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Rapid Communication
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banded matrices
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Abstract: In this short note, we provide a brief proof for a recent determinantal formula involving a particular
family of banded matrices.

Keywords: determinant, pentadiagonal matrices, Chebyshev polynomials of second kind
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1 Introduction

It was proved recently in [1] that the determinant of the banded matrix (which is a particular case of
a Hessenberg matrix), for any integer ⩾n 4,
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for any a and b. The proof for this equality is based on several auxiliary results established for particular
cases of the matrix (1.1). As a corollary, two conjectures proposed in [2] are proved. For a recent and
different approach, the reader is also referred to [3]. In this work, our goal is to provide a proof for (1.2)
in a different way than [1]. The explicit formula for the determinant of the non-symmetric matrices can be
applied in efficient computations, since several algorithms have been proposed to improve the efficiency of
the determinant computation [4,5].

2 Proof

This new proof is based on the elementary properties of the determinant. First note that when =n 4, 5, 6, 7,
one can deduce (1.2) by simple computations or by utilizing a Computer Algebra System such as Maple,
Mathematica, and SAGE. For the convenience of the reader, we present the matrices for these cases,
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Let us assume now that ⩾n 8. We used the cofactor expansion of Adet n along the first column and the
subtraction of the first row from second and third rows:
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This means that Adet n has period 4 and the proof is complete.
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