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CHAPTER 1

INTRODUCTION

Adam conjectured [1]in 1967 that any two circulant graphs Cay(Z,,, S) and Cay(Z,,, T)
are isomorphic if and only if there exists m € Z; such that mS = T'. This is equivalent
to the two circulant graphs being isomorphic if and only if the automorphism of Z,, de-
fined by  — mux is an isomorphism between the two circulant graphs. While the original
conjecture was shown to be false in 1970 by Elspas and Turner [12], there has been much
interest in determining isomorphisms between circulant digraphs. At first, the focus was
on determining for which positive integers any two circulant (di)graphs of order n are iso-
morphic if an only if they are isomorphic by a group automorphism of Z,, ( such groups
Z,, are called CI-groups with respect to digraphs). This line of research was finished
by Muzychuk [18], who showed Z,, is a CI-group with respect to graphs if and only if
n =9, m,2m, or 4m and is a CI-group with respect to digraphs if and only if n = m, 2m,
or 4m, where m is odd and square-free.

Instead of determining for which n Addm’s conjecture is true, we can ask for a given
n, which circulant graphs of order n will the conjecture hold? We can rephrase the ques-
tion as follows. For which circulant Cay(Z,, S) is it true that any other circulant digraph

Cay(Zy, T) is isomorphic to Cay(Z,, S) if and only if a(S) = T for some o € Aut(Z,,)?



Alspach and Parsons in 1979 [2] gave conditions for the case n = p*. In this thesis we
will generalize Alspach and Parsons’ result and explicitly determine all circulant digraphs
Cay(Zy, S) of order n such that if Cay(Z,, T') is another circulant digraph of order n, then
Cay(Zy, S) and Cay(Z,,,T') are isomorphic if and only if there exists & € Aut(Z,) such

that a(S) = T.



CHAPTER 2

GRAPH THEORY AND GROUP THEORY

In this chapter we gather the basic definitions and results concerning Cayley (di)graphs,
the main object of study in this thesis.

A digraph is an ordered pair G = (V, A) comprising a set V' of vertices together with
a set A of arcs, which are ordered pairs of elements of V. A graph is a digraph, whenever
(u,v) € A(G) then (v,u) € A(G). K,, will denote the complete graph, that is the digraph
with all possible arcs. In this case, we identify (u, v) and (v, u) and call it an edge.

A permutation group is a subgroup of the symmetric group on n letters, S,,. Unless
otherwise stated, we will take the n letters that S,, permutes to be the elements of the set
Z,,, the integers modulo n. We denote the group of units in Z,, under multiplication by Z;,

and note that Aut(Z,) = {x — ax:a € Z:}. .

Definition 1

An isomorphism of digraphs G and H is a bijection between the vertex sets of G and H
f:V(G) = V(H)

such that (u,v) € A(G) if and only if (f(u), f(v)) € A(H). If an isomorphism exists

between two digraphs, then the digraphs are called isomorphic and denoted as G = H



Figure 2.1

Two isomorphic graphs

Definition 2
A (di)graph isomorphism from G to itself is called a automorphism. The set all automor-

phims of G is denoted Aut(G).

Definition 3
Let G be a group and S C G. Define a Cayley digraph of G, denoted Cay(G, S), to be
the digraph with V (Cay (G, S)) = G and A(Cay(G, S)) = {(g,9s) : g € G,s € S}. We

call S the connection set of Cay(G, S).

If we additionally insist that S = S~! = {s7! : s € S} (or if the group is abelian and
the operation is addition, then S = —S), then there will be no directed edges in Cay (G, S),
and we obtain a Cayley graph. This follows as if (g, gs) € A(Cay(G,S)) and s7! € S,

then (gs, gs(s71)) = (gs, s) € A(Cay(G, 9)).



Perhaps the most common Cayley digraphs that one encounters are Cayley digraphs
of the cyclic groups Z,, of order n, as in Figure 2.2. A Cayley (di)graph of Z,, is called a
circulant (di)graph circulant graph of order n. We state this as a definition and we present

and example.

Definition 4

A circulant (di)graph is Cayley (di)graph of Z,,.

The graph in Figure 2.2 is Cay(Z10, {1, 3,7,9}). Note that as the binary operation on
Zy 1s addition, there is an edge between two vertices if and only if the difference of the
labels on the vertices is contained in the set {1,3,7,9}. Observe that a clockwise rotation

of 36° leaves the graph unchanged.

0

0, — ) N1
S,
g .

AL

Figure 2.2

The Cayley graph Cay(Zyo, {1,3,7,9}).



Definition 5
For a group G, the left regular representation, denoted (1, is the subgroup of S¢ given
by the left translations of G. More specifically, G, = {x — gx : g € G}. We denote the

map x — gx by gr. It is straightforward to verity that G, is a group and that G| = G

12 = y so that G, is transitive on G.

Letz,y € G,and g = yz~'. Then gr(z) = yz~

For example the permutations obtained by clockwise rotation of 36° in the graph of
figure 2.2 generates G';, = (Z0) 1,

In general, for an abelian group G, the group G, will consist of “translations by ¢” that
ist—g+r=ax+g,0orG, ={x+— x+g: g€ G}. More specifically, the cyclic group
Z,, is generated by the map x — x + 1 (or course instead of 1, one could put any generator

of Z,,).

Now we will see some useful results.

Lemma 1

If G is a group and S C G, then G, < Aut(Cay(G, 95)).

Proof: Let a = (g,9s) € A(Cay(G,S5)), where g € G and s € S. Let h € G. We must
show that hy(e) € A(Cay(G,5)), or that hy(a) = (¢',¢'s’) for some ¢ € Gand ¢’ € S.

Setting ¢’ = hg and s’ = s, we have

hi(a) = hr(g,g9s) = (hg, h(gs)) = (hg, (hg)s) = (¢',¢'s").

Now we turn to the relationship between Cayley digraphs of G and Aut((G), the auto-

morphism group of G.



Lemma 2
Let G be a group, o € Aut(G) and S C G. Then a(Cay(G, S)) is a Cayley digraph of G

with connection set «(.5).

Proof: Clearly a : G — G sothat V(a(Cay(G, S))) = G. Leta = (g, gs) € A(Cay(G, S)),

where g € G and s € S. Then

ala) = a(g, gs) = (a(g), a(gs)) = (alg), alg)a(s)) = (¢, g's)

where ¢’ = a(g) and s’ = a(s) € a(S). n
This says that the image under a group automorphism of a Cayley digraph is another

Cayley digraph.



CHAPTER 3

ADAM’S CONJECTURE

In 1967, Adam [1] conjectured that two circulant graphs Cay(Z,, S) and Cay(Z,, S")
are isomorphic if and only if there exists m € Z such that mS = S’ (where mS = {ms :
s € S}). If mS = 5" it is often said that Cay(Z,, S) and Cay(Z,, S") are isomorphic by
a multiplier. As for each m € Z;, the map x — max is a group automorphism of Z,,.
Addm conjectured that two circulant graphs of order n are isomorphic if and only if they
are isomorphic by a group automorphism of Z,,.

It was quickly shown by Elspas and Turner [12] that Addm’s conjecture is not true, by
giving two isomorphic circulant graphs of order 16 that are not isomorphic by a multiplier.

Following Elspas and Turner’s example showing that Addm’s original conjecture was
false, the conjecture quickly (we remark that one reason that Addm’s conjecture was not
abandoned was that already in 1967 Turner [20] had verified Addm’s conjecture for circu-
lant graphs of prime order) turned into a problem and was generalized to Cayley graphs
of groups that were non-cyclic. The new question was, which groups GG have the property
that any two Cayley (di)graphs of GG are isomorphic if and only if they are isomorphic by a

group automorphism of G? This question motivates the following definition:



Definition 6
A group G which has the property that any two Cayley (di)graphs of G are isomorphic if
and only if they are isomorphic by a group automorphism of G is called a CI-group with

respect to (di)graphs.

One may wonder why we do not just say “Cl-group” instead of “CI-group with respect
to (di)graphs”. This is because it is possible to ask the same question about other classes
of “combinatorial objects”, e.g. combinatorial designs, once one has a notion of a “Cayley
object” or “Cayley design”.

One more term is necessary before we proceed.

Definition 7
Suppose that there is a Cayley (di)graph I' of G such that if " is any Cayley (di)graph
of G, then I" and I are isomorphic if and only if they are are isomorphic by a group

automorphism of G. Such a Cayley (di)graph of G is called a CI-(di)graph of G.

Evidently, G is a CI-group with respect to (di)graphs if and every Cayley (di)graph of G is

a CI-(di)graph.

Theorem 1
Let G' be a CI-group with respect to digraphs and H < (. Then H is a CI-group with

respect to digraphs.

Proof: Let Cay(H,S;) and Cay(H, Sy) be isomorphic Cayley digraphs of H. As the
digraph Cay(H, S;) is a Cl-digraph of H if and only if its complement is a CI-digraph of
H we may assume that Cay(H, S;) and Cay(H, S>) are both connected by replacing them

with their complements if necessary. It is not hard to see then that (S;) = (S2) = H. Then
9



Cay(G, S1) and Cay(G, Sy) are isomorphic Cayley digraphs of G, so there exists a €
Aut(G) such that Cay (G, S2) = a(Cay(G, S;)) = Cay(G, a(S7)). Hence a(S;) = So,
and so H = (S3) = a((S1)) = a(H). The restriction of a to H is then an isomorphism

from Cay(H, S1) to Cay(H, S5). n

3.1 Counterexamples

As we said it was quickly shown by Elspas and Turner that Addm’s conjecture is not
true, that is that there are two isomorphic circulant graphs of order 16 that are not isomor-
phic by a multiplier.We now give Elspas and Turner’s example.

Let Ty = Cay(Zy6,{1,2,7,9,14,15}) and I'y = Cay(Zi6,{2, 3,5, 11,13, 14}) be the
circulant graphs shown in Figure 3.1. If I'y and I's are isomorphic by a multiplier, then
there exists m € Zg such that m{1,2,7,9,14,15} = {2,3,5,11,13,14}. As both T'; and
I's are graphs, the map x — —x is an automorphism of both I'; and I's. Thus for graphs,
mS = S’ if and only if (—m)S = S’. We may thus assume without loss of generality that
m < 8,and as m € Zj;, m = 1,3,5,7. As 11is in the connection set of I';, m is in the
connection set of 'y, som = 3,5. As3-2=6¢ S’,and5-2 = 10 € S, where S’ is
the connection set of I'y, we see that I'; and I'; are not isomorphic by a multiplier. Finally,
straightforward though tedious computations will show that the map defined by z — z if
x is even and z — x + 4 if x is odd is an isomorphism from I'; to I'.

Elspas and Turner also gave an example of two circulant digraphs of order 8 that are

not isomorphic by a multiplier, see[[12].

10



Figure 3.1

Two circulant graphs not isomorphic by a multiplier

Alpach and Parsons also have examples for the case of circulant graphs of order p? for
p an odd prime. As a simple consequence of Theorem 1 we see that the conjecture is false

in most cases when n is divisible by p?, or n is divisible by 16.

Theorem 2

If 8|n and n > 8, then Z, is not a CI-group with respect to graphs.

Proof: In view of Theorem 1, it suffices to show that Zg,, p a prime, is not a CI-group with
respect to graphs. Let S = {1,4p +1,8p — 1,4p — 1,2,8p — 2}, and I'; = Cay(Zs,, S).
Let 5 € Zyy, such that § = 3 (mod 4) and § = 1 (mod p). Let T = {1,4p+1,8p—1,4p—
1,258,8p — 28}, and I'y = Cay(Zs,, T') (here 2[3 is considered as an element of Zg,, in the

natural way). We will show that I'; and I'; are isomorphic but not by an element of Zg,,.

11



First observe that as 1 € S if mS = T for any m € ng, thenm =1,4p+1,8p — 1
or 4p — 1. It is easy to check that for such m, mS = S, in which case the map = — muz is
contained in Aut(I';) by Lemma 2. It thus suffices to show that I'; = T'.

Define ¢ : Zg, — Zs, by ¢(2k) = 2(fk) and ¢(2k + 1) = 2(Sk) + 1, where 0 < k <
4p—1. Leta = p~ ¢! pg. Observe that a(2k) = 2k while a(2k+1) = 2k+1+2(871—1).
Note that 37! — 1 = 0 (mod p), while 57! — 1 = 2 (mod 4). We conclude that a =
2(87! — 1) = 4p (mod 8p). Noting « is self-inverse, we see that o 'pa = p'*. As
a(0) = 0, we have by Corollary [6, Corollary 4.2B] that @ € Aut(Zs,). It is easy to see
that «(S) = S, and so by Lemma 2, @ € Aut(T'y). Thus ¢~'p¢ = pa € Aut(Ty), and
p = ¢pad~!. Then ¢~ pagp = p € ¢(T'1), and ¢(T') is a circulant graph of order 8p. Then

the neighbors of 0 in ¢(I'y) are ¢(S) = T, and so ¢(I';) = T's. ]

Theorem 3

The group Zy,, is not a CI-group with respect to graphs for any n > 3.

Proof: Fori = 0,1, 2, let

S; = {1, +(3n+1),£(6n + 1), £3(in + 1)}.

We first show that if 3 does not divide in + 1, then Cay(9n,Sy) = Cay(9n,S;). For
T € Zogn, let 0 < 2/ < 2 be such that ' = 2z (mod 3), and define ¢ : Zg, +— Zg, by
¢(z) = x +in(x — 2'). Clearly ¢ is well-defined. Suppose that ¢(z) = ¢(y) (mod 9n).
Observing that x+in(zx—z') = x (mod 3), we see that ¢(x) = ¢(y) (mod 3). Thenz’ = ¢/

and so = + inz = y + iny (mod 9n) or equivalently x(1 + in) = y(1 + in) (mod 9n).

12



As 3 does not divide ¢n + 1, neither 9 nor n divide ¢n + 1 and ¢n + 1 is a unit in Zy,,. We
conclude that z = y (mod 9n) and so ¢ is one-to-one and consequently a bijection.

Now consider an edge from x to x + 3n + 1. Notice that (x + 3n + 1) = 2/ + 1.
It is then straightforward to verify that ¢(z + 3n + 1) — ¢(z) = 3n(in + 1) + 1. If
in+1=1(mod 3), then 3n(in+1)+1 = 3n+1 (mod 9n) while if in + 1 = 2 (mod 3),
then 3n(in + 1) = 6n + 1 (mod 9n). Similar type computations for the other types of
edges of Cay(Zg,,S) will show that ¢ is indeed an isomorphism from Cay(Zy,, S) to
Cay(Zon, S;)-

Finally, we show that £Sy # S} or S;. Suppose that kSy = S;, where i = 1 or 2. As
So # S;, £3(in + 1) is not a unit, and k € kSp, we see that k = £(3n + 1) or £(6n + 1).
As the map x — —x is in Aut(Cay(Zg,, S)), to simplify computations we assume that
k = 3n+ 1or 6n + 1. As the only nonunits in S; are +3(in + 1), ¢ = 0, 1,2, it must be
the case that k£(£3) = k(£3(in + 1)) (mod 9n). However, k(£3) = £3 (mod 9n) and
k(£3(in+1)) = £3(in+ 1) (mod 9n), and so £3 = 3(in + 1) (mod 9n). Asi = 1 or 2,
we have +£3 = 3n+3 or 6n+ 3 (mod 9n). The four equations yield that 3n = 0 (mod 9n),
—6 = 3n (mod 9n), 6n = 0 (mod 9n), and —6 = 6n (mod 9n). The first and third of
these equations are not true. The second equation is only true if n = 1, while the fourth
equation is only true if n = 2, a contradiction. This if im + 1 # 0 (mod 3), then we have
isomorphic circulant graphs that are not multiplier equivalent. As only one of 1,n + 1,
and 2n + 1 are divisible by 3, some in + 1, 7 = 1,2, is not divisible by 3, an Z,, is not a

CI-group with respect to graphs. [

13



Although we saw that the Adam conjecture is false, Addm was not totally wrong. In

the next section we will see there are integers were Addms conjecture is true.

3.2 Examples

In this subsection, we summarize the positive results on Adam’s conjecture. The first
positive result was obatined by Elspas and Turner in 1967 when they showed the conjecture
is true when n is a prime number. As the proof in this case is quite easy, we will state it as

a theorem and prove it.

Theorem 4

Let p be a prime. Then Z,, is a CI-group with respect to digraphs and graphs.

Proof: Let I' = Cay(Z,, S) be a Cayley digraph of Z,, and ¢ € S, such that ¢~ (Z,) ¢ <
Aut(I"). Notice that (Z,), has order p, and that S, has order p!. Also observe that the
highest power of p that divides p! is p. We conclude that (Z,); and ¢~ *(Z,) ¢ are Sy-
low p-subgroups of S, and so are Sylow p-subgroups of Aut(I'). Consequently, by a
Sylow Theorem (Z,);, and ¢'(Z,) ¢ are conjugate in Aut(T"). The result then follows
by Lemma 3 (this is stated in more generality later). [

Alpach and Parsons in 1979 [2] showed that Z,, is a CI-group with respect to digraphs
for n = pg where p and ¢ are two different primes numbers. Godsil [13] showed that it
is true for n = 4p, and Muzychuk [17, 18] showed that Z,, is a CI-group with respect to

graphs if and only if n = 9, m, 2m, or 4m and is a CI-group with respect to digraphs if and

only if n = m, 2m, or 4m, where m is odd and square-free.

14



Muzychuk [19] gave a polynomial time algorithm to solve the isomorphism problem
for circulant digraphs. The algorithm reduces the problem to the prime power case, see
Theorem 9.2 at the end of this thesis.

As we said before Alpach and Parsons gave conditions for the case n = p®. In this
thesis we will generalize their result. The basic idea is to show that if GG is not a CI-digraph
of Z,, then the graph must be a wreath product of very specific digraphs. Before going to

the mains results we will need some extra tools and results.

15



CHAPTER 4

COLOR DIGRAPHS AND WREATH PRODUCTS

Our main results actually hold for a more general object than a digraph, namely a color
digraph. In this chapter we define these objects as well as define and give examples of

wreath products.

Definition 8
A color digraph T is a set of digraphs {I"; : 1 < ¢ < r} such that U]_; A(T';) = A(K,),

where each I'; is of order n.

Notice that a digraph whose arcs have been colored in some fashion (but perhaps there
are some arcs not in the digraph) can always be regarded as a color digraph as any edges
which are missing can always be colored with a color not already used. Additionally, it is
useful to think of the arcs of I'; as being labelled with the color ¢. In this case, we will refer
to I'; the subdigraph of I' colored with the color .

We will usually work with color Cayley digraphs. These are Cayley digraphs in which
the arcs have been partitioned into, say 7, (color) classes, and each color class is a Cayley

digraph of GG. Formally,
Definition 9

A color digraph is an unordered set {I'y,...,T,} where the T'; are pairwise arc-disjoint

digraphs such that U_, A(T';) = A(K,). The automorphism group of a color digraph T
16



is defined to be the intersection of the automorphism groups of each I';, so NI_; Aut(T’;).
Two color digraphs I' = {I"y, ..., I, } and I" = {I'y,...,T's} are isomorphic if r = s and

there exists a bijection ¢ : V(I') — V(I") such that

o({li:1<i<r}) = {o(IV):1<i<r}

= {IN:1<i<r}

Ifeach I'; = Cay(G, S;) for S; C G, then I is a Cayley color digraph, which we denote
by Cay(G, Si, ..., S;). Usually, we will simply denote the set {S}, ..., S,} of connection

sets of a Cayley color digraph of G by S .

Wielandt introduced the notion of a 2-closed group in [22], as well as the 2-closure of a
permutation group G, denoted G?. A 2-closed group is simply the automorphism group
of a color digraph, while the 2-closure of G is the smallest 2-closed group (in the same
symmetric group) that contains G.

The most common way of obtaining a color digraph is via the orbital digraph con-
struction. Let G < Sy, be a transitive group and let G act on X x X by g(z,y) =
(9(x),g(y)). Let Oy,...,O, be the orbits of G' under this action, and define digraphs
Iy,...,I by V(I';) = X and A(T;) = O;. Then {I'; : 1 < i < r} is a color digraph, and
each I'; is an orbital digraph of G.

We shall have need of the wreath product of both digraphs and groups.

17



Definition 10
Let I'y and I'y be digraphs. The wreath product of ['; and I'5, denoted I'y ! [y, is the
digraph with vertex set V (I';) x V(I's) and edges (u,v)(u,v") foru € V(I'y) and vv' €

E(Ts) or (u,v)(w,v") where uu’ € E(I'y) and v,v" € V(I'y).

Figure 4.1

The graph K5 K.

We will also need the wreath product of color digraphs. For such a wreath product to
make sense, the two color digraphs I'; and I'; must have the same colors, so we always
adopt the convention that if a color is present in I'; but not I'5, one color digraph but not
in the other, then a digraph with no arcs is added to I's to represent the missing color.

Similarly, if I'; has a color not represented in I';.

18



Figure 4.2

The graph Cy Cy.

Definition 11
Let 'y and I’y be color digraphs with the same colors. The wreath product of I'; and I's,
denoted I'; 1 Iy, IS the color digraph consisting of I'y ; 1 I'y ;, where I';; is the subdigraph

of I'; colored with colori, j = 1,2.

Notice that in this definition, the color digraphs I'y and I'; are necessarily are ordered
color digraphs in order for us to know which digraph to wreath with which digraph. That
the wreath product cannot be defined for unordered color digraphs will present some ad-
ditional obstacles in our work. Finally, we mention that the isomorphism problem for
unordered circulant digraphs is not the same as the isomorphism problem for ordered circu-
lant digraphs. For example, there are self-complementary circulant graphs I and I (where
I is the complement of I') where the graph and its complement are not isomorphic by a

group automorphism of Z,, [14] or [15]. The unordered color graph {I",I'} is obviously
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isomorphic to itself by a group automorphism of Z,, but the two ordered color graphs

(T,T) and (T, T") are not.

Definition 12
Let G be a permutation group acting on the set X and H a permutation group acting on
the set Y. Define the wreath product of G and H, denoted G ! H, to be the set of all

permutations of X x Y of the form (x,y) — (g(x), hx(y)).

It is easy to see that Aut(I';) ¢ Aut(T'y) < Aut(T'; 2 T'y). The automorphism groups
of the wreath product of two vertex-transitive color digraphs are given in [10, Theorem
5.7]. Based on their automorphism groups, circulant color digraphs can be placed into
three classes of digraphs, normal circulant digraphs, deleted wreath types, and generalized
wreath products - see [24] for the definition of a normal circulant, and [4] for the definition
of a deleted wreath types. Generalized wreath products get their name not from any sort of

“product”, but because they generalize the notion of the wreath product in Cayley digraphs.

Definition 13

LetI' = Cay(W, S) be a color digraph for some abelian group W and S C W. We say
that I' is a (K, L)-generalized wreath product or, more simply a generalized wreath
product, if there exists 1 < L < K < W such that S; K is a union of cosets of L for each

1< <.

It is not difficult to see that a circulant color digraph is a nontrivial wreath product
of two circulants color digraphs of smaller order if and only if it is a (K, K)-generalized
wreath product for some 1 < K < A. In the next section, we will show that every circulant

color digraph that is not a CI-digraph is isomorphic to a generalized wreath product. We
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then will show a generalized wreath product circulant color digraph is CI-color digraph
only if it is a wreath product of circulant color digraphs of smaller order and of a particular
and restricted form.

The following result that characterizes CI-color digraphs is due to Babai [3], although

a version for cyclic groups was also independently derived by Alspach and Parsons [2].

Lemma 3
LetT' = Cay(G, S) be a Cayley color digraph of G. Then the following are equivalent:

1. T is a CI-color digraph of G,

2. whenever ¢ € Sg such that 9~ 'G ¢ < Aut(T), then G, and ¢~ 'G ¢ are conjugate
in Aut(I).
We finish this section with some terms from permutation group theory that we will

need.

Definition 14

Let G < S, be transitive on Z,. A subset B C Z, is a block of G if g(B) = B or
g(B)N B = () forevery g € G. If B is a block, then g(B) is also a block of G, called a
conjugate block. The set of all conjugate blocks of B is classed a G-invariant partition,
usually denoted B. Thus B = {g(B) : g € G}. If the group is clear, we will also say that B
is an invariant partition or and invariant partition of G. Any element g € GG also permutes
the blocks in B, and so each g € G induces a permutation g/B on B by g/B(B) = B’ if
and only if g(B) = B'. WeletG/B = {g/B: g € G{, andfixq(B) = {g € G: g(B) =
Bforall g € G}. Note that there is an induced homomorphism ¢ : G +— Sy given by

¢(g) = g/B and Ker(¢) = fixg(B). Finally, it G < Aut(I") for some digraph I', we define

21



I'/B by V(I') = B and (B, B’') € A(I'/B) if and only if (b,t') € A(T") for some b € B

andb € B'.
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CHAPTER 5

A NON-CI-CIRCULANT IS A GENERALIZED WREATH PRODUCT

We fix some notation that will be used throughout the following chapters. Let p be a
prime and define 3, p : Z,» — Z,» by (i) = (14+p)iand p(i) = i+1. Itis straightforward
to verify that /3 is an automorphism of (Z,x), of order p*~* if p is odd while i — 3i has
order p"~2 if p = 2, and that (Z,x), = (p). If p = 2, then define ¢ : Zox +— Zox be given

by (i) = —i.

Lemma 4
Let p be prime, k > 1, and P < N (p*) = Ns ((Zy)1) be a p-group that contains (Z ) ..
Then every circulant color digraph whose automorphism group contains P is a generalized
wreath product or

e ifpisoddthen P = (Z,:)r, or

o ifp=2,then P = (Zy)p or P = ((Zox), 1% ") or (Zox)1, ) is of order 2K+

and has a unique regular cyclic subgroup.

Proof: If &k = 1, then the result is trivial as (Z,)., is a Sylow p-subgroup of S,, so we
assume that £ > 2.

As a Sylow p-subgroup of N (p¥)/(p) is isomorphic to Z,-1 if p is odd or Zsy X Zyk--
if p = 2, we see that a Sylow p-subgroup Q of N (p*) is (8, p) if p is odd and is (p, 3, ¢ if

p=2.
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We now show that if 3° # 1 is contained in P, then every circulant color digraph
whose automorphism group contains P is a generalized wreath product. Indeed, if such
an { exists, then by raising 3 to an appropriate power we may choose ¢ = 2¥ =3 if p = 2
while if p # 2, we may choose ¢ = pF~2. Then 3‘(a + bp) = a + bp + ap"~! and so
B* fixes every element of H = (p) and the cycle of 3 that contains a + bp, a # 0 is
(a+bp a+b+ap®™' ... a+bp+a(p—1)p"'). Thusif I' = Cay(Z,,S) is an
orbital digraph of P and 0 is adjacent to any element of the cycle of 5 that contains a + bp,
then 0 is adjacent in I to every element of the cycle that contains a + bp. Hence the coset
a+bp+ (p~1) C S. Setting K = (p*~1) we see that S — H is a union of cosets of K and
['is an (H, K)-generalized wreath product. We may henceforth assume that p = 2.

If k = 2, Then Zy ! Z5 of order 8 is a Sylow 2-subgroup of Sy, 5 =1, and P = (p, ¢).
It is not difficult to verify that Z, ! Z, contains a unique regular cyclic subgroup of order 4.
We henceforth assume £ > 3.

Assume that P # (p). Then Np({p)) # (p) by a Sylow Theorem. We may assume that
there is no 3° # 1 in P as otherwise the result follows by arguments above. Then there
exists u € Z such that .5" € P.

Suppose first that « = 0 (mod 2¥72), in which case (3% = ¢. If | P| > 2*! then there
exists ¢3Y € P for some v with v # 0 (mod 2¥~2), but then ¥ € P, a contradiction. Thus
if u = 0 (mod 2°72), then |P| = 2", We claim that (p) is the unique regular cyclic
subgroup of P in this case. Indeed, if () is another regular cyclic subgroup of P, then
§ = 1p' for some i, but straightforward computations show that (1p°)? = 1, a contradiction.

Thus if u = 0 (mod 2%~2) then the result follows.
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Suppose u # 0 (mod 2°72) or equivalently that .3 # 1. As Z3, is abelian, (15*)* =
2% = B?* € (B). The result then follows by arguments above unless 3%* = 1, and
|t4"| = 2. This then implies that |(p, :3%)| = 2**!, and that u = 0 (mod 2¢~3) as 3 has
multiplicative order 2°=2 in Zy. If k = 3, then we have that | P| = 2*! as there is now
only one choice for ¢3%, namely ¢3. If k > 4, then u = 0 (mod 2¢3) and so u = x2*~3
for some odd integer z. We may and do assume without loss of generality that z = 1.

Now assume that |P| > 25! (and so k& > 4). Then there exists v € Z such that
B # BY and 1B” € P. Applying arguments analogous to those above to (3%, we see that
v = y2¥3 for some odd integer y. But then 13%.3"(i) = (14p)@ 2" and as both z and
y are odd, = + y is even. Hence (3“3" = 1, and 13" = (13*)~! = 13, a contradiction.
Hence if & > 4 we also have | P| = 28+1 and so if k > 3 we have | P| = 2F*1.

Now let 0 € P such that () is a regular cyclic subgroup, and assume that (§) # (p). As
P = {(p, ¥ "), 6 = p=f? . Then 62(i) = i — 3 "a+a. If k = 3, then 62(i) = i + 6a
which has order 4 if and only if ged(2,a) = 1. Also, §(i) = 5i + a, and it is easy to see
that the map ¢ — 5¢ maps cosets of the unique subgroup K of Zg of order 2 to themselves
and also maps cosets of the unique subgroup H of Zg of order 4 to themselves. This then
implies that any generalized orbital digraph of P is an (H, K)-generalized wreath digraph
and the result follows. To finish, we will show that if £ > 4, then no such J exists.

To show 4 doesn’t exist, we first show that the congruence 32° = 1 (mod 2"+2) holds
for k > 1. This is easy to verify if £ = 1, so inductively assume it is true for £ > 1. Then
32" = 22 1 1 for some positive integer ¢, and 327" = 32" . 32" = (292k+1 | 9p9k+3 4 ]
so indeed 32" =1 (mod 2%+3) and the congruence is established by induction. Rewrite
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32" =1 (mod 2¥2) as 32" = 1 (mod 2¥), k > 3, and observing that 33"~ = 32"7°.32"7%,
we conclude that 3"~ has multiplicative order 2 in Zok. As Z3), = Zy X Zgk—2, there are
four elements of Z,. whose multiplicative order is divisible by 2, namely, +1 and 2*~1 4 1.
If k > 4, then we know that 32 * = 1 (mod 25~!) and s0 32 ° = 1 or 2"~ +1 (mod 2).

Finally,

821 = i—3" ata=i—a(3* " -1)

= dori— 2" (mod 2%).

This implies that |[0| = 1 or 2, and so |4| = 2 or 4. This however contradicts k£ > 4,
establishing the result. [

For the next several lemmas we will fix some more notation. Let B be the invariant
partition of (p) formed by the orbits of (p?" '), so that the blocks of B are of size p.
Let C be the invariant partition of (p) consisting of p*~* blocks of size p‘, where £ > 2.

Let G = G¢ = (p,p”" '|c : C € C). Then B and C are invariant partitions of , and

G/B = {p)/B.

Lemma 5
The group G contains at least two different regular cyclic subgroups R, # R,. Addition-

ally, GG is generated by the set of all regular cyclic subgroups.

Proof: For this proof it will be convenient to view p as a permutation in Sjs-1 X S, given

by p(i,j) = (i 4+ 1,7 + b;), where each b; € Z,. As p has order p* and p** " = (i,7 +

pk—l_l

m=0

b;), we see that ¢ = ’;:;;_1 b; # 0 (mod p). Let C,, € C with (n,0) € C;.
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Consider p, = p(p”"'|¢,), and let p,, (i, j) = (i+1, j+d;), where d; € Z,. Fori € Lipe—1,
let B; = {(i,j) : j € Zp},sothat B = {B; : i € Zy—1}. Thend; = b; if B; ¢ C, and

d; = b; + 1if B; C C,y. Then (p, )" (i,5) = (i,j + S* =" d;), and

Ea

P —1_1 P —1_1 pk—l_l

di = P#l + bl

m=0 m=

b; Z 0 (mod p).

o
o

m=

We conclude that (p,,) has order p*, and as p,, & (p), the first part of the result follows with
Ry = (p) and Ry = (p,) for some n. The second part follows as (p~'p, : n € Zy—1) =
fixg(B). n

For the remainder of this section it will be most convenient to view the set Z,x as the
set Zyi—e X Zye with p(i,j) = (i+1,j+0b;), where by—e_; = Land b; = 0if i # p*~* — 1.
Also, C = {{(i,) 1 j € Dy} 1 i € Zypt}. Leta = (1 +p)'° € Zy,, and define

Y+ Ligp—e X e = Ly X L be given by v(i, j) = (i, aj).

Lemma 6
If Ry and R, are regular cyclic subgroups of G and § € S,v with 6 'Ry = Ry, then
§ = nv"g normalizes G, where g € fixg(B), n € N(p*), and a € Z,. Also, Ns (G) =

(G N (ph), 7). fixn , (B) = (fix(B),7) 4 Ny, (G) and [N, (G)] = (p — p* ="

Proof: First, every element of N (p*) normalizes G. This follows as every subgroup of
Z, is characteristic. In particular, if w € N(p*) then w(B) = B and w(C) = C. Then

k—1|0)w — prpk—1|Cl fOI‘

w L {p?" Yw = (p*" "), and for any C' € C, w(C) € C. So w(p?
some 1 € Z, and C’ € C and indeed N (p*) normalizes G.

As G is a p-group, GG has nontrivial center, which of course commutes with every

element of (p). As (p) is a regular abelian subgroup, it is self-centralizing, and hence
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Z(@) < (p). We conclude that (*""") < Z(@). Similarly, (*" ") is contained in every
regular cyclic subgroup of G.

Let R, Ry < G be regular cyclic subgroups with 6 ' R,d = R,;. By the immediately
preceding paragraph, <7’pk_1> < R; N Ry is characteristic in both R, and R, as it is the
unique subgroup of Ry and R of order p. We conclude that §(B) = B as B is formed by
the orbits of (77" ). As Ry /B = Ry, we see that § /B € Ns ({(p/B)). As every element
of Aut(Z,.-1) extends to an automorphism of Z,, by [6, Corollary 4.2B] every element
of Ns ,_, ({p)/B) extends to an element of Ns ({(p)). Hence there exists n € Ns s ((p))
such that n/B = §/B.

Now, as (77" ')|p = (Z,), is normal in fixg(B)| for every B € B, we conclude that
(n™'9)|p € AGL(1,p) for every B € B. Additionally, as fix¢(C)|c = Z,.—« for every
C € C, (n"'9)|c is contained in N (p*~*) for every C € C. As k — £ > 2, there is no
element of order relatively prime to p that fixes each block of B set-wise by [9, Lemma
29]. This then implies that n='8(,j) = (i,a%j + ¢;) where a; € Z, and ¢; € Z,¢ has
additive order p. Note that 6 'n(i, j) = (i,a %) — a™%¢;).

Now, let w = p~tnd—'pn=14, so that

w<i’j> = (iv OfaiﬂJraij + OéiaiH(Ci - Ci+1) + bi(Of‘liﬂ — 1).

Asa = (1+p)? 7, we see that %+ —1 = 0 (mod p’~1), and so addition of b; (cv™+1 —1)
fixes each block of B, as does addition of o~ *+*(¢; — ¢;11). We conclude that w € fixg(B),
and as fixg(B)|¢ is semiregular, it must be that a; = a;1 forall i € Z, -, and n='6 = 4“g

for some g € fixg(B) and a = a,;. Hence § = ny%g.
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We have already seen that n normalizes G, as does g € (. Similar to the computation
for the displayed equation above, we see that p~'vpy~1(i,7) = (i,5 + bi(a — 1)) and
again o — 1 = 0 (mod p’~1). Then p~ 'y~ 1py € fixg(B) and as v centralizes fixg(B), v
normalizes GG as well. Hence ny®g normalizes G.

To show that Ns , (G) = (N(p*),v, G), we observe that conjugation by ¢ € Ns (@)
maps the regular cyclic subgroups of G to the regular cyclic subgroups of G. By the
immediately preceding argument we see that ¢ = ny%g as above and ¢ € (N(p*), G, ~).
Finally, let 0 € ﬁXNspk (B). As was shown above, § = ny%g forn € N(p*), g € fixq(B),
and @ € Z,. As §/B = 1, we may choose n = 1, in which case § = ~%g. Hence

(fixq(B),7) = fixng  (B) < (G, N (p*),~). Finally, as fixg(B) < fixyg . (B), we see that

[Ns,.(G)| = [Ns,,.(G)/B] - [fixa(B)]
= P (p— 1) fixe(B)] - [(7)]
= (p—-1p* 2"

= (p—1p*

Lemma 7

G contains exactly ppkfl regular cyclic subgroups.

Proof: As any regular cyclic subgroup R of G is conjugate in S,. to (p) as R and (p)
are permutation equivalent, and by Lemma 6 any element § € S, with §'(p)d = R

is contained in ngk (@), the number of regular cyclic subgroups of G is the number of
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regular cyclic subgroups of G conjugate in N , (G) to (p). This number is [ngk (G) :
Nig () ({p))]- As Nng  ({p)) = N(p"*) has order (p — 1)p**~", by Lemma 6 we see the

number of regular cyclic subgroups of G is

(p— Dp? ot
(p—Dp*1 v

Lemma 8

Let’ = Cay(G, S) be a Cayey color digraph for some abelian group G, and1 < H < L <
G such that T is a (L, H)-generalized wreath product. Let B < C be the invariant partitions
of G, consisting of cosets of H and L, respectively. Let K < Aut(I') be maximal that
admits both B and C as invariant partitions. If y € K such that 7|¢ fixes each block of B

contained in C, then v|¢c € K.

Proof: Let e = (x,y) be an arc of I'; = Cay(G, S;). As G is transitive and contained
in Aut(I"), it suffices to only consider the case where x+ = 0. Let C' € C with 0 € C,
and v € K such that o fixes each block of B contained in C. If 2,y € C, then clearly
Yc(0,y) = v(0,y) is an arc of I';. If z,y & C then 7|c(z,y) = (x,y) is an arc of T';.
If z € Cand y ¢ C, then as I'; is an (L, H)-generalized wreath product, every vertex
of x + H is outadjacent in I'; to every vertex of y + H and (y — ) + H C S. Also,
v(x+H)=x+ H and y|c(y+ H) = y+ H. We conclude that v|c(y) —v|c(0) € y+ H.
The case where y € C but x ¢ C' is analogous and v € Aut(I';). As I; is arbitrary, the

result follows. n
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Lemma 9

Letn be an odd positive integer and G < S,, contain a regular cyclic subgroup and have an
invariant partition BB that is not trivial and is not refined by an nontrivial invariant partition.
Then either |B| = p for B € B and some prime p or Stabg(B) in its action on B is a

doubly-transitive group with nonabelian almost simple socle.

Proof: Assume |B| does not have prime order. As B is not trivial, n is composite. Next,
Stabg(B)|p is primitive by [6, Exercise 1.5.10] for every B € B. As Z,, is a Burnside
group [6, Theorem 3.5A] and Stabg (B)|p contains a regular cyclic subgroup, it is doubly-
transitive and has socle a simple group or a regular elementary abelian p-group for some
(odd) prime p by [6, Theorem 4.1B]. As a transitive subgroup of Sy contains a regular
subgroup and an elementary abelian subgroup if and only if it has Sylow p-subgroup S, ¢
S, by [11, Lemma 4], it is easy to see that AGL(k, p) does not contain a regular cyclic
subgroup if £ > 2. Thus if Stabg(B)|p has elementary abelian socle then it is a subgroup

of AGL(1, p) and | B| = p, and the result follows. ]

Lemma 10

Letp be prime, k > 2, andI" = Cay(Z,», S) a color digraph that is a nontrivial generalized
wreath product that is not isomorphic to a color digraph whose automorphism group has
the form G ! G for some 2-closed subgroups Gy < Spe-i and Gy < S, is a symmetric

group if i > 2. Then Cay(Z,, S) is not a CI-color digraph.

Proof: Let P be a Sylow p-subgroup of Aut(I") that contains (Z,«).. As I' is a nontrivial
generalized wreath product, there exists 1 < L < K < (Zpk) r such that §; — K is a

union of cosets of L for every S; € S. We choose K to be minimal such that S; — K isa
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union of cosets of L for every S; € S, and suppose that L is not of prime order. Let C be
the invariant partition of (Z, ), formed by the cosets of L. Then G = G < Aut(I") but
Gp £ Aut(T") for any D < C. We will show that there is a regular cyclic subgroup R in G
that is not conjugate in Aut(I") to (p). This will imply our claim by Lemma 3.

By Lemma 6, if R is conjugate to (p) in Aut(I"), then there exists § € Ns (G) such
that 1 (p)d = R. Hence the number of regular cyclic subgroups in G conjugate in Aut(T")
to (p) is the number of regular cyclic subgroups in G conjugate in Naur)(G) to (p). By
Lemma 6, Naym)(G) = (G, N(p*),v) N Aut(T') = H (where v is defined as above).

Suppose v € H. Let M be the largest subgroup of Aut(I") that admits B (consisting
of the cosets of the unique subgroup of Z,. of size p). Note that P < M and as P is
a Sylow p-subgroup of Aut(I"), P is a Sylow p-subgroup of M. Define an equivalence
relation = on B by B = B’ if and only if whenever w € fix;;(B) then w|p is a p-cycle if
and only if w|p is a p-cycle. By [7, Lemma 2], the union of the equivalence classes of =
is an invariant partition £ of M and p|z € Aut(I") forevery E € £. As p** | € Aut(T)
and M, we see that M < C. As 7|¢ is of prime order and contains a fixed point for every
C € C, for C € C there exists B, B' € Bwith B, B C C but B # B’. This then implies
that £ < C, and so if £ is formed by the orbits of A < L < (p), then S; — A is a union of
cosets of A for every S; € S. This contradicts our choice of L, and so v € H.

Now suppose that yn € H for some n € Aut(Z,:), and let |L| = ¢. Then yn|c
normalizes (p** ‘| ) and fixes 0 so yn is an automorphism of Zye. As Aut(Z,) is abelian,

raising yn to an appropriate power relatively prime to p, we may assume without loss of
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generality that yn has order a power of p. Then n|c = 1 and by Lemma 8 7| € Aut(I).
But then vy € H, a contradiction. We conclude that H < (G, N(p*)).

Let |[H| = |G| -m. As H < (G,N(p*)), we see G <« N(p*). As {p) < G and
N (p*)/{p) is isomorphic to a subgroup of Aut(Z,), there exists A < Aut(Z,) such that

H=(G,A) =GAand

G|-A] _ pHA]
|G N A p ’

|H| =
and m = |A|/p**t. Then the number of subgroups of H conjugate to {p) in H is
|H]| |H]|

1 Na(lo)) = o = A —F

However, by Lemma 7, (G contains exactly p”k_z regular cyclic subgroups, so there are

indeed regular cyclic subgroups of H that are not conjugate in . This gives that if " is a
circulant color digraph that is a CI-digraph of Z,, then L is of prime order and so B = C.

Applying Lemma 8 to M with C = B, we see that the Stabg(M)|p < Aut(I"), where
Stabp(M) is the setwise stabilizer of the block B € B in M. Applying the Embedding
Theorem we see that M = M/B1(Staby(B)|5). As M® = (M/B)®(Stab(B)|)?
by [5, Theorem 5.1], the result follows if A/ = Aut(I"). Otherwise, B is not an invari-
ant partition of Aut(I"). Let D be the invariant partition of Aut(I") with non-singleton
blocks of smallest order. As B < D the blocks of D are of composite order. By Lemma
9, Stabauyry(D)|p is a doubly-transitive group with simple nonabelian socle. This im-
plies fixau¢(r)(D|p is a doubly-transitive group with simple socle for every D € D. As

B < D and p** |5 € Aut(T) for every B € B, the normal closure N of (p**"'|z) in
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StabAut(p)(D) is also doubly-transitive with nonabelian socle where B C . We con-
clude that any orbital digraph A of Aut(I") is isomorphic to a wreath A = A/D K- or
A = A/D K- in which case Aut(I') /D 1 Spe—: = Aut(T')® = Aut(I") where the last

equality is true as the automorphism group of a color digraph is 2-closed and |D| = p*~.

Lemma 11
LetI' = Cay(Zy, S) be a circulant CI-color digraph, and suppose Aut(Cay(Z,x, S)) =
Aut(Cay(Zyi-i, S1))Aut(Cay(Z,i, S2)) for some circulant color digraphs Cay (Z,-i, S1)

and Cay (Zyi, S2). Then Cay(Z,x—:,S) is a circulant CI-color digraph.

Proof: Let B be the invariant partition of Aut(I') be formed by the orbits of 1 S i b
Aut(Cay(Z,:, S2)). Suppose first that for any regular cyclic subgroup R of the color Cay-
ley digraph Aut(Cay(Z,«-:,51)), there exists regular cyclic subgroup 7" of Aut(I") such
that T/B = R. Let 6 € Sye—i such that R = 6~ (Zy—:).0 < Aut(Cay(Z,x-:, S1)). Then
there exists a regular cyclic subgroup 7" such that 7'//B = R. As any two regular cyclic
subgroups are permutation equivalent, there exists w € S, such that w™(Zx)w = T.
As T is a circulant ClI-color digraph, by Lemma 3 there exists ¢ € Aut(I') such that
¢ w N2y ) rwp = (Zy)r. Then ¢/B € Aut(Cay(Zy-:,51)) and (¢/B) *Rp/B =
(Zy—i)1, and Cay(Zyk-i, S1) is a circulant Cl-color digraph. It thus suffices to show that
for every regular cyclic subgroup of R of Aut(Cay(Z,:-i,S:)) there is a regular cyclic
subgroup 7" of Aut(I") with 7/B = R.

Let R = (o) be a regular cyclic subgroup in Aut(Cay(Z,.—:,51)). Fori € Z—:, let
b; = 0ifi # 0 and by = 1. Then the function (z,y) — (o(x),j + b;) is contained in
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Aut(Cay(Zyi-i,51)) U (Zyi)r, < Aut(T) and this function has order p"~*. Letting 7" be the

corresponding regular cyclic subgroup of Aut(I"), we see that 7'/ = R. ]

Corollary 1

LetI" = Cay(Z,,S) be a Cl-color digraph. Then there exists an integer 0 < ¢ < k and
a 2-closed group (5, that contains (szH) L. and Gj < Spe; that is 2-closed and contains
(Zyo5)r, 2 < j < r such that Z;zl a; = k —iand if a; > 2 then G; = S,; and
Aut(T) =2 Gy 1 Gyl --- L G,. Additionally, the Sylow p-subgroup of G that contains
(Zy,+—:)1, contains a unique regular cyclic subgroup and is either (Z,x—i);, or p = 2 and is

(Ze), ) Or ((Zop—i) 1,187 ") of order 2571,

Proof: We proceed by induction on k. If £ = 1, the result is trivial as a Sylow p-subgroup
of S, is a regular cyclic subgroup, so we assume k > 2 and assume the result is true for
all circulant color digraphs of order at most p*~!. Let I" be a circulant color digraph of
order p*. Let P be a Sylow p-subgroup of Aut(I"). By Lemma 4 either the result follows
with / = 0 or I' is isomorphic to a generalized wreath product. If I" is isomorphic to a
generalized wreath product, then by Lemma 10 Aut(T") = H; ! Hy where H; < Spr—i for
some i > 0 and H, < S, are 2-closed that contain (Z,x—: ), and (Z,: ), respectively, and
if i > 2 then Hy = Syi. As H; is 2-closed, it is the automorphism group of some circulant
color digraph Cay(Z,:-i,S"). By Lemma 11, we see that Cay(Z,:—:,5’) is a circulant

Cl-color digraph, and the result then follows by induction applied to Cay(Z,.—:, S"). [

Corollary 2
Let Cay(Z,:,S) be a circulant color digraph such that there exists 0 < i < k and a

2-closed group G that contains (Z,e—i)r,, and G; < S’ that is 2-closed and contains
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(Zyos)r, 2 < j < 7 such that Z;Zl a; = k —i and if a; > 2 then G; = Sy and
Aut(I') = GGy - G, Additionally, the Sylow p-subgroup of G, that contains (Z,.—: )1,
contains a unique regular cyclic subgroup and is either (Z,—:)r, orp = 2 and is ((Zgx )1, )
or ((Zyr—i)r,18% ") of order 2=+, Then Aut(Cay(Zyx, S)) = Aut(Cay(Z,), T) for

some circulant digraph Aut(Z,.,T).

Proof: By [6, Theorem 3.5B] either GG; contains a regular cyclic subgroup or is doubly-
transitive and as 2-closed, is a symmetric group. As symmetric groups are automorphism
groups of circulant digraphs are automorphism groups of digraphs (either the complete
graph or its complement) as are 2-closed groups that contain a normal regular cyclic sub-
group by [23], we have that G; = Aut(I';) for some digraph I';. We need one final condi-
tion. Namely, if I'; = K,, 2 <17 </, then I';_; # K, (we choose it to be the complement

of K, if G;_; is doubly-transitive). We then have that
Aut(Ty 2T+ Ty) = Aut(Ty) Aut(Te) ¢+ - - VAut(Ty) = G1 Gyl - - UG,

by [10, Theorem 5.7] and straightforward induction argument. [
The preceding result has a more appealing form in the case where I' is a digraph as
then any complete graph or its complement can be written as a wreath product of order p

circulants (either all complete or complements of complete graphs, respectively).

Corollary 3

Let Cay(Z,, S) be a CI-digraph. Then

Cay(Zpk7 S) = Cay(Zpk*’ﬁ Sl) { CaY<ZP7 52) SRR CaY<Zp7 Sk7i+1)
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for some S| C Z,x—i and S; C Z,,,2 < j < k —1+ 1. Additionally, the Sylow p-subgroup
of Aut(Cay(Z,.-:),S1) that contains (Z,:-: ), contains a unique regular cyclic subgroup

and is either (Z,s—i ), or p = 2 and is ((Zox) 1, ) or ((Zgx—i) 1, L@’?k’i’:”) of order 2k—i+1
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CHAPTER 6

THE PRIMARY KEY OF A PRIME-POWER CI CIRCULANT

In this chapter we turn towards Muzychuk’s solution of the isomorphism problem for
circulants. He showed that a necessary (but not sufficient) condition for two circulant
digraphs of order n to be isomorphic is that they have the same “key”. In this section we
will introduce some of the notation that Muzychuk needed for his solution, and compute

the “key” of a Cl-circulant digraph of prime-power order.

Definition 15
Let p be prime and n > 1 an integer. Define a primary key space K, to be the set of all

integer vectors (k1, ..., k,) satisfying the following two properties:
1. k; <iforeachl < i <n, and

2. ki1 <k;foreach2 <i<n.

A vector in K. is called a primary key.

Definition 16
Let k be a primary key. For g € Z,\{0}, define b(g) = k, where |g| = p", and let

Cg =g+ <pn7kb(9)>,

Clearly each () is a coset of some subgroup of Z,~. It is easy to verify that all the
elements of C; has the same order as g. Additionally, if k is a primary key, then ¥ (k) =

{{0},C, : g € Z,n\{0}}, then X(k) is a partition of Zn.
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Definition 17

The partition X(k) is called the primary key partition corresponding to k.

We may compare two primary keys by setting k = (ky,...,k,) < (64,...,0,) = £
if and only if k; < ¢;, 1 < ¢ < n. It is not hard to show that if k < £, then (k) =<
¥.(£), which means that ¥(k) is a refinement of 3(£).. There is a largest primary key
(0,1,...,n — 1), and a smallest primary key (0, ...,0). Corresponding to each primary

key there is a set of permutations of Z, defined as follows.

Definition 18
Let p be prime and n a positive integer. Define the set Z,;. of to be the set of all vectors

{(ma,....mn) :m; € Z3;}. Foreachm € Z;;, define a function fz : Zyn > Zypn by

n—1 n—1
fa(x) = fa ( Z »’Ui]?i> = Z My
i=0 i=0
It is not difficult to show that for m € Z, the function fz is a well-defined bijection of

Lin.

P

Definition 19
Letk = (ki,...,k,) € K(p") be a primary key. Define the set of all primary genuine
generalized multipliers corresponding to the key k, denoted Z. (k), to be the set of all

primary generalized multipliers m in Z,; that satisfy the following two conditions:
1. ms = ms_1 (mod p5*k5*1), 2 <6 <n,and

2. ms € Zpé—kg, 1<d6<n.

We remark that our notation is slightly different in the previous definition than that of

Muzychuk.
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Definition 20

For two vectors u = (uy,...,u,) and v = (vq,...,v,) in K, define u A v to be the
vector (min{wy, vy }, min{ug, vo}, ..., min{u,,v,}). Now let P and () be two partitions
of a set X. We define the join of P and (), denoted P V (), to be the smallest partition that

refines both P and (). join

Lemma 12

Let k and £ be primary keys in K(p"). Then ¥(k) Vv 3(€) = X(k A £).

Definition 21

Let A be a partition of Z,». The partition for which ¥(k) is the unique largest (in the sense
of refinement) primary key partition that is a refinement of A is the key of A and denoted
k(A). Let Cay(Zyn, S) be a circulant digraph. The key of Cay(Z,~, S) is defined to be

the key of the partition {S, Z,»\S}.

We are now ready to state our final definition, and then give the statement of the Muzy-

chuk’s Theorem in the prime-power case.

Definition 22
Let Cay(Zyn, S1, . .., S,) have primary key k. The solving set of Cay(Z,», S) is defined
to be the set P(k) = { f : m € Z:(k)}. That is, the solving set of Cay(Zyn, S) is the set

of all genuine generalized multipliers related to the primary key of Cay(Z,», S).
Theorem 5
Let p be prime, n a positive integer, Cay(Zyn, S1, ..., S,) and Cay(Zyn, Sy, ..., S.) circu-
lant color digraphs with primary keys k and k', respectively. Then

1. ifk # X/, then Cay(Zyn, Sy, ..., S;) is not isomorphic to Cay(Zyn, Sy, ..., S.),

2. ifk = K/, then the following are equivalent:
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(a) Cay(Zyn,5h,...,Sy) and Cay(Zyn, Sy, ..., S]) are isomorphic,
(b) fm(Cay(Zym, Sy, ..., S,)) = Cay(Zy, S") for some fsz € P(k), and
(c) fm(S) =9 for some fz € P(k).

Lemma 13
A circulant digraph I' = Cay(Z,», S) is isomorphic to a wreath product of a circulant di-
graphT'y = Cay(Zyn—i, S1)1Cay(Z,i, S2) if and only if I' has primary key k = (k1,...., k)

and ki+1 =1.

Proof: Let H = (p"~*). We first observe that I is isomorphic to a wreath product of the
given form if and only if S'— H is a union of cosets of /. This occurs if and only whenever
g € Ly, |g| > p™, either g+ H C Sor (9+H)NS = (. This last condition occurs if and
only if every cell of the primary key partition (k) not contained in H is a union of cosets
of H. As the cell of 3(k) that contains g with |g| = p?, j > i+ 1is C, = g + (p" %),
every cell of the primary key partition (k) not contained in H is a union of cosets of H if
and only if C; = g+ (p"~*i) is a union of cosets of H for every g with |g| = p’, j > i+ 1.
This occurs if and only if (p" %) > (p"~*), or equivalently, k; > iforevery j > i+ 1. As

k; < j, we see that k;; > 4 if and only if k; 1 = 1. [

Lemma 14
Let Ty = Cay(Zyi, S1) where Si C Zi, and I'y = Cay(Zyi, S2) where Sy C Z,;. Let
ki = (k1,...,k;) be the primary key of I'y andky = ({1, ..., {;) be the primary key of I';.

ThenF1nghaskey(fl,...,Ej,k’l—i—j,...,kzi+j).

Proof: Let H,, be the unique subgroup of Z,:+; of order p™, J,,, the unique subgroup of Z,;

of order p™, and I,,, the unique subgroup of Z,: of order p™. Let g € Z,+; and |g| = p™,
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and S the connection set of I'; ! I'; as a circulant digraph, and k = (kj, ...k, ;) be the
key of Fl ! FQ.
Ifl1<m<jtheng € H, < Hjand I'[H;] = T'5. Then g = ¢'p’ where ¢’ € Z,.

In Z,;, Cy is then a coset of the unique subgroup J;_, , of order P4, s0in Liiti, Cg

s
is a coset of the unique subgroup H; ;g , of Zyi+; of order p'~%. Thus Cy is a coset of
Hiij,,and k' = {, as required.

If i < m < i+j, then the connection set S— H; is a union of cosets of ;. Additionally,
as the primary key partition X (k) is refinement of {S1,Z,: — Si}, either g (mod p) +
I;_, is contained in S; or disjoint from S;. As (k) is the unique least refinement of
{S,Z,i+; — S} that is a key partition, we conclude that either g + H;_ ;_(j1,) is contained

in S or disjoint from S. Then, in Z;;, Cy = g+ H;_y, andso k|, = i+j — (i —k;) = j+k;

as required. [

Lemma 15
A circulant digraph I" = Cay(Z,», S) is a nontrivial generalized wreath product if and only

if its primary key k # (0,0, ...,0).

Proof: By definition, the key partition (0, ..., 0) consists of singletons, and every cell of
any key partition is a coset of some subgroup of Z,,. It thus suffices to show that the key
partition corresponding to a generalized wreath product contains a coset of some nontrivial
subgroup. The digraph I' is a nontrivial generalized wreath product if and only if there
exists subgroups 1 < L < K < Z, and S — K is a union of cosets of L. Also, S — K is
a union of cosets of L if and only if (Z,, — S) — K is a union of cosets of L. We conclude

that I" is a nontrivial generalized wreath product if and only if the unique key partition that
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refines {5, Z,, — S} is bounded below by the partition {{k},g+ L : k€ K,g € Z,, — K}
which has key (0, ...,0,¢,...,¢) where |L| = ¢, and there are k 0’s, where | K| = p*. This

implies that the key partition of {5, Z,, — S} is not all singletons, and the result follows. m

Corollary 4
If a circulant digraph Cay(Z,», S) is a CI-digraph then it has primary keyk = (0, 1,...,i—

l,i—1,...,i—1).

Proof: By Corollary 1, there exists an integer 0 < ¢ < k and Cayley digraph I'; =
Cay(Zyi—e,S1), and I'; = Cay(Z,,S;), 0 <i < Lsuchthat ' = T 1Ty 0 - Ty, Addi-
tionally, the Sylow p-subgroup of Aut(I';) that contains (Z,:—¢), contains a unique regular
cyclic subgroup and is either (Z,r—¢); or p = 2 and is ((Zgx )1, t) or ((Zg—t)1, B2
of order 2¥=%+1, Note that I'; is not isomorphic to a nontrivial generalized wreath product
as the automorphism group of a nontrivial generalized wreath product has more than one
regular cyclic subgroup by Lemma 5. By 15, we see I'; has key (0,...,0). By Lemma 13
['; has key (0,1,2,...,i — 1) and the result follows by Lemma 14 [

Muzychuk has shown that two isomorphic circulant digraphs of order p" have the same
primary key, and given a primary key k, they are isomorphic if and only if they are iso-
morphic by a genuine generalized multiplier. These are straighforward to calculate, and

below we record the conditions such a genuine generalized multiplier must satisfy for the

primary key k = (0,1,2,...,i —1,i —1,...,i —1).

Lemma 16
The genuine generalized multipliers (my, . . . m,,) for the primary key k = (0,1,2,...,i—
1,4 —1,...,i— 1) satisfy the following conditions:
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e Forl1 <j<i,m;e{l,...,p—1},
e Forl <j<mn—i,my; €{l,....,pP" — 1}, and

e For0<j<n—i,my;=mi1 (modp).
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CHAPTER 7

CI-DIGRAPHS OF PRIME-POWER ORDER

In this chapter, we will determine a necessary and sufficient condition for a circulant

digraph of prime power order to be a CI-digraph.

Lemma 17

LetI'y = Cay(Z,», S1) be a digraph with primary key
k=(0,1,...,i—1,i—1,...,i—1).

Suppose that 'y = Cay(Z,», S2) andI'; = I'y by a genuine generalized multiplier -y of the
form (my, ..., m,) where m, = 1 (mod p) and m; = 1 (mod p) forevery 1 < j < i.

Then o(I'y) = I'y for some o € Aut(Z,») of order a power of p.

Proof: As I'y has primary key k, by inductively applying Lemma 13 we see that ['; =
Cay(Zyi, Ti NCay (Zy, To)- - 1Cay(Zy, Tr—iy1) for Ty C Zyi and T; C Zyp,2 < j < n—i+
1. Additionally, Cay(Zy,:, T1) is not a generalized wreath product by Lemma 15, and so by
Lemma 4 a Sylow p-subgroup of Aut(Cay(Z,:,T1)) has a unique regular cyclic subgroup.
Let P be a Sylow p-subgroup of Aut(I'y) that contains (Z,» ). It is not hard to see that
¥ (Zyn)y < P. Notice that P admits an invariant partition B; consisting of blocks of
size p’ for 0 < j < n by [8, Lemma 9], and that B; is the unique invariant partition of

P by [21, Exercise 6.5]. Then P/B,,_; contains a unique regular cyclic subgroup, and so
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every conjugate of (Z,» ), contained in P is contained in P’ = Z,i 1 Zy 0 - - - 1 Z,, Where
there are n — ¢ factors in this wreath product isomorphic to Z,.

Now observe that the conditions for the genuine generalized multipliers corresponding
to the primary key k are given in Lemma 16. In particular, m;;; = m; (mod p). Also,
Miye = My (mod p?), and so m;, o = m;y; (mod p). Arguing inductively, we see that
m; = M1 = ... = my, (mod p), and as m,, = 1 (mod p), m;4; = 1 (mod p) for every
0 < i < n — 1. We will show by induction on n — ¢ that there exists 5 € P’ such that
VB = o € Aut(Zyn).

The base case of induction is n — 72 = 0 and as a generalized multiplier fixes 0, we see
that in this case 7 € Aut(Z,:) by Corollary 1. Assume the result is true forn —i = j <
n — 2 and suppose n — ¢ = j + 1. By induction, there exist 5; € P’ such that y3; /B, is an
automorphism of Z," . Let P” be the Sylow p-subgroup of S, that contains (Z,» )y, 0
that P < P". Also, a Sylow p-subgroup II of Aut(Z,»)-(Z,» ) is also contained in P”. By
the Embedding Theorem [16, Theorem 1.2.6] and the fact that [1/1; is a Sylow p-subgroup
of Aut(Zyn—1) - (Zpn—1)1, we see Aut(Zpn) - (Zpn ), < (Aut(Zpn-1) - (Zyn-1)1) 1 Zy. Let
o € Aut(Z,n) such that v, /By = «/By. Then a~'yf, = ;" € fixps(By) = ZI =
fixp(B). Then /3152 = v and (5152 € P. The result follows by induction. n

We now consider which digraphs with primary key k = (0,1,...,i—1,i—1,...,i—1)
are Cl-digraphs. For this it will be convenient to write an element of Z,» in it p-adic form.
That is, each element of Z,» can be written uniquely in the form Z;:& x;p’, where j € Z,,.
The permutation corresponding to a generalized multiplier (my, ..., m,) maps Z;:S z;p
t0 32320 M55
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Lemma 18

Let Ty = Cay(Zyn,S1) have primary key k = (0,1,...,4 —1,...,i— 1) so that '} =
Cay(Zyi, T1) 1 Cay(Zy,, T5) ¢ - - - 1 Cay(Zy, Ty—iy1) for Ty C Zyi and T; C Zp, 2 < j <
n—i+1. Suppose thatI'y = Cay(Z,n, S2) andT'y = I'y by a genuine generalized multiplier
7 of the form (my, ..., my) where1 < m; <p—1foreveryl < j <n. Thena(l'y) =T
for some o« € Aut(Z,n) if and only if there exists {1 € Aut(Z,:,T1) and {; € Aut(Z,,T})
such that if (t1,...,t,) = (bm—iv1,lmis--- 02, 01,...,01) then forall 1 < r;s < n we

have m,t, = myt,.

Proof: Suppose that there exists m € Z; such that the function o : Zpn +— Z,» given
by a(z) = ma is an isomorphism from I'; to I';. As a generalized multiplier, m =

(m,m,...,m) and

.t (m, .o m) = (i mytytm, Lt tm) € Aat(T).

As

F1 = Cay(Zpia Tl) { Cay(va TQ) SRR CaY(Zpa Tn—i-i—l)a

W€ S€C

Aut(I'y) > Aut(Cay(Zy,i, T1)) L Aut(Cay (Zy, 1)) - - - VAut(Cay(Zy, Thi—it1))-

For 1 < j < i, we have that m; 'm € Aut(Cay(Z,, T;)) and m 'm - m; = m as required.
Conversely, suppose that there exists /1 € Aut(Z,:,T}) and ¢; € Aut(Z,, T;) such

that if (t1,....%,) = (bm—it1,lm—iy--- 02, 01,...,¢1) then for all 1 < 7,5 < n we
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have m,t, = mgt,. As Aut(I') contains Aut(Cay(Z,:,T1)) ¢ Aut(Cay(Z,, T5)) ¢ -2
Aut(Cay(Z,, T),—i11)), the permutation in S, corresponding to the generalized multiplier

(i1, bmiy - 0o, 1, ..., ¢1) is contained in Aut(T"). Set m = myt;. Then the map

n—1 n—1
IP—)E mxjpj—mg x;p) = mx
Jj=0 Jj=0
is an isomorphism between I'; and I'y as required. ]
2

Corollary 5
LetI'y = Cay(Zyn,Sy) have primary key k = (0,1,...,4 —1,...,i — 1) so that "y =

Cay(Zyi, T1) ! Cay(Zy, T) ¥ -+ 1 Cay(Zy, T—iy1) for Ty C 7Z

pi and T; C Z,, 2 <

j < n—1i+ 1. Suppose that I'y = Cay(Z,n,Ss) and I'y = I'y by a genuine general-
ized multiplier v = (mq,...,my). Then o(I'y) = I'y for some o € Aut(Z,n) if and
only if there exists {1 € Aut(Z,,Ty) and {; € Aut(Z,,T};) such that if (t1,...,t,) =

(brn—is1, bmiy - -y U, by, ..., 01) then for all 1 < r;s < n we have m,t, = mgt,.

Proof: As 7 is a genuine generalized multiplier, by Lemma 16
e Forl1 <j<im;e{l,....,p—1},
e For1 <j<n—imy;e{l,...,p" —1} and

e For0<j<n-—im; =miy1 (modp).

Then for 1 < j < n — i, there exists u;;; = 1 (mod p) and v;4; € {1,...,p — 1} such
that m;; = w4 jv;4,. Letv = (1,...,1,n;, 011, ..., v,). Then v is a genuine generalized
multiplier, so if v : Z + Zyn is given by v(z) = Z;L:—Ol Vn—jz;p’, then v(I') is a circulant

digraph isomorphic to I'y and I';. By Lemma 17, there exists oy € Aut(Z,») such that

a1(I'y) = o(I"). Additionally, I'; and I'y are isomorphic by an automorphism of Z,~ if and
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only if a4 (I'y) and I'y are isomorphic by an automorphism of Z,~. It thus suffices to verify

the result provided that each m; € {1,...,p — 1} and the result follows by Lemma 18. =

Definition 23

For a set S C Z,, we let 1(S) be the set of all 1 < m < p — 1 such that mS =

pk s

{ms (mod p*) : s € S} = S, and for S C Zy. and T C Z;, we let I(S) x I[(T) = (S, T)

i s
as a subgroup of Z.

Theorem 6
Let p be a prime and Cay (Z,, S) a circulant digraph. Then Cay(Z,, S) is a CI-digraph of
Z,y. if and only if there exist a CI-digraph Cay(Z,:, S1), i < k, and k — i circulant digraphs

Cay(Z,,T3),...,Cay(Z,, Ti—i+1) such that
Cay(Zyr, S) = Cay(Zyi, S1) 1 Cay(Zy, To) V.. .2 Cay(Zy, Ti—it1),

and I(Ty) x I(T,,) = Z; forevery 1 <{ <n <k —i+ 1

Proof: Suppose I (1) x I(T,,) # Zyfor1 < { <n < k—i+1 Letr € Z5— I1(T,) * [(T).
If ¢ =1, thenletm; =rforevery j >k —i—1landm; =1forl <j <k —i+1, while
if ¢ # 1,let my = r and m; = 1 for j # ¢. Then (my, ..., my, ....,m,) defines a genuine

generalized multiplier and the image of Cay(Z,x,S) under f,,, . m,,...m,) is a circulant

digraph by [19, Theorem 2.4]. By Corollary 5 there must be ¢, € I(T}) and t,, € I1(T},)
such that m,t, = my,t,, in which case ;¢! = r € I(T;) x I(T,,), a contradiction.
Conversely, let I'; be any circulant digraph isomorphic to I';. By Theorem 5 I'; and

'y are isomorphic by f,, for a genuine generalized multiplier m = (my, ..., m,), where

m; is a positive integer. By Corollary 5 we have a(I';) = I'; for some a € Aut(Z,) if
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and only if there exists ¢; € Aut(Z,:,T1) and {; € Aut(Z,, T;) such that if (¢1,...,t,) =
(Crn—it1y bm—iy - -y U, 0y, ..., ¢1) then for all 1 < r, s < n we have m,t, = mgt,.

Letp—1 = H;Zlq}” be the prime power decomposition of p — 1. As Z; is cyclic

Y

and hence nilpotent, Z,, = H;Zl (); where the Q); are cyclic Sylow g;-subgroups of Z;,
1 <j<r AsI(T,)*I(T,) = Z; forevery 1 < x <y < k — i we must have
that (Q; (N 1(T:)) = (Q; N 1(T)) = Q; forevery 1 < j < r. Also, (Q;(I(T,)) *
(Q;N1(Ty)) = Q; if and only if Q; N I(T:) = Q; or Q; (N I(T,) = Q; for each Q; as
Q; cyclic of prime power order. Consequently, for each 1 < j < r there is at most one
1 < z; <k —i+ 1suchthat Q; N Aut(Z,,T%,) # Q;.

Let m, = H;Zl m;., where m;, € Q;. Fix 1 < j < r. If z; exists, then let

t = m;,, and otherwise, let t;,. = 1. If 1 <y < n—i+1landy # zj, then

j,Z]'

Q; N Aut(Z,y, T,) = Qj, and so there exists ¢;,, € Aut(Z,, T,) such that £; ,m;, = m;. .

Setting m = [[;_, m;., and {; = [[}_, ¢;,,, we have that {;m; =m forall1 <j<r. m
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CHAPTER 8

CI-COLOR DIGRAPHS OF PRIME-POWER ORDER

A circulant color digraph I of order p* is a Cl-color digraph of Z,. if and only if there
is one conjugacy class of regular cyclic subgroups in its automorphism group by Lemma
3. The preceding result gives conditions, which when appropriately reformulated, will
determine which circulant color digraphs of order p* are Cl-color digraphs as Aut(I) is

the automorphism group of a circulant digraph of order p* by Corollary 2.
Definition 24

LetT" = Cay(Z,x, S) be a circulant color digraph. Let I be the setof all1 <m; < p—1
such that there exists a genuine generalized multiplier m' = (m/, m}, ..., m}) with f,,, €

Aut(T") and m/; = m;.

Lemma 19

Let p be a prime and I' = Cay(Z,x,S) a circulant color digraph. If I has primary key

Pk
k=(0,1,...,i—1,...,i—1) for some i < k, then there exists a color circulant digraph

Cay(Zyk,T), T C Zyx, such that Aut(I') = Aut(Cay(Z,:, T)).

Proof: Let H be the unique subgroup of Z, of prime order p. The primary key k; of
Cay(Zyx, S;) is refined by k, and so S; — H is a union of cosets of H, where S; € S. This
implies that Cay(Z,, S;) = Cay(Z,:-1,S;1) ! Cay(Z,, S;,) for some S;; C Z,x-1 and

SJ,Q g Zp.
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If the cosets of H form an invariant partition of Aut(I'), then Aut(I') = G; 1 G
where G < Spe-1 is 2-closed and Gy < S, is 2-closed. Otherwise, let B be the invariant
partition of Aut(I") with blocks of smallest size, pe with ¢ > 2. Note that the cosets of
H are a nontrivial refinement of B. Additionally, Stabaur)(B)|s is a doubly-transitive
group with nonabelian simple socle by Lemma 9, B € B. Also, as Aut(Cay(Zx-1,.5;1))?
Aut(Cay(Zp, Sj,)) < Aut(I'), we see that for each B € B there exists Lg < Stabauyr)(B)
such that Lg/B = 1, L|p is a doubly-transitive nonabelian almost simple group with so-
cle T, and Lp|pr = 1if B' € Band B # B’. This then implies that Cay(Z,, S;) =
Cay(Zye, S3) VA, where S3 C Zy— and A = K¢ or K. As S; € S was arbitrary, we
conclude that Aut(I') = G ¢ Sy for some 2-closed Gy < S,x-¢. We have thus established
that Aut(I') = G0 G, where Gy < Spi—¢ is 2-closed and G; < S is 2-closed and if
¢ > 2, then G, = Spe. Also notice thatas k = (0,1,...,i— 1,4 —1,...,4 — 1) we have
¢ <i.

Nowlet S = {S; : 1 < j <r}andletk; = (ko ,ki;,...,ks;) be the primary key
of Cay(Z,,S;). As the primary key partition of k is a refinement of each k;, we see that
ky; > kyforeveryl < x < kand1 < j <r. Thus k,; = j — 1 forall z < i. Also,
as Aut(I') = G111 Gy, each Cay(Z,x, S;) can be written as a wreath product I'; ; ¢ I'y j,
where T’y ; is a circulant digraph of order p"~* and I'y; is a circulant digraph of order p*.
Notice that I'; ; has key partition (0,1,...,¢ — 1) and so by Lemma 14 it must be that the
key partition of I'y j is (kj o — ¢,..., kj, — ¢)if ¢ <iandis (0,0,...,0)if £ = i. Then the

largest refinement of all of these key partitions is (0,1,...,i—1—¢,i—1—{,... ,i—1—1)
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ifi < for(0,0,...,0)if i = £. We conclude that T/ B has key partition (0,...,7 — 1 —
lii—1—4(,...,i—1—2")or(0,0,...,0), and the induction hypothesis applies to I'/B3.
We now argue inductively and get that there exists a 2-closed group G that contains
(Zy—i)1, and G; < Spe; that is 2-closed and contains (Z,e; ), 2 < j < r such that
Z;Zl a; = k—iandif a; > 2 then G; = S,s; and Aut(T") = G11G32- - -1 G,. By Lemma
2 Aut(Cay(Zyx, S)) = Aut(Cay(Z,:,T)) for some T C Z,:. n

Corollary 6
Let p be a prime and I' = Cay(Z,, S) a circulant color digraph. Then I is a CI-color
digraph of Z if and only if I" has primary key k = (0,1,...,i —1,...,i — 1) for some

1gigkandlg*lgzZ;foreveryl§€<n§i+1.

Proof: Suppose that I" has primary key k = (0,1,...,7 — 1,...,i — 1) for some 1 <
i < k. By Lemma 19 Aut(I") is isomorphic to the automorphism group of a circulant
digraph Cay(Z,x,T') for some T' C Z,:. Conversely, if I" is a CI-color digraph then by
Corollaries 1 and 2 Aut(I") is also isomorphic to the automorphism group of a circulant
digraph Cay(Z,,T). By Lemma 3, we see that I is a CI-color digraph of Z,: if and only
if Cay(Z,x,T') is a CI-digraph of Z,x. By Theorem 6, Cay(Z,,T) is a CI-digraph of Z
if and only if there exist a CI-digraph Cay(Z,:,U,), ¢ < k, and k — i circulant digraphs

Cay(Z,,Us), . ..,Cay(Zy, Ux—;+1) such that

Cay(Zpk, T) = C&y(Zpi, U1> l Cay(Zp, UQ) . Cay(Zp, Uk—i+1>>

and I(Uy) * I(U,) = Z;, forevery 1 < ¢ <n < k — i+ 1. Finally, observe thaty € I(Up),
¢ < i if and only if the generalized multiplier m = (my, ..., my) withmy, = yand m; =1
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otherwise, while if / > ¢+ 1, then my, = yif j > ¢+ 1 and my, = 1 if j < 7. That is,
I(Up) * I(Uy,) = Z3 if and only if I{ I} = Z7. Thus Cay(Z,,T) is a Cl-digraph of
Z,, and so Cay(Z,x, S) is a CI-color digraph. This establishes that if I has primary key
0,1,...,i=1,...;i—1)and I{ * [} = Z; forevery 1 < { <n < i+ 1,thenTisa
ClI-color digraph of Z,, as well as establishing that if I" is a CI-color digraph of Z,: then
If 1 = Z, forevery 1 < { <n <14+ 1. It only remains to show that if I" is a CI-color
digraph of Z, then I has primary key (0,1,...,7—1,...,7—1). As Aut(I") is isomorphic

to Aut(Cay(Z,x,T')) as above, this follows by Lemma 4. ]

Definition 25
Henceforth a primary key of the form (0,1,...,i —1,i —1,...,i — 1) for some i will be

called a CI primary key with top <.
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CHAPTER 9

CIRCULANT CI-COLOR DIGRAPHS

We are now ready for the final terminology that will be needed for our solution to which
circulant color digraphs are CI-color digraphs.

As Z,, may be written as a direct product Hlezp?i , where n has prime-power decompo-
sition n = p{* - - - p*s, there are keys, key partitions, and generalized multipliers, each of
which is a direct product of primary keys, primary key partitions, and primary generalized
multipliers corresponding to the prime-power decomposition of n. All such definitions are

stated in the following definition.

Definition 26

Let n be a positive integer with prime-power decomposition n = pi* - p5®---p%. De-
fine the key space K,, to be II7_,K(p;"). That is, K,, is the direct product of primary
keys. Similarly, if 3(k;) is a primary key partition of Zp;zi , then a key partition of Z,, is

IT5_,X(k;). Define a set of generalized multipliers, denoted Z*, as HleZ;’;i. For each

m = (M, Mo, ..., M) € Z*, where each m; € Z;* define a function f : Z, — Z,, by

fa(@n, .o ws) = (fan (@1), fan (22), -, fin, ()
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For a key k = (ki, ko, ..., k) wherek; € Kp;xi is a primary key, define the set of all gen-
uine generalized multipliers related to the key k, denoted Z;*(k), to be HleZ;iti (k;).
Now let A be a partition of Z,,. The partition for which ¥(k) is the unique largest (in the
sense of refinement) primary key partition that is a refinement of A is the key of A and
denoted k(A). Let Cay(Z,,S) be a circulant color digraph. The key of Cay(Z,, S) is
defined to be the key of the partition {S; € S : 1 < j < r}. Finally, let Cay(Z,, S) have

key k. The solving set of Cay(Z,, S) is defined to be the set P(k) = {fz : m € Z:*(k)}.

The following result is Muzychuk’s solution to the isomorphism problem for circulant

color digraphs.

Theorem 7
Let n be a positive integer, Cay(Z,, S) and Cay(Z,, S") circulant color digraphs with keys
k and K, respectively. Then

1. ifk # K/, then Cay(Z,, S) is not isomorphic to Cay(Z,, S’),

2. ifk = K/, then the following are equivalent:

(a) Cay(Zy,,S) and Cay(Zy, S") are isomorphic,
(b) f#(Cay(Zy,S) = Cay(Zy,S’) for some fz € P(k), and
(c) fw(S) =95 forsome fz € P(k).

Definition 27

LetI" = Cay(Z,, S) be a circulant color digraph and n = pi*p5* - - - p% the prime-power
decomposition of n. Let m = (my,...,ms) be a genuine generalized multiplier with
m; = (Mi1, Mg, ..., Mig,). Forl <i < sand1 < j < a, let I{; be the set of all

1 <mj; <p; — 1such that f,, € Aut(T") withm, j = m ;.
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Combining Theorem 7 with Corollary 6 we have the following characterization of cir-

culant color digraphs that are CI-color digraphs.

Theorem 8

Let n be an integer with prime-power decompostion n = pi* ---p?. A circulant color
digraph Cay(Z,,, S) with key k = (ky, ..., k) is a CI-color digraph of Z,, if and only if
each k; is a Cl-primary key with top j; and forevery 1 < i < sand1 < j, ¢ < j; we have

c c __ 7%
i« I, =Z,.
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