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Brauer-Manin obstruction for Erdds—Straus surfaces

Martin Bright and Daniel Loughran

ABSTRACT

We study the failure of the integral Hasse principle and strong approximation for the Erdds—
Straus conjecture using the Brauer—Manin obstruction.
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1. Introduction

1.1. The Erdés—Straus conjecture

The Erdés—Straus conjecture states that for every n > 2 the equation

(NSNS "
n Ul u9 us
always has a solution with w1, uo, us € N. Note that there is always a solution with uy, us, us € Z
[14], and to prove the conjecture it suffices to consider the case where n is a prime. Moreover,
for any fixed n, it is straightforward to see that there can be only finitely many solutions,
and that they may be easily enumerated (see Lemma 3.10). We refer to Mordell’s book [19,
Chapter 30] and the more recent paper [8] for further background and history on this problem.
In this paper, we investigate what modern techniques from arithmetic geometry can say
about this conjecture and more generally the structure of the solutions to (1.1). At a first
glance, it is not clear how to use tools from modern algebraic geometry to tackle the problem,
as N is not a ring. However, this conjecture does indeed have a natural interpretation as a
question of strong approximation, stipulating that integer solutions with certain real conditions
exist. Our first main result states that there is no Brauer-Manin obstruction in this case (see
§1.2 for a more precise statement and background on the Brauer—Manin obstruction).

THEOREM 1.1. Let n > 2. Then there is no Brauer—-Manin obstruction to the existence of
natural number solutions of equation (1.1).
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Despite there being no Brauer—Manin obstruction to the conjecture, it turns out that there
is in fact an obstruction to strong approximation at the p-adic places. This obstruction has the
following completely explicit description. (In the statement, (-,-), denotes the Hilbert symbol.)

THEOREM 1.2. Let n € N be odd and u € N* a solution to (1.1). Then

H(—Ul/U3, —’U,g/Ug)p = —1.

pln

Despite the apparent asymmetry, the given Hilbert symbols are actually invariant under the
natural action of the symmetric group S5 on the variables u; (see Proposition 2.6). In the stated
generality, Theorem 1.2 does not seem to have been known and gives new conditions which
natural number solutions must satisfy. Theorem 1.2 allows one to recover various known results
in a more systematic and conceptual way, as special cases of a Brauer-Manin obstruction. For
example, if n is an odd prime, we have the following.

COROLLARY 1.3. Let n=p be an odd prime and u € N* a solution to (1.1). Then there
exists i # j such that u;/u; € Zy. For such a solution, we have

where the symbol is the Legendre symbol.

Corollary 1.3 unifies various quadratic reciprocity conditions found by Yamamoto [24] for
p=1mod4. We are also able to recover the following result of Elsholtz and Tao
(8, Proposition 1.6].

COROLLARY 1.4. Ifn is an odd square, then there are no natural number solutions u with

n | uy,ged(n,uguz) =1, or ged(n,ur) =1,n|uz,n | us.

Corollary 1.4 is really a condition on natural number solutions which is not present for integer
solutions (for example, for n = 9 consider the solutions (—18,4,4) and (-9, 2,18)). Similarly,
the congruence condition in Corollary 1.3 is also not present for integer solutions in general. For
example, consider p = 5 and the solution (—5,2,2), where the corresponding Legendre symbol
is 1. In fact, for integer solutions which are not natural number solutions, the exact opposite
of Theorem 1.2 holds.

THEOREM 1.5. Let n be an odd integer and u € Z> a solution to (1.1) which is not a natural
number solution. Then

H(_Ul/USa —ug/ug)p = 1.

pln

1.2. Geometric interpretation

We now explain in more detail how to interpret our results geometrically using the Brauer—
Manin obstruction. Consider the corresponding algebraic surface derived from (1.1)

U,: 4dujusug = n(uus + ujus + ugug) C A%. (1.2)

This is an affine cubic surface, and geometrically a so-called log K3 surface. Many interesting
classical Diophantine equations turn out to concern log K3 surfaces, and their integer points
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are an active area of research [5, 6, 11-13, 17|. Note that U, is singular, with the unique
singular point lying at the origin.

We let U,, denote the natural model for U, given by the same equation in AJ. Note that
Uy 2 U, over Q for all n € N, by simply rescaling the u;. The Erd6s—Straus conjecture therefore
concerns existence of certain integer points on different models over Z of the same surface over
Q; in particular, this nicely highlights the fact that different models of the same surface can
give rise to very different problems in general.

Let mo(Un(R)) be the set of connected components of U, (R) and Ag s the ring of finite
adeles. One says that U,, satisfies strong approximation if U, (Q) has dense image in U, (Ag)e :=
mo(Un(R)) x U, (Ag,s); equivalently, if

Un(QNW #0 (1.3)

for all non-empty open subsets W C U,,(Ag)e. We work with U, (Ag)e since U, (Q) C U,,(Ag)
is discrete as U, is affine, hence clearly not dense. We let

U,(R)+ ={ueU,(R) : u1,uz,us > 0}.

We will show that U, (R); is a connected component of U, (R), and its complement is also
a connected component. We define U,,(N) := U,,(Z) N U, (R)+. The Erdés—Straus conjecture
is equivalent to (1.3) for W = {U,(R)+} x [[,Un(Zy), hence stipulates that a special case of
strong approximation holds. One can even formulate the conjecture as a problem of strong
approximation for Uy; here it is equivalent to (1.3) for U; and W, for all n > 2, where

W, ={U1(R);} x H{up € U1(Qp) : vp(u;) < —vp(n) for all 4} x HZ/ﬁ (Z,).

pln ptn

We now recall how one can use the Brauer group to study this problem (see [20, §8.2] for
further background on the Brauer-Manin obstruction). Recall that there is a right continuous
pairing

BrU, x U,(Ag)e — Q/Z

given by pairing with an element of Br U,, and taking the sum of local invariants. For an open
subset W C U,,(Ag)e, we define WBT to be the right kernel of this pairing restricted to W.
We have U, (Q) N W C WP'; in particular, if WB" = (), then U,,(Q) N W = @) and one says that
there is a Brauer-Manin obstruction to strong approximation (cf. (1.3)). We first calculate the
Brauer group.

THEOREM 1.6. We have
BrU,/BrQ=7Z/2Z

generated by the quaternion algebra (—uj/us, —us/us).

The algebra in Theorem 1.6 is transcendental, meaning that it does not become trivial
after base change to an algebraic closure of QQ, so we will obtain new cases of a transcendental
Brauer-Manin obstruction on log K3 surfaces. One novel feature is that there are few examples
in the literature where Brauer groups of singular varieties have been computed, as Brauer group
computations usually use Grothendieck’s purity theorem which requires regularity (or at least
a singular locus of large codimension). We prove Theorem 1.6 by first calculating the Brauer
group of a desingularisation, then showing that every such Brauer group element comes from
the singular surface.

This latter property is a special case of a more general result about Brauer groups of singular
surfaces, which may be of independent interest and does not seem to have been noticed before.
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Recall that a normal variety Y/k is said to have only rational singularities if there exists a
desingularisation Y — Y for which all the higher direct images of Oy are trivial.

THEOREM 1.7. Let U be a normal surface over a field k of characteristic 0 with
rational singularities and f: U — U a desingularisation. Then the induced map BrU — BrU
is surjective.

One could hope to use the Brauer group element from Theorem 1.6 to disprove the Erd&s—
Straus conjecture by showing that (Un(R)+ x ][, U, (Z,))B" = ; our next result says that this
does not happen.

THEOREM 1.8. For all n € N, we have

(Un(R)+ X Hun(zp))Br # 0, (1.4)

(Un(R)4 x Hun(Zp))Br # Un(R)4 x Hun(Zp)- (1.5)

The first equation (1.4) is a more precise version of Theorem 1.1. The second equation (1.5)
says that nonetheless there is always a Brauer—Manin obstruction to strong approximation for
natural number solutions (as manifested by Theorems 1.2 and 1.5).

Despite there being a Brauer—-Manin obstruction to strong approximation, it turns out that
not every failure of strong approximation is explained by the Brauer—-Manin obstruction.

THEOREM 1.9. For all n € N, the map
Un(Q) = Un(Ag)"

does not have dense image.

We prove this by showing that U,,(Z) is not Zariski dense using real considerations. The
conclusion then follows from the fact that Br U, /Br@Q is finite.

REMARK 1.10. In this paper, we focus on the original conjecture of Erdés—Straus concerning
equation (1.1). A more general conjecture, due to Schinzel [22], states that given m > 3, for
all n > ng(m) there exists u; € N such that

m 1 1 1

—=—+—+ —.

n Ul (U5) us
These surfaces are again Q-isomorphic, hence Theorem 1.6 still holds here. A minor adaptation
of our method shows the following analogue of Theorem 1.2: for all solutions with u € N3, we
have

H (—Ul/’LL3, —Ug/Ug)p = —1
p|2nm

Moreover versions of Theorems 1.5, 1.8, and 1.9 also hold in this case.

Outline of the paper

In §2 we study the geometry of Erdos—Straus surfaces over a field k£ of characteristic 0. We
calculate the desingularisation, the Picard group, and the Brauer group (Theorem 1.6). In
§3, we apply our knowledge of the Brauer group to prove the remaining results from the
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introduction. The appendix explains in more detail how Corollary 1.3 relates to results of
Yamamoto [24].

Notation

For a field k, we denote by u(k) the group of roots of unity in k. For a scheme X, we denote
by Br X = H*(X,G,,) its (cohomological) Brauer group.

2. Geometry of Erd8s—Straus surfaces

In this section, we study the geometry of the surfaces U, from (1.2). We work over a field
k of characteristic 0 with algebraic closure k. The primary aim of this section is to prove
Theorem 1.6. We also prove a result of independent interest on Brauer groups of rational
surface singularities (Theorem 1.7).

2.1. The Cayley cubic and its lines
We let
Sp i dximexs = n(xox1xe + Tox1T3 + ToTaT3)

be the closure of U,, in ]P’%, with U,, being the affine patch xg # 0 with variables uy, uo, us.
For n = —4, this projective surface is known as Cayley’s (nodal) cubic surface; every S, is
isomorphic over k to the Cayley cubic surface. The surface S,, has four singularities, each of
type A, given by setting all but one coordinate equal to 0; we let P = (1:0:0:0) be the
singularity in U,,. The Cayley cubic has nine lines over k. This induces six lines on U,,, of which
we are interested in the following three lines

Lij:u=u;j=0, i#je{l,2,3}.

2.2. Desingularisation

Let @, be the desingularisation of U, given by blowing up P once, with exceptional curve
E C U,. By abuse of notation, we denote by L; ; the strict transform of the relevant lines in

U,,. We have the equation

Up:  Auiyoys = n(y1ye + y1ys + y2u3), yiuj = yjug, i,5 € {1,2,3}  C A® x P?,

where w1, us, us are coordinates on A3, and 1, ¥, y3 are homogeneous coordinates on P2. With
respect to this equation, the curves of interest to us are

E5U1=U,2=U3:0, LL7JyL=yJ:O,Z7£]€{1,273}

One checks that
G v =Ly Los, divZ2 =L, Lyis. (2.1)
Ui Yj Y3 Y3

2.3. Parametrisation

Any cubic surface with a rational singularity is rational, with a birational parametrisation
given by projecting away for the singular point. Applying this to the singularity P, we obtain
the birational map to P?. On the desingularisation, this becomes the birational morphism

Up — P2 (ur,ug,us;yn - ya 2 yz) — (12 4 - y3)- (2.2)
We let
V, :=U, \ {y1y2y3 = 0}. (2.3)
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Note that the boundary is the disjoint union of the lines L; ;
U, \Vo=Li2ULy3ULs;. (2.4)
The following important observation will be used numerous times.

LEMMA 2.1. We have V,, & G2, and H*(V,, ;,Gy,) = k* @ Z?, with the Z? factor generated
by y1/ys and ya/ys.

Proof. That V,, = G2, follows from the fact that the map (2.2) becomes an isomorphism
onto its image when restricted to V,,. The second part follows from the fact that the invertible
regular functions on G2, are generated by characters and non-zero constants. O

Lemma 2.2. H(U, ;,Gw) = k™.

Proof. By Lemma 2.1, any invertible regular function must be a non-trivial product of
powers of y1/ys and ya/y3, modulo constants. However, such a function cannot be invertible
on U, since its divisor is always non-trivial by (2.1). O

2.4. Picard group
LEmMA 2.3. We have Pic ﬁn = Pic ﬁnﬁ = Z generated by Ly 5.

Proof. By Lemma 2.1 and (2.1), we have the exact sequence
0 = (y1/y3,y2/y3) = (L12,L23,L31) — Pic ﬁnk — PicV, ; — 0,

where the second map associates to a rational function its divisor and the third map associates
to a divisor its class. But PicV,, ; = 0 by Lemma 2.1. The result now follows from (2.1). O

2.5. Brauer group

2.5.1. Brauer group of U,. We denote by Br; X = ker(Br X — Br X;) the algebraic
Brauer group of a variety X/k.

LeMMA 2.4. Br, U, = Brk.

Proof. Lemma 2.2 and the Hochschild-Serre spectral sequence give an injection
Br, U,/ Brk — H'(k, Pic U,.r)- But PicU, ; = Z with trivial Galois action by Lemma 2.3,
hence this Galois cohomology group is trivial. O

We now find the Galois action on the Brauer group. We denote by Q/Z(-1):=
Hom(u(k),Q/Z), and refer to [9, §2.5] for background on cyclic algebras.

PROPOSITION 2.5. The natural map Br ﬁn’,; — BrV,, i, induced by the inclusion V,, C U,,

is an isomorphism. In particular, Br ﬁn,; >~ Q/Z(-1) as a Galois module, and its elements are
represented by the cyclic algebras

(u1/uz, uafug)c, ¢ € p(k).

Proof.  The explicit description of BrV,, ; follows from Lemma 2.1 and the fact that
BrG? . = Q/Z(—1), given by the stated cyclic algebras (see [4, §8.1] — note that for
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o € Gal(k/k) we have o(ac) = ay(c), but for ¢ an nth root of unity and a € (Z/nZ)* we
have ao¢ = ago-1).

So let b = (u1/ug, us/ug)c. It suffices to show that b is unramified along the boundary (2.4).
The L, ; are regular and disjoint, hence Grothendieck’s purity theorem [10, Corollary 6.2]
yields the exact sequence

0—BrU,; = BrV, ; - PH (L, ;;Q/2),
i#]
where the last map is the residues along the L, ; 7. (Note that the hypothesis that the boundary

divisor be regular is missing from Grothendieck’s statement, but it holds in our case.) However,
Lijx= A]% is simply connected, so the corresponding residues are trivial. The result follows. [

We next show that every Galois-invariant element of Br (7”’,5 in fact descends to the ground
field k. To do this, we make use of the relation
Uj 1

Tu g,k =1{1,2 2.
uj 1+ up —dug/n’ {#,3,k} = {1,2,3}, (2.5)

derived from (1.1). (This relation will also appear in other parts of the paper).

PROPOSITION 2.6. The natural map BrU,, — (Br U'W;.)Gal(’;/k) is surjective. A complete set

of representatives for the elements of Br U, / Brk is given by the cyclic algebras

ac = (—u1/us, —uz/ug)c, ¢ € u(k).

These algebras have the following equivalent representations:

ac = (—uifur, —uj/ur)e = (=yi/ye, —y;/ur)e,  {i,7,k} ={1,2,3}.

Proof. By Proposition 2.5, we have (Br (7”7,;)(}&1(’“/’“) ~ (Q/Z(—1))S(+/k) "and this is (non-
canonically) isomorphic to p(k) [6, Lemma 2.4]. By Proposition 2.5, the cyclic algebras a¢
therefore give a complete set of representatives for the Galois-invariant elements. It thus suffices
to show that these descend to k.

The different representations are easily checked to hold in the Brauer group of the function
field of U, using (2.1) and the relation (a,b)c = (—b/a,1/a)¢. To show that «, is unramified
along the L; ;, we use (2.1). By symmetry, it suffices to show that a. is unramified along Lo 3.
However, by (2.1) and standard formulae for residues [9, Proposition 7.5.1, Exercise 7.1.5], the
residue of ¢ along Lo 3 is

—ug/ug € k(L2,;3)"/(k(L2,3)")™,
where m is the order of ¢. But using the relation (2.5), we have

U 1
us 14 wuz/u; — 4uz/n’

so that the residue is in fact equal to 1 along Lo 3 as u3 = 0 here. This shows that a¢ € Br ﬁn,
as required. O

Note that Proposition 2.6 shows that Br I:jn/ Brk is finite if k£ is a number field; something
which is not a priori obvious.

COROLLARY 2.7. Ifk = Q, then Br (7”/ BrQ is isomorphic to Z/27 generated by the class
of the quaternion algebra

a:=a_y = (—uy/ug, —uz/us).
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REMARK 2.8. Note that the ‘obvious’ Galois-invariant element (uj/us,us/ug) does not
descend to Q. Despite being unramified over Q, it ramifies over the lines L; ; with constant
(non-trivial) residue. We have multiplied this element by some ramified algebraic Brauer group
elements to kill these constant residues.

2.5.2. Brauer group of U,. We calculated the Brauer group of the desingularisation U,
using Grothendieck’s purity theorem. This method uses that U,, is smooth and does not apply
directly to U,,. To calculate Br U,, we shall use Theorem 1.7, which we now prove.

Proof of Theorem 1.7. We compute the higher direct images RYf,G,, with respect to the
étale topology and use the Leray spectral sequence for the morphism f and the sheaf Gy, ; the
necessary material can be found in [16, §III, §IV].

Let Pi,..., P, be the closed points at which U is singular, with residue fields k; = s(FP;),
and let E; be the exceptional divisor above P;. Let P; be a geometric point above P;, and let
E; the fibre above P;. By [1, Proposition 1], E; is a tree of P's. By [16, Proposition 11.1],
Pic E; is isomorphic to Z%, where d; is the number of irreducible components of E;, with the
absolute Galois group of k; permuting the factors as it permutes the irreducible components.

Let O?Jh p, be a strict Henselisation of the local ring of U at P;. The standard calculation of the
stalks of higher direct images shows that (R! f.G,,) p, 1s isomorphic to Pic(U xy Spec O?j}j P,
The natural map Pic(U Xy Spec (’)?}?Pj) — Pic E; is injective by [16, Theorem 12.1] and
surjective by [16, Lemma 14.3], so is an isomorphism. We deduce that (R! f+Gm)p, and Pic E;
are isomorphic as Galois modules over k;. Let i; : P; — U be the inclusion. Given that R! f, Gy,
is supported at the points P;, we have computed

R'£.Gn 2 || (). Pic E;. (2.6)

It follows that
H'(U,R'£.Gy) = [ [H' (k;, Pic E;) = 0, (2.7)
J

since Pic E; is an induced module.

We now show that the stalks (R?f.G,,) p, are torsion-free. The Kummer sequence on U
gives, for any m > 1, an exact sequence

R'f.Gm =5 R'f.Gu — R fiptry = R £.Gry =5 R £, G-
Proper base change [18, Corollary VI.2.7] shows

(RQf*um)p_] = HQ(Ej,um) =~ Pic E;/m Pic E;,

where the last isomorphism follows from the Kummer sequence of E;, as BrE; =0 by
(10, Corollary 1.2]. Therefore, (R' f.Gy,)p, surjects onto (R*f.pem)p, by (2.6), showing that
(R2f.Gy,)p has no non-trivial m-torsion.

Using (2.6) and (2.7), the Leray spectral sequence for the morphism f and the sheaf Gy,
now gives an exact sequence

PicU — PicU — [ [ H'(k;, Pic E;) — BrU — BrU — H (U, R*£.Gu). (2.8)
J

Since U is regular, Br Uisa subgroup of Br k(l’? ) and is therefore torsion. Thus the rightmost
arrow is zero. This proves that BrU — Br U is surjective. O

In the case of Erdés—Straus surfaces, we obtain the following stronger result.
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COROLLARY 2.9. The natural map Br U, — Br (7" is an isomorphism.

Proof. By Theorem 1.7, it suffices to show that the stated map is injective. The exact
sequence (2.8) here reads

PicU, — PicU, — PicE — BrU, — BrU, — 0.

But Pic l?n — Pic E is surjective as the strict transform of L; 5 has intersection number 1 with
the exceptional divisor E. This completes the proof. O

Corollaries 2.7 and 2.9 in particular prove Theorem 1.6.

REMARK 2.10. The map in Theorem 1.7 need not be an isomorphism in general. If X is
the Cayley cubic surface in P2, then Br X = Z/2Z [2, Table 2], but the Brauer group of the
desingularisation is clearly trivial.

REMARK 2.11. We have calculated BrU,, for completeness; however, we could just have
chosen to work on the desingularisation instead. Namely, consider the Brauer group element
a € BrU,. Restricting o to the exceptional divisor £ =2 Pb, we find that « is constant along
FE as Br }P’(b = BrQ (in fact our choice of « is even trivial along F). Therefore, we could have
chosen to instead define

Un(Ag)P" := Im(U,(Ag)P" — U,(Ag)).
as pairing with « is independent of the choice of lift of adelic point from U, to 5”. This is
essentially the approach advocated in [7, § 8] for dealing with the Brauer-Manin obstruction

on singular varieties. (Note that in our case the smooth points are dense in U, (Q,) for all v,
50 Un(Qy) = Un(Qy)cens in the notation of loc. cit.)

3. Brauer—Manin obstruction

We now study the integral Brauer—Manin obstruction in our case over Q. Let n € N.

3.1. Local invariants

We begin by calculating the local invariants of the element oo = (—uq/us, —us/ug), which we
view as an element of Br U,,. We take the convention that the local invariants lie in ps, rather
than Z/2Z. Thus, for a place v of Q the local invariant map is given by the Hilbert symbol

inv, a: Up(Qy) — {1},  (u1,uz2,u3) — (—u1/ug, —us/us)y. (3.1)
The stated expression is only well defined if ujusus # 0; for other points, one can reduce to the
above case as the local invariant is continuous [20, Proposition 8.2.9]. Indeed, it follows from
the implicit function theorem that the Q,-points of any dense Zariski-open subset are dense in
the smooth points of U, (Q,); and, as noted in Remark 2.11, the smooth points are dense in
Un(Qv)
3.2. Real points
LEMMA 3.1. Let

U.R); ={ueU,(R):u; >0 foralli}, U,(R)_-=U,(R)\U,(R);.
Then the U, (R); and U, (R)_ are both connected and
U.(R)=U,(R): UU,(R)—-, inve a(U,(R)y) =—1, inve a(U,(R)-) =1.
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Proof. We first show that U, (R) has two connected components. Consider
U.(R) = R urs (ug,uy). (3.2)
This map is not surjective; indeed, we rearrange equation (2.5) to obtain

—UrU2

s = uy + ug — dugus/n’

So the image misses every point on the hyperbola u; 4+ us — 4ujus/n = 0, except the origin
which is the image of the line L; 5. The hyperbola splits the plane into three components,
but one branch passes through the origin and hence the image of (3.2) has two components.
The fibres of (3.2) are connected, being a single point or R over the origin. Hence, U, (R) has
two connected components. These are easily checked to be the two components stated in the
lemma. The local invariants are then calculated by standard formulae for Hilbert symbols. [

3.3. p-adic points

3.3.1. Preliminaries.

LEMMA 3.2. Let p be an odd prime with v,(n) < 1 and u € U, (Z,) with uusus # 0. Then
there exists i # j such that u;/u; € Z;.

Proof. Write u; = a;p® and n = n’p® where p{n’a;. Equation (1.2) becomes

b1+ba+bs _ n/( by+ba+b

b1 +bs+b
ayasp + ajazp” T

b2+b3+b).

4ajazazp + azazp

Without loss of generality 0 < by < by < b3. If by = 0, then the result is clear. So assume for a
contradiction that 1 < by < b3. But as b < 1, we then have

Hlin{bl+b2+b3,b1+b3+b,b2+b3+b}>b1+b2+b.

Thus p | ajas, which contradicts the fact that the a; are units, as required. O

REMARK 3.3. Note that Lemma 3.2 fails in general if n has a prime divisor with valuation
at least 2. For example, for n = 9 we have the solution (4, 6, 36).

LEMMA 3.4. Let p be an odd prime and let u € U,,(Z,) be such that uz/uz € Zy,. Then

. vp(urus)
inv, a(u) = <u2/1L3) .

p

Proof. As us/u3 € Zj, this follows immediately from (3.1) and standard formulae for Hilbert
symbols [21, Theorem III.1]. O

3.3.2. Good primes.

LEMMA 3.5. For all p { 2n, we have inv, a(U,(Z,)) = 1.

Proof. By continuity, we may assume that ujusug # 0. (The continuity argument above was
stated for Q,-points, but the Z,-points form an open set in the (Q,-points so the argument also

holds for Z,-points.) Up to permuting coordinates, Lemma 3.2 gives us/uz € Zy. If v,(u1) =
vp(us), then the invariant is 1 by Lemma 3.4. So assume v, (u1) # vp,(ug), so that p | ugusus.
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But from equation (1.2), it is clear that p cannot divide only one of the w; since pt2n. As
uz/uz € Zy, we find that p [ uz. From (2.5), we have

u9 - 1

us n 1 +U3/U1 — 4U3/Tl
As p | us, vp(u1) # vp(us), and the left-hand side is a p-adic unit, we must have v, (ug/uq) > 0.
Thus —us/us = 1 mod p, and so the local invariant is again trivial by Lemma 3.4. O

3.3.3. Bad odd primes.

LEMMA 3.6. Let p | n be an odd prime. Then the map
inv, o : Uy, (Z,) — {£1}

is surjective.

Proof. We first consider the case where p||n. Write n = pn’ where p{n’ and substitute
u1 = pa;. Equation (1.2) becomes

dajusus = n'(a1usp + arusp + usus).
Modulo p this is
(4a; — n/)usuz = 0 mod p. (3.3)

As p is odd, there exists a solution with 4a; = n’ mod p and wus,us arbitrary modulo p.
Geometrically, equation (3.3) defines the union of three planes which is non-singular away
from the common points of intersection. Providing that usus Z 0 mod p, we may therefore use
Hensel’s lemma to lift to a p-adic solution. Thus, we have shown that we may choose p-adic
solutions such that p||uy,p t usus and both possibilities

) )

may be realised. The result in this case therefore follows from Lemma 3.4.

We now consider the general case. Let n = p’n’ where p{n and b > 1. We take a p-adic
solution u € U, (Z,) as constructed in the previous case, and consider the solution p*~lu €
Uy (Z,). The quotients us /us, uz/us are unchanged, hence the result follows from the previous
case and (3.1). O

3.3.4. The prime 2.

LEMMA 3.7. Suppose that n is even. Then the map
Un(Zs) — {1}, ur invea(u)
is surjective.
Proof. It suffices to prove the result for n = 2, since then we can just obtain the result for
all even n by rescaling, as in the proof of Lemma 3.6. Here our equation is
2uiusu3z = U + usuz + uzuq.

There is the natural number solution (1,2,2) which is easily seen to have local invariant —1.
Next, one verifies that the solution

(u1,uz,us) = (—1,2,2) mod 8

lifts by Hensel’s lemma to a Zs-point with local invariant 1. 0
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Surprisingly, for odd n the local invariant is always trivial at 2.
LEMMA 3.8. Suppose that n is odd. Then invy a(U,,(Z2)) = 1.

Proof. By continuity it is enough to prove
(—u1/uz, —uz/uz)s =1

when ujugus # 0. Write u = (2517, 25219, 25 r3) with s1, 52,53 > 0 and 1,72, 73 € Z5 . With-
out loss of generality, we may assume that s; > s > s3. Looking at valuations in the
equation

(2552 pg 4 25153 g 4 25253 0 = gs1tsatsat2y g
shows that s; = so. Taking out a factor of 25175 gives
n(25 75 g 4 i+ rors) = 250 2 p rorg.
Looking modulo 2 shows s; — s3 > 1. We therefore have
2% 75319 4+ (r1 + 72)r3 = 0 mod 8. (3.4)
Using the formula of [21, Theorem III.1], the Hilbert symbol above is given by
(_1)6(—7‘1/T3)€(—T2/T3)+(51—53)(w(—Tz/Tg)"rUJ(—Tl/Tg))’
where €(z) = (x — 1)/2 and w(x) = (2% — 1)/8. Note that w is an even function. We define

1mod?2 ifry =79 =r3mod4
0 mod 2 otherwise

fu) = e(—=ri/r3)e(—r2/r3) = {

g(u) = (s1 — s3)(w(—=ra/r3) + w(—r1/r3)) = (s1 — s3)(w(r1) + w(r2)) mod 2.

If s1 —s3 > 3, then (3.4) gives 1 + 13 =0 mod 8, and so f(u) = g(u) =0. If 51 —s3 =2,
then (3.4) gives 11 + r2 = 0 mod 4, and so f(u) = 0; and g(u) = 0 because s; — s3 is even.
The remaining case is s;1 — s3 = 1. In this case, (3.4) gives r1 = 2 mod 4, which implies

(7’1 + 7’2)7"3 = —27‘17”2 =6 mod 8

and therefore

r3 =

_ J1mod4 ifr; +re=6modS;
3mod4 ifr; +ry =2 mod 8.

Now looking at the possible values for {ry, 2} mod 8 gives the following.

r1 mod 8 ro mod 8 r3 mod 4 f(u) g(u)
1 1 3 0 0
1 5 1 1 1
5 5 3 0 0
3 3 1 0 0
3 7 3 1 1
7 7 1 0 0
Thus, in all cases, f(u) + g(u) = 0, completing the proof. O

Proof of Theorem 1.2. Hilbert’s reciprocity law [21, Theorem IIL.3] gives

H (—u1/uz, —uz/u3), = 1.

JSeS]
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For a natural number solution the local invariant at oo is —1 by Lemma 3.1. Moreover, the
local invariant at p{n is 1 by Lemmas 3.5 and 3.8. (]

Proof of Theorem 1.5. Similar to the proof of Theorem 1.2, but if one of the w; is negative,
then the local invariant at oo is 1, by Lemma 3.1. ]

Proof of Corollary 1.3. The first part of the statement follows from Lemma 3.2. For the
second part, without loss of generality we assume that ug/uz € Z,,. Then by Theorem 1.2 and

Lemma 3.4, we deduce that
<u2/u3>”17(“1u3) .
p

whence the Legendre symbol must be —1, as required. O

Proof of Corollary 1.4. By Theorem 1.2, to prove Corollary 1.4 it suffices to show the
following purely local statement (applied to each p | n).

LEMMA 3.9. Let p be an odd prime and n = p*™n’, where n' € Zy and m > 0. Let u €
U, (Z,) be such that

p2m I Uut, p'ngUg, or pTu1, p2m, | U2, p2m | uz-

Then (—ui/ug, —u2/ug)p = 1.
Proof. We first consider type 1 solutions. Here the Hilbert symbol is

( —UQ/U3 > vp(uy)
p

However it follows easily from equation (1.2) that pt (u1/n), so that v,(u1) is even and the
result follows.
Now consider type 2 solutions. Equation (1.2) implies that v,(u2) = v,(us), so the Hilbert

symbol is
( —Up /U3 ) o (us)
— .

If pt(us/n), then v,(us) is even by assumption, and the result follows. Otherwise, suppose
p | (ug/n). From (2.5), we have

_l 1 = 1 mod
uz 1 +us/u; —4duz/n p
since uz/u; = 4uz/n = 0 mod p. The result follows. ([l
U
Proof of Theorem 1.8. First note that as U, (Z) # () and n > 0, we have
Un(R)4 x [[tha(2Z,) # 0. (3.5)
p

It follows from Lemmas 3.6 and 3.7 that there is some prime p | n for which the local invariant
is surjective on U,,(Z,). Therefore, there are elements of (3.5) whose product of local invariants
is —1 and 1, respectively. O



ERDOS-STRAUS SURFACES 759

Proof of Theorem 1.9. The set of real points U, (R) is non-compact. Still, it follows easily
from equation (1.1) that
i | < 3n/4. 3.6
LJin il < 3n/ (3.6)
These real conditions impose strong arithmetic conditions. (In the terminology of [13, §2],
our surface is ‘not weakly obstructed’ but is ‘strongly obstructed’ at infinity.) This observation
gives the following.

LEMMA 3.10. The set
{u e Uy (Z) : wrusus # 0,u; # —u; for all i,j € {1,2,3}}
is finite. In particular, U, (Z) is not Zariski dense and U,,(N) is finite.

Proof. Without loss of generality, we have |uj| < |us| < |uz|. Then by (3.6), we have
|ui| < 3n/4, so there are only finitely many choices for uy. If 4/n = 1/u;, then we obtain
the solution uy = —u3, which is being excluded. Hence, we have

4 1 1 1

n Ul u2 us

and the left-hand side is non-zero and takes only finitely many values. But then as in (3.6),
one finds that us and us take only finitely many values, as required. U

LEMMA 3.11. For all but finitely many primes p, the map U,,(Z) — U, (F,) is not surjective.
Proof. Follows from Lemma 3.10 and the Lang—Weil estimates [15] g

We now complete the proof of Theorem 1.9. If the map U, (Q) — U, (Ag)E* had dense image
then, as BrU,/BrQ is finite (Theorem 1.6), it would follow from [6, Lemma 6.5] (applied to

U,) that the map U, (Z) — U,(Z,) has dense image for all finitely many primes p; however,
this clearly contradicts Lemma 3.11, and shows Theorem 1.9. O

REMARK 3.12. Let X be a smooth variety over Q which contains a dense torus T with
HO(X@, Gu) = Q* and Pic Xg torsion free. If the action of T on itself extends to X, that is, X
is a toric variety, then in [3, 23] it is shown that the Brauer-Manin obstruction is the only one
to strong approximation away from oco. However, this result need not hold if the action of T
does not extend to the whole variety. Here U,, contains G2, but does not satisfy this result by
Theorem 1.9.

Appendix. Comparison with previous results

In [24] (see also [19, p. 290]), Yamamoto shows numerous quadratic reciprocity requirements
for solutions to (1.1) when n = p is prime, with various hypotheses. In this appendix, we explain
how these are all special cases of Corollary 1.3.

There are two types of solutions to (1.1) (see [19, Chapter 30] and [8, Proposition 2.11]).
Type 1 is when p exactly divides one of the u; to valuation 1, and Type 2 is when p divides
exactly two of the u; to valuation 1.

We first deal with Type 2 solutions. Let u € U, (N) and suppose p { u1, p|luz, p|lus. Then one
can write (see [19, p. 289])

(u1,p ‘ug,p~tus) = (bed, abd, acd)
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with a,b, ¢, d positive integers satisfying (a,b) = (b,¢) = (¢,a) = 1, p t bed and
pa + b+ ¢ = 4abced,

Yamamoto [24, Lemma 2| defines g = 4abd — 1 and then shows [24, Lemma 4] that the
Kronecker symbol
(-~
q

This follows from Corollary 1.3. Indeed, using 4abd = b/c mod p, we have

() - ()(52) () - ()

For Type 1 solutions, let u € U,(N) with p | u1, p 1 u2, p1fus. Write
(p~ ur, ug, uz) = (bed, acd, abd)

with a,b, ¢, d positive integers satisfying (a,b) = (b,¢) = (¢,d) = 1 and p { abed (again see [19,
p. 289]). Then we have

a+ bp + cp = 4abed.

In [24, Lemma 2], Yamamoto defines ¢ = 4abd — p , assumes p = 1 mod 4 (see the proof of [24,
Lemma 4]) and shows that the Kronecker symbol

p
=1
(4abq>

By Corollary 1.3, we deduce this as follows. As ¢ = 4abd = a/c mod p, we have

() (52)~ (2 (22) - (22 -

Yamamoto also proves two further conditions [24, Lemmas 3 and 4] in the case p = 1 mod 4
which, in either the Type 1 or Type 2 case, reduce to

(5)-

where b, ¢ are as defined above for Type 1 or Type 2 solutions, respectively. These also follow
from Corollary 1.3, as follows:

() = () = () = () = (55) ==

4be p p p P '
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