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Abstract. For B € (1, 2] the B-transformation Tg : [0, 1) — [0, 1) is defined by Tg(x) =
Bx (mod 1). Fort € [0, 1) let Kg(z) be the survivor set of T with hole (0, ) given by

Kp(t):={x €[0,1): T} (x) & (0, 1) for all n > 0}.

In this paper we characterize the bifurcation set Eg of all parameters ¢ € [0, 1) for which
the set-valued function # — Kg(t) is not locally constant. We show that Eg is a Lebesgue
null set of full Hausdorff dimension for all B € (1,2). We prove that for Lebesgue
almost every B € (1, 2) the bifurcation set Eg contains infinitely many isolated points
and infinitely many accumulation points arbitrarily close to zero. On the other hand, we
show that the set of 8 € (1, 2) for which Eg contains no isolated points has zero Hausdorff
dimension. These results contrast with the situation for E,, the bifurcation set of the
doubling map. Finally, we give for each 8 € (1, 2) a lower and an upper bound for the
value 74 such that the Hausdorff dimension of Kg(¢) is positive if and only if < 75. We
show that 75 <1 — (1/8) forall 8 € (1, 2).

Key words: dimension theory, low-dimensional dynamics, symbolic dynamics
2010 Mathematics Subject Classification: 11K55, 26A30, 37B10, 37E05, 37E15
(Primary); 11A63, 68R15, 28D05 (Secondary)

1. Introduction
In recent years open dynamical systems, i.e., systems with a hole in the state space through
which mass can leak away at every iteration, have received a lot of attention. Typically one
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wonders about the rate at which mass leaves the system and about the size and structure
of the set of points that remain, called the survivor set. In [Urb86, Urb87] Urbanski
considered CZ-expanding, orientation-preserving circle maps with a hole of the form
(0, t). He studied the way in which the topological entropy of such a map restricted to the
survivor set changes with ¢. To be more precise, let g be a C?-expanding and orientation-
preserving map on the circle R/Z ~ [0, 1). For ¢ € [0, 1) let K;(#) be the survivor set
defined by
Ko(t):={x €0, 1):g"(x) ¢ (0, 1) forall n > 0}.

Urbariski proved that the function t — hop(g|Kg(2)) is a devil’s staircase, where hyop
denotes the topological entropy.

Motivated by the work of Urbanski, we consider this situation for the S-transformation.
Given B € (1, 2], the B-transformation Tg : [0, 1) — [0, 1) is defined by Tg(x) = Bx
(mod 1). When 8 =2, we recover the doubling map. In correspondence with [Urb86],
set

Kg(t):={xel[0,1): Té’(x) & (0, t) for all n > 0}. (1.1)

The survivor set Kg(t) splits naturally into two pieces, Kg(t) = K g(t) U K;(t), where

KJ(®) ={xe[0,1):3n Tj(x) =0 and T5(x) & (0, 1) for all 0 < k < n},

(1.2)
K;(t) ={x€l0, 1): T§(x) =t foralln > 0}.

The set K ;‘ (t) occurs in Diophantine approximation. Indeed, consider the set
Fg():={x€[0,1) | Tlg'(x) >t for all but finitely many n € N}

of points x > 0 such that 0 is badly approximable by its orbit under Tg. Then Fg(t)
can be written as a countable union of affine copies of KBL () and thus dimy Fg(?) =
dimgy K; (¢t) for all £ € [0, 1). The approximation properties of S-expansions have been
studied by several authors. In [LPWW14] the authors considered the Hausdorff dimension
of the set of values 8 > 1 for which the orbit of 1 approaches a given target value xq at a
given speed. This work generalized that of [PS08], where xop = 0 and the speed is fixed.
Other results on the Diophantine approximation properties of S-expansions can be found
in [Nil09, BW14, Caol4, GL15, LW16] among others.

Note that the set-valued map € — Kg(€) is weakly decreasing. Further on, we show
that this map is locally constant almost everywhere, i.e., for almost all ¢ € [0, 1) there
exists a § > 0 such that Kg(e) = Kg(¢) for all € € [t — &, ¢ + §]. Such a result was also
obtained by Urbariski in [Urb86] for C%-expanding circle maps. This fact motivates the
study of the right set valued bifurcation set (simply called bifurcation set) Eg containing
all parameters ¢ € [0, 1) such that the set-valued map € — Kg(¢) is not locally constant
on any right-sided neighbourhood of ¢, i.e.,

Eg:={t€[0,1): Kg(e) # Kg(¢) for any € > t}. (1.3)

The local structure of the sets K, (#) and E5 was investigated in detail in [Urb86, Nil09].
The following results can be found more or less explicitly in [Urb86]. More recently it
was shown in [Nil09] that these properties could also be dealt with using more elementary
combinatorial methods.
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FIGURE 1. Left: the numerical plot of ng with g ~ 1.61803 the golden ratio. Right: the numerical plot of ng
with B & 1.83929 the tribonacci number.

THEOREM 1.1. (Urbanski [Urb86])
(1)  The bifurcation set E; is a Lebesgue null set of full Hausdorff dimension.
(1) The function ny : t — dimy K(t) is a devil’s staircase:
e 1 is decreasing and continuous on [0, %];
o 15(t) =0 for Lebesgue almost every t € [0, %];
o m(0)=1landn(3)=0.
(iii) The topological closure E is a Cantor set.
@iv) n2(t) >0ifandonly ift < %

Other results on survivor sets for the doubling map 7> can be found in e.g. [BY11,
Det13, AB14, Sid14, GS15, CT17].
An important ingredient for the proofs in [Urb86, CT17] is the fact that

E>={te€l0,1): T, (t) >t foralln > 0}.
This identity does not hold in general for 1 < 8 < 2. Therefore, we define E; by
E; ={tel0,1): T§(t) =t foralln > 0}. (1.4)

Note that E;{ C Eg but in general these sets do not coincide. In this paper we consider the
survivor set Kg(¢) and the bifurcation set Eg for B € (1, 2). We give a detailed description
of the topological structure of Eg and E;}L and their dependence on . Theorems A to D
below list our main results. Our first result strengthens (i) and (ii) of Theorem 1.1.

THEOREM A. Let B € (1,2])andt € [0, 1).
(i)  The bifurcation sets Eg and E; are Lebesgue null sets of full Hausdorff dimension.
(i1) The dimension function ng : t — dimpy Kg(t) is a devil’s staircase:

e 1g is decreasing and continuous in [0, 1);

° 771/3 = 0 Lebesgue almost everywhere in [0, 1);

e 1g is not constant.

Figure 1 shows numerical plots of the dimension functions ng for g ~ 1.61803, the
golden ratio, i.e., the real root bigger than 1 of the polynomial x> —x — 1 and for
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B~ 1.83929, the tribonacci number, i.e., the real root bigger than 1 of the polynomial
3.2 1
x> —x"—x—1
The analogous statements of (iii) and (iv) of Theorem 1.1 for 8 € (1, 2) do not always
hold. The next main theorems show that in general the topological structure of Eg differs
from that of E» and that this structure depends on the value of 8. Theorems B and C imply

that (iii) of Theorem 1.1 holds only for a very small set of 8 € (1, 2).

THEOREM B. For Lebesgue almost every B € (1, 2) the bifurcation sets Eg and E;
contain infinitely many isolated and accumulation points arbitrarily close to zero and
hence their closures are not Cantor sets. On the other hand,

dimy ({B € (1,2) : 38 > 0 such matE_g N[0, 8] is a Cantor set}) = 1.

There are also infinitely many g € (1, 2] such that E_g is a Cantor set. This is true, for
example, for the countable family of multinacci numbers. In terms of Hausdorff dimension
this set is small.

THEOREM C. We have dimy ({8 € (1, 2) :E_; is a Cantor set}) = 0.

In [Clal6] Clark considered the S-transformation and characterized the holes of the
form (a, b) for which the survivor set Kg((a, b)) is uncountable or not. From the
properties of g given in Theorem A it follows that for each B € (1, 2] there is a unique
value 7g such that dimpy Kg(¢) > 0 if and only if # < 74. By (iv) of Theorem 1.1 we know
that 7o = 1/2. We have the following result on 7.

THEOREM D. For each B € (1, 2] we have tg <1 — (1/B8) and 15 =1— (1/B) if and
only le; is a Cantor set.

In [Nil07] Nilsson studied the critical value 7g for the B-transformation with holes of
the form (¢, 1). In [Nil07, Proposition 7.12] he proved that for each g € (1, 2), g =
1 — (1/B). Many of the proofs use the symbolic codings of the open systems T with hole
(t, 1). The main difficulty that we had to overcome in order to extend the results from the
doubling map to the B-transformation is that the B-transformation is not coded by the full
shift on two symbols. In fact, for most values of §, the associated symbolic system is not
even sofic. This might also explain the difference between the result from Theorem D and
the result from [Nil07, Proposition 7.12].

The paper is arranged as follows. In §2 we introduce some notation, we recall some
basic properties of B-expansions and prove Theorem A. In §3 we consider the topological
structure of Eg and E; and prove Theorem B. By means of Lyndon words we construct
infinitely many nested basic intervals which cover the interval (1, 2) up to a Lebesgue null
set. We can determine all isolated points of E; by determining in which intervals it falls.
The largest of these intervals are then associated to Farey words, the properties of which
allow us to prove Theorem C in §4 and Theorem D in §5.
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2. Preliminaries, B-expansions and first properties of Kg(t) and Eg

In this section we introduce some notation about sequences that is used throughout the
paper. We will recall some basic properties of B-transformations and give some basic
results on Kg(¢) and Eg. We also prove Theorem A.

2.1. Notation on sequences. Let {0, 1}N be the set of sequences of 0’s and 1’s and let
o be the left shift on {0, 1}N defined by o ((x;)) = (x;+1). We use {0, 1}* to denote the set
of all finite strings of elements from {0, 1}, called words. A word w € {0, 1}" is called a
prefix of a sequence (x;) € {0, 1}N if x;...x, =w. Foraword w =wj ...w, €{0, 1}*
we write wT i=w; ... w1 (w, + 1) if w, =0 and we write W™ = w w2 ... Wy_1
(w, — 1) if w, = 1. Furthermore, we use w to denote the reflection word w := (1 —
w1l —w)... (1 —wy).

Throughout the paper we use the lexicographical ordering <, <, > and > between
sequences and words, which is defined as follows. For two sequences (x;), (y;) € {0, 1}N
we write (x;) < (y;) or (y;) > (x;) if x; < y1, or there is an integer m > 2 such that x; = y;
for all i < m and x,, < y,,. Moreover, we say that (x;) < (y;) or (¥;) = (x;) if (x;) < (y;)
or (x;) = (y;). This definition can be extended to words in the following way. For u, v €
{0, 1}* we write u < v if and only if u0> < v0°°.

Let #A denote the cardinality of the set A. For a subset ) C {0, l}N let B,()) denote
the set of all words of length n that occur in a sequence in Y. The topological entropy of
Y is then given by

log #B,
inf 108 #5 )

n n

log #B

W) = lim 28FE )
n—o0 n

where the second equality holds since by the definition of 5,())) the sequence

(log #B,())) is subadditive. Here and throughout the paper we will use the base-2

logarithm.

2.2. The B-transformation and B-expansions. Now we recall some properties of the 8-
transformation. Let B € (1, 2] and let the (greedy) B-transformation Tg : [0, 1) — [0, 1)
be given as in the introduction, i.e., Tg(x) = Bx (mod 1). It has a unique ergodic invariant
measure that is equivalent to the Lebesgue measure (cf. [RénS57]). This measure is the
unique measure of maximal entropy with entropy equal to log 8. For each x € [0, 1) the
greedy B-expansion of x, denoted by b(x, B) = (b; (x, B)), is the sequence obtained from
Ty by setting for each i > 1,

0 if T,;”(x) e [o, %),

bitx, p) = :1 if 7,7 () elg, D

The name greedy B-expansion stems from the fact that it is the lexicographically largest
sequence (x;) € {0, 1}N satisfying
Xi

X = 7 E =:mg((x;)). 2.1)

We write b(1, B) for the sequence 1b(8 — 1, B).
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The set of sequences that occur as greedy S-expansions for a given B can be
characterized using quasi-greedy B-expansions. For each x € (0, 1] the quasi-greedy S-
expansion of x is obtained dynamically by iterating the map fﬁ 1 (0, 1T — (0, 1] given
by
Bx if x € (0, %],

T =0 pr 1 ifxe (4. 1].

The only essential difference between the maps 7 and ﬁg is the value they take at the point
1/B8. For x € (0, 1] the quasi- greedy B-expansion b(x B) = (b (x, B)) is then obtained
by setting b; (x, B) = 0if 0 < T’ T < (1/B) and b; (x, B) = 1if (1/B) < T-1(x) < 1.
The quasi-greedy B-expansion of 1 plays a crucial role in what follows. For 8 € (1, 2]
write

a(B) :=b(l, B).

Note that if b(x, B) = by . .. b,0® with b, = 1, then b(x, B) = b; .. .b, a(B). On the
other hand, if b(x, 8) does not end with 0%, then b(x, B) = b(x, ). The following
characterization of «(8) can be found in [KL07, Theorem 2.3]. Let Q C {0, 1}N be the set
of sequences (g;) € {0, 1} not ending with 0> and satisfying

an1Gn42 ... ajay ... foralln>0. 2.2)
LEMMA 2.1. The map B+ «a(B) is a strictly increasing bijection between the interval
(1, 2] and the set Q.

For a given B the sequence «(B) determines the set of all greedy B-expansions in
the following way. Let Xz be the set of all greedy B-expansions of x € [0, 1). Then
(cf. [Par60])

Yg ={(x;) € {0, WY 6™ ((xi)) < a(B) for all n > 0}. (2.3)
Similarly, let s p be the set of all quasi-greedy B-expansions of x € (0, 1]. Then
fl,g ={(x;) €{0, 1} : 0®° < 6™((x;)) < a(B) for all n > 0}.
The following result can be found in [Par60] (see also [dVKL16]).

LEMMA 2.2. Let B € (1, 2]. The map x — b(x, B) is a strictly increasing bijection from
[0, 1) to g and is right-continuous with respect to the ordering topology on Xg.

On the other hand, the map x — b(x, B) is a strictly increasing bl]ectlon from (0, 1] to
Eﬂ and is left-continuous with respect to the ordering topology on Zﬁ

2.3. First properties of Kg(t) and Eg. Lett € [0, 1) be given. Recall the definitions of
the survivor set Kg (1) = Kg (Hu K;r (t) from (1.1) and (1.2). We define the corresponding
symbolic survivor sets as the sets of all greedy B-expansions of elements in the sets Kg(¢),
K 2 (t) and K ; (1), respectively. Lemma 2.2 gives the following descriptions:

K@) = {(x) € {0, 7 : b2, B) < 0™ ((x1)) < a(B) Yn = 0},
Ky() = {(xi) € {0, 1N :3n > 0 0" ((x;)) =0

and b(t, B) < o*((x;)) < «(B) YO <k <n},
Kp (1) = Kf (1) UK ().

(2.4)

Downloaded from https://www.cambridge.org/core. 20 Oct 2021 at 08:04:15, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

2488 C. Kalle et al

We will often switch from Kg () to Kg(¢) and back. The set Kg(¢) is closed and Tg is
continuous when restricted to Kg (7). Under the metric d on {0, 1}N given by

d((xi), (yp)) = pnfn=temzn)
the map 7g : (Kg(t), o) — (Kg(t), Tp) is a topological conjugacy. This gives that
hiop (T K (1)) = hiop(Kp(2)).

For the bifurcation set Eg, defined in (1.3), the following description can implicitly be
found in [Urb86].

PROPOSITION 2.3. Eg = {1 € [0, 1) : 1 € Kg(t)} and thus Eg N\ [t, 1) C K4(t) foranyt €
, 1).

Proof. Forallt € (0, 1) wehavet ¢ Kg(e) forany € > . Hence, if t € Kg(¢), thent € Eg.
Suppose that ¢t ¢ Kg(t), i.e., there is an N > 1 such that TﬁN(t) € (0, t). By the right-
continuity of TN there is a 8 > 0 such that
N v IO+t
Ty (e) € <T/3 (1), T) C(0,r) forallee(t,t+ 48]

This implies that Kg(t) N[z, t + 8] =0 and thus Kg(t +8) € Kg(t) S Kg(t +5). We
conclude that the function € — Kg(¢) is constant on [z, t + 8], s0 ¢ & Eg. O

COROLLARY 2.4. For each B € (1, 2] the set [0, 1)\ Eg is open.

Proof. Lett ¢ Eg. The proof of the previous proposition then gives a 6; > 0 such that
[t,t+ 811N Eg =1. From t & Kg(z) it follows that there is an N > 1 such that TﬂN(t) €

(0, t). Hence, Tﬁ],‘ () # (1/B) for any 0 < k < N, which means that Tév is left-continuous
in z. Then, as in the proof of Proposition 2.3, we can find a §; > 0 such that [t — &3, 1] N
Eﬁ =. O

In (1.4) the set E; was defined. By the same proof as given for Proposition 2.3 we also
get that E;‘ is the bifurcation set of K;' (1),1ie.,

E;{ ={rel0,1):te K;(t)} ={tel0,1): K;(e) £ K;(t) for any € > t}.
As for Kg(t) we add a third set Eg of the elements in Eg that are pre-images of 0:
Ep={t€Eg:In>0 T{()=0}={r€[0,1):1 € Kg(1)}.

Then Ep = Ej U Eg and E N Eg = {0}.

The symbolic bifurcation sets, i.e., the sets of all greedy S-expansions of elements in
Eg, E;‘ and Eg, can be described as follows:

£ ={) €{0, 1V :Vn =0 (1) 0" (1)) < a(B)},
€ =1 € {0, B :3n =0 0" (1)) =0

and (;) < o ((1;)) < a(B) for all 0 < k < n},
Ep=EF UE.

(2.5)
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In the series of papers [Rai89, Rai92, Rai94], Raith studied invariant sets for piecewise
monotone expanding maps on the interval [0, 1]. More specifically, in [Rai94] he
removed a finite number of open intervals from [0, 1] and considered piecewise monotone
expanding maps restricted to the survivor set. He then studied the dependence on the end
points of the holes of the Hausdorff dimension of the survivor set and of the topological
entropy of the map restricted to the survivor set. Since no x € [0, 1) has Tg(x) =1, we
can apply these results to Tg on [0, 1) with the single hole (0, f) removed. In particular,
applying the results from [Rai94, Corollary 1.1 and Theorem 2] gives the following.

PROPOSITION 2.5. [Rai94] Let B € (1, 2) be given. The maps Hg : t — hyop(Kg(1)) and
ng .t — dimy Kg(t) are continuous on [0, 1).

In the process of proving [Rai94, Theorem 2] Raith proved in [Rai94, Lemma 3] that
Bowen’s dimension formula also holds in this case, i.e., the Hausdorff dimension of the
survivor set is the unique zero of the pressure function. In our setting this translates to the
following dimension formula:

hiop(Tg| Kg(2))
log B ’

Since for any ¢ € [0, 1) the sets Kg(t) and Eg contain at most countably many points,
we have the following properties for the sets under consideration. Let A denote the one-
dimensional Lebesgue measure.

dimpy Kp(t) = (2.6)

dimy Kg(1) = dimpy K;r(t) dimy Kg(z) =0
MEp(1) = MKy (1) MEGD) =0
dimy Eg =dimy E; dimy Eg =0
MEp) = M(ER) ME) =0

hiop(K g (1)) = max{hiop(K 3 (1)), hiop(K§ (1))}

This table implies that for Theorem A(i) it is enough to consider only Eg. From
Proposition 2.5 and (2.6) we also get that ¢t — dimpg K; (¢) is continuous and that

hiop(KCg (1)) = dimp (K 5 (1)) log B.
The next result specifies the relations between the sets even further.

PROPOSITION 2.6. Let € (1, 2). If t € E, then hiop(KCg(1)) = hiop(Kg (1)).

Proof. Since ICE(I) C Kp(2), it suffices to prove that hmp(ICl;r(t)) > hiop(Kpg(2)). For
t = 0 there is nothing to prove. Take ¢ € E;{ \ {0} and write (¢;) := b(¢, B). Then

) Ko™ ((t;)) < a(B) foralln >0.
Hence, (#;) does not end with 0°° and by (2.4) we can rewrite IC% (1) as

IC%([) ={(x;)):Im>00"((x;)) =0 and (1;) < ak((xi)) <a(B)VO<k<n}. @27
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We claim that
k+1

B <D 1Bj-1(Kj ()]
j=1
Takeaworday ...a € Bk(ng (#)) and without loss of generality suppose that it occurs as
a prefix of a sequence (x;) € ng(t), ie., (xj) =ai...agXk4+1Xk+2 - . .. Let j > 0 be such
that x; = I and the tail xj1xj42 ... =0%.If j =0, then (x;) = 0°°. Avoiding this trivial
case we assume that j > 1 and we will prove that x ...x; 10 € B; (IC; (¥)). By 2.7) it
follows that

e tj—i SIXig] - - .xj_10<a1(ﬂ) .. .O(j_,'(ﬁ) forall 0 <i < j. (2.8)

Let i* < j be the smallest index such that x;xi cooxj10=11 .. tjx.  If strict
inequalities in (2.8) hold for all i < j, then we puti* = j. Note that (¢;) < o ((;)) < a(B)
for all n > 0. Then by the minimality of i* it follows that

X1 X0t tjprgn . =X . Xpp i L L€ /C;(t).
Observe that x1...x; 1 =aj...aj 1 if j<kand xi...xp=ay...a if j>k+ 1.
This implies that ay...a; 1 =x1...xj_1 € Bj_l(IC;(t)) if j<k or aj...ar€
Bk(IC;(t)) if j > k + 1 and proves the claim.

By the claim it follows that |Bk(ICg ) < (k+ 1)|Bk(IC;§(t))|. Using that Kg(t) =
K1) U KF (1) we have
B B

IBe(Kg ()] < (k +2)|Be (K5 (1))| - forall k > 1.

Taking logarithms, dividing both sides by k and letting kK — oo, we conclude that
hiop(Kp(2)) < htop(lC; (1)), which gives the result. O

2.4. The size of Eg. The results from the previous sections are enough to prove
Theorem A. We start by proving the following result, which holds for all g € (1, 2). It
covers item (i) from Theorem A as well as part of Theorem B.

PROPOSITION 2.7. For any B € (1, 2) the bifurcation set Eg is a Lebesgue null set.
Furthermore, dimpy (Eg N[0, 8]) =1 for any 6 > 0. In particular, dimy Eg = 1.

Proof. For the first part of the statement, let 8 € (1, 2) and N € N. The ergodicity of Tg
with respect to its invariant measure equivalent to the Lebesgue measure A implies that
A-almost every x € [0, 1) is eventually mapped into the interval (0, (1/N)). Hence, the
survivor set Kg((1/N)) is a Lebesgue null set for each N € N. This implies that A(Eg) =0

since by Proposition 2.3,
oo
1
Eg C Kg|l — ).
reUn(y)

To prove the second part, take a large integer N > 1. Let Eg y be the set of x €
[0, 1) with a greedy expansion b(x, 8) = (b;(x, B)) satisfying bi(x, B) ...by(x, B) =
0" and such that the tails by 1 (x, B)by42(x, B) ... do not contain N consecutive zeros.
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It immediately follows that Eg y € Eg. Note that K;(l /,BN ) is exactly the set of
x € [0, 1) for which b(x, 8) does not have more than N consecutive zeros. Hence,

1 (1
Epv =K\ g
and thus dimy Eg y = dimpy K5 (1/8") = dimy K4(1/8"). Moreover, for any § > 0,
we can find a large integer N such that Eg , € Eg N [0, ] for all n > N. Therefore,

1
dimg (Eg N[0, §]) > dimy Ep,, = dimy K5<—>

/311
for all n > N. By continuity of the map ng : t — dimp Kg(¢), letting n — oo gives that
dimg (Eg N[0, §]) > dimpy Kg(0) =dimg[0, 1) = 1. O

Proof of Theorem A. Ttem (i) is given by Proposition 2.7. For item (ii), first bullet point,
the fact that n4 decreases weakly immediately follows from its definition and the continuity
of ng is given by Proposition 2.5. For the second bullet point we have that the set-valued
map t — Kg(t) is locally constant Lebesgue almost everywhere since A(Eg) = 0. The last
bullet point follows since ng(0) =1 and for ¢ > (1/8) we completely remove the second
branch from T, so that obviously dimg (Kg(#)) =0 and ng(¢) = 0. O

3. Topological structure of Eg

In this section we prove Theorem B. In fact, we prove a stronger result by specifying the
set of B € (1, 2) for which there is a § > 0 such that E; N [0, 8] does not contain isolated
points. This is the set

C3:={B € (1, 2) : the length of consecutive zeros in « () is bounded}. 3.1

From a dynamical point of view C3 is the set of 8 € (1, 2) such that the orbit {fé’(l)};’;o
is bounded away from zero. Replacing () in the definition of C3 by b(1, B) gives the set
called C3 in [Sch97]. In [Sch97] Schmeling proved that this set has zero Lebesgue measure
and full Hausdorff dimension. Since the two versions of C3 only differ by countably many
points, the same holds for our set C3 from (3.1). We prove Theorem B using Lyndon
words, which we will define next.

Recall from (2.5) that

Ef ={t) €{0, 1" (6) < 0™ (1)) < (B) for all n > O}

In other words, any sequence in E};" is the lexicographically smallest sequence in X g under
the shift map o. For this reason we recall the following definition (cf. [Lot02]).

Definition 3.1. A word s is called Lyndon if s is aperiodic and 6" (s*°) 3= s* for all n > 0.

The following lemma lists some useful properties of Lyndon words. The first and third
items easily follow from the definition and we omit their proofs.

LEMMA 3.2.
(1) s1...8nis a Lyndon word if and only if

Si4l---Sm>=S1...5m—i forall0<i<m.
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+

(ii) Ifsi...sm is a Lyndon word, then for any 1 <n < m with s, =0the word sy . . . s,

is also Lyndon.
(iii) If v, w are Lyndon words and vw < wv, then for all n € N we have that v"w is a
Lyndon word.

Proof. To prove (ii), suppose that s, = 0 for some 1 <n < m. Since 1 is a Lyndon word,
the statement holds for n = 1. If 2 < n < m, then by (i) it follows that
Sit+1 ...s;r>s,'+1...sn =581...5,—; forall0<i <n.
Therefore, again by (i) s1 . .. s, is a Lyndon word, as required. O
By taking i = m — 1 in Lemma 3.2(i) it follows that s; = 0 and s, = 1. So, any Lyndon

word of length at least two starts with 0 and ends with 1. We use Lemma 3.2 to show that
any isolated point in E; has a periodic greedy S-expansion.

PROPOSITION 3.3. Let B € (1,2]. Ift is an isolated point of EZ, then its greedy B-

expansion b(t, B) is periodic. Moreover, no element from E; is isolated in Eg.

The proof of this proposition is based on the following two lemmas. Together they say

that any point in E; with aperiodic S-expansion can be approximated from below by a

sequence of points in E; that have a periodic orbit under 7.
LEMMA 3.4. Let (t;) € 5; be an aperiodic sequence. For each m > 1 we have

(f ... tm)oo < () and (t1... tm)oo € Eﬁ.

Proof. Let (t;) € 8; be an aperiodic sequence. Then by (2.5) we have
) <o"(t;)) <a(B) foralln > 1. (3.2)
Fix m > 1. By taking n = m, 2m, . . . in (3.2) it follows that
... )=ttty .. 1)
RS T A T e (ST A R
<t ...bmtamsl - ) KK ().
Since (#;) is not periodic, we conclude that (z; . . . £,,)*° < (#;).
For the second statement, (3.2) and the first part of the proposition give that
ot ) =tgat ot (B 1) < fyad - tbpatman - .. < a(B)
for each 0 <n < m and hence (#1 . . . ;)™ € Xg. O

From [SM94, Proposition 2.2] we have the following lemma.

LEMMA 3.5. Let (t;) € 5; be an aperiodic sequence. Then there exist infinitely many
m € N such that ty . . . t, is a Lyndon word.

Note that both previous lemmas do not hold for £g. Let (1;) € 52 be such that o”((¢;))
=0%. Then for any m > n we have (1 ...1,)> > (t;), contradicting the statement of
Lemma 3.4. As for the statement of Lemma 3.5, for all m > 2n we have that ¢; ... ¢, is
not Lyndon.
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Proof of Proposition 3.3. Let t € E;{ be a point with aperiodic greedy S-expansion
b(t, B) = (t;). Since (1;) € Er, by Lemma 3.5 there exists a sequence (m;) such
that ... Im; is Lyndon for all j > 1. Furthermore, by Lemma 3.4 we have
(t .. .tm_j)OO € Xg for each j > 1. Hence, for all j > 1 we have (¢ .. .tmj)OO € 5; and
thus 7wg((t1 ... 1m;)>) € E; Letting j — oo we conclude that wg((f1 ... 1m;)>) —
g ((#;)) =t, which implies that ¢ is not isolated in E;

Now assume that ¢ € E; has a periodic greedy B-expansion b(t, B) = (t1 ... 1t)°°,
where m is chosen minimal. We will show that # is not isolated in Eg. If m =1, then we
have b(t, ) = 0, i.e., t = 0. In this case the result trivially follows from Proposition 2.7.
Now assume that m > 2. Let a; ... a, be the maximal cyclic permutation of #; . . . #,.

Then there existsa j € {0, 1, ..., m — 1} suchthata; ...a, =tj41...txt1 ... 1. Note
that 6" ((t1 . . . 1)) < a(B) for all n > 0. Then

(ai...am)* <a(B), (3.3)
which implies that aj...an S ao1(B)...on(B). We claim that aj...a; <
ap(B) ...am(B).

Ifa;...an =a1(B) ...an(B), then (3.3) together with Lemma 2.1 gives

ay ... am <X Apt1(B) .. .om(B) S a1 (B) .. .ap(B)=ai ...an.

So,ay...ay, = (... am)z. Iterating this argument with Lemma 2.1 and (3.3) gives that
a(B) = (ay - . .ay)*>°, leading to a contradiction with (3.3). This proves the claim.

For N €N define the sequence ty :=(f1...4,)Vt ... t;.r0°°. Since t; =0, the
sequence ty is well defined. By Lemma 3.2(iii) it follows that o”(ty) > ty for all
0<n<mN + j. Moreover, aj ...a, < a1(B) ...an(B). It follows that 6" (ty) < a(B)
for all n > 0. So, ty € 52 for all N € N. Since mg(ty) \(t as N — 00, the point t € E;
is not isolated in Eg. O

The next proposition says that no point from Eg\{O} can be approximated from above

by elements from Eg and that a point ¢ € Eg\{O} is isolated in Ep if the orbit of 1 enters
O, 1).

PROPOSITION 3.6. Lett € Eg\{O}. Then there is a 6 > 0 such that Eg N [t, t + 8] = {t}.
Moreover, if B — 1 & Kg(t), then t is isolated in Eg.

Proof. If t € Eg\{()}, then there is a smallest n > 0 such that T (1) = (1/). By the right-
continuity of T, there is a § > 0 such that all € € (¢, ¢ + §] satisfy Tlg‘+1 () e (0,1 C
(0, €). Hence, € ¢ Kg(e) and thus € ¢ Eg.

The first statement implies that to prove that an element from Eg\{O} is isolated, it
is enough to prove that it cannot be approximated from below. If again n is such that
Té‘ (t) = (1/B), then for a small enough § we know that for any point € € [t — §, t) the
point TE’H (e) is close to 1. Let m be the smallest integer such that TE" B-1)€(0,1).
Then thereisa0 <8 <t — Té"(ﬂ — 1) such that any € € [t — §, t) satisfies

T3+ () € 0, TZ (B — 1) S (0, ©).
Hence, € € Eg and Eg N[t — 6, t] = {t}. O
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From now on we focus on the set E;{ We first construct subintervals of (1, 2) such that

E; contains isolated points whenever B is in one of these intervals. We start with a couple
of lemmas.

LEMMA 3.7. Let (t;), (o) € {0, 1}N be given. Suppose that there is an m > 1 such that
oy =1 and o™ ((@;)) X (t;). Define the sets
K= {(x;) €0, 1V : (1) < 0" ((x)) < (o) for all n = 0},
X = {(x) € {0, BV 1 (1) < 0" () < (1 - .. )™ for all n > 0}
Then KK = X,,.
Proof. Obviously, &, € . We show that K\ X, = . Suppose that this is not the case
and let (x;) € K\A},. Then thereis a j > 1 such that x;41 ... Xj4m =01 ... ay. Since
(x;) € K, the assumption that 0™ ((«;)) < (¢;) implies that
Xjbm+1Xjtm+2 - - < Uyt 10m42 - - - <X (),
which contradicts (x;) € K. Hence, K\ A}, = @. O

Let 8 €(1,2) and ¢ € [0, 1). The previous lemma has the following consequence for
IC; (7). If there is a smallest m > 1 such that

U1 (B)otm42(B) ... S b, B)

or equivalently f’/;”(l) <t, then we can rewrite IC; (1) as

K5 (1) ={(xi) : b(t, B) < 0" ((x1)) < (@1(B) . .. am()7)™ for any n > 0}.

Hence, any point in the survivor set K ; (t) then has the property that its entire orbit lies
between ¢ and the point wg((a1(B) . .. @ (B)7)>). We need two more lemmas. Recall
the definition of the set Q from (2.2) as the set of sequences that occur as «(8) for some

Be(l,?2].
LEMMA 3.8. Let (a; .. .ay)*> € Q with minimal period m. Then
ai+1 ...a;’{#al e Qm—i forall0<i<m.

Proof. Let B € (1,2) be such that «(8) = (aj . . . an)*>°. Then b(1, B) =aj ...a}0®.
Hence, for each 0 <i <m we have b(Té(l), B)=ait1 .. .a;n“Ooo and Té(l) < 1. The
result then follows from Lemma 2.2. O

Note that for any non-periodic word by ... b, € {0, 1}* thereisa 0 < j <m — 1 such
that bjyy...byby...b; is the smallest among its cyclic permutations and therefore
Lyndon. We denote this word by S(b; . . . b,,) and call it the Lyndon word for by . . . by,.
Similarly, there is a 0 <k <m — 1 such that byt ...b,b1 ... by is the largest among
its cyclic permutations. We denote this by word by L(b; ... b,). In what follows we
will sometimes use the property that for any word by . .. b, € {0, 1} and any sequence
(xi) € {0, 1IN,

o"((x) =by...b,0foralln >0 <<= " ((x;))=(1...by)>* foralln=>0.
3.4
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FIGURE 2. Some of the basic intervals (87, Bg]. The numbers near the arches indicate the words a; . . . a;; such

that a(B) = (aj .. .am)®°. The intervals that are not contained in any other interval are the Farey intervals.

They are the ones for which ay . .. a;, is a Farey word. The arches corresponding to Farey intervals are shown
in black, the lighter coloured arches correspond to words that are Lyndon, but not Farey.

LEMMA 3.9. Let s1...58y be a Lyndon word and write ay . ..ay, =L(s1 ...5y). Let
0<j<mbesuchthatsy...sm=ajy1...anax...a;and set

Zm i ={(x) €{0, 11N ¢ 5150 < 0™ (%)) < (a1 - . . am)>® ¥n > 0}.
() If (x;) € 2y has prefixajiq . . . ap, then (x;) = (s1 ... 5,).
() If (x;) € Zy has prefixay . . . aj, then (x;) = (a1 . .. an)®.
Proof. Since the proofs of (i) and (ii) are similar, we only give the proof of (i). Let
Ajy1...apX1X2 ... € Zy. Then
S1...5m0° 0" (@jq1 ... amx1x2..) < (a1 ...an)™ foralln>0. (3.5)
In particular,
Aj41 .- ApX1 ... Xj =S ...85y =0qj4+]...Apdl . ..4;j,
which gives
X1...Xj=ai...aj.
On the other hand, by takingn =m — j in (3.5) we get x1 ... x,, < ay . ..a,. Hence,
X{...xj=ay...a; and Xji1...Xn <XAj41-.. Gy
Again, by (3.5) now with n=m we have xj11... X, =581...5n—j=aj41...an.
Therefore, x1 ... x,; =aj ...an. By iteration we conclude that
Ajg1 .. amxixy ... =(@jgp1 ... amay ... a;)> =(s1...5m)%,
as required. O
We now construct infinitely many nested intervals (81, Bgr] such that E; has isolated
points whenever 8 € (8L, Br]. Figure 2 shows some of these intervals. We will later

show that these basic intervals cover the whole interval (1, 2) up to a set of zero Lebesgue
measure.

PROPOSITION 3.10. Let sy . .. s, be a Lyndon word and write ay . . . aym = L(s1 . . . 5p).
Then both (ay ...an)™ and aj ...a}(s1...sm)> belong to Q and hence there are
uniquely defined bases Br, Br € (1, 2] such that a(Br) = (a; . ..an)>* and a(BR) =
ai...at(sy...sm)>®. Moreover:

(i) (s1...5m)>° €Zgifandonlyif B> Br;

(ii) ifB € (BL, Br], then mg((s1 . .. 5m)>°) is an isolated point ofE;;

(ii)) if B > Br, then wg((s1 . . . 5,)) is not an isolated point ofE;r.
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Proof. Let B be as in the proposition. First we show that the interval (8, Br] is well
defined, i.e., Bg exists and that 8; < Br. We use the characterization from Lemma 2.1,
so it suffices to show that the sequence a=a;j .. .ajn‘(sl o5 € Q, ie., it satisfies
o"(a) < aforall n > 0. Since 51 ...sy, is a Lyndon word, any word of length 1 <n <
m — 1 occurring in ay . .. a,, =L(s1 ... sy) is lexicographically larger than or equal to
1 ...8y. Combining this with Lemmas 3.8 and 3.2(i) gives

+ +
Ap41 -+ - QS ... Sy AL « . . Ap—pp—p+1 - .- Ay <A1 ... 4,

forall 0 <n < m. So, 0" (a) < a for each 0 < n < m. Moreover, since

" (51 sm)) (@1 cam)® <ar ... ab (st sm)™

for all n >0, we get 0" (a) < a for all » > 1 and thus a € Q. Lemma 2.1 then implies
that a is indeed the quasi-greedy expansion of 1 for some base fg, i.e., a(Br)=
ai .. .a,‘,‘,‘(sl ... 85m)®. Since a(Br) < a(Br), Lemma 2.1 also gives that Sr > B.
Hence, the interval (81, Br] is well defined.

Let1 < j <m — 1 be such that

S| S =0aj41...0nd] ...a;.
For (i), note that if B < B, then (s1 . .. 5,,)>° & Xg since

ol (51 sm)®) = (@1 ... am)™ = a(B).

For B € (B, Br] it follows immediately that (s1...s,)> € Xg since s1...s, is the
smallest permutation of aj . . . a,, and (ag . . . a;,)*° < @ (B).

For (ii), let B € (Br, Brl and set t = mg((s1...5,)). Then b(t, B) = (s1...5,)® €
5;, sote E;‘ By Lemma 2.2 and since ¢ has a periodic S-expansion, there exists a
small § > O such that for any x € [t — §, ¢ 4 &] the greedy expansion b(x, §) has prefix
1 ...Sy. By Lemma 3.7 it follows that

/c;(t —8) C{(xi) 51 ... 5m0° K" ((x) <@y ...al(sy...sm) Vn >0}
={@x): 1. s K0"((x) <ar...af(s1...5,)% Vn >0}
={(x;): (51 ... 5m)™ 0" ((x) S (ar - .. am)™ Yn > 0}
={(x):51...5:0° <0"((x)) < (a1 ...an)> VYn >0}, (3.6)

Al

where we have used the fact from (3.4) in the first and last equalities. Since for any
x €[t — 38, t+ 8] the greedy expansion b(x, B) begins with s7 . .. 55, by Lemma 3.9(1)
and (3.6) we obtain that

KE(t—S)ﬂ[t—S,t—i—S]g{t}.

Since t € E;’ N[t—46,t+8]< K;(t —8) N[t —34,t+ 8], we conclude that t is isolated

in E;{ for any 8 € (BL, Br].
For (iii), let 8 > Br and again set t = 7g((s1 . .. 5,)°°). We construct a sequence (t,)
in 6'; such that t,, \ (s1 . . . $,;) in the order topology as n — oco. Let

t = ((s1...5m)"s1 ... s;;fj)“ =(@jt1---amar ...a)"ajs1...a)>®. (3.7
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We claim that there is an N € N such that t, € Eg for all n > N. By Lemma 3.2(ii)
and (iii) it follows that t, is Lyndon. Left to show is that t, € Xg. Note that the largest
permutation of t,, is given by

—1
d,=(a .. .a;(aj+1 coeamay . ..a)"  ajyr..am)®
-1
=(ar...a}(s1...5m)" Sto . Sm—j).

For B > Br eithera(B) ... au(B) =ay .. .a,;'; or there exists an N > 1 such that «(8) =
ai .. .a;‘n‘(sl .. .sm)N_lbl wo.by with by ... by, > 51 ...5y. In the first case obviously
d, < a(B). In the second case we have d, < a(B) for all n» > N. Hence, t, € g for all
n>N.

We have found a sequence (t,) C 5/;' decreasing to b(t, B) = (s1...5,) asn — o0
and, accordingly, a sequence (mg(t,)) € E; decreasing to t =mg((s1...5,)°) as

n — oo. Therefore, ¢ is not isolated in E;‘ O

Recall from (3.1) that C3 is the set of B8 € (1, 2) such that the length of consecutive
zeros in the quasi-greedy expansion «(8) is bounded.

THEOREM 3.11. If B € (1, 2)\C3, then both Eg N [0, 8] and E;{ N [0, 8] contain infinitely
many isolated points and infinitely many accumulation points for all § > 0.

Proof. By Proposition 2.7 it follows that Eg N[0, 6] and E; N [0, &] contain infinitely
many accumulation points for all § > 0, so we focus on the isolated points. Fix g €
(1, 2)\C3. Then a(B) contains consecutive zeros of arbitrary length. Hence, a(f8) is
not periodic and the orbit of 1 under T;; will come arbitrarily close to 0. This implies that
forany t > 0, B — 1 € Kg(¢) and thus by Proposition 3.6 any ¢ € Eg\{O} will be isolated
in Eg. Note that for any n > 1 we have (1/8") € Eg. This gives the statement for Eg.

To prove that E; contains infinitely many isolated points arbitrarily close to 0,
we construct by induction a sequence of intervals (81 k, Br.k), k > 1, such that g e
(BL ks Br.x) for all k > 1, where (BL k, Br.k) 1s defined as in Proposition 3.10. Write

a(B) = 1homrlom ko (3.8)
Since «(B) does not end with 0°°, we have my € {1, 2, ...} for all kK > 1. Furthermore,
from B ¢ C3 we get sup-| my = oo.

Set ip =1 and let i; > ip be the smallest index for which m; >mi. Set aj:=
110™ ... 11710, Note that «(8) begins with a” and by Lemma 2.1 6" ((8)) < a(p) for
all n > 0. This implies that a"(a‘l’o) < afo for all n > 0. So, by Lemma 2.1 the sequence
a{® is the quasi-greedy expansion of 1 for some base B 1, i.e., «(BL,1) = af°. Note that
the word a; contains consecutive zeros of length at most m. So, the Lyndon word s; =
ST - oo Shydmy 4y, for aj begins with 0”1 1. Again, one can check that a”(afsfo) < a;rs(fo
for all n > 0. So, there exists Bg,1 € (1, 2) such that ¢(Br,1) = aTs‘l’o. By using m;, > m
and (3.8) it follows that

a(Br.y) =a = 1o .. hTloye < hom L 10 = w(B)

and

a(Br1) =a) s =110m . 1fhom. o o™ g = a(B).
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By Lemma 2.1 we have B € (8.1, Br,1). Moreover, by Proposition 3.10 we have that
ba (s‘l’o) is an isolated point of E;{ Now we pick i using ix_1. Let iy > ix—1 be the
smallest index such that m; > m,;,_,. Then by the definitions of iy, ..., ix_; it follows
that m;, > m; for all j <ir. Set ay:= 1homt ... 1% 710, Then the block a; contains
consecutive zeros of length at most m;,_,. So, the Lyndon word sx = s1 ... S, 4m+--+1;,
for a; begins with 0™%-11, By the same argument as above we can find two bases
BL .k, Br.k € (1, 2) such that

a(Brp) =ag = (110" - 1T0)® < 110" - 10 - - = a(B),

a(Bri) =ay s = 110" .. k™11 100™M QM ] - = a(B).
Therefore, B € (BL .k, Br.x) and by Proposition 3.10 we have that mg(s;°) is an isolated
point of E;

By induction we construct a sequence of intervals (B x, Br.k), k > 1, such that §
(BL k> Br,x) for all k > 1. Moreover, the points g (s,?o) are isolated in E/;r Note that sy,
begins with a block 0”11 for any k > 1 and m;,_, strictly increases to oo as k — oo.
This implies that E;{ N [0, 8] contains infinitely many isolated points for any § > 0. O

THEOREM 3.12. For B € C3 there is a § > 0 such that E; N [0, 8] has no isolated points.

Proof. Fix B € C3. Then the length of consecutive zeros in «(8) is bounded by some
large integer M. Set § = (1/BM*3) = 75(0M+210%). To show that E; N [0, 8] has no
isolated points, suppose on the contrary that 7 is an isolated point of E; N[0, é]. By
Proposition 3.3 it follows that the greedy S-expansion b(t, ) of ¢ is periodic, namely

b(t,B)=(t1...ty)> € é‘;

with minimal period m. Moreover, t; . . . t, is Lyndon. For m = 1 we get that t = 0, which
by Proposition 2.7 is not isolated in E;‘ Letm >2andleta;...a, =L(t; ...t,). Then
(a ...am)>* € Q, so by Lemma 2.1 it is the quasi-greedy expansion of 1 for some base
B, ie., a(Br) = (a; ...ay)*. By Proposition 3.10 it follows that 8 € (B, Bg], where
Br is the unique base satisfying

a(Br) =ay ...a (t1 ... tw)™.

Hence,

(@ ...am)® <aB)<ar...al(t ... tn)>. (3.9)
Since 1 < § = wg(0MF210%), we have (t; . .. t,;,)>® = b(t, B) < 0210, So, #1 .. .ty
begins with M + 2 consecutive zeros and a; . . . a,, contains M + 2 consecutive zeros. By

(3.9) we conclude that «(8) contains M + 1 consecutive zeros, leading to a contradiction
with our hypothesis that the number of consecutive zeros in () is bounded by M. O

Proof of Theorem B. The first part of the statement follows from Proposition 2.7 and

Theorem 3.11 since A(C3) = 0 by the results from [Sch97]. The fact from [Sch97] that
dimy C3 =1 together with Theorem 3.12 gives the last part of the result. O
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4. When E; does not have isolated points

In this section we prove Theorem C, which states that the set of 8 € (1, 2) for which E;
has no isolated points is rather small; it has zero Hausdorff dimension. The theorem is
obtained by showing that the intervals (81, Bgr] introduced in the previous section cover
all but a Hausdorff dimension zero part of the interval (1, 2). Figure 2 suggests that the
basic intervals are nested. In Proposition 4.1 below we prove that this is indeed the case.
Subsequently, we identify those intervals (8, Sg] that are not contained in any other basic
interval, which turn out to be the ones given by a specific subset of the Lyndon words,
called Farey words.

PROPOSITION 4.1. Let Iy = (B, Brl and I, = (BL, /§R] be two different basic intervals.
IfliNl #@, then Iy CIpor I, CI.

Proof. Suppose that I} = (Br, Br] is parameterized by the word a; ...a, and I =
(BL, Br] is parameterized by the word by . . . by, i.e.,

a(Br)=(ar...an)™, aBr)=ai...a(si...sm);
aBr)=b1...b)™, aBr)=bi...bf1 ... 1),
where sy ...s5, =S(a;...ay) and t; ...t, =S(b; ...b,) are the Lyndon words for
ai...am and by ... by, respectively. Since I} N I # ¢, by symmetry we may assume

that EL € I = (BL, Br]. We are going to show that ﬁR < Bgr, which by Lemma 2.1 is
equivalent to showing that

by...bI(t ... t)® <ay...a}(s1...5m). 4.1)
Since Bz < BL < Br. by Lemma 2.1 it follows that
(@ ...am)® <br...b)° <ar...al(s1...sm). 4.2)

We claim that n > m.

e Ifn <m,thenby (4.2) wehave by ...b, =a;y...a,. Write m =un +r withu > 1
and 1 <r <n. By Lemma 3.8 and (4.2) it follows that a; . ..ay, = (b1 ... b,)" and
bi...bp=ai...ar=au+i1...a%,so

ar...am=by...by)"b .oobo.
By using that sy . .. s, =S(aj . .. a,) we obtain that

ap...at(sy...sm™
=(b1...by)"by...be(s1...52)®
< (br...by)"by .. by (byyy .. .byby ... b (by...by)" by .. b))
< (b1 ...by)™,
leading to a contradiction with (4.2).

e Ifn=m,thenby (4.2)wehaveb|...b,, =a;...aporby...by=aj.. .a,‘n". Both
cases contradict (4.2).
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Therefore, we find that n > m. Write n = km + j withk > 1 and 1 < j <m. By (4.2)

we have
bi...b, <a ...a,‘,‘;(s1 ...sm)k_lsl SRR

From
Sj+l .- SmS1 .. .5 g<a1...a,n<a1...ant

one can easily see that

(ap...ab(s.. Csm) s S =ar ... at(sy...sm)® = (by...by)>.

S0, by ...by#ar...af(s1...sm)* s1...s; and hence

bi...bf<ar...af(si...sm) s1. s (4.3)

If strict inequality holds in (4.3), then (4.1) follows immediately and we are done. Suppose

that the equality holds in (4.3). We split the proof of (4.1) into the following two cases.

I 1<j<(@m/2). Since sy ... sy is a Lyndon word it follows that
Sl~~-5j_<sl-~-Sj<-9j+l~~-52j~

Furthermore, 1 . . . t, is the Lyndon word for

-1
b1...b,,:al...a;j(sl...sm)k S1...8.

~

Then
- k—1
(t1 ... 1) < (51 cSia coeal(sy . osp)H®
< (Sj41 .- 82752541 -+ SmS] - ..Sj)oo.

By (4.3) this proves (4.1), as required.
@) (m/2) < j <m. Since sy ... s, and t; . .. t, are both Lyndon words, by Lemma 3.2(i)
it follows that

— k—1
(11 1) (ST Sm—jSm—j+1 cspan coeat(sy s H™
< (Sjg1 - SmS1 ... 5

Again we have established (4.1). O

4.1. Farey words. The set of Farey words is constructed recursively as follows. Let Fy
be the ordered set containing the two words 0 and 1, i.e., Fy:= (0, 1). For each n > 1,

Fy = (v1, ..., vanqy) is the ordered set obtained from F,_ = (wy, ..., won-1,1) by
Vai_] 1= w; forl<i <2141,
vy =wijwiy; forl <i< 2"_1,

where w; w;4+1 denotes the concatenation of the words w; and w; 1. For example,
Fp=(,1), F;=(0,01,1), F,=(0,001,01,011,1).
Then a word w € {0, 1}* is a Farey word if there is an n > 0 such that w € F,,. For each

n > 0 the words in F,, are listed from left to right in a lexicographically increasing order
(cf. [CIT18, Lemma 2.2]). In particular, no Farey word is periodic. Let

Fi=J F\O. 1)

n>0
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be the set of non-degenerate Farey words. Clearly, any wy ... w, € F has w; =0=
1 — wy,. It is well known that Farey words are balanced, i.e., if for i =0, 1 we use |u|;
to denote the number of occurrences of the symbol i in the word u, then any w € F has
the property that for any two subwords # and v of w of the same length and i =0, 1,
[lul; — |v|i] < 1. We recall from [CIT18, Proposition 2.3] the following definition.

Definition 4.2. Let w =w; ... w, € F. A decomposition w = uv is called the standard
factorization of w if u and v are both Farey words.

By the construction of F,, the standard factorization of a non-degenerate Farey word
w1 ... wy is uniqgue. We list some properties of Farey words. The proofs can be found in
[CIT18, Propositions 2.8 and 2.9].

(f1) Forw; ... w, € Fbothw; ... w,_10and lw; ... w, are palindromes, i.e.,

Wy ... Wy| = Wy—1...W2.

(f2) Suppose that wj ... w, € F has standard factorization (wi ... wm,)(Wn+1 ..
wy). The lexicographically largest cyclic permutation of wy . . . wy, is given by

Wm—mi+1 -+ - WW1 ... Wp—m; = Wiy Wp—1 ... W2W].

(f3) Suppose that w; ... w, € F has standard factorization (wj ... Wy, )Wy 41 ...
wp,). Then wy ... w,, is a Lyndon word and its lexicographically second smallest
cyclic permutation iS Wy, +1 - . . WrW] . . . Wy, -

Recall that for wy ... w,, €{0, 1}*, wi ... wyr =1 —w))(1 —wy) ... (1 —wy) and

note that by symmetry in the set F,

wy... wp €F = W,...w €F.

By Lemma 3.2(i) it follows that if w;...w, €F, then (wy...w,)>* € Q, ie,
(w1 .- wy)®) < (Wy - .- wy)™ for all n > 0. Properties (f1), (f2) and (f3) imply
the following.

LEMMA 4.3. Letsy...sy € Fwithay ...an =L(s1...sy). Suppose that

ST Sm=0(1+ . Sm)Smy41 - - Sm)

is the standard factorization of s1 . . . Sp.
(i) Thewordsa ...an—11andOay ... ay are palindromes, i.e.,

a...0m—1=am_1...0a.
(i1) The Lyndon word associated to ay . . . ay, is given by

Am—my+1 - - - AuA1 - . . Ay, = Amp—1 . . . d1.
(iii) (ar...am)* e Q.

Proof. (i) and (ii) immediately follow from (f1) and (f2), respectively. For (iii) we know
that s1 . .. s, is a Lyndon word and therefore (sq . .. s,,)> < 0" ((s1 . . . $m,)°) for all
n € N. This gives (aj ... an,)* =0"((a; . ..ay,)>) foralln e N. O
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For Farey words we obtain a strengthened version of Lemma 3.9, which will be useful
in the proofs of Theorems C and D. We define a family {W¥,} of substitutions first. For
each p > 1 set

W,(0) =01 and W,(1)=0"1. (4.4)

We extend this definition to words by . .. b, € {0, 1}* by
V(b1 ...by) =W,(by) ... Wy(by)

and similarly for sequences in {0, 1}N.  One easily shows that 7; preserves the
lexicographical ordering {0, 1N for any two sequences (b;), (d;) € {0, 13N we have

(bi) < (di) < Vp(bi) S Vp(di). (4.5)
PROPOSITION 4.4. Let w =51 ...y € F. Then setting
Zy = {(xi) € {0, 1IN : w0® 6" (%) < (5 - . . 51)> forall n > 0}
we have that Z,, .= {aj(woo) :0 < j <m}; in particular, #Z,, = m.

Proof. Tt is clear that {o/(w™):0< j <m} C Z,. The other inclusion we prove by
induction on the level of the Farey words. For w = 01 the statement is trivial. Let n > 2
be given and assume that the statement is true for all non-degenerate Farey words of Fj,
j<n.Letw=sj...sy € F, Notethatif w=0""11orw=01""!, then the statement
is obviously true, so we exclude this case. Since all Farey words are balanced there is a p
such that w is of the form

w=0Pt10711...0PY1071 or w=017017"...01PNO1PH!

for some N € N U {0}, where p; ... py € {p, p + 1}" is a palindrome. Assume that w =
0PTL10P11 ... 0PN 10P1; the proof for the other case is similar. Recall the substitution ¥,
defined in (4.4). There is a word v =0z ...ty 1 € {0, 1}* with W, (v) = w. In [CIT18S,
Lemma 2.12] it is proven that v is a Farey word, so v € Fy for some k < n. Moreover,
since w # 0P*11 we have v ¢ {0, 1}. Recall that

Smo-.51=1sy ... sm_10=10710P11...0P 107,

so that
o((sm...5D)°) = W, (1 ... tn0)).

Let x € Z,, be given. Then by the form of w any two 1’s in x are separated by at least p
and at most p + 1 0’s. Assume first that x; . .. xp40 = 0P*+11, so that there is a y € {0, 1}V
such that W, (y) = x. Note that for any » > 1 there corresponds a j > 1 such that ol(x)=
W, (0" (y)) since any digit in y corresponds to a block 07*11 or 071 in x. From (3.4) we
get that
W, 0" (3) =07 (x) = w® = W, (™),

which by (4.5) above implies that o’ (y) = v for all r > 0. On the other hand, from
07 (x) < (S ... s1)> for all j >0 it follows that 6" (y) < (12 . .. t5y0)™ for all r > 0.
Hence, y € Z, and by the induction hypothesis there is an ¢ € {0, 1, ..., N} such that
y = o (v™). This implies that

),

x=W,(y)=0'(w

Downloaded from https://www.cambridge.org/core. 20 Oct 2021 at 08:04:15, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

The B-transformation with a hole at 0 2503

where
0 if £=0,
i=dp+2 if 0=1, (4.6)
P+)+mmi+D+(P2+D+--+(pe—1+1) if2<L<N.

If x is such that x1 . .. xj41 = 071 for some 0 < Jj < p,thenthereisay € {0, l}N such
that W, (y) = o/*1(x) and by the same arguments as above we get that
x =010/t (x) =0/1W,(y) =0/ 1o’ (™) =o' (™),
where, in view of (4.6),i’ € {0, 1, ..., m — 1} is defined by

g_[m=i-1 iti=0,
" li—j—1 otherwise.

This completes the proof. O

4.2. Farey intervals. 'We now use the Farey words to identify the basic intervals
(BL, Br] that are not contained in any other basic interval.

Definition 4.5. Let sy...sp, € F with ay...a, =L(s;...s,) and let y; and
yr be given by the quasi-greedy expansions «(yr)=(aj...an)* and o(yg) =
ap .. .a,‘n“ (@mam—1 . . . a1)*, respectively. Then the interval J,, 4, = (v, Yr] is called
the Farey interval generated by ay . . . ap,.

The following lemma is used to show that the Farey intervals are the maximal basic
intervals.

LEMMA 4.6. Let w=s|...spy € Fandleta=ay...a, =L(s1...5n). Ifa, =1 for
some 1 <n <m, then
(S(ay ...a; )™ <w™.

Proof. We will prove this lemma by induction on the level of the Farey words. For the
word 01 the statement is clear. Let k > 2 be given and assume that the statement holds for
all non-degenerate Farey words in F; with j <k. Letw =51 ...5, € F;. lf w = o1
or w = 01"~ then the statement obviously holds. Otherwise, in view of the fact that any
Farey word is balanced, w must have the form

w=0PT110P110P2 .. 10PY10P1 or w = 01701710172 ... 01PNO1PH!

for some p € N and N e NU {0}, where p; ... py €{p, p+ 1}V is a palindrome. We
split the proof into the following two cases.
(D w=07T110P11072 ... 10PN 107 1. Then

a=L(w) = 10710711072 . .. 10PNV 10T = 107010P1 1072 . .. 10PN 10PN+, (4.7)

Let W, be the substitution map from (4.4). Then by (4.7) there exists a word v =
tot ... tNtN+1 = 111 ... tx0 such that

0 (a>®) = (Vp)*.
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By [CIT18, Lemma 2.12] it follows that v = L(0¢; . . . ty1) and Oz . . . 151 € F; for some
i <k.Letl <n<mbesuchthata, =1. Then thereisa0 < j < N + 1 such that
ai...a; =10P10P . 10Pi-110PiF1,
Observe that p; € {p, p+1}. If p; = p + 1, then the Lyndon word S(a; . . . a,; ) begins
with 0721 and w begins with 07! 1. This implies that (S(a; . .. a, )™ < w™. If p; =
p,thent; =1 and
S(ay ...a;)N>® =W, ... tj’)))oo.
By the induction hypothesis it follows that
(S(1zy . .. tj*))Oo <0t ...ty D>,
Since the map W, preserves the lexicographical ordering (see (4.5)) this gives
Say ...a;) N =S W,r ... tj_)))OO =W, ... tj_))°°)
< W, (01 ... tx1)®) = w™.
(II) w = 01701710172 ... 01PN01P+!, Then the largest cyclic permutation of w is
a=L(w) = 171017101720 . .. 1PV 0170 =: 170017101720 . .. 1PNO1PN+10.  (4.8)
Define the substitution map ] » by
U,0)=017 and ¥,(1)=017"!

and extend it to words and sequences in the usual way. One easily shows that W p preserves
the lexicographical ordering. Then by (4.8) there exists a word v =1pt] ... ININ+1 =
1#1 . .. t§0 such that

"1 @>®) =¥, w™).

Furthermore, by [CIT18, Lemma 2.12] it follows that v =L(0¢; ...#x1) and Ot; . . . 1y
1 € F; for some i <k. Let 1 <n <m be such that a, = 1. Then by (4.8) there exist
0<j=<N+1land0 < £ < p; such that

ai...a, =17017101720. .. 1Pi-101Pi—4Q.

Observe that p; € {p, p+1}. ThenO0<p; —€<p. If p; —€ < p, then S(a; ...a,)
begins with 017/ =40 and w begins with 017. So, (S(a; . .. a, N® <w>®. If p; — L= p,
then pj = p+1andt; =1. Since Ot ... ty1 is a non-degenerate Farey word in F; with
i < k by the induction hypothesis we have

Sty ...1;)% < (01 ...ex D™
Since the map U p preserves the lexicographical ordering it follows that
Star ... =6, ... t7)N® =W, (St ... 1;)™)
< W, (01 ...ty 1)®) = w™.
This completes the lemma. O

PROPOSITION 4.7. Each Farey interval is a maximal basic interval.
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Proof. By Proposition 4.1 the basic intervals are nested, so it suffices to prove that a Farey
interval cannot be contained in any other basic interval. Let (yr, yr] be a Farey interval
generated by a Farey word s1 . .. s;;, and leta; . ..a, =L(s1...sy). Then

ay)=(ay...an)™ and a(yr)=ai...a(s;...sm).

Suppose on the contrary that there exists another basic interval (8, Br] such that
(vL, YrR1 S (BL, Br].- Assume that (81, Br] is generated by the Lyndon word ¢ .. .1,
andletb;...b, =L(t; ...1,). Then

a(Br)=(b1...b,)>® and a(Br)=by...bi(t1 ... 1,)%.
So, by using 81, < yr < Br it follows that
(b1...b)° <(ar...an)® <by...b (... 1), (4.9)
By the same argument as in the proof of Proposition 4.1 we obtain m > n.

Now we claim that ay...a,=b1... b;f. By (4.9) it follows that by ...b, X
ai...a, <by... b,‘,". So, it suffices to prove that aj . ..a, # by ...b,. Suppose that
aj...ay,=>by...b,. Write m =kn+ j withk>1and 1 <j <n. Note that a; ... an
is the largest cyclic permutation of a Farey word. Then a;+1 ...a, <ay ... ay—; for all
i <m. So,

ai...ay < (a ...a,,)kam_j+1...am <(a1...an)ka1 ...aj:(bl...bn)kbl ...bj,
leading to a contradiction with (4.9). This establishes the claim.

By the claim it follows thata, =1and #; ...#, =S(b; ... b,) =S(ay . ..a, ). Since
S1...8pn is a non-degenerate Farey word and a1 . . . a,, = L(s1 ... s»), by Lemma 4.6 it
follows that

... )P <1 s < (@t - amay ... ay)™.
Again by the claim we conclude that
by...bI(t ... t)®° < (ay...an)>®
This leads to a contradiction with (4.9). O

Proposition 3.10 states that for any B € Jy,..q4, the set E; contains an isolated

point. So, the set of 8 € (1,2) for which E; has no isolated points is a subset of
1, 2)\U51.”Sme}— Js,,..s;- Suppose on the other hand that 8 € (1, 2)\U51._~Sm€}— Ty -
From Proposition 3.3 we know that any isolated point ¢ of E; must have a periodic 8-
expansion b(t, B). To such a B-expansion we can relate a basic interval (8r, Bg] as in
Proposition 3.10. From the maximality of the Farey intervals and Proposition 3.10 we can
then deduce that ¢ is not isolated for E; Thus, the set of 8 € (1, 2) for which E;’ has no
isolated points is in fact equal to the set

a, 2)\ U Jos-

ST SmEF
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To prove Theorem C it is therefore enough to prove that this set has Hausdorff dimension
zero. We do so by relating each Farey interval Jg, 4, to another interval Iz, associated
to the doubling map and using known results for the union | J g7z

Recall that the doubling map is given by 7>(x) = 2x (mod 1) and that 75 : {0, N -
[0, 1] is the projection map defined in (2.1). Set

Ep:= {x € [O, %) T (x) e [x, X+ %] foralln > 0}.

For each Farey word w = wy ... w, € F we denote by I, := (gL, gr) the open interval
associated to w, where

qr = o (Wpwp—1 ... w1)*) — % and gr =m((wy ... wn)>).
The interval I, = (qr, qr) is well defined since by (f1) it follows that

gL = 00w 1wn—2 . .. W (W Wp—1 ... w1))

=m(wiwy ... Wu_10(Wypwyu_1 ... w)®) <m((w; ... wy,)>X) =qg.

In [CIT18] we find the following result.

PROPOSITION 4.8. [CIT18, Proposition 2.14]
(1)  Each I is a connected component of (0, %)\E D. Moreover,

1
(0, §>\ED= U L.
weF

Recall that by Lemma 2.1 the function « : 8 — «(B) is a strictly increasing bijection
from (1, 2] to @. Moreover, > : {0, 1}N — (0, 1] is a strictly increasing bijection if we
remove from {0, 1} all sequences ending with 0%°. Since such sequences do not occur as
quasi-greedy expansions of 1 and since the first digit o1 (8) equals 1 for any 8 € (1, 2), the
map

(i) dimyg Ep =0.

o (B)
2i

¢:(1,2)— (% 1>, B> maB) =)

i=1
is strictly increasing as well. The image ¢ ((1, 2)) is a proper subset of (%, 1).
LEMMA 4.9.
1
¢<(1, 2\ U Jsm...sl) c (5, 1)\ U (-1Iys)=1-Ep.
ST Sm EF Sl SmEF
Proof. Letsy...s, € Fwithay...a, =L(s1...sy). Note that
1
qr=m(@ @)™ =) - mar .. an)>) =1 - d).
n>1

Moreover, by Lemma 4.3(i) and (ii) it follows that

a(yr) =ai ...a (amam—1 . ..a1)>° = lay_1am—2 . .. a1 (@nam—1 . . . a))™.
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Then
o (yr) =m(lapm—1am—s . .. a1(@mam—1 . . . a1)>)
=3+ m(@mam—1 .. .aN®) = 3 + (1 = 12(@na@m—1 - --aD™))
=1 — (M@t aD™) — 3) =1—qr.
Since ¢ is strictly increasing and bijective from (1, 2) to ¢ ((1, 2)) this implies that

¢~ (1 —qr. 1 —q1)) = (ve., 7®)-
By Proposition 4.8(i) this gives the result. O

Finally, to determine the Hausdorff dimension of (1, 2)\ | s1..smeF Jsm...s1» We prove
that the inverse ¢_1 cmoa((1,2)) — (1, 2) is Holder continuous and combine this with
the following well-known result: if f : (X, p1) — (Y, p2) is a c-Holder continuous map
between two metric spaces (X, p1) and (Y, p2), then dimy f(X) < (1/c) dimy X.

LEMMA 4.10. For any integer N > 2 the function ¢~ is c-Hélder continuous with ¢ =
(log(1 + 1/N)/ log 4) on the set ¢ ([1 + (1/N), 2)).

Proof. Fix N > 2 and let 81, B2 € [1 4+ (1/N), 2) with 1 < B>. Then a(B1) < @(B2). Let
n be the positive integer such that

a1 (B1) .. an—1(B1) =a1(B2) ... op—1(B2) and o, (B1) < an(B2). (4.10)
By using 1 = mg, (a(B1)) = 7, (@(B2)) and (4.10) it follows that

0< om0 g S B
j=1 132 j=1 '81

- i o (B2) Z o (1)
< =

j—1
j=1 ,32 j=l1 ,32

o0 o0
:Z ij(,BZ) .—Olj(ﬂl) < Z
j—1 -

j=n ﬂz j=n
On the other hand, by (4.10) we also have

mala(p) — mala(py = Y WD) @) = s P

1 2—n
N(l—i—ﬁ) . @11

1
L
+ W)

27

Jj=1 Jj=n

1 ad 1 1

> Ly @l —. @12
n 2J 2n(2" — 1) T
j=n+1
where the second inequality follows by Lemma 2.1 and the fact that
1 (Ben2(B1) - - S @1 (Boa(Br) - - < (1"10)%

Combining (4.11) and (4.12) we conclude that

1
Im2(@(B2)) —m@B)l = 2 ={1+5

( 1 )—(log4)/(log(l+1/N))n

x |B2 — Bi |(log4)/(log(l+l/N))- 0
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Proof of Theorem C. By Lemma 4.9 the only thing left to show is that dimy ¢~ !(1 —
Ep) = 0. This follows from Lemma 4.10 and Proposition 4.8(ii) in the following way:

1
0 <dimy ¢~ '(1 — Ep) =dimy ( U <¢‘(1 —Ep)N [1 + 5 2)))

N>2

1
= di —1<1—E N (1+—,2)>>
;uzr; impg ¢~ | ( p)Née [ N

< log4 (1—E)m ([1+1 2)))
= ot 1wy T ER O[T

log 4 . log 4
<sup ——————dimy (1 — Ep) = sup ——————
N>2 log(1+1/N) n>2 log(1+1/N)

dimyg Ep =0. O
5. The critical points of the dimension function

Since the map ng : t = dimpy Kg(¢) is a decreasing, continuous function with ng(0) =1
and ng(1/B) = 0, there is a unique value 7g such thatdimy Kg(7) > Oifand only if < 7g.
Determining the value of g would extend the results from [Clal6] for holes of the form
(0, t). For B =y equal to the left end point of one of the Farey intervals, we show below
that g = 1 — (1/8). This result is based on the following lemma.

LEMMAS.1. Letsy...s;m € Fwithay ...ay =L(sy...sy). Let 1 < j <m be such that
$1...Sm=aj41...apal ...a;. Foreach N > 1 define the sequence ty € {0, 1}N by

ty :=(0az...an(ar ...am)Vay...a)>. (5.1)

Then for each N > 1, ty < ty+1. Furthermore, any sequence t that is a concatenation of
blocks of the form
Oaz...am(al...am)kal ...aj, k=N,

satisfies ty < o (t) < (ay ...an)*> for all n > 0. In particular, we have for each n >0
that
ty <o"(ty) < (ay...an)™.

Proof. By Lemma 4.3 it follows that
S1ov.Sm =amam—1...a1=0ay .. .a;=a1+1 c..Qpai ... aj. 5.2)
This implies that for all N > 1

N — N
tvy =0ay ...an(ar...ay) a1...aj)(aj+1...ama1...aj (ai ...anm) al...aj)oo

N+1
<Oay...apay...an)" o coa)® =ty

giving the first part of the statement. For the second part, let t be a sequence
consisting of a concatenation of blocks of the form Oay . . . ay(ay . . . am)kal ...aj with
prefix Oaz . ..ap(a;g ... am)¥ay .. .aj for some K > N. We first show that o (t) <
(ai . ..ap)® for all n > 0. For n = 0 the statement is clear. By Lemma 3.8 it follows that
Aiy1--.ap <aj ...apm—; foreach 0 <i < m. This implies that 6" (t) < (a; . . . a;)*> for
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eachfm <n < (£ + 1)m,0 < ¢ < K. For all other values of n < (K + 1)m + j we obtain
the result from (5.2), which implies that

a1...a‘/Oaz...am:al...amal...aj_<a1...ama1...aj.

The same arguments then give the result for any n > 0. Hence, " (t) < (a; . . . a,,)* for
all n > 0. We now show that 6" (t) = ty for each n > 0. Note that t has prefix

- K
st...Sy(ar .. oap)”ar ... aj.

For n = 0 the statement follows from (5.2). By (5.2) and Lemmas 3.2 and 3.8 it follows
that

Sitl . Sy FS1.. Sm—i and  ay...a; > Am_it1 ... 0n =Sm—itl .. Sy

for all 0 <i < m, giving the statement for all 0 < n < m. Since si ... s, is the Lyndon
word associated to aj . . . a,; we obtain

Aiy] ..-AuAl ...A; =81« S >8] ...5,

m forany 0 <i <m.

Since ay...ajsi...Sm—j=ai...ay the conclusion that o”"(t) =ty for all n >0
follows. O

PROPOSITION 5.2. Let sy ...s, € Fwithay ...a, =L(s1...sn) andlet B € (1, 2) be
such thata(B) = (ay . ..a;u)>°. Then 1 — (1/B) € Eg and

1

p=1— E =maxE_;.
Proof. Since m is the minimal period of «(8) the greedy B-expansion of 1 is equal to
b(l,B)=aj ...a 0% Lemma4.3tellsusthata; ...a, =lay_1...ai, so
. o 1 100 1 1
wg(amam—1 - ..a107) =mg(lay—1...a107) — E =mg(ay ...a,0") — E =1- ,E

Recall that a,,a,,—1 ...a1 =0a; . . .a,;t . Then by Lemma 3.8 it follows that for each
n>0, oc"(apam—1...a10%°) <@y ...an)*® =a(B) and hence apa;,—i...a;0% is
the greedy B-expansion of 1 — (1/8), ie., b(1 — (1/B), B) =amam—1 - ..a10°. By
Lemma 3.2, b(1 — (1/B), B) € £),s0 1 — (1/B) € E.
The quasi-greedy B-expansion of 1 — (1/8) is given by

5(1 - % ,3) =0as...am(ay ...am)>®.

Now consider the sequences ty from Lemma 5.1. Since ty < o"(ty) < (a1 ...ay)*° =
a(B) for all n >0 we have ty 65;{ for each N > 1. Moreover, if we set fy :=

mg(ty), then Lemma 2.2 gives that ry /1 — (1/8) as N — oo. So, max E; >1-
(1/B). Furthermore, the fact that any sequence of concatenations of blocks of the form
0az . ..am(ai ...am)*ay ...aj, k> N, belongs to lc;(rN) implies that hmp(/c;(zN))
>0 for all N > 1 and hence also A, (Kg(ty)) > 0 for all N > 1. By the dimension
formula (2.6) we then get that 754 > 1 — (1/5).
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On the other hand, by Lemma 4.3(ii) and Proposition 4.4 we have

1
K;(l — E) ={(x;):amam—1 ...a10° K" ((x))) < (a1 ...a,)>° Vn>0}=40.
_ (5.3)
Since E; N[l —1/8),11< K;(l — (1/B)) this implies that max E;; <1-(1/p). It
also implies that dimgy Kg(1 — (1/8)) =0, which gives that 75 <1 — (1/8) and proves
the result. O

Remark 5.3. Note that the previous lemma also implies that for any t < 1 — (1/yL) we
have htop(IC;,rL (1)) > 0. We will use this later on.

Next we will give a lower and an upper bound for T4 on each Farey interval (yL, yg].

LEMMA 54. Letsy...sme Fwithay ...an =L(s1...5sy,). Foreach B € (yL, yr] set
t*=ng0as . ..am(a ...an)>®) and t° =1g0as . ..a;0%°). Then t* € E}, t° € EY

B’ B
and
11 1 . . 1
l——— — 4+ —————— <" <1 <t°<1—-.
B p" BB"-1
Proof. Take B € (yL, yr]- Then
(@ ...am)™® <a(B)<ai...a(@nam—1 ...a1)>.
We first show that g > t*. By Lemmas 4.3 and 3.8 we have
0" Oay ...am(ay...ap)>®) < (a1 ...a,)° <a(B) foralln>0.
Hence, b(t*, B) =0a; . .. apn(a; . . . ay)® and as in the proof of Lemma 5.1 we have that

o (b(t*, B)) = b(t*, B) foreach n > 0. So, t* € E;

For each ¢ < t* we have by Lemma 2.2 that b(t, 8) <0ay .. .ay(ay . .. an)*>*. This
implies that for N large enough b(t, ) <ty < (a1 .. .ay)*° <a(B). By Lemma 5.1 it
follows that 7y € /c;(t) and hop(Kp(1)) > hmp(/c; (t)) > 0. Thus, dimy Kg(t) > 0 and
T8 > 1.

On the other hand, for t® we have that Oa; .. .a,j;OOO is admissible for any B €
(yL, yr] and that " (Oaz . .. a;;0%°) > 0az ... a; ;0% forall 0 <n <m, so t° € Eg. By

Lemmas 4.3 and 3.7 we get

K5 (%)
CH{x) amam—1 ... a10° K" ((x;)) < ay ... a} @mam—1 . ..a))™ ¥n >0}
={(x;) : (@mam—1 . ..a1)®° 0" ((x)) < ai . ..a} (@nam—1 ...a1)*> Yn >0}
={(x) : (@mam-1 ...a)* K" ((x) < (@1 . ..an)>* Yn =0}
={(x): amam—1 ...a10®° K" ((x;))) < (a1 ...ay)> Vn>0}. (5.4)

By Proposition 4.4 it follows that #IC; (t°) < 00, so that dimpy Kg(r®) = 0. This gives that
78 < t°. Note that
Tyelaas ... atOay ... ay)™®) =1.
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025

FIGURE 3. A plotof I — (1/8) and 1 — (1/8) — (1/8™) + (1/B(B™ — 1)) for basic intervals corresponding to
Farey words of length m with m < 10.

Then we have for each 8 € (yr, yr] that

t* =ng0az...am(a1as ... am)>)
0

1 1 1 1 1 1
[ N |
AT Eﬂ"nﬂ BB BB D)

From Proposition 5.2 we know that 7y, (0az . ..q;;0°)=1— (1/y1). For B>y, we
have aj .. .a,;;0® < b(1, B), so that

1
t° =mp0az . ..a 0%) =ng(a ...at0%) —7p(10%°) < 1 — 5 O

In Figure 3 we see a plot of the lower and upper bounds for 74 found in Lemma 5.4.
The next lemma considers the critical point T4 for the remaining values of B, i.e., those
that are not in the closure of a Farey interval.

LEMMA 5.5. Let B € (1, 2)\ UlyL, yr] with the union taken over all Farey intervals.
Then max E; =1=1-(1/B).

Proof. Take B e (1, 2\ UIlyL, yr]. First we show that 3>1—-(1/8). Lett<
1 — (1/B) with b(t, B) = (b;i(t, B)). Since dimg ((1, 2)\ J[yL, yr]) =0 there exists a
sequence of Farey intervals ([yr , ¥r.x]) such that y x B ask — oo. Thus, ask — oo
we have

\Zb(t A ¢ and 1—L/1—%. (5.5)

YL .k

”MS

For each k we have a sequence (t; y) € £
for each N, n > 1 that

VL , as given in (5.1). Since yg x < B we obtain

ten <o (e n) < a(yrr) <a(p).
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Hence, t; y € 6’; for all k>1 and N >1. This gives that maxE_;z 1—(1/8).
Moreover, since t < 1 — (1/8) we can find by (5.5) a sufficiently large M € N such that

bi(t, B) 1 1
= <1-— 1——.
P Z (ye,m)! YL.M = B

Observe that b(t, B) = (b; (¢, B)) is a yr m-expansion of #1, which is lexicographically less
than or equal to its greedy expansion b(t1, ¥ m). Then

KE@6) ={(xi) :b(t, B) < 0" ((x1) < a(B) ¥n = 0}
2 {(x1) s b1, yr,m) < 0" () < alyL,m) ¥n =0} =K, | (1), (5.6)

Since 1y, ,, =1 — (1/yL,m) > t1 by Remark 5.3 we know that htOP(’CyL (1)) >0 and
together with (5.6) we then find that htop(IC; (t)) > 0, which in turn implies that 75 > ¢.
Since t < 1 — (1/B) was taken arbitrarily we conclude that 7g > 1 — (1/8).

To prove the other inequality we show that for any # > 1 — (1/8) we have IC;r =9
Take t > 1 — (1/B). There is a sequence of Farey intervals ([yr k, Yr.x]) such that

YLk \p as k — oo. Thus, when k — oo we have
o
=1

Since r > 1 — (1/8) we can find a sufficiently large N € N such that

Zb"(t’.’s)zz and 1— —— N 1— 1.

(re. k)’ = P YL.k B

Since yr .y > B, b(t, B) is the greedy y1 y-expansion of 7, i.e., b(t, B) =b(t2, yL N).
Therefore,

K (@) S {(x) : b(12, yo,n) < 0" () < @y n) ¥n = 0)

= K:;L N (tZ) < ’CVL N (TVL,N)'

From (5.3) we conclude that IC+(t) = () and hence max ES g <t. Sincet > 1— (1/B)

’B )
was taken arbitrarily we have max ES p=Tp= 1—(1/8). O

Proof of Theorem D. From Proposition 5.2 and Lemmas 5.4 and 5.5 we know that for all
B € (1,2) we have tg <1 — (1/B) with equality only if 8 € (1, 2)\ U(yr. yr]. We also

know that for these points 75 = max Eg

By Proposition 3.3 we know that any isolated point of E; has a periodic greedy
B-expansion b(t, ). From Proposition 3.10 it follows that any 7 € (0, 1), for which
b(t, B) =(s1...5,) is Lyndon, is isolated in E; if and only if 8 lies in the basic
interval associated to (s . . . 5,;)°°. Since Farey intervals are maximal by Proposition 4.7,
if 8 ¢ J(yr, yr], then E; cannot contain an isolated point and E; is a Cantor set. a

Downloaded from https://www.cambridge.org/core. 20 Oct 2021 at 08:04:15, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

The B-transformation with a hole at 0 2513

6. Final observations and remarks

With the results from Theorems B and C we have shown that the situation for g € (1, 2)
differs drastically from the situation for 8 = 2 that was previously investigated in [Urb86,
Nil09, CT17]. There are still several unanswered questions.

Firstly, the structure of Eg remains illusive to us. We know that ¢ € Eg is isolated in

Egif B — 1 ¢ Kg(t) and in Proposition 2.6 we proved that hp (Kg (1)) = htop(ng (1)) for

any t € E; It would be interesting to know whether ¢ € Eg is isolated in Eg in case

B — 1 € Kg(t) and to consider hmp(ng (t)) alsoin case t ¢ E;

In the previous section we have investigated the value of the critical point 74 of the
dimension function ng : t — dimy Kg(¢). We could determine this value for any § in the
set (1, 2)\ U(yL, yr]- If B € (yL, yr] for some Farey interval (yr, ygr], we only have a
lower and an upper bound for 7g. With a calculation very similar to the one in (5.4) one
can show that for any 8 € (yr, yr] that satisfies

a(B) <ai...ab0az...an)a...an)>™

we have 7g =t*. However, for larger values of 8 € (y, yr] the situation seems more
intricate. It would be interesting to consider this question further by specifying tg more
precisely also on | J(yr, yr] and by analysing the behaviour of the function 7 : 8 — 1.

For B = 2 it is shown in [Urb86] that dimgy (E> N [¢, 1]) = dimy K> (¢). Motivated by
Proposition 2.7 we conjecture the following.

CONJECTURE 6.1. For any t € [0, 1) and any B € (1, 2) we have dimy(Eg N [¢t, 1]) =
dimpy Kg(1).
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