,
and acoustic disturbances on the downstream side of the sonic locus, which serves as a boundary, do not penetrate into
the reaction zone. The sonic locus considered here is a characteristic surface and serves as an information boundary.

The simplest example of a self-sustained detonation is a plane, steady, Chapman-Jouguet (CJ) detonation (e.g.
Fickett & Davis 1979) that when measured in the frame of the steady lead shock is sonic at the end of the reaction
zone. Consider one-dimensional steady detonation. If one draws the fol@grdHaracteristics in a space-time
plane traveling with the lead steady shock, the history line of the forward characteristic at the sonic point would be
parallel to the history line of the lead shock, while forward characteristics between the shock and sonic point intersect
the shock. The flow between the shock and sonic point is subsonic relative to the lead shock. The history lines of
forward characteristics downstream of the sonic point are at most parallel to the shock or point away and do not
intersect the shock or enter the reaction zone since the flow is supersonic. In contrast overdriven detonations require
additional external support such as a piston to maintain the detonation structure at its nominal speed, and all forward
characteristics intersect the lead shock.

Rational analyses of curved detonation have their origins in the study of the central problem of a steady detonation
in a cylindrical stick of explosive (rate stick), identified by Eyriagal. (1949) in an attempt to explain the diameter
effect, and a later analysis by Wood & Kirkwood (1954). In the analysis the radius of curvature of the lead shock was
assumed to be large compared to the reaction zone. Generalized Chapman-Jouguet conditions were enforced at a point
behind the shock to reflect the fact that the flow is sonic at some point in the reaction zone structure. Bdzil (1981)
carried out the first consistent asymptotic analysis of the rate stick and used Lighthill's method of strained coordinate
which invoked a regularity condition to derive a closure condition that was absent from the original Wood-Kirkwood
analysis. Bdzil determined the axial detonation velocity in terms of the stick radius and the explosive properties and
the confinement material properties.

Stewart & Bdzil (1988a) gave the first asymptotic derivation of the intrinsic relation between normal detonation
shock speedD, and sum of the principal shock curvatures (or total curvatyurahd showed that that relationship
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depended only on the properties of the explosive. They also introduced the idea of slow time variation of the detonation
dynamics, where time is measured on the scale of the particle passage time through the reaction zone. They used the
method of matched asymptotic expansions to match the solution for the reaction zone structure in the near-shock layer
to the solution in a transonic layer near the sonic point. Bdzil & Stewart (1988b, 1989) coined the word "Detonation
Shock Dynamics” (DSD), to describe both the asymptotic theory associated with weak shock curvature and slow time
evolution and the engineering application of the results to explosive systems. Klein & Stewart (1993) extended the
work in Stewart & Bdzil (1988a) to consider reaction rate laws for Arrhenius kinetics with large activation energies.
With a combination of distinguished asymptotic limits for large activation energy and numerics, Yao & Stewart (1995)
and Stewart & Yao (1998) calculated the critical curvature and demonstrated that explosives with Arrhenius kinetics
may have a quasi-steady detonation velocity, curvature relation in the shape of a Z with two, (an upper and lower)
turning points. The normal detonation velocity-curvature curve has a high velocity branch that connects to the plane
CJ value D, = D¢y and a low velocity branch that connects asymptotically to a weakly reacting detonation with

Dy ~ cg, wherecy is the ambient sound speed of the unreacted explosive.

An extension of the asymptotic theory to include higher order effects such as shock acceleration and time derivative
of shock curvature was first considered by Yao & Stewart (1996), which gave results for pulsating and cellular gaseous
detonation. Subsequently Stewart with Yao made an attempt at a revision of Yao & Stewart (1996), to develop a
reduced theory, but due to confusion in regards to the nature of the sonic conditions and related difficulties with
transonic-layer matching, the theory was left incomplete. Aslam, Bdzil & Hill (1998) calculated extensions to DSD
theory that included both detonation acceleration and higher order transverse variations along the shock. Extension of
DSD to steady detonation with two-step chemistry was carried out by Short & Bdzil (2003). All the works mentioned
above have been based on the concept of “Master equation” where the definition of the sonic locus was identical to
that in a steady wave, measured in the frame of the lead shock.

Generalization of the steady sonic-locus concept to unsteady detonations has been a problem that has been largely
unaddressed. We have developed a general theory of detonation waves with an embedded sonic locus (Kasimov 2004;
Stewart & Kasimov 2004) that applies to wide class of detonation waves in explosives with general equation of state
and complex chemistry, and recently illustrated the behavior of the sonic locus by means of a numerical simulation
in Kasimov & Stewart (2003). The sonic locus in general is unambiguously defined to be a characteristic surface
that serves as a separatrix and an information boundary for the reaction zone initiated by the lead shock. Since it is
characteristic, this boundary admits weak discontinuities in the gradients of flow variables in the normal direction to
the surface. In the simplest one-dimensional case, the sonic locus is a separatrix of forwdraracteristic lines
that remains at a finite non-zero distance from the shock at all times (Kasimov & Stewart 2003). We have shown
that the sonic condition generalizes all previously known conditions that have been derived in asymptotic limits of
weak curvature and slow time variation or have been used in linear stability studies of detonations in ideal gases as
far-field boundary conditions (the so-called radiation conditions). The characteristic conditions require that the flow
in the neighborhood of the sonic locus evolve smoothly. Of course in an asymptotic analysis, the conditions are
approximated, starting from a general formulation.

The problem of detonation initiation, propagation and failure are the basic problems of detonation theory, which
have implications for safety and performance of explosives and the engineering of explosive systems. Depending on
the kind of sources used to initiate detonation, the explosive thermo-chemical properties, and geometrical constraints,
one can ignite and propagate a self-sustained detonation. If certain critical conditions are not met the detonation fails.
Direct initiation refers to detonation initiation of a main charge by a strong point-blast wave that is generated by an
embedded smaller explosive charge, or energetic discharge from some other source such as an exploding bridge-wire.
The ability to predict the critical conditiorespriori is the ultimate goal of studies of detonation initiation.

Rational theoretical prediction of the critical conditions which would be based on the mixture constitutive properties
only, has been a challenge in detonation theory, although variety of successful semi-empirical theories have been
developed (e.g. Benedick et al 1986; Lee 1977; Lee 1984). In this work we derive a nonlinear evolution equation
for a self-sustained detonation wave in the asymptotic limit of small curvature and slow-time variation, which are
measured in the scales of steady reaction-zone length and time in the same sense of the previous DSD-theories. We
assume that the detonation has an embedded sonic locus and employ the general characteristic conditions that we
have developed in Kasimov (2004) and Stewart & Kasimov (2004). The equation retains the leading contributions
from the shock curvature and shock acceleration. With a newly derived analytical formula not restricted to near
Chapman-Jouguet speeds, we show that the quasi-steady form of the evolution equation exhibits a characteristic Z-
shape curve in the space of the normal shock sjpeeaind shock curvature that agrees closely with numerics. We
show that the solution to the evolution equation that retains the shock accelerddipn,, — K relation, reproduces
the ignition/failure phenomenon observed in both numerical simulations and in experiments on blast wave initiation in
spherical (or cylindrical) geometries. We show that the critical energy of direct initiation provided by a strong point-



blast wave can be calculated and compares very well with available experimental data (Matsui & Lee 1979; Litchfield
et al. 1962; Kaneshiget al. 1997).

Overview of the paper is as follows. We start with a general discussion of the governing equations in section 2,
where we introduce the truncated Euler equations in the shock-attached frame, the Rankine-Hugoniot conditions, and
scalings. Section 2.3 contains the leading-order planar quasi-steady solution of the Euler equations, while section 2.4
introduces a formulation of the governing equations in quasi-conserved variables with expansions of the state variables
in small unsteady and curvature corrections in the main reaction layer. Sections 2.5 and 2.6 contain a discussion of the
general sonic conditions in the unsteady detonation and a formulation in terms of the sonic frame. Section 3 contains
a discussion of the sonic-frame expansions and coordinate matching with the shock-frame expansions. Section 3.3
derives the main results of the analysis, which are the compatibility condition and the speed relation which include the
shock curvature and shock acceleration terms and yield an evolution equation for the detonation dynamics. Section
4.1 discusses main properties of the evolution equation, section 4.2 contains quasiBsteadyolutions obtained
analytically. The discussion of detonation ignition and failure is a subject of sections 4.3-4.5, where it is shown that the
evolution equation that retains shock acceleration exhibits ignition and failure, and critical energies of direct initiation
are calculated theoretically and compared against experiment. Section 5 discusses the large-activation energy form of
the evolution equation. The section also contains a comparison of the theoretically cobpukecurve against the
large-activation energy result as well as a numerically computed curve, which was obtained by solving the quasi-steady
Euler equations numerically. Appendix A contains calculation of certain singular integrals in the evolution equation,
while Appendix B explains the algorithm by which the numeridal k curve is computed.

II.  SIMPLIFIED GOVERNING EQUATIONS

We consider detonation waves with reaction zone structure that is slowly varying in time, measured on the particle
passage time through the reaction zone, and that have lead shocks that have small curvature measured on reaction zone
thickness. The two asymptotic assumptions (slow variation and weak curvature) are independent in general. It is not
necessary to specify their relationship beforehand (that is choose a distinguished limit) in order to develop asymptotic
approximations and the approximations can be treated separately. However the resulting order of the asymptotic
approximations obtained depends on the size of terms that are neglected. Treating the approximations independently
allows one to generate results that are quite general and have extended validity and include those obtained by using
distinguished limits that relate the spatial and temporal scalings.

The equations we consider are the unsteady Euler equations written in the shock-attached frame, truncated to include
terms proportional to the leading order shock curvature. The Rankine-Hugoniot conditions are applied at the lead
shock. We also impose a boundary condition at the rear of the reaction zone on a limiting characteristic surface. The
flow is exactly sonic for an observer traveling on the rear surface since it is characteristic. We call the rear limiting
characteristic surface the "sonic" surface. The equations and boundary conditions form a closed system and allow for a
solution that describes the motion of the detonation shock, the evolution of the material states in the reaction zone and
the motion of the sonic surface. The reader can find a detailed derivation of the conditions at the sonic locus in Stewart
& Kasimov (2004) and a derivation of a high-order evolution equation in Kasimov & Stewart (2004). Here we present
a concise derivation of a simplified version of the evolution equation that retains the leading order curvature and shock
acceleration corrections to the quasi-steady planar solution. The reduced equation and description still retains the
basic physics involved in the ignition and failure phenomenon and leads to description of criticality, which is one of
our main concerns in this paper.

A. Reduced Euler equations in the shock-attached frame

The Euler equations written in the shock-attached fram@(tg are given by

pt+(pU),+kp(U+D) =0, 1)

Ut +UUp+D+vp, =0, 2)



a+Ue+pvi+Uvy) =0, 3)

At +UAp = w. 4)

The subscripts andt denote partial differentiation with respect to spatial variablehich measures the distance
from the shock into the reaction zone along a direction normal to the lead shock, aridrisgectively. The normal
particle velocity in the shock-frame i$ = u— D, u is the normal particle velocity in the lab fram®,is the normal
shock velocityD is the normal shock acceleratiomjs pressurep = 1/v is density,v is the specific volumeg is the
specific internal energy, is the reaction progress variable that goes fOrat the shock td at the end of reactiory
is the reaction rate. We assume an ideal-gas equation of state and a one-step exothermic reaction that can be described
by a single progress variable. Ther- pv/ (y— 1) — AQ, wherey is the polytropic exponeng is the heat of reaction.
The sound speed squared for the ideal EOS is ypv. We do not need to specify the form of the reaction rate for
much of the subsequent analysis, but later we will use the Arrhenius form to obtain formulas for quasi-steady response
curves and describe the ignition and failure process.

Following Erpenbeck we use the ambient state to scale our varighlepa, and+/Pa/pa (tilde is used here to
denote dimensional quantities). The length scale is the half-reaction length of a plane CJ detﬂ_r/lgtiﬁhe time
scale is the ratio of the length scale to the velocity scale. Under this scaling the equations remain unchanged. The
szcaled valueézs of upstream statpsp,u,A) are(1,1,0,0) and the upstream sound speed squared for an ideal gas (with
E=ypv)isc =y.

B. Rankine-Hugoniot algebra and shock boundary conditions

The Rankine-Hugoniot algebra connects the states in the reaction zone with conditions at the shivtk: hlét
be the mass flu® = p+ pU? the momentum flux, anll = e+ pv+U?/2 = ¢?/(y— 1) +U?/2— AQ be the specific
enthalpy. Note thal, P andH are constant in the reaction zone for a steady state, plane detonation. Also the values
of M, P andH in ambient unreacted explosive are the same as at the shock and are given by

Mo=-D, Po=1+D?, Ho— Y +2 )
0= 9 0= 9 O_V—l 27

The pressure and velocifyandU can be expressed in termshMfandP as

p=P-M?%, U=My, (6)

Elimination ofU andp in favor ofv in the energy (Hugoniot) equation gives a quadratio/fin the case of the ideal
EQS)

2y PV 2(y—1(H+AQ)

Tyt owe Y ")
One solves the quadratic to obtain
__Y P
where
hMm? 2(y*—1)
2 = — =
0°=1 P2 (H+AQ), and h v 9)



which holds throughout the reaction zone structure.
If we introduce the normal Mach number (squared) in the shock-attached frame

U2
2 _
M2= 5, (10)
then some simple algebra shows thatan also be re-written compactly as
M2 1-M2\?
#=1-h— H+NQ) = —— ) . 11

This illustrates that the argument of the square root that delirepositive. Thus, the argument of the square root is
a perfect square and can vanish only at points where the Mach nivhimerasured in the shock frame is unity.
The CJ detonation velocityc; corresponds to the case of a plane, steady detonation with complete reaction at the
sonic point, wheré? = 1. In this case one sefs= 0 atA = 1with M = —D, P=1+D? andH =y/(y— 1) +D?/2
and derives a quadratic f&? with solution

Dcy=+y+a+.d, where q=(Y—1)Q/2. (12)

C. The quasi-steady planar solution

The quasi-steady planar solution corresponds to the leading order solution that ignores curvature and shock accel-
eration terms (i.eD = 0, K = 0). The solution for the leading order state variables is given by the solution to the
Rankine-Hugoniot conditions discussed above. Hence the leading order quasi-steady approximation, denoted with a
O-subscript is given by

_y+1 D2 1
Po= 1 T P21 5 13)
1+ D?
Po=""7 (1+yd), (14)
1+ D?
Uo=— 135 (1-8). (15)
where after a little bit of algebré% can be expressed as
2 M3 2
60:1—h§(H0+?\0Q)=b (1+F —Ao) (16)
0
where
D(DZ, — D?DZ, —
(D, V)’ F=( 2_DZ)) &Y (17)

" VD107 0% (08, V)"

which simplify further calculations. The leading order spatial distribution of reachgritssgiven by

-
n= [ Yodho. (18)
0 Wo

It is easy to see that D > D¢, that if the detonation is overdriven, thén> 0. For the under-driven detonation,
that is if D < D¢y, henceF < 0, the quasi-steady planar sonic locus is locatedhat O at a point of an incomplete
burning,Ag. = 1+ F. FunctionF has a property that its minimum value-isl irrespective oD¢; andy and soOAg.
is well defined for alD. Also, F is negative for,/y < D < Dcj and positive foiD > Dc;. This quasi-steady solution
is used below for derivation of an evolution equation that includes shock acceleration and curvature, as a basic-state
solution, that is as a first approximation in an asymptotic expansion.



D. Formulation in conserved variables in the shock-attached frame

The variablesM, P andH have special property that they are constant for a steady, plane detonation. For this
reason, we call them “conserved variables”, although in general unsteady detonation they are not conserved. In a
multidimensional, unsteady analysis that deviates from the plane solutions, one looks for corrections to these constants.
The reduced governing equations re-written in termloP, H andA, are

Mp=—pt—Kp (U+D), (19)
Pn=—M;—pD—kpU (U+D), (20)

H: - \'%
Hn——U—D+Upta (21)
M+ U, = . (22)

Approximations that assume weak shock curvature and slow time variation seek to find corrections to the constant
values ofM, P andH as well as to a steady-state reactant distribution. Specifically the left-hand sides of (19), (20)
and (21) when integrated across the reaction zone structure generate a small correction to the MaltearafH
evaluated at the shock. The spatially integrated form of the governing equations are a system of integro-differential
equations foM, P andH andA. Specifically, if we integrate from the shockrat= 0 to a point in the reaction zone

and apply the shock condition, we obtain

M=Mo+M;, P=Po+P;, H=Ho+Hi, (23)
where

Ml:—/onptdn—K/Onp(U +D)dn, (24)

P1=—/on (Mt+pD)dn—K/0npU (U+D)dn, (25)

le/on (—B't—DJr&)dn. (26)

In this form the corrections are exact, but with the assumptions of weak curvature and slow variation, they can
be regarded to be asymptotically small. In a similar manner, one can integrate the rate equation. The approach
is to estimate integrals iM1,P;,H; and then invert the Rankine-Hugoniot algebra to compute the primitive states.
Importantly the shock boundary conditions are applied exactly with precision to all orders and expansions generated
by approximation have validity in the main reaction layer (MRL) that has the shock as the boundary.

Likewise, if the curvature and unsteady corrections are small we can generate expansions in the MRL by using the
expressions foM,P andH, inserting them into formulas fa3, (9), v, (8), then forU andp (6). In particular, since
0 vanishes to leading order as we approach the end of the reaction zone for a CJ detonation we postpone expanding
it, since it changes order. Later we will see that this is required to generate a uniform asymptotic expansion. But by
expandingM andP and retaining as an unexpanded (treated astitl)) quantity to be expanded later, we generate
an MRL-expansion fov

RL_ Y P o o AV
W 77\/-5-1'\/'2(1 6)y+lM§(1+Po Mo 5>+..‘, (27)



with corresponding expansions foMRL and pMRL. In the simplest case, when one uses the definitiorgnPy

andHp (5), drops the time dependent contributiondMe, P; andHj, only retaining the curvature corrections and
approximates the integrals with the plane, CJ, steady state, then the MRL expansions found in Stewart & Bdzil (1988a)
and Klein & Stewart (1993) are obtained with this simple expansion of the algebraic form. Thus the effects of unsteady
and curvature terms can be included as corrections to the constant steady solution.

The apparent simplicity of the approach is deceiving as the right-hand sides of the governing equations will contain
expressions involving the square root defined in equation (9). As it turns out (for more details, see Kasimov 2004;
Stewart & Kasimov 2004), most of the difficulties associated with approximating the structure of detonations with an
embedded sonic locus have to do with this square root. An obvious difficulty is seen immediately by observing that
for the steady detonation the argument of the square root vanishes at the sonic point. Since the governing equations
contain time derivatives of and hence of the square root, then terms having the inverse of the square root will appear,
which are potentially singular at points where the square root vanishes.

The functiond itself is a perfectly regular function and has no singularities anywhere in the flow. But as soon as
we expand it, we immediately obtain terms that are inversely proportional to powers of the square-root obtained from
equation (9) which become singular as the argument of the square root vanishes. A simple example of such a function
is v/x+ €, which when expanded in smalbecomes/x(1+¢/2x+o(¢)). Clearly, the singularity at = 0 is a result
of the expansion of a function which is non-uniform, that is the function behaves/kke O(g) atx > €, while for
X < € the leading-order term of the function{&. The multiple-scale character of this simple function mimics the
behaviour of a detonation wave with a sonic locus as a multiple-scale phenomenon. Problems associated with this
apparent singularity in analytical treatments have been a central challenge in the theory developed to date.

E. Characteristic conditions at the sonic locus

In a recent work we demonstrated via high resolution computation, the nature of self-sustained detonations with an
embedded sonic locus behind the shock, Kasimov & Stewart (2003). In Stewart & Kasimov (2004) we worked out
the general three-dimensional formulation for this surface as a rear boundary condition. The sonic locus is coincident
with a forward propagating characteristic surface that remains at a finite distance behind the lead shock throughout
the evolution. Forward propagation is defined in terms of the component of velocity normal to the surface that points
toward the lead shock, and described in a one-dimensional context is usually associate@ wittimaard charac-
teristic. Such a "sonic locus" is a separatrix that separates the family of forward characteristic surfaces into ones that
intersect the shock in a finite time, (i.e. are in a region that is subsonic) and characteristic surfaces that flow away
from the shock and never intersect it. There are two fundamental properties of the sonic locus that is coincident with
a characteristic surface: the normal Mach number defined in terms of the normal particle speed for an observer in the
surface is unity; there is a differential constraint on the evolution of states in the surface that in a one-dimensional
isentropic context derives the Riemann invariant. The first constraint defines the normal speed of the sonic locus and
hence we refer to it as the "speed relation". The second constraint is known in the theory of characteristics as the
"compatibility condition" and we use these names throughout. A one-dimensional sketch of the sonic locus discussed
here is shown in figure 1.

For purposes of illustrating these two conditions we imagine that we choose a point on the lead shock and draw a
normal along it, and then take tleaxis in the laboratory frame coincident with that normal. Then we can write the
relation between the lab-frame positionshock positiorks(t) and distance measured from the shods

X=Xs(t) +n. (28)

Next simply write equations (1)-(4) in characteristic form, then the equations on the foByatHaracteristic obey
the differential relation

p* + p*C*U* + Kp*cfu* = (V_ 1)Qp*(*)*a (29)
on
dx,
ot - Uy +Cs . (30)
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Figure 1:x—t diagram of the shock locus and the sonic locus in self-sustained one-dimensional planar detonation.

where we have evaluated these relations on the sonic locus denoted by a * subscript. If we differentiate the coordinate
transformation on the sonic locus, = xs(t) + n.(t) with respect to time to obtaimx. /dt = D 4 n,, we can represent
the expression of the characteristic speed (30) in the lab-frame to that expressed in the shock-attached frame as

A, =c, +U,, (31)

that is an explicit formula for the normal speed of the sonic locus relative to the dbpeky,. — D). The characteristic
conditions can of course be expressed in any frame, as is convenient. We refer to (29amghthbility condition
and (31) as thaepeed relation These conditions applied on the sonic locus are boundary conditions that determine
both the motion of the sonic surface and the states on it. Since the sonic locus is a separatrix of characteristics, then
the flow between the shock and sonic locus is entirely determined by the data in the domain of influence between the
shock and sonic locus.

Since the normal Mach number in the shock-attached frarwkss—U /c, then an important observation is that on
the sonic surface, the shock frame Mach number can be expressed as

M, =1 (32)
that is, the sonic Mach number defined in terms of the shock-frame velocity can vary around unity depending on
whether the sonic locus is moving towand, (> 0) or away from the shockn( < 0). This is where a departure
from previous theories that define the trailing sonic locus as a point where the shock-frame Mach number is one, i.e.
M, =1 takes place. We can see that slow time variation associated with the motion of the sonic locus enters the
analysis through in particular the magnitude of the relative velocity of the shock and sonic siyface,
By inserting (32) into (8) one obtains an importamxactexpression at the sonic point,

1 /. 0
8 = 1+yM§C*<2_C*)’ (33)

that later will be used to uniformly approximate the magnitudd.dh the transonic-layer matching.

F.  Sonic-frame formulation

Next we consider a description of the detonation structure as viewed by an observer attached to the frame of the
sonic locus. LeN be a new spatial variable that measures distance along the shock normal from the sonic surface,



N =n—n.(t). Let D be the normal speed of the sonic locus as measured in the lab-fran® and— D be the
particle velocity in the sonic-locus frame. We also introduce new conserved variables
5 2w
Then the governing equations in these variables are also similar to their counterparts in the shock frame, and it is easy
to verify that the governing equations are

My = —pt—Kp(U+D), (35)
Py = —M; — pD —kpU(U+ D), (36)
%z—%—ﬂﬁr%pt, @37

A = %(oo—)\t). (38)

The primitive variables can be expressed in terms of these new ones as

_Y % 4 _ 7 _
V_y—i—le(l h), p_y+1(1+yA), U= My, (39)
where now
ha 2
A:\/l—?z(ﬂMQ). (40)

Also, similar to that in the shock frame, we again have the equation

ha? 1-M2\?
N=1—-— (H+NQ) = — 41
whereM = —U/c is now the normal Mach numbeelative to the sonic locyswith the important difference that this
timeM, = 1is imposed as aexactcondition on that surface, which as one can see from (41) also corresponds to

A, =0. (42)

Equations (35)-(38) can also be integrated fridm: O (on the sonic locus) to an arbitrary poitin the structure
to obtain integro-differential equations. An important difference from the shock-frame formulation is that we impose
the boundary condition8/ = 9M,, P = P, andH = #, to all orders (that is exactly) at the sonic locus instead of at
the shock. And like the approximations in the main reaction layer, that are formulated with the shock as the boundary,
we will generate approximations in the transonic layer (TSL).

. SLOW-TIME AND WEAK-CURVATURE ANALYSIS

To obtain the evolution equations for the shock and sonic locus, at some asymptotic order we approximate the flow
states variables at the sonic locus and substitute them into the compatibility condition (29) and the speed relation (31).
In order to calculate the states at the sonic locus we use a method of successive approximation to generate asymptotic
expansions, first employed in Yao & Stewart (1996) and recently by us in Kasimov & Stewart (2004) .



A. Transonic layer expansion in the sonic frame

Near the sonic locus we develop a coordinate expansion of the solution in the sonic frame, expressed in the variable
N = n—n, in the limit N — 0. This solution must match with an expansion in the main reaction layer (MRL) as
n — n,. Matching provides the connection between the TSL and MRL layers, and allows us to derive the asymptotic
formulas for structure and the dynamics of the detonation structure.

We write the governing system in the sonic frame as follows

M:.‘M*—/JNpth—KANp(ﬂ+Q))dN, (43)
= NM D) dN " ot1(11+ D)dN 44
f*f/O(+p)fK/Op(+>, (44)

N }4‘ . \V;
ﬂ:ﬂ*+/0 (uDJrﬂpt)dN, (45)
AN = %(w—m). (46)

In this form the system is exact. The leading order teftfis ?., and#, areexactvalues evaluated at the sonic locus.
If we denote

N N
Mlz—/ pth—K/ p(U+ D)dN,
0 0

fPlz—/oN (M+pﬁ))dN—K/ONpU(ﬂ+Q))dN,
and
N .
}[1:/0 (~/U—D+vp/U)dN,

then we write

M=MA+M, P=P+P, H=5H+74. (47)

The termsM, P1 and# that contain time derivatives and terms proportional to the shock curvature can be considered
as corrections to the leading order terms.
The correctiong\y, P, and#; in the TSL can be expanded uniformly to obtain

N
M]_:—/O pth:—p*tN—Kp*(U*+@)N+O(N2)7 (48)
P = — (Mg +p.D)N—Kp, U (U + D)N +O(N?), (49)
o A 1 2
H = (— L —@+M*p*t) N+O(N?), (50)

10



Also letA = A, + A1 and by integrating the rate equation in the sonic frame for siale obtain

N
Nt [ @-N)AN=A + o (0.~ A)N+O(N?), (51)
o U U,
with A1 identified as
A= — (0, —AON (52)
1= (u* (O *t .

Notice that in reducing the above expressions we replépgd with (p..), = dp./dt and similarly with other time
derivatives evaluated at the sonic locus. This is justified since at the soniadgdiis 0/0t + (¢, + U.)d/IN = d/at
which holds because. + 7, = 0.

We can now evaluate the spatial expansiom.dfirst, let us find the expansion Af

2 - 1) (M + M)?

N =1
V2 (T*+fl71)2

(H: +MQ+ H1 +MQ) +0(My, P1, Ha, A1) . (53)

UsingA, = 0, we obtain

N =

Fh+MQ (Ml P

5o 2\ar —{P*> +h.ot. (54)

We now take advantage of the following exact expressions

Y B P _ Yy 2
V*_y_|_1fM’*27 p*—y+17 ‘U*_V‘F]--W[*_ Cx, (55)
and
y+1 5 Yy P y P
H.+NQ= U, Po=—mmn, Mi=—F—r, 56
HAQ 2(y—1) P y+1u? y+1 U, (56)
.y (2 2. -y (2 _PU
p*‘v+l(ﬂ§ ud ) M"_v+1<m UE)' &0
Inserting these expressions into (54), after some algebra we obtain
2 1. p 2K U, A/ U N+ 5
AN =——=_Z |0, N————N —_ N°).
y+1c? { p*c*] y+1c. +Q I +h.Q TONY) >8)
Also using (52) it follows that

H, +\.Q y+1 c2c,.

Combining all terms in (58) together results in the following spatial expansiofi*or

N? = [Py + peCll, — (Y— 1)p.Quo. +Kp.c2u,] N+ O(N?). (60)

Cy+1p.c3
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Remarkably, we find thahe leading order spatial expansion &f proportional toO(N) is proportional to the com-
patibility condition i.e. the expression of the forward characteristic relation expressed on the sonic locus. Since the
sonic locus is characteristic, the compatibility condition is identically satisfied, and so the terms in square brackets in
(60) vanish. Hence, the sonic frame expansiownisfgiven by

7 294
L 1 1
=V, |1+ —

VTS

—A| +... =V, +O(N). (61)

The fact that the expansion &f starts withO(N?) terms and thaD(N) terms are absent can be derived in a different
way. Since the spatial derivative w{and henceg andU) contains a term proportional to

o _ 1o
ON  2A ON
and at the sonic poirk, = 0O, it must also be true the(t)Az/aN)* = 0 if the derivatives of the state variables are to

remain finite. Direct calculation c(faAz/aN)* shows that indeed it is proportional to the compatibility condition and
hence vanishes at the sonic locus. Thus we come to an important conclusithetbatnpatibility condition (which is
fundamental) is also a regularity condition for the derivatives of the state variables at the soniclpaittier words,

on the sonic surface, the spatial and temporal derivatives of the state variables must be finite.

(62)

B. Spatial matching of the Main Reaction Layer and Transonic Layer

To demonstrate the matching of the MRL and TSL expansions we expEfdyiven by (27) in the limit as — n,
and compare it to" St in (61) asN — 0. Specifically we writen = n, + An and evaluate the integrals in equations
(24)-(26) atn = n, + An, whereAn = N — 0 to obtain the expansions

M =Mo+Mz, +O(An), P=Py+Pp.+0(An), H =Ho+Hi, +O(An). (63)

We substitute these into equation (27) and obtain

T y+1 D2

Po Mo

2
wrL_ Y 1+D (1 Pu. 2M1*—6*>+O(An). (64)

Notice M1, P1., H1. andd, are functions of time. We do not expaddbut rather use itexactvalue at the sonic point,
which leaves the truncated terms@tAn). Note again thad is uniformly regular a&An — 0 while its expansion is
not. Spatial matching of the TSL and MRL to leading order obtains the sonic state specific volume

V 1+ D2 Pl* 2Ml*

The pressure at the sonic locys,is given simply by

1+D2 Pl* )
e = 1+ — 0. | . 66
P y+1 ( * Po Ty (66)

Using U. = —¢. = —/YP«Vx, We can find the sonic-frame particle velocity,

Y 1+D2(1 P My y-1 )
y+1 D )

* =

67
Po Mo 2 67)

Next the sonic states listed above are computed to include correctidﬁﬁlﬁiok,m). Then the compatibility
condition and speed relation are imposed at the sonic locus. To complete the analysis we must consider contributions
to the integrals that require consideration of the rate equation. We proceed to these calculations next and derive
equations for the main unknowns of the problémA, andn,.

12



C. Calculation of the compatibility condition and the speed relation

Here we evaluate the integra¥.., P1., andHs. to the leading leading order correctionsdifot andk, in order to
compute the sonic state variables. Then we substitute the result into the sonic conditions to obtain a reduced evolution
system for the shock dynamics. .

First consider the compatibility condition. To obtain terms ugd(®, k) we only need the leading-order quasi-
steady, planar solution since the compatibility condition is a differential relation. The leading order sonic-state is
given by

~1+D? _y 1+D? B _y 1+D?
o = v+1’ VO*—mv, CO*——UO*—m D (68)
so that
. D?—y
s *:D7 Uox = — *+D+n*:7 69
Po«Co o Co y<1D (69)
Then we find that t@(D, k),
_ 20 UfiDz—WD Kp.C2U, = K (1+D*)(*—y) (70)
Toy+l T (y+pb2T T T (y+1)2 D '

Notice thatn, is absent in (70) because it comes in only through the derivati®g @fhich iso(n,) and so is of higher
order than we retain here. Substitution of (70) into the compatibility condition (29) results in an equation relating
D, D, Kk, andA,,
D = a1, — azk, (71)
where

LY+l (P-1QD®  y (14+D}(D*-y)
1T Ty (1+D?)(y+3D2)’ T y¥1  y+3p?

(72)

One immediate observation from equation (71) is thdDifs neglected (corresponding to quasi-steadyved
detonation), the equation has no solution with negative curvature for one-step exothermic reaction (that,is o),
which implies that for this type of chemistry, no quasi-steady converging detonation wave with a sonic locus can exist.
Clearly, if more complex kinetics is considered such thatcan be negative, then quasi-steady converging Q)
detonation is possible.

Next we evaluate the speed relation. Since the speed relation is algebraic in state variables, we need to compute
the sonic states including the integral corrections, which (j]\(@,K) contributions. The original speed relation is
N, = ¢, +U,, or which is the sameyl, = 1—n,/c.. We will use an equivalent relation that is written in terms of the
conserved variables, for which we have simple asymptotic expansions. Such a relation is provided by equation (11)
that relates all conserved variables to the Mach nurivhetlso recall that we have an exact expressiondoin terms
of n, provided by equation (33). Therefore, the speed relation is used in the form of equation (11) evaluated at the
sonic point,

3 =1—h==%(H, +\.Q). (73)

*

whereM,,, P,, andH, all retain the unsteady and curvature term®&t®, k) andd? is evaluated from the exact equation
(33). Sinced? = O(n?), thenn, is absent in the speed relation to leading order and we can drop the left-hand side of
equation (73) and hence obtain an equation that re2t&; andA, by expanding\,, P, andH,. Notice again, that
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just like the compatibility condition the speed relation also does not contaim the leading order, which leaves us
with only two equations (instead of three in general) to solveXandA.,.

The correction termM ., P, andHy,, found by substituting the quasi-steady planar solution, equations (13)-(16),
into the integrands of equations (24)-(26), are

My, = —Dl1 +KD (no. — o), (74)
P = D (nO* - IO) + KD? (nO* - 'JO) s (75)
. 1
Hy.=-D (no* —lo+ D51> ; (76)
where we denote various integrals as
)\O* d)\o No« No«
np. = —D —, o= dn, J:/ Vodn, 77
o [) ooy © [J Po b=/ Vo (77)
No« No«
Iy = A poodn, S = [) Popdn. (78)

The subscripD here denotes partial differentiation with respecbDtoNote thatng. is the leading-order position of
the sonic locus. These integrals are calculated using the change of the integration dariabl®vydAg/wp and the
upper limit of the integration tdg, = 1+F.

SubstitutingM, = Mg+ M1, P. = Py + P1., H. = Ho+ Ha., with the corrections given by equations (74)-(76), into
equation (73), we obtain after some algebra that the speed relation is given by

1+F -\, +kf+Dg=0, (79)

where we denote

2 2
f= ? |:n0* - |O+W (nO* _JO>:| y (80)
2 |1+ (1+h/2)D? hD 1
= ST (g — o)+ ————— S — = 1q] . 81
b2 (1+D2)2 ( 0 0) 2(1+D2)2 D 1 ( )

In deriving (79), one takes advantage of the expansios Ag. + A1. whereAg, = 1+ F = O(1) is the leading-order
value of the progress variable at the sonic locus,ands o(1) correction to that. It is important to note that= O(1)
and no assumption th&t= o(1) (that isD — D¢y = 0(1)) is necessary. Note also that the requirementkthat 1 puts
a constraint orF so that if detonation is overdriven, that ishf> 0, equation (79) may not have a solution for,
which means that the sonic point may be absent in the flow.

We call equation (71) in which, is substituted from the speed relation, equation (79)ethl@ution equationin
general, if higher-order terms are included, we have a system of evolution equati@sAfoandn, comprised of
the compatibility condition, the speed relation and also the rate equation evaluated to sufficiently high accuracy. The
evolution equation, equation (71) admits a simple physical interpretation as the dynamical equation that governs the
shock motion. It says that the shock acceleration is controlled by the competition between the heat release, represented
by a;w,, that tends to accelerate the shock, and the flow divergikcthat takes the energy away from the shock and
thus tends to decelerate it. The quasi-steady soluon,0, corresponds to the exact balance of the two competing
effects,a;w, = ayk, the equation that yieldd — K relation.

14



IV. SOLUTIONS OF THE EVOLUTION EQUATION

Two equations, (71) and (79) are the main result of the present work. The evolution equation (71) isEhe k
relation that governs the dynamics of slowly-evolving weakly-curved detonations. The main purpose here is to use the
equation for the analysis of detonation initiation and failure in the case of spherical or cylindrical detonations. But it is
clear from the above derivations that the evolution equation (71) has wider applicability, namely to two-dimensional
weakly-curved and slowly-varying detonations, as its derivation does not rely on specific spatial symmetry. Before
proceeding to the analysis of solutions of the evolution equation we point out several of its general properties.

A. Properties of the evolution equation

Several comments should be made regarding the character Bf-th — k relation derived above. Perhaps the
most important feature of the relation is that its derivation does not requirspamjficassumptions about the ordering
of eitherD — D¢j or D with regard to each other e The only assumption is that & = o(1) andk = 0o(1). The
three quantities are related in the final result in a rather general form and involve a range of scales that would hardly
be possible to anticipatpriori. As for any assumption fdd — D¢, none is necessary to derive the above evolution
equation.

There exists a dynamic change of the time scale in the evolution equation that can be seen from consideration of the
near-CJ limit oD — Dc; = O(F), F — 0. Itis easy to see that two of the above integrals, narhedydS, are in fact
singular adD — D¢y because of the derivatives of the seed state in the integrands. As shown in Appendix A, in the
limit F — 0 the integrals behave as follows

constant
|1 = “:P}T/Z + reg. (82)
if 1/2<v<land
I1 = constantn |F| +reg. (83)

if v=1/2, whereregdenotes regular terms. Integflhas exactly similar behaviour. Since none of the other integrals
exceptl; andS; are singular, we conclude thBtchanges its order, that is, it becomes smaller for near-CJ detonation

compared to the dynamics with— D¢y = O(1) by a factor ofO(|F |"_1/2). This is what we mean by “dynamic scale
change” since the order @f is exactly the order of the time derivative. Hence near-CJ detonation in present theory
evolves on a slower time scale than sub-CJ detonation.

The fact that the problem involves a range of scales, for example for near-CJ detonation can be seen from the
evolution equation as follows. Suppose we assanpeiori scales fok = O(g) andd; = O(¢”), € — 0, a > 0. The
question is: What is the scale Bf— Dc; that is consistent with the compatibility condition and the speed relation?
Letk = ek’ andD = €*D’ with a € (0,2) andk’ = O(1), D’ = O(1). Then equation (71) results in

1-\, =0 [(als +ape®)Y V} (84)

while using the latter result, equation (79) gives

D—Dc3=0 {(aleJrazs“)l/"} —ex'f —eD’. (85)

From equation (85) we see immediately that a number of scales enters the exparBienDgf;. For a more
explicit example, take = 3/2 andv = 3/4. Then1—\, =0 [el/" (a1+a281/2)1/v} = O(e¥V) + O(eW/V+1/2) =
O(e*3) + O(e'"/8) and therefore

D — Dcy = O(g) + O(e*3) + O(£%/%) + O(e™¥*). (86)
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The last three terms are all intermediate betw€¢a) and O(¢?). Retaining them is essential for capturing the
correct physics contained in the compatibility condition and the speed relationa @rigri assignment of a single

scale forD — D¢j in addition to those ok andD, although entirely legitimate, will produce an evolution equation
which is restricted to phenomena on those scales only. But detonation with the sonic locus is intrinsidgdly
scalephenomenon and in general requires treatment of all scales for capturing the correct dynamics. This shows that
with pre-set scales of all the small quantities, one in general has to include a number of reaction-order dependent
intermediate scales in the expansions of state variables.

An important conclusion from the above discussion is that in the present analysis we are looking at detonation
dynamics that is subject to the distinguished limit that> 0 asD — Dcj — 0. Clearly such a theory is insufficient for
prediction of more complex dynamics such as pulsating or cellular detonations. Inclusion of higher-order terms with
more accurate representation of the solution in the transonic layer (which is precisely the source of the singularities)
avoids these difficulties as we discuss in the forthcoming paper (Kasimov & Stewart 2004).

Another observation concerns the magnitude of different terms in the evolution equation (71). The assumptions
on which the theory is based are those of small time derivative®ie.o(1) and small curvatures = o(1). As a
consequence of these assumptions and the compatibility condition (71) it follows that the reaction rate at the sonic
locus must also be smath, = o(1). By not specifying how exactly,. = o(1) the theory is general so that various
asymptotic limits are included. The simplest examplg+ish, = o(1) with D — Dcj = 0o(1), which is consistent with
w, = 0(1). ButD — D¢y = 0O(1) is included so long a&, = 0(1). In the case iD = 0, thenw, = O(K) is all that is
required wher — Dcj; = O(1). That is theD —k curve is scaled by the reaction rate and lies in the neighbourhood of
small curvature. In the special case of state-sensitive kinetics such as Arrhenius kinetics with large activation energy,
w; is uniformly small a decreases frorbc; to the ambient sound speed,

We should also point out that the reaction mechanism is only assumed to be of one-step reaction described by a
single progress variable. There has been no assumption made with regard to the form of the rate function. As far as
mathematical character of the evolution equation, one can show that local linearization of the speed relation and the
compatibility condition results in a hyperbolic partial differential equation provided the functianslg are positive.

One can easily prove that functidris always positive and numerical calculations show that fungigralso positive.

B. Quasi-steady response: Th® —k relation

Now let us calculate the quasi-steddy- k relation which is obtained by settiig= 0 in equation (71) for various
parameter sets. We calculdde- k curves and analyze the effects of some of the constitutive parameters. Consider a
gaseous explosive mixture with a rate law of Arrhenius form

w=k(1-A)" exp(—E\/) ) (87)
Then, we find that to leading order
1/ y 1+D?\?
—c2 /y= = .
oo, = y=1 () )

and the evolution equation (71) becoméds a kK equation

1/ VE (y+1 D \? v \? (1+D?)?2(D2-y) v
\Y I~ rr - _
F+kf+k explv < v 1 2> ( ) ] =0. (89)

y+1 (Y2 —1)kQD?

We can immediately see that fbr— Dcj; = 0(1) this is a familiar result (e.g. Klein and Stewart 1993), but importantly,
equation (89) has no assumption in it regardhg Dc; or the magnitude of the activation eneigy

Note that the general qualitative character ofEhe K relation can be easily seen from the equatign, = ayk as
follows. Let us write the equation as

k(l—)u)"exp(—\g) =a(D—y)K. (90)

*
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Figure 2:D —k curves forv = 1, y= 1.2, Q = 50 (a) andQ = 30 (b) for various activation energie€ = 0,5,10,20 and30. E
increases from right to left on each figure.

Now assume for simplicity that the speed relation yidldsA, = —F = E(DCJ —D). Here we separate the important
dependencies in;, ay, andF by introducinga(D) andb (D) as certain weak functions &. Then we obtain the
following explicit formula fork (D):

\Y
« — gPca—D)
D—¥

where agairt andd are weak functions d. Itis clear now from (91), that &8 decreases belol¢;, k firstincreases
from k = 0 because of the factgDc; — D), but then the exponential term that decrease® gses down starts to
dominate causing to decrease. As a result we have a first (upper) turning point at Bom®.. The curvature will
decrease after reaching the upper turning point until eventlabbgcomes close to the ambient sound spgég so
that the denominatdd — , /y cause to grow again, which explains the existence of the second (lower) turning point.
Since the exponential term although small, never vanishesl] eventually increase to infinity a® — /y. It is also
clear that if the activation energy is sufficiently small, then the exponential term may not be able to compensate for
the increase ok due to(Dcy— D)”, in which case there will be no turning points anavill increase monotonically
to infinity. This simple picture explains the essential nature ofxhek relation that can exhibit two turning points.
Next we plot exacD(k) dependencies that follow from equation (89) for various valuds, @, y, andv. Figure
2 showsD — k curves for varying activation energy for two different heat release paran@ténsreasing activation
energy fromk = 0, (in which case there are no turning points) to lar§erauses two turning points appear, which
move toward smallek asE is increased. Decreasin@ from Q = 50 to Q = 30 causes a similar change ih— k
curves as does increasing the activation enérgy
Figure 3 shows variations of reaction orde¢a) and specific heat ratip(b). The reaction order is seen to have a
negligible effect on the solution, except near the lower branch, wiher&,/4 shows critical curvature larger than all
other cases. Variations of the adiabatic exponent have much more significant effecOon khgolution. The upper
turning point is seen to move toward smaller curvatuend larger velocityp asy is decreased.

exp(—dE/D?), (91)

C. D—D—« relation and the ignition/failure phenomenon

Next we apply the evolution equation (71) to describe the dynamics of a spherically expanding detonation wave in
a mixture with heat release governed by the simple-depletion Arrhenius rate law

w:k(l—)\)exp(—sv). (92)
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Figure 3: (a)D —k curves fory = 1.2, Q = 30, E = 20 for several reaction orders,= 1/2 (solid), v = 2/3 (dashed)y = 3/4
(dash-dot), and = 1 (dotted); (b)D — K curves forv =1, Q = 30, E = 20 for severaly. y= 1.2 (solid), y = 1.4 (dashed), and
y = 1.6 (dash-dot).

We write the evolution equation as a second-order ordinary differential equation in the shockRadjx, D = R
andD = R. Our goal is to obtain the solution of the equation subject to the initial conditi{i$,= Do andR(0) = Ry
for different values oDy andRy. As a specific example, we consider a mixture with 1.25, Q = E = 40, which is
representative of near-stoichiometric hydrogen-oxygen mixtures.

The quasi-steady response curve for this parameter set is shown in figure 4(a) with the upper turning point at
Ke=7.19-1073, Dc/Dc; = 0.876 whereDcy = 6.8896 The lower turning point is located at essentially zero curvature
(less tharl0~8). Figure 4(b) demonstrates the ignition and failure phenomenon exhibited by the evolution equation.
Equation (71) is solved starting from variety of initial conditions, which are chosen sB3kaR00is fixed andDg is
varied from about CJ valu&81t0 5.0. If Dq is sufficiently large, then the shock speed first decays to a certain minimum,
which is reached at the quasi-steady cues 0, and then increases, asymptotically approaching the quasi-steady
D — Rcurve askR — . In this case we have a successful initiation. If the initial shock speed is sufficiently low, then
the solution has a qualitatively different character, namely the shock speed continues to decay and does not recover
until very large distances are reached, that correspond to the lower turning point in figure 4(a), so that the distance is at
least2- 108. As the solution crosses the lower branch, the shock accele@tmtomes positive and ignition results.

As figure 2 shows, the curvature at the lower turning point decreases rapidly with increasing activation energy, thus
the re-ignition of the initially failed detonation will take place at very large distances for sufficiently large activation
energies, which are typical of real mixtures, and thus can be essentially ignored. The existence of the lower turning
point is a feature of the one-step Arrhenius kinetics, that allows for a finite reaction rate at arbitrarily low shock speeds
(hence shock temperatures). In reality, the chemical reactions responsible for the heat release may terminate if the
gas temperature drops below a certain, mixture dependent value. Extensions of the theory to include more complex
chemistry that includes such property of the realistic chemistry should eliminate the re-ignition behaviour associated
with the lower turning point. We should emphasize that the essential mechanism of the initiation/failure phenomenon
is principally associated with the upper turning point, which is expected to exist for arbitrary chemistry models. Thus,
despite its simplicity the Arrhenius kinetics is still capable of describing the main physical mechanism of the initiation
process.

The dash-dot line in figure 4(b) is what we call @mition separatrix. It is a curveD,s(R) that delineates initial
conditions that lead to ignition (above the curve) and those that lead to failure (below the curve). One can easily
calculate the ignition separatrix by taking the initial condition at sufficiently |&gead just below the middle branch
of theD — R curve and integrating the evolution equation (71), backward in time.

The solution that starts just above the separatrix, that Byat 5.85 most clearly shows that between the initial
decay and final acceleration of the shock there is a relatively long phase of almost constant shock speed. Similar
behaviour is also observed in both numerical simulations and experiments, and the phase has been called “a quasi-
steady” stage of detonation initiation (e.g. Lee & Higgins 1999). The term may be justified to some degree as the
detonation does indeed have very small acceleration (none exactly at the lower branch of the quag)-st&ady
curve), the acceleration, however small, is followed by a very rapid approach to the CJ velocity. The closer the initial
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Figure 4: (a)D — k curve for detonation in an ideal gas wijh= 1.25, Q = E = 40; (b) Ignition and failure. Dashed line is the
quasi-steadd — Rcurve, dash-dot line is the ignition separatrix, and solid lines are solutions of equation (71) with initial conditions
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Figure 5: Position of the sonic locusg, and the ratio of the heat release teagw, to the curvature termyk in equation (71)

during successful ignition (a) and failure (b) for detonation in an ideal gasywith.25, Q = E = 40. (a) corresponds tBy = 200,
Do = 5.85, (b) corresponds tBy = 200 Dg = 5.841

condition to the ignition separatrix, the more extended the “quasi-steady” stage is.
Figure 5 shows plots of the ratio of the heat releage, and curvature (or divergencegk terms in equation (71)
and the location of the sonic locus, during ignition (a) and failure (b). In the case of the successful initiation, (a),
one can see that;w, /asK is less than unity, hend® < 0 during the initial decay of the shock (see equation 71),
and until its value reaches unity, the sonic locus retreats from the shock. As theyrafita,k becomes equal to
unity and starts increasing further, the sonic locus reverses its direction and starts moving toward the shock. There
is a rapid increase of the heat release term during the initiation phase, and then the term decreases because of the
fuel depletion at the sonic locus, that is becahse— 1. As R further increases, both the reaction teamw, and
curvature ternazk tend to zero, their ratio approaching unity, and hed@pproaching zero. The failed case is shown
in figure 5(b), where the reaction tempw, is seen to remain much smaller than the curvature term and the sonic locus

keeps retreating from the lead shock. Therefore, the dominating flow divergerda,this case results in detonation
failure.
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D. The direct initiation and critical energy

Criticality of solutions of the evolution equation, equations (71), demonstrated in figure 4 is a function of the initial
conditions,Dg and Ry. Importantly, the mechanism by which the initial condition is created can be arbitrary and
depends on specific means of initiating the detonation. One important means is by direct initiation by a blast release of
concentrated energy. Direct initiation can be accomplished by a hypervelocity projectile and detonation re-initiation
upon diffraction round a corner. Diffracted detonation wave may fail in certain cases and identification of the failure
conditions has implications for the problem of detonation transmission from confined into unconfined space. The
failure can be predicted by the above theory provided the initial conditions from the early stage of the diffracted
detonation correspond to detonation radius and speed below those of the ignition separatrix. Such calculations of
detonation diffraction and comparisons with the present theory are being carried out in our group by B. Wescott and
will be reported on shortly.

We now give more details on how the direct initiation can be treated using the present theory. The main idea is to
relate the characteristics of the strong blast wave such as its shock Bpgeahd radiusR to the initial conditions,

Dg andRy required to solve the evolution equation. If the energy of the blast vi&ygis sufficiently large so that

the point(R, Dpy) happens to be above the ignition separatrix at some point of the blast-wave decay, then successful
ignition would follow. Otherwise, the blast wave would continue to decay and consequently lead to detonation failure.
Then, a critical energyE. exists such that the decaying blast wave follows the ignition separatrix. Thus, given the
strong-blast wave solution, we can identify its strength that would correspond to the ignition separatrix. A simple
way to estimate the critical energy is to require that the blast-wave solution and the ignition separatrix match at, for
example,D = D¢;. Let us denote the corresponding radius on the ignition separatfi%.a¥hen we obtain the
criticality condition

DbW(RSa Ec) = Dcj. (93)

The blast-wave solutioBy,, (R, Epy) depends parametrically on the blast enefgy, thus allowing us to extract the
critical energy from equation (93).

In the case of a detonation with point symmetyy«(0, 1, 2 correspond to planar, cylindrical and spherical symmetry,
respectively) one can use Korobeinikov's extension of the Taylor-Sedov blast-wave formula (Korobeinikov 1991;
Eckettet al. 2000),

j+3)\2 - B;
Eow = Aj (J 5 ) PngwR'+1eXD<—DJ%Q), (94)
W

which accounts for the leading-order asymptotic effect of the chemical reaction on the strong blast dynamics. In the
case of a spherical detonation, the constagtsand B, are functions ofy that can be calculated by the following
formulas,

As = 0.31246(y— 1)~ L:1409-011735l0go(y-1) (95)

By — 4.1263(y— 1)1.253+O.14936Iog0(y—1) ’ (96)

which are valid forl.2 <y < 2. For the parameter set that we used to plot figure 4, thatid.25 Q = E = 40, we
find thatRs = 1146, Dcj = 6.8896 and the critical energl. = 3.08- 1C8.

If one has thermodynamic and kinetic data that describe real mixtures within the framework of the ideal-gas equation
of state and one-step Arrhenius kinetics, one can follow the above procedure to estimate the critical energies for real
mixtures. Such thermo-chemical data obtained from detailed chemical calculations of the steady one-dimensional
detonations (e.g. the activation enefgyheat releas®, von Neumann temperature, reaction zone lengths, etc.) can
be found at Caltech detonation database (Kanesttigé 1997). As for the adiabatic expongnivhich is assumed
constant and the same for the reactants and products, one can obtain it from the shock conditions by demanding that
the shock temperature agrees with detailed numerical predictions. Therefore, from the detailed chemical calculations
we retain the effective activation energy, the total heat release, and the von Neumann temperature, all of which are of
the most significance for the detonation dynamics. Figure 6 shows comparison of the critical energies calculated by
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Figure 6: Comparison of theoretical critical initiation energylhr— O, mixtures of various equivalence ratipsvith experiments
(HE initiation - Matsui & Lee 1979; exploding bridge-wire - Litchfiedd al. 1962).

this method foH, — O, mixtures of various equivalence ratipggainst experimental data (which are again found at
the Caltech detonation database).

Two sets of experimental data are plotted, which correspond to different means of strong initiation, namely by a
high explosive discharge and an exploding bridge-wire. For calculations of the dimensional critical energies one also
needs to know the dimensional half-reaction Ienlgb We tookll » equal to the reaction zone lengths found at
Caltech database, which are based on a detailed chemical mechanlsm and correspond to the distance from the shock
to the point in the reaction zone at which the temperature gradient attains a maximum. While this may not exactly
be the half-reaction length, they are sufficiently close for our purpose here. One can see that despite the simplicity of
the underlying constitutive description, the agreement of the theory and experiment, in particular the one with high-
explosive initiation, is remarkably good. The experiment with high-explosive (HE) initiation compares better with
present theory because the blast wave formed due to HE detonation is more likely to represent a point explosion than
the wave formed in the exploding bridge-wire experiment. Experimental results on direct initiation are themselves
subject to often more than an order of magnitude difference and the comparison should be looked at with that caveat in
mind. In addition, simplicity of chemistry employed by the theory may have consequences. But more careful studies
of the initiation are required in all respects before a more definitive conclusion can be reached (for further discussion
see also Eckett al. 2000).

To summarize the critical energy calculation procedure, given the mixture global thermo-chemical parameters such
asy, Q, v, andE, we can compute the ignition separatrix by solving the evolution equation (71), arifitiebn find
the critical initiation energy¥e. from equations (93)-(96).

E. On weak initiation

Now we consider initiation by a weak source that can also be treated with present theory. While the theory of direct
(strong) initiation discussed in the preceding section is closely related to the propertiesof-theurve near the
upper turning point, weak initiation has to do with the lower turning point. Note that if one looks at the digatof
different regions oD — R plane, one finds that to the left of the quasi-steBdyR curve, the acceleration is negative,
that isD < 0O, while to the right it is positive. Consequently, below the lowest branch of the quasi-dbead/curve
(see figure 7), at shock speeds very near the ambient sonic speed, the shock acceleration is positive, and therefore
ignition from such initial conditions is possible.
In figure 7, we consider detonation in a gas wjte= 1.2, Q = 50, v = 1, and activation energ = 13 which
is sufficiently small so that the lower turning point is not at unreasonably large distances. If we solve the evolution
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Figure 7: Detonation initiation by a weak source for a mixture with 1.2, Q = 50, E = 13. Solid line is a quasi-steady — R
curve and dashed line is a solution of fhe- D — Kk equation with initial condition®g = 1.101, Ry = 100

equation (71) starting from an initial condition just below the quasi-steady curizy, -at1.101andRy = 100, then
the detonation evolves so that the solutidfR) remains below the quasi-steady curve until it passes the lower turning
point, after which the shock speed starts to increase rapidly, indicating transition@d tretonation.

It is interesting to look at the position of the sonic locus as it varies with the shock speed. Figure 8(a) shows how
the sonic locus defined as

1+F 1+F
nO*:_D/+dAo:_D/+GXP<VE/C%>% @)
0 Poto 0 Pok (1 —Ao)

varies along the quasi-steaBy— R curve of figure 7. One can see that along both upper and lower stable branches of

D — R curve, the sonic locus tends to be much closer to the shock than along the middle branch, which implies that
both near€J detonation F close to 0) and near-sonic detonatiénglose to -1) have small domains of influence with

sonic locus near the lead shock. The situation for the unstable middle brabch Bfcurve is different. The sonic

locus for such detonation can move away from the shock to very large distances. This behaviour follows from the
definition (97). IfF is close to O, then% (which is proportional to the temperature in the reaction zone) is sufficiently
large so that the exponential in the integrand is not a large quantity. If on the other hand, we look at the middle branch,
the post-shock temperature drops so much that the exponential is a large number with a consequence that the sonic
locus moves further from the shock. The reason that the sonic locus returns closer to the shock as we get close to the
bottom branch of th® — Rcurve is that a® — c; = /Y, we getF — —1, and so the upper limit of the integration in

(97) tends to 0. Figure 8(b) show how the sonic locus evolves during the weak initiation shown in figure 7.

This phenomenon of weak initiation could in principle be related to any initiation mechanism that creates the initial
condition such that the detonation is very slightly supersonic. For example, in the case shown in figure 7, the initial
detonation Mach number By/,/y = 1.005 Here we do not discuss in any detail possible physical situations that
could result in such initial conditions, but clearly one can think of many (e.g. weak shocks that can arise in the
deflagration-to-detonation transition). We also note that of course, if the initial condition is just above the quasi-steady
curve, one would still obtain ignition after the solution passes through the neighbourhood of the lower turning point
of the quasi-stead® — R curve.

If the activation energy is sufficiently large, then the weak initiation becomes problematic as the lower turning point
moves to very large distances. In such cases, a sufficiently strong shock must be created such that the initial condition
corresponds to states well above the lower branch of the quasi-dieady curve if successful initiation is to be
expected.
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V. LARGE-ACTIVATION-ENERGY FORM OF THE EVOLUTION EQUATION

All integrals in the evolution equation are of the form

1+F dA
G:[) grD) . (98)

In the limit of large activation energy, the integral can be simplified and can be calculated explicitly. Let us write

w=k(1-N)" exp(—ﬁ)exp[ﬂ ( - 2(52))] , (99)

wherec? is the sound speed at the shock #@ng yE /2 is the activation energy, that we consider to be large, that is
we compute the integrals in the asymptotic limit of Iaﬁ;eSincec%/cg = T /Ts and the temperature at the shock is
lowest within the reaction zone, the largest contribution to the integral comes from near the shock, that is from the
induction zone.

Since

~1+4D? y D?

andog = byv/1+F — Ag, we find
c5 = ¢ (1+YBo) (1—80). (101)
Herec,is the sound speed at the sonic point. NowsletA/(1+F) and expand?in smalls:
5 =2 (01 + 05+ O(s?)) = 2 (1+Ps) + O(s?), (102)
where
2 _ (y—

1+ (y— Dby —yb2’
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andb; = by/1+F. Then

¢
=S =1-Bs+0(s).
2 Bs+0O(s")
Using this expansion we find that
1+F exp(®)
G~g(0,F)—— Kb 5

Define

¢71+Fexp(19)
k8

Then the integralgg., lg, andJy in the D — kK equation are

1+F d)\
No. = _D/ 9 = _DVS(:Dy
0 PoWo

1+F 1+F
Io:fD/ Do _ _po, 3 Of,D/ Do _ b,
0 Wo

pgao

The functionf becomes

2

2 D
1+ D2

f=SDPd(1—v) [1—

This asymptotic form exhibits th® — k curve very nicely.
Similarly, integrald; andS; in g are

LF dAo (pOD>
= —D/ (Inpo)p — = —D o,
Polo o Po

1+F
Sl:_D/ pODd)\O__D(pOD) o.
0 Po Wo Po

Itis assumed theft < O, that is sub-CJ detonations are considered. The derivativegaridpg are

2 .1
T D(1+D?)  1-d

(Inpo)p = —(Invo)p oD

Poo _

Po

(Inpo)p = dop

< ‘o%

_¢g[ 2D y

_i_i
y |14+D?2  1+4+yd
And

FD
=bpyv1+F—A
dop = bpv/1+ o—i—2 (e
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Figure 9 shows comparisons of the exact theory, l&gsymptotic version of it and the direct numerical solution
of the reduced Euler equations (19)-(22), with no unsteady terms. The algorithm for the nulBericaurve that we
used to produce figure 9 is explained in Appendix B. One can see a remarkable agreement between the present theory
and numerically generatddl— k solution for the entire curve from¢c; down to the lower turning point.

VI. CONCLUSIONS

In this paper we have presented a simplified version of a general theory developed by us (Kasimov 2004, Stewart &
Kasimov 2004) that treats detonation waves with an embedded sonic locus in the asymptotic limit of small curvature
and slow-time variation, and applied the theory to the problem of initiation of spherical/cylindrical detonation. We
derived a front evolution equation that is a relationship between the shock acceleration, shock speed, and the local
shock curvature. Solutions of the equation are shown to exhibit ignition/failure phenomenon. An important property
of the equation is that it predicts criticality and identifies an ignition separatrix which is a curve in the plane of the
shock speed versus the shock radius such that any initial condition on one side of it leads to ignition while that on the
other side to failure.

The theory is developed based only on the assumptions of slow time variation, weak curvature, and negligible trans-
verse variations at the shock front, and is valid for shock speeds that can deviate from CJ s@géd dyount.

A more general version of the theory that includes higher-order time and curvature effects is developed in Kasimov
& Stewart (2004), but the present simplified version is capable of capturing the essential critical behaviour of the
detonation dynamics. Finer details of the initiation process such as the front oscillations observed in numerical simu-
lations and experiments must be treated with a higher-order theory. Clearly, the present theory can predict the ignition
and failure only for curved detonations. Yet, one-dimensional planar detonations also exhibit critical behaviour. For
their prediction the theory also needs to be extended to include higher order unsteady effects, as they are likely to be
responsible for the criticality in planar geometry.

25



Other prospects of the present approach include the analysis of ignition in an explosive with more complex consti-
tutive description. An extension of the theory to non-ideal equation of state is of much practical interest, for example
in relation to detonation initiation in high explosives. Most of the calculations will then have to be done numerically,
but in principle, the compatibility condition and the speed relation can be formulated without difficulty. This work
in collaboration with Wescott will be reported in a sequel to the paper. Of equal importance is the extension to more
complex kinetics. Chain-branching kinetics or kinetics with endothermic reactions may all play a role in detonation
initiation and require further investigation with careful comparison against numerics and extensive experimental data
available today.
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Appendix A: ASYMPTOTICS OF I1 AND $ ASD — Dcj

Let us calculate the singular termslipandS;. Since bothpg and pp depend ondy then their derivatives will
depend ordgp which produces the derivative @f1+F — Ag. In the limit F — 0, the integrands iy andS; have
terms proportional to

1

Al
VITF —Ao(1-Ao)" (AL)
which are sources of singular behaviouv i 1/2. Note, that ifv < 1/2 the integrals are regular.
We have
Y 2\ b 1
=——(1+D°) —— ——— +reg, A2
Poo = 7 (1407 5~ e, + e (A2)
1 bk 1
In = — reg., A3
NPo)o = 3=5 % ATE e ' (A3)
wherereg denotes regular terms. Then
A1 bRp 1 dAo
1= —D/ —_ —+reg. =
L o 1-% 2 VITFho o Y
Db Ao 1 ex c2)  da
_Dbhp POE/G) 0 v +reg. (A4)

2k Jo 1-00+/14+F—MAg (1—)\0)
LetF — O_ in which casé\o. =1+ F. Lety=+/14+F —Ag and then denoting the integral in (A4) Bswe find

T-by(L-y?/F)

|1s:

2 VI+F  dy exp(YE/c))
y

s
(_ZF)V /0 o 1fybyexp(fvln(1fy2/F)+yE/c%)- (A5)

SinceF — 0, the main contribution to the integral comes frgma- 0. We expand the logarithm in sma#t /F and
obtain
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and therefore

Dbk

|1:_7 L@ (yE/cg)ivl/Z—Heg., F—0_. (A7)

If v=1/2, alogarithmic singularity in (A5) appears. Indeed, by letyng &+/—F in (A5), we find

& dg exp(YE/cG)  exp(yE/ch)
2/" e 22 n ), (A8)
where¢, = y/—(1+F) /F — . Therefore
2
hyz—EQ%gE?@QM(—F) (A9)

Subscripts here indicates evaluation at the shock, that spat 0.
Calculation of the second integr&h, is quite similar and yields the same singular behaviour ak fdhat is again

constant
S ~ R (A10)
or a logarithmic singularity i = 1/2.
Appendix B: ON NUMERICAL CALCULATION OF THE D —k RELATION
One writes the quasi-steady system of mass and momentum equations as
M) = —K@, (B1)
Py = —KkqU, (B2)
where
M (U +D)
_ B3
*= apun) (3)
and
U=My, p=P-M?, (B4)
v Y P 1—vﬁ—hwﬂ&1+Qm (B5)
Toy+1m? pz "0

Now the thermicity condition can be written as
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KUZ(U.+D) - (y—1)Qw. =0, (B6)
where, for Arrhenius kinetics,
w, =k(1-A\,)" exp(LyEZ) (B7)

becomes a function &f, only if we take advantage of the energy equation which can directly be integrated and takes
a simple formH, = Ho =y/ (y— 1) + D?/2, that is

y+1 -
T U2 A.Q=Ho, BS
2y=1) Q=Ho (B8)
so that
1/ y+1 )
A== = U2—Ho). B9
Q(Z(v—l) 0 (B9)

The sonic condition to be used for iterationstors

P2 — hM?2 (Ho+A.Q) = 0. (B10)

Thus the numerical procedure is as follows. Gig&rone solves (B10) fok by iterations. At each iteration step,
knowing a guess fok, one solves (B1) and (B2) from the shock, using RH condititis= —D andPy = 1+ D? to
A = A, where), is found from the system of two algebraic equations, (B9) and (B6}.fandU,. Thenk is varied
in the iteration procedure until equation (B10) is satisfied to prescribed accuracy. kAfidound, D is decreased
by a given decrement, and the procedure is repeated to find & né&nclength continuation can be used for faster
integration, but simple scanning Bfwith subsequent solution ferworks reasonably well.
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