University of Memphis

University of Memphis Digital Commons

Electronic Theses and Dissertations

7-25-2011

Navier-Stokes Flow for a Fluid Jet with a Free Surface

Shaun Joshua Ceci

Follow this and additional works at: https://digitalcommons.memphis.edu/etd

Recommended Citation

Ceci, Shaun Joshua, "Navier-Stokes Flow for a Fluid Jet with a Free Surface" (2011). Electronic Theses
and Dissertations. 289.

https://digitalcommons.memphis.edu/etd/289

This Dissertation is brought to you for free and open access by University of Memphis Digital Commons. It has
been accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of University of
Memphis Digital Commons. For more information, please contact khggerty@memphis.edu.


https://digitalcommons.memphis.edu/
https://digitalcommons.memphis.edu/etd
https://digitalcommons.memphis.edu/etd?utm_source=digitalcommons.memphis.edu%2Fetd%2F289&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.memphis.edu/etd/289?utm_source=digitalcommons.memphis.edu%2Fetd%2F289&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:khggerty@memphis.edu

To the University Council:

The Dissertation Committee for Shaun J. Ceci certifies that this is the final
approved version of the following electronic dissertation: “Navier-Stokes Flow for a
Fluid Jet with a Free Surface.”

Thomas C. Hagen, Ph.D.
Major Professor

We have read this dissertation and recommend
its acceptance:

James T. Campbell, Ph.D.

Alistair J. Windsor, Ph.D.

James E. Jamison, Ph.D.

John I. Hochstein, Ph.D.

Accepted for the Graduate Council:

Karen D. Weddle-West, Ph.D.
Vice Provost for Graduate Programs



NAVIER-STOKES FLOW FOR A FLUID JET WITH A FREE SURFACE
by
Shaun J. Ceci

A Dissertation
Submitted in Partial Fulfillment of the
Requirements for the Degree of

Doctor of Philosophy

Major: Mathematical Sciences

The University of Memphis
August 2011



Acknowledgments

First and foremost, I must thank my advisor, Prof. Thomas Hagen. It was his
infectious enthusiasm for analysis which greeted me on my first day of graduate
school and ultimately convinced me to choose applied analysis as my field. I
will always be grateful for having been recipient of his great generosity, unerring
guidance, broad insight, and constant encouragement; though I was unable to
exhaust his (apparently limitless) supply of patience and good humor, it was
certainly not for lack of trying. I cannot conceive of a better mentor and consider
myself very privileged to have been his student.

I also want to extend my heartfelt thanks to the members of my Ph.D.
committee: Prof. James Campbell, Prof. Alistair Windsor, Prof. James Jamison,
and Prof. John Hochstein. In particular, I thank Prof. Windsor for his many
invaluable suggestions regarding this dissertation.

Additionally, I would like to thank my sixth-grade math teacher, Mr. William
Seager, for bringing me into the fold so many years ago. I first discovered my love
of math in his classroom and I do not doubt that the course my studies have taken
is due in no small part to his influence.

Finally, I would like to express my gratitude to my parents. In the absence of
their love and support, none of this would have been possible.

This dissertation was completed with partial support through National Science
Foundation Grant DMS 0709197 (Principal Investigator: Thomas Hagen) and a
2006 Faculty Research Grant (Principal Investigator: Thomas Hagen) from the

University of Memphis.

i



Abstract

Ceci, Shaun Joshua. Ph.D. The University of Memphis. August, 2011. Navier-
Stokes flow for a fluid jet with a free surface. Major Professor: Thomas Hagen.

The three-dimensional Navier-Stokes flow of a viscous fluid jet bounded by a
moving free surface under isothermal conditions and without surface tension is
considered. The fluid domain is assumed to be periodic in the axial direction and
initially axisymmetric. A local-in-time existence and regularity result is proven
for the full governing equations using a contraction argument in an appropriate
function space. Here a Lagrangian specification of the flow field is employed
in order to mitigate the difficulties involved in dealing with an evolving fluid
domain. It is also shown that the associated linear problem gives rise to an
analytic semigroup of contractions on the space of divergence-free Lebesgue-square-

integrable vector fields.
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1 Introduction

Central to the study of fluid dynamics are the Navier-Stokes equations (NSE) —
nonlinear partial differential equations (PDE) which govern the motion of fluids
under quite general conditions and which are used to model everything from the
air flow around an airplane to the movement of stars inside galaxies. Despite
being essentially the simplest equations which describe the motion of a fluid, the
NSE are fundamentally difficult to study from a mathematical perspective. This

is evidenced by the long-standing open question, now a Clay Millennium Prize
problem, of global existence and smoothness for solutions of the NSE on all of R3
for initial data of arbitrary size. The situation is even more challenging when one
considers that real-world applications require that the NSE be solved on a limitless
range of fluid domains where they must be coupled with often nontrivial boundary
conditions.

An important example of such boundary conditions arises in the study of
“moving free-boundary” fluid flow — a rich and challenging class of problems
dealing with flows which have an evolving interface, of a priori unknown shape
and position, with another fluid (e.g., air). Since the space occupied by the fluid
is constantly changing in response to the flow variables, the fluid domain is itself
an unknown in free boundary problems (in this dissertation, the phrase “free
boundary" always refers to a moving free-boundary). Modeling free boundary flow
involves coupling the NSE with free surface boundary conditions which govern
the interaction of the dominant forces shaping the interface between fluids. In its
simplest form, the free surface boundary condition balances viscous forces in the
fluid with the external pressure being applied to the fluid’s interface. However,
more general and physically accurate forms incorporate the often significant effects

due to surface tension. Simple examples of free boundary flows include the coating



of a wire as it is withdrawn from a bath of molten plastic, the breakup of a liquid
jet into droplets, and the spreading of a viscous fluid (e.g., honey) as it is poured
onto a rigid surface.

One particularly interesting area of investigation involves the important but not
well understood multiple-scale problems of how free boundary models governing
bulk flow (i.e., three-dimensional NSE) scale down to the simplified models which
govern flow in “thin” fluid domains. In the cases of liquid sheets and jets, these
models are often referred to as thin-film and thin-filament approzimations and are
obtained from the NSE by using the assumption of thinness to reduce the number
of spatial dimensions required to describe the flow to two and one respectively;
examples include Yeow’s equations for film casting [45] and the Matovich-

Pearson equations for fiber spinning [17, 22|. Such models play central roles in
quantitatively describing the free surface when numerical computations using

the full three-dimensional NSE are cost-prohibitive. Perhaps more significantly,
these models can be used to identify stabilizing/destabilizing factors and can often
capture the exact form of a solution as the fluid approaches breakup (Fig. 1) — a
phenomenon, induced by cohesive properties (e.g., surface tension effects) of the
liquid, which is encountered in nature as well as in various industrial applications.
Problems involving free boundary flow in thin domains stand at the forefront of
many cutting-edge scientific pursuits, such as the production of nanoscale fibers and

films.
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Fig. 1. The breakup of a liquid jet into droplets [11].



Experiments and simulations over the last several decades have shown that thin-
filament approximations are often surprisingly accurate in describing the motion
of fluid fibers and jets [5, 10, 35]. Despite the utility and longevity (elements date
back over a hundred years [44]) of these one-dimensional models, there remains no
rigorous mathematical link between thin-filament approximations and the three-
dimensional NSE. Current derivations rely on the use of asymptotic expansions
of flow variables with respect to a small parameter, €, representing the ratio of
a typical radial length scale to a typical axial length scale. While this approach
provides a sophisticated and systematic method for obtaining thin-filament
approximations from the NSE, it is also highly nonrigorous.

One method of establishing a rigorous connection between these two models is
to show that the solutions of the NSE, averaged over the cross-sectional area of the
fiber, converge to the solution of the corresponding thin-filament approximation
as € — 0 (i.e., as the fluid becomes more filament-like). Unfortunately, while
great strides continue to be made in the questions of existence of solutions to thin-
filament approximations (e.g., Hagen and Renardy’s recent proof of global existence
for the Matovich-Pearson equations [14]), currently there appear to be no existence
results for a fluid fiber with a free surface using the full three-dimensional NSE.

In this work, we aim to take a first step in this direction by proving the existence
of local-in-time solutions of the NSE for a fluid jet which is assumed to be axially

periodic.

1.1 A Survey of Existence Results for Free Boundary Problems

Free boundary flow modeled by the three-dimensional NSE has been studied most
thoroughly in three settings: an isolated (and bounded) mass of fluid, multiple
fluids contained in a bounded domain, and a semi-infinite “ocean” of fluid having

free upper surfaces and fixed bottoms. The problem we consider in this paper



lies somewhere between the isolated mass and infinite ocean cases. What follows
is a very brief overview of the major work done in each, drawn heavily from the

discussion provided in [25] (this article also reviews the history of multiple fluid

problems which we omit).

In the first class of problem, the motion of an isolated mass of fluid bounded
entirely by a free surface is examined. The seminal works here are due to
Solonnikov who originally showed the existence of unique local-in-time solutions
in Holder spaces for the problem with external forces present and without surface
tension [27]. Solonnikov subsequently extended this to include arbitrary initial data
and, additionally, showed the global-in-time unique solvability in Sobolev spaces for
the problem taken without external forces and sufficiently small initial data [31].
The latter result was subsequently extended to more general (anisotropic) Sobolev
spaces by Shibata and Shimizu [25].

Local existence in the isolated mass setting with surface tension was first
established (with no external forces and arbitrary initial data) by Solonnikov [29].
Solonnikov then extended this to global existence for small initial data and initial
domain close to a sphere [30]. He later treated the addition of the self-gravitational
force, obtaining first a local existence and uniqueness result [33] and eventually
a global existence and uniqueness result [32]. Solonnikov’s initial local existence
result, obtained in Sobolev-Slobodetskii spaces, was ultimately brought to Holder
spaces by Moglilevskii and Solonnikov [19]. An alternative approach to proving
local existence and uniqueness for the problem, using semigroup theory, was later
provided by Schweizer under the assumption of small initial data [24].

Work on the semi-infinite domain problem was pioneered by Beale who proved
the local and small-data global existence of solutions when surface tension was
not considered [7]. Beale, Allain, Sylvester, Tani, and Tanaka later extended these

results to include surface tension effects, more general initial fluid domains, and
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higher regularity [3, 4, 8, 36, 37, 38]. Teramoto subsequently adapted Beale’s
techniques to gain similar results for a free surface problem involving axisymmetric
flow down the exterior of a solid vertical column of sufficiently large radius [42].
More recently, Nishida, Teramoto, and Yoshihara obtained a global existence

and uniqueness result (for sufficiently small data) when the fluid was taken to be

horizontally periodic [20].

1.2 The Fluid Jet Free Boundary Problem

In this work, we discuss the local-in-time existence and regularity of solutions of
the three-dimensional viscous flow of a fluid jet bounded by a free surface under
isothermal conditions and without surface tension. The fluid is assumed to be
viscous, Newtonian, and homogeneous (we assume unit density for simplicity).
As in [42], the fluid domain is assumed to be periodic in the axial direction and
initially axisymmetric. The periodic boundary condition is chosen because it leads
to a simpler functional setting and avoids all axial boundary layer difficulties
while retaining the primary mathematical challenges of the problem. In addition,
it can be a natural assumption to make in the thin-filament setting, such as in
the numerical simulation of drop dynamics on the beads-on-string structure for
viscoelastic fluid jets [16].

We take as our general strategy the approach developed by Beale in [7] and
summarized in Section 4.2. It is important, however, to note that while this
scenario appears similar to the problem considered in [42], there are key differences
which require novel ideas beyond Beale’s techniques. In particular, unlike the fluid
domains under consideration in [3, 4, 7, 8, 42|, we do not have a stationary surface
opposite the free surface to which we can assign a Dirichlet boundary condition
(i.e., a condition fixing the value of the unknown function on a portion of the

boundary). Foremost among the consequences of not having such a condition
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are the loss of general applicability of the Poincaré inequality, a fundamental

tool in the analysis of PDE, and the loss of invertibility of the linear differential
operator (analogous to the classical Stokes operator) central to the study of the full
nonlinear problem. Moreover, where Teramoto is able to exploit axisymmetry and
cylindrical coordinates to reduce his problem to two dimensions, the same approach
introduces significant challenges in the fluid jet case since the NSE in cylindrical
coordinates have singular coefficients when the axis at » = 0 is contained in the

fluid domain.



2 Statement of the Problem

2.1 Initial Fluid Domain

We take as our initial fluid domain (the space occupied by the fluid at ¢ = 0) the

infinite cylinder along the as-axis,

Qoo = {(al,ag,ag) ER’:af+ a5 < 52} ,
with free surface

0Ny = {(al,ag,ag) ER?:af+a5= /12} )

We restrict our attention to flow which is periodic in the as direction, hence we are

interested primarily in functions of the form
F =Y falar, ap)e’™ /" € H (Qs0),

with f, € H*(D), where D is the open disc of radius x < 1 and ¢ is the period in
the az direction. Here H* denotes the standard Sobolev space W*? (see Appendix
A.1). In practice however, we will find it more convenient to work with functions
over a single period. It is natural then to interpret as-periodic functions on {2, as
living on a solid torus. We take 7~ C R3 to be the toroid image of Q. under the

transformation

2 2
(a1, aq,a3) — ((a1 + K+ 1) cos ( 7;@3) o+ K+ l)sin( 7;&3) ,ag) :

It should be clear that H*(T) is isomorphic to the space of functions of interest.

While T is a natural choice for the domain given the periodic setting, we prefer to



work in the physical space occupied by €2.,. To this end, we notice that (I’|Dx[0,£) is

a C* diffeomorphism onto 7 (Fig. 2) and consider the bounded set

Q=D x (0,¢)

with Lipschitz boundary

0= Spulyguly,

where Sp = 9D x (0,¢),I'g = D x {0}, and ', = D x {¢}. Although 2 # D x [0, /),
we choose to denote the diffeomorphism ®|pyjo¢) by Pq for the sake of simplicity.
While the use of  in place of €., does give rise to minor technical issues (as
opposed to T') concerning the regularity of functions as you approach the “artificial”
corners in the boundaries, most of these problems can be dealt with by temporarily
exchanging () for a larger subset of €),,. As such we will occasionally find a use for

the set

Q, =D x (—nl,nl).

2.2 List of Quantities

We begin with a brief word about notation. Throughout the text, scalar and
vectorial quantities will be designated using roman and bold typefaces respectively.
Moreover, it is assumed that the i component of a vectorial quantity is denoted
using the same letter as the vector, written in a roman typeface, with subscript ¢

(e.g., @ = (o, a9, a3)T). Unless otherwise specified, vectorial quantities denote



Fig. 2. The diffeomorphism ®g maps D x [0,¢) to T.

column vectors. Partial derivatives with respect to time are generally denoted by

ak

Di=gp Di=om

where k € N. In a slight abuse of notation, we also often employ the dot notation
in place of D;u to enhance readability. While this is typically reserved for denoting
ordinary time derivatives, the distinction will rarely be important here. Partial
derivatives taken with respect to a single spatial coordinate are denoted by

) .o

8(11' ’ ! 8046

D;

where £ € Nandi € {1,2,3}. For mixed partial derivatives involving spatial

coordinates, we will find it useful to make use of the multi-index notation for



partial derivatives: for a multi-index & = (o, o, ..., ), a; € Ny, of order |a| =
a1+ as + -+ - + oy, we define

o g2 oo

= Sy _
Oaj" Oas dagn

Daq

To mitigate the difficulties in dealing with flow in an (a priori unknown)
evolving domain, we will find it useful to change from the usual Eulerian
specification of the flow field (coordinate perspective) to the more convenient
Lagrangian specification (fluid parcel perspective). The distinction is simple: in
an Eulerian specification, flow variables (such as the velocity of a fluid parcel)
are functions of time and current position whereas, in a Lagrangian specification,
flow variables are functions of time and original position within the (fixed) initial
domain. In other words, instead of focusing on a specific point a € R? and
finding the velocity of whatever fluid parcel (if any) is currently located there, a
Lagrangian formulation allows one to focus on a specific point in the initial domain,
ag, and track the velocity of the fluid parcel originating there as it follows its
trajectory.

While the Eulerian formulation is generally preferred for fixed domains, it is
problematic for domains with moving boundaries as the coordinates where fluid
is present are subject to change as time progresses. In contrast, the Lagrangian
formulation provides a means of obtaining a fixed domain for such problems. This
conveniently avoids the problem of having to “locate” the a priori unknown evolving
free surface since the fluid parcels present on the free surface at time ¢ are the same
parcels initially lying on the free surface. While new challenges are introduced when
changing to a Lagrangian specification, the benefits of obtaining a fixed domain

outweigh the consequences in this case.
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To change specifications we make use of a “trajectory” map (a priori unknown)
which yields the position of a fluid parcel at time t given the parcel’s initial location

in 2. For some T' > 0 and all ¢t € (0,7"), we have:
Q(t), where 2(0) = 2, the domain occupied by the fluid at time ¢,
Sr(t), where Sp(0) = Sp, the free surface of the fluid at time t,
y(t,-) : Q@ — Q(t), the fluid parcel trajectory, and
x(t,+) : @ = R3, where x(t,-) = y(t,-) — I(-), the fluid parcel displacement.
The following quantities are assumed constant and nonnegative:
Py, the ambient pressure,
1, the fluid viscosity, and
g, the acceleration due to gravity.
In addition, we have the Eulerian flow variables:
u(t,-) : Q(t) — R3, the fluid velocity,
p(t,-) : Q(t) — R, the fluid pressure, and
n(t,-) : 02(t) — R3, the outward unit normal vector.
Their respective Lagrangian counterparts are given by
v(t,") : Q@ — R3, where v(t,-) = u(t,y(t,-)),
q(t,-) : Q@ = R, where q(t,-) = p(t,y(t,-)) — Py, and

n(t,-): 9Q — R? where n(t,-) = n(t,y(t,-)).

11



Note that ¢ is not precisely the Lagrangian fluid pressure, but rather its difference
with the ambient pressure. One consequence of converting the governing equations
to the Lagrangian specification is the introduction of a priori unknown quantities
involving derivatives of the trajectory map y. We denote these by

-1
Dyyy Diys Dhys

A(t,a) : Q — R, where A = (A ;(t,a)) = (Vy) ™' = | Doyr Doys Doy

D3y Dsys  Dsys

These arise because of the relationship D;v; = 22:1 D;yi Dy, u;, from which it
follows that Vu; = (Vy) 'Vu;. Note that the Jacobian matrix of a vector (e.g.,
Vy) is often defined as the transpose of the matrix used above. For convenience we

also abbreviate the following sets:
G =(0,T) x § and

2.3 Governing Equations

Depending on the assumptions we make about certain inherent properties of the
fluid, the equations governing fluid flow can take on a range of forms. In this
work, we will restrict our consideration to fluids which are viscous, homogeneous,
incompressible, and Newtonian. For the reader who is unfamiliar with fluid
dynamics, we will now take a moment to briefly describe the meaning of these
various properties.

A viscous fluid is one which displays resistance to stress and nearly all real
fluids (except for matter in the so-called superfluid state) can be classified as such.

Viscosity is defined as the ratio of stress to strain rate for a fluid; it can be thought

12



of as a measure of the internal friction of a fluid, describing how resistant it is to
flow. All other things being equal, where low viscosity fluids (e.g., water) are “thin”
and flow quickly, high viscosity fluids (e.g., honey) are “thick” and flow slowly.

A homogeneous, incompressible fluid is simply one which has constant density.
The distinction between Newtonian and non-Newtonian fluids, however, is a bit
more technical: a Newtonian fluid is one which exhibits a strain rate which is
proportional to stress. A Newtonian fluid can thus be understood as a fluid with
constant viscosity whose strain rate vanishes with stress. The latter condition is
required to exclude materials like Bingham plastic which exhibits constant viscosity
yet behaves like a solid at low stresses.

Assuming that the fluid has unit density and that gravity is the only external

body force acting on the fluid, the Navier-Stokes equations take the form

u+ (u-Vju—pAu+Vp=ge; on §(t) (2.1)

Vou=0 on Q(t) (2.2)

in the Eulerian specification. Here e3 denotes the third standard basis vector in
R3. Equations (2.1) and (2.2) are simply the descriptions of the conservation of
momentum and mass, respectively, for an arbitrary fluid parcel in Q(¢). In order
to properly correlate the evolution of the free surface to that of the fluid velocity,

we require that, for each t € (0,T'), the trajectory mapping satisfy

Qt) = y(t,Q) (2.3)

y(t) =u(t,y) on €. (2.4)

13



To this we add the initial conditions

u(0,-) = uo(") on O (2.5)

y(0,-) =1() on {2 (2.6)

as well as free surface and periodic (in az) boundary conditions

3

pni — Y _(Dju; + Diug)n; = Pon; for i € {1,2,3} on Sp(t) (2.7)
j=1
pp(t, ) € Hi'(Qex)
Xp(t,) € (Hipe(2e0))? with s > 2 (2.8)

up(t, ) € (Hipo(2e0(1)))?

where (-), denotes the as-periodic extension of (-). The free surface condition (2.7)
assumes that the dominant forces governing the evolution of Sy are the viscous
forces within the fluid jet. In particular, the cohesive effects due to surface tension
are not considered. When working with the free surface condition, we will often
find it useful to abbreviate the vector given by the left-hand side of (2.7), taken
with n = n(0, -), by

3

S(u,p) = (pni(O, )= MZ(DjUz‘ + Dju;)n; (0, )>

Jj=1

3

=1

We also define the tangential part of a vector field £ on 9Q, where f € (L?(99))? for

example, as
ftan =f- (f ’ 1’1(0, ))H(O, )

To avoid working in the unknown evolving domain €(¢), we rewrite the

Eulerian quantities using their Lagrangian counterparts and obtain the following

14



reformulation of the NSE (2.1) and (2.2):

3 3
QJZ' — M Z )\j,ka(/\j,mDmUi> + Z Ai,kaq = 95371' for i S {1, 2, 3} on G (29)
k=1

J.k,m=1

3
> MDDy =0 onG. (2.10)
jk=1

Here 6, ; denotes the Kronecker delta. Notice that the nonlinear (in u) term (u-V)u

from (2.1) is canceled out in the reformulation; this is an additional benefit of the

Lagrangian specification. We also point out that where (2.3) is a condition that

must be satisfied in the Eulerian specification, after the reformulation, it simply

becomes a formula for recovering €(t) once the trajectory is known. Condition (2.4)

can be restated more succinctly as

X=V on G. (2.11)
Next, we update the initial conditions
v(0,-) = ug(+) on {2 (2.12)
x(0,) =0 on € (2.13)
and the free surface condition
3
qn; — [ Z (AjkDyvi + N g Div;)n; =0 for i € {1,2,3} on 0GF.

jk=1

Notice, however, that we can obtain an equivalent free surface boundary condition
by replacing n with any outward normal vector (i.e., not necessarily a unit vector)

to y(t, Sr). In fact, this replacement corresponds to simply multiplying through

15



the above equation by the magnitude of this outward normal vector. With this

in mind, we now construct a normal vector which will significantly simplify our
analysis of the nonlinear problem in Chapter 6. For orthogonal unit tangent vectors
to Sp, we take 7, = e3 and 75 = Kk (as, —a1,0)T. Now (Vy)7; and (Vy)T, are

orthogonal tangent vectors to y (¢, Sr) and hence
N =Vyr, x Vyt,

is an outward normal vector to the surface. Moreover, N is such that N(0,-) =
n(0,-). We will ultimately discover that N (and hence |N|) is continuous in time
and space, so that multiplication by |N| does not alter the free surface condition in

the L? setting. The free surface condition we consider is then given by

3
qN; — 1 Z (AjkDrvi + iy Div;)N; =0 for : € {1,2,3} on OGp. (2.14)
k=1

Finally, we obtain the updated periodic boundary conditions

() € Hige' Q)

loc

Xp(t; ), Vp(t,+) € (Hipe(€oo))?

on (0,7) with s > 2. (2.15)

The main result of this work, Theorem 4.1, demonstrates that the nonlinear
problem (2.9)—(2.15) has a solution, (v, q), for any compatible initial data uy.
Moreover, the length of time, 7', that the solution is guaranteed to remain valid
is dependent only on uy. Provided that such a solution is sufficiently regular, we

will demonstrate that it can be transformed into a solution of the original problem

(2.1)-(2.8).
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3 Preliminary Topics

In this chapter, we introduce the fundamental objects relevant to this work

and discuss some of their important properties. We also give an existence and
uniqueness result for Laplace’s equation with mixed Dirichlet-periodic boundary
conditions that arises several times in later chapters. However, it is assumed that
the reader is familiar with the standard Lebesgue and Sobolev spaces (a brief

overview can be found in Appendix A.1) which will be used throughout.

3.1 Notation and Definitions

In this work, C' and Cy, C1, Cs, ... denote generic positive constants where,
in particular, C' can change from instance to instance in a given proof. The
dependence of these constants on any important quantities will be made explicit
in each case, but they can always be assumed to be independent of 7" (this is
particularly important in Chapter 6 where constants need to remain fixed when
T is modified). Note that while the letter C' will also be used to denote spaces
of continuous functions, the intended meaning will always be obvious from the
context.

Given a spatial domain U C 3, we strive to obey the following notational

conventions for arbitrary function spaces X (U).

Primary domain: X =X(Q)
Vanishing on Sp: X ={u€ X :u=0on Sr}
Vanishing up to Sg: X ={u e X : dist(supp u, Sg) > 0}
Vector field: X(U)=(X(U))?
Tensor field:  (X(U))™*" = {(ui;)1<i<m, 1<j<n * wiy € X(U)}

Divergence-free: X (U)={ueX{U):V- -u=0}

17



Here the vector and tensor fields are equipped with the Euclidean and Frobenius
norms respectively. Similarly, given a time interval I C R in addition to a spatial

domain U C R?, we employ the following conventions for arbitrary function spaces

Y(IxU).

Primary domain: Y =Y(G)
Vanishing on Sp: Y ={u €Y :u(t,:) =0 on Sr}
Vanishing up to Sg: Y ={u €Y :dist(supp u(t,-), Sg) > 0}
Vector field: Y(IxU)=(Y(I xU))?
Tensor field: (Y (I xU))™"™ = {(wij)1<i<m, 1<j<n * Wi; €Y (I xU)}

Divergence-free: Y,(IxU)={ueY({I xU):V-u=0}

Since we will be working with Hilbert spaces primarily, it is important to note
that the subspaces created from Hilbert spaces in this way will be closed (and
hence Hilbert spaces themselves). In particular, for subspaces of the form X or
X,, this can be shown easily using the fact that the kernels of continuous operators
are closed. We also note that for °X to be well-defined in general, we require that
X C H® wheres > 1/2 (see Theorem B.2). To keep the notation simple, if a
function space already has a subscript, its divergence-free subspace will be denoted
by simply adding a ¢ to the existing subscript. For example, C., would be used
in place of (C.),. Spaces not following these conventions will be explicitly defined
in each instance. We now introduce the spaces fundamental to this text; though
each assumes () as its spatial domain, the extension to €2,, is obvious. For the set

of functions on €2 whose as-periodic extensions are continuously differentiable and
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bounded on 2., we simply take

C{f = {UlQ Tu = Z Ui (a1, ag)e?™mas/t ¢ Ok (m)}

n=—oo

where 4, € C*(D) necessarily. Similarly, we define C° (or C5*) to be the set

of all such functions which are bounded and smooth (or Hélder continuous with
exponent «) on ). Special care must be taken, however, in attempting to obtain
a useful characterization of the set of functions on €2 whose as-periodic extensions
are weakly differentiable on €2, (see Appendix A.1 to recall the definition of a weak
derivative). It is not enough to take functions of the form 3 ,e?™"/¢ € H* since
regularity inside €2 does not imply the same regularity for its periodic extension

to (2.; additional conditions must be established in order for regularity to be
preserved across the artificial boundary at I'g/I'. It is straightforward to show (see

Lemma 3.4) that the following space provides such a characterization:
H{j = {u = Z Tin(ay, az)e?™™/C ¢ H¥(Q) : 4, € H*(D) and Jullax < oo}
for k € Ny, where the series converges with respect to || - || g= and
X © 1/2
mn)?
g = (3 S i) 810
n=—oco m=0
This is a Hilbert space (see Lemma 3.2) when equipped with the inner product
oo k

(27n)?
U (% Hk = Z Z 2m—1 un,’l}n)Hk m(D)- (317)

n=—oco m=0

19



For s € R, we define H; using complex interpolation (see Appendix A.2). For all

0<pB<lue Hg“, the norms on the interpolation spaces satisfy
1—
Cillully < Nullygon < Collullgger and — Jull oo < Collullg ful

where C, Cy, and C3 are positive constants depending on 5. Note that, throughout
the text, we typically use r and s to denote non-integer regularity and £ when we
restrict ourselves to integer regularity.

Let us now briefly discuss an auxiliary space which will prove instrumental to
our analysis. In variational approaches to solving the NSE (such as the one pursued
in this work), a key result is the Helmholtz decomposition of L? which allows
any function in L? to be uniquely decomposed into the sum of a divergence-free
function and a gradient (see [26] for an excellent introduction). This provides us
with an orthogonal projection (often referred to as either the Helmholtz or Leray
projection) from L? onto the subspace, {u € L? : V-u = 0,n - ulpq = 0},
consisting (essentially) of divergence-free vectors. Note here that, as n-u|sq denotes
a generalized trace, this space is particularly well-suited to problems coupled with
Dirichlet boundary conditions. Applying this projection to (2.1) would allow us to
both remove the troublesome pressure term (which, as a gradient, vanishes under
this orthogonal projection) from (2.1) and also to incorporate the equation (2.2)
into the underlying function space. It is standard practice to use techniques like
this in an attempt to solve initially for the velocity independently of the pressure.
The associated pressure is then determined in a second step.

Taking our lead from Beale in [7], we pursue a slightly different decomposition of
L2 owing to the nonstandard boundary conditions under consideration in this work.

In particular, to incorporate az-periodicity along with the divergence-free condition
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into the auxiliary space, we choose our decomposition so that L? is projected onto
H),. For convenience, we set

P =H,.

Notice that these spaces neglect to include both the free surface condition
and a generalized trace condition (as opposed to the standard decomposition).
The generalized trace condition has been removed for its lack of relevance to
our boundary conditions; its inclusion would unnecessarily restrict the space of
functions under consideration. While we will introduce a space that incorporates
the free surface condition momentarily, we do not want to include this condition in
the projection space P itself as it would make finding a characterization for the
orthogonal complement untenable.

The free surface boundary condition, as something which relates the value of the
velocity to that of the unknown pressure along Sg, cannot be fully incorporated
into the definition of any space of prospective velocity functions. However, since
the pressure only enters the balance of forces across the free surface in the normal
direction, the need for the tangential part of S(v,q) to vanish on Sr is a condition

which depends solely on the velocity. Therefore, we define

V¥ ={veP’:Sm(v)=0on Sg}.

We must also define spaces which ensure that our solutions have adequate
regularity with respect to time. We do this using the so-called Lebesgue-Bochner
spaces (see Appendix A.1 for a brief description) which treat functions of time
and space as time-parameterized collections of functions of space which are
parameterized by time. For a time interval I, the set of functions on I x {2 whose

az-periodic extensions are r-times weakly differentiable with respect to time and
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s-times weakly differentiable with respect to space (on €,) is given by
7,8 _ gr(r1. g0 Orr1. 178
HY(I x Q)= H"(I;H,) "H (I; H}).

Of particular interest, given the form of the NSE, are functions with half as much

regularity in time as in space. We denote such spaces by
s s/2,s
Ki(I x Q) = H* (I x Q).

3.2 The Periodic Spaces

Most of the results in this section seek to relate, in various ways, Hg to H*. This
is certainly a worthwhile endeavor as it will frequently allow us to leverage the

power of standard Sobolev theory in our analysis involving the as-periodic spaces.
We begin by showing that || - HH{; and || - || g+ are equivalent norms on H{f and are

actually equal for k € {0,1}.

Lemma 3.1. There exists C' > 0, depending only on k, such that C||f|lgx <

[ flles < [ fllee for all f € HE. In particular, for k € {0,1} we have:
(i) | fllezs = Il for all f € H.

(i) (f, Pug = (f, P for all f, f € HE.
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Proof. First we consider the case where £ = 0. Let f € HS . Applying Fubini and

the Lebesgue Monotone Convergence Theorem, we have

11 = | (Z f/> (;f—mm/>
= /Q Zn:; £ F e2mitn=myas/t
5 (S ) e
=\ %
= [ Sl
=3 [ 1ol
= 1/

Now let f € H{f where £ > 1. In this case,

(2mn) j
Hk—m(]D))
n  m=0 |a|<k-m

2min A
() o
a; €{1,2}

k
Yo > DT Dafls -

m=0 |a|<k—m
a;€{1,2}

2

1£1175 =

n

—622 2.

2

L*(D)

If £ =1, then this simplifies to

IDsfhe+ D IDaflzz= D lIDaflie = Ifl-
le|<1 lo|<1
OéiE{LQ} ai€{1,2,3}
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Otherwise, we have (for some C' depending on k) both

k
Cliflize="2_ ClUDsfll;2<)> . > IDiDafliy = I/1z

1BI<Ek m=0 |a|<k—m
ﬁiE{LQ,S} 011'6{1,2}

and

k
1A= > ID5Daflie < > IDafl7e = Il -

m=0 |a|<k—m BI<k

Finally, having shown (i), part (ii) follows immediately from the polarization

identity. [

Our first application of this result justifies the earlier assertions that Hf;

equipped with the discussed norm and inner product forms a Hilbert space.

Lemma 3.2. Let k > 0. Then H]]j is a Hilbert space when equipped with (3.16),

(3.17). In particular, Hz? =[2

Proof. First we show that H} is complete with respect to the || - || wmr norm. Let
(f;) € HE be Cauchy. It is straightforward to show that for each n € Z, (fin €
H*(D) is Cauchy. Since H*(D) is complete, for each n there is f, € H¥(D) such
that (f;)n — fn. We want to show that the construction f = 3, fe?™ e/t ¢ gk
and f; — f in the H{f norm. Since (f;) is Cauchy, we can construct a subsequence

(gm) such that

[Ggm+1 = gl < om”
Then we have both (§m)n — f, in H*(D) and >m 19m+1 — gl x < co. Consider

the function F' = g1 + > (gm+1 — gm) = limy, o0 g, from the || - || p2-completion of
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H}:. Now since Q = [0, x) x [0,2m) x (0,¢) in cylindrical coordinates, we have

{Z f 27rzn1r/n +(in20)+(2minzasz /€) Z ’f } C H;())

nEZ" neZd
This means that we can set F' =) F), e2minas/t and apply Lemma 3.1 to obtain

2

A~

2 _ o2
I9m = Pl = llam = i A,
Since ||gm — F||7» — 0, this implies that for each n, (gm)n — Fy in L*(D) and hence
F = f. Tt follows that F, € H*(D), so that [ F| sz is well-defined. Then

o0
1E s < gl + D lgm+1 = gmllmg < oo

m=1

Therefore f = F € Hlff. That f; — f in the H{f norm follows from choosing
j.m laxge enough so that £, — fllag < 1f; — gmllig + lgm — fllg < = Thus
Hg is complete with this norm. It is now not difficult to see that (3.17) is an inner

product associated with the || - ||le§ norm (making Hlff a Hilbert space). O

Now that we have shown that H}f possesses all the structure we could have
hoped for, we move on to a useful characterization for H{f in terms of H*. Note
that in this dissertation, restriction operators of the form f|x are generally meant

in the sense of trace (see the discussion preceding Theorem B.2).

Lemma 3.3. For k > 1, we have the characterization HY = {f € H* : Diflr, =

Dif|p, for all0 < j <k —1}.

Proof. The equality H) = L? follows from the discussion in the proof of Lemma 3.2,
sowelet k > 1. Let X, = {f € H* : Diflr, = Djflr, forall0 < j < k —1}.

That H{; C X, is obvious so it suffices to show that the reverse inclusion holds. We

25



proceed by induction in k. Let k = 1 and f € X;. Since f,D;f € L* for 1 < j < 3,

there exist f,, (¢;)n € L*(D) such that
f _ Z fAn€27rina3/Z’ D]f _ Z(gj)ne%rina;;/f
with

11122 = fz fallfamy < oo, ID;flI72 = fz 1(35)nllZ2 ) < oo

For convenience, we set §;, = (§j)n- Let ¢, € C°(D) be chosen arbitrarily and

consider ¢ = @,e*™ s/t € <. For j = 1,2 we have

(Djf,@)re = s Jon; + A Jon; + : fon; — (f, Djo)r2
fo-04+ [ fo-0—=(f Djp)re
r, To
= _(fv Dj(p)LQ

(Djfa QP)HS = _(fv Dj‘P)Hg

é(gjmv <Pn)L2(]D>) = —g(fn, Dj<ﬂn)L2(D)-
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Since ¢, € C*(D) was arbitrary, this implies that g;, = D; fn. Moreover, since

Gjn € LA(D), we obtain f, € H'(D). In the case that j = 3 we have

(Dsf, )2 = fons + fons + fons — (f, Dsg) L2

SF Fz 1_‘O

fo— | fo—(f Dsp)r
T, To

= (flr, = flre, Ire) 2@y — (fs D3g) 12

= _(f7 D3SD)L2
(Dsf,0)mg = —(f, D3p)mo
A 2min
5(937” SOn)LZ (D) = (fm 7 SOn)
L2(D)

R 2min 4
(QS,na Qpn)LQ(D) = ( fna 30n> .
12(D)

Since ¢, € C(D) was arbitrary in a dense subset of L2(D), g3, = 2= fo. 1
now follows that f € H;, since it is straightforward to verify that ) fn62”"“3/ ¢

converges to f in H' and

A 2mn
1115 = €3 Ul + (25 ) Il

. . 2mIn A
O 1Fulay + 1Dy + 1Dafullsy + \

2
g fn

L?(DD)

= If1Z= + gz HQl,nH%?(D) + H§2,n||%2(m>) + ‘|§3,n||%2(m>)

= [/l < oo

For the inductive step we now let f € X;,;. As we saw in the base case, it is

sufficient to show that (i) f, € H*™(D) and (ii) for all || < k + 1, a; € {1,2,3},




where Dof = Y, Gan€®™™/¢in L2, B; € {1,2}, and Do = DDg. However, since
f € X = HF we have already that f, € H"(D) and (ii) holds for all || < k.
Therefore we take ¢ such that || = k + 1 and consider two cases:

Case 1: Suppose Dy # D5™. Then Dg = D;D, where |4| < k and j € 1,2,

Taking ¢ as in the base case,

(Daf. )12 = —(D3D~ f, Do) 12

) orin\" .
é(ga,nygpn)Lz(D):_g(( / )D'yme]%On>

L2(DD)

Thus jon = D; (22)° D, f, = (22)" Dgf, and f, € H*(DD).
Case 2: Suppose D, = Dg“. Taking ¢ as before,

(Daf.p)r2= | Difo— | Dife— (D5f,Dsp)re
r, Ty

= (D5 flr, — D5 fIrys elro) 2wy — (D5 f, D3p) 12

= _(D§f> D3()0)L2

. orin\"* » 2min
g(gama Qpn)L2(]D)) =/ / fn7 T@n
L2(D)

o\ k1
. 2min A
(Gexsm ) £20) = (( / ) f"’%>

Frl fn and the claim follows. 0

L2 (D)

Thus Gen = (27}”‘)

Finally, we verify that HI’f provides an appropriate setting for the as-periodic
problem on €2,. More precisely, we show that Hlff is exactly the set of functions on

Q) whose as-periodic extensions reside in Hf

(Qs), as desired.

Lemma 3.4. Let W : L*(T) — L*(Q2) be defined by Wf = fo®. Then ¥|yn) is an
isomorphism from H*(T) onto H}(S).
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Proof. Since ® is C'*° and periodicity is obviously preserved we immediately obtain
U(H*(T)) C HE. 1t is then simple to show that ¥ is injective with surjectivity

following from the fact that &' is C™. 0

3.3 Laplace’s Equation

Several times in the course of this work, we will seek to show that certain quantities
are uniquely determined. In following the general approach established by Beale,
we will see that, just as in [7], many of these quantities can be cast as solutions

of a particular problem involving Laplace’s equation. Adapting the boundary
conditions to reflect periodicity and the absence of a fixed bottom surface, the

relevant problem in our setting takes the form

Au=f inQ, u=0 on Sp, Diulp, = DSulr, for k€ {0,1}  (3.18)

where f € H3™? is given.

Before we move on to discussing the particulars of this problem, it is imperative
that we understand the various types of “solutions” possible for boundary value
problems when considered in a Sobolev setting. Let us consider the generic problem
Lu = f, where L is some differential operator and f is a given function. To simplify
our discussion and illustrate the main differences in solution types, we speak rather
broadly now and ignore many details regarding the underlying domain, boundary

conditions, and so forth. First, we consider a function u to be a strong solution of

2

ioc- Thus a strong solution u

Lu = f provided that it satisfies this equation in L
must have sufficient regularity to ensure that the appropriate weak derivatives all
lie in L. While the general notion of a strong solution is much broader than the

one stated here (including, for instance, functions satisfying the equation in other

L? spaces), we do not concern ourselves with anything but the L? setting in this
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work. Note that we will usually refer to u as a solution, omitting the word “strong”
except when we want to draw the reader’s attention and enhance the distinction
with solutions of a different type.

In contrast to a solution, a classical solution of the problem must satisfy Lu = f
in the sense of classical derivatives. It should be clear that any classical solution of
the problem is also a solution. Additionally, we will often speak of weak solutions
to a problem like Lu = f. The definition of a weak solution is specific to each
problem, but generally involves using integration by parts on Lu = f to obtain a
weaker reformulation (often called a variational formulation) which makes sense for
u with less regularity than would be required of a solution. Any function satisfying
this variational formulation of the problem is then termed a weak solution of the
original problem.

As an example, suppose that u € H?(U) is a solution of the problem Au = f on
U, u = 0 on dU, where U is a smooth, bounded domain and f € L?(U) is given.
To find a variational formulation of this problem, we begin by multiplying through
the Laplace equation by a function v (which we will eventually restrict to the space
of potential weak solutions) and integrating. Performing integration by parts on the

left-hand side then yields

—(Vu, Vo) 2@y + (Vu, v -m) 200y = (f,0) 20

where n is the outward unit normal on OU. This equation makes sense for all
u,v € HY(U) but does not incorporate the fact that we want u to vanish on the
boundary. We therefore seek to include this condition in the underlying space
itself by considering u,v € H}(U). Since v now vanishes on the boundary, the
above equation simplifies further and we define a weak solution of the problem

Au = OonU,u = 0on dU, to be any u € HJ(U) satisfying the variational
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formulation (Vu, Vo) 2@y = —(f,v)r2@) for all v € HJ(U). Since most of the
variational formulations of problems found in this work can be obtained through
nearly identical means, we will generally refrain from defining a weak solution
in each instance. When the variational formulation of a problem is not obvious
(e.g., when the free boundary condition S(v,¢) = 0 is included), we will derive it
explicitly. While the above work implies that any solution is also a weak solution,
the converse need not be true since the integration by parts generally requires that
ue H*(U).

The following result, analogous to Lemma 2.8 from [7], demonstrates that (3.18)
has a unique solution and provides an estimate for it in terms of the inhomogeneity

f. The proof given below, however, does not draw from the associated proof in [7].

Lemma 3.5. For f € H™? s > 2, there is a unique solution u € "H} of
Au=f ond
Additionally, there exists C' > 0, independent of f, such that
lullag < Cll

Proof. Let f = > fne%m%/ ‘. We first consider the boundary-value problem,
L,u=— fn on D with u = 0 on 0D, where L,, and its associated sesquilinear form

(B, : H}(D) x H}(D) — C) are given by

2\ 2
Lnu = —Au + T u
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It is well-known that B, is continuous and coercive on H} (D), thus we can apply
Lax-Milgram (Theorem B.5) to obtain a unique weak solution, 4, € H}(D). The
construction u = Y ,e*"/% is then our candidate for the solution of the
boundary-value problem in 2. We now restrict our discussion to the case when

s = k € Z. Given the regularity of JD we can immediately conclude that each
i, € H*(D) is a strong solution. Our goal is to show that u € Hfj. First we obtain

some preliminary estimates for @, where n # 0:

Bn[r&m ﬁn] = (_.]Ena an)LQ(]D))

R 27m2A . N
Vil + (25) NinlEeor < Wl ol

, AT
linlzzer < (50 ) 1ol

Notice that from this estimate we can conclude

omn\ 2 . 12 2mn
Z v ”Un||L2(D)§Z A

n

2(k-2)
fallZz) < 1712 < oo.

This gives us an estimate on the lowest order terms in the H{f—norm. For the
highest order terms, standard elliptic regularity theory (e.g., see [13], p. 323)

provides an estimate of the form

vy < Coll full o2 oy,

though the constant C here generally depends on the coefficients (and hence n) of
L,,. However, upon closer inspection of the proof of this result (e.g., in [13]) we find

that we can use our above estimates on ||t,|| 22y in place of the usual L> estimate
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on the coefficient (27n/¢)? of L,. This ultimately allows C; to be chosen

independently of n. Therefore

> llinlomy < €2 I fallinsmy < ORI I g < oo
n n

Finally, we must show that the intermediate order terms in the H{f—norm are
also summable. Exploiting complex interpolation between H°(D) and H*(D) and

Young’s inequality we obtain for each 0 <m < k

2 \>" 2mn\ > m/k 1—m/k 2
SUTE) Nl <D0 (55) (lalfi Il

27n \ 22/ 2m/k (k—m)/k
< CQZ WE ||fn|| anHHk 2(D)

n

m on\ 2 E—2)/k M k/m
2m
<G\ % [(7) (R ]
k—m p12(k—m)/k k/(k—m)
+ = Il )]
orn\ 22 . k—m  »
—GY T (7) |l + = I fallti—o

n

< Cs]| fllzze—-

Thus w € "HY with [lull3, < Cy(k+1)[|f]|%—> which completes the proof for integer
P P

values of s. Interpolation then provides the remaining cases. O

3.4 The Modified Helmholtz Projection

We finish off this chapter by turning our attention to the projection space P.
Since PY is a closed subspace of L2, L% can be written as L? = P @ (P%)*. Thus,
for any f € L2, f can be uniquely decomposed as f = f; + f, where f; € P°

and f, € (P°)~. This decomposition will be a cornerstone of our analysis of the
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linearized problem in Chapter 5. However, before we can take full advantage of
this tool, we need to obtain a more useful description of the elements residing
in (P%)+. The following characterization provides us with the exact form of the

decomposition.

Lemma 3.6. The orthogonal complement of P® in L? has the characterization
(P)* ={Vq:q€ H,}.

Proof. Let Y = {Vq : ¢ € °H}}. It is sufficient to show two things: (i) Y is
closed in L? so that Y = (Y1)+, and (i) P° = Y. In order to prove (i), we will
first need to show that the orthogonal complement of X = @”'HLQ in L? has the
characterization X* = {Vq : ¢ € H}}. Let ¢ € H},u € X. There exist u;, € °C3,

such that u, — u in L2. Integration by parts yields

(Vg,u)re = lim (Vg,u;)12 = lim / qu_k-e3+/ quy, - (—e3) = 0.
k—o0 k—oo r, Ty

Thus Vq € X*. Conversely, let w € X*. Then, in particular, (w,u)g2 = 0 for all

u € C. Thus there exists p € H' such that w = Vp by Theorem B.4(i). Now

consider
0
_ 0100
u= 0 € Cy,
u(ay, as)

where u € C2°(D) is arbitrary. Then, applying integration by parts, we obtain

0= (w,u)p2 = (Vp,u)g2

:/pﬁe3+/pﬁ(—eg)
I To
:/pﬂ—/pﬂ

I To

= (plr, — plry, U)LQ(]D)) .
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Since u is an arbitrary element of a dense subset of L?(D) by Theorem B.1, this
implies that p|r, = p|r, on L*(D). Hence p € H, by Lemma 3.3.
With this characterization in hand, we can now prove (i). Let ¢x € °H] such

that Vg, — f € L2. Since V¢, € X*, we have
(f,u)rz = lim (Vgi,u)p2 =0
k—o0

for all u € X. Hence f € X+ and so there exists p € H; such that f = Vp. Notice

that for n #£ 0

R R 2mn\ 2 . R
@ =l < 83 ((7) 1@~ el
2
+ Z 1D ((Gr)n — ﬁn)HQLQ(D))
j=1
< V(g — p)llzz-

Thus (Gr)n — pn in H'(D). Since (Gx)n € Hg(D), a closed subspace of H'(D), we
obtain p, € H}(D) for n # 0. For n = 0, applying the standard Poincaré inequality

yields a constant C' > 0 such that

1(G)o = (@m)oll ) < CIV(@r)o = (@m)o) T2y < CCNIV (@ — am) |12

which implies that (gy)o converges in H} (D). Moreover, the limit is necessarily po +
A, for some A\ € R, since it is readily seen that (gx)o converges to this in the weaker
L? norm. Thus f = V¢ where ¢ = p + X € °H]. Hence Y is closed in L*.

Finally, we show (ii). Let u € Y+ and ¢ € C°. Then

0= (Vp,u)rz = —/Qgp(v ).
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Hence V - u acts as a bounded linear functional on C¢° and can be extended
uniquely to one defined on all of L? by density. This unique operator must be the
zero functional and thus u € P°. Conversely, let v € P°. Since L2 =Y @ Y, there
are ¢ € "H} and v € Y= such that v = v 4 Vq. Taking the divergence of both sides
of this equation yields Ag = 0 and, by Lax-Milgram, ¢ must be the unique solution
of this equation in OHg. Thus ¢ = 0 and v =v € Y. Thus P’ = Y+ and the claim

follows. O]

Now that we know precisely how the decomposition works, we can consider the
bounded orthogonal projection associated with it. The projection P : Hg — P%is
defined by Pf = f; where f; € P is the divergence-free portion of f as described
at the beginning of this section. In Chapter 5, we will apply this to a linearized
version of (2.9) in an effort to solve this equation in a projection space where we
are assured that the divergence-free and as-periodicity conditions are automatically
satisfied. Before we can do this, however, we need to know whether or not the
projection preserves regularity. The following lemma confirms that the projection

does not affect a function’s regularity.

Lemma 3.7. Suppose s > 0. Then

(i) PH; =P* and Plgs : H; — P is bounded.

(i) P

k; : K, = K is bounded with norm bounded independent of T'.

Proof. (i) First we consider the case where s > 1. For v € Hy, we have (I — P)v =

V¢ for some ¢ € °H}. Then for all ¢ € °H,

/sz-v: Fva-(—eg)—l— szv-eg—/ng~v:—/ﬂvw-v¢.

36



We also notice that for any ¢’ € OHg and ¢ € OH;,

/ VAF = — [ YV (—es)— | WV - es+ / PAY = / R
Q To I, Q Q

Thus ¢ is a weak solution of the problem

Ap=V - v on {2
¢=0 on Sg
Di¢lr, = D5¢lr, for k € {0,1}.

This weak solution is unique in °H (which follows easily using Lax-Milgram
(Theorem B.5)) and therefore, by Lemma 3.5, it must actually be a strong solution

(in H3*') satisfying

1@l < CIV -Vl g1 < Cllv g

Thus (I — P)H; C H} and (I — P)|ms : Hy — Hj is bounded. Finally, we observe
that Pv = v — (I — P)v € P? with the rest of the claim following from boundedness
of I — P. The remaining cases are obtained by interpolation between Hg and Hll).
(ii) We begin by demonstrating that P commutes with D;. Let f €
H'((0,7);L?) and denote its decomposition by f = f, + Vp. Since D; commutes

with spatial derivatives, we have D,f, € PY and hence
DtPf — P.th = -tho - P.tho— - PDth = —PV(Dtp> = 0.

Now take f € K2* where k € Ny. If k = 0, then we can use (i) to obtain

T

T
||Pf||%<g = 2||Pf||i2((0,T);L2) = 2/ | Pf|f: < 20/ I£]|5. = 0Hf||%<g~
0 0
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Otherwise, using (i) and the commutativity of P and D; yields

||Pf||%<gk = ||Pf||i2((0,T);H§k) + (| PE 130 (0.1y:22)

T T
= [ 1Pt + X [ Iopeni;

n<k 0
T T
2 ngel2
<c( [ e+ 3 [ o
0 net /0

= C|fllxz-

P

The remaining cases follow by interpolation between the Kl%k spaces. O]

Since we have chosen P? to include the divergence-free functions whose
generalized trace does not vanish on the boundary, we have modified the
standard Helmholtz decomposition. In particular, we have increased the size of
the underlying projection space and, as a consequence, reduced the size of its
orthogonal complement. This means that applying P to the momentum equation
will not necessarily remove the pressure term as p need not be constant on the free
surface (excluding the possibility that Vp can be written as V¢ for some ¢ € OH;).
However, though P does not fully remove the pressure gradient itself, it does
remove the term’s indeterminacy. That is, the projection of the pressure gradient
will be a quantity whose value is determined completely by the velocity. We save
the details for Chapter 5, but they will rely on the following characterization of the

projections of gradients.

Lemma 3.8. Suppose s > 1. If f € H,, then there is a unique f € H, such that

P(Vf):v.fv f|SF:f~’SF, and Af:O
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Proof. Let us first consider the case when s = 1. Since Vf € L? there exists a

unique ¢ € °H} such that Vf = P(Vf) + Vq. Let f=f—-qce H]. Then

P(Vf)=V(f—-q =V,

f’SF = (f _Q)|SF = f|SF7

and

Af=V-V(f—q)=V-P(Vf)=0.

Suppose that there were two such functions, fl and fg, satisfying the desired
equations. Then V/( fl - fz) = 0 implies that fl — fQ is constant. This constant
must be zero, however, since (f; — f)| s = 0. Hence f is unique. Now we let

s > 2. In the proof of Lemma 3.7(i), take v.= Vfandlet f = f — ¢ € H;.
Then Vf = P(Vf) + V¢ implies P(Vf) = Vf, ¢|s, = 0 implies f|s, = f|s,, and
Ap = V- (Vf) = Af implies Af = 0 on . Since the difference of any two such
functions, fl and f~2, must be zero by Lemma 3.5, f is unique. The remaining cases

follow by interpolation. ]
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4 The Main Result

4.1 Statement

The main result of this work is stated as follows.

Theorem 4.1. Suppose 3 < s < % For anyug € V*! there exists T > 0,
depending on |[uo|ggs-1, so that the problem (2.9)~(2.15) has a solution (v, q) with
veKs,qge Ky (0Gr), and Vg € K52

There are a few remarks to be made here. First, observe that for v € K,

Lemma C.3 implies that
v € HE+1/2((0,T); H;—1—25)

for all 0 < e < (s — 1)/2. Localizing in t, it follows that v(0,-) € (.., HS 7.
Hence it is proper to take the initial data ug in Hf,_l. Second, notice that Vq €

Kij does not imply q € stl; although
0 .rrs—1 s—2)/2 .yl
g€ H((0,T); H: ") n H*=272((0,T); H})

it is possible that ¢ ¢ H*~1/2((0,T); HY). Finally, the interval specified for s arises

from several considerations:

1. The value of s needs to be large enough to define and estimate the
appropriate nonlinear terms in Chapter 6 and also to transform the given
solution into a solution of the original Eulerian problem (although s >
5/2 would suffice for this). Additionally, both the homogeneous and
inhomogeneous linearized problems in Chapter 5 make use of the extra

regularity.
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2. The value of s needs to be small enough that additional compatibility
conditions on uy are not required (see the discussion at the beginning of

Section 5.2).

The following corollary demonstrates how Theorem 4.1 can be used to obtain a
solution to the original Eulerian problem (2.1)—(2.8), at least in the distributional

sense (i.e., when integrated against smooth functions of compact support).

Corollary 4.2. Suppose 3 < s < % For any ug € V*~! there exists T > 0,

depending on |[uo|ggs-1, so that the problem (2.1)~(2.8) has a solution (u,p), in the

distributional sense, on (0,T).

Proof. Let (v, q) be the solution of (2.9)-(2.15) provided by Theorem 4.1. Using
(2.11) and (2.13), the associated displacement map is then given by x = fotv SO
that y € H'((0,7); H}). Since s > 3, it now follows from the Sobolev Embedding
Theorem (B.8) that y € C*V/2([0,T]; Hs) C CO12([0,T): Cp'?). On the other
hand, from Lemma C.3 we can conclude that v € H®=2/2((0,T); H2) so that

y € HY2((0,T); H2) ¢ CH=3/2([0, T7; C'/?). Hence y is a continuous function
whose partial derivatives of first order (both with respect to time and space) are
all Holder-continuous. In other words, y € C!(G). Since Vy(0,-) = I, the 3 x 3
identity matrix, this implies that Vy(¢,-) remains invertible for sufficiently small

t. Moreover, it is continuously dependent on t. Provided that y(0,-) = ug # 0, it
follows from the Inverse Function Theorem that y is invertible for sufficiently small
t. Now, for small enough ¢ and b € Q(t), we can define u(t,b) = v(¢,y '(¢,b)) and
p(t,b) = q(t,y 1(t,b)) + B. Tt is now readily verified that (u,p) is a solution of
(2.1)-(2.8) in the sense of distributions. Finally, note that in the case of vanishing

initial velocity, (u,p) = (gtes, Py) is a solution of (2.9)-(2.15). O
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4.2 Overview of the Proof

Though many significant details differ, we closely follow the general approach
developed by Beale in |7]. To motivate the chapters which follow, we now briefly
outline the application of Beale’s method to our problem.

As is often the case when studying difficult nonlinear problems, we begin by
analyzing the closest linear approximation. Since our goal is to establish a local-
in-time existence result for an initial value problem, we base our approximation
around the nonlinear problem at ¢ = 0. Heuristically, we can argue as follows:
suppose that &« = (v, q) is a strong solution of the nonlinear problem (2.9)—
(2.15). Using (2.11) and (2.13), the associated displacement map is then given by
X = fot v € H?((0,T); L?). Tt now follows from the Sobolev Embedding Theorem
(B.8) that x is continuous with respect to ¢, hence x & 0 for small ¢. This implies
that the matrix of conversion factors, A = (\;;(t,a)) = (Vy)™', is approximately

equal to the 3 x 3 identity matrix for small ¢. This reduces (2.9)—(2.15) to the linear

problem
Vv —puAv+Vqg=ges on G (4.1)
V-v=0 on G (4.2)
v(0,-) = ug on {2 (4.3)
S(v,q) =0 on 0G g (4.4)
@t ) € HE N Q), vip(t,+) € Hi (Q00) on (0,7) with s > 2. (4.5)

Let us denote the mapping

(v,q) = (V—pAv+Vq, V-v,v(0,-), S(v,q))
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by L (the periodic condition will be included in the underlying space). While we
might be tempted to use the solution, agy = (vo,qo), of Loy = (ges,0,u0,0)
to approximate a, this would only guarantee that vo(0,-) = v(0,-). A more
useful approximation can be obtained by taking instead the solution of Loy =
(ges,0,up,0) where o is constructed in such a way that (0,-) = 0 while also
ensuring that v((0,-) = v(0,-), vo(0,) = v(0,-), and ¢o(0,-) = ¢(0,-). Setting

a1 = a — «, the full nonlinear problem can now be rewritten in the form

(L—I—F)al:g,

where F' is a nonlinear operator (to be discussed in Chapter 6) and g depends only
on known quantities (such as ayp). We can rearrange this equation and apply the
inverse of L to get the reformulation oy = L™!(g — Fay). Finally, we define an
operator R by Rw = L7 !(g — Fw) and show that it is, when restricted to the
proper subspace, a strict contraction. It then follows from the contraction mapping
principle (Theorem B.9) that R has a fixed point (unique within this subspace), ay,
which yields our desired solution, @ = oy + ;.

The remainder of this work is organized as follows: Chapter 5 is devoted to
developing the understanding of the linear operator L and its invertibility which are
key to this approach. Since L~! must be applied to the unknown quantity g — Fo,
the invertibility of L must be demonstrated for the fully inhomogeneous version of
the problem (4.1)—(4.5). We begin by showing the unique solvability of the (mostly)
homogeneous problem in Section 5.1 and deduce from this the solvability of the
inhomogeneous problem in Section 5.2. In Chapter 6, the full nonlinear problem is
treated. In Section 6.1, we implement the proof outlined above to obtain our main

result and show, additionally, that any two solutions of (2.9)-(2.15) must agree
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for an initial period of time. In Section 6.2, we show that the solution provided by

Theorem 4.1 is axisymmetric provided that the initial data is axisymmetric.
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5 The Linearized Problem

In this chapter we study the properties of the linear differential operator L
discussed in Chapter 4. The primary result of this chapter is Theorem 5.5 which
demonstrates that the problem La = 3 has a unique solution « for general 3. We
proceed in a fashion analogous to the one used by Beale in |7], reducing the fully
inhomogeneous problem to the (mostly) homogeneous problem we now consider.

For convenience, in this chapter we abbreviate n(0, -), the outward unit normal on

2, by n.

5.1 The Homogeneous Case

The linear problem under consideration in this section is

v —uAv+Vqg="* on G (5.1)

V-v=0 on G (5.2)

v(0,) =0 on 0 (5.3)

S(v,q)=0 on 0Gp (5.4)

Blt) € Hi Q) vp(t) € Hie()  on (0,T) withs =2 (5.5)

where f € K3 is such that Pf(0,) = 0. Our first goal is to use the modified
Helmholtz projection P to rewrite the problem (5.1)—(5.5) in a variational form
which has the velocity as its only unknown. First we notice that for any solution
(v,q) of the problem, (5.2) implies v(t) € PV for each t. Thus, recalling from the

proof of Lemma 3.7(ii) that P commutes with D;, applying P to (5.1) yields

v — uPAv +Vq = Pf
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where V¢ = PVq (with Ag; = Oon Q and ¢ = ¢ on Sp) by Lemma 3.8.

As mentioned in Section 3.4, this application of P removes the indeterminacy of
the pressure term in the sense that the value of V¢, is determined entirely by v.
In fact, more is true: the value of ¢; itself is uniquely determined by v. We now

formalize our earlier remarks.

Lemma 5.1. Suppose s > 2 and (v,q) € H) x H5™" satisfies (5.4). Then there
exists a bounded linear operator Q : Hy — H;*I mapping v +— q1 where q, is the

function provided by Lemma 3.8 with Vg, = PVq.

Proof. To see this, we use the fact that ¢ and ¢, agree on the free surface and
observe that (5.4) implies that the normal component of S(v, ¢) must vanish on Sg.

Putting these together,

S("an) n=0

3

3
Z(qu — /LZ(D]-UZ' + Dvj)nin;) =0

i=1 j=1

3
q1 = 2/L Z ninijvi

i,5=1
2
-2
Q1 = 2uK g a;a;Djv;

ij=1
on Sp. Recall here that x is simply the radius of Q. Given v € Hj, we note that
f=2ur?2 Z?,j:l aa;Djv; € H3™'. For s = 2, we can apply Lax-Milgram (Theorem

B.5) as in Lemma 3.5 to obtain the existence of a unique weak solution ¢; € H; of
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the problem

Ag =0 on )
o= on Sg
D§q1|f‘g = D§q1|f‘0 for k € {O, 1}

with [|g1[|gy < Cilv|lmz where Cy > 0 is independent of v. For s > 3, we consider

the problem

Ap = —Af on Q
=0 on Sp
D5¢|r, = D5olr, for k € {0,1}

which has a unique solution ¢ € OHgfl, satisfying ||¢| et < Chl|Af]

HE® for some

Cy > 0 which is independent of v, by Lemma 3.5. Finally, we set ¢, = ¢ + f € H3™*

and observe that [|q1| -1 < Col|Af| yz-s + || /]

it < C3HVHH§. Interpolation
now yields the claim for the remaining values of s. It readily follows that the

constructed operator is linear in v. O

We now take the general approach used in semigroup theory by treating (5.1)
as an ordinary differential equation with respect to time whose solution is, for each
value of ¢, an element of the appropriate function space (V*) on Q. If we define an

operator A : V¢ — P2 by

Av = —uPAv + VQv,
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the problem (5.1)-(5.5) takes on the form

v+ Av = Pf on G (5.6)

v(0,-) =0 on €. (5.7)

Recall that S¢.n(v) vanishes on Sp and both (5.2) and (5.5) are satisfied for all
v € V?. Furthermore, (5.4) is satisfied since our construction of ) ensures
that the normal component of S(v, ¢) will also vanish on Sr. The operator A is
a modification of the standard Stokes operator, an unbounded linear operator
appearing frequently in partial differential equations in fluid dynamics and
electromagnetics.

To successfully carry out the semigroup approach requires that we gain a
thorough understanding of the operator —A. In particular, we want to know in
which spaces —A is densely defined, whether it is a dissipative and/or closed
operator, and what its spectrum o(—A) looks like. We will tackle the matter of
determining the spectrum of —A first. Unfortunately, in contrast to the problems
treated in [3, 4, 7, 8, 42|, A is not invertible with our boundary conditions
(implying that 0 lies in the spectrum of A); it is not injective since A(v 4+ ¢) = Av
for any constant vector ¢ (where Dirichlet boundary conditions on v exclude this
possibility, periodic boundary conditions do not). This, combined with the inability
to apply the Poincaré inequality in general, makes the problem of determining the
spectrum more challenging here than in the aforementioned cases. Restricting the
spectrum of A to a sector in the right half of the plane and providing estimates on
the resolvent operator (which immediately translate to similar results for —A), the

following lemma is a key result of this dissertation.
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Lemma 5.2. Let s > 2. Then o(A) C {A € C: |[Im(\)| < Re(\)}. Moreover, for A
with | Im(X\)| > Re(X\) and |[\| > € > 0 the resolvent operator R(\; A) = (A — AI)™!
satisfies

[R(A; A)E|

u; < O(|/f]

g2 + (L DA+ D22 f]e2) (5.8)
for all £ € P572. Here C' > 0 is a constant which is independent of X\, €, and f.

Proof. Our goal is to show that the resolvent set of A, p(A), contains all \ such
that [Im(A)| > Re(A). This is accomplished by looking at an equivalent problem:
given f € P*72 and \ with [Im()\)| > Re()\), find a unique solution (v,q) € V* x

s—1 :
H;~" of the problem given by

—pAvV —Av+Vqg=f (5.9)

along with (5.2), (5.4), and (5.5). To see that these are equivalent, suppose that
there exists v € V* such that (A — A\ )v = f. Using our decomposition of L? there
isaqo € "Hy such that Vg = p(I — P)Av. Setting ¢ = Qv + o, we obtain
(5.9). It is now straightforward to verify that (v, q) also satisfies (5.2), (5.4), and
(5.5). Conversely, given a solution (v, q) of the stationary problem we can apply P
to (5.9) to obtain (A — AI)v = f. Hence (A — AI)v = f has a unique solution v if
and only if the problem (5.2), (5.4), (5.5), (5.9) has a unique solution (v, q).

We begin by trying to find a weak solution of the problem (5.2), (5.4), (5.5),
(5.9). As usual, the general approach is to find a way to solve for v first and
then derive the associated ¢ in a second step. To do this, we want to find a weak
formulation of the problem which does not explicitly involve ¢. Since a solution of
the original problem would lie in V2, we might naively assume that V! was the
appropriate setting for the variational formulation; unfortunately, no such space

exists (recall that V* is only defined for s > 2) as there is simply not enough
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regularity to make sense of the free boundary condition. However, neglecting the
free surface condition in V? yields P? whose regularity can be relaxed to obtain P!;
let us take this as the underlying space for our variational formulation. Notice that
for any v € P!, v satisfies (5.2) and the portion of (5.5) referring to the velocity.
The free surface condition (5.4) is not necessarily satisfied though and will need

to be incorporated into the variational formulation directly. To that end, let us

consider the sesquilinear form (-, -) : P! x P! — C defined by

(v,u) = =A\(v,u)p2 + g > /Q (D,v; + Dyv;)(D;ai; + Dyiiy). (5.10)

ij=1
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Now suppose u € Hll), veP? g€ le) and observe that

/Q(—,UAV —AW+Vg) -T=—p (/QZAU@) — A(v,u)p:
+/mq(ﬁ~n)—/QqV'ﬁ
=—U (Z/mul (Vv; - n /QVul-VvZ)

— Av,u)2 —|—/ g(@-n) —/qV-ﬁ
o0 Q
0,J

+Z/ Ui(qn; — MZDWLJ
J

= (v,u)+/ S(v,q)-ﬁ—/qv-ﬁ
o0 Q
+,UzZ/ ﬂiDinTLj —/Djﬂl'Din
i o0 Q

~v+ [ swgu- [oew
+MZ/§2ﬂiDi<Djvj)

~ )+ [ s - [oeu
+MZ/QﬂiDi(v-v)

~v+ [ s o9

Here (v, u) is understood to be the expression given in (5.10) which, of course,

gl

(5.11)

remains perfectly well-defined for u € Hé. Notice that the pair (v, q) currently

satisfies (5.2) and (5.5). If we suppose that (v, q) additionally satisfies (5.9) and
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(5.4), then we obtain

(f,u)e = /(—MAV —Av+Vg)-u
Q

o+ [ S+ [ 8w
Iy To

= (v,u) + / (usq — uZEi(ng@- + D;vs3))

- / (s — 11y Wi(Dyv; + Dyvg))

To p

= (v,u).

for all u € P!. Thus (v,u) = (f,u)12 can be seen as a weak formulation of the

full problem which does not involve ¢. In an effort to apply Lax-Milgram (Theorem

B.5), we verify that the sesquilinear form is both continuous and coercive. Applying

Holder,

Ju
(v, W] <Al [[v][ez[[ullee + 52/52(\1%@4 + | Divs[)(| Dyui| + | Diuy))
1,]

< M vl e + 1) D50l Dyuill 2 + 1 Dyvill 2 | Diws | 12

0]

<AL vl llallen + 2 ) Ve [lal g
i

< Cllv ey [l
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where C' > 0 depends on g and . Hence the sesquilinear form is continuous. That

it is also coercive follows from Korn’s inequality (see Section B.2):

2

3
W
vV = ‘—AHvHiz + 53 [ 1D+ D

ij=1

3 2
r 2
- <§Z / |Djvz~+ij|2—Re<A>||v||i2> CImOVIL) (612
ij=1
1 3 2
7
= (5 S° [ 1D+ Diny = ReWv s + 1) - ||v\|iz>
t,j=1

3 2
1
> C (/{; E ”Ui‘Q—FZ‘DjUi—‘—Dﬂ}j’Q)

ij=1

> vty
It is also noteworthy that, for Re(\) > 0, line (5.12) implies

(v, v)[* = Im(A)?[|v ]z

> (I + Re(0)?) V1

1
S APIVIIL:. (5.13)

v

Moreover, the same estimate can be obtained for Re(A) < 0 since line (5.12) then
expands to something of the form ¢ + |\|?||v||1, where ¢ > 0. (5.13) will prove
to be a crucial inequality when establishing the resolvent estimate (5.8) later in
the proof. Since the sesquilinear form satisfies the conditions of Lax-Milgram, we

obtain a unique weak solution v € P! of (5.2), (5.4), (5.5), (5.9) satisfying

[viley < Clf]le2.

53



We now seek an associated pressure, ¢, of v. Recall that an associated pressure
need only satisfy (5.9) in the sense of distributions (i.e., when tested against
arbitrary u € C2°). As with the velocity, we begin by finding a weak formulation
for the pressure. Notice that, for ¢ € H) with (v,q) satisfying (5.4), we obtain from
(5.11) that

/QqV -a=(v,u) — (f,u)p: (5.14)

must be satisfied for all u € Hll). Using continuity of the sesquilinear form we
obtain immediately that the right-hand side is a bounded linear functional in u,
F : C* — C, which vanishes when V - @ = 0. By Theorem B.4(ii), there is a unique

g € L? such that

F=Vq and / Gg=0. (5.15)
Q

It is now straightforward to verify that ¢ = —¢ satisfies (5.9) in the distributional
sense and hence is an associated pressure of v. It is uniquely determined under
the additional condition fQ g = 0, but otherwise is unique only up to a
constant. Having found a weak solution of the problem, we would now like to
demonstrate that it can, in fact, be made into a strong solution. There are two
tasks involved here: showing that v and ¢ have the additional regularity required,
and proving that v and ¢ actually do solve the original formulation of the problem.
Unfortunately, the “artificial” corners in our domain become problematic at this
point because the standard results used to obtain additional regularity up to the
boundary generally require that the domain in question be smooth.

We can sidestep this technical issue by taking advantage of the fact that we
could similarly find a weak solution (vi,¢;) of the problem (5.2), (5.4), (5.5), (5.9)

on the larger domain ;. Moreover, by choosing ¢; such that fﬂl ¢1 = 0 we can
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ensure that (vy,q) is simply the periodic extension of (v, q) to €2;. By Theorem
B.6, (v1,¢1) has the additional regularity we seek on compactly contained subsets
of ;. Moreover, Solonnikov’s local method of proof of Theorem B.7 can be applied
to (vi,q1) in order to obtain the desired regularity near Sr up to and including the
intersections with I'y/T"; since these regions occur on a smooth portion of the free

(Qs), hence

loc loc

surface on € (Fig. 3). It follows that v, € H} (Qw) and ¢, € H}

veP?andqe H).

0

Fig. 3. Regularity up to the boundary is difficult to obtain near any sharp
edges on a domain’s boundary (traced in red). Examining the same functions over
two periods allows us to obtain regularity near both of the problematic edges of (2
since they now occur on a smooth region of the boundary of §; (traced in blue).

To see that (v, ¢) provides us with a strong solution of our problem, we only
need to verify that (5.4) and (5.9) are satisfied. Using (5.11), for allu € P! we

have

(—pAV — Av + Vg —f u)2 = /

, S(v,q)-u= /SF S(v,q) - u. (5.16)

Taking u € OCE‘; implies that —puAv—Av+Vg—f lies in the orthogonal complement

of 0(3;3”""“2, so that —pAv — Av 4 Vg — f = Vp for some p € H; (see the proof of
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Lemma 3.6). However, (5.11) now yields

(f,u)r2 = (—pAv = Av + V(g — p), u)r2

- <V’“>+/BQS(V,q—p)-ﬁ—/Q(q—p)V-ﬁ

for all u € Hllj. Restricting u to C° and exploiting (5.15) reduces this to [, pV-u =
0. Integrating by parts, we see that fQ Vp - 1 vanishes for arbitrary u € C2°. Since
this is a dense subset of L2, Vp = 0 and ¢ satisfies (5.9). All that remains is to
show that (5.4), the free surface boundary condition, is also satisfied. From (5.16)

we now immediately obtain

/SFS(v,q)-ﬁzo

for all u € P'. Following the lead of Solonnikov and Scadilov in [34], we localize to
a neighborhood ¥ C Sr and construct u € P! such that ulg, = (S(v,q) — (S(v,q) -

n)n)¢ where ¢ is a smooth nonnegative function vanishing outside ¥. Then

/SF S(v,q)-u= /Z IS(v,q) — (S(v,q) -n)n|*®

+(S(v,q) -m)n - (S(v,q) = (S(v,q) - m)n)¢

- / Sean (V)%
>
-0

implies that Sian(v) = 0 on 3. Since 3 was chosen arbitrarily, we obtain S(v,¢q) =

(S(v,q) -n)non Sp. Let 0(v,q) = ¢ — 2ux™> Y a;a;Djv; € H). Since 0(v, q)|s, =

S(v,q) - n, (5.16) yields
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for all u € P'. By density, VO(v,q) € (P°)* and (v, q) = p + w for some p € °H]
and w € R. Since this implies S(v,¢) - n = ¢ — 2ux™2Y_ a;a;Dju; = w on Sp,
we take ¢* = ¢ — w and obtain a unique strong solution (v, ¢*) € V? x H; of the
problem (5.2), (5.4), (5.5), (5.9). It is important to realize that this final step fully
specifies the pressure ¢*; it is now unique in the full sense of the word and no longer
just unique up to a constant.

To further increase regularity, we turn to the standard a priori estimates
of Agmon, Douglis, and Nirenberg (ADN) [2]| (see Appendix D of |9] for an
introduction). Since these estimates require that the problem be set on a smooth
domain, we consider the boundary value problem corresponding to (5.2), (5.4),
(5.5), (5.9) which has been remapped to the toroid 7 using the isomorphism ¥~*

(see Lemma 3.4):

—pAW - Iw +Vp=g on T (5.17)
V-w=0 on T (5.18)
pmy — ,u(ZmIle + moD,w; + ngwg) =0 on 0T (5.19)
pmo — (2me D we + my Dwsy + mi1D,wq) =0 on 0T (5.20)
m1Dw3 + ngng + mlbwl + mgb’wg =0 on 87 (521)
where
D
. 2D, +yD . (2
p=T YD D= () (@D, - yD,), v=|p. |,
a2+ 4 :
D
A=V? m; = \If_lnj, and gj = \I/_lfj.
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Note that the periodic boundary condition is absent here; this property is intrinsic
to the problem on 7. Evidently, the transformed quantities (I ~'v, ¥~1¢*) provide
us with a unique solution to the problem (5.17)—(5.21). The system (5.17)—(5.18)
is also readily seen to be uniformly elliptic in the sense of ADN (see Appendix

D of [9]), but verifying that the boundary conditions (5.19)—(5.21) satisfy the
complementing condition, a technical condition required by the ADN theory, is

a tedious affair. Recall that the complementing condition holds if at each point
Xy € 0T an associated constant coefficient problem has no nontrivial solutions

of the form

w(X) = > XXy (X - Xg) - v) (5.22)

where v is the outward normal to T at X, a is a nonzero real vector
perpendicular to v, and v tends to zero exponentially as (X — Xg) - v — oo (see
[23]). The constant coefficient problem under consideration is the homogeneous
problem on the half-space (X — X;) - v < 0 (with boundary (X — Xj) - v = 0)
obtained by evaluating the coefficients of the principal parts of (5.17)—(5.21) at X,.

For convenience, we set

bo = —[L(b% + bg + b%), b1 = (CY1 + 052)7:/\/5, bQ = Oégi,
bg = 27T$0(042 — al)i/ﬁ, C1 = \/§V1, Cy = 3.
Then, without loss of generality we assume that zo = 79 > 0 and make the
substitutions
~A_bO‘f-_ ~ ~ ~ ~
v = ;v] or j=1,2,3, U4 = —v4, U5 =v] —C1Vs, Ug = Uy — Col4, Uy = Us.
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This reduces the problem to a 7 x 7 homogeneous system of first-order linear ODEs

with coefficient matrix

0 0 0
—c1 —cy 0
1 0 0
0 1 0
0 0 1

0
0
by
by
bs

0 0 0 boCl//,L bo/,u 0
0 0 0 boCQ/,LL

0 bo/p
0 0
—by  —b
0 0
0 0
0 0

0
0

bo/ 1t

Given the constraints on v, we restrict ourselves to the eigenvalues with positive

real part, of which there is only one, \/by/u, of algebraic multiplicity 3 and

geometric multiplicity 2; the two linearly independent eigenvectors and one

generalized eigenvector corresponding to this eigenvalue are given by 3, 3,, 35
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respectively if by = ¢; = 0 and ,5’1, BQ, 33 otherwise, where

B =

By =

—bsv/bop
Cabo
0 5
0
—bsp

c2v/bop

~b3v/bopt
0
c1bg + bi/boji
0
—bsp
0
c1v/bopt + by

By

Vbo
0
0
0

VI
0
0

VA(ctbo — bip — 3bo)

Vi(e1vbo + biy/1t) (c2v/Do — bay/12)

—bspu(c1v/bo + biy/10)
2#(01\/% + bl\/,L_L)

—3uv/bo
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(c2bo + bav/bopt)
c1bo + biv/bojt

0

0
(c2v/Dopt + bayr)
c1vbop + by

0
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Now, with eigenvalues and eigenvectors in hand, we possess all solutions of the form
(5.22) to the aforementioned constant coefficient equations. When we plug these
solutions into the corresponding boundary conditions, we obtain w = 0 after careful
examination. Having verified that the complementing condition holds, we are
finally able to apply the a priori estimates of ADN in [2] yielding U~1v; € H¥(T),
U—l¢* € H1(T) and

3 3
10 g ey + D NT 05l < O I fll o2y

j=1 j=1

where C'y > 0 is a constant which depends on A. Since a quick analysis yields the

existence of positive constants C; and Cs such that

Cullgllm < 1% gllzeer) < Collglla

for all g € Hlff, we obtain the following estimate in :

3 3

g™l s + > Mvilleg < CsCx > 11 il s (5.23)
=1 =1

Thus (v,¢*) € V° x H3"is the unique solution of (5.2), (5.4), (5.5), (5.9) and

g(A) € {A € C: Re(\) > 0}. Now all that remains is to show that the resolvent

estimate (5.8) is satisfied. From (5.23) we obtain the estimate

2
||V| Hﬁ) S 3C§C§||f||ilf,_2

3
2 < (z o
j=1
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Thus we have

[Vl < Cull(A+ I)v]

s—2
Hp

< C (1A = AD)Vllggg- + (A + DIV

Hg*2>

s—2)/s 2/s
52 IvIES) (5:24)

< Cs (I€lgg= + (A + DIIv]

where C4y and C5 are positive constants which do not depend on \. Here we have
used complex interpolation between L? and H?. Finally, we apply Holder to (5.13)
which yields

IA

|
Ifllee = == lVilee. (5.25)

Now let us restrict ourselves to |A| > ¢ for arbitrary ¢ > 0. If s = 2, then (5.24)
and (5.25) yield (5.8) directly. Otherwise, we can apply Young’s inequality to (5.24)

obtain

V]

1
my < s ( [lleg-2 + Co(IA] + 1)*2[|v]ez + 5 =-[Iv]
P p 205

)

< Cr (g2 + (Al + 1) vz )

< Cs (g2 + (1 -+ ™A + 1272 ] )

where Cg, C'7, and Cy are positive constants which do not depend on A. Since v =

R(\; A)f, this completes the proof. ]

Having completed the lion’s share of the necessary work in Lemma 5.2, we can
now show (with comparative ease) that —A is the infinitesimal generator of an
analytic semigroup of contractions. This will allow us to easily obtain a unique
solution to the abstract Cauchy problem given by (5.6), (5.7). We refer the reader

to [21] for an introduction to semigroup theory.
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Lemma 5.3. The operator —A, with domain V2, generates an analytic semigroup

of contractions, J(t), on P with || J(t)|| = 1.

Proof. As we seek to apply Lumer-Phillips (Theorem B.10), we begin by showing
that —A is a dissipative. To do this, we must improve (slightly) upon the estimate

provided by (5.25). For A < 0, we obtain

3

()] = (v = =NV + 5 3 [ 1Djuc+ D = =Alvi (526)
ij=1

Dissipativity now follows using the Holder inequality. Since A + [ is surjective by

Lemma 5.2 and P? is reflexive (as a Hilbert space), we can apply Lumer-Phillips

to obtain that V? is dense in PY and —A generates a Cjy semigroup of contractions,

J(t), on PY. As the generator of a Cjy semigroup of contractions, —A is closed (see

Theorem I1.1.4 in [12], for example) and using (5.25) together with Theorem 12.31

from [23] we see that J(t) is actually an analytic semigroup on P°. Now, since J(t)

is a semigroup of contractions, we have ||J(t)|| < 1. However, 0 is contained in

the point spectrum of —A (see the discussion preceding Lemma 5.2) which implies

that 1 is contained in the point spectrum of J(t) by the Spectral Mapping Theorem

(Theorem B.11). It then follows from Corollary IV.3.8 in [12] that, for any constant

vector ¢ # 0, we have J(t)c = c for all £. Hence ||J(¢)|| > 1 and thus ||J(t)|]| = 1 as

required. O]

With this semigroup result in hand, we are finally ready to solve the

homogeneous linear problem (5.1)—(5.5).
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Theorem 5.4. Let3 < s <4, T >0, and f € K372 such that P£(0,-) = 0. Then
the problem (5.1)~(5.5) has a unique solution (v, q) such that v € K3, Vq € K572,

and qls, € K;_?’/Z(@GF). Moreover, this solution satisfies

C|If]

IVl + 1Valscs-= + llglse | - (5.27)

K32 (0Gr) =

where C' is a positive constant which is independent of T and f.

Proof. First we notice that Pf € C%=3/2([0, T]; P°) by the Sobolev Embedding
Theorem (Theorem B.8). Combining Corollary 4.3.3 and Theorem 4.3.5(iii) from

[21], the abstract Cauchy problem

has a unique strong solution v € CH=3)/2([0, T]; P°), with v(t) € V2 for each

t € [0,7T]. Here we are exploiting the fact that —A is the generator of an analytic
semigroup on PY. Note that v is a strong solution in the sense of semigroups; that
is, v is differentiable almost everywhere on [0, 7], with v € L'((0,T); P°), such that
v(0,-) = 0 and Vv(t) = —Av(t) + Pf(t) almost everywhere on [0,7]. In fact, v is a
classical solution in the semigroup sense since it is continuously differentiable with
respect to time (this differs from the general definition of a classical solution since
the spatial derivatives are still taken in the distributional sense).

To show that v € K3, we reconsider the abstract Cauchy problem (now with a
new unknown variable v) from another perspective. We begin by applying Lemma
C.2(ii) in order to extend Pf to K3 *(R x Q) in such a way that the extension is
bounded independent of T" and vanishes for ¢ < 0. Multiplying through the abstract

Cauchy problem by the weight w(t) = e™* and taking Fourier transforms in ¢, we
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obtain

Fu(V)(€) = (A+ (1 +i&) 1) Fu(PE)(€)-

Since it is clear that F,(Pf)(§) € P* 2 this uniquely defines F,(v)(§) € V*
by Lemma 5.2. Making use of the Fourier transform characterization of H*-
spaces for s € R (e.g., see [1]) and the fact that Fourier transforms are unitary

transformations, we have

?-15/2(R;L2)>
2 (1Fu ()& + DIl gy + 101+ € Fu(@)(E + DllEarss))

2 [ (IFu0)E+ Dl + 1+ EFPIFE + DI de

ooy < 2 (I + 19

Applying the resolvent estimate (5.8) to the first term of the integral, we obtain

iy < O (IF(PHE+1)

1w (V) (€ + 1)

H ™2
2|14 i(€ + 1)+ 1D Fu(PEE + 1))
< Cs (IIFulPEY(E + 1)

T €+ D2+ 12| Fu(PEE + DI

< Gy (IFu(PEE + Dl -

+(3VTHE) IEPOE DI

< G (|F(PE+ DI}

Hs2

+(1+€) 2 FL P+ 1))
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where (', (5, and C3 are positive constants which are independent of ¢ and f.

Similarly, we can apply estimate (5.25) to the second term of the integral to get

(14 ) PIFUE+ DI < 20+ €21 +i(e + DI IE(PRIE + DR
_o(_1tE€ 2)(-2)/2 2
2 (et ) 1 @ E P + DI

< 6(14 &) Fu(PE(E+ 1)1

Combining these estimates yields

Wl < Cr | (I7u(POE + Dl
+(14+8) T Fu(PEE + D) d
— C (IF(PEE + 1),
I+ &)L (PO + D)

= C (I1PE2 g2y + 1P aceaaqusy

2
Ky 2 (RxQ)

< C4|| PE|

where Cy > 0 is a constant which is independent of ¢ and f. By uniqueness, we
must have v .= v|g € K;. We now seek a suitable ¢ so that (v,q) is the unique
solution of (5.1)—(5.5). For fixed ¢, this amounts to finding a unique ¢ € H3™' such

that

Vq=puAv+ Av + f — Pf on )

q:Qv on SF

Since s > 3, this is easily accomplished by taking the divergence of the first

equation and applying Lemma 3.5. All that remains is to show that (v, q) satisfies
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(5.27). To estimate g we first notice that

Vgq=u(l —P)Av+VQv + (I — P)f.

The only term which we do not yet know how to estimate is VQv. However, since

2
ij=1

AQv = 0on Qand Qv = ¢ on Sp where ¢ = 2ux™?% 7. aa;Dju; € HS™' it

follows from Lemma 3.8 that VQv = P(V¢). Then by Lemma 3.7,

IVQv|

Ky = [|1P(Vo)]

it < Call Vol < Cllvl,

where C5 and (g are positive constants. Similarly, since () was constructed so that

g = Qv on Sg,

xit < Gsllv]

||Q|SF| K3

K;—3/2(8GF) - ||QV|SF||KIS)*3/2(8GF) S C(7”62‘4

where C; and Cy are positive constants. Thus, combining estimates, we obtain

Kf,’2)
Kfﬁ2>
< Cho (||h||Kf,_2(R><Q) + ”fHKE_Q)

< Cu[f]

¥y + Vel + s |er-o/2 ey < Co IVl + 1]

< G (I¥1

K3 (RxQ) T £

s—2
KP

where Cy, Cp, and Cy; are positive constants which do not depend on f (or 7). [
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5.2 The Inhomogeneous Case

We now attempt to find a solution (v, g) of the fully inhomogeneous problem

V—pAv+Vqg="1 on G (5.28)

V-v=o on G (5.29)

v(0,-) = vo(+) on {2 (5.30)

S(v,q)=h on 0Gp (5.31)

@p(t,+) € Hi N Q) vp(t,+) € Hi (Qs) on (0,T) with s > 2 (5.32)

by reducing it to the homogeneous problem discussed in the previous section. The
details regarding the allowable inhomogeneities (f, o, vo, h) require some motivation
so we have left them temporarily unspecified. Let us suppose that, in agreement
with the homogeneous case, any solution of the problem (5.28)—(5.32) will be such
that v.e K3, Vg € KE_Q, and q|s, € KS_3/2(8GF). Using Lemma C.3, it
seems clear that we should be selecting f € K32, 0 € K37, vo € HJ ™', and

h e Ki (G ). However, shortly we will want the quantity ¢(0,-) to be well-
defined and taking o € Kg_l would not provide sufficient regularity with respect
to time. To see what can be done, we take a closer look at the divergence operator.

Let j < £ where § € N initially. Then, for v.e C>([0,T]; H}) and ¢ € °H, we have

(Dg(V ) V>>¢)L2 = (V ) (ng)7¢)L2 == (ngvv¢)[‘2 .

Thus, for each t, we can apply Hoélder to obtain

(DY -v),0) .| < DIVl (6],
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so that

1DV )|yt < IIDIV]|Le.

OHp_

where °H_ " is the dual space of "H;. Now squaring, integrating in time, and

summing over j yields

2
V- V”Hs/Q((o,T);OH;l) < [Jv] %—13/2((07T);L2) < HVH%(;, (5.33)

That this inequality actually holds for all v € K7 follows from density and extends
to arbitrary s > 2 through interpolation. Thus we see that the divergence operator

is bounded from Kf) to
15 5/2 L0pr—1 2 Lrrs—1
Kp = g/ ((0,7); Hp )N L ((O,T),Hp ).

Observe that taking o € IN(S means that ¢(0,-) is now a well-defined quantity in
OHp_ ! Additionally, we must make sure that the inhomogeneities satisfy certain
compatibility conditions at ¢ = 0. It is important to note that the number of
compatibility conditions required increases with the value of s. As discussed in
Chapter 4, certain considerations require that we take s > 3. Hence the following

compatibility conditions must certainly be imposed on the initial data:
V-vy=0(0,") on €, Stan(vo) = han(0, ) on Sp. (5.34)

However, notice that if s > 7/2, the situation become a little more complicated. It
is readily seen that the value of ¢ at ¢ = 0 on Sp is determined by v, and h(0, -)
using (5.4). Consequently, the value of v(0, -) is determined at ¢ = 0 on Sg by vy,
h(0,-), and f(0,-) using (5.1). Now, since S(v, q) and h lie in H®=3/4((0,T); L?)

generally, s > 7/2 would imply that they were both in H*((0,7'); L?). This would
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mean that the tangential component of (5.4) could be differentiated with respect to

time and evaluated at ¢ = 0 to yield the condition
Dt(Stan<V))<O, ) = Dt<htan)(07 ) on SF. (535)

Since this involves only quantities whose values are determined by the
inhomogeneities (i.e., vo, v(0,-), and Dy(ha,)(0,+)), (5.35) would have to be
included as an additional compatibility condition. To minimize the number of
compatibility conditions required, we therefore restrict s to the interval (3, %) and

define

X*={(v,q):veK:, Vge K72 qls, € K**(0Gr)}
Y* = {(f, 0,vo,h) : f €K% 0 € K5,

vo € H3 ™! satisfying (5.34), h € K;_3/2(8GF)} .

Theorem 5.5. The map L : X* — Y?® has a bounded inverse for 3 < s < %

Proof. Let B3 = (f,0,vg,h) € Y*. We proceed by constructing (in several steps) an
approximation a € X* to the desired solution a of La = 3 in such a way that o —
a must solve a homogeneous problem of the form (5.1)-(5.5). By Theorem 5.4, this
homogeneous problem has a unique solution a*, implying that &« = a + a* solves
La = B. Uniqueness easily follows: since the difference of any two such solutions
would solve the fully homogeneous problem La = 0, their difference must be zero

by Theorem 5.4.
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We first attempt to find (vy,q1) € X® such that 8, = L(vy, ¢1) agrees with 3 at

time ¢ = 0. That is, we seek (vy,¢;) such that

£,(0,-) = £(0,-)

01(0,-) = o(0,-)
(Vo)1 = Vo

hy(0,-) = h(0,-)

where L(vy,q1) = (f1,01,(vo)1,h1). We begin by observing that ¢;(0,-) €

H575/2(Sp) can be defined using the equation

since one can write
3
01(0,-) = p Y (D;(v0); + Di(wo);)njmi + h(0,) - m.

ij=1

We extend ¢1(0,-) to H3~? using surjectivity of the trace operator (e.g., on 7)) and

then again to Kg_2. We now want to select vi € KJ such that

v1(0,-) = pAvey — Vi (0, ) + £(0, )

v1(0,-) = vo.

That such a vy exists follows from Lemma C.1(iii). It is now straightforward to

check that 8,(0,-) = B8(0, ).
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We now seek to improve our selection by finding v, € Kj such that L(vy,q1) =

(f2, 09, (vo)2, hy) satisfies

gy =0 (5.36)
(V0)2 = Vo
hQ(O’ ) = h(O, )

Consider an extension of ¢ = 0 — 01 to lN(;(R x ). Taking Fourier transforms, we

have

EF2F @O oy < 10+ FGEE 2o, = 151

2
H/2(ROH; ™)

so that F(d)(§) € L*(R; H™) and [€[*2F(5)(€) € L*(R;°H!). For each § € R, we

take F(¢)(§) € “HS™ to be the unique solution (provided by Lemma 3.5) of

AF(¢)(&) = F(5)(E) on
F(o)(&) =0 on Sg
D5 F(8)(E)lr, = D5F(¢)(E)Ir, for k € {0,1}

which satisfies H}"(qb)(f)HHgﬂ < C||F(a)()]|

HE- It is also noteworthy here that,
in evaluating at ¢ = 0 the corresponding problem obtained by taking inverse
Fourier transforms, (0,-) = 0 implies ¢(0,-) = 0 (using Lemma 3.5 once again).

Integrating by parts, we obtain the identity

(VF@)(E), V)2 = = (F()(£): ¥) 2
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for all ¢ € OHS). Letting v = F(¢)(§) and applying Poincaré yields
IVF(@) Oz < IF@)E)lop1 IF @) Ems < CIUF @) Eog 1 [VF(0)(E) 2,
so that [VF(6)()r < CIF(E)E)]loyr. Then

x; < Vol

K3 (RxQ)

IVl

< 2 |V¢||L2Rﬂs +[IVollz

HS/Q(R L2)>

Hs/2 R: L2))

2 (Z IF(Did) N7 sy + (1 +€)*F(Dig) (€ )||2LQ(]R;L2)>

2 (Z HD2¢||L2 (R;HS) + HDZ¢|

=2

IRIIVJT(cb)(S)I% +(1+§2)S/QIIVF(¢)(§)IIZ£2)

(
<c([IF@yel

el ([ T Ap—

b (L4 IOy )

Setting vo = vi + V¢, it is easy to verify that all four conditions in (5.36) are
satisfied.

Next, we aim to modify the velocity expression in such a way that its divergence
remains unaffected, while allowing the tangential component of the stress on

the free surface to be compatible with h. That is, we seek v3 € K7 such that
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L(V?ﬂ ql) = <f37 03, (V0)37 h3> satisfies

Pf5(0,-) = P£(0,-)

(V0)3 = Vo
h3(07 ) = h(O, )

(h3)tan = htan-

This is accomplished by setting v3 = vy + w where w is given by Lemma C.7 with
b = (h — hy)san.

Lastly, we seek ¢, € Kg_l such that L(vs,q2) = (f4,0,vo, h) where Pf4(0,-) =
P£(0,-). This can be done by simply taking ¢g» = ¢; + ¢ where § € Kgfl is chosen so

that

¢g=(h—h;)-n ondGp, G(0,-) =0 on Q.

Such a g exists by Lemma C.1(iii). It is straightforward to see that, at each stage,
v; and g; could be chosen so that they depended on 8 in a bounded fashion. In

particular,

x: < C|8]

||(V37C]2)| Ys-

The final step is to notice that (v,q) € X* satisfies L(v,q) = 8 if and only if (v —
v3,q — q2) solves La = (f — £,,0,0,0). The claim now follows from Theorem 5.4 as

discussed at the beginning of this proof. O]

Recall from our discussion in Chapter 4, that the full nonlinear problem can be

reduced to solving an equation of the form (L + F)a; = g where F' is a certain
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nonlinear operator, g is a given function, and o € X{ where

X0 = {(VaQ) € X V(07 ) = V(O, ) = Q(Oa ) = O}

The ultimate goal is to show that the operator, R, defined by Ra; = L™ (g — Fay)
is a contraction mapping (on some subspace of X)) for small enough 7'. As such, it
is crucial that we understand the dependence of L™! (and F') on T'. The following

result demonstrates that the image of X§ under L is given by

Y3 = {(f,0,0,h) € Y*: £(0,) = (0,) = 5(0,-) = h(0, ) = 0},

the restriction of L to X§ is invertible, and the norms of L and L~! on these spaces
remain bounded as T" — 0. This last point is vital and follows largely from the
absence of an initial velocity field (relating the norms of vy and v would generally

depend on T otherwise).

Theorem 5.6. If3 < s < I, then LX§ =Y and L

xs 18 invertible. Both L
0

X and

L‘l\yg are bounded independent of T'.

Proof. That LX{ C Yj is immediate. Since L is invertible, it suffices to show that
Y; C LX;. Let (f,0,0,h) € Y§ and (v,q) = L™'(f,0,0,h) € X*. Since v(0,-) = 0,
it follows that ¢(0,-) = S(0,¢(0,:)) - n = 0 on Sr. This implies that v(0,-) =
—Vq(0,-) so that v(0,-) € (P%)*. However, since (I — P)v(0,-) = —Vq(0,-), the
identity

(Vq((), ')7 v7vZ))L2 - (v ) V(Ov ')7 w)LQ - ((5‘(0, ')7 w)LZ =0

must be satisfied for all ¢» € “H] (see the proof of Lemma 3.7(i)). Hence Vq(0,-) €
PP, which implies that Vq(0,-) = v(0,-) = 0. Since ¢(0, -) vanishes on S, it follows

that ¢(0,-) = 0 everywhere in 2. Thus (v, q) € X and Y{ C LX§,.
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That L, restricted to Xg, is bounded independent of 7" is simple to verify
directly. As for the restriction of L™! to Y}, to see that it is bounded independent
of T" we must examine the proof of Theorem 5.5. The construction of (vq,q;) is
irrelevant since we can take both components to be identically zero for 8 € Y§.
Next, we note that ¢ can be extended to &, in the construction of v,, with bound
independent of 7" using Lemma C.2. Finally, the estimates obtained from Theorem

5.4 were previously shown to be independent of T O
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6 The Full Nonlinear Problem

With the linearized problem complete, we are finally able to follow through with
the proof of Theorem 4.1. We follow the method employed by Beale in [7]: (i) we
construct an approximation, ag = (vg, qo), to the desired solution, @ = (v, ¢q), in
such a way that their difference, oy = (vi,q1) = (v,q) — (vo, o), lies in X§; (ii) we
rewrite the nonlinear problem in the form (L + F)or; = g, where L is the (linear)
differential operator discussed in Section 5.2 and F' is a nonlinear operator; (iii) we
utilize Theorem 5.6 and show that the operator R, defined by Rw = L™ (g — Fw),
is a strict contraction on a subspace of X§. It then follows from the contraction
mapping principle that R has a unique fixed point (in that subspace) which yields

our desired solution.

6.1 Proof of the Main Result

Proof. Fix Ty > 0 arbitrarily and set Go = (0,7p) x €. Note that while the generic
constants (C, Cy, C, ... ) used in this proof will frequently depend on T, they will
always be independent of T'; the dependence of estimates on 7" will be made explicit
in each case. We begin by constructing 3, € Y* so that if oy is the solution of
Loy = By, then it follows that a; € Xj. Here again, o is taken to be the
difference between a and ay, where « is the desired solution of the full nonlinear
problem. The difficulty in this construction lies in ensuring that ¢4(0,-) = ¢(0, -)

and v(0,-) = v(0,-). To see how this can be accomplished, we first notice that

Vql(O, ) = —V1<O, ) (61)
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follows from (2.9) and (5.28) provided that (3,)1 = ges and (3;)s = ug. Taking the

divergence of both sides, (6.1) implies

This equation is useful because the quantity V - v(0,-) is determined entirely by uy.
We can verify this by differentiating the matrix A = (), ;(¢,a)) with respect to ¢

and evaluating at ¢ = 0 which yields

DtA(07 ) = Dt(VY)_1(07 )

=—-Vv(0,")

= —Vllo. (63)

Hence )'\m-(O, ) = —Dj(uyp);. Now, differentiating (2.10) with respect to ¢ and

evaluating at t = 0,
3 .
Z (/\jﬁD;ﬂ)j + )\j’ka@j)((), ) =0
k,j=1

> Dyin(0,-) = Y Dj(ug)pDy(uo);
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Suppose that vq is chosen so that V-v((0,-) = o where 0 = Z;j:l D;(ug)r Dk (uy)j;-
Then (6.2) implies Agy(0,-) = 0. If we take (8;)s = 0, then

2
90(0,-) = 205> Y " a,a;D;(up); = (0, )
ij=1
on Sr (see the beginning of the proof of Lemma 5.1) so that ¢;(0,-) = 0 on
Sr. Exploiting the uniqueness of solutions, it now follows from Lemma 3.5 that
¢1(0,-) = 0 and hence v;(0,:) = 0 by (6.1). Thus, to show that a; € X§, it suffices

to prove that (3,)s2 € l?g can be chosen such that it is a solution of

¢(O7 ) =0
The second equation ensures that vy will satisfy V - v(0,) = o while the first

keeps the problem Loy = (3, in agreement with (4.2) at ¢ = 0. Lemma C.1 would
seem to be the obvious way to find ¢ satisfying these conditions, but observe that
it requires o € H5’3. At first glance this appears to be a problem since a direct
application of Lemma C.5(ii) only gives o € HJ). However, it is straightforward to
verify that o = V - (ug - Vug) since V - ug = 0. It then follows from Lemma C.5(i)
that uy - Vuy € Hf;2 so that o € HS*B. Lemma C.1 now provides a ¢ € K C [?I‘;’
satisfying the desired conditions.

To help bridge the gap between the nonlinear problem (2.9)—(2.15) and the

linear problem solved by ay, we introduce the approximate trajectory/displacement
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maps “predicted” by ay. We set

¢ ¢
xo(t,a) = / vo(T,a)dr, X] =X—Xg= / vi(T,+)dr,
0 0

yo(t,a) =xo(t,a) +a, Ny = Vyo7T1 X VyoTa,
N; =N — Ny, Ao(t,a) = (Vyo(t,a)) ™t = (I + Vxo(t,a)) ",
A=A = A, Io(t,a) = ((m0)i,; (@) = ((Mo)iy — diy) = Ao(t, @) — 1,

where [ is the 3 x 3 identity matrix. There is no benefit to defining II; since we
already have Ay = (A — I) — (Ag — I). Notice that both A;(0,-) = I — I = 0 and,
using (6.3),

DA (0,+) = —=Vug + (I 4+ Vxo) " Di(I + Vxo) (I + Vo)) (0, ")
= —Vllo + VXO(O, )
= —Vllo + VVO(O, )

=0.

Hence our choice of a also provides excellent agreement between A and Ag at
t = 0. We denote by M the linear operator (i.e., acting on X* with A fixed),
analogous to L, formed by (2.9), (2.10), (2.12), and (2.14). Similarly, we use M, to
denote the linear operator formed using the same equations but with A, N replaced
by Ag, Ny, respectively. It is important to note that although M and M, are linear
as operators, they themselves depend nonlinearly on e and oy respectively. Setting

Ly = My — L and Ly = M — M,, we see that the full nonlinear problem can be
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rewritten as

Mo = (ges, 0,u0,0)

(L+ Lo+ L) = (ges3,0,u0,0)

Loy + Loy + Loy + Loy + Liog + Lioyy = (ges, 0,up,0)
Loy + Looy + Loy + Ly = (0, —¢,0,0) — Loag

where F' @ X§ — Y isgiven by Foy = Looy + Lyog + Lyoyy and g =
(0,—¢,0,0) — Loy depends only on known terms. The bulk of our remaining work
will lie in showing that each term in F' is actually Lipschitz continuous with respect
to a; provided that o is taken from a fixed, bounded subset of X{. Moreover, we
will prove that each forms a contraction mapping in a; for sufficiently small 7". In
particular, we will see that there exists a constant C' > 0, independent of T', such
that

HFO&l — F&ﬂ Ys S CT(SHOQ - 621|

X (6.4)

for some § > 0 (still assuming that a; and a; are taken from a fixed, bounded
subset of X§).
Suppose that F satisfies (6.4) and that we take the closed set B = {a; € X} :

low — L~ 'gllx: < [[L7'g]

x:} as the relevant subset of X§. Note that this is a fixed
and bounded subset of X§ because we can exploit the fact that g € X§(Gp) to

bound ||L~'g|

xs above by a constant which is independent of 7" (using techniques
explored in detail over the next several pages). Observe that if we define the map
R : X5 — X§ by Ry = L™ (g — Fay), then the existence of a fixed point of R

would yield a solution of the full nonlinear problem (2.9)—(2.15). Taking ac; € B
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and applying Theorem 5.6,

|Roy — L7'g||xs = |L7' Foy ||xs

< Ci||[Fay]

YS

< G|

XS

< CQT5(||a1 — L_lg\ xs + HL_1g|

x:)

< GT°|| L7 gl

so that R(B) < B for sufficiently small T. Here C}, Cy, and Cj are positive
constants which do not depend on T'. Moreover, R is a contraction on B for the

same T since

||RO(1 — R&ﬂ Xs = HLil(FOtl — F&l)\

Xs
S C'1||Fa1 — Fa1||ys

< O3y — @ |xs-

Thus we can apply the contraction mapping principle to obtain a unique fixed point
of R in B which yields the desired solution of our nonlinear problem.
All that remains is to show that F' indeed satisfies the estimate ||[Fa; —

Fayllys < CT?||a; — ay||xs for some § > 0 and for all a1, a; taken from a fixed,

bounded subset of X§. Setting s = 3 + 2§ where 0 < § < 1, we now estimate
the terms arising in the various components of F' individually. It should be noted
here that while the operator L; depends on both oy and a;, Ly is independent of
a; (depending only on «). To avoid repetitive comments, we also note that in

the following claims C, Cy, CY, ..., denote positive constants which may depend on
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Ty, but are always independent of T'. In particular, C' denotes a generic positive

constant which can change from instance to instance.

Claim 1. (Lo); is a contraction for sufficiently small T', with [[(Locu)1[lgs-2 <

Xs.

CT?|ay |

Proof of Claim 1. First we notice that the i*® component of (Loc;); can be

rewritten, using the entires of I, as

(Loc)1)i = =4 Y (X0)jk Dr((M0)jon D (v1)i) + 1Y Di(v1)i

Jk.m

+ Z()\o)z‘,kaCh — Diqx
P

= = Y (70) 1 Di((70) jm Do (V1)) — o Z D;j((70) jm Drm (v1):)

j.k,m
—u Z(Wo)j,ijDk(Vl)i + Z(Wo)i,ka(h-
Jk k

The reason that we opt to write terms using Il instead of Ay has to do with
our need to make repeated use of Lemma C.6(ii). This result is used to split
products, such as (79);mDm(v1);, into pieces that can be estimated individually
without introducing an unknown dependence on 7" and relies on both pieces (and
potentially their time derivatives) vanishing at t = 0. Since (Lga); can be written
so that every term contains entries from Ily and these entries all vanish at t = 0
(unlike those of Ay), it is only natural to rewrite things in this form.

Our first goal is to show that (7¢);mDm(v1); € K2 To obtain estimates
for Ty, we begin by examining the derivatives of vy (and subsequently x¢). Since

Dy, (vo); € K§+25(G0), we have D,,(vo); € H?((0,Tp); Hg_%) by Lemma C.3. It
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then follows from Lemma C.4 that D,,(x0); € H'*°((0,T); H2~*) and

||Dm(X0)z‘||H1+6((0,T);H§*26) < ClT(S||Dm(v0)i||H25((07T)?H3725)
< O T Do (V0)ill g8 (0 10):12 %)

= C,T° (6.5)

for T < Tp. This implies that ITg = —1 + ) (—1)"(Vx()" is well-defined and

(e o]

1Mol prres(0.y;mz2y < D Co ™ IVl {grasao,mysaaz-20yy00s

n=1

||VX0H (H1+5((0,T);H§*25))3x3

1= CollVxoll s o rysaz- 2y

< CsT°, (6.6)

provided that we take T" small enough that ||VX0H(H1+5((0 T):H22%))3x3 <
min{3, ﬁ}, where (Y is the appropriate constant taken from Lemma C.6(ii).

Finally, we observe that by Lemma C.3(ii), vi € H'*°((0,T); H}) with
IVillassomym) < Cllvillgares,
where C' is independent of T". Thus, applying Lemmas C.6(ii) and C.5(i), we obtain

| (WO)j,mDm(Vl)i ||H1+5((0,T);L2) < C4| (WO)j,m ||H1+6((0,T);H§—25) | D (v1):l] H1+3((0,T);L?)

S O4HH0||(H1+6((0,T);H§—25))3x3||V1\|H1+6((0,T);H;)

S C5T6HV1HK2+25. (67)

To conclude that (m9);mDm(v1): € K§+25, we now need to estimate its spatial

derivatives. Since we have Dy, (vo); € HO((0,Ty); H2*?), it follows that Dy, (%o); €
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H'((0,T); HX**) by Lemma C.4. In fact, the Sobolev Embedding Theorem (B.8)
implies that D,,(x0); € C([0,T]; H™*). To obtain our desired estimate we will now
need to exploit complex interpolation between H2 and H] (see Appendix A.2 for

details regarding complex interpolation). First, we notice that

/Ot Dy (vo)i

Now, we suppose temporarily that fg Dp(vo); € HE where k € {2,3}. Applying

D, (x0), 24260 = Sup
| D ( )HC([O,TLHp ) te[0,T]

2426
Hy

Holder yields

t 2 t 2
‘/ D, (vo)i < /Dm(VO)i
0 HE 0 Hk
t 2
= Z / DaDm<V0)i
o<k 1170 L
T 2
= Z / X[O,t]DaDm<V0)i
ja|<k 1170 L
2
< Z HHX[OJ]||L2(0,T)||DaDm(V0)i||L2(O,T)HLQ
|| <k

2

> I DaDu(vo)illz2

o<k

= ||X[0,t] H%Q(O,T)

L2(0,T)
2

< (it ||Dm(Vo)i||L2((0,T);H§)
2

< Cyt ||Dm(Vo)i||L2((o,To);H§)

< COot
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where C and C are positive constants depending on k. If we take D,,(x0); €

C([0,T); H?), then applying Theorem A.1(iv) yields

/D V()
/D VQ

< C sup /2
t€[0,T]

|| Dra (%0)i “C[OT] m2t2ey = Sup
tEOT]

H2+25
1-26 20

< sup
t€[0,T]

/0 Dy (vo)i

a3

= CTY. (6.8)

Estimate (6.8) remains valid for all D, (xo); € C([0,T]; H2**), since H? is dense in
H2™ . Now the approach used to obtain (6.6) can be applied again, this time with

the constant Cy > 0 coming from Lemma C.5(i), to obtain
HHO|‘(C([07T];Hg+25))3><3 S C6T1/2.

Since Dy, (v1); € H°((0,T); H2*?°), Lemma C.5(i) yields

1/2

T
1670)m D (VM 2y = [ 100D D)
0

T
<c < / ||<7ro>j,m||im||Dm<vl>i||zm)
O P P

< CT (Do (v2)ill oo yemz+2)

1/2

S CT1/2HV1||KI?;+25. (69)
Combining (6.7) and (6.9), we obtain (o) jmDm(v1); € K22 with

|| (7T0>j,mDm(V1)i ||K§+26 S Cqﬁ5 ||V1 ||Kg+26 . (610)
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The same series of steps can be applied to show that the terms

(Wo)j,ijDk(VOu (Wo)j,ka((Wo)j,mDm(Vl)i), and (Wo)i,kaCh,

all belong to K;”‘s and satisfy the same type of estimate as (6.10). Specifically, we

obtain
[(Loa)llgarze < CT||vi[lgseas + CT? ||V [l ggyas.

Since Ly is linear in aq, the first component is obviously a contraction mapping for

sufficiently small T'. n

Claim 2. For any fixed constant K > 0, (Ljap); is a contraction in ay for

x: < K. In particular, ||(Licw); — (L)1

sufficiently small T" and ||| k2 <

CT’||a; — @ ||xs for all a, &y bounded as above, where L, depends on a; in

precisely the same fashion that L, depends on «;. Here the constant C' > 0

depends on K.

Proof of Claim 2. The i™ component of (Ljc); can be rewritten as

(Lrco))s = =1 Y AiaDe\ym Dn(v0)s) + 11 (30) 6 Dk((A0)m Do (V0):)

j?kYm j7k7m

+ Z ik Drgo — Z()\O)i,kaqO
k

k

== Y (M)wDe((A)jun D (v0)i) = 1Y (A1) Di((70) jm Do (Vo)1)

j?k’m j7k7m

— 1> (70)j6 Di((M)jm D (Vo):) — 11 (M) 6D Di(vo)s)

j7k7m j7k

=13 Di((An)jm D (v0)i) + 3 ()is D
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The approach which led to (6.5) and (6.8) can be used again to obtain

||Dm(X1)z‘||H1+5((0,T);H§*25) < CT5||V1||K§+25>

||Dm(X1)i||C([0,T];H§+25) < CT1/2||V1||K§,+25-

It is important to note here that since a; will eventually be restricted to a fixed

bounded set (i.e.,

[l

x: < K for fixed K), we will be able to take 7" small enough

to ensure that both || D,,(x0):|| < € and ||D,,(x1);|| < €, in the appropriate norms,

for any € > 0. Temporarily denoting the space (H'*((0,T); H2~))**3 by H, we

apply Lemmas C.6(ii) and C.5(i) to get

AL s (0,720 yy3x3 = 1(Vy)™ = (Vyo) 'z

= (Vy) " (Vyo — V¥)(Vyo) 5

n m

- Z(—l)”*m(Vx)"Vm(VXo)m

m,n

H

<D CETIVIEIVL 7 Vol

m,n

— (Z(—l)"(Vx)”) Vxi <Z(—1)m(VX0)m>

H

<Vxillg Y CE IVl + 1 Vxoll 7)™ V0l 5

m,n

< 1Vxillg Y G2 IVl + VX0l 1 Vol

m,n

VXl 1

= +
1 - Gol| Vx|l 5 (1 —2Co||Vx1| 5
< O Vx| 7

< CT5||V1||K3+25.
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Here we have taken T small enough that all of the geometric series converge and
are easily estimated (e.g., ¢ = min{3, ﬁ}) We have also employed the trivial
estimate (a + b)" < 2" Y(a™ + b") for a,b > 0. Since D,,(vy); € H'*((0,T); L?) by

Lemma C.3(i), the triangle inequality yields

(A1) j.m D (Vo)ill s 0,2y < 1A jm D (V)i — (W0)i) | zr+6 (0,1):22)

+ ||()\1>j7mDm(u0)Z’||H1+6((07T);L2). (612)

We subtract the initial velocity uy from v here so that we will be able to apply
Lemma C.6(ii) in a later step. While this subtraction introduces the second
term on the right side of (6.12), this term is not problematic since uy is itself

independent of time. In fact, we can find a constant C' > 0 such that

(A1) jum Do (@0)ill 145 0,7);22) < Cll Do (0)ill 2]l (M) jom | grss o,y 220y (6.13)

using the interpolation property for linear operators given in Theorem A.2. Similar
interpolations will be required in the proofs of subsequent claims; here we describe
the manner in which the interpolation property is used, but in later instances we
will leave most of the details to the reader. Using Lemmas C.5(i) and C.6(i), we
can define the linear multiplication operator 7' : H*((0,T); H2*°) — H*((0,T); L?)

by Tf = fDp(up);. Now, for k € {1,2} and f € H"*((0,T); H:*), we apply
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Lemma C.5(i) to obtain

1 Do (W0)sll3x 0,222y = D 1101 (f Don(90)3) 1320122

<k
_Z/ /|D u); D f?
]<k
=3 [ 1Du(w) P/ D3 £
]<k
= ‘Dm(u(])i
2
< Cull D (i 32| 1o |,

= Cy|| Dy (0o); ”LZHfHHk (0,T);H2~2%)

where C;, > 0 is a constant depending on k. Hence we immediately obtain
that 7" and T 2 1,229y are continuous into H'((0,7); L*) and H*((0,T); L?),
respectively, and have operator norms bounded above by a positive constant
depending on ug. Let us temporarily set Xo = H*((0,T); HX*), X, =
HY((0,T); HZ ), Yy = H*((0,T); L%, and Yy = H'((0,T); L*). Theorem A.2

then implies that T'| 145 1y, 2-2s) is continuous into H™((0,T); L?) and

| D (@o)ill s o,my;22) = 1T f s o,m):02)
< |’T||L(H1+5((O,T);HS’%);HH“S((O,T);LQ))||fHH1+6((01T)§L2)

< CIT N, 112 oy 1 s o,mysnzy

< CHDm(uO)iHL2 ||f||H1+5((0,T);H§*25)

for all f € H'((0,T); H2"*), where we have neglected to denote restrictions

in order to enhance readability. Hence (6.13) holds. We can now combine Lemma
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C.6(ii) with (6.13) and (6.11) to obtain

1 (A1) jim D (Vo)ill s 0,152y < Crll(A)jm | g1 D (V0)i — (W0)i) | 50,72
+ Caof|(M)jmll 7

S 03T5||V1 ||Kg+25

from (6.12). Here we have temporarily denoted the space H'*°((0,T); H2™) by H
for convenience. The same general approach used to obtain (6.11) is now applied
again to get

[ Al (C([0,T);HEZ+29))3x3 <cT'’? v ||Kf)+25 :

The estimate analogous to (6.9) can also be found as before and from this it follows
that

H<)\1)j,mDm<V0)i||K§+25 S CT6||V1HK§)+26. (614)

The same line of reasoning can now be used to show that all but the first term in
((Lyoy)1); belong to K1 and satisfy an estimate of the form (6.14). The first

term, on the other hand, satisfies
1) Dk (A1) jn Do (Vo)) | gazs < CT°|[vi [lggaras (1 + [[vallgaras)-

Here the two v; norms arise as a result of the estimation of the two A\; terms
individually. However, since we will eventually restrict ourselves to o lying in a
fixed bounded set, the above estimate is equivalent to one of the form (6.14). To

see that the (Ljayp); is a contraction in v in this setting, we take oy and o from
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a fixed bounded set and observe that

A=Ay = (A= Ag) — (A= Ay)
—A—A
= (Vy)' = (Vy)™
= —(Vy) ' (Vy - Vy)(Vy)™

=—(Vy)"'V(y1 = y)(Vy) ™

where the quantities with the tilde ~ correspond to a; in the obvious way. This
allows us to estimate differences of terms involving A; and Kl (in the various
norms) by ||A; — Ay|| < CT?||v, — GIHK?}HJ. Adding and subtracting to compare

terms from A; and /~\1, we can conclude
[(L1ag) — (Zla0)1||KII)+25 < CT°||vi = V| eos

so that (Liay); is a contraction in a; for sufficiently small 7" and ||a |

XSSK |

It readily follows from the techniques/estimates used in the proofs of Claims
1 and 2 that (Lja); also satisfies Claim 2 under the same conditions. We now
move on to the second component of ' which deals with the conservation of mass
equations.

Claim 3. (L), is a contraction for sufficiently small 7', with ||(Loox)s2| 7 <
P

O v -

Proof of Claim 3. First we observe that

(Loar)s = Y (M) Dk(v1); = V- vi = > (m0);xDr(v1);

Jik g,k
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and note that the estimate (6.9) directly applies. All that remains is to estimate
the product (mo);xDyk(v1); in H3/2T0((0,T);"H ).
Since v1(0,-) = v1(0,-) = 0, we can use Lemma C.2(ii) to extend v, to (0,7p)

with norm bounded independent of 7'. Combining this with (5.33), we find

||Dk(V1)j||H3/2+5((0,T),0H;1) < ||Dk(V1)j||H3/2+6((0,T0),0Hg1)

< OH(Vl)j||Hs/?((o,TO);Hg)mHO((o,TO);Hg)

< COlvy|

Ks-

By Lemma C.3(ii), we have Dy(vy); € H'((0,T); H2) with Dk (V)] 10,1y m20) <
Cllv4]

k3. Hence we can apply (6.6) and Lemmas C.6(ii) and C.5(i) to obtain

11(70).6 Di (V1) | 111 (0,7ysm120) < CT° [[va 1, -

We now estimate the terms arising from differentiating this product with respect
to time. Since Dy(vy); € HY?™((0,T);°H,"), the same approach used above,

modified slightly to use Lemma C.5(iii), yields

11(70) 1.4 D (V1)1 /245 0,y m5 1y < CT?[| V1 [l

Notice that the condition v1(0,-) = 0 is necessary to obtain this estimate. Next
we try to estimate terms of the form (), xDx(v1); in the same space. Since
Dy(%o); = Di(vo); € K2(Gy), we have both Dy(%o); € HY*™((0,Tp); H})
by Lemma C.3(ii) and Dy(xo); € HY**((0,Ty); HX™*) by Lemma C.4.

Since Iy = —AgVXoAy, it follows from Lemmas C.5(i) and C.6(i) that II, €
(HY/2H5((0, Ty); HY))P.
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While it would seem that we are now ready to estimate (7);,Dx(v1), in the
usual fashion, the fact that ITy(0,-) = —V%(0,-) = —Vu, means that we
cannot apply Lemma C.6(ii) directly. However, with the appropriate addition and
subtraction, Lemmas C.6(ii) and C.5(iv) can be applied to split the product up as

desired:

[(70) ;6 Dr(vi)ill g < [[((70)x + Dj(w0)x) Di(vi);ll g + 1D (w0)x Dr(v1);ll 7
< Cul|(70) e + Dj(00)kll zr22 (0.0y:00) 1 P (V1) | 120,726

+ ol D; (o)l g | D (v )l 17245 0,79;2)- (6.15)

Here we have temporarily denoted the space H'?%2((0,7T);°H ") by H for

convenience. We have also used the estimate

17D (ao0)kll /2450, ry0 1y < ClD;(o)kl [y || /s 0,752 (6.16)

which holds for all f € HY?*3((0,T); L?) and can be obtained using Theorem A.2
in a similar fashion to the one detailed in the proof of Claim 2. Unfortunately, the
second term in (6.15) can not be estimated in the usual way; ordinarily we are able
to obtain our estimates’ dependence on T' from whichever function is multiplied
onto vy, yet here ug is completely independent of T'. To get around this, we observe
that since Dy(v1); € H((0,T); H2’) by Lemma C.3(ii), we can rewrite Dy(v1); as

the integral (in time) of Dy (v1); and apply Lemma C.4 to get

||Dk(V1)j||H1/2+5((0,T);H36) = ||Dk<vl)j||H1*(1/2*5>((0,T);H§5)
< CTY27) De(30) o o.rysmze)

< CT1/2_5”V1HK;- (6.17)
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Now both terms in (6.15) can be estimated easily, yielding

[(770) .6 D (V1) ||H1/2+6((0,T);0H;1) < CTV*||w| K-

The inequality in the claim follows trivially. As with the first component, linearity
of Ly in a; now implies that the second component is a contraction mapping for

sufficiently small 7' n

Claim 4. Under the hypotheses of Claim 2, (Ljay), is a contraction in e for

sufﬁciently small 7"7 with ||(L1a0)2 — (zla0)2||[~<s S C’T5||a1 - &1|

ks Where ay, o

are taken as in Claim 2.

Proof of Claim 4. As before, we note that
(Lr1cg)2 = > (M);xDk(vo);-
jk

Since the estimate analogous to (6.9) directly applies, we need only estimate the
product in H3/27°((0,T);°H ). Then, adding and subtracting so as to exploit

Lemma C.6(ii),

(A1) Di (Vo) il 0,1);2) < /(A1) 6 Di((vo); — (o))l 77 + [[ (A1) 1,6 Dic (o) ]| 7
< Cul| (M) i 0,7y, 229y | Di (Vo) 5 — (0);) | 7
+ Cof| Dk (u); ||H§,5 | (Al)ijHl((O,T);HS_%)

< C3T°||v4

Ks-
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Here we have temporarily denoted the space H((0,T); L?) by H for convenience.

We have also used the estimate

1 Dre(o) sl (0,r):22) < Coll Die(wo)j || azs | 1] g 0.7y, 220

valid for all f € H'((0,T); H2*°), which is a simple application of Lemma C.5(i).

Applying the same approach as that leading to (6.17), we see that
-5
HDk(X1>jHH1/2+5((0,T);H§+25) <CTV? HV1HK§,-
Similarly, the steps that led to (6.11) can now be used to show that

HAl H(H1/2+5((0,T);Hg+25))3><3 < OTl/Q?JHVl HKIS)

Since Dy (vo); € HY*7((0,T);°H, ") (see the similar discussion in Claim 3), we can

use Lemmas C.6(ii) and C.5(iii) to obtain

(A1) Dr (Vo) i1l i < [[(A1) e Di((¥o); — (V0); (0, )l 7
+ [[(A) 6 Di(v0); (0, )|
< Call(A) kel a2+ (o0,1), 220y [ D (Vo) j — (v0)(0, )| 7
+ C5l[ (M)l 20 (0,7 228y [ Dk (V0) (0, o g1

S CﬁTl/Qils”VlHKf).

Here we have temporarily denoted the space H'/*+((0,T);"H;") by H for

convenience. We have also used the estimate

1 Dr(v0); (0, )l grrr2+5 oo mzty < CHDR(V0)5 (05 )Mo g 1 | 1246 (0,7), 11228
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which holds for all f € HY**((0,T); H2*?) and can be obtained using Theorem
A.2 in a similar fashion to the one detailed in the proof of Claim 2. All that
remains is to estimate terms of the form (\;); Dy (vo); in the same space. Lemma

C.4 implies

HDk(X1>jHH1/2+5((0,T);H§+25) < CTl/%aHVlHK;-

Adding and subtracting terms, it is straightforward to verify that
Ay = —(Ay + TIp + D)V (A + Tl 4 1) — (Ay + g + I)VxeA; — Ay Vio(ITy + 1).

Since every term contains either A; or Vxy, with all other quantities bounded
(for a; taken from a fixed, bounded set), we can apply Lemmas C.5(i) and C.6(ii)

repeatedly to get the estimate

||A1||(H1/2+5((0,T);HI1)))3X3 S CT1/2_6||V1| Kg

Finally, since Dy(vo); € HY*%((0,T); H}), we can apply Lemmas C.6(ii) and

C.5(iv) to obtain

||(/.\1>J}ka(V0)j||H1/2+5((0,T);0H1;1) < ||(/.\1>j,k<Dk(V0)j = Di(wo))l
+ ||()"1)j7ka(u0)jHH1/2+5((O,T);0H,;1)
< Crll(M)jkll 71 Di(v0); — Di(wo);ll
+ Cs|Dj (o) kL g |1 D (Vi) | 12+ (0,1):22)

< CoT'?70||vy|

K3 -

Here we have temporarily denoted the space H'/**((0,T); H}) by H for

convenience and have also made use of the estimate (6.16). That (Liayg)s is a
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contraction in a; can now be shown using the techniques described at the end of

Claim 2. -

As before, (Lo ) can be shown to satisfy Claim 4 (under the same conditions)
using a combination of the techniques/estimates described in the proofs of Claims 3
and 4. Since it is clear that (Fay)s = (g)s = 0, all that remains to be shown is that
the fourth component of F' is also contraction in o.

Claim 5. (Lg)4 is a contraction for sufficiently small 7', with

[(Locer )]

K20 < CT?laulxe.

Proof of Claim 5. As usual, we begin by rewriting the i*" component in terms of

the entries of Ilj:

(Locu)a)i = a1(No = m); — Y ((m0) 6 Dr(v1)i + (m0)ix Di(v1);)(No — m);

j.k
— 1> _(Dj(v1)i + Di(v1);)(Ng — m);
J
— 11> _((70)jx Dr(v1)i + (0)i x Di (V1)) (6.18)
jik
where n = n(0,-) = N(0,-) = Ng(0, ). It will be most convenient for us to estimate
terms in K§+25(G0) and then restrict them to 0Gr. In keeping with this, we can
use Lemmas C.2(ii) and C.1 to extend ¢ first to K5/*™°((0,Tp) x Sp)) and then
to K272°(Gy) in such a way that it remains bounded independent of T'. Since n; is
smooth and, like ug, independent of time, the last term in (6.18) is straightforward
to estimate using the general techniques discussed in the proofs of the previous
claims. For the remaining terms, the only expression which has not already been
estimated is Ny — n.
The tangent vectors 7 and 75 are both C*(Q2), so Ny is easily extended into

). Moreover, Lemma C.3 and the Sobolev Embedding Theorem imply that N, €
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H'((0,T); H3**) N C([0,T]; H2***) which is contained in C([0,T]; CJ). Now,

since
No—n = (Vxor1 X VxoT2) + (VXT1 X T3) + (71 X VX0T2),
it readily follows from (6.5) and (6.8) that both
INo — n||H1+6((o,T);H§*26) <1 and INo — n||cqo,T];H§+25) < o7

With these new estimates in hand, the claimed inequality now follows from the

usual techniques. As always, linearity of (Lg)s now implies that it is a contraction.

Claim 6. Under the hypotheses of Claim 2, (Lja)4 is a contraction in oy for

sufficiently small 7', with ||(Licw)s — (L4

K206 ) S CT’||laey — &u||kg where

o, o are taken as in Claim 2.

Proof of Claim 6. The i*" component of (L), can be rewritten as

(Lico)a)i = = Y (M) Dr(vo)i + (M)irDr(vo) ) (N1); + (No — 1) + ny)
— 1) ((m0)a; Dr(vo)i + (o) Di(vo) ;) (N1);

— 1D ()i Di(¥o)i + ()i Di(vo);)(No = m); + ;)

Here we seek appropriate estimates for N;. This can be done in roughly the same
way as in Claim 5 (with Ny) using the corresponding estimates for D,,(x;);. Here

the condition that ay be taken from a fixed, bounded set is required in order to
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obtain

Now (Ljay)4 is readily seen to be a contraction in «; using the same technique

outlined in Claim 2. n

Finally, we can combine the approaches in the proofs of Claims 5 and 6 to
demonstrate that (Lja)4 similarly satisfies Claim 6. Thus F' satisfies (6.4),

completing the proof of Theorem 4.1. O

Since ap and oy are uniquely determined, it is tempting to assume that the
solution provided by Theorem 4.1 is the only one. Unfortunately, however, though
we obtain that a is the unique fixed of R|g using the contraction mapping
principle, this says nothing of whether it is also the unique fixed point of R (on
X3). The following result shows that any other solution of the nonlinear problem
(2.9)—(2.15) must agree with the one provided by Theorem 4.1 for some initial
period of time. Here we will denote changes to the underlying time interval of a

space by appending this interval onto the name of that space.

Lemma 6.1. Let 3 < s < % Suppose that a € X5(0,Ty) is the solution of (2.9)-
(2.15) provided by Theorem 4.1 and let B € X*(0,Ty) be any other (strong) solution

to the same problem on (0,Ty). There exists Tg > 0 such that o = 3 in X*(0,Tp).

Proof. Let a € X*(0,Ty) be the solution discussed in Theorem 4.1 where T,
denotes the fixed upper limit of the time interval for this solution. Now suppose
that 8 € X*®(0,T,) is another solution. If 8 — @y € B(0,7T,), then @« = B3 by

uniqueness of the fixed point of R in B(0,T,). However, if 8 — ay € B(0,T,,), then
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there exists an n such that |8 — ey — L™ !g|

x:(0,T) < 1||L7'g|lxs(0,1n)- Define

B, (0,7) ={y e X(0,T): |y — L 'g]|

Xs(0,7) < n||L™'g| X5(0,Ta) }

and notice that o — ag, 83— ag € B,,(0,T) for all T' < T,. We estimate F exactly as

before to obtain (6.4) where the constant now depends on n. Taking v € B,, yields

|Ry — L7 'g]

Xs(0,T) = ||L_1F’Y| X(0,T)

< Ol Fy|

Y$(0,T)

< C(m)T°|l~|

X5(0,T)

< C(n)T(ly — L 'g|

xs(0,1) + ||L_1g| X5(0,T))

< C(n)T°(n| L7 g

X5(0,Tw))

which implies that R(B,(0,7)) C B,(0,T) for sufficiently small T = T'(n).
As before, it is easily verified that R is a contraction on B,,(0,7") for the same 7.
Applying the contraction mapping principle and exploiting uniqueness of the fixed

point, we have a = 3 in X*(0, 7). m

Note that if Theorem 4.1 could be proven for displacements from {2 which are
initially nonzero (i.e., replace (2.13) with x(0,-) = f for sufficiently general f), then
uniqueness on (0,7,) could be obtained using Lemma 6.1 in the following way: for
a # (3in X*(0,T,), there exists 0 < Tyax < To such that & = 3 in X*(0, Tyax)
and a # B 1in X*(0,7T) for T > Trax. Making the change of variable 7 = t — Ty,
both e, 3 are solutions of the nonlinear problem given by (2.9)-(2.15), with (2.12)
replaced by v, (0, ) = v(Tax, -) and (2.13) replaced by x,(0, ) = X(Tinax, *), for 7 €
(0, T, — Trax)- The argument contained in the proof of Lemma 6.1 could then be

applied again to contradict the maximality of Ti,.x and prove uniqueness on (0, 7,,).
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6.2 The Axisymmetric Case

Given that our initial domain is a cylinder, a natural question to ask is whether
axisymmetric initial conditions will necessarily yield axisymmetric solutions.

This is especially important if one hopes to draw a connection to solutions of
corresponding thin-filament approximations since these arise from the axisymmetric
Navier-Stokes equations. To examine this, we rewrite the original nonlinear

problem (2.1)—(2.2) in cylindrical coordinates:

1 1
'L.Lr - _urD'r‘uT - _U/@D@u’l‘ - uZDZuT + —UZ - DTp

r T

1 L 2 1 2

+ 1 <;DT(TDTUT‘) + ﬁDeuT + DZUT — T_QUT - ﬁDGUQ)

‘ 1 1
Uy = _U/TDT'UH — —UQDQ'U/G - UZDZUH — T UgUyr — _Dap

r r r

1 1 1 2

+ 1 <_Dr<7~Dru9) —+ —2D3’U,9 + DEUQ — U + _2D9U/7‘)
r r r r
1

uz = _urDruz - —UeDeuz - uZDZuZ - sz

r
1 J 2

+ i ;DT(T’DTUZ) + ﬁDguz +Du. | +g

1 1
0 = -D,(ru,) + —Dyug + D,u,.
r r
Similarly, in cylindrical coordinates, (2.7) becomes

1 1
(p — Po)n, = p(2D,upn, + Dyugng + —Douyng — —ugng + D,ou,n, + Dyu,n,)
r r
1 2 2
(p — Py)ng = pu(D,ugn, + ;Dgurn,n + ;urn(; + ;DQU@R@
1
— —UpTy + DZUan + _D9uznz>
r r

1 1
(p — Po)n, = u(D,un, + Dyun,. + D,ugng + —Dou,ng + —Dgu, + 2D, u,n,).
r r
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Lemma 6.2. The solution (u,p) of the problem (2.1)~(2.8) established in Corollary

4.2 (via Theorem 4.1) is azisymmetric provided that ug is azisymmetric.

Proof. For the purposes of this proof, all functions are assumed to be given in
cylindrical coordinates. Suppose that uy = ug(t,r, z) and let (u,p) be the solution
of (2.1)—(2.8) established in Corollary 4.2. It should be clear from the above
equations that (u(t,r,0+c, z),p(t,r,0+c, z)) must also be a solution of this problem
for any ¢ € R. Let @« = (v, q) denote the solution of the associated Lagrangian
problem (2.9)—(2.15) provided by Theorem 4.1 and further let o = a9 + a be the
decomposition of a described in that proof. In what follows, we will only need to
keep track of differences in quantities’ angular (6) arguments so we now abbreviate
any function of the form f(¢,r,0,z) by f(0).

Taking ¢ as in Section 6.1, it is readily seen that, in addition to a(0), ag(f + )
is also a solution of Lae = (ges, ¢, ug,0). It then follows from Theorem 5.6 that
a(0 + ¢) = ay(f) by uniqueness of solutions. This implies that a;(6 +¢) € Bis a
fixed point of R and hence a; (6 4 ¢) = () since this fixed point is unique by the
contraction mapping principle. Hence the solution to the Lagrangian formulation of
the problem, «, is axisymmetric. To see that this translates into axisymmetry for

(u,p), we first observe that

y(9)+c:x(0)+(9+c)z/otv(9)+(9—l—c):/Utv(ﬁ—l—c)—l—(ﬁ—l—c):y(H—I—c)

where y(0), z(0), and v(0) denote the angular components of the trajectory,

displacement, and velocity maps, respectively, corresponding to a(6). Similarly
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denoting the Eulerian solution (u,p) by 8, it follows that

Bly+c)=By0) +c) = By(0 +¢)) = a(d + ) = a(f) = B(y(9)) = By).

Thus (u,p) is axisymmetric. O

6.3 Concluding Remarks

In this work, we have established the local-in-time existence and regularity of
solutions (Theorem 4.1) to the three-dimensional Navier-Stokes flow of a viscous
fluid jet assumed to be periodic in the axial direction and everywhere else bounded
by a moving free surface. This was accomplished using a functional analytic
approach which revolved around a fixed point argument employing the contraction
mapping principle. A Lagrangian specification of the flow field was utilized in place
of the typical Eulerian specification in order to mitigate the difficulties involved in
having an a prior: unknown domain. In addition to the existence result, we have
shown that the associated linear problem gives rise to an analytic semigroup of
contractions on P (Theorem 5.3) whose generator has its spectrum contained in

the sector {\ € C: 3T <arg(\) < 2¢}.
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A Function Spaces

A.1 Notation for Standard Function Spaces

While we define many of the spaces relevant to this work in the text, we assume
that the reader is already familiar with the standard Holder, Lebesgue, and Sobolev
function spaces. These spaces are summarized below and we refer the reader to [1,
13, 43| for further details. For the following, let k& € Ny, U C R™ is nonempty and
open, S C R” is nonempty and of positive measure, and X is a complex separable

Hilbert space with norm || - || x.
(i) Continuous and continuously differentiable functions:

C(U)={u:U — C | uis continuous}.

C(U) ={u:U — C | there exists v € C(U), uniformly continuous on
bounded subsets of U, such that u is the unique bounded,

continuous extension of v to U}.
C*U)={u:U — C | Dyu € C(U) for all |a| < k}.
C*U)={u:U = C | Dau € C(U) for all || < k}.
(ii) Smooth functions:
C>(U) = Nz C*(U).
C=(U) = M2y CH(U).

(iii) Holder continuous and Holder continuously differentiable functions with

exponent 0 < A < 1:

CO*S) ={u:S — C | there exists C' > 0 such that
lu(z) — u(y)| < Clr — y|* for all z,y € S}.
C*A(S)={u:8 = C | Dou € C**(S) for all |a| < k}.
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(iv) Compactly supported continuous functions:

C.(S)={uec C(S) | suppuCV C S where V is compact}.
Ck(S) = {ue C*¥S) | suppu CV C S where V is compact}.
C>®(S) ={uec C>®8) | supp u CV C S where V is compact}.

C*A(S) ={u € C**(S) | supp u C V C S where V is compact}.
(v) Lebesgue p-integrable functions:

L*(S) = {u : S — C | u is Lebesgue measurable and ||ul|zr(s) < o0},

sy = | Tl
S

L*(S) = {u:S — C | uis Lebesgue measurable and ||ul|z~s) < oo},

where 1 < p < oo and

where

[[wf| oo (s) = ess Sgp Jul.

(vi) Locally LP functions:

Lp

loc

(S)={u:S—=C | ue LP(V) for each open V. C V C S

with V' compact}.
(vii) Weakly differentiable square-integrable functions (Sobolev spaces):

H*(S) = {u € L*(S) | Dau € L*(S) for all || < k and ||ul|gr(sy < 00},
where

lulifns) = D IDattllzags)

|a|<k
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Here Dyu is a weak deriative of u. For u € L*(S), we define Dyu = v

/S uDay = (—1) /S v

for all test functions ¢ € C°(S).

where v satisfies

(viii) H* functions with vanishing trace (see the discussion preceding Theorem B.2):
HEY(S) = {u € H*(S) | u|ss = 0 in the sense of trace}.
(ix) Locally H* functions:

HE(S) = {u: S — C|u e HV)foreachopen V. C V C

S with V compact}.

(x) LP and H* functions with values in a separable Hilbert space

(Lebesgue-Bochner and Sobolev-Bochner spaces):

LP(S;X) ={u: S — X | uis measurable and ||ul|z»(s,x) < 0o}, where

- / lull%.

L*(S; X) ={u:S — X | uis measurable and ||u||p~(s,x) < 0o}, where

1 < p<ooand

lllzoeqsx) = ess sup flufx-

H*(S; X) ={u e L*S;X) | Dau € L?*(S; X) for all |a| < k and

|| i (s,x) < o0}, where

‘uHHk 5;X) Z HDaUHL2(s

la|<k
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As before, we define Dyu = v (for u € L*(S; X)) where v satisfies

/S uDaty = (~1)1 /S v

for all ¢ € C°(S).

A.2 Interpolation Spaces

A crucial role in this work is played by the Sobolev and Sobolev-Bochner

interpolation spaces,
H"2(S) = [HM(S), H*1(S)]s, and  H*P(S;X) = [H"(S; X), H*(S; X)]s,

respectively (where k € Ny, 0 < f < 1, and S and X are as in Appendix A.1).
These interpolation spaces give meaning to the notion of non-integer regularity
and provide a spectrum of spaces which are intermediate to (and consistent

with) the standard integer-regularity spaces. While there are several methods

of interpolation, the Sobolev and Sobolev-Bochner interpolation spaces are
generally obtained using the method of complex interpolation. We do not outline
this method here and refer the reader instead to [39, 40, 43] for further details.
Explicit characterizations of these spaces are unnecessary as we interact with them

primarily through the use of the interpolation properties which now follow.

112



Theorem A.1. Let X, C X; be Hilbert spaces such that Xy is dense and
continuously embedded in X1. Complex interpolation provides a family of Hilbert

spaces denoted by [Xo, X1]s, 0 < < 1, which satisfy
('L) [X07X1]0 — Xo.
(Z/L) [X07X1]1 — Xl'

(111) X C [Xo, X1]a C [Xo, X1]p C X1 for all 0 < o < 5 < 1, where each embedding

18 continuous.

(iv) ||lullixo,x1)s < C'HuHﬁ(_O/BHuHE(1 forallu e Xy and 0 < 5 <1, where C > 0 is a

constant depending on (.

In fact, a much more general version of property (iv) is true and we will often

find it very useful in the proof of the main result in Chapter 6.

Theorem A.2. Let Xg C X; and Yy C Yi be pairs of Hilbert spaces which
satisfy the conditions of Theorem A.1. Suppose T € L(X1;Y1) is such that T'|x, €
L(Xo;Yy), where L(A; B) denotes the space of bounded linear maps from A to B.
For 0 < B <1, T|ixe,x115 € L£([Xo, X1]p; [Yo, Y1lp) and satisfies

1—
1Tl o xalstvo it < Col Tz koo 1T 20xmy

where we have omitted the restriction notation for readability. The constant Cg > 0

depends on 3.
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B Referenced Results

This work utilizes standard results taken from a wide array of topics including
linear and nonlinear functional analysis, calculus of variations, spectral theory,
semigroup theory, and fluid dynamics. The most important of these are collected

in Appendices B.1, B.2, and B.3 for the reader’s convenience. Since we follow the
general overarching approach outlined by Beale in [7], we find many of the technical
lemmas from that work to be useful here. The majority of these require adaptation
in order to be compatible with the as-periodic function spaces underlying our work.
These (modified) technical lemmas are collected in Appendix C along with the

necessary proofs.

B.1 Elementary Inequalities

The following inequalities are used throughout the text.

(i) For a,b>0and 1 <p < o0,
(a+ b)P < 2071 (aP 4 bP).

(ii) Young’s inequality. For a,b > 0 and 1 < p,q < oo such that % + % =1,

ab b
ab < — + —.
p q
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B.2 Integral Inequalities

For the following, suppose U C R".

(i) Hélder’s inequality. For u € LP(U),v € LI(U), and 1 < p,q < oo such that
1,01 _
» + i 1,
| teel < s ol

(ii) Poincaré’s inequality. Let U be bounded with a Lipschitz boundary. There

exists C' > 0 such that for all u € Hj(U) (see Appendix A.1),

ull 22wy < Ol VullL2wy.

(iii) Korn’s inequality. Let U be an open, connected domain in R", n > 2. There

exists C' > 0 such that for all u € (H(U))",

- 1
[l f )y < C/U ( > wl”+ 71D + Djui)\2>-

ij=1

B.3 Standard Results

We begin with a simple density result that allows us to approximate functions in

H*(Q) by smooth functions whose derivatives are all uniformly continuous on €. It
bears mentioning that a cylinder is easily verified to be “star-shaped with respect to
a point,” but as there will be no further need for to discuss this geometric condition

we omit its definition.

Theorem B.1. If U is a bounded domain, star-shaped with respect to a point, then
C>=(U) is dense in H*(U).

Source. [18, p. 13|.
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It is of fundamental importance that we be able to make sense of a function’s
value along boundaries, whether a boundary is with respect to the time interval
(e.g., at t = 0) or with respect to the spatial domain (e.g., on Sg). However, since
most of the functions we deal with are only well-defined on their domain up to a
set of measure zero, it is not immediately obvious whether such functions can have
well-defined values along a boundary (i.e., boundaries necessarily having measure
zero within their domains). The following result demonstrates that with sufficient
regularity, an L?(U) function has a well-defined trace (of decreased regularity)
on the boundary 90U (or any subset of positive measure within 0U). Moreover,
we learn that this trace operator is bounded, linear, and surjective; in particular,
surjectivity is crucial since we will frequently need to construct functions with a

given trace.

Theorem B.2. Let U C R" have a Lipschitz boundary. Then the trace operator
Ty : C(U) — C(9U) defined by Tou = uloy extends to a surjective and bounded
linear map T : H*(U) — H*"Y2(0U) for any s > 1/2.

Source. |6, p. 201]

The next result verifies that integration-by-parts can be performed on a domain
with a Lipschitz boundary provided that the functions involved have sufficient

regularity.
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Theorem B.3. (Integration-by-parts) Let U C R™ be open and bounded with a

Lipschitz boundary. Then

/Up<v-u>=/wp<u-n>—/UVp-u

holds for allp € HY(U) and u € (H'(U))", where n is the outward unit normal

defined on OU .
Source. [6, p. 207]

As discussed in Sections 3.1 and 3.4, in the study of the Navier-Stokes equations
there is great utility in being able to decompose L? into its orthogonal divergence-
free and gradient parts. The following result provides sufficient “orthogonality”

conditions for a function to be recognizable as a gradient.

Theorem B.4. Let U C R",n > 2, be open and bounded with a Lipschitz boundary.
Define Z = {u € (C>(U))" : V-u=0}.

(i) Letf € (L*(U)*. If [,f-u =0 for allu € Z, then there exists p € H'(U)

such that £ = Vp.

(ii) Let £ € (H-(U))™ where H-Y(U) denotes the dual space of H}(U). If f(v) =

0 for all v € Z, then there is a unique p € L*(U) satisfying

f=Vp, /p=
U

Moreover, there are constants Cy,Cy > 0 such that
1pllr2@y < Cilltll 1@y < CLCallpl|L2w).-

Source. (i) [41, pp. 10-11], (ii) 26, p. 75].
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The Lax-Milgram Theorem is one of the most powerful tools available for
obtaining weak solutions to partial differential equations and we make frequent
use of it. Below is a version of the classical result which has been adapted for a

complex setting.

Theorem B.5. (Laz-Milgram) Let X be a complex Hilbert space with closed

subspace H. Let B : X x X — C be a sesquilinear functional which is both

(1) continuous on X, i.e. there is M > 0 such that |B(x,y)| < M|z|x|lyl|x for

all v,y € X
(ii) coercive on H, i.e. there is v > 0 such that |B(x,z)| > v||z||% for all x € H.

If up € X and F € H*, there is a unique u € (H+uy) C X such that B(u,v) = F(v)

M
e+ 7 + 1| |Juol| x-

Source. [6, p. 218] (i.e., the complex analog).

for allv e H and

1
Jullx < —||F|
g

The next two theorems are concerned with gaining additional regularity for weak
solutions of the Stokes equations (a significant simplification of the full Navier-
Stokes equations). The first is only able to gain the desired regularity away from
the boundary of the spatial domain, but has the benefit of not requiring that the
domain be smooth. The second yields regularity all the way up to the boundary,
but demands that the domain have at least a C? boundary. The proof of this result
is done locally, however, so regularity can be gained up to the boundary wherever
it is locally C?%. Both results suppose the existence of weak solutions to nontrivial
problems; the proper variational formulations for these problems are made clear in

the proof of Lemma 5.2, where both of these results are exploited.
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Theorem B.6. Let U C R? be bounded and open. Suppose (v,p) is a weak solution
of

—pAv +Vp =f£

V-v=0

where £ € L2(U). Then v € H2(V) and p € HY (V) for any open V. CV C U.
Source. [15, p. 38].

Theorem B.7. Let U C R3 be bounded and open such that OU is C?. Suppose

(v,p) is a weak solution of

—pAv +Vp =1
V.-v=0

S(v,p) =0 on OU

where f € L*(U). Thenv € H*(U),p € H'(U), and (v,q) satisfies the given

boundary value problem.
Source. |28, p. 144].

The following is a simplified version of the second part of what is collectively
referred to as the Sobolev Embedding Theorem. It describes when functions in
Sobolev spaces have sufficient regularity to be identified with Holder continuously
differentiable functions. Notice that the regularity required to ensure continuity

increases as the dimension of the underlying domain U increases.
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Theorem B.8. (Sobolev Embedding Theorem) Let U be a bounded Lipschitz

domain in R", j € Ng, and m € N. If m > 5 >m — 1, then

Hi*™(U) ¢ ¢\ U)

f0r0</\§m—§.

Source. [1, pp. 85-86].

Also known as the Banach Fixed Point Theorem, the Contraction Mapping
Principle forms the foundation of the approach taken in this work. Below we only
detail the portion of the theorem which will be of interest to us in the current
work—proving the existence and uniqueness of a fixed point of a contraction
mapping—but it is worthwhile to note that the full result is much stronger and
addresses nearly every relevant mathematical concern (existence, uniqueness,

construction, approximation, and error estimation).

Theorem B.9. (Contraction Mapping Principle) Let (X, d) be a complete metric
space with M C X, a closed nonempty subset. If T : M — M s an operator for
which there ezists 0 < k < 1 such that d(Tx,Ty) < kd(x,y) for all xt,y € M (called

a contraction mapping), then T has exactly one fixed point on M.
Source. [46, p. 17|.

We now detail the Lumer-Phillips Theorem, a key result in semigroup theory
which provides a very useful characterization of the infinitesimal generators of
contraction semigroups that does not require explicit knowledge of the resolvent
operator. The following is a variation of the classical result which reduces the
number of sufficient conditions on the proposed generator given that its domain lies

in a reflexive space.
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Theorem B.10. (Lumer-Phillips) Suppose X is a reflexive Banach space and
D(B) C X. Let B: D(B) — X be a linear operator satisfying both

(1) (M — B)z||x > A||z||x for allx € D(B) and X\ > 0 (in which case we say that

B is dissipative),
(11) Aol — B is surjective for some \g > 0.

Then D(B) is dense in X and B is the infinitesimal generator of a Cy semigroup of

contractions on X.

Source. [12, p. 86].

We conclude this section with a portion of the Spectral Mapping Theorem for
Cy semigroups. In general, a spectral mapping theorem is one which relates the
spectrum of a semigroup to that of its generator. We restrict ourselves to the
identity relating their respective point spectrums since this will be sufficient for our

needs.

Theorem B.11. (Spectral Mapping Theorem) If (B, D(B)) generates a Cy

semigroup, T'(t), on a Banach space X, then

oI (1)) = {0} = 1)

where o,(-) denotes the point spectrum (i.e., the set of all eigenvalues) of the

enclosed operator.

Source. [12, p. 277].
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C Technical Lemmas Adapted for the Periodic Setting

Since this dissertation follows the general approach due to Beale in [7], we require
analogous versions of the technical lemmas used in that article. While most of
Beale’s lemmas require modification in order to match the periodic setting used in
this work, those not requiring adaptation have also been included for the reader’s
convenience. In the results that follow, note the attention paid to being able to
obtain bounds which are independent of the length of the underlying time interval.
These estimates will be used repeatedly in the proof of the main result to ensure
that we obtain a contraction mapping for sufficiently small 7.

We begin with a trace theorem that allows us to find functions in K (see
Section 3.1) for prescribed initial conditions (i.e. trace with respect to time)
and /or normal derivative conditions on the free surface (i.e. trace with respect to
space). (i) and (ii) describe the traces individually and (iii) brings them together
along with a compatibility condition to ensure surjectivity of the combined trace

operator.
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Lemma C.1. Suppose % < s<5.

(i) The mapping v — Div extends to a bounded linear operator from K to

K;_j_l/Q(ﬁGF), where j € Z such that 0 < j < s — %

(ii) If s > 1, then the mapping v — DFv(0,-) also extends to a bounded linear

operator from K3 to H5 ="' where k € Z such that k < 3(s —1).

(iti) Suppose s > 2 such that s # 3,5 and s — 5 € Z. Define

we= [[ K;7'0Gr)x [ H7!
0<j<s—1 0<k<(s—1)/2
and let W§ be the subspace consisting of {b,w} such that, whenever j + 2k <
s—3,

Dyb;(0, ) = Djwi(-).

The traces of (i) and (ii) form a bounded linear operator from K onto W

(so that this operator has a bounded right inverse).

Proof. Transforming first to 7, this can be obtained exactly as in [7].

Source of the original result: |7, Lemma 2.1, pp. 364-365]. ]

We will often seek to extend functions to larger time intervals in a bounded way.
This is usually done either to pass to a fixed time interval (0,7}), where Ty > 7', in
order to gain estimates which are independent of T', or to extend the function to all

of R in preparation for techniques involving Fourier transforms.
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Lemma C.2. Let X be a Hilbert space and s > 0.
(i) There exists a bounded extension operator J : H*((0,7); X) - H*(R; X).

(ii) Provided s < 2 and s — % & 7, there exists an extension operator from {v €
H*((0,T); X) : D}v(0,-) = 0 for j < $(s = 1)} to H*(R; X) which is bounded
independent of T. The extension of such av € H*((0,T); X) vanishes for

t <0.
(ii) Analogous statements hold for extending from K* to K>*((0,00) x Q).

Proof. (i), (ii) require no modification and (iii) follows exactly as in [7].

Source of the original result: |7, Lemma 2.2, p. 365|. ]

When regarding the definition of K, one might question how well it corresponds
with our expectations of regularity with respect to separate variables. For example,
given f € K for sufficiently large s, what can we say about the spatial regularity
of f or the temporal regularity of Vf? It is clear that f € H®=2/2((0,T); H}) and
Vfe H((0,T); H;™'), but that does not answer our question. The following result
provides us with a way to exchange temporal for spatial regularity (and vice versa)
in order to obtain more optimal information. Returning to our example, it would
imply that f € H'((0,T); H3™%) N HE=D2((0,7); H]), so that we actually have
f e H((0,T); H:2) and Vf € HE=D/2((0,T); HY).

Lemma C.3. Suppose 0 < s < 4.

(i) Forr < 3, the identity operator extends to a bounded operator I : K, —

H((0,T); H™),

(i4) Provided s is not an odd integer, the restriction of this operator to {v € K :

DIv(0,-) =0 for j < %(3 — 1)} is bounded independent of T'.

124



Proof. Transforming first to T, this can be obtained exactly as in [7].

Source of the original result: |7, Lemma 2.3, p. 365|. O

The following lemma provides us with our chief tool for introducing an explicit
dependence on 7' into our estimates in the proof of the main result. The power of T'
present in these estimates ultimately allows us to obtain a contraction mapping by
taking 7" small enough to balance whatever constants may show up. In most cases,

we will exploit the fact that x = fot v by (2.13) and take V = x.

Lemma C.4. Fiz Ty > 0 arbitrarily and let T < Ty. Forv € H°((0,T); X), we
define V.e H'((0,T); X) by

For all 0 < e < 1, the function V' satisfies

IV -=0,m):x) < CrTe ||| o079, -

Ifve H*((0,T); X) where 0 < s < %, then V € H*"'7¢((0,T); X) for 0 <e < s and
satisfies

Vi

aor1i-<((0,1):x) < CoTe||v|| ms(0,7):x)-
In both cases, the constants C7 and Cs are positive and independent of T.

Source: |7, Lemma 2.4, pp. 365-366|. O
The next two results are variations on the standard “multiplication” results in
Sobolev spaces which seek to determine the regularity of products of functions and
estimate them by their factors. They are especially important in studying the full
nonlinear problem where most terms involve products of v or ¢ with entries of A.

Recall here that "H " is defined to be the dual space of °H (see the discussion

beginning Section 5.2).
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Lemma C.5. Suppose r > % andr > s > 0. There exist positive constants

C1,Cs, Cs, and Cy, such that

(i) Ifve H) and w € H;, then vw € H; and |lvw|

s < Cllollg e,

(i) Ifve Hy andw € Hy, then vw € H) and ||vw| gy < Csl[v|| g [[w| my-
(ii) If v e Hy and w € °H', then vw € °H ' and lvwllogr-1 < Cslloflapllwllog-
(w) Ifve H) and w € H), then vw € °H, " and lvwllog-1 < Callv|lay l|wl| -

Proof. (i) Take s = k € Ny. We immediately obtain vw € H* using the original
result in [7]. Now it should be obvious from the characterization of HY given in
Lemma 3.3 that vw € HI’f. The inequality now follows from Lemma 3.1 with
interpolation providing the remaining cases. (ii) Since HI? = HY, the inequality is
the only distinction from the original result in [7] and it follows from Lemma 3.1.
(iii) and (iv) both follow exactly as in |7].

Source of the original result: Lemma 2.5 from [7], p. 365. O

Lemma C.6. Suppose X,Y, and Z are Hilbert spaces and M : X XY — Z isa

bounded, bilinear operator (called multiplication).

(i) Suppose v € H*((0,T);X) andw € H*((0,T);Y) where s > 3. If
vw s defined by (vw)(t) = M(v(t),w(t)), thenvw € H*((0,7);Z) and

lvw|| as0,1):2) < Cllv| ms0,7):3) || w]| 75 ((0,7)57) -

(it) If additionally s < 2, where s — 3 € Z, and v,w satisfy Dyv(0,-) = Dfw(0,-) =
0 forall k < s — %, then the constant C' above can be chosen independently of

T.

Source: Lemma 2.6 from |[7], p. 365. O
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The final lemma is a technical result only used once in the text; it is required
during the reduction of the inhomogeneous linear problem in Section 5.2 to the

homogeneous one considered in Section 5.1.

Lemma C.7. Suppose 3 < s < . Givenb € KZiS/Z(ﬁGF) withb-n = 0 and
b(0,-) = 0, there exists w € K5 such that w(0,-) = 0,w; = 0,V - w = 0,S,,(W) =
b, and HWHK; < C|b|

K2 (0Gp)"

Proof. Using Lemma C.1(iii), choose u € K5*! such that

u(0,-) =u(0,:) =0 on {2

u=Dyu=0, Diu:,unxb on Sg.

It can now be verified that w = V X u satisfies the claim. In particular, that the
boundary condition is satisfied is most easily seen by first transforming an arbitrary
point on Sg to the origin such that the transformed normal vector, evaluated at the
origin, is parallel to one of the coordinate axes (see the proof of Lemma 4.2 in [7]).

Source of the original result: Lemma 4.2 from [7], p. 377. O
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