
Minimal circuit for a flux-controlled Majorana qubit in a quantum
spin-Hall insulator
Heck, B. van; Hyart, T.T.; Beenakker, C.W.J.

Citation
Heck, B. van, Hyart, T. T., & Beenakker, C. W. J. (2015). Minimal circuit for a flux-
controlled Majorana qubit in a quantum spin-Hall insulator. Physica Scripta, 2015(T164).
doi:10.1088/0031-8949/2015/T164/014007
 
Version: Publisher's Version
License: Licensed under Article 25fa Copyright Act/Law (Amendment Taverne)
Downloaded from: https://hdl.handle.net/1887/3197262
 
Note: To cite this publication please use the final published version (if applicable).

https://hdl.handle.net/1887/license:4
https://hdl.handle.net/1887/3197262


Physica Scripta

TOPICAL ARTICLE

Minimal circuit for a flux-controlled Majorana qubit
in a quantum spin-Hall insulator
To cite this article: B van Heck et al 2015 Phys. Scr. 2015 014007

 

View the article online for updates and enhancements.

Related content
The top-transmon: a hybrid
superconducting qubit for parity-protected
quantum computation
F Hassler, A R Akhmerov and C W J
Beenakker

-

Coulomb-assisted braiding of Majorana
fermions in a Josephson junction array
B van Heck, A R Akhmerov, F Hassler et
al.

-

New directions in the pursuit of Majorana
fermions in solid state systems
Jason Alicea

-

Recent citations
Search for non-Abelian Majorana braiding
statistics in superconductors
Carlo Beenakker

-

Detecting Majorana nonlocality using
strongly coupled Majorana bound states
S. Rubbert and A. R. Akhmerov

-

Using a hybrid system (Cooper pair box
plus nanomechanical resonator) in the
presence of Kerr nonlinearities and losses
to control the entropy of the subsystems
C. Valverde et al

-

This content was downloaded from IP address 132.229.26.141 on 18/08/2021 at 11:11

https://doi.org/10.1088/0031-8949/2015/T164/014007
/article/10.1088/1367-2630/13/9/095004
/article/10.1088/1367-2630/13/9/095004
/article/10.1088/1367-2630/13/9/095004
/article/10.1088/1367-2630/14/3/035019
/article/10.1088/1367-2630/14/3/035019
/article/10.1088/0034-4885/75/7/076501
/article/10.1088/0034-4885/75/7/076501
https://doi.org/10.21468/SciPostPhysLectNotes.15
https://doi.org/10.21468/SciPostPhysLectNotes.15
https://doi.org/10.1103/PhysRevB.94.115430
https://doi.org/10.1103/PhysRevB.94.115430
https://doi.org/10.1016/j.optcom.2016.01.042
https://doi.org/10.1016/j.optcom.2016.01.042
https://doi.org/10.1016/j.optcom.2016.01.042
https://doi.org/10.1016/j.optcom.2016.01.042


Minimal circuit for a flux-controlled Majorana
qubit in a quantum spin-Hall insulator

B van Heck, T Hyart and C W J Beenakker

Instituut-Lorentz, Universiteit Leiden, PO Box 9506, 2300 RA Leiden, The Netherlands

E-mail: beenakker@lorentz.leidenuniv.nl

Received 6 August 2014
Accepted for publication 29 April 2015
Published 25 August 2015

Abstract
We construct a minimal circuit, based on the top-transmon design, to rotate a qubit formed out of
four Majorana zero-modes at the edge of a two-dimensional topological insulator. Unlike
braiding operations, generic rotations have no topological protection, but they do allow for a full
characterization of the coherence times of the Majorana qubit. The rotation is controlled by
variation of the flux through a pair of split Josephson junctions in a Cooper pair box, without any
need to adjust gate voltages. The Rabi oscillations of the Majorana qubit can be monitored via
oscillations in the resonance frequency of the microwave cavity that encloses the Cooper pair box.

Keywords: Majorana fermion, braiding, quantum computing, Cooper pair box, transmon

(Some figures may appear in colour only in the online journal)

1. Introduction

Among the many exotic properties of topological insulators
[1, 2], the prediction [3] that they can host Majorana zero-
modes stands out both for its fundamental interest and for
possible applications in topological quantum computing [4].
To braid Majoranas is the prize-winning experiment, since it
would identify them as a fundamentally new type of quasi-
particles with non-Abelian statistics [5]. The road towards this
goal has several milestones, starting from the detection of the
zero-mode itself [6, 7].

One intermediate milestone is the construction of a qubit
out of Majorana zero-modes and the measurement of its
coherence times. This would be essential information for a
subsequent braiding experiment to demonstrate its non-Abelian
nature. Here we describe a minimal circuit that can initialize,
rotate, and read-out the Majorana qubit by coupling it to a
transmon (a superconducting charge qubit in a microwave
transmission line resonator [8]). This is the hybrid topological-
transmon qubit (top-transmon) introduced in [9].

The circuit we propose here for the characterization of
the Majorana qubit is a reduced version of the full braiding
circuit of [10]. By sacrificing the possibility to perform
topologically protected operations, we now need only 4 and
not 6 Majoranas. For an early generation of experiments this
might well be a significant simplification. The reduced circuit

shares with the full circuit the feature that all operations are
performed by control over Coulomb interactions rather than
tunneling [11]. This control is achieved by external variation
of magnetic fluxes through macroscopic Josephson junctions,
without requiring microscopic control over tunnel couplings.

We focus on Majorana zero-modes induced by the
superconducting proximity effect at the edge of a quantum
spin-Hall (QSH) insulator [12], motivated by recent experi-
mental progress in this direction [13–15]. Relative to the
nanowire realization [16, 17], this system has several favor-
able properties (single-mode conduction, insensitivity to dis-
order). It also brings along some challenges (how to confine
the Majoranas, how to make a T-junction), that we propose to
overcome along the lines suggested in [18].

2. Top-transmon

Before proceeding to a description in the next section of the
minimal circuit that can operate on a Majorana qubit, we
summarize the basic ingredients. The device is a hybrid
structure [9], dubbed a top-transmon, combining a topologi-
cal qubit formed out of Majorana zero-modes with a non-
topological transmon qubit.

The basic building block of the transmon, shown in
figure 1, is a Cooper pair box [19] (a superconducting island
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with charging energy EC ≪ Josephson energy EJ) coupled to
a microwave transmission line (coupling energy gℏ ). The
plasma frequency E E80 J CΩℏ ≃ is modulated by an
amount q ecos( )indΔ π+ upon variation of the charge qind

induced on the island by a gate voltage V. Additionally, there
is a qind-dependent contribution q ecos( )indΔ π− to the ground

state energy. The charge sensitivity E Eexp( 8 )J CΔ ∝ −±
can be adjusted by varying the flux Φ enclosed by the
Josephson junction, which modulates the Josephson energy
E e hcos(2 )J π Φ∝ . In a typical device [20], a variation of Φ
between 0minΦ ≈ and h e4maxΦ ≲ changes Δ± by several
orders of magnitude, so the charge sensitivity can effectively
be switched on and off by increasing the flux by half a flux
quantum.

Including also the coupling to the microwave photons
(creation operator a† at resonant frequency 0ω ), the Hamil-
tonian of the transmon has the form [8, 20]

( )
( )H q e

a a g a a

1

2
cos( )

. (1)

z ztransmon 0 ind

0
† †

Ω σ Δ σ Δ π

ω σ σ

= ℏ + +

+ ℏ + ℏ +

+ −

+ −

The charge qubit is represented by Pauli matrices , ,x y zσ σ σ ,
with ( i ) 2x yσ σ σ= ±± .

Majorana zero-modes are represented by identical crea-
tion and annihilation operators n n

†γ γ= , with anticommutation
relation

2 . (2)n m m n nmγ γ γ γ δ+ =

The number of Majoranas on a superconducting island is
necessarily even, say N2 . They encode a topological quantum
number, which is the ±1 eigenvalue of the fermion parity

operator [21]

i . (3)N

n

N

n
1

2

 ∏ γ=
=

The top-transmon Hamiltonian

( )
( )H q e

a a g a a

1

2
cos( )

(4)

z ztop transmon 0 ind

0
† †

Ω σ Δ σ Δ π

ω σ σ

= ℏ + +

+ ℏ + ℏ +

‐ + −

+ −

contains a term z σ that couples the charge qubit to the
topological qubit, see [11] for a derivation.

Since Majorana fermions are charge-neutral particles
(being their own antiparticle), one may ask how there can be
any coupling at all. The answer is that the state of the N2
zero-modes in a superconducting island depends on the parity
of the number of electrons on that island, and it is this
dependence on the electrical charge modulo e2 that provides
for a flux-controlled Coulomb coupling between the
Majoranas.

A measurement of the resonance frequency effω of
the transmission line now becomes a joint projective
measurement of the charge qubit and topological qubit
[9, 10]

g

2
. (5)

z
eff 0

2

0 0 ω ω
σ

Ω ω Δ
= +

− + ℏ+

This measurement is performed far off resonance
(g 0 0Ω ω≪ ∣ − ∣, the so-called dispersive regime), so the
charge qubit is not excited. If it is in the ground state we may
just replace 1zσ ↦ − and effω directly measures  . In
particular, a shift in the resonance frequency signals a bit-
flip of the topological qubit.

3. Minimal circuit

The conservation of fermion parity on a single super-
conducting island implies a minimum of two islands for a
Majorana qubit, each containing a pair of Majorana zero-
modes. The minimal circuit that can operate on a Majorana
qubit would then have the linear layout of figure 2(a). While
the couplings between Majoranas on the same island are flux-
controlled Coulomb couplings, the inter-island coupling is via
a tunnel barrier, which would require microscopic control by
a gate voltage.

An alternative layout that has only Coulomb cou-
plings needs three rather than two islands, forming a tri-
junction as in figure 2(b). A tri-junction pins a Majorana
zero-mode [22], which can be Coulomb-coupled to each
of the other three Majoranas [10]. The tri-junction also
binds higher-lying fermionic modes, separated from the
zero mode by an excitation energy EM. This is the
minimal design for a fully flux-controlled Majorana qubit.
In figure 3 we have worked it out in some more detail for
the QSH insulator.

Figure 1. Schematic of a Cooper pair box in a transmission line
resonator (transmon) containing a pair of Majorana zero-modes at
the edge of a quantum spin-Hall insulator. This hybrid device (top-
transmon) can couple charge qubit and topological qubit by variation
of the flux Φ through a Josephson junction.
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Three superconducting islands allow for two independent
charge differences, so they produce two charge qubits z

(1)σ and

z
(2)σ . These are coupled to four Majorana zero-modes Aγ , Bγ , Cγ ,

Dγ . The Hamiltonian is two copies of the top-transmon

Hamiltonian (4)

( )

( ) ( )

( ) ( )

H a a g a a
1

2

i

i ,

(6)

n

n
z
n n n n

A B z

B C z

0
†

1

2

0
( ) ( ) ( ) ( ) ( ) †

(1) (1)
0

(1)
0

(2) (2)
1

(2)
1

⎡
⎣⎢

⎤
⎦⎥

⎡⎣ ⎤⎦
⎡⎣ ⎤⎦

∑ω Ω σ σ σ

γ γ σ Δ Φ Δ Φ

γ γ σ Δ Φ Δ Φ

= ℏ + ℏ + ℏ +

+ +

+ +

=
+ −

+ −

+ −

where for simplicity we have set q 0ind = on each island. We
have ignored the higher-lying fermionic modes at the tri-
junction, see the appendix for a calculation that includes
these.

Without loss of generality, we will fix the overall parity
to be even. The Majorana qubit then has the two states, 00∣ 〉
and 11∣ 〉, in terms of the occupation number of the fermionic
modes c ( i )A B1

† 1

2
γ γ= + and c ( i )C D2

† 1

2
γ γ= + . Pauli matrices

that act on the states
1

0
00⎜ ⎟⎛

⎝
⎞
⎠ = ∣ 〉 and 0

1
11⎜ ⎟⎛

⎝
⎞
⎠ = ∣ 〉 are defined

by

i , i , i . (7)x B C y A C z A Bτ γ γ τ γ γ τ γ γ= = =

With the resonator mode and the charge qubit in their ground
state, the Majorana qubit has Hamiltonian

( ) ( )H , (8)z z x xM 0 1Δ Φ τ Δ Φ τ= +

with z
(1) (1)Δ Δ Δ= −− + and x

(2) (2)Δ Δ Δ= −− + . Each of the two
couplings ( )xΔ Φ and ( )zΔ Φ can be varied between minΔ and

maxΔ , by variation of the flux between 0minΦ ≈ and
h e4maxΦ ≲ . This circuit does not allow to implement

braiding (not enough adjustable couplings). However, it does
allow for a complete characterization of the Majorana qubit.

For starters, one can demonstrate that the four Majoranas
constitute a quantum mechanical two-level system, by fol-
lowing these two steps. The first step is the initialization of
the qubit in an eigenstate of zτ , by setting z maxΔ Δ= ,

x minΔ Δ= and waiting for the system to relax to its ground
state; or alternatively, one can perform a projective mea-
surement onto a zτ eigenstate via microwave irradiation of the
transmon qubit [9]. Once the qubit is initialized, the second
step is to set x maxΔ Δ= . The qubit will then start to rotate
around the x-axis of the Bloch sphere at a frequency maxΔ ℏ.
This Rabi oscillation can be detected via a shift in the reso-
nant frequency of the microwave transmission line.

Since the Hamiltonian (8) is that of a fully controllable
qubit, and since we are allowed to measure zτ , all usual qubit
tests can be performed. In particular, the coherence times T1
and T2 can be measured. The switching time T1 will likely be
dominated by quasiparticle poisoning when all Coulomb
couplings are off ( x z minΔ Δ Δ= = ). The intrinsic coherence
time T2 is usually measured via a Ramsey fringe experiment,
applying two 2π rotations around the x-axis separated by a
time delay tδ , while keeping zΔ on so that the two qubit states
are separated in energy. In the time interval between the 2π
pulses, the qubit rotates freely around the z-axis. A mea-
surement of zτ after the second pulse should result in decaying
oscillations as a function of tδ , allowing to determine T2. In

Figure 2. Topological qubit formed out of four Majorana zero-modes,
on either two or three superconducting islands. Dashed lines indicate
flux-controlled Coulomb couplings, as in the Cooper pair box of
figure 1. In the linear layout (panel (a)) the coupling between
Majoranas on different islands is via a tunnel barrier (thick horizontal
line), requiring gate voltage control. By using a tri-junction (panel (b))
all three couplings can be flux-controlled Coulomb couplings.

Figure 3. Top-transmon circuit to rotate the qubit formed out of four
Majorana zero-modes at the edge of a quantum spin-Hall insulator.
One of the Majoranas ( Bγ ) is shared by three superconductors at a
constriction. The topological qubit is rotated by coupling it to a
Cooper pair box in a transmission line resonator (transmon). The
coupling strength is controlled by the magnetic flux Φ through a pair
of split Josephson junctions. The diagrams at the top indicate how
the Coulomb couplings of pairs of Majoranas are switched on and
off: they are off (solid line) when 0Φ = and on (dashed line) when

h e4maxΦ Φ= ≲ . This single-qubit rotation does not have topolo-
gical protection, it serves to characterize the coherence times of the
Majorana qubit.
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principle, such measurements can also be used to determine
minΔ and maxΔ through the period of the Ramsey fringes.

4. Characteristic energy scales

The characteristic energy scales of the two charge qubits are
the magnetic flux dependent Josephson energy E ( )J Φ and the
charging energy EC, which give a plasma frequency

E E(8 )0 J C
1 2Ωℏ ≃ . The Josephson and charging energies may

or may not be the same on the two islands, that does not
matter for the operation of the circuit.

For the sake of generality we allow for an asymmetry d in
the arms of the split Josephson junction, leading to a flux-
dependence [8]

E E e d e( ) cos( ) 1 tan ( ) . (9)J J
(0) 2 2Φ Φ Φ= ℏ + ℏ

Typical values of d are in the 10% range. Hence, for
h e4maxΦ ≃ one obtains E E( ) 0.1J max J

(0)Φ ≃ . In the trans-
mon regime one has

( )E E E . (10)C J max J
(0)Φ≪ ≪

For a flux-controlled coupling of the Majorana zero-
modes we require that the inter-island tunnel coupling EM

(across the constriction in figure 3) and the intra-island
Coulomb coupling satisfy [11]

( ) ( )E E E . (11)max, max M J max J
(0)Δ Δ Φ Φ≪ ≪ ≪+

The inequalities involving EM should not be interpreted too
strictly, in particular since we do not require EM to be under
accurate experimental control. In the appendix we show that
EM can vary in a large energy window without compromising
the functionality of the device.

The inequalities can be satisfied for E 300 GHzJ
(0) ≃ ,

E 5 GHzC ≃ , E 5 GHzM ≃ and a split junction asymmetry of
d 0.1≃ , such that E ( ) 30J maxΦ ≃ GHz. Numerical calcula-
tion of the energy spectrum for this set of parameters, see
figure A2 , yields 120maxΔ ≃ MHz, ( ) 0.85maxΔ Φ ≃+ GHz,
and ( ) 27.50 maxΩ Φ ≃ GHz, for induced charges close to zero.

Let us now turn to the parameters of the microwave cavity.
The dispersive regime requires g ( 2 )0 0Ω Δ ω≪ ± −+ .
Furthermore, g should be strong enough that the dispersive
frequency shift from equation (5) is large compared to the
resonance width κ,

( )
( )

g4

4
. (12)shift

2
max

0 max 0
2 2

κ ω
Δ Φ

Ω Φ ω Δ
≪ =

− −

+

+

Both conditions can be satisfied for 25 GHz0ω ≃ ,
g 100 MHz≃ , 1 MHzκ ≃ , yielding in particular 10shiftω ≃
MHz. (We have set 1ℏ ≡ .)

The operating temperature should be low enough that
excitation of the circuit can be avoided

k T E , , , (13)B M 0 gapΩ Δ≪ ℏ

where gapΔ is the excitation gap induced at the QSH edge by
the superconducting proximity effect. At T 10 mK= the

thermal energy k T 1.3 GHzB = , so one would need
10 GHzgapΔ ≳ .

In the braiding circuit of [10] the initialization of the
ancillas also requires that k TB maxΔ≪ , so the Coulomb
coupling maxΔ cannot be much smaller than 10 GHz. There is
no such requirement for the simpler circuit of figure 3,
because no ancillas are needed for the nontopological rotation
of a Majorana qubit. This is one reason, in addition to the
smaller number of Majoranas, that we propose this circuit for
the first generation of experiments on Majorana qubits.

5. Discussion

The key ingredients of the top-transmon [9] are: (1) a charge
qubit to couple Majorana zero-modes; (2) a flux-controlled
Josephson junction to switch the Coulomb coupling on and
off ; (3) a microwave resonator to read out the Majorana qubit.
There exist many alternative proposals to operate on Major-
ana qubits [22–35], including an alternative hybrid design that
uses a flux qubit instead of a charge qubit [36–42].

In addition, there is a great variety of candidate systems
that could host the Majoranas. Three stand out as being clo-
sest to experimental realization: (1) semiconductor nanowires
[6, 16, 17]; (2) chains of magnetic nanoparticles [43, 44]; (3)
the QSH edge [12–15]. All three systems can be integrated
with a transmon device, see for example figure 4 for a circuit
that can braid the Majoranas via a pair of constrictions in a
QSH insulator.

The braiding operation is called ‘topologically protected’
because ideally the error is of order min maxΔ Δ and can be
made exponentially small [11]. Larger errors are to be
expected in the first generation of experiments, caused by
quasiparticle poisoning [45], nonadiabatic effects [46, 47],
nonequilibrium noise [48], and coupling of the Majoranas to
localized low-energy states induced by disorder [49]. The
quasiparticle poisoning time may well remain as the ultimate
limiting factor—times 100 ms≳ have been reported in Al–Cu
devices [50], but the QSH insulator is likely to be less
favorable.

In figures 3 and 4 we showed an implementation of the
top-transmon circuits at the QSH edge, because of recent
experimental developments that suggest this might be a
favorable host of Majorana zero-modes [13–15]. The role of
T-junctions [10, 22], which in nanowire networks can be
fabricated by allowing nanowires to meet and merge during
the growth process [51], is played by constrictions [18], but
since a constriction has four legs rather than three, one of the
edges has to be closed off by a barrier. This will require
breaking of the time-reversal symmetry that prevents back-
scattering of the helical edge states [1, 2]. The weak-field
barriers suggested in [18] will presumably not be sufficiently
resistive to realize the braiding operation. The alternative is to
open up a gap at the edge by a ferromagnetic insulator or by
an in-plane magnetic field. Reference [14] found no gap
opening in their InAs/GaSb quantum wells for in-plane fields
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up to 10 T, but this might be strongly dependent on the
detailed stucture of the quantum wells.
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Appendix. Energy spectrum of the top-transmon

In the main text we have described the top-transmon circuit of
figure 3 via the Hamiltonian (6), which captures the essential
features of the coupling of the topological Majorana qubit to
the nontopological charge qubit. Two simplifying assump-
tions are made in this Hamiltonian [10, 11]. Firstly, it is
assumed that the superconducting phase on each island is
pinned to zero by the large Josephson energy E EJ C≫ , so it
does not enter as a dynamical variable. Secondly, the fer-
mionic excited states in the tunnel junction connecting the
islands are neglected. In this appendix we relax both
assumptions and calculate the full energy spectrum numeri-
cally, following the general procedure of [10]. For simplicity
we do not include the coupling to the microwave cavity.

A.1. Full Hamiltonian of the circuit

A schematic representation of the circuit of figure 3 is given
in figure A1 . The circuit is formed by three superconductors,
numbered 1 to 3 in figure A1. Two split Josephson junctions

connect the superconductors 1 and 2 to the third one. A
further connection between all three superconductors is pro-
vided by the quantum spin Hall (QSH) constriction. We will
work in a gauge where all superconducting phases are mea-
sured with respect to that of the third superconductor.

The circuit is described by the Hamiltonian

H H H H , (A.1)1 2 M= + +

where H1 and H2 are two copies of a Cooper-pair box
Hamiltonian describing superconductors 1 and 2,

( ) ( )( )H E N q e E cos ˜ . (A.2)n n
n

n n nC ind
( ) 2

J Φ ϕ ϕ= + − −

The phase and charge operators N,n nϕ of the two super-
conductors are canonically conjugate variables, with commu-
tator N i[ , ] 2n nϕ = . The charge induced capacitively is q n

ind
( ).

The energy E e C2C
2= is the charging energy due to the

capacitance C to the third superconductor. We have taken the
same charging energy for superconductors 1 and 2 and
assumed that their mutual capacitance is negligible. The
Josephson energies EJ of the two Josephson junctions depend
on the flux via equation (9). The asymmetry dn in the arms of

Figure 4. Implementation of the braiding circuit of [10] in a quantum spin-Hall insulator. The two T-junctions are formed by a pair of
constrictions. The flux-controlled braiding protocol requires four independently adjustable magnetic fluxes. The Majorana qubit formed out
of zero-modes , , ,A B C Dγ γ γ γ is flipped at the end of the operation, as can be measured via a shift of the resonant microwave frequency. This
braiding operation has topological protection.

Figure A1. Schematic representation of the top-transmon circuit of
figure 3. Colours distinguish different superconducting islands. The
three Majoranas coupled by the constriction at the center together
produce one zero-mode Bγ .
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each split junction introduces a phase offset ñϕ for each island,

determined by d etan ˜ tan( )n n nϕ Φ= ℏ .
The term HM in equation (A.1) describes the constriction

in the QSH insulator, where three superconducting islands
meet. Each superconductor contributes one of the three
Majorana modes B1γ , B2γ , and B3γ . Their tunnel coupling is
given by the Hamiltonian

H Ei cos
1

2

1

2

cos
1

2

cos
1

2
. (A.3)

B B

B B

B B

M M 2 1 1 2 12

1 3 1 13

3 2 2 23

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥

γ γ ϕ ϕ α

γ γ ϕ α

γ γ ϕ α

= − +

+ −

+ +

We take the same strength EM for all three couplings, but the
flux-induced phase shifts differ: e ( ) 212 0 1α Φ Φ= − + ℏ,

e 223 1α Φ= ℏ, and e 213 0α Φ= ℏ. The three eigenvalues of
HM are symmetrically arranged around zero energy, so there
is one flux-independent zero-mode. This is the Majorana
mode Bγ of figure 3. Additionally, there is a fermionic mode at
excitation energy EM≃ .

The other Majorana modes of figure 3 have no tunnel
coupling, so they do not appear explicitly in the Hamiltonian
(A.1). They influence the spectrum via a constraint on the
number operators [52]

i ( 1) , i ( 1) . (A.4)A B
N

B C
N

1 2
1 2γ γ γ γ= − = −

These constraints express the fact that for each island
separately the fermion parity (represented on the left-hand
side) equals the number of electrons modulo 2 (represented on
the right-hand side). The product D B3γ γ enters only via the
global fermion parity of the three superconducting islands,

but since this is conserved it does not provide for an
independent constraint.

A.2. Hamiltonian in the measurement configuration

We wish to extract the parameters 0Ω and Δ± appearing in
equation (6) from the full Hamiltonian (A.1). In order to do
so, it is sufficient to consider the measurement configuration
of the circuit, i.e. set 01Φ = and h e40 maxΦ Φ= ≃ . The
second superconductor then remains in its ground state, and
the Hamiltonian reduces to

( ) ( )( )H E N q e E

E

cos ˜

i ( )cos
1

2

1

4
.

(A.5)
B B B B B

C 1 ind
(1) 2

J max 1 1

M 1 3 2 1 3 2
⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

Φ ϕ ϕ

γ γ γ ϕ π γ γ

= + − −

+ − − +

For concreteness, we take even global fermion parity

( ) ( ) ( )i i i i 1. (A.6)A B B B C D1 2 3γ γ γ γ γ γ = +

The product Pi 1C Dγ γ = ± ≡ is conserved in the measure-
ment configuration, so it can be treated as a c-number. The
other products of Majorana operators can be represented by
Pauli matrices iρ ,

P P ai i , (A.7 )A B B B z1 3 2γ γ γ γ ρ= =

P P bi i , (A.7 )B B A B x1 3 2γ γ γ γ ρ= =

P ci i . (A.7 )A B B B y3 1 2γ γ γ γ ρ= − =

Following [53], we remove the parity constraint (A.4) by a
unitary transformation

( )H U HU U P˜ , exp
i

4
1 . (A.8)z

† ⎡
⎣⎢

⎤
⎦⎥

ϕ ρ= = −

Figure A2. Energy spectrum of the top-transmon circuit of figure 3, obtained from numerical diagonalization of the Hamiltonian (A.9) for
E 300J = GHz, E 5C = GHz, h e4maxΦ = . The junction asymmetry was d = 0.1, so that E ( ) 30J maxΦ ≃ GHz. In panel (a), the lowest eight
energy levels for E 5M = GHz are shown as a function of the induced charge qind

(1). They correspond to the eight eigenstates f,σ τ∣ 〉∣ 〉, where
1σ = ± labels the excited/ground state of the charge qubit, 1τ = ± labels the even/odd parity state of the topological qubit, and f = 0, 1 the

occupation number of the fermionic state in the constriction. As indicated by the colored arrows, the ground and excited state of the charge
qubit are separated by an energy 2 (27.5) (1.7)0Ω Δ± ≃ ±+ GHz, depending on the state of the topological qubit. The inset shows the weak
charge dispersion of the ground state doublet ( 120maxΔ ≃ MHz). In panel (b), the same energy levels are shown as a function of the tunnel
coupling EM for a fixed value of q 0ind

(1) = . For a proper operation of the circuit it is required that the states f = 1 with an excited fermionic
mode are well separated from both ground and excited states of the charge qubit. We have highlighted between grey panels a large energy
window E3 GHz 8 GHzM≲ ≲ , where this requirement is met.
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The transformed Hamiltonian is

( )

( )

( )
( )( )

H E N P q e

E E

E P

E

˜ 1

2
1

cos ˜

1

2
cos

1

4
cos

1

4

1

2
sin

1

4
sin

1

4
.

(A.9)

z

z

x y

x y

C 1 ind
(1)

2

J max 1 1 M

M 1

M 1

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥

ρ

Φ ϕ ϕ ρ

ρ ρ ϕ π π

ρ ρ ϕ π π

= + − +

− − +

+ + − +

+ − − +

Notice that, while H from equation (A.5) is 4π-periodic in 1ϕ ,
the transformed H̃ has become 2π-periodic. This is why now
we can forget about the parity constraint (A.4) and
straightforwardly diagonalize the Hamiltonian.

A.3. Energy spectrum in the measurement configuration

We numerically diagonalize the Hamiltonian H̃ in the basis of
eigenstates of N1 and zρ , truncating the Hilbert space until
convergence is reached. To obtain the full spectrum for even
global fermion parity, we diagonalize H̃ for both values of
P 1= ± and merge the results. The low-lying part of the
spectrum is shown in figure A2 for the choice of parameters
of section 4.

From the effective Hamiltonian (6), we can identify two
good quantum numbers for the low-lying part of the spectrum
of H̃ in the measurement configuration: the zσ eigenvalues

1σ = ± of the charge qubit and the zτ eigenvalues 1τ = ± of
the topological qubit. Additionally, there is the occupation
number f 0, 1= of the fermionic state in the constriction.
These three quantum numbers can be used to label the eight
lowest energy states f,σ τ∣ 〉∣ 〉 and their energies f

,ϵσ τ. The top-
transmon parameters 0Ω , Δ±, and maxΔ follow from

( ) ( ) a
1

2
, (A.10 )0 1, 1

0
1, 1

0
1, 1

0
1, 1

0⎡⎣ ⎤⎦Ω ϵ ϵ ϵ ϵ= + − ++ + + − − − − +

( ) ( ) b
1

4
, (A.10 )1, 1

0
1, 1

0
1, 1

0
1, 1

0⎡⎣ ⎤⎦Δ ϵ ϵ ϵ ϵ= − ± −± + + + − − − − +

( ) c
1

2
. (A.10 )max 1, 1

0
1, 1

0Δ Δ Δ ϵ ϵ= − = −+ − − − − +
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