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Explicit tight frames for simulating a new system of fractional nonlinear 
partial differential equation model of Alzheimer disease 
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A B S T R A C T   

This paper is devoted to develop a new mathematical model for Alzheimer disease based on a system of 
fractional-order partial differential equations. The system of Alzheimer disease includes neurons, astrocytes, 
microglias and peripheral macrophages, as well as amyloid β aggregation and hyperphosphorylated tau proteins. 
We consider the Caputo fractional derivative definition to analyze the formulated system by simulating the effect 
of drugs that either failed or currently in clinical trials. To simulate the model, we use tight frame (framelet) 
systems generated using the unitaryand oblique extension principle. According to the simulation results, and 
based on using such new direction of fractional modeling, the progression of Alzheimer disease and its conse-
quences will be slowing down. Which may give clinical insights on intervention measures against the disease and 
its effective therapies.   

Introduction 

Alzheimer’s disease (AD) is a progressive neurodegenerative disease 
that causes brain cells to waste away which leads to protein aggregation, 
where the neurodegeneration are only partially understood. It is known 
as the most common form of dementia and mortality in the elderly [1,2]. 
Noticing that, the increasing number of older adults afflicted with AD, is 
causing many challenges for the global health community. For example, 
the prevalence of AD worldwide in 2006 was 26.12 million, in 2019 it is 
estimated that 46.8 million people suffer from AD, and by 2030 the 
prevalence estimated to be 74.7 million people [3], and approximately it 
is expected that this number to be increased by 1.2% in 2050 [4] taking 
into account the huge amount of cost of caring for AD adults afflicted. 
For example, in the United States of America the cost was approximately 
$290 billion in 2019, but the costs extend to many other reasons such as 
the negative mental and physical health outcomes [5]. Given these 
circumstances (among others), developing models that describe the 
dynamics of such disease is essential. Consequently, there is an imme-
diate call for effective and efficient models that be able to provide some 
insights for effective description of the dynamics of AD including neu-
rons, astrocytes, therapies and many other factors for the disease. 

Most recently, many scientists have applied fractional derivatives 
using wavelets, framelets and many other systems on many scientific 

and disease models in order to achieve a better matched with the reality 
and dynamics of these models rather than using the classical ordinary 
differential equations [6–15,17–37]. It is well-known that the fractional 
order options, especially with the Caputo fractional derivative, are more 
suitable to describe the medical phenomena than the classical and 
integer order [38–40]. This is also due to the fact that Caputo fractional 
definition describe the modeling of the non-local issues more efficiently. 

The main aim of this work is to extend the AD mathematical model 
presented in [41], that is initially formulated based on integer-order 
derivative, by applying the Caputo fractional operator derivative. 
There are many advantages of using such derivative operator in appli-
cations. In future, we intended to study this AD model in other sense 
such as Atangana-Baleanu and Caputo-Fabrizio and compare their dif-
ferences with the Caputo derivative in order to investigate which one is 
more appropriate and reliable for describing such model. 

Preliminaries and notations 

Let us introduce some definitions and notations of tight frames and 
fractional calculus needed through the paper. An L2(R)-function is a 
function maps R to itself such that 
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‖ f‖2
L2(R) =

(∫

R

⃒
⃒ f
(

x
)

|
2
)

,

exists and finite. 
The Fourier transform of a function g ∈ L1(R) (can be extended to 

L2(R)) is defined to be 

F

(

g
)(

ω
)

= ĝ
(

ω
)

=

∫

R

g
(

x
)

e− iωxdx,ω ∈ R,

and the Fourier series of a sequence a ∈ ℓ2(Z) is defined by 

F

(

h

)(

ω
)

= ĥ

(

ω
)

=
∑

k∈Z

a

[

k

]

e− iωk, ω ∈ R.

Definition 0.1. A sequence of functions 
{
gk ∈ L2(R), k = 1,…,∞

}
is 

called a frame of L2(R) if there exist a positive constants T1,T2 such that, 

T1 ‖ g‖2⩽
∑∞

k=1
|〈g, gk〉 |

2⩽T2 ‖ g‖2, ∀g ∈ L2

(

R

)

.

The constants T1,T2 are called frame bounds. A frame in Definition 
0.1 is called Parseval (tight) if it is possible to have T1 = T2, and T1 =

T2 = 1, respectively. 

In applications, it is recommend to use a non-negative functions to 
simulate the problem. B-splines are an example of non-negative func-
tions and have many mathematical features such as symmetry and 
refinability. The B-spline Bm of order m is defined by the following 
relation, 

Bm = Bm− 1*B1 =

∫

(0,1]
Bm− 1

(

⋅ − x

)

dx, m = 1,…,∞ ,

where 

B1 = χ(0,1],

is defined to be the indicator function over the interval [0,1). 
We say a function g has N vanishing moments if 

∫

tmg
(

t
)

dt = 0, for m = 0, 1,…,N − 1.

In this paper, we use the B-splines as refinable functions to construct 
the tight frame systems in order to simulate thenew formulated AD 
model. 

For g ∈ L2(R), we define the dilation operator D by Dg(x) =
̅̅̅
2

√
g(2x), and the translation operator T by Tkg(x) = g(x − k) for k ∈ Z. A 

compactly supported square-integrable function ϕ is called refinable if 
we have 

ϕ

(

x

)

= 2
∑

k∈Z

a0

[

k

]

ϕ

(

2x − k

)

,

where a0[k] is finitely supported sequence. 

Let Ψ = {ψℓ}
r
ℓ=1 be a set of square integrable functions such that 

ψℓ = 2
∑

k∈Z

bℓ

[

k

]

ϕ

(

2⋅ − k

)

,

where {bℓ[k], k ∈ Z}
r
ℓ=1 is a finitely supported sequence. To simulate the 

non-linear system of partial differential equations PDEs for the AD in this 
work we need to construct tight frame systems of the form of X(Ψ), 
where 

X(Ψ) =
{

ψℓ
j,k = DjTkψℓ; j, k ∈ Z, ℓ = 1,…, r

}
.

The system is generated using the well-known unitary and oblique 
extension principles [42,43]. 

Theorem 0.2. [[42]] For a given refinable ϕ, the system X(Ψ) is a tight 
frame for the space L2(R) if 

∑r

ℓ=0

∑

k∈Z

bℓ[k]bℓ

[

k − q

]

= δ0,p,

and 

∑r

ℓ=0

∑

k∈Z

( − 1)k− qbℓ[k]bℓ

[

k − q

]

= 0,

hold for all q ∈ Z, where δ0,q is the Kronecker delta function. The oblique 
extension principle presented is a generalization of the unitary extension 
principle and to have such extension, it is require to have some required 
constraints on a[k]. That is, for some trigonometric function Θ̂, for 
σ ∈ {0,1}, 

Θ̂
(

⋅
)⃒
⃒ϕ̂
(

0
)⃒
⃒2 = 1,

∑

ℓ∈E
b̂

ℓ
(

⋅

/

2 + πσ
)

b̂
ℓ(

ξ
/

2
) = Θ

(

ξ

/

2

)

δσ − Θ̂

(

ξ

)

â

(

ξ

/

2 + πσ
)

.

Note that, according to Definition 0.1 and Theorem 0.2, we have the 
following tight frame expansion, 

g =
∑r

ℓ=1

∑

j,k∈Z

〈
g,ψℓ

j,k

〉
ψℓ

j,k. (2.1) 

Let us now construct some tight frame systems using the above 
principles. Define the function sgn as 

sgn
(

x
)

=
x
|x|
, x ∕= 0.

Example 0.1. Applying the OEP and considering the B-spline of order 
two, B2, we have  

Then, the system X(Ψ) forms a tight frame for L2(R). 

Example 0.2. For the B-spline of order four, B4, and again by applying 
the notion of the OEP we get  

ψ1

(

x
)

=
1̅
̅̅
2

√

(

− |x − 1| + |x + 1| − 2
⃒
⃒
⃒
⃒x +

1
2

⃒
⃒
⃒
⃒+ sgn

(
1
2
− x
)

+ 2x sgn
(

x −
1
2

))

,

ψ1

(

x
)

=
1
2

(

− 6|x| − |x + 1| + 4
⃒
⃒
⃒
⃒x −

1
2

⃒
⃒
⃒
⃒+ 2|2x + 1| + x sgn

(

1 − x
)

+ sgn
(

x − 1
))

.
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Then, the system X(Ψ) forms a tight frame for L2(R). 

Definition 0.3. For a real-valued function u(t), suppose that 
0 < q < 1. Let Γ be the Euler gamma function, then:  

• The Caputo’s fractional order derivative is defined as follows, 

D
qu
(

t
)

=
1

Γ(1 − q)

∫ t

0

u′(x)
(t − x)q dx.

• The associated Riemann–Liouville integral fractional operator is 
given by, 

I
qu
(

t
)

=
1

Γ(q)

∫ t

0

u(x)
(t − x)1− q dx.

Caputo fractional order mathematical model of AD 

Now, we consider the mathematical model of AD using the Caputo 
fractional order derivative. The model consists of eighteen nonlinear 
partial differential equations. It is important to notice that to get a 
matched dimensions on both sides of the AD system we have to change 
the dimension of each parameter. Therefore, the order of the equations 
to q, and the dimension of the left-hand side would be (time)− q. 

D
qAi

β =
(

λi
β

(
1 + R

)
− dAi

β
Ai

β

)
N
/

N0 (3.1)  

D
qA0

β = Ai
β

⃒
⃒
⃒
⃒
∂N
∂t

⃒
⃒
⃒
⃒+

λNN
N0

+
λAA
A0

−
(

d
A0

β M̂

(
M̂1 + M̂2θ

)
+ dA0

βM(M1

+ M2θ)
) A0

β

A0
β + KA0

β

(3.2)  

D
qτ =

N
N0

(
λτ0 + λτR − dττ

)
(3.3)  

D
qFi =

N
N0

(λFτ − dFi Fi) (3.4)  

D
qF0 = Fi

⃒
⃒
⃒
⃒
∂N
∂t

⃒
⃒
⃒
⃒ − fFo Fo (3.5)  

D
qN =

− dNFFiN
Fi + KFi

−
dNT TαN

(
Tα + KTα

)(
KI10 + γI10

)

(3.6)  

D
qA = λAAo

β
Ao

β + λATα Tα − dAA. (3.7)  

D
qNd =

dNFFiN
Fi + KFi

+
dNT TαNKI10

(
Tα + KTα

)(
KI10 + γI10

) − dNd M(M1 + M2)
Nd

Nd + KNd

−

(3.8)  

d
Nd M̂

(
M̂1 + M̂2

) Nd

Nd + KNd

(3.9)  

D
qAO = λAO Ao

β − dAO AO +DAO ΔAO (3.10)  

D
qH = λHNd − dHH +DHΔH (3.11)  

D
qM1 =

(
M0

GλMFFo

Fo + KFo

+
M0

GλMAAO

AO + KAO

)
β∊1

β∊1 + ∊2
− ∇⋅

(

M1∇H
)

+
TβM1λM1Tβ

Tβ + KTβ

− dM1 M1

(3.12)  

D
qM2 =

(
M0

GλMFFo

Fo + KFo

+
M0

GλMAAO

AO + KAO

)
∊2

β∊1 + ∊2
− ∇⋅

(

M2∇H
)

+
TβM2λM2Tβ

Tβ + KTβ

− dM2 M2

(3.13)   

D
q M̂1 =α

(
P
)(

M0 − M̂
) β∊1

β∊1 +∊2
− ∇⋅

(
M̂1∇AO

)
+

Tβ M̂1λ
M̂1Tβ

Tβ +KTβ

− d
M̂ 1

M̂1

(3.14)   

Table 1 
The variables description.  

Variable Description 

Ai
β  The amyloid-β within neurons  

A0
β  The extracellular amyloid-β peptides outside neurons  

τ  Hyperphosphorylated tau protein 
NFT(Fi) The neuronfibrillary tangle within neurons 
NFT(F0) The neuronfibrillary tangle outside neurons 
N Live neurons 
A Astrocytes 
ROS(R) Reactive oxygen species 
APP(Ap) Amyloid precursor protein 
TNF − α(Tα) Tumor necrosis factor alpha 
IL − 10(I10) Interleukin 10 
MG(MG) Microglias 
GSK − 3(G) Glycogen synthase kinase-type 3 
AβO(AO) Amyloid β oligomer (soluble)  
TGF − β(Tβ) Transforming growth factor beta 
P MCP-1 
M1  Proinflammatory microglias 

M̂1  Peripheral proinflammatory macrophages 

M2  Anti-inflammatory microglias 

M̂2  Peripheral anti-inflammatory macrophages 

Nd  Dead neurons 
H High mobility group box 1 (HMGB1)  

ψ1

(

x
)

=
1
24

(

− 4|x − 2|3 + 8|x − 1|3 − 8|x + 1|3 + 4|x + 2|3 + 3|2x + 1|3 − |2x + 3|3 − 3|1 − 2x|3 + |3 − 2x|3
)

,

ψ2

(

x
)

=
1

4
̅̅̅
6

√

(

2|x − 2|3 + 8|x − 1|3 − 20|x|3 + 8|x + 1|3 + 2|x + 2|3 + |2x + 1|3 − |2x + 3|3 + |1 − 2x|3 − |3 − 2x|3
)

,

ψ3

(

x
)

=
1
24

(

− 4|x − 2|3 − 56|x − 1|3 + 56|x + 1|3 + 4|x + 2|3 − 7|2x + 1|3 − 3|2x + 3|3 + 7|1 − 2x|3 + 3|3 − 2x|3
)

ψ4

(

x
)

=
− 1
12

(

− |x − 2|3 − 28|x − 1|3 − 70|x|3 − 28|x + 1|3 − |x + 2|3 + 7|2x + 1|3 + |2x + 3|3 + 7|1 − 2x|3 + |3 − 2x|3
)

.
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D
q M̂2 = α

(

P

)(

M0 − M̂

)
∊2

β∊1 +∊2
− ∇⋅

(

M̂2∇AO

)

+

Tβ M̂2λ
M̂2Tβ

Tβ +KTβ

− d
M̂2

M̂2

(3.15)  

D
qTβ = λTβMM2 +DTβ ΔTβ + λ

Tβ M̂
M̂2 − dTβ Tβ (3.16)  

D
qI10 = λI10MM2 +DI10 ΔTβ + λ

I10 M̂
M̂2 − dI10 I10 (3.17)  

D
qTα = λTαM1 M1 +DTα ΔTα + λ

Tα M̂1
M̂1 − dTα Tα (3.18)  

D
qP = λPAA+DPΔPλPM2 M2 − dPP. (3.19)  

where 

∊1 =
Tα

Tα + Kα
,

∊2 =
I10

I10 + KI10

,

M̂ = M̂1 + M̂2,

α
(

P
)

=
αP

P + KP
,

and 

R
(

t
)

=

{
0.01R0t, 0⩽t⩽100

R0, t > 100  

where the description of all variables is presented in Table 1. The AD 
model is subject to the periodic boundary conditions: 

AO
β

(
0, y, t

)
= AO

β

(
1, y, t

)
; AO

β

(
x, 0, t

)
= AO

β

(
x, 1, t

)
; h

(
0, y, t

)

= h
(
1, y, t

)
; h

(
x, 0, t

)
= h
(
x, 1, t

)
;  

Tβ(0, y, t) = Tβ(1, y, t); Tβ(x, 0, t) = Tβ(x, 1, t); I10(0, y, t)

= I10(1, y, t); I10(x, 0, t) = I10(x, 1, t);  

Tα(0, y, t) = Tα(1, y, t); Tα(x, 0, t) = Tα(x, 1, t); P(0, y, t)

= P(1, y, t); P(x, 0, t) = P(x, 1, t);  

and the following initial conditions: 

Aβ

(

x, y, 0
)

=
1

106 ; AO
β

(

x, y, 0
)

=
1

108 ; τ
(

x, y, 0
)

=
1.37
1010 ; Fi

(

x, y, 0
)

=
3.36
1010 ; FO

(

x, y, 0
)

=
3.36
1011 ;  

N
(

x, y, 0
)
= 0.14; A

(
x, y, 0

)
= 0.14; M1

(
x, y, 0

)
= 0.02; M2

(
x, y, 0

)

= 0.02; M̂1

(
x, y, 0

)
= 0;  

M̂2

(

x, y, 0
)

= 0,Nd

(

x, y, 0
)

= 0; H
(

x, y, 0
)

=
1.3
1011 ; Tβ

(

x, y, 0
)

=
1

106 ; Tα

(

x, y, 0
)

=
2

105 ;  

I10

(

x, y, 0
)

=
1

105 ; P
(

x, y, 0
)

=
5

109 ; AO

(

x, y, 0
)

= 0.

The parameters and their values are given by the following: 

DAO =
(
4.32 × 10− 2)q; DH =

(
8.11 × 10− 2)q; DTα

=
(
6.55 × 10− 2)q; DTβ =

(
6.55 × 10− 2)q; DI10 =

(
6.04 × 10− 2)q;  

DP =
(
1.2 × 10− 10)q; λi

β =
(
9.51 × 10− 6)q; λN =

(
8 × 10− 9)q; λA

= 8 × 10− 9; λτO =
(
8.1 × 10− 11)q;  

λτ =
(
1.35 × 10− 11)q; λF =

(
1.662 × 10− 3)q; λATα = (81.54)q; λAAO

β

= (1.793)q; λAO =
(
5 × 10− 2)q;  

λH =
(
3 × 10− 5)q; λMF =

(
2 × 10− 2)q; λMA =

(
2.3 × 10− 3)q; λM1Tβ

=
(
6 × 10− 3)q; λ

M̂1Tβ
=
(
6 × 10− 4)q;  

λTβM =
(
1.5 × 10− 2)q; λ

Tβ M̂
=
(
1.5 × 10− 2)q; λTβM1

=
(
3 × 10− 2)q; λ

Tβ M̂1
=
(
3 × 10− 2)q;  

λI10M2 =
(
6.67 × 10− 3)q; λ

I10 M̂2
=
(
6.67 × 10− 3)q; λPA

=
(
6.6 × 10− 8)q; λPM2 =

(
1.32 × 10− 7)q; θ = (0.9)q;  

α = (5)q; β = (10)q; γ = 1; dAi
β
= (9.51)q; dAO

β
= (9.51)q; dAi

βM

=
(
2 × 10− 3)q; d

Ai
β M̂

=
(
10− 2)q; dτ = (0.77)q;  

dFi =
(
2.77 × 10− 3)q; dFO =

(
2.77 × 10− 4)q; dN =

(
1.9 × 10− 4)q; dNF

=
(
3.4 × 10− 4)q;  

dNT =
(
1.7 × 10− 4)q; dNd M = (0.06)q; dNd M̂ =

(
0.06

)
; dAM

=
(
1.2 × 10− 3)q; dM1 = (0.015)q;  

dM2 = (0.015)q; d
M̂1

= (0.015)q; d
M̂2

= (0.015)q; dAO

= (0.915)q; dH = (58.71)q; dTα = (55.45)q;  

dTβ =
(
3.33 × 102)q; dI10 = (16.64)q; dP = (1.73)q; R0 = 6q; M0

=
(
5 × 10− 2)q; N0 = (0.14)q; M0

G = (0.047)q;  

A0 = (0.14)q; KAO
β
=
(
7 × 10− 3)q; KNd = (10 − 3)q; KI10

=
(
2.5 × 10− 6)q; KTβ =

(
2.5 × 10− 7)q; KM = (0.047)q;   

K
M̂
=(0.047)q; KM1 =(0.03)q; KM1 =(0.017)q; K

M̂ 1
=
(

0.04
))q

; K
M̂2

=(0.007)q;  

KFi =
(
3.36 × 10− 10)q; KFO =

(
2.58 × 10− 11)q; KAO

=
(
1 × 10− 7)q; KP =

(
6 × 10− 9)q; KTα =

(
4 × 10− 5)q; 

Now by applying the Caputo fractional derivative for each variable of 
the AD system we get:   
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1
Γ(1 − q)

∫ t

0

(
M̂2

)′

(t − x)q dx = α
(

P

)(

M0 − M̂

)
∊2

β∊1 + ∊2
− ∇⋅

(

M̂2∇AO

)

+

Tβ M̂2λ
M̂2Tβ

Tβ + KTβ

− d
M̂2

M̂2

1
Γ(1 − q)

∫ t

0

(Tβ)
′

(t − x)q dx = λTβMM2 + DTβ ΔTβ + λ
Tβ M̂

M̂2 − dTβ Tβ

1
Γ(1 − q)

∫ t

0

(I10)
′

(t − x)q dx = λI10MM2 + DI10 ΔTβ + λ
I10 M̂

M̂2 − dI10 I10

1
Γ(1 − q)

∫ t

0

(Tα)
′

(t − x)q dx = λTαM1 M1 + DTα ΔTα + λ
Tα M̂1

M̂1 − dTα Tα

1
Γ(1 − q)

∫ t

0

P′

(t − x)q dx = λPAA + DPΔPλPM2 M2 − dPP.

Each variable in the AD system will be expanded with respect to t by 
using the truncated representation S n that extracted from Eq. 2.1, where 

S ng =
∑r

ℓ=1

∑

j<n

∑

k∈Z

〈
g,ψℓ

j,k

〉
ψℓ

j,k =
∑r

ℓ=1

∑

j<n

∑

k∈Z

cgψℓ
j,k.

Thus, 

1
Γ(1 − q)

∫ t

0

(
Ai

β

)′

(t − x)q dx =
(

λi
β

(
1 + R

)
− dAi

β
Ai

β

)
N
/

N0

1
Γ(1 − q)

∫ t

0

(
A0

β

)′

(t − x)q dx = Ai
β

⃒
⃒
⃒
⃒
∂N
∂t

⃒
⃒
⃒
⃒+

λNN
N0

+
λAA
A0

−
(

d
A0

β M̂

(
M̂1 + M̂2θ

)
+ dA0

βM(M1 + M2θ)
) A0

β

A0
β + KA0

β

1
Γ(1 − q)

∫ t

0

τ′
(t − x)q dx =

N
N0

(
λτ0 + λτR − dττ

)

1
Γ(1 − q)

∫ t

0

(Fi)
′

(t − x)q dx =
N
N0

(λFτ − dFi Fi)

1
Γ(1 − q)

∫ t

0

(Fo)
′

(t − x)q dx = Fi

⃒
⃒
⃒
⃒
∂N
∂t

⃒
⃒
⃒
⃒ − fFo Fo

1
Γ(1 − q)

∫ t

0

N ′

(t − x)q dx =
− dNFFiN
Fi + KFi

−
dNT TαN

(
Tα + KTα

)(
KI10 + γI10

)

1
Γ(1 − q)

∫ t

0

A′

(t − x)q dx = λAAo
β
Ao

β + λATα Tα − dAA,

1
Γ(1 − q)

∫ t

0

(Nd)
′

(t − x)q dx =
dNFFiN
Fi + KFi

+
dNT TαNKI10

(
Tα + KTα

)(
KI10 + γI10

) − dNd M(M1 + M2)
Nd

Nd + KNd

−

d
Nd M̂

(
M̂1 + M̂2

) Nd

Nd + KNd

1
Γ(1 − q)

∫ t

0

(AO)
′

(t − x)q dx = λAO Ao
β − dAO AO + DAO ΔAO

1
Γ(1 − q)

∫ t

0

H′

(t − x)q dx = λHNd − dHH + DHΔH

1
Γ(1 − q)

∫ t

0

(M1)
′

(t − x)q dx =

(
M0

GλMFFo

Fo + KFo

+
M0

GλMAAO

AO + KAO

)
β∊1

β∊1 + ∊2
− ∇⋅

(

M1∇H
)

+
TβM1λM1Tβ

Tβ + KTβ

− dM1 M1

1
Γ(1 − q)

∫ t

0

(M2)
′

(t − x)q dx =

(
M0

GλMFFo

Fo + KFo

+
M0

GλMAAO

AO + KAO

)
∊2

β∊1 + ∊2
− ∇⋅

(

M2∇H
)

+
TβM2λM2Tβ

Tβ + KTβ

− dM2 M2

1
Γ(1 − q)

∫ t

0

(
M̂1

)′

(t − x)q dx = α
(

P

)(

M0 − M̂

)
β∊1

β∊1 + ∊2
− ∇⋅

(

M̂1∇AO

)

+

Tβ M̂1λ
M̂1Tβ

Tβ + KTβ

− d
M̂ 1

M̂1   

Ai
β′ ≈S nAi

β
=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cAi

β
ψℓ

j,k

(

t

)

; A0
β′ ≈S nA0

β=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cA0

β
ψℓ

j,k

(

t

)

,

τ′ ≈S nτ=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cτψℓ

j,k

(

t

)

; F′
i≈S nF′

i=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cF′

i
ψℓ

j,k

(

t

)

,

F′
o≈S nF′

o=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cF′

o ψℓ
j,k

(

t

)

; N ′ ≈S nN=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cNψℓ

j,k

(

t

)

,

A′ ≈S nA=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cAψℓ

j,k

(

t

)

; N ′
d ≈S nNd =

∑r

ℓ=1

∑

j<n

∑

k∈Z
cNd ψℓ

j,k

(

t

)

,

A′
O≈S nAO=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cAO ψℓ

j,k

(

t

)

; H′ ≈S nH=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cHψℓ

j,k

(

t

)

,

N ′
d ≈S nNd=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cNd ψℓ

j,k

(

t

)

; A′
O≈S nAO=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cAO ψℓ

j,k

(

t

)

,

H′ ≈S nH=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cHψℓ

j,k

(

t

)

; M′
1≈S nM1=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cM1 ψℓ

j,k

(

t

)

,

M′
1≈S nM1=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cM1 ψℓ

j,k

(

t

)

; M′
2≈S nM2=

∑r

ℓ=1

∑

j<n

∑

k∈Z
cM2 ψℓ

j,k

(

t

)

;

M̂ ′
1≈S n M̂1=

∑r

ℓ=1

∑

j<n

∑

k∈Z
c

M̂ 1
ψℓ

j,k

(

t

)

; M̂ ′
2≈S n M̂2=

∑r

ℓ=1

∑

j<n

∑

k∈Z
c

M̂2
ψℓ

j,k

(

t

)

,
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Tβ
′ ≈S nTβ =

∑r

ℓ=1

∑

j<n

∑

k∈Z
cTβ ψℓ

j,k

(

t

)

;I′10 ≈S nI10 =
∑r

ℓ=1

∑

j<n

∑

k∈Z
cI10 ψℓ

j,k

(

t

)

,

P′ ≈S nP=
∑r

ℓ=1

∑

j<n

∑

k∈Z
cPψℓ

j,k

(

t

)

;T ′
α ≈S nTα =

∑r

ℓ=1

∑

j<n

∑

k∈Z
cTα ψℓ

j,k

(

t

)

.

Applying the method proposed in [44] reveals us with the following 
reduced system 

Ai
β

(

t, x, y
)

− Ai
β

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 1
(
s,Ai

β

(
s, x, y

))

(t − s)1− q ds = 0;

A0
β

(

t, x, y
)

− A0
β

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 2
(
s,A0

β

(
s, x, y

))

(t − s)1− q ds = 0;

τ
(

t, x, y
)

− τ
(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 3(s, τ(s, x, y))
(t − s)1− q ds = 0;

Fi

(

t, x, y
)

− Fi

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 4(s,Fi(s, x, y))
(t − s)1− q ds = 0;

Fo

(

t, x, y
)

− Fo

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 5(s,Fo(s, x, y))
(t − s)1− q ds = 0;

N
(

t, x, y
)

− N
(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 6(s,N(s, x, y))
(t − s)1− q ds = 0;

A
(

t, x, y
)

− A
(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 7(s,A(s, x, y))
(t − s)1− q ds = 0;

Nd

(

t, x, y
)

− Nd

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 8(s,Nd(s, x, y))
(t − s)1− q ds = 0;

AO

(

t, x, y
)

− AO

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 9(s,AO(s, x, y))
(t − s)1− q ds = 0;

H
(

t, x, y
)

− H
(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 10(s,H(s, x, y))
(t − s)1− q ds = 0;

M1

(

t, x, y
)

− M1

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 11(s,M1(s, x, y))
(t − s)1− q ds = 0;

M2

(

t, x, y
)

− M2

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 12(s,M2(s, x, y))
(t − s)1− q ds = 0;

M̂1

(

t, x, y

)

− M̂1

(

0, x, y

)

−
1

Γ(q)

∫ t

0

X 13

(
s, M̂1

(
s, x, y

))

(t − s)1− q ds = 0;

M̂2

(

t, x, y

)

− M̂2

(

0, x, y

)

−
1

Γ(q)

∫ t

0

X 14

(
s, M̂2

(
s, x, y

))

(t − s)1− q ds = 0;

Tβ

(

t, x, y
)

− Tβ

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 15(s,Tβ(s, x, y))
(t − s)1− q ds = 0;

I10

(

t, x, y
)

− I10

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 16(s, I10(s, x, y))
(t − s)1− q ds = 0;  

Tα

(

t, x, y
)

− Tα

(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 17(s,Tα(s, x, y))
(t − s)1− q ds = 0;

P
(

t, x, y
)

− P
(

0, x, y
)

−
1

Γ(q)

∫ t

0

X 18(s,P(s, x, y))
(t − s)1− q ds = 0.

Using collocation technique, we discretize the domain (for t,x, and y) 
in h step size in order to obtain a sequence of mesh points as follows: for 
a framelet partial sum of size J, we set 

M = 2J , h = 1
/

2M, x0 = 0, xm+1 = xm +mh, m = 0, 1,…, 2M,

where the simulation is concluded within the following domain: 

Ξ =
{(

x, y
)
∈ R2 : 0⩽x, y⩽1

}
.

Therefore, 

Ai
β

(

tm,xi,yj

)

− Ai
β

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 1
(
s,Ai

β

(
s,xi,yj

))

(tm − s)1− q ds= 0;

A0
β

(

tm,xi,yj

)

− A0
β

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 2
(
s,A0

β

(
s,xi,yj

))

(tm − s)1− q ds= 0;

τ
(

tm,xi,yj

)

− τ
(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 3
(
s,τ
(
s,xi,yj

))

(tm − s)1− q ds= 0;

Fi

(

tm,xi,yj

)

− Fi

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 4
(
s,Fi

(
s,xi,yj

))

(tm − s)1− q ds= 0;

Fo

(

tm,xi,yj

)

− Fo

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 5
(
s,Fo

(
s,xi,yj

))

(tm − s)1− q ds= 0;

N
(

tm,xi,yj

)

− N
(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 6
(
s,N
(
s,xi,yj

))

(tm − s)1− q ds= 0;

A
(

tm,xi,yj

)

− A
(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 7
(
s,A
(
s,xi,yj

))

(tm − s)1− q ds= 0;

Nd

(

tm,xi,yj

)

− Nd

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 8
(
s,Nd

(
s,xi,yj

))

(tm − s)1− q ds= 0;

AO

(

tm,xi,yj

)

− AO

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 9
(
s,AO

(
s,xi,yj

))

(tm − s)1− q ds= 0;

H
(

tm,xi,yj

)

− H
(

0,xi,yj

)

−
1

Γ(q)

∫ t

0

X 10
(
s,H
(
s,xi,yj

))

(tm − s)1− q ds= 0;

M1

(

tm,xi,yj

)

− M1

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 11
(
s,M1

(
s,xi,yj

))

(tm − s)1− q ds= 0;

M2

(

tm,xi,yj

)

− M2

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 12
(
s,M2

(
s,xi,yj

))

(tm − s)1− q ds= 0;

M̂1

(

tm,xi,yj

)

− M̂1

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 13

(
s, M̂1

(
s,xi,yj

))

(tm − s)1− q ds= 0;

M̂2

(

tm,xi,yj

)

− M̂2

(

0,xi,yj

)

−
1

Γ(q)

∫ tm

0

X 14

(
s, M̂2

(
s,xi,yj

))

(tm − s)1− q ds= 0;  

Tβ

(

tm, xi, yj

)

− Tβ

(

0, xi, yj

)

−
1

Γ(q)

∫ tm

0

X 15
(
s, Tβ

(
s, xi, yj

))

(tm − s)1− q ds = 0;

I10

(

tm, xi, yj

)

− I10

(

0, xi, yj

)

−
1

Γ(q)

∫ tm

0

X 16
(
s, I10

(
s, xi, yj

))

(tm − s)1− q ds = 0;

Tα

(

tm, xi, yj

)

− Tα

(

0, xi, yj

)

−
1

Γ(q)

∫ tm

0

X 17
(
s,Tα

(
s, xi, yj

))

(tm − s)1− q ds = 0;

P
(

tm, xi, yj

)

− P
(

0, xi, yj

)

−
1

Γ(q)

∫ tm

0

X 18
(
s,P
(
s, xi, yj

))

(tm − s)1− q ds = 0.

1
Γ(q)

∑2m− 1

n=0

X 1
(
sn,Ai

β

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 1
(
sn+1,Ai

β

(
sn+1, xi, yj

))

(tm − sn+1)
1− q .

Now, by approximating the integrals in the proposed model based on 
the composite trapezoidal rule, we have,    

M. Mohammad and A. Trounev                                                                                                                                                                                                             



Results in Physics 21 (2021) 103809

7

Ai
β

(

tm, xi, yj

)

= Ai
β

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 1
(
sn,Ai

β

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 1
(
sn+1,Ai

β

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

A0
β

(

tm, xi, yj

)

= A0
β

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 2
(
sn,A0

β

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 2
(
sn+1,A0

β

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

τ
(

tm, xi, yj

)

= τ
(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 3
(
sn, τ

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 3
(
sn+1, τ

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

Fi

(

tm, xi, yj

)

= Fi

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 4
(
sn,Fi

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 4
(
sn+1,Fi

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

Fo

(

tm, xi, yj

)

= Fo

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 5
(
sn,Fo

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 5
(
sn+1,Fo

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

N

(

tm, xi, yj

)

= N

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1

n=0

X 6
(
sn,N

(
sn, xi, yj

))

(tm − sn)
1− q −

1
Γ(q)

∑2m− 1

n=0

X 6
(
sn+1,N

(
sn+1, xi, yj

))

(tm − sn+1)
1− q ;

A

(

tm, xi, yj

)

= A

(

0, xi, yj

)

+
1

Γ(q)
∑2m− 1
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Thus, the AD system will be reduced to a matrix system that 
numerically can be easily solved to get the approximate solution for each 
variable (see Figs. 1 and 2). 

By joining the variables and solving the resulting system, we present 
the simulation results of the PDE system of AD fractional model in 
Figs. 3–7. The plots represent the average density for all variables of the 
new model considering different values of fractional orders, namely q =

0.7, q = 0.8 and q = 1. In Fig. 8 we show the number of neurons for q =

1, 0.8, 0.7 depending on A0
β ,Tβ and P. 

Conclusion 

In this paper, we investigated and constructed a new mathematical 
model of AD, that is initially formulated based on the classical ordinary 
integer derivative, by extending the base model to a fractional system of 
PDEs and by involving the Caputo fractional derivative. There are many 
advantages of using such derivative which resulted in better describing 
the dynamics of such disease. Thus, the fractional-order model provides 
better results than the integer-order model. 

The new system is simulated by means of framelet approximation/ 
expansion where an explicit form of the framelets (generators) of such 
method is given explicitly. The generators through out the work is 

constructed using important set of non-negative functions, namely the B- 
splines, and based on the unitary and oblique extension principles. Using 
such approach is to provide us with an approximated simulation of the 
new mathematical AD model with high accuracy order, compactly 
supported framelets, high vanishing moments, and a proper properties 
of smoothness and symmetries. 

We provided several graphical illustrations for all of the simulated 
variables to visualize their behavior for interpretation. For example, in 
Figs. 3,4,6,7 the results represent the average density for all variables of 
the new model using different values of fractional orders. It confirm that 
the variables just keep a consistent pace and so a steady state behavior 
with different values of fractional order. In Fig. 8, the results show that 
neurons are increasingly dying according to the fractional order values. 

The obtained results provide us with a fundamental information to 
further better recognize the dynamics of AD. This may give some in-
sights to researchers in future practical medical trails for many 
applications. 

Compliance with ethics requirements 

This article does not contain any studies with human or animal 
subjects. 

Fig. 1. The graphs of generators ψ1,ψ2 in Example 0.1.  
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Fig. 3. The average density of some variables as indicated under each subfigure for different values of q.  

Fig. 2. The graphs of generators ψ1,…,ψ4 in Example 0.2.  
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Fig. 5. The average density of some variables as indicated under each subfigure for different values of q.  

Fig. 4. The average density of some variables as indicated under each subfigure for different values of q.  
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Fig. 6. The average density of some variables as indicated under each subfigure for different values of q.  
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Fig. 7. The average density of some variables as indicated under each subfigure for different values of q.  
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Fig. 8. The number of neurons when q = 1,0.8,0.7 depending on A0
β ,Tβ and P.  
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