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Abstract

We investigate the phenomenon of divergent series of positive terms having convergent
minimum. As entry into this topic, we look at Exercise twenty-three from chapter two of Karl
R. Stromberg’s ”Introduction to Classical Real Analysis”, which addresses this very case.
The exercise calls for the construction of two infinite divergent series, » _ a,, and ) b,, having
strictly positive, non-increasing terms, such that the series ) ¢,, the nth term of which is
the minimum of the nth terms of the original two series, converges. We then establish that it
is not possible that one of the original two series in such a construction can be the harmonic
series. Along the way, we consider Exercise forty-seven, part b from chapter two of the same
text, which asks: if we have an infinite, divergent series > d,,, then what can be said of the
infinite series —4%2—? We also utilize the properties of upper and lower density in formulating

1+nd,
the final proof.




Exercise 23 from chapter 2 of Karl R. Stromberg’s An Introduction to Classical Real Analysis
(Stromberg 2015) reads:

“There exists two divergent series Y a, and Y _ b, of positive terms with a; > as > ag > ...
and by > by > by > ... such that if ¢, = min{ay,, b, }, then > ¢, converges.”

Proof. Put Ny = 0 and N = 2¥°, k > 1. That is, put Ny = 0, N; = 2, Ny = 16, N3 = 512,
Ny =65536,... If i =2k and N; +1 <n < Ny, set:

1
Ay, =
21 (Nog1 — Nay)
and |
P
Nojy1 — Ny,

Example 1. Consider the case i =2 (that is k = 1) If 17= Ny +1 <n < N3 =512, then

1
an = (512 16) — 4(496) toms and by = 555 = g5 Lew
1
a7 = 18 = = as512 = @
and
b b b1 = L
17 =bis = = bsip = o

Ifie=2k—1,and NV;+1 < n < N;iq, set:

1
Noj — Nog—1

Ay =

and
1

b, = .
2k+1( Ny, — Nog—1)

Example 2. Consider the case i = 3 (that is k = 2) If513=N3+1<n< N;,=65536,

_ 1 1 R S
Then an = Gz55-515 = 65001 A On = 5365000) = s30103 L€

513 = G514 = *** = (65536 —

65024

and
1 1

8(65536) 524288

b513 = b514 == b65536 =




Then a, 1 < a, for all n. This is clear when n # Nog.4.

When n = Noyy1,
1 1

N2k+2 — N2k+1 - 2(2k+2)2 _ 9(2k+1)?

1 1 1
§2(2k+2)271 = SIETERTS © QETIQIE Ak L
1 < 1
281 [Nypq] = 281 Nopyq — Nogl

Apy1 =

= .
Similarly, one may show that b, < b, for all n.

We now show that > a,, = oo:

N. — N.

> 1
= N. — Nop)————————— = .
Z( 2%+1 oK) Nors — Vo 00



Finally, we show that " ¢, = > min{a,,b,} < occ:

00 oo Nig1
D=, D
n=1 i=1 n=N,;+1
00 Noy, oo Nopyi
=X D wtd D
k=1 n=Ngj_1+1 k=1 n=Ngi+1
0o Noy, oo Nogt1
<D D btd D m
k=1 n:N2k71+1 k=1 7L=N2k+1
0o
= (Nt = Mo ) g
P (Nog — Nog_1)
00
1

N. — N =1 < o0.
+ ;( 2k+1 2%) P+ (N1 — Nog) 00

]

In this thesis, we will consider the question of when, given a single series > a,, consistent
with the hypotheses of the previous exercise, there exists a second series »_ b, also consis-
tent with the hypotheses, such that the conclusion holds as well. Exercise 47b. from Karl
R. Stromberg’s An Introduction to Classical Real Analysis appears to be relevant to this
question:

“Suppose that d,, > 0 for all n € N and > d,, = co. What can be said of the series:

= d” 9
; 1+ ndn?

The following claim makes a connection between this exercise and the foregoing one.

Claim 1:

> lfgdn < oo if and only if Y-, min{d,, 2} < cc.

Proof of Claim 1. “<” Suppose that > >~ min{d,, %} < 0.

Then we have

dn
1+nd, — "
(since 1+ nd, > 1) and
d, d, 1
l+nd, ~ nd, n



Hence

d,
1+ nd,

< min{dn, l}
n

So Y >, 145% < 00 by the comparison test.

dy
“=" Suppose that 77, 92 < o0.

. 3 1 dn dn
Fact: For all n, either - < 101+ndn or d, < 101+ndn.

Suppose that Fact is false. Then there exists an n such that:

1 d,
—>10
n 1+nd,
and p
d, > 10———.
1+ nd,
Therefore:
1+ nd,, > 10nd,
and
d, +nd> > 10d,,.
So
1> 9nd,
and
nd? > 9d,,.
Thus,
1 > nd
9
and
nd, > 9.

This contradiction establishes Fact.

Therefore (by Fact), 1014:1&” > min{d,, +}, so Zmin{dn,%} < o0 by the comparison
test. [l



One may wonder whether it is possible to satisfy Y min{:,d,} < co jointly with ) d, = oo
for strictly positive d,,; it is.

Consider the following example: Let

2’/L

== if n is not a perfect square,
n — . .
1 if n is a perfect square.

Then Y d,, = o0, since d,, = 1 for infinitely many n. Moreover,
1
WE
S winl 4.}
1 1
<D Etd
k=1
2

n=1
v

1.
6+

One may notice, however, that the previous example is not monotone, whereas {a,} and
{b,} from Exercise 23 are monotone. Therefore, it is natural to ask the following question:

Main Question:
Is there a sequence {d, }, with Y d,, = o0, d,, > 0, and d; > dy > d3 > ... such that
> min{i, d,} < oo?

In order to address the Main Question, it will be helpful to introduce some notions of
“largeness” for sets of natural numbers.

Definition:
Let AC N ={1,2,3,4,---}. The upper density of A is defined by:

- An{l,--- N
d(A)zlimsupl (L }‘
N—o00 N
The lower density of A is defined by:
d(A) = llNIILIOI})f N :

If d(A) = d(A), then we can denote this value as d(A) and call it the density of A.

The following proposition (see for example McCutcheon 1999) establishes basic properties
of densities that will be used later.

Proposition. Let E, F C Z. Then:
1. d(E) < d(E).

2. d(EUF) <d(E)+d(F).



3. d(E) =1—d(E°).
4. I d(E), d(F) exist, ENF = (). Then d(E U F) = d(E) + d(F).
5. 3E C N with d(E) = 1, d(E) = 0.

Proof of Proposition.
1. d(E) < d(E).

This is trivial given the definitions of supremum and infimum.

2. d(EUF) <d(E)+d(F).

- FEUF 1,...N
d(EUF):limsup‘( UE) oL - N

N—oo N
En{l, .. N Fn{l,...N
oy BN e NH 4 1P 0 {1, N
N—oo N
CEA{L N} Fn{l,. N}
<limsu + limsu
=d(E) + d(F),

since (EUF)N{l,...N}=(ENn{l,..,N})U(FN{L .., N}).

3. d(E) =1—d(E°).

- En{l,...,N
d(E):hmsup‘ L. N}
N—o00 N
_ N —|E°nN{1,..,N}|
=limsu
N—)oop N
: —|E°n{l,..,N}|
=1+ limsu
N—)oop N
_ .. EN{L, ... N}
=Ll
=1 —d(E°),
since lim sup y (—z,) = — liminf z,, for any real-valued sequence (z,,).

4. If d(E),d(F) exist and ENF =0, then d(E U F) = d(E) + d(F).



EFUF)N{l,...,N
UBUF) = i (EVDI 0L M)
L |[ENn{l,...,N}| |Fn{l,...,N}|

= R N * N

. EN{L,... N} . [Fn{l,...,N}
= D, N T N

—d(E) + d(F).

5. 3E C N with d(E) = 1, d(E) = 0.

Define E as follows:

ke Fif 22" <k < 22" for some n even,

1€ E° and o _—
ke E¢if 22" <k <22 for some n odd.

Then

- En{l,...,N

d(E):limsup| ..., N}
N—oo N

ENn{1,2,...,22""}]

22n+1

> lim sup
n—oo, 11 1S even

22n+1 22n
Z lim sup 2271—+1 =1
n—oo, 11 1S even

and

. JJENA{L,. N}
d(F) _thJoIéf N
EN{1,2,...,22""}]

227’L+1

< lim inf
n—oo, 1 1s odd

271
< liminf —==0
n—oo, 1l 1S Odd 22 i

[]

Theorem 1. Let {d,,} be a non-increasing sequence of positive reals satisfying > d, = co.
Then the following are equivalent:

1. There exists a non-increasing sequence of positive reals {c,} with > ¢, = oo and

> - min{d,, ¢,} < oco.

2. There is a set £ C N with d(E) = 1 such that ), _pd, < .



Proof. (1) = (2). Assume that there is a non-increasing sequence {c,} such that

E ¢y, = 00

and .
Zmin{dn,cn} < 00.
n=1

Let
E = {n:min{d,,c,} = d,}.

Zd” = Zmin{dn,cn} < 0.

nekl ner

We need to show that d(E) = 1. Equivalently, we need to show that d(E¢) = 0. We know

Then clearly

that
Z Cp = Z min{d,, ¢, } < co.
nekc nek°¢
Suppose that
d(E°) > 0.
We will obtain a contradiction: Choose k£ € IN such that
1
d(E°) > —.
A >
Write
E ={aj,as,...} witha; <ay <az <---
and

Ecz{bl,bg,...} with by < by <b3 < -
Claim 2. The set S = {n: b, > ag,} is finite.

Proof of Claim 2: Suppose S is infinite. Then for any n € S,

2012 b 1
by U ESE

This is because
{br,...; b, U{L, .. ap.} C {1,2,...,b,},
which implies that b, > kn + n = (k + 1)n, whereas

IE°N{1,2,...,b,}| =n.

So, since S is infinite,
1
d(E°) < ——
dE) <

which is a contradiction. This proves Claim 2.



By Claim 2, then, there is some M € IN such that for all n > M, b, < ag,. This implies that
Cby, > Capp > Cappi1 > 2 Capnir_1s

which in turn implies that

1
Cb,, > E(Cakn + Cappit +eeet Cakn+k—1>'

Therefore,
Z Ch, = E Z [Cakn + Cappin T + Calm+k71] > Z Ca; = OO
n=M n=M i=kM

(2) = (1). Assume that there is a set £ C N with d(FE) = 1 such that
Z d,, < o0.

We will construct a sequence

such that
Z Cp = 00
nek

and
Z Cn < 00,
neke

thus satisfying (1).
Put Ny = 0 Since d(E) = 1, one can find

Ni < Ny < N3<---
such that N1 > 2N, k=1,2,...,

1
|Eﬂ{17277N1}’ > (1 o E)Nla

1
|Eﬂ{N1+1,N1+2,,N2}| > (1—5)(N2—N1)7

and, more generally,

1
|[EN{Nk+1,Np+2,..., Ny} > (1= k—+2>(Nk+1 — Ni)
for k> 1. For k=0,1,..., let

1
(b +1)(Npg1 — Ni)

Cp = for N, <n < Npyq.

9



Then

00 oo Ngg1
IS S S
n=1 k=0 n=Np+1
>3 e (e~ M) =D o =oc
= (k4 1) (N1 — Ni) e —~k+1
Meanwhile,
PBEED DD DR
neke k=0 Np<n<Npi1,nckec
- 1
- ESA{N.+1,....N
kZ:O(k‘i_l)(NkJrl_Nk)’ { k k+1}’
= 1 (N1 — Vi)
< =1< o0.
_kzzo(k—i-l)(NkH—Nk) (k+2) Zo k—|—2)
O
Theorem 2. If EC N and ), 2 < oo, then d(E) = 0.
Proof. Suppose that d(E) > 0. We will obtain a contradiction.
Choose k € N such that d(E) > +. Choose next N > 0 such that
1 1
2 < Zlog(l— ).
>, < —log(l- 1)
n>NnelE
Now choose M to be a multiple of k large enough that
IEN{N+1,...,M}| - 1
M k
Then
M M
1 1 1
DICEND DIE B
n>NneFE n n:M(l—%) n M(lfl) x
1
=logM —log M(1——-) = —log(1 — E)
S
O

10



We can now answer our Main Question, in the negative. That is, we can show that there is

no sequence {d, }, with
O

d, >0,

and
dy >dy>d3>---

such that >~ min{2,d,} < co. For if there were, then Theorem 1 would imply the existence
of E C IN with d(FE) = 1 such that
1
DL
n

nek

But this violates Theorem 2. Hence, there exists no such sequence.

We also remark, in conclusion, that we can now say something substantive about Exercise
47b as well. (See above.) Namely, our results establish that if d,, > 0 for all n, > d,, = 0o
and (d,) is non-increasing, then » > | - er;f -~ = oo. (This follows immediately from Claim 1
and the negative result we obtained for our Main Question.)

11
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