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The concept of supply chain equilibrium has been widely employed to solve real-life cases. Under this concept,
decisions makers move simultaneously and compete in a noncooperative manner to achieve a supply chain
network equilibrium. This paper proposes a supply chain network equilibrium model consisting of multiple raw
material suppliers, manufacturers and retailers. Unlike previous studies, we assume that the demand for the
product at each retail outlet is modeled as general stochastic functions of price that encompass additive-
multiplicative demand models used in previous studies. Under general price-dependent demand functions, we
derive the optimality conditions of suppliers, manufacturers and retailers, and establish that the governing
equilibrium conditions can be formulated as a finite-dimensional variational inequality problem. The existence
and uniqueness of the solution to the variational inequality are examined. A sensitivity analysis and a series of
numerical tests are conducted to illustrate the analytical effects of demand distribution, model parameters,
demand level and variability on quantity shipments, prices, and expected profits. Managerial insights are re-
ported to show the impact of different types of demand functions and model parameters on the equilibrium

solutions.

1. Introduction

The equilibrium concept in supply chains is drawn from network
economics [1] and assumes a simultaneous move of the various
decision-makers to achieve a supply chain network equilibrium. In the
field of supply chain management, this concept is practically relevant
and has been adopted to solve real-life cases. [2] develop a food supply
chain equilibrium model for fresh product items, such as vegetables and
fruits. The model was used to analyse various scenarios prior/during/-
after a foodborn disease outbreak within the cantaloupe market in the
United States. [3] propose a multitiered supply chain network equilib-
rium model for disaster relief with capacitated freight service provision.
The model was applied to a case study on an international healthier
crisis in western Africa to examine the impacts of adding a freight ser-
vice provider and an humanitarian organization on the profits of freight
service providers and on the costs incurred by the humanitarian orga-
nizations. Other relevant applications of the supply chain equilibrium
concept includes electronic waste recycling [4], internet adverting [5],
pharmaceutical products [6], green technology investment [7], and
agricultural products [8].

Most of the studies dealing with supply chain equilibrium do not
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consider the effect of demand uncertainty on the equilibrium solutions.
However, possessing relevant demand information such us density
functions can assist operations supply chain managers to jointly
compute optimal order quantities and prices before demand is realized.
In this paper, we develop a new supply chain equilibrium model under
demand uncertainty in which the demand for the product at each
retailer is modeled by a general demand distribution and depends on all
retailer prices and a on random variable independent of the price with
increasing failure rate (IFR). This general demand model encompasses
all common demand functions adopted in the literature [9,10] including
additive linear, multiplicative isoelastic, power, logit, exponential, log-
arithmic, and mixed additive-multiplicative functions. The results of the
supply chain equilibrium model are used to address the following
research questions:

1. How do model parameters affect equilibrium solutions and expected
profits of the supply chain members?

2. How the optimal quantity shipments, prices, and expected profits are
influenced by the choice of the demand model?
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3. What is the effect of demand variability on each supply chain
member’s expected profit? Is this demand variability effect the same
across different demand models?

Similar to [11], we adopt the concept of LSR elasticity and make
realistic assumptions on the demand functions. Under these model as-
sumptions, we demonstrate the pseudo-concavity of the retailers’ ex-
pected profits as functions of prices. This allows us to characterize the
equilibrium conditions of all raw material suppliers, manufacturers and
retailers as a variational inequality in which they should determine their
own optimal decision variables, given the optimal ones of competitors.
As far as we are aware, this is the first supply chain equilibrium model to
consider general price-dependent demand including all common de-
mand functions adopted in the extant literature.

The main contribution of this paper is threefold. First, we develop a
new supply chain equilibrium model that incorporates extended price-
dependent stochastic demand functions and price competition among
retailers. Second, we propose a new variational inequality formulation
in which raw material suppliers, manufacturers and retailers should
determine their optimal decision variables, given the optimal ones of
competitors, and demonstrate the existence and uniqueness of the so-
lution to this variational inequality. Third, through numerical tests and
sensitivity analysis, we illustrate the analytic effects and practical
managerial implications of different types of demand functions, model
parameters, demand level, and demand variability on quantity ship-
ments, prices, and expected profits.

The rest of this paper is organized as follows. Section 2 positions our
research with respect to other contributions in the literature. Section 3
presents the optimality conditions of the raw material suppliers, man-
ufacturers and retailers using the variational inequality theory. Section 4
provides the equilibrium conditions of the supply chain network model
and its qualitative properties. Section 5 discusses examples of general
demand models. Section 6 examines structural properties of the equi-
librium solutions. Section 7 provides numerical examples to illustrate
the effects of demand distribution, model parameters, demand level, and
demand variability on quantity shipments, prices, and expected profits.
Section 8 discusses some important managerial insights. Finally, Section
9 provides concluding remarks and ideas for future research. All proofs
are provided in the appendices.

2. Positioning in literature

In determining multi-echelon supply chain optimal decisions, the
game-theory-based framework used to model supply chain depends on
the power relation between its members, see [12,13]. The first
approach, assumes that decisions makers have similar powers, move
simultaneously and compete in a noncooperative manner to achieve a
supply chain network equilibrium. See [14] for review on this topic.
Real-life applications of this approach in different fields were discussed
in the Introduction section. Most studies have adopted a variational
inequality (VI) formulation to characterize the equilibrium solutions of
the various decision-makers. [15] were the first to develop an equilib-
rium model of a competitive supply chain network involving multiple
manufacturers, retailers, and consumers in demand markets. This model
provides the foundation of supply chain equilibrium models and has
been extended by several authors to include capacity constraints [16,
171, closed-loop supply chains [18,19], and multi-period supply chain
networks [17,19,20].

The second approach, assumes that one member of the supply chain
is more powerful and acts as a leader in the decision making process. A
Stackelberg game theoretical framework with leaders and followers is
used to find the optimal decisions. A thorough review of this approach
can be found in [21,22]. Applications of this approach are found in
various fields. [23] gave an application for a food supply chain dealing
with pork meat industry. [24] uses this approach in a supply chain
where it is desired to maximize profit and corporate social responsibility
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(CSR). In [25], the authors utilize social work donation and recycling
investment as tools of corporate social responsibility and integrate the
CSR investments into the optimization of a closed loop supply chain.
[26] adopts this approach in a hospital supply chain.

Most literatures, dealing with Stackelberg Equilibrium in supply
chains, notice that optimizing individual member objectives does not
necessarily lead the optimality for the whole supply chain and that a
centralized decision making leads to larger total supply chain profit. To
solve such issue, many different type of contracts/incentives were
introduced and aimed at inducing supply chain coordination. Literature
dealing with supply chain coordination is quite extensive, see [27-29]
for reviews. To cite some applications, one see that [30] uses price,
rebate and returns supply contracts to coordinate supply chains while
[31] adopts a hybrid all-unit quantity discount along a franchise fee
contract for supply chain coordination. [32] examines the effect of
channel leadership and information asymmetry on supply chain coor-
dination. [33] uses product recycling and explores channel coordination
in a socially responsible manufacturer-retailer closed-loop supply chain.
The paper [34] proposes two hybrid contract bargaining processes that
can be used for channel coordination of a supply chain that deals with a
deteriorating product.

Our manuscript fits in the first approach and assumes that supply
chain members move simultaneously in order to reach an equilibrium.
Previous studies in this area utilize a projection-based algorithm to
compute equilibrium shipments and prices but do not consider the effect
of demand uncertainty on the equilibrium solutions. In fact, although
the demand for a product may not be known with certainty but we may
possess some information such as the density functions based on his-
torical/forecasted data that allows decision makers to jointly determine
order quantities and price before demand is realized. This is known in
operations research literature as the newsvendor problem with pricing
decisions [11,35,36].

The extant literature on the newsvendor problem with pricing (NVP)
is extensive but mainly focuses on the additive and multiplicative
models. In the additive and multiplicative demand cases, demand is
represented as the sum and the product, respectively, of a deterministic
price-dependent demand function and a random term that is indepen-
dent of price. For the additive demand model, price affects the location
of the demand distribution but not the demand variance while for the
multiplicative case, price affects the scale of the distribution but not the
coefficient of variation. [35] provide a comprehensive review of these
two types of models when the mean demand is linear in the additive case
and exponential (iso-elastic) in the multiplicative case. [36] and [37]
study the NVP problem with additive and multiplicative demand models
when the mean demand has increasing price elasticity (IPE) and the
random noise has generalized increasing failure rate (GIFR). The authors
prove that under these conditions, the expected profit of the newsvendor
is unimodal or quasi-concave with respect to the price. In contrast to
previous studies, [11] consider general price-dependent demand func-
tions that include additive-multiplicative demand models as well as
other relevant demand models such as logit, exponential, and power
functions. Using a new measure, called the lost-sale rate (LSR) elasticity,
they provide necessary and sufficient conditions for the NVP optimal
policy under both coordinated and sequential decisions. Throughout the
paper, the authors assume that riskless unconstrained revenue is strictly
concave with respect to price. However, this assumption is not satisfied
for logit, power, and iso-elastic demand functions which is a significant
drawback of the paper. [38] consider a periodic review of the NPV
problem under general price-dependent demands. For both the back-
order and lost sales models, the objective is to maximize the expected
profit over a finite selling horizon by coordinating the inventory and
pricing decisions in each period. The authors utilize a new concept of
upper-set and lower-set decreasing properties (USDP/LSDP) to derive
sufficient conditions for the optimality of a base-stock list price policy
based on the strict monotonicity of demand functions. Although the
USDP/LSDP properties are considered to be small relaxations of the
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strict concavity of the riskless revenue, some demand functions such us
the logit and exponential functions do not share these properties,
limiting the applicability of the model.

As to supply chain equilibrium models under demand uncertainty,
[39] develop a two-echelon model with multiple manufacturers and
retailers. The retailers are faced with random demand and seek to
maximize their expected profits with a penalty associated with a
shortage and excess supply. The authors formulate the optimality con-
ditions of the retailers as a variational inequality when the retailers first
decide on the optimal amount to order from manufacturers. The equi-
librium demand prices are then derived by assuming that the total
quantity purchased by each retailer from all manufacturers is equal to
the expected demand at that retail’ outlet. This constitutes a main lim-
itation because at equilibrium, the total actual demand is not necessarily
equal to the total supply. The model of [39] was extended by [40] for
multi-commodity flow and by [41] within closed-loop supply chains.
[42] propose a dynamic supply chain equilibrium model for a
closed-loop supply chain under uncertain and time-dependent demands
and returns. The seasonality of demand is modeled by assuming that the
expected value of the demand function is a cyclic function of time but
independent of price. Using evolutionary variational inequality and
projected dynamic systems, the authors derive dynamic equilibrium
solutions. Results show that optimal production and transaction quan-
tities are strongly affected by the seasonality of demand. [43] develop a
decentralized closed-loop supply chain network model under random
and price-sensitive demand and return. Using additive and multiplica-
tive functions for both demand and return, the authors demonstrate the
joint concavity of the retailers’ and recovery centers’ expected profits as
functions of both shipment quantities and prices. This model has two
main limitations. The first concerns the characteristics of the mean de-
mand and return functions. The authors’assumptions limit the use of
common demand and return functions, such as exponential and logit
functions. The second issue is the competition among retailers and re-
covery centers. The authors assume that demand at each retail outlet
and return at each recovery center depend only on the retailer’s own
price and the buy-back own price of the recovery center, respectively. In
fact, in the presence of competition, the retailer’s market demand is not
only influenced by the retailer’s own selling price, but also by the price
set by competitors. Note that the NVP problem with retail competition
was considered by [44] and [45] under additive linear demand func-
tions; by [46] and [47] using multiplicative exponential demand func-
tions; and by [48] using multiplicative demand models with increasing
price elasticity (IPE). All of these models assume that demand at each
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retailer outlet depends on all retailer prices and the random noise has
increasing failure rate/generalized increasing failure rate (IFR/GIFR).

3. The supply chain network model with general price-
dependent demand

As shown in Figure 1, we consider a supply chain network consisting
of N raw material suppliers who are involved in supplying one raw
material to I manufacturers. The manufacturers produce a homogeneous
product that can then be purchased by J retailers. We assume a one-to-
one ratio between the raw material and product and this assumption can
be easily relaxed by considering a non one-to-one ratio. Each retail
outlet makes the product available to consumers in its own demand
market. The links in the supply chain network denote transportation/
transaction links. As assumed in the supply chain equilibrium literature,
manufacturers must agree with the raw material suppliers as to the
volume of shipments and retailers must agree with the manufacturers as
to the purchasing prices which shall be determined using equilibrium
conditions. In addition, all the supply chain members move simulta-
neously and compete in a noncooperative manner under the Cournot-
Nash equilibrium framework, meaning decision makers will determine
their own optimal decision variables, given the optimal ones of the
competitors. The demand for the product at each retail outlet is modeled
using a general demand distribution.

All indices, parameters and variables in the supply chain equilibrium
network are defined as follows.

Indices

n: index of raw material suppliers in the SC network, n = {1,...,N}.
i: index of manufacturers in the SC network, i = {1,...,I}.
j: index of retailers in the SC network, j = {1,...,J}.

Parameters

¢j: per-unit handling cost at retailer j.
ljf: per-unit salvage value of having excess supply at retailer j.

4+ per-unit shortage cost of having excess demand at retailer j.

Raw Material
Suppliers

Manufacturers

Retailers

Fig. 1. The supply chain network
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Variables

d,;- nonnegative raw material shipment from supplier n to manu-
facturer i. Group the shipments of all the suppliers into the column
vector q; € RN,

g;j: nonnegative product shipment from manufacturer i to retailer j.
Group the shipments of all the manufacturers into the column vector
q2 € Ri].

Dy selling price from supplier n to manufacturer i.

p;: purchasing price at retailer outlet j. Group the prices of all the
retailers into the column vector p € R%..

pj: selling price at retailer outlet j. Group the prices of all the retailers
into the column vector p € RY.

In the following subsections, we derive the optimality conditions of
the raw material suppliers, manufacturers and retailers.

3.1. Raw Material Suppliers and their equilibrium conditions

Each raw material supplier n decides on the amount of raw material
d,; to ship to each manufacturer i. Raw material supplier n incurs a
procurement and a transaction cost, cni(q,;), with each manufacturer i.
Given the above cost, we can express the criterion of profit maximization
for each raw material supplier n as:

I )i
Z[’:iqm’ - Cni (‘?m‘)
i=1 ; (€D)]

@i 2 0-

maxls =
Gni

subject to:

Equation (1) states that supplier n’s profit equals sales revenue less costs
associated with procurement and transaction. Note that p,; denote the
optimal prices from each raw material supplier n to each manufacturer i.
We will show later how to recover these optimal prices after solving the
complete supply chain equilibrium model.

We assume that procurement and transaction cost functions for each
raw material supplier are continuous and convex. Therefore, the opti-
mality conditions for all raw material suppliers can be expressed
simultaneously as the following variational inequality [43]: Determine
q; € RY satisfying:

N 1 [dcu (é,,,) R .
DD | B % {ém—a,;,} >0 Vg eR). @
n=1 i=1 Dni

3.2. Manufacturers and their equilibrium conditions

Each manufacturer i must decide on the amount of raw material g,,; to
get from each supplier n and the amount of product g; to ship to each
retailer j. Raw material suppliers and manufacturers should agree on the
quantities g,; and manufactures and retailers should also agree on the
prices p; which shall be determined using equilibrium conditions. The
model assumes that retailer j pays the same price p; to all manufacturers.
This assumption is realistic since the model does not consider capacity
constraints and any manufacturer i setting a higher price p; than the
equilibrium price p] would induce retailer j to not purchase any quantity
from that manufacturer. Manufacturer i incurs a production and a
transaction cost, c;(q;), with each retailer j. Given the above cost, we can
write the objective of each manufacturer as:

J N
max I = Zﬂj% - Zcij (%) - Zf’:ifbn 3
Jj=1

j=1 n=1

<

Qi 4ii
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J N
subject to: Z gy < Zflm‘ @
1

n=1

Equation (3) states that manufacturer i’s profit equals sales revenue less
costs associated with production and transaction, and payout to raw
material suppliers. Constraint (4) states that the sum of all shipment
quantities to retailers must be less or equal to the quantities procured
from the raw material suppliers.

We assume that production and transaction cost functions for each
manufacturer are continuous and convex. Therefore, the optimality
conditions for all manufacturers can be expressed simultaneously as the
inequality: (41,95) € ACRYHY

following variational Determine

satisfying:

Z Zf’m‘ x {Zim‘ - (}ni:| + Z Z {# - /’j:| X {‘Izj - q,y], (5)
: : i
for all (g1,q2) € A where A is the convex set given by :

J N
A= {(ql,qz) ERV N gy =>4, <0, VI<i< 1}
j=1 n=1

3.3. Retailers and their equilibrium conditions

Each retailer j has to decide on the total amount to purchase from
manufacturers and the selling price to consumers while simultaneously
seeking to reach a Nash equilibrium under demand uncertainty. The
demand for the product at each retailer j.D;(p, ¢;), is assumed to follow a
general demand distribution that depends on the whole vector price p
and on a random variable ¢;, independent of p, defined on the range [A;,
Bj]. It can be seen that the classical additive demand model (D;(p,¢j) =
dj(p) + ¢;) and multiplicative model (D;(p,¢j) = d;(p)e;) are simply spe-
cial cases of the general demand model. If s; = Y"1_, g; denotes the total
supply at retailer j obtained from all the manufacturers, then if demand
for the product does not exceed s;, the revenue of retailer j is p;D;(p, €;)
and each of the s; — Dj(p, ¢j) leftovers is disposed at the unit salvage
value 4. Alternatively, if demand exceeds s;, then the revenue of retailer
jis pjsj and each of the D;(p, ¢j) — s; shortages incurs a per-unit shortage
cost A;. Using the notation Q; = (ql-j)l{:1 , the profit of retailer j, W;(Q;,pj),
representing the difference between sales revenue and total costs, is
given by

W;(Q;.p1) —{

piDi(p.€;) —cisi—pysi+ 4[5 =D (poe) | if Di(p.e;) <s;
DiS; —CiSi — P;Si —/1; [Dj (p,ej) —s,] if D; (p,ej) >

Assuming D(p, x) to be strictly monotone in x and defining z; = 2;(p, s;) as
the unique solution of D;(p,z;) = s;, the profit W;(Q;,p;) reduces to

Wi(sp;) = (l’.f+/1f —¢ */J,')S/ - (I’.f+/1f *W) [si—Di(p.€e)]1{e <5}
—4; D; (p,ej).

Each retailer j seeks to maximize the expected profit IT;(s;,p;) = E(W;(sj,
pj))- More precisely, retailer j is trying to find s; and p; that maximize

(p,- +A ¢ — pj)s,- — (p_,- +4 = lj*)s_,-F,- (%)
s -4) [ Dowswa-7 [ " Do 2 ()
(6)

To ensure the existence and uniqueness of an optimal solution, the
following assumptions are needed

H./' (‘Y/’ ) [7,) =

Assumption 1. For any retailer j = 1,2, ---,J, the random variable ¢;
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satisfies the following properties:

1. ¢ has a continuous distribution F;(x) with density f;(x).

2. The failure rate function of the ¢;’s distribution, rj(x) = %, is

increasing.

As discussed in [43], classes of increasing failure rate (IFR) distri-
butions include: Uniform, Normal (as well as truncated Normal at zero),
Exponential, Gamma (with shape parameter s > 1), Beta (with param-
eters (r,s) both being > 1), and Weibull distribution (with shape

parameter s > 1).

oD; (p x)
Pi—gp—

Let n;(p, x) = -5 (p L denote the price elasticity of D;. Price elasticity

measures the percentage change in demand in response to a percentage
change in retailer price p;. We also define, for each k # j, the cross price

oD; (px
Px
elasticities 1 (p,x) = 3 (p 5 that measure the percentage change in de-
mand in response to a percentage change in other retailer prices px. As

oD; (px\

P
- mw —5agTj(x) as the lost-sale rate

adopted by [11], we define &;(p,x) =

(LSR) elasticity that measures the percentage change in the rate of lost
sales with respect to the percentage change in price p; for a given
quantity x.

Assumption 2. For any retailerj =1,2, -,
the following properties:

J, demand Dj(p, x) satisfies

0Dj(p.x) oD;(p.x) oD;(p.x) . 0Dj(p.x) oD;(p.x)
1. 2 > o, ) < o, D ZO,Vk#],J()TJrkZ#éTSO.

() e (px)

an;:(p.x) oy (p.x) . = n
2. 2P < 0, MY > 0, vk £ j, +k2_;—k§o

as, (p x

3. %X > o, "SJ(”" >0, ”gf“”‘ <0, vk #j,%

> 0.

Note that, Assumption 2.i) indicates that an increase in retailer j’s
price results in a decrease in the retailer’s own demand while increasing
that of competitors. This assumption also consider the substitution effect
when demand does not increase under a uniform price increase [9]. The
assumption also requires that demand at retailer j increases with the
random quantity x. The same requirement is also found in [38].

Assumption 2.ii) stipulates that an increase in order quantity x will
decrease price elasticity 7;(p,x) and increase price elasticity of other
retailers 7 (p, X).
quirements and considers the substitution and dominance effects among
retailers.

Finally, Assumption 2.iii) requires that an increase in order quantity
x will increase the LSR elasticity &(p,x). Also, an increase in retailer j’s
price will increase retailer j’s LSR elasticity and decrease the LSR elas-
ticity of other retailers. Moreover, the local price effect of a price change
dominates the cross-price effect on local LSR elasticity. This assumption
is consistent with those adopted by [11] and [38] but includes the
dominance effect among retailers.

The assumption encompasses competition re-

Assumption 3. For any retailerj =1,2, -,
at least one of these assumptions:

J, demand Dj(p, x) satisfies

PDi(px)

*Dj(p.x 0*Dj(p.x 0*°Dj(p.x *Dj(p.x
1.%§o, a}j(p >0 and ()]p(f +Z (,ék(g <0, =53 and
J
D @D *D;
72X | E e (px are increasing in x, and ’(px is decreasing in x.
d k#j
62Dj(p.x)
0°D;(px) 92D;(p.x) @D;(px) PDipx) w2
. ka < J > J J
2 “ar S 0, I 2 0 and apz + Z wa =0 mE and
Py
02D;(px) azn (px)
% are increasing in x, and wk‘g,x is decreasing in x.

Pj ”"1
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32D;(p.x)
J
0°D;(p.x) Di(px) 9*D;(px) D;(p.x) 7
— =< > < .
3. 5 =0 Gy 20 and =54 ZJ wp, =0 ppx and
02D;(px) 02D;(px)
r;’_;’ E a;z]k 5 #D;(px)

j 27 . . . By : . .
B0 are increasing in x, and Bipa 15 decreasing in x.
0°D;(p.x) 0*Dj(p.x) 0°D;(p.x) 0*D;(p.x) 0*Dj(p.x)
> —Le= n ] ) > ) <
4 w2 0, o 0 and 7 + kz b 2 0, o < 0,
0;(p.x) 0€; (px)
9E; (p.x) J SaS il
oD(px>0 dBZD(px Z(JZD(px<O S,,j d P k; Py
) an + wex = 0: 5o ad ——5 55— are
0%j(px) 2D)(p) 20
0p; 03
Ejd(:;x) is increasing in x, ﬂfﬁx o and i are
()x ox

independent of x.

As seen in Section 5, all demand functions used in extant literature
satisfy all conditions of Assumption 2. Moreover, each of these demand
functions satisfy at least one of the above conditions of Assumption 3,
allowing us to include all different types of demand functions in our
supply chain equilibrium model.

To seek the optimal solution, note that taking the first derivative of
function II; with respect to s; and using the definition of z; yields

,,,j) - (”f“f *’V)F"(Z")'

aIl;
i -
0s; (p, +

It can be seen that, when /1;“ < ¢ +p; < pj, the equation dl;/ds; = 0
admits a solution §; given by §; = Dj(p, %), where ; = F; ' (x;) with x; =
(i +4 —¢ —p;)/pj + 4 — 4). Note that the condition 4 < ¢; + p;
amounts to the fact that the salvage value i;“ should be less than or equal
to the marginal cost p; + ¢; and the condition ¢; + p; < p; ensures that

retailer j is able to make nonnegative profit. Substituting z; in (6) re-
duces the retailer problem to

max TI;(p;)
pi€l; (p,)

= (eu-4) [ Dy (p. sl s

2 [ D

j

()

where Ij(p;) = {pj € Ry

admissible price for retailer j. The next theorem shows that the retailer
profit function IT;(p;) is pseudo-concave.

4 < ¢+p; <pj <p;}, and p; is the maximum

Theorem 1. If the conditions of Assumptions 1, 2, and 3 are satisfied, then
the function I1;(p;) is pseudo-concave in p;.

The proof is given in Appendix A.

Next, using Lemma 1 in [49] and Theorem 1 above, the optimality
conditions for all retailers could be expressed simultaneously as the
following variational inequality: Determine p* € I'(p)CR’. satisfying

32 -4) [ 2 e 22

= /

*/:JDJ-@ixmw)dx*”f (73) (15 (m “[pri] 20 erin).

(®

_ 1 P —Cj—pi+A 7
where z; = F; 1 (%), X = W and T(p) = @i, Tj(p))-
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4. Equilibrium conditions of the supply chain
4.1. Equilibrium conditions

As in the supply chain equilibrium literature, the sum of the opti-
mality conditions for all raw material suppliers, as expressed by
inequality (2), the sum of the optimality conditions for all manufac-
turers, as expressed by inequality (5) and the optimality conditions for
all retailers, as expressed by inequality (8) must be satisfied. In addition,
the amounts of the raw materials that the suppliers ship to the manu-
facturers must be equal to the shipments that the manufacturers accept
from suppliers. Moreover, the amounts of the product that the manu-
facturers ship to the retailers must be equal to the total amounts pur-
chased by the retailers, as expressed in the following condition:

oo (PP A Lo
C=p(p () ) =) g 9
K !<p / < 17/'+’1.r‘7_]”/‘+ i—1 % ©

Condition (9) states that when equilibrium price pJ that retailer j
pays for the product is positive, then the supply sj needed for at the

retailer outlet is positive and must be equal to the total quantities pur-
chased from all manufacturers. It can then be expressed as the following
variational inequality: Determine (q,,p",p") € RY x TCRY*%/;

P . -
. [P G P A .
LD p F L L ol >0 10
z{;qv (p ( P ))}x[p, plz0 o

J=1

¥(q2,p.p) ERY T, T=@Q/,T; and Tj = {(p, pj) €R* |} < ¢ +

p; <pj <Pj}
The summation of inequalities (2), (5), (8), and (10) yields the
following theorem:

Theorem 2. The equilibrium conditions governing the supply chain model
with general price-dependent demand are equivalent to the solution of the
variational inequality problem given by: Determine (q;,q,,p",p") € A x I'C
RNFUYY satisfying

-l

0cy; <é:,) J_ | dcyi ql
$ ) ),

=1 =1 0qy

. 5 0D;(p’,x) [P oD,(p, %)
_ _ 9+ J ) g J ) g
(p,. tA4 -4 ) /A/ , fi(x)dx + 4; /Ai a, fi(x)dx

e N0 b

Bii-0/(5)] x[o-s] 20

+

J
J=

i=

1)

- 1 [P G-p i
¥(q1,92,p:p) € Q= A xT, wherez; =F; (W)

Proof. The proof follows from the standard variational inequality
theory (e.g., [11).00

4.2. Existence

Since the feasible set Q is not compact, we need to impose an addi-
tional condition to guarantee the existence of a solution.
Let Qp = {(q17q27p7p7)|0 < (qlqu) < ba (P~P) € r}v where b = (b17

by) and q; < b; and g3 < by. O is a bounded closed convex subset of
RN+I+2
T .
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Theorem 3. (Existence). Suppose that there exist positive constants R and
S such that

acni <E1m'>
——— >R, Vg with g,; > S, Vi, j.

12

0q, (12
acii (g

% >R, Vg with g; > S, Vi, j. 13)
i

Then variational inequality (11) admits at least one solution.

Proof. The values of constants R and S are discussed in the existence
proof in [50]. Following similar arguments on that proof, Assumptions
(12) and (13) imply the existence of a constant b such that (¢1,q2) <b
will guarantee the compactness of the set Q, and therefore the existence
of a solution of variational inequality (11). Assumptions (12) and (13)
can be economically justified as follows. When the raw material ship-
ment g,; is large enough, one can expect the corresponding sum of the
marginal costs associated with procurement and transaction to be large,
which ensures (12). Similarly, when the product shipment gj is large,
the corresponding sum of the marginal costs associated with production
and transaction is expected to be large as well, which ensures (13).[]

4.3. Uniqueness

Theorem 4. (Uniqueness) Assume that cost functions, cy and c;, are
strictly convex and that the conditions in Theorem 1 are satisfied for each 1 <
j < J, then variational inequality (11) admits a unique solution.

The proof is provided in Appendix B.
5. Examples of demand functions

[10] gives a detailed list of demand functions adopted in the litera-
ture and presents a survey of empirical evidence showing the application
of these demand functions in real industry sectors (sugar, yogurt, peanut
butter, fashion, retail). The following are examples of classical demand
functions, outlined in [10] and included in our framework.

e Additive Linear:
Dj(p,x) =x+aj — bjpj + > cixpx, @ >0, cx >0, bj > Y cix and
kA iz
Aj+a; — bjpj + > cixpx > 0 to ensure nonnegative demand.
kA
e Multiplicative Isoelastic (Power):

Dy(p.x) = ap; g_p;ka, a>0,b;>1, ¢y >0.
)

o Logit:
x—bjpj+ztjkpk
e
Di(p,x) = a5~ @& >0, cgx >0, bj>>ci, Aj— bpj+
x JPJ*Z”JkPk kA

1+e kA

>_CkPx > 0.

k#j

e Exponential:
x+a—bpj+y cikPk
Dj(p,x) =e k7 ,a >0, Cik > 0, bj > ZCjk.
k#j
e Logarithmic I:
D}-(p,x) =In <x +a; 7b]-pj +2Cjkpk> , @ > 0, Cik >0, b]‘ > chksA}' +
k#j k#j

aj — bjpj + gé:'cjkpk > 1.
J
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e Logarithmic II:
Dj(p,x) =In( | @ —bjp; +> cixPx |* |, @ > 0, cix > 0, bj > > cik, g
= =
—bp;j+ chkpk > 1.
=

e Mixed Additive-Multiplicative:

Di(p.x) = (P) +6;(p)x, u;(p) + 05(p)A; > O.
;(p) ;P a;(p 0#
ép, <0, a}p >0Vk7é] ’ +Z <0
Jo;j(p doj(p) 00;(p. 017
ajp,<0’ afpk>0Vk7é] 900) +Zd]pk— .
o g,
10,0 < Bt Cw 20
.1, (P) .(p) 1, (P)
My (®) = 05, (0), 11y, (P) <115 (p), Vh #], 5= g‘;T, L+
j
k. (p)
>
P Pk
Py P P 2, 2 P Z Py Z P
2 W W7 L) ()pz apkopj
S LB < L > T
; LT 0p, ; "ﬂ;

Note that the last two assumptions are used in the literature. The
first of these stipulates that the price elasticity of the mean demand
#;(p) is greater than or equal to the price elasticity of the standard
deviation demand oj(p) [51,52]. This assumption encompasses
competition requirements and considers the substitute and domi-
nance effects among retailers. The second was examined by [53]. In
our case, the assumption is generalized to competing retailers when
substitution and dominance effects are required. It is important to
note other related assumptions used in extant literature, namely the:

log convexity of f"% considered by [54], and ’7;9 (p) > 11, (p) whenever
7 )
%(P) 2 115, (p) considered by [51].

Each of the above demand functions satisfy Assumption 2 and at least
one property of Assumption 3 and the proof of Theorem 1 (pseudo-
convexity of the expected profits II;) holds under each of these proper-
ties allowing us to include all different types of demand functions in our
supply chain equilibrium model. Note in particular that Assumption 3.i)

is satisfied by the log function Dj(p,x) = In (x +a; — bp; + Z%Pk) .
=

Assumption  3.i) is valid for both log  functions

D;j(p, x) —ln<x+aj —bjp; +chkpk> and Dj(p, x) = ln((aj - bp;j +
i

chkpk>x>. Assumption 3.iii) is satisfied by the two logarithmic func-

i
x vaw
7

tions and the logit function Dj(p,x) = g*———~— o Z - L. Finally, Assump-
& JkPk

1+e
tion 3.iv) is verified for the additive linear, multlphcative isoelastic,
exponential, and mixed additive-multiplicative demand functions.

6. Sensitivity analysis

Using equations (1), (3), and (6), the total expected profit at equi-
librium can be expressed as
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pi,)
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>
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>
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where Aj(p, ) = fjj(Dj(p,zj) —Dj(p, x))fj(x)dx and

0,(rr3) = [ (D)9 ) — Dy (p ) ()

are the expected values of the leftover and shortage of retailer j,
I 1B —G—p
=Yg and g =F; (ﬁ) .

The following propositions illustrate the analytical effects of
different types of model functions, model parameters (handling cost c;,
shortage cost J; and salvage value lj*), demand level, and demand

respectively, and where Dj(p*,z; )

variability on the optimal solutions and the expected profits. All proofs
are given in Appendix C.

Proposition 1 Impact of the handling cost c;.

o The optimal quantities §,; and q; decrease in c;.
o The optimal prices p] increase in ¢; .
e The safety values z; decrease in ¢; .

e The raw material suppliers’ profits I15, the manufacturers’ profits [I¥ the
retailers’ profits I1;, and the total profit I1 decrease in c; .

Proposition 2 Impact of the unit shortage cost ;.

oD;(p.X) - - . . P * . .
o If ’(T is increasing in x, the optimal quantities g,; and g;; increase in 4;

aD;(p
o If =L f Vs decreasing in x, the prices pj increase in A; .

e The safety values zj increase in A; .

e The total profit I decrease in ;.

Proposition 3 Impact of the unit salvage value /lj*.

o If —L-— D (px> is decreasing in x, the optimal quantities qm and qu increase in

i
A

oD;(px) ;
o If =L @x is increasing in x, the prices pJ increase in ﬁ

o The safety values zj increase in /1]*.

o The total profit Tl increase in 4.

Proposition 4 Impact of demand level. Assume that for each retailer j,
the demand level is controlled by a parameter a;.

o The optimal quantities F];i and q;— increase in a;.

e The prices p; increase in a.
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e The raw material suppliers’ profits II5, the manufacturers’ profits TV,
and the total profitll increase in a;.

Proposition 5 Impact of demand variability. Assume that for each
retailer j, the demand variability is controlled by a parameter m.

o If the safety factors z; are positive, the optimal quantities Z]Zi and q; in-
crease in m;.

o If the safety factors z; are negative, the optimal prices p; decrease in m;.

e The the total profit I1 decreases in m;.

7. Numerical examples

A numerical study is carried out to show the effect of different model
parameters on the equilibrium solution. As in [43], the extragradient
algorithm of [55] is used to compute the solution of variational
inequality (B.1). The algorithm is implemented in Matlab and has been
successfully tested in previous studies [15,43].

After solving variational inequality (B.1), we can recover the equi-
librium prices p,; using the optimality conditions of variational
inequality problem (2). If there is a positive shipment quantity E]:“- >0,
then f);i = %"l’"‘)

In our basic example, we consider a supply chain network with two
raw material suppliers, two manufacturers and two retailers. The unit
penalties of having excess supply/demand of retailers are set to ij* =2,
A= 2,Vj =1,2. Also, the per-unit handling costis set to c; = 40, Vj =1,
2. The procurement and transaction cost functions faced by the suppliers
and the production and transaction cost functions incurred by the
manufacturers are given by:

c,,,-(?]m-) = 1.5(5,,,)2 + 10(@,) +2,n=1,i=1,2.
Cni (E]m) =15 <21ni>2 +9<Zini) +4,n=2i=12

cif(qy) = 1.5(ay)* +9(ay) +2,i=1,j=1,2.

ci(ay) = 1.5(qy)* + 11(qy) +2,i=2,j=1,2.
Four models will be considered for the demand functions at retailer
outlets:

o Additive Linear (Model 1):

Di(p,e;) = aj — byp; + ZC.kak + me;,
k#j
with (a;,az) = (290,300) and forall 1 <j#k < 2,b; =2 and cp =
1.
e Multiplicative Exponential (Model 2):

a—bp+2c‘p
Dy(p.¢;) = (mj+€/)el S kv

where (m;,my) = (290,300) and forall 1 <j# k<2, a =1, b =
0.02 and cj = 0.01.
e Mixed Linear-Exponential (Model 3):
“r*ﬂ,’l’ﬂrzmpk
Di(p,€;) = a;—bipi+ > _cupx+e e,
ki
where (a;,a;) = (290,300) and forall 1 <j#k <2,bj=2,cpx =1,
a; =5, f; = 0.02 and y = 0.01
e Logit(Model 4):
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5J+aj—bjp,>+Z£/kpk s,+a,—h,])j+21‘jkm
Df(p,ej) =mj{e e —1 e e+ 1p,

where (m;,my) = (100,110) and for all 1 <j#k <2, a =5, b; =
0.02 and cj = 0.01.

For the above four models, ¢; for j = 1,2, is chosen to have gamma
distribution with shape parameter 2 and scale parameter 5. The distri-
bution of ¢; is centered and reduced to have a mean of 0 and variance 1.
This is carried out to avoid over-parameterization, since each of the
above models contains parameters that can be used to control demand
average and variability. Table 1 displays the optimal equilibrium solu-
tions, the expected profits of all raw material suppliers, manufacturers
and retailers, and the total supply chain profit. Comparing the quantities
51; and qu, we observe lower values in the mixed linear-exponential
model and higher values in the multiplicative exponential model. This
is mainly due to the impact of the rate of decrease of the expected de-
mand with respect to retailer prices. The faster the demand decreases
with respect to the retailer price pj , the lower the quantities qy retailers
will order from manufacturers. A decrease in q; will result in a decrease
in the quantities g, the expected profits IT5", IT¥" and IT; and the total
profit IT". Note that based on the current shortage and salvage param-
eters, we obtain negative values of z] in all four demand models,
resulting in a situation that favors shortages at each retail outlet.

The impact of demand distributions on the equilibrium solutions was
also tested using the mixed additive-multiplicative demand model
(Model 3) with the parameters specified above. Table 2 illustrates the
results for the uniform distribution U/ (7\/§, \/§)7 the reduced and trun-
cated to [—3,3] normal distribution A(0,1), and the centered and
reduced gamma distribution with parameters (2,5) as above. Comparing

Table 1

Equilibrium solutions for different demand models
Model Model 1 Model 2 Model 3 Model 4
11 25.75 26.82 23.79 28.17
[ 26.47 27.09 24.68 29.83
G 25.42 26.49 23.45 27.84
[ 26.14 26.76 24.35 29.50
[1;1 25.95 26.79 24.07 28.84
[112 25.61 26.46 23.73 28.50
q;l 26.28 27.12 24.40 29.17
‘.1;2 25.95 26.79 24.07 28.84
pi 239.67 269.88 231.29 298.22
p; 242.53 270.68 234.47 299.32
p; 174.10 179.84 162.56 190.03
p; 176.25 180.64 165.24 195.00
f,;l 87.84 90.37 82.20 96.51
13;2 86.84 89.37 81.20 95.51
f,;l 87.84 90.37 82.20 96.51
13;2 86.84 89.37 81.20 95.51
21 -1.00 -0.85 -0.97 -0.76
22 -1.00 -0.85 -0.97 -0.79
I 1296.34 2665.28 1250.67 3123.97
H; 1370.20 2692.02 1335.21 3103.80
1‘[’1"'* 2039.95 2174.08 1756.35 2519.49
n’é”* 1988.06 2120.50 1708.22 2461.82
nfﬁ 1989.76 2122.53 1709.70 2461.85
s 2037.65 2172.11 1753.83 2515.52
I 10721.96 13946.53 9513.98 16186.45
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Table 2 the results for the three demand distributions, we observe a slight in-
Equilibrium solutions for different demand distributions crease in quantities §,; and gy from uniform to normal to generalized
Distribution U(- V3.3 N(0,1) GG(5,2.1) gamma distributions. This slight increase in g,; and gj; results in small
@, 23.01 23.35 23.79 increases in the prices p,;, p; and p;, the expected profits IT;', IT¥" and
G 23.98 24.29 24.68 T}, and the total profit IT". These small changes in the optimal solutions
an 22.68 23.01 2345 are because all three demand distributions have a mean of 0 and a
9 23.65 23.96 24.35 variance of 1, and differ only in the shape of their density functions. The
i 23.33 23.65 24.07 impact of demand level and demand variability are discussed in sections
@y 23.00 23.32 23.73 6.2 and 6.3.
@ 23.66 23.99 24.40
s 23.33 23.65 24.07 7.1. Impact of model parameters
p; 228.08 230.42 231.29 . . .
Here, we illustrate numerically the impact of model parameters
o 231.37 233.62 234.47 . - N .
? (handling cost ¢;, shortage cost 4;", and salvage value 4;") on the optimal
o 158.03 160.00 162.56 . ; J
. solutions and the expected profits.
P 160.94 162.83 165.24
79.99 80.96 82.20 .
Pu 7.1.1. Impact of the handling cost c;
2% 78.99 79.96 81.20 We first investigate the effect of changing the handling cost c; on the
2 79.99 80.96 8220 optimal quantities E]fu» and q;}, optimal prices pJ , and expected profits.
P 78.99 79.96 81.20 The logit model (Model 4) is used in the illustration and similar results
2 -1.25 -1.07 -0.97 are expected for other demand models. As proven in Proposition 1, an
%2 125 -1.07 0.97 increase in ¢; induces a decrease of the optimal quantities (1; and qi;-, and
I} 1211.93 1132.32 1250.67 . . . .
safety values z; and an increase in the optimal prices p; (see Table 3 for
L, 1302.42 1230.49 1335.21 details). F ;1 1 . ; J d q
ils). For raw materi iers, man rers, and retailers’
m 1651.07 1696.74 1756.35 eta. s). For the ra ate. lal suppliers, manu actu ers, a eta.e s
) profits, as shown in Proposition 1, their expected profits decrease with c;
- 1604.41 1649.43 1708.22 AR . . . .
which implies that the total profit decreases with c; as displayed in
s 1605.78 1650.85 1709.70
1 Table 3.
s 1648.44 1694.15 1753.83
I 9024.05 9053.99 9513.98
Table 3
Impact of ¢; on quantity shipments, prices, safety values and expected profits (Model 4)
G 40 50 60 70 80 90 100
4 28.17 27.39 26.59 25.79 24.98 24.15 23.32
45 29.83 28.98 28.12 27.25 26.37 25.48 24.59
a5 27.84 27.06 26.26 25.46 24.64 23.82 22.99
0 29.50 28.65 27.78 26.91 26.03 25.15 24.25
@ 28.84 28.02 27.19 26.35 25.51 24.65 23.79
@y 28.50 27.68 26.86 26.02 25.17 24.32 23.45
@ 29.17 28.35 27.52 26.68 25.84 24.98 24.12
@ 28.84 28.02 27.19 26.35 25.51 24.65 23.79
p 298.22 300.51 302.81 305.13 307.46 309.81 312.16
D) 299.32 301.59 303.87 306.17 308.47 310.79 313.11
Py 190.03 185.22 180.35 175.42 170.44 165.40 160.31
P 195.00 189.99 184.92 179.80 174.62 169.39 164.12
P 96.51 94.05 91.57 89.05 86.52 83.95 81.36
Bl 95.51 93.05 90.57 88.05 85.52 82.95 80.36
Py 96.51 94.05 91.57 89.05 86.52 83.95 81.36
Pa 95.51 93.05 90.57 88.05 85.52 82.95 80.36
7 0.76 -0.78 -0.81 -0.83 -0.85 -0.87 -0.89
2z -0.79 -0.81 -0.83 -0.85 -0.87 -0.89 -0.90
Im; 3123.97 2897.52 2681.23 2474.65 2277.73 2090.16 1911.70
I, 3103.80 2876.54 2659.66 2452.85 2255.82 2068.31 1890.05
v 2519.49 2378.88 2240.74 2105.24 1972.57 1842.89 1716.39
e 2461.82 2322.85 2186.36 2052.54 1921.56 1793.59 1668.82
s’ 2461.85 2323.03 2186.70 2053.03 1922.18 1794.35 1669.70
s 2515.52 2375.07 2237.08 2101.73 1969.19 1839.65 1713.27
n 16186.45 15173.90 14191.77 13240.03 12319.05 11428.95 10569.93
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Table 4

Impact of 4; on quantity shipments, prices, safety values and expected profits (Model 4)
/{JT 2 42 82 122 162 202 242
g1 28.17 29.95 31.45 32.76 33.91 34.93 35.85
q15 29.83 31.78 33.44 34.90 36.19 37.34 38.38
Gy 27.84 29.62 31.12 32.43 33.58 34.60 35.51
2 29.50 31.45 33.11 34.57 35.85 37.01 38.05
{111 28.84 30.70 32.28 33.66 34.88 35.97 36.95
{1;2 28.50 30.36 31.95 33.33 34.55 35.64 36.61
{121 29.17 31.03 32.62 34.00 35.22 36.30 37.28
[1;2 28.84 30.70 32.28 33.66 34.88 35.97 36.95
pi 298.22 299.35 299.62 299.38 298.80 298.00 297.06
D5 299.32 300.59 300.97 300.81 300.29 299.54 298.63
" 190.03 200.94 210.21 218.27 225.38 231.71 237.39
P 195.00 206.44 216.18 224.69 232.21 238.93 244.98
13;1 96.51 102.09 106.85 110.99 114.65 117.91 120.84
1312 95.51 101.09 105.85 109.99 113.65 116.91 119.84
13;1 96.51 102.09 106.85 110.99 114.65 117.91 120.84
13;2 95.51 101.09 105.85 109.99 113.65 116.91 119.84
2z -0.76 -0.65 -0.55 -0.46 -0.39 -0.32 -0.26
22 -0.79 -0.67 -0.57 -0.49 -0.41 -0.35 -0.28
1‘[; 3123.97 1916.34 844.09 -119.46 -992.24 -1787.54 -2515.28
r[; 3103.80 1716.31 481.66 -630.59 -1640.68 -2563.22 -3409.41
l‘[‘;”w 2519.49 2854.41 3155.91 3430.83 3683.22 3915.95 4131.08
jat 2461.82 2793.01 3091.34 3363.50 3613.45 3844.01 4057.18
I‘[? 2461.85 2792.58 3090.46 3362.16 3611.65 3841.75 4054.46
I‘[g* 2515.52 2849.97 3151.02 3425.48 3677.42 3909.69 4124.36
n 16186.45 14922.62 13814.48 12831.91 11952.81 11160.65 10442.40

7.1.2. Impact of the shortage cost 4;
As proven in Proposition 2, the effect of the shortage cost 4;” on the
optimal quantities g,; and q; and optimal prices p; depends on the

behavior of ”DJ’—J"‘) . Two demand models (Model 3 and Model 4) are used

ap;
to illustrate the different patterns. In fact, it can be seen that when M@T(fjx)

is increasing in x (Model 4), the optimal quantities q;- and q,’; increase

with 4; as illustrated in Table 4. The sign of % depends on the model
7

parameters. In our illustration, the sign of % depends on the value of 4;”
7

as shown in Figure 2a (p; increases for small A and decreases for large

/lj’). When aD@T(fjx) decreases in x (Model 3), we find that g:;{, > 0 and that
7

299.5
299
298.5
298

2975

297 L L L L |
100 150 200

(a) Selling prices p; (Model 4)

the signs of ‘;%: and ;—‘? depend on the model parameters. This behavior is
illustrated in Table 5 and Figure 2b. Moreover, the safety value z; in-
creases with /lj’ regardless of the demand function (Tables 4 and 5). Note
that with large values of 4;, positive values of zf are obtained implying
the likelihood of oversupply at each retail outlet to cope with high
shortage costs. For the expected profits of raw material suppliers and

. . s M . dq:
manufacturers, as discussed in C.2, ‘(;lf and [;% have the same sign as %
J 7 J
(Tables 4, and 5). On the other hand, the sign of {';ii depends on the
J

model parameters. In our illustration, for both Model 3 and 4 the ex-
pected profits of the retailers decrease with 4; (Tables 4, and 5). For the

total expected profit I1, Proposition 2 shows that the total profit IT de-
creases with 4;” as displayed in Tables 4, and 5.

230 L L L
100 150

(b) Selling prices p; (Model 3)

200 250

Fig. 2. Impact of 4; on the prices p;’s

10
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Table 5

Impact of ;" on the quantity shipments, prices, safety values and expected profits (Model 3)
/{JT 2 42 82 122 162 202 242
a1 23.79 23.73 23.66 23.60 23.55 23.50 23.47
q15 24.68 24.67 24.63 24.59 24.55 24.52 24.49
Gy 23.45 23.39 23.32 23.26 23.21 23.17 23.13
25 24.35 24.34 24.29 24.25 24.22 24.19 24.16
{111 24.07 24.03 23.98 23.93 23.88 23.84 23.81
{1;2 23.73 23.70 23.64 23.59 23.55 23.51 23.48
{121 24.40 24.36 24.31 24.26 24.22 24.18 24.15
(1;2 24.07 24.03 23.98 23.93 23.88 23.84 23.81
pi 231.29 235.91 238.94 241.22 243.06 244.59 245.90
D5 234.47 238.87 241.78 243.98 245.76 247.24 248.51
" 162.56 162.27 161.89 161.56 161.28 161.04 160.83
P 165.24 165.10 164.81 164.54 164.30 164.09 163.91
1"7;1 82.20 82.09 81.93 81.78 81.65 81.53 81.44
13;2 81.20 81.09 80.93 80.78 80.65 80.53 80.44
13;1 82.20 82.09 81.93 81.78 81.65 81.53 81.44
i’zz 81.20 81.09 80.93 80.78 80.65 80.53 80.44
21 -0.97 -0.69 -0.49 -0.34 -0.21 -0.11 -0.01
22 -0.97 -0.69 -0.50 -0.35 -0.22 -0.12 -0.02
1‘[; 1250.67 854.83 542.59 281.56 56.57 -141.31 -317.96
r[; 1335.21 986.16 707.24 472.29 268.73 88.98 -71.98
n‘;”” 1756.35 1751.19 1743.20 1735.97 1729.73 1724.35 1719.67
jat 1708.22 1703.13 1695.25 1688.12 1681.96 1676.66 1672.05
I‘[f 1709.70 1704.54 1696.62 1689.46 1683.29 1677.97 1673.34
Hg* 1753.83 1748.60 1740.57 1733.31 1727.05 1721.66 1716.97
I 9513.98 8748.45 8125.47 7600.70 7147.33 6748.30 6392.09

Table 6

Impact of lf on the quantity shipments, prices, safety values and expected profits (Model 4)
lj* 2 12 22 32 42 52 62
a1 28.17 28.29 28.41 28.55 28.69 28.84 29.00
q12 29.83 29.95 30.08 30.21 30.35 30.50 30.67
G 27.84 27.96 28.08 28.21 28.35 28.50 28.66
[ 29.50 29.62 29.74 29.88 30.02 30.17 30.33
(1;1 28.84 28.95 29.08 29.21 29.35 29.50 29.66
[112 28.50 28.62 28.74 28.88 29.02 29.17 29.33
(1;1 29.17 29.29 29.41 29.54 29.69 29.84 30.00
21;2 28.84 28.95 29.08 29.21 29.35 29.50 29.66
p; 298.22 299.07 299.96 300.89 301.89 302.94 304.06
p; 299.32 300.16 301.04 301.97 302.95 303.99 305.10
p; 190.03 190.73 191.48 192.27 193.11 194.02 194.98
p; 195.00 195.71 196.46 197.26 198.12 199.02 199.99
1311 96.51 96.86 97.23 97.63 98.06 98.51 98.99
13;2 95.51 95.86 96.23 96.63 97.06 97.51 97.99
1321 96.51 96.86 97.23 97.63 98.06 98.51 98.99
i’;2 95.51 95.86 96.23 96.63 97.06 97.51 97.99
2 -0.76 -0.75 -0.73 -0.71 -0.70 -0.68 -0.66
22 -0.79 -0.77 -0.76 -0.74 -0.73 -0.71 -0.69
1‘[’1’ 3123.97 3130.03 3136.18 3142.39 3148.63 3154.88 3161.09
11, 3103.80 3108.95 3114.16 3119.36 3124.54 3129.65 3134.66
1‘["1”* 2519.49 2540.01 2561.88 2585.23 2610.22 2637.01 2665.81
1‘[2"* 2461.82 2482.11 2503.72 2526.81 2551.52 2578.01 2606.48
nf’ 2461.85 2482.12 2503.74 2526.82 2551.51 2578.00 2606.47
1'[§‘ 2515.52 2536.03 2557.89 2581.24 2606.22 2633.01 2661.80
I 16186.45 16279.26 16377.57 16481.85 16592.64 16710.56 16836.30

11
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Table 7

Operations Research Perspectives 7 (2020) 100165

Impact of 11-* on the quantity shipments, prices, safety values and expected profits (Model 3)

PR 2 12 22 32 42 52 62

@ 23.79 23.82 23.85 23.88 23.92 23.96 24.00
@y 24.68 24.71 24.73 24.77 24.80 24.83 24.87
@ 23.45 23.48 23.51 23.55 23.58 23.62 23.67
@ 24.35 24.37 24.40 24.43 24.46 24.50 24.54
i 24.07 24.09 24.12 24.16 24.19 24.23 24.27
T 23.73 23.76 23.79 23.82 23.86 23.90 23.94
@ 24.40 24.43 24.46 24.49 24.52 24.56 24.60
T 24.07 24.09 24.12 24.16 24.19 24.23 24.27
P 231.29 231.43 231.58 231.74 231.92 232.11 232.32
. 234.47 234.61 234.76 234.91 235.08 235.27 235.47
P 162.56 162.73 162.91 163.11 163.33 163.56 163.82
2 165.24 165.40 165.58 165.76 165.97 166.19 166.43
B 82.20 82.28 82.37 82.47 82.57 82.69 82.81
B 81.20 81.28 81.37 81.47 81.57 81.69 81.81
By 82.20 82.28 82.37 82.47 82.57 82.69 82.81
s 81.20 81.28 81.37 81.47 81.57 81.69 81.81

7 -0.97 -0.95 -0.94 -0.93 -0.91 -0.90 -0.88

z -0.97 -0.95 0.94 0.93 -0.91 -0.90 -0.88

I 1250.67 1249.26 1247.72 1246.02 1244.14 1242.05 1239.70
I 1335.21 1333.88 1332.44 1330.84 1329.08 1327.11 1324.92
e 1756.35 1760.37 1764.70 1769.39 1774.49 1780.06 1786.17
my 1708.22 1712.18 1716.45 1721.08 1726.11 1731.60 1737.62
s’ 1709.70 1713.67 1717.94 1722.57 1727.61 1733.10 1739.14
i 1753.83 1757.85 1762.19 1766.89 1771.99 1777.56 1783.68
il 9513.98 9527.21 9541.44 9556.79 9573.41 9591.48 9611.23

7.1.3. Impact of the salvage value lj+

The study of the effect of changing the salvage value /1]-+ on the
optimal quantities q,;. and q; and optimal prices p] is quite similar to that
of the shortage value A The same models (Models 3 and 4) are used for

r)Dj(p,x)

illustration purposes. As shown in Proposition 3, when increases

q:‘
d,11

in x, the optimal prices p; increase with lf and the signs of and q"

depend on the model parameters as illustrated in Table 6. When m’—(p‘x) is

dqm >0 qr}

decreasing in x, we obtain ; @2

> 0 and the sign of depends on

the model parameters as dlsplayed in Table 7. Moreover, the safety
values zj increase with /lj+ regardless of the demand function (Tables 6
and 7). For the expected profits, Proposition 3 has proved that the total

3170 T T T T T T

—O— Retaller 1 profit
—%— Retailer 2 proft
3160 - 8

3150 b

3140 1

3130 b

3120 1
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(a) Retailers’ Profits (Model 4)

profit increases with )ﬁ as displayed in Tables 6 and 7. As discussed in

CB@H

") and 1

dg}
M " have the same signas —* o ! as illustrated in Tables 6 and 7.
For the expected profits of the retailers, the sign of + ! can be positive or
negative depending on the model parameters. Figure 3a shows the case
when the retailers’ expected profits increase with /lj* (Model 4) while
Figure 3b shows the case when the retailers’ expected profits decrease
with ij* (Model 3).

7.2. Impact of demand level

The effect of demand level on the optimal quantity shipments, prices,
and profits is explored. As mentioned in C.4, the mixed additive-
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Fig. 3. Impact of /lj+ on Retailers’ Profit
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Table 8

Impact of a; on the quantity shipments, prices, safety values and expected profits
aj 290 300 310 320 330 340 350
a1 23.79 25.06 26.32 27.56 28.80 30.03 31.25
q12 24.68 25.94 27.19 28.42 29.65 30.87 32.08
G 23.45 24.72 25.98 27.23 28.47 29.70 30.91
[ 24.35 25.61 26.85 28.09 29.32 30.53 31.74
(hl 24.07 25.33 26.58 27.83 29.06 30.28 31.50
[112 23.73 25.00 26.25 27.49 28.73 29.95 31.16
[1;1 24.40 25.67 26.92 28.16 29.39 30.61 31.83
[122 24.07 25.33 26.58 27.83 29.06 30.28 31.50
p; 231.29 239.91 248.46 256.94 265.35 273.71 282.02
p; 234.47 243.07 251.59 260.04 268.43 276.77 285.06
p; 162.56 170.17 177.71 185.18 192.58 199.93 207.23
p; 165.24 172.81 180.31 187.75 195.12 202.44 209.71
13;1 82.20 86.00 89.75 93.48 97.18 100.84 104.49
i’;z 81.20 85.00 88.75 92.48 96.18 99.84 103.49
1321 82.20 86.00 89.75 93.48 97.18 100.84 104.49
1’,;2 81.20 85.00 88.75 92.48 96.18 99.84 103.49
2 -0.97 -0.97 -0.97 -0.97 -0.97 -0.97 -0.97
2 -0.97 -0.97 -0.97 -0.97 -0.97 -0.97 -0.97
H; 1250.67 1380.81 1514.76 1652.60 1794.40 1940.23 2090.15
11, 1335.21 1467.47 1603.64 1743.79 1887.97 2036.25 2188.68
Hq"* 1756.35 1945.11 2141.51 2345.47 2556.90 2775.74 3001.95
l‘[‘;’” 1708.22 1894.45 2088.34 2289.81 2498.78 2715.18 2938.96
nf" 1709.70 1895.95 2089.86 2291.35 2500.33 2716.74 2940.53
jice 1753.83 1942.61 2139.03 2343.00 2554.44 2773.30 2999.52
11 9513.98 10526.41 11577.15 12666.01 13792.81 14957.44 16159.79

Table 9

Impact of m; on the quantity shipments, prices, safety values and expected profits (4, = 2)
m; 2 3 4 5 6 7 8
g1 25.75 25.64 25.53 25.42 25.31 25.20 25.09
a1 26.47 26.36 26.25 26.14 26.03 25.92 25.81
Gy 25.42 25.31 25.20 25.09 24.98 24.87 24.76
2 26.14 26.03 25.92 25.81 25.69 25.58 25.47
{111 25.95 25.84 25.72 25.61 25.50 25.39 25.28
(1;2 25.61 25.50 25.39 25.28 25.17 25.06 24.95
2121 26.28 26.17 26.06 25.95 25.84 25.73 25.61
[1;2 25.95 25.84 25.72 25.61 25.50 25.39 25.28
pi 239.67 238.89 238.11 237.32 236.54 235.75 234.97
D5 242.53 241.75 240.97 240.18 239.40 238.62 237.83
" 174.10 173.44 172.77 172.11 171.44 170.78 170.11
s 176.25 175.58 174.92 174.26 173.59 172.93 172.26
i’;1 87.84 87.51 87.17 86.84 86.51 86.18 85.84
1312 86.84 86.51 86.17 85.84 85.51 85.18 84.84
13;1 87.84 87.51 87.17 86.84 86.51 86.18 85.84
1322 86.84 86.51 86.17 85.84 85.51 85.18 84.84
21 -1.00 -1.01 -1.01 -1.01 -1.01 -1.01 -1.01
22 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00
1‘[; 1296.34 1278.51 1260.77 1243.12 1225.55 1208.08 1190.69
1‘[; 1370.20 1351.93 1333.74 1315.64 1297.63 1279.70 1261.87
nq’” 2039.95 2022.66 2005.44 1988.28 1971.19 1954.15 1937.19
i 1988.06 1970.99 1953.99 1937.05 1920.18 1903.37 1886.62
I‘[? 1989.76 1972.69 1955.69 1938.75 1921.88 1905.07 1888.32
Hg* 2037.65 2020.36 2003.14 1985.98 1968.88 1951.85 1934.88
i 10721.96 10617.15 10512.77 10408.82 10305.31 10202.23 10099.58
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Table 10

Impact of m; on the quantity shipments, prices, safety values and expected profits (4, = 300)
m; 2 3 4 5 6 7 8
a1 26.03 26.05 26.07 26.10 26.12 26.15 26.17
q15 26.74 26.76 26.79 26.81 26.83 26.86 26.88
Gy 25.69 25.72 25.74 25.77 25.79 25.81 25.84
2 26.41 26.43 26.45 26.48 26.50 26.52 26.55
[111 26.22 26.24 26.26 26.29 26.31 26.33 26.36
{1;2 25.88 25.91 25.93 25.95 25.98 26.00 26.02
[121 26.55 26.57 26.60 26.62 26.64 26.67 26.69
[1;2 26.22 26.24 26.26 26.29 26.31 26.33 26.36
pi 241.19 241.16 241.13 241.10 241.07 241.04 241.01
D5 244.04 244.01 243.98 243.95 243.92 243.89 243.85
" 175.73 175.87 176.02 176.16 176.30 176.44 176.58
P 177.86 178.01 178.15 178.29 178.43 178.57 178.71
13;1 88.65 88.72 88.79 88.86 88.93 89.00 89.07
1312 87.65 87.72 87.79 87.86 87.93 88.00 88.07
13;1 88.65 88.72 88.79 88.86 88.93 89.00 89.07
1322 87.65 87.72 87.79 87.86 87.93 88.00 88.07
Z1 0.03 0.02 0.02 0.02 0.02 0.02 0.02
2z 0.02 0.02 0.02 0.02 0.02 0.02 0.02
1‘[; 902.88 688.26 473.68 259.15 44.67 -169.77 -384.15
r[; 975.22 759.39 543.61 327.88 112.19 -103.44 -319.03
l‘[‘;”w 2082.49 2086.32 2090.13 2093.91 2097.65 2101.36 2105.05
m 2030.05 2033.84 2037.60 2041.33 2045.03 2048.69 2052.33
[‘[f 2031.76 2035.55 2039.31 2043.03 2046.73 2050.40 2054.04
I‘[%“ 2080.19 2084.03 2087.83 2091.61 2095.36 2099.07 2102.75
I 10102.59 9687.39 9272.16 8856.91 8441.62 8026.32 7610.99

multiplicative model (Model 3) with y;(p) = a; — bjp; + Zi iCikPx is used
for illustration. The parameter g; is used to control the demand level.
From Proposition 4, the optimal quantities q;‘d and q; and the optimal
price p] increase with g; as illustrated in Table 8. Note that the safety
values z; decrease with ag; (Table 8). Additionally, as proven in Propo-
sition 4, the expected profits I3, 1M, and 11" increase with g; as dis-
played in Table 8. Note that based on the model parameters, the
expected profits of retailers also increase with a;.

7.3. Impact of demand variability

The effect of demand variability on the optimal equilibrium is
explored. The linear additive model (Model 1) with D;(p,x) = a; —b;p; +

S 4iCikPx + myx is used for this analysis and m; is used to control demand

s .. . dq’,
variability. From Proposition 5, it can be seen that % >0 and d—:l‘f >0
) )

when zj is positive and their sign depend on the model parameters when

Zj

sign depends on the model parameters when z; is positive. In our setting,

is negative. For the optimal prices, %’J < 0 when zj is negative and its

the optimal quantities qu and the optimal prices p; decrease with m;
when zj* is negative (Table 9). When zf is positive, the optimal quantities
q;l. and qu increase and the optimal prices p; decrease with m; (Table 10).

For the expected profits, Proposition 5 shows that the total profit IT
o
om;

decreases with m; as displayed in Tables 9 and 10. Since the sign of

oM

and o

. dq; . .
have the same sign as di"z, the profits of the raw material sup-
pliers and manufacturers decrease with m; when z; is negative (Table 9)

and increase with m; when zj is positive (Table 10). Consequently, a

14

positive value of z; will induce retailers to order more from manufac-
turers whom profit from demand uncertainty when zj* > 0. Note that for
both cases (negative and positive values of z;), the expected profits of

the retailers decrease with m; (Tables 9 and 10).
8. Managerial insights

The summary of our key findings from the sensitivity analysis and
numerical tests are as follows.

o The effect of model parameters on the equilibrium solutions depends
on the type of demand model. For example, the effect of the shortage

cost 4;” depends on the behavior of ()DfT(fx) For the logit model (Model
4), ()D’T(fjx) is increasing in x and the optimal quantities qy and Z]fu- in-

crease with /;” as illustrated in Table 4. The increase of qU and g, will

induce an increase of the expected profits of raw material suppliers
and manufacturers (Table 4). On the other hand, using the mixed

9D; (p.-x)
op;

optimal quantities ql] and §,; decrease with 4; resulting in a decrease

linear-exponential model (Model 3), is decreasing in x and the

of the expected profits of raw material suppliers and manufacturers
(Table 5). Another example is the effect of the salvage value lj*. With
the logit model (Model 4), the retailers’ expected profits increase
with lj* as shown in Table 6. However, using the mixed linear-
exponential model (Model 3), the retailers’ expected profits
decrease with A as illustrated in Table 7.

e For the same demand model, the effect of demand variability on the
various supply chain members depends on the model parameters.
Taking the linear additive model (Model 1) as an example, the total
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expected profit is always decreasing with the demand variability. We
expect the same behavior with the profits of retailers who are
directly affected by an increase of demand variability (Table 9).
However, the behavior of the expected profits of raw material sup-
pliers and manufacturers depends on the model parameters. As
illustrated in Table 9, the profits of the raw material suppliers and
manufacturers decrease with the demand variability when the

optimal safety values zj are negative. When zj* are positive, the

profits of the raw material suppliers and manufacturers increase with

the demand variability (Table 10). Consequently, a positive value of

2z will induce retailers to order more from manufacturers and man-
ufacturers to order more from raw material suppliers implying that
both raw material suppliers and manufacturers would profit from

demand uncertainty when z] > 0.

Clearly, the results and insights obtained in our paper illustrate the
importance of identifying the type of demand model in practice and
generate interesting practical implications for managers and decision
makers. First, the effect of a change in model parameters, like shortage
cost and salvage value, on supply chain members is not straightforward
and might result in different behaviors depending on the type of demand
model. Therefore, all supply chain members should seek knowledge of
the type of consumer demand model in their setting. Second, the effect
of demand variability is only obvious in the case of the retailers who
loose from an increased demand variability but might be counter intu-
itive for other supply chain members. In particular, depending on
whether retailers best choice involves overstocking or not, manufac-
turers and raw material suppliers can either profit or loose from an
increased demand variability. Finally, our new model can assist supply
chain operations managers to quantify the effects of different types of
demand functions, model parameters, demand level, and demand vari-
ability on quantity shipments, prices, and expected profits.

9. Conclusion
The concept of supply chain equilibrium has received increased
attention in the supply chain management literature. Our study con-

tributes to research in supply chain equilibrium by providing insights on
how the type of demand function and model parameters affect the

Appendix A. Proof of Theorem 1

To prove Theorem 1, note that (8) yields

Operations Research Perspectives 7 (2020) 100165

decisions and performance of the supply chain. In this paper, we develop
a new supply chain equilibrium model in a network consisting of mul-
tiple suppliers, manufacturers and retailers who sell the product directly
in their own demand markets. Demand uncertainty is modeled using a
general demand model including additive, multiplicative, power, and
logit functions. Moreover, to account for competitiveness, the demand
for the product at each retail outlet is price-sensitive and depends on all
retail prices.

Using a variational inequality approach, we derive the equilibrium
conditions of raw material suppliers, manufacturers, and retailers. Ex-
istence and uniqueness of the equilibrium quantities and prices are
discussed and an extragradient-based algorithm is proposed to solve the
model. Sensitivity analysis and numerical examples illustrate the flexi-
bility of the model and show the impact of demand function, model
parameters, demand level and demand variability on the equilibrium
shipments, prices, and expected profits.

Our model establishes the foundation for supply chain equilibrium
problems under general price-dependent demand. The model is limited
to a one-period setting with only two stages in the supply chain network.
Additionally, our model does not consider capacity constraints and
correlation of the retailers’uncertainties. Future research could extend
the model to address these limitations. Other interesting avenues of
future research include modeling the supply chain problem under gen-
eral price-dependent demand within a Stackelberg equilibrium game
framework and/or examining different type of contracts and incentives
that could lead to supply chain coordination in networks with general
demand functions.
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= (n+4 —5) /A S L /A T/}(x)dx+/A/ D,(p.x)f0dx + 0, (p.z ) (1-F(3) ), A1)
where z; = ijl <Im> . Using integration by parts and the definition of &;(p, x), %’ can be rewritten as:
7 J
aL g pi— /1; & oD, (p, x) K 4 oD;(p, x)
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Aj Dj x A Di X
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dp; ’ ’ A dp; T4 dp; A
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Since &j(p, x) is increasing in x (Assumption 2.iii) and by (A.6),
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From (A.1) and (A.2), the second derivative of IT; with respect to p; can be calculated in two ways:
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The rest of the proof is divided into two cases.
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Al. First case: % <0

J

dD(px

In this case Cal = Al + A2 + A3, where A1, A2 and A3 are given by the respective terms in (A.8), (A.9) and (A.10). Because < 0and

d z}p.z"ﬂ

o '

pj+p7]’$](p 2j) > 1, terms A2 and A3 are nonpositive. Note that when the shortage cost 4; = 0, it is easy to show that A1 < 0 since ¢ [:;p(f'x) < 0. For 4;
i

> 0, the argument used to show that A; < 0 depends on which part of Assumption 3 is satisfied. The details are outlined next in three subsections.

Al.1. Dj(p,x) satisfies Assumption 3.i
0%D; 9°Dj(px) :
017

J

ao= () [ azDa(f’ )y —%,-’[Bj%ﬁ(ﬂdx

g

In this case, is increasing in x, then

IN

oD p-i,-) oD (p, Zf)
—_/ {(p, A - /1].*)1*}(2,-) - /1’} -/

op; J

Al.2. Dj(p,x) satisfies Assumption 3.ii
u2uj(p.x7
. w2, L.
In this case, jD]{W) is increasing in x, then

n(r2) _ 0(r2)

p? % 0D;(p, x) _ [%0Dj(p,x) ;]
A<l = (=) [P [P =
oD; (p@) ( o ) Aj dp; ’ T )z dp; ! oD; (p,)

pj - 9pj

/AJ Dipfw)i+D (.5 (15.(3/.))} 0

&

The last equality holds because of equation (A.4).

A1.3. Dj(p,x) satisfies Assumption 3.iii

d2D (pX)

In this case is increasing in x, then

4 D(px)

P, ( ) * D (p@)

ap

AlgD(;aIZZJ) /DQ}x x)dx — A7 / D;(p,x)f; _(‘”fz_j)H(/lj),

where H(,) = (pj + 4 — &) [ Dj(p,x)fj(x)dx — 4 [}) Dj(p,x)fj(x)dx
We have H(0) = (p; —4") fAj Dj(p, x)fi( x)dx > 0 and
P oz Y
M—Ii = (Pj +4 = ’V)D/ (Pij)ﬁ (@') (M—Zi—[ D;(p, x)f;(x)dx
1-F (Zf) 5
(T 0 11 i B YA
(pi+4 =4 )f}‘ (Zz‘) ?

o(o2)(-1(6) o)1)

Consequently, there exists /1]9 > 0 such that H(/ij’) > 0 for each 0 < /1; < ,1]9, which implies that A1 < 0 for all these values of ™.

IN

A2. Second case: % >0
j
06 (px) 02Dj(px)
. . . 0*D;(p.x) Jdp c)p]dx .. . Fae
According to Assumption 3.iv), 01;1- w <0z 7xg i 1S independent of x. In this case, we have 071_;@:0 =Bl1+B2+B3+
ox 7

B4 where B1, B2, B3, and B4 are given by the respective terms in (A.11),
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% (px)
(A.12), (A.13) and (A.14). Because 0Df,;f:'x) >0 and Pty Ay £i(p,%;) > 1, terms B2 and B4 are nonpositive. Since g (p
A&(p,x) 0Z(p,x)
Y opi— /1; ‘)P/ & oD;(p, x) & }“/'7 dp; e oD;(p, x)
Bl = - Zip,x) —L2 (1 — F o &, 1-F
J, 5w e R (= s [0 B ) S 1 o)

difj(p,zj) [
o TP i(p,x B i(p,x
0[7/ ‘/A‘v pj . ‘j gj(]’.x) aD](p7 ) (1 _ ( ))dx+[ LZ](ILX)M (1 *F/-(x))dx

)
0Z; (p, Zj) [

dp;

= —7 N - Dy( ’Af)_/AT
if)j(l’jj) !

IA

The last equality holds because of equation (A.5).
(isz(px)

0p; 03 P .
Now, because du?(,,xx) is independent of x, we obtain:
]

L) . D;i(px) _ »
B = [ {l‘p—fé’f@”)} U (1= o))+ [ ) P (1 = )+ )
&D;(pay) - + -

B Y\pi—A aDj(p7x) ///1]. = oD;(p, x) 0Dj( 7A,-)
= —1 1-F dx — & ——— (1 - F; d s —
a0, (p4;) /Af { Pj 53 0x ( () ds 5 P ) Ox ( )| + p;

ox

7 ;(pay)
T oo D;(p,A))
= %" p(pA)+ LI

o, (p ) /(Pv /)+ op;
Ox
The last equality holds because of equation (A.5).
BZD(px dD(px)

Since 77;(p, x) is decreasing in x (Assumption 2.ii), we have —5 ‘;:} <5 (p which implies that

a;(pA))
- oD;(p,4;)
9P i\P>4j
B3 < D;(p,A;) + ————= =
> Dj(p7Aj) .r( /) op;

Consequently, ¢

dTl}\mj 0 < 0 in assumptions 3.i), 3.ii), 3.iii) and 3.iv) and therefore II; is pseudo-concave in p;. (]
J @:

Appendix B. Proof of Theorem 4

Variational inequality (11) can be rewritten in standard form as follows: determine X" € Q, such that

(FX)H),X=X") >0, VXeQ, (B.1)

where X = (q1,q2,p,p) and F(X) = (Fui, Fyj, F, ]1 , ]-'jz)7 with the specific components of F(X) being given by the respective functional terms preceding
the multiplication signs in (11):
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acni (éni)

Foilqr,92,0,p) =

az]ni

Fila,qu,p:p) = %*ﬂj,

Filar,q.p.p) = —Z—I;;: —/; Dy(p,x)fy(x)dx — D;(p,z) (1 = F;(3)), (B-2)
~(m+4 -4) /A ‘mfé—([’;")ﬁ(x)dxﬂ; /AB (m;—(;;’x)ﬁ(x)dx

Fiaqnpp) = ZI;Qi/'_Dj(PaZ.f)v where Zﬁﬂ-'(W)

The equilibrium vector X" is unique if F(X) = 0|y_ has a unique solution. The solution of F(X) = 0|y_y- is closely related to the determinant of its

4 B),whereAisaNI+IJ><NI+IJmatrix,B: —Clisa

Jacobian. Straightforward computations show that the Jacobian of 7 (X) is given by M = ( C D

NI + IJ x 2J matrix and D is a 2J x 2J matrix defined as follows:

A% Oy - Op Oy Oy - Oy o o
On A; - Op OJJ OJJ OJJ JJ JJ
.. . . . . Oy Ou
o, - Oy AL 0, O ... 0 Y ' ’ 1 2 .
a=| " N sz v 7|, B= Ou Ou D= (Ds 4 ) , where A} isal x I diagonal matrix with (A}); = Peni(dy)
Oy - O Op A1 Oy -+ Oy Oy —ly D D )
(0] -1
Oy - Op Oy Oy A2 - Oy :JJ :JJ
S : E S : : ’ 52 Oy —ly
Op - Ogp Op Oy Oy - A

(1<n<N), Ai2 isaJ x J diagonal matrix with (Aiz)jj = % (1 <i<1),Ilyyisthe identity matrix with rank J, Oy and Oy; are I xI and J xJ matrices of
i

zeros, and matrices D', D?, D® and D* are calculated as:

0’1 0°1 0’1
op? 0p20p1 dpsop1
02H2 02H2 62H2 141 0 - 0
D' = | opiops  op? opsops |, D> = | O 72 ol
. . . 0 0 4,
0%y 0*11, 0%11,
0p10p;  0p20p; ap?
0D, 0D,
-y = . =2
ap2 ops
0Dz v aDZ /}01 ﬂo 0 D;(pzj) a @ ) dD]-u:zj)(l F( ))
3_ | “5p, 2T T on” 4 _ 2 . : _ —ax . _ 9Di(pz o (1-Fi(%
D=1 s f.andDi=1 LT o | Wit = G e A = e G
: : : 0 - 0 g
oDy oDy
a1 ap2 14}

In order for the equilibrium vector to be unique, Theorem 1 of [49] requires det(M)|y_y- > O for all equilibria X", along with two additional minor
conditions: differentiability and boundary requirements. The former condition is met as assumed, and the boundary condition was needed to prove the
existence of equilibrium. To proof the uniqueness of the equilibrium solution, it remains to be shown that det(M)|y_y- > 0.

Since functions c,; and c; are assumed to be strictly convex, all matrices Al and A2 are invertible with positive determinants and therefore matrix A
is also invertible with det(A) > 0. Consequently, det(M) = det(D — CA~'B)det(A). Using the definitions of matrices B and C, it can be seen that —-CA~'B

( Oy Ouy pl D2

. . . . o I 1 _ -1 _
oy U ),where UisaJ x J diagonal matrix with Uy =" Therefore, D - CA™'B ( D DU

i=1 c;i(qy)
e
aa?

matrix with positive elements equal to §; = §; + Uy, then det(D — CA™'B) = det(D' — D*(D* + U)~'D®)det(D* + U). Using the definitions of matrices

) . Since matrix D* +U is a diagonal

I
D', D% D® and D* + U, it can be seen that the elements of the matrix N = D! — D?(D* +U)~1D? are given by Nj; = —;—H; + %, vl<j<Jand Ny = —
J

27T, . N
ﬂzkg;n, % gp%, Vk # j. The proof is complete if we can establish that det(N)|y_y- > 0. Using Theorem 4 in [56] it can be seen that all principal minors of N

are positive if N is diagonally dominant with positive diagonal entries and negative off diagonal entries. The rest of the proof is devoted to establishing
that N satisfies these properties when X = X".
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It follows from Theorem 1, that w7 |dl‘l 0 < 0, therefore Njj|y_y = ()an+ > 0. Using (A.1) and (A.2), the second derivative of IT; with respect to
Dk and p; can be written as
e % 0Dy (p, x) D, (”’Zf)
Llom, = T (x)dx +———2 (1 —F, B.3
e / a5 (1-5(3) ) ®.3)
10°D;(p,x) % 0D, (p,x)
+(pj+4; -4 / dx — 2 / x)dx (B.4)
(m+2 -4) A A
or
- 07,(p) _ 07w
e e e 0D,(p.) w4 oD (p.)
n = — — P __Zi(p,x 1 —F;(x))dx + L% Z(p,x) —2 L (1 — Fi(x))dx (B.5)
R M T MG S U L s M A U
z PDi(p) + B PDipx) -
i P oD;(p, x) /’ o 4 o D;(p, x) D, (p.4))
-1 Yz —F, Dzpx) =L (1 F B.
+/A, ()D(;fx) |: P; f(1(17»)5) o ( 1(x>)dx+ : 0D,a(f,x) P; VJ(P»X) ox ( /( ))dx+ pr (B.6)

To study the sign of Nj, we distinguish two cases.

; . Di(px)
First case: P >0

In this case = C1 + C2, where C1 and C2 are given by the respective terms in (B.4) and (B.3). Because % > 0, term C2 is nonnegative.

o’y
, >—L|on;
Opkpj #:0
)

If Dj(p, x) satisfies Assumption 3.i), ')2;;

(I’./’Jrljifﬂ.;r)/;vaD(P )/( )dx_/lj ABI@D(}J )ﬁ( )dx

opip; ,  Opwp;

%x) is decreasing in x and

Cl

A%

pi—¢—p] 20

7o (r3) (s -37)m(5) 4] _oor3)

Opip; ! Opip;

If Dj(p, x) satisfies Assumption 3.ii) or 3.iii), the same arguments used in the proof of Theorem 1 will imply that term C1 is non-negative.

Second case: & 5};@” <0

o u,,) P2Dj(px)
. . sy °Di(px) B e . 2’1y _
According to Assumption 3.iv), e > (p 5 is increasing in x and 5 IS independent of x. In this case, we have W@:O = D1 + D2, where
Toax Pj
o [p x)

D1 and D2 are given by the respective terms in (B.5) and (B.6). Since 5 (px is increasing in x, we get

DI > — | [T =2 (p, x) P4 (1 - F(x) )dx—i—f,B’ L (p,x) 20 (1~ Fi(x))

The last equality holds because % < 0 (Assumption 2.iii) and equation (A.5)).
d2uj(p.x7

Now, because - is independent of x, we obtain
J

3

@D, (,,A ) B
D — & Z |:Ff L&, x)— 1:| oD, (px (1 _ ( )dx fBJ A (p )BDJ(;f,x) (1 7Fj(x))dx +BDJ([).A1)

an; (,, A,) i Ip;
)
&D;(pA
RN,
aw(pa) TN ope

ox
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3ZDj(p,x] D;(p.x)

0x

Since 7, (p, x) is increasing in x (Assumption 2.ii), we have % > %, which implies that
)

a;(pay)
- oD;(p,A;)
D2>__% p A)+ L2
T Di(p.4) /(.4 opx

This implies that — < 0 in assumptions 3.i), 3.ii), 3.iii) and 3.iv). Since §; > 0, 7 <0 (Appendix A) and 9; s> 0, we have Nj|y_x- < 0.

dp dp |P =p’
Now, it only remains to show that N is diagonally dominant. In fact, it can be seen that

M-S = -2 z + )% Z—+ﬁ z ~F(3)-

o op; 0m 5 | 9ps 0p, = Op; 017
The last inequality holds because ()l:; + Z B0 and s < 1. To simplify notations, let i; = — a; o Z (}ZJ + 7;(1 — F(3)). From equations (A.8)-
k#}
(B.6), N; can be expressed in two ways:
5 (dD(p,x) 0°D;(p, x) B (0" D;(p,x) 0°D;(p,x)
N =(p+4 =1 / - O L <xdx—/lf/ - B D20 fi(x)dx (B.7)
j (p, j ' > A apjz ; opip; () j N ap]z ; opip; fi(x)

[ [ (g (20 0 () -

k#j k#j

or
5 At agjgxuzaggﬁ;ﬂ aD;(p, x)
_ Y Dj— 4 J e . (p, x .
R A e e S GO
(B.9)
0&; 9E.
AT SIG(ZX)JF; 55(5; . oD;(p, x)
/ J J\ _
7/2; i E(p,x) &(p,x) ox (1 - Fj(x))dx
())d”_/ 2100 P (1 ) (8.10)
asz(va)+Zasz(P,x)
7 Opiox 7 Opox pi— A 0D;(p, x)
7//4 D;(p, x) = ,]'Sf'(p’x) o (1= F(x))dx
Ox
2 vl )
, Cnt) S (B.11)
B Op;ox o pi0x /15 0D(p X) . N
_/ D, (p,x) Z&i(px) = 7= (1= F(v)
Ox

~(9Di( ,Aj)+zanj( JA))
dp; < O

As in the proof of Theorem 1, the rest of the argument for the sign of 3; is divided into two cases.

3*D;(p.x) + Zale(px

First case: »

In this case, i; = E1 + E2, where E1 and E2 are given by the terms in (B.7) and (B.8), respectively. Because (m’;)—;’;’x) +3 ODf,T@k’x) < 0, term E2 is non-
i

()D(px +20D(px)

negative. If Dj(p, x) satisfies Assumption 3.i), is increasing in x and

e (™ o) o (”’Z")) (R ORI bo) g <”’Zf>) o0l 20

0[’/ = opip; ! ‘)P/2 o Opip;

If Dj(p, x) satisfies Assumption 3.ii) or 3.iii), we again mimic the arguments used in the proof of Theorem 1 to show that E1 is non-negative.
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. r)sz(p.x) 0*D; (px)
Second case: @ + kz dpkp >
9(px) 98(px) r)ZDj(px) dZDj-(px)
. . @D(px) PDipx) E *; P L o +k§: L . !
Based on Assumption 3.iv), a;;j T E 01;k v < AEY is decreasing in x and s is independent of x. In this case, i; = F1 +F2

+F3, where F1, F2, and F3 are given by the terms in (B.9), (B.10), and (B.11), respectively. Because

9% (px 9% (px)
k# dpk
n . L
W is decreasing in x,
() ol
Fls_ T e s
. - A b J (P )
i\ P3G
9%; (PE/) 0%; <Fv3/)
dpj kzﬁ i

D;(p.4)) +/A

j

¥ 9D, (p, x)

ox

"DJ(‘”‘ > 0, term F2 is non-negative. Since

U (1= Fx))dx — [0 ,(p, ) 252 (1 = ()

K

» (1—Fj(x))dx| > 0.

The last equality holds because MQT%X) +> % > 0 (Assumption 2.iii) and equation (A.5).
=

2D; (px 2D; (px
F: a?jg; )+ZB;;((§X>
Now, because 0 is independent of x,
ox
OD;(p.A) 9'D;(p.A)
Op;0x & OpiOx 5 [p, — 2 ) Bj )~
k#j Pj i o oD;(p, x) / j oD;(p, x)
F3 = / L& i(p,x) —1 : 1 — Fi(x))dx — - 1 — Fj(x))dx
D) M oo (1= B = |0 =55 (1 - F)
ox
(9D;(p,A)) n aD; (p,4A))
p; & pr
oD;(p.4) Y 9'D;(p.A)
Ip;o 7 Opox Dy(p. ) aDj(P:Aj)+ZaD/( A))
= i\Ps4j) —
oD; (p,Aj) ! ! op; o opx
ox
9(px) oy (px)
Since —2— + Y —2— < 0 (Assumption 2.ii), we have
pj i Dk
> Dj(p.x) @ Dj(px) aD;(p.x) aD;(p.x)
dpgr +Z dpy0x dpj +Z dplk
m ST
which implies that
;(p47) a;(p47)
+ Z
% o aD; (p, A; oD; (p, A;
F3> D;(p. A)) — i (P ./)+Z i (P A)) -0
Dj( 7A/) ap/ kA apk

Consequently, ); > 0 for assumptions 3.i), 3.ii), 3.iii) and 3.iv) and matrix N is strictly diagonally dominant with positive diagonal and negative off-

diagonal terms, implying that det(N)|;_y- > 0.

Appendix C. Sensitivity analysis

For simplicity, we examine the special case when D; = Dj(p;,zj). Using the dominance effect among retailers, the proofs can be easily extended to

the general case when D;

= Dj(p,%).

By definition of z;, Dj(p; ,7;) =

o I % . ¥ o] P;* j T4
§ = Lingy Withz; = F; (p;Jrl]/lj

G—p; 4

. 9 aCij(q;) 9 051j(q*.) .
=1,2,---I. Therefore, ()qu< ()Qijj ) = aq,j( aq,jb L Vi=1,

«  0cy(qy)
> and p; = 3%_’,
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ac,J(W

) That implies that ;= e o Vi=1,2--I-1.

41)7

()c,]( )dqu _{)c;,

oq; dq;j -

2,---I — 1, which is equivalent to
Jq;

C1. Proof of Proposition 1

Note that at the equilibrium, D;(p; %) =5, = Zleq;. Taking the derivative with respect to ¢; yields

da, 00 5) ) ) (o
4 _ PR | Tela) i ey
o de; I deg (P44 = 4)6(E) Ogj;  de; NI de;
i C’}%) oD ® 2
q Pelay) dp; 2 ket AV 14 Dy} =) (1 F(7)))
which implies that 2|1+ a; + 'J "ﬂj =1 — P, where a; = Y .ach >0, fi= (pH’d—F)J()> 0 and y; = 161;; i+ (pﬂ 4+)}(1 <0 (Ap-
i

T

&
pendix A). Therefore, dZ’f = {‘ZIZJ 7 ﬂj} / { 1+a;+ ;I’zq’f ﬂ}} Next, taking the derivative of the equilibrium equation dI1;/dp; = 0 with respect to c; gives

& dp;
()pz dc;

Pey(qy) dgy

-1- og;  dg

dz

] = 0. Using the above and few algebraic manipulations shows thati‘i = {rj(1+a)}/ { (1 +a5) + s co(qr,) } where M;

-2 H’ﬂj y?. From Appendix A, we know that at equilibrium L < 0,s0M; < 0and therefore ZIZ > 0. To obtain the sign of 24 T o /it can be seen using the

dPZ

formula for d that the derivative of qj; with respect to ¢; simplifies to

day; _ —M
dej o Pey(ay),
TS (1+a)+ gé’/)M,-
d d o . .
Since M; < 0, q” < 0and q" = d;” d?:’f <0,vi =1,2,---I— 1. Note that at equilibrium, Zi[v:lqni = Zf:iqu and therefore ‘fi—cj"‘ <0,vn =1,2,--N,Vi =1,2,
s
From the definitions of 2; and p;, we get
2 (o el
« 02' * N — 0‘:’/—(;]") M — 9 g(qu/) Mj
05 (9) | dg ° > i 1
=de; oq> de; dzn, Peylay),, —  Peylay) oo
! ! ! (1+a) + oqfll M; 0q;,, M;

and Zz—; {(1 —Fi(z)) dl; -1 —%} /[(pJ +4; =4 )fj(2)] reduces to

dz; o1y, 0TI, Py (‘11,)
dc; = (1+a) (lF./'(Z:f)y./'ap!z / o (1+“j)+T;/_M/

and has the same sign as —(1 F]( Dr v; = Al + A2, where A1 and A2 are defined by (A.8) and (A.9) in Appendix A, respectively. It follows that ZZTJJ» <
0, since A1 + A2 <0, as shown in Appendix A.
qm L J 4

For the raw material suppliers, manufacturers, and retailers’ profits, it can be seen that follows the same sign of o aT, 1@ qy < 0,and ‘E

= (— 1 ——) Zl lqu <0, since -1 < 32 dp L < 0, as shown before. Consequently, the expected profits of raw material suppliers, manufacturers, and
retailers decrease with c;, which implies that the total profit IT decreases with c;.

C2. Proof of Proposition 2

The arguments used in this subsection are quite similar to those presented in subsection C.1, with the only difference beiing that derivatives are
taken with respect to 4;". In particular, following the same steps, it can be easily shown that

- {;‘ffrj +p0 Fj(z}'))}/{l o+

@
C" q’f /}J} Computing [u ; at the equilibrium and using arguments similiar to those in C.1 yields
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(1 +aj) (A’ B (1 _Fj<zj’f))2> 6<v(q:, Zelin) g fB ()Da:, *  (x)dx

dp;
- e, ’
‘”f (14 w) + Zq(z"”)%
Ij
here A7 = [ 20 ”D"” b he above formula for 2 yiel
where A; f f( ) — (1 = F(z *)). Substituting in the above formula for @ Yie ds
* B; dD P
ag, (0 fﬂ-(z)) s ’T,%(xwx
ar Eau! Pey(ay
! T(l + ) *%M/
. . . delqy) dgy dz; . .
It can be easily verified that % = C;q (qu) # and that ;= simplifies to
il i j J

Pey () ()
% 04,2/ w; B; 0[)'([){ x)

(1+a) (1-F(z))] (A1 +42)+ U Gy | e W

@ _
di; 3 o
’ 5 +4; -GN 3 0 +0) + “M}

Using the results of Appendix A, it can be seen that & dr > 0 for any demand model. The signs of & d,r and q” depend in general on the demand model. In

particular, if fg:f %) is increasing in x, then it is easy to show that 2 -7 715}(21- )) = Al + A2 <0 implying that y; fg l)ngj"x)fj(x)der M;(1 -

@2

i * D; (p; x) -
F@) < (1 - B&)p 0

J J

%‘;f —7i(1 — Fj(zf))] <O0. Therefore, d,1 > 0 but the sign of df depends on the model parameters. However, if

decreasing in x, then A;” < 0 implying that ‘M, > 0 and the sign of depends on the model parameters. In both cases, dq"‘ (1<n<N,1<i<lI),

J

4} d
q“ (1<i<I-1),and dT have the same sign as q’f

dp; .
Zle d/T;’qij which

For the expected profits of raw material supphers and manufacturers, it can be seen that 2 ()

has the same sign as %. On the other hand, 5% — -6;(p".%) - % L gy, which depends on the sign of d/TJ* Summing the above yields, A — _e;(p",
7 I 7 J 7

z;) < 0, implying that the total profit IT decreases with 4;.
C3. Proof of Proposition 3

Again, using similar arguments to those in C.1, it can be verified that
* 2 *
dq,. dp . dcy (qu)
o {dﬁf HAE(G) ([Tt
7 [

s I
and using oy We get
J

dp; B (1 +a_,~) (A;r —ﬂJF](Zj> (1 —F}(z/))) 0{1] ‘l// ﬁ fA ()D]ng j( )

i 2 Py ’
“ G (1 a) + %Mj
j U
oD;(p, oD;j(p; =
where A = f ’ f]( x)dx %’ZJ)F]( 7). Substituting in the above formula for glves

ag; MF(5) + 0 2 ax

di’ Fa Pey(ay)
j apj; (14a)+ aqlzj’f M;
P d
It is also easy to see that ; i R ;Uq(zq 1) q” and that 2 ‘w is given by
1 I J
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o @)F(3) (A1 +42) +

7

i

. a(,,(q D, (. »; z) oD, (p] x)
1 —F,~<z,> o}, = ap, :| fi apf 7i(x)

Pey(d:
@+@—@meﬂ“0+m+i%%4

is increasing in x, then A+ < 0. Therefore,

J(P X)
i (x)dox +

Clearly Lu{ > 0 for all models but the signs of &1 Iu, and 3 q” depend on the demand model. In fact, when
1 (P d

D;(p;.x)
ap;

dp ~ > 0 and the sign of depends on the model parameters However, when 2 is decreasing in x, it is easy to prove that y; f '

MjF;(z;) < 0. Therefore, q” >0 and the sign of d/l‘ depends on the model parameters. As in the previous subsection, #(1 <n<N,1<i<I),
d; o
’ E’ a/\

qu

% 1<i<Ii-1) and W have the same sign as

For the expected profits of the retailers, it can be seen that 2! W = AP, 2) - % Zle gy, which can be positive or negative depending on the model

parameters. Summing all expected profits yields, 9 = Aj(p” ,zj) > 0, implying that the total profit IT increases with /11-*.
J

C4. Proof of Proposition 4

To proof Proposition 4, we use the mixed linear-exponential model Dj(p;,x) = y;(p;) + x0j(p) with y;(p) = a; — bjp; and examine the effect of
varying a;. Note that the parameter g; is used to control the demand level and a change in g; results in a change of the demand level without changing
demand variablility and demand dependence on p. Similar analysis could be carried out for parameters b; and cj.. Repeating steps similar to those in

the above subsections, we get F o (ii 7 + 1> / (1 + a5 + - C"(q” ﬂ)) . Using the equilibrium equations and adapting the arguments of the previous

sections yields

Py *,
a ~(1+a) + - p) g

da; #n Pey(ay)
! W{(IJF‘Z/')* ;q;," M;
and
R '
% - dp]z }/!
da;, o1 c(ay;)
S (4 a) + g
D oD (p; %) ) 02
A ,Z Z
The term y; — §; = g aﬁj ~ o ;: — A*) ( 5 < 0. Moreover, it is easy to show that at equilibrium P 2 —7; < 0 for the mixed linear-exponential model,
J
. . : d dq; d
implying that Z% >0 and diaj’ > 0. Consequently, ﬁ >0, d(fl;’ = % % >0,vi=1,2,.--I—-1,and ‘fi‘fl:‘ > 0.

For the total expected profit, it can be seen that 91 = (pj +4; /1*)15']( ) 4; > 0 implying that the total profit Il increases with g;. The expected
profits of raw material suppliers and manufacturers increase with g; since 2 % % > 0 and pf > 0.
C5. Proof of Proposition 5

To proof Proposition 5, we use the linear demand function Dj(p;,x) = a; — b;p; + m;x and study the effect of varying m;. Note that for this model, a

change in m; results in a change of demand variability without changing demand level or demand dependence on p. Mimicking the same steps as in the
previous subsections yields

d& B gj(z;) (+a)+ ( Z +8 (z]>ﬁ]> a%gq(z‘li})

dm; 2 ¢
i o () + J(“’J)M,
and
. «0°TI; *
gy, Zap T (=)
dm;

n (i)
a7 (L+ @) + =M,

where ;(zj) = f% (x — 2j)fj(x)dx = — f:ﬁ Xfi(x)dx — 3 (1 = Fj(z)).

¢ q
LA dm g 0. Calculations

The signs of and da, depend on the sign of z;. In fact, if z; z; < 0, then ©;(z; z)(1 +a) + (sz +0;(2; )ﬂj) > 0, implying that 22
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show that the sign of T depends on the model parameters. If z; > 0, then zj*

dqy

model parameters.

oy
%

Operations Research Perspectives 7 (2020) 100165

. }'j(-Dj(zj* ) < 0, implying that Zimlj- > 0. For ‘%, its sign depends on the

For the expected profits, straightforward computation shows that 5’7“}_ = (pj* +4 —l;’) jjj xfi(x) < 0 implying that the total profit IT decreases with

. . . . s oM . dq;
m;. For the expected profits of raw material suppliers, manufacturers, and retailers, it can be seen that %, and .- have the same sign as 5! and the
7 7 7

sign of g—l;% depends on the model parameters.
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