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This paper is devoted to develop a new mathematical model for Alzheimer disease based on a system of
fractional-order partial differential equations. The system of Alzheimer disease includes neurons, astrocytes,
microglias and peripheral macrophages, as well as amyloid  aggregation and hyperphosphorylated tau proteins.
We consider the Caputo fractional derivative definition to analyze the formulated system by simulating the effect
of drugs that either failed or currently in clinical trials. To simulate the model, we use tight frame (framelet)
systems generated using the unitaryand oblique extension principle. According to the simulation results, and

based on using such new direction of fractional modeling, the progression of Alzheimer disease and its conse-
quences will be slowing down. Which may give clinical insights on intervention measures against the disease and

its effective therapies.

Introduction

Alzheimer’s disease (AD) is a progressive neurodegenerative disease
that causes brain cells to waste away which leads to protein aggregation,
where the neurodegeneration are only partially understood. It is known
as the most common form of dementia and mortality in the elderly [1,2].
Noticing that, the increasing number of older adults afflicted with AD, is
causing many challenges for the global health community. For example,
the prevalence of AD worldwide in 2006 was 26.12 million, in 2019 it is
estimated that 46.8 million people suffer from AD, and by 2030 the
prevalence estimated to be 74.7 million people [3], and approximately it
is expected that this number to be increased by 1.2% in 2050 [4] taking
into account the huge amount of cost of caring for AD adults afflicted.
For example, in the United States of America the cost was approximately
$290 billion in 2019, but the costs extend to many other reasons such as
the negative mental and physical health outcomes [5]. Given these
circumstances (among others), developing models that describe the
dynamics of such disease is essential. Consequently, there is an imme-
diate call for effective and efficient models that be able to provide some
insights for effective description of the dynamics of AD including neu-
rons, astrocytes, therapies and many other factors for the disease.

Most recently, many scientists have applied fractional derivatives
using wavelets, framelets and many other systems on many scientific
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and disease models in order to achieve a better matched with the reality
and dynamics of these models rather than using the classical ordinary
differential equations [6-15,17-37]. It is well-known that the fractional
order options, especially with the Caputo fractional derivative, are more
suitable to describe the medical phenomena than the classical and
integer order [38-40]. This is also due to the fact that Caputo fractional
definition describe the modeling of the non-local issues more efficiently.

The main aim of this work is to extend the AD mathematical model
presented in [41], that is initially formulated based on integer-order
derivative, by applying the Caputo fractional operator derivative.
There are many advantages of using such derivative operator in appli-
cations. In future, we intended to study this AD model in other sense
such as Atangana-Baleanu and Caputo-Fabrizio and compare their dif-
ferences with the Caputo derivative in order to investigate which one is
more appropriate and reliable for describing such model.

Preliminaries and notations
Let us introduce some definitions and notations of tight frames and

fractional calculus needed through the paper. An L?(R)-function is a
function maps R to itself such that
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= ()

exists and finite.
The Fourier transform of a function g € L; (R) (can be extended to
Ly(R)) is defined to be

) o) e

and the Fourier series of a sequence a € /,(Z) is defined by
(h) <w> ( ) za{ } wer
keZ

Definition 0.1. A sequence of functions {g € L*(R),k=1,...,c0} is
called a frame of L?(R) if there exist a positive constants Ty, T2 such that,

1711

T | glP<) (g, &) <Ts | g, VgeLz(R>-

k=1

The constants Ty, T are called frame bounds. A frame in Definition
0.1 is called Parseval (tight) if it is possible to have T; = Ty, and T; =
T, =1, respectively.

In applications, it is recommend to use a non-negative functions to
simulate the problem. B-splines are an example of non-negative func-
tions and have many mathematical features such as symmetry and
refinability. The B-spline B, of order m is defined by the following
relation,

Bm:Bm—]*Bl:/ By | —x|dx, m=1,.. 00,
©1)

where
Br =Y

is defined to be the indicator function over the interval [0,1).
We say a function g has N vanishing moments if

/t’"g(t)dtzo, for m=0,1,....N—1.

In this paper, we use the B-splines as refinable functions to construct
the tight frame systems in order to simulate thenew formulated AD
model.

For g€ L?(R), we define the dilation operator D by Dg(x) =
V/2g(2x), and the translation operator T by Tyg(x) = g(x —k) fork € Z. A
compactly supported square-integrable function ¢ is called refinable if
we have

x—1]4+x+1 -2

)5l
o)

[\S] \

( 6lx] — [x+ 1|+ 4

)5l

where ay k] is finitely supported sequence.

Results in Physics 21 (2021) 103809

Let ¥ = {y,},_; be a set of square integrable functions such that
y =2 bk ¢<2~ —k),

kez
where {b/[k],k € Z}},_, is a finitely supported sequence. To simulate the
non-linear system of partial differential equations PDEs for the AD in this
work we need to construct tight frame systems of the form of X(¥),
where

X(¥ {y/jk:D’Tku/, j kez, f—l....,r}.
The system is generated using the well-known unitary and oblique
extension principles [42,43].

Theorem 0.2. [[42]] For a given refinable ¢, the system X(¥) is a tight
frame for the space L*(R) if

S SR f-| =,

(=0 kezZ

and

Db Kb’ [k - q:| =0,

=0 keZ

hold for all g € Z, where & q is the Kronecker delta function.  The oblique
extension principle presented is a generalization of the unitary extension
principle and to have such extension, it is require to have some required

constraints on afk]. That is, for some trigonometric function ©, for

s€{0,1},
m —@(:/2>55—é<:>a<§/z+m>.

~ ~ 2
o ()2 (o) =1.
~
b < / 24 m)')
(eE
Note that, according to Definition 0.1 and Theorem 0.2, we have the
following tight frame expansion,

g= Z Z<g l//jk>l//]1s 2.1

=1 j.keZ

Let us now construct some tight frame systems using the above
principles. Define the function sgn as

sgn(x) :i, x # 0.
||

Example 0.1. Applying the OEP and considering the B-spline of order
two, By, we have

1 1 1
x+= ‘-i—sgn(——x) + 2x sgn(x—§)>,
1
x—§'+2\2x+l|+x sgn(l—x) +sgn<x—1)).

Then, the system X(¥) forms a tight frame for L?(R).

Example 0.2. For the B-spline of order four, B4, and again by applying
the notion of the OEP we get
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1
):—(74\x72|3+8\x71\378|x+1|3+4\x+2|3+3|2x+1\37\2x+3\373\172x\3+|372x|3),
1
) :ﬁ<2|x72|3+8\x7 1P =200 + 8+ 1] + 2+ 2P + [2x + 1P — |20 + 3 + |1 — 2« — \372x|3>,
_ 1 3 3 3 3 3 3 3 3
yy(x) =5 — 4l =2 = 56jx — 1P + 56 + 11 + dfx + 2 = 7|20 + 1]’ = 3|20+ 3 + 71 — 2’ + 313 — 2]

—1
1,/4<x :—(—\x—2\3—28|x— 1P =701 = 28)x + 1] — [x+ 2P + 7|2x + 1) + [2x + 3] + 7|1 —2x\3+|3—2x|3).

Then, the system X(¥) forms a tight frame for L?(R).

~ ~ N,
do = (M4 M) (3.9)
Definition 0.3. For a real-valued function u(t), suppose that NaM Nq + Ky,
0 < g < 1. Let I' be the Euler gamma function, then:
DA0 = dagAl — dayAo + Day Ao (3.10)
e The Caputo’s fractional order derivative is defined as follows,
qu :;LHNd—dHH+DHAH (3.11)
1 T (x)
) TR =g - MOirF, | MOJuA
- —-X
q) Jo T, = ( cAmrF, Ama 0) PBei —V~<M1VH)
Fo+Kp, Ao+Ky,) Pei+e
T,Mwy (3.12)
e The associated Riemann-Liouville integral fractional operator is ﬁ[{;—ﬂ —dw,M,
given by, ’ g
0 0
Fiult) = b l&dx GIM, = <MG/1MFFD +MG/1MAAO> € 7V~<M2VH>
L@)Jo (1—x)' Fo+Kr, Ao+Kas) Per+ e
TMod (3.13)
pM2Am, T,
7 . dMa MZ
T/j + KT/, -
Caputo fractional order mathematical model of AD 74
TsM A~
~ ~ /}el —~ s M\Ty ~
4] — — — —d~
Now, we consider the mathematical model of AD using the Caputo M, =a(P) (Mo~ M) fei+e V-(M1VAo0) + Ty+Kr, dM. M,

fractional order derivative. The model consists of eighteen nonlinear (3.14)
partial differential equations. It is important to notice that to get a

matched dimensions on both sides of the AD system we have to change

the dimension of each parameter. Therefore, the order of the equations

to g, and the dimension of the left-hand side would be (time) 9.

Table 1
TN = (,1;, (1 T R) - dA,A;) N / No (3.1)  The variables description.
B
Variable Description
FIAO — Al 0_N ANN  4A _ <d N <M1 i Il//\[29> +dyy (M Al The amyloid-j within neurons
- p P 0
or No Ao ApM ’ Ag The extracellular amyloid-$ peptides outside neurons
0
M, 0) ) . Aﬂi (3.2) T Hyperphosphorylated tau protein
A s K iy NFT(F;) The neuronfibrillary tangle within neurons
NFT(F) The neuronfibrillary tangle outside neurons
a N N Live neurons
It = No (Afu + AR — d,‘r) (3.3) A Astrocytes
ROS(R) Reactive oxygen species
. N APP(Ap) Amyloid precursor protein
DU = No (ArT — dr,Fy) (3.4 TNF —a(T,) Tumor necrosis factor alpha
IL —10(Io) Interleukin 10
oN MG(M, Microglias
Sy = F\o |~ fi Fo (35) e ’ .
ot ? GSK -3(G) Glycogen synthase kinase-type 3
ApO(Ao) Amyloid f oligomer (soluble)
FIN — —dnpFiN B dyrTeN ) (3.6) TGF —(Tj) Transforming growth factor beta
- Fi+Ke,  (Ta+Kr,) (Kiy + 710 ’ P MCP-1
M; Proinflammatory microglias
GIA =1, A A; + Aar, Ty — daA. (3.7) M Peripheral proinflammatory macrophages
M, Anti-inflammatory microglias
dyrFi;N dyrT,NK N, M Peripheral anti-inflammatory macrophages
FIN, = NFLi + NT LalVA 10 _deM(M] + M) a__ M, P Ty phag|
F; + Ky, (Ta + KTa) (Kl,o + 7110) Ny + Ky, Ny Dead neurons
(3.8) H High mobility group box 1 (HMGB1)
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R R . R Tﬁfwzzaﬂﬁ R
T'My=a|P||M—11 —V- | MVAy |+~ b
’ ’ pei+e 2 Ty + Ky, '

(3.15)
FTy = dryuMo+ Dy, ATy +1, My —dy, T, (3.16)
Dl = AguMy + Dy, AT, “,w&fwz —dy o (3.17)
DTy = g M) +Dr, AT, + 2, %AA’II —dr, T, (3.18)
PP = ApaA+ DpAP,,,, i, — dpP. (3.19)
where
T,
€
1 Ta +Ka7
c Lo
2T ho+ K,
M=M,+M,
( ) aP
alP | =
P+Kp
and
rl:) = 0.01Ryt, 0<1<£100
o Ry, t > 100

where the description of all variables is presented in Table 1. The AD
model is subject to the periodic boundary conditions:

AZ(0,y,1) = A7 (1,y,1); A7 (x,0,1) = A7 (x,1,1);  h(0,y,7)

= h(l,y,t); h(x,O,t) :h(x7 l,t);

T5(0,y,0) = Tp(1,y,1);  Tp(x,0,1) = T(x,1,1);  L1o(0,,1)
=ho(1,y,0);  To(x,0,1) = Lo(x, 1,1);

T.(0,y,1) = To(L,y,1);  Tu(x,0,1) = To(x,1,8);  P(0,,1)

=P(1,y,1); P(x,0,t) = P(x,1,1);

and the following initial conditions:

1 1
A/f()@y,o) =105 A/‘f(x,y,O):l—OS; T<x7y70)

1.37 3.36 3.36
= 5 F1<x7y10>:W; FO(xayvo):W;

=
N(w, 0) —0.14; A(x,y,o) —0.14; M, (x,y70) —0.02 M (x,y, o)

=0.02; M,(x,y,o> —o
~ 1.3
Mz(me) ZO,Nd<x7y70) =0; H(me) =10
1 2
—W, Ta<x7)’70> _W’

1 5
110(x1y70> :ﬁ; P(X,}’,O) :W; A()(X,y,O) =0.

Ty <x7 v, 0)
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The parameters and their values are given by the following:

Dy, = (432x 107" Dy = (8.11x10%)" Dy,
=(6.55x107)"; D7, = (655x107)" Dy, = (6.04 x 107)";

Dp=(12x107")% 25 =(951x107°)"; Ay=(8x107)" X
=8x107%; Dy = (8.1 % 10—11)11;

Ae=(135x107")" 2p = (1662 x 107°)";  Aur, = (81.54)%; Aao

= (1.793)%; Ay, = (5 x 107

A= (3x107)" dur = (2x107%)" dua = (23 x107)"; dur,
=(6x1072)"; A~ = (6x107%)"

M Ty

A = (15 % 1072)"; At = (15 x107)% Ag,,

B

=(3x107%)" 4 ~ =(3x107)%

TsM,

Arowy = (6:67 x 107)% iis = (6.67x 107)%; Ay

= (6.6 x 10°%)"; Apy, = (132 x 107)"; 0= (0.9)%

a= (5" p=0107% r=1, dy = (9.51)% dyo = (9.51)% dym
— -3)4. o (10-2)Y _ q.
=(2x107)% d,~=(107)"% 4. =(0.77)"

dr, = (2.77 X 10*3)‘1; dp, = (2.77 « 1074)11; dy = (1.9 o 1074)(]; A
= (34 x 107%)%;

dyr = (17 x 107)%; dy,M = (0.06)%  dy, M = (o.06>; M

=(12x107)"  dy, = (0.015);

dy, = (0.015); d~ =(0.015)% d= = (0.015)"; d,
1

0

Y

=(0915)% dy = (58.71)%; dy, = (55.45);

dr, = (333 x 100" dy, = (16.64)"; dp=(1.73)"; Ry=6% M,

=(5x107%)" Ny=(0.14); MY = (0.047)%;
Ao =(0.14)"s Kyo = (7% 107)" Ky, = (10 -3)% Ky,
=(25x107)" Ky, = (25x107)" Ky = (0.047)%;

q
5

K= =(0.047)%; Kuy, = (0.03)%; Ky, =(0.017)% K%:(om))
= (0.007)";

K~
M.

2

Kr, = (336 x 107" Kz, = (258 x 107" Ky,
=(1x107)" Kp=(6x10"°)" Ky = (4x107)%

Now by applying the Caputo fractional derivative for each variable of
the AD system we get:
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L@y ;
m/0 = (4 (1+r) fdA,ﬁA/,)N/NO
' AO !
1 / (49) e = 1|2V ON
r(1—gq)J, t—x)* | ot
1 tor
e A
1 " (F) N
= <r—x>q"*—ﬁow""“”">
1 "R
T Aot
1 N
fi o

1 A
I —q>/o ™

AD

/1N/1A
W A

N
=% (A + AR — d;7)

fF,. o

—dNFF,'N
F; + Ky,

_ dNTTaN )
(T. + Kz,) (Kiy, + 1o

= ﬁAA}}A; Jr /1ATu Ta - dAA7

d <M + Mz@) + dygyy (M +M29)) 4
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0

=
Ay +KA2

1 T (N dypFiN dyr T,NK N,

— / (_d) qu: .Nl- NT L a 1,0 _deM(M] +M2) d_ _
F(l q) 0 (t x) F; +KF, (Ta+K7},)(K110 Jr]/llo) Ny JFKNJ

~ ~ N,

d A(M1+M2)7d_
NaM Ny + Ky,

1 " (Ao)'
m/o (t—x) dx = /1;.[, Y dAvo +DA0AA0

1 f H/
m/ =7 ———dx = AyNy — dyH + DyAH

1 T M2aurF,  MAyaA TM, 2

/ ( 1)qu: cAur Ao Pei 7V~(M1VH) L M,T/fidMlMl

I'(l—gq) (t—x) Fo+Kp, Ao+Ky,) P+ Ty + Ky,

1 T (M) M° AurF,  M°ApaA TyM, 2

/ ( Z)qu: GAMF + GMMAA O €2 _v.(MvVH) + pivL2 Mzr/,iszMz
T(1—q)Jy (t—x) Fo+Kr, Ao+Ki,) Peite Ty + K,
~ \/
L () =\ pe - LMy, . -
dx=a|P||My—-M)|——-V:(M\VAp | +——FL—d~ M

F(l—q)l(t—X)" ’ fer+ e R B PN T

 (31,) N\ o
e o) ()

TﬂMz/lA

M, Ty ~
+——d-M
Ty+ Ky, M0

v. <A712VA0>

1 " (Tp) ~
m/o (L dv = JruMz + Dy AT, + 2, =M> — di, Tp

1 " (L) _
ml ([ — x)qu = /11]0MM2 + DlmAT/j + AI“,EMZ - dlmIlO

1 T (T, -
m/() L dx = A, My + D, ATy + 2, = My —d, T,

1 [ PI
———— | ————dx = ApaA + DpAP, — dpP.
(1l 7(1)/ (tfx) paA + DpAP,, my P

Each variable in the AD system will be expanded with respect to t by
using the truncated representation ., that extracted from Eq. 2.1, where

78 = ZZZ@ Wil = ZZZ CeWy-

=1 j<n keZ =1 j<n keZ

Thus,

e » WA BTEEVE sy O]

=1 j<n keZ 1 j<n keZ
e > WA NS w0
1 j<n keZ 1 j<n keZ
S9N ARERS wy )
=1 j<n keZ 1 j<n keZ
ArS A= ZZZ‘A‘M ( ) N\~ NJ_ZZZLNI,WM (z)
=1 j<n keZ =1 j<n keZ
AT Ap= ZZZCAUI//]k<>, H’z,7,,H:iZZcwak (r)
£=1 j<n kel £=1 j<n keZ
Ny~ Nd,ZZZWJk < ) AL~ T Ag= ZZZCA@WM ()
=1 j<n keZ =1 j<n keZ
H'~SH=Y 3" cuy) ( > s My~ My = ZZZ"MI v ( )
=1 j<n keZ =1 j<n keZ
M= ZZZCM,W,ko, " /,,MZZZZCM,WO
1 j<n keZ 1 j<n keZ
M~ M, = ZZZ” ij( s Myms M= ZZ Vi (r)
=1 j<n k€Z =1 j<n keZ
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e W (| S » sy o)

1 j<n k€eZ 1 j<n k€Z
O » A EREEE S A ()]
1 j<n keZ 1 j<n k€eZ

Applying the method proposed in [44] reveals us with the following
reduced system

o) o) g
e
o) o) o =45

—

Ai(
s, 7y))d,
r— S

AAA

1 "2 1a(s,Ma(s,x,y))
My t,x,y | —My(0,x,y | —=— — ds = 0;
(o) = (00) g [ G
~ ~ 1 f<713<S71‘A’11<S7X~,Y)>
M| t,x,y| —M;[0,x,y 7—/—Fds:0;
I'(q) Jo (t—s)
i i [o 1 ’%14<55M2<57X7Y)>d 0
tx,y| — Ly | —=— | —————%Lds =0;
’ 4 : Y I'(q) Jo (r—s5)""

2 15(s, P(
P([7X7y> —P(O,L)’) / ]8 % v o y))d =0.

Using collocation technique, we discretize the domain (for t,x, and y)
in h step size in order to obtain a sequence of mesh points as follows: for
a framelet partial sum of size J, we set

M=72, h:1/2M, xo =0, X1 = X -+ mh, m=0,1,....,2M,

Results in Physics 21 (2021) 103809

where the simulation is concluded within the following domain:
E:{(x7y) € R?*: 0<x, y<1}.

Therefore,

Aj, (tm,x[,y,) 7A;, (O,x[,yj) g /Otm ]1 Stm _SS) x,7y])) ds=0;
() 3 050 s [P
L
( )- ()ﬂ/—((()))
(t,,,,x,,y,) (O,X,-,yj) 7$/(:/"st:0;

1 tn ;2(77(57A(S,xi7Yj)) -0
A(tm,x[,yj> ,A<0,x,-,y_/) 7@/@ st_(),

!m;z;”
Nd(tm,w)7Nd<07xhyj>f 1 / 8(sNd(sx,,y,))dS:0;
0

T'(q) (tw—3)""
[ %9(57A0(57xi7y'))
Ao (tmsx17Yj) —4Ao (Q%‘Jj) *ﬁq)/o st:o;

1 10(s:H (s,x:,5))
H myAis Nj —-H 0, Y| T =~ 7d :0;
(son) =t (000 =g [ 2

1 n 2711 (s, M (8,%;,,
M, (tnuxi!yj) -M, (07)&7)’]') —m/ %tk:o;
0 m
1 m 212 (5, Mo (8,X:,Y,
M, (tm:xhyj) —M, (O:Xivyj> —m/o wds:o;
N 1 [ (111<S M, <S )Cnyj))
M| tw,xi, Vi Ml Oxx Yi 1—‘7/ (l g)l —q — i ds=0;
o _
R 1 tm /14 s Mz <s xl,y/))
M| t,x:, yj M, | 0,x W/O [ _S)l — — 22 ds=0;
1 n 225 (s, Tp (S, Xi, ¥
T,,(tm,x Vi T/;<Ox y,) m/0 waﬁv:o;

w P26 (s, I (5, %,
110 (t,,,,xl,y/> 711()(0 x”y/) %/ Mdy:();
1 (5, Ta(5,
(,m,x”yj) (0 y) ,;/ M‘”:O;
0
1 m P18 (8, P(s,xi,y;
P(%J:‘Jj) *P<0,xi~,yj'> *ﬁq)/o wds:o.

tn — )"
1 zi:l 4 S,,, /; S’le’y/)) 1 ELS %l( n+]7A/;(Yn+17xl y;))

I'(g

o (t — s0)" 7 I'(q) 4= (tn — 1)

Now, by approximating the integrals in the proposed model based on

the composite trapezoidal rule, we have,
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Fig. 1. The graphs of generators y,y, in Example 0.1.

Thus, the AD system will be reduced to a matrix system that
numerically can be easily solved to get the approximate solution for each
variable (see Figs. 1 and 2).

By joining the variables and solving the resulting system, we present
the simulation results of the PDE system of AD fractional model in
Figs. 3-7. The plots represent the average density for all variables of the
new model considering different values of fractional orders, namely q =
0.7,g = 0.8 and g = 1. In Fig. 8 we show the number of neurons for g =
1,0.8,0.7 depending on A9, T and P.

Conclusion

In this paper, we investigated and constructed a new mathematical
model of AD, that is initially formulated based on the classical ordinary
integer derivative, by extending the base model to a fractional system of
PDEs and by involving the Caputo fractional derivative. There are many
advantages of using such derivative which resulted in better describing
the dynamics of such disease. Thus, the fractional-order model provides
better results than the integer-order model.

The new system is simulated by means of framelet approximation/
expansion where an explicit form of the framelets (generators) of such
method is given explicitly. The generators through out the work is

constructed using important set of non-negative functions, namely the B-
splines, and based on the unitary and oblique extension principles. Using
such approach is to provide us with an approximated simulation of the
new mathematical AD model with high accuracy order, compactly
supported framelets, high vanishing moments, and a proper properties
of smoothness and symmetries.

We provided several graphical illustrations for all of the simulated
variables to visualize their behavior for interpretation. For example, in
Figs. 3,4,6,7 the results represent the average density for all variables of
the new model using different values of fractional orders. It confirm that
the variables just keep a consistent pace and so a steady state behavior
with different values of fractional order. In Fig. 8, the results show that
neurons are increasingly dying according to the fractional order values.

The obtained results provide us with a fundamental information to
further better recognize the dynamics of AD. This may give some in-
sights to researchers in future practical medical trails for many
applications.

Compliance with ethics requirements

This article does not contain any studies with human or animal
subjects.
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