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Abstract: A one-dimensional multiphase numerical model is developed to simulate the vertical settlement involving liquid and gas flows
in a deformable �settling� municipal solid waste �MSW� landfill. MSW is represented by a chemical composition, and a global stoichio-
metric reaction is used to estimate the maximum yield of gas generation. Following the general assumption accepted in the literature, the
gas generated by waste decomposition is assumed to comprise of methane �CH4� and carbon dioxide �CO2�. The gas generation rate
follows an exponentially decaying function of time. The gas generation model developed based on a first-order kinetic single-bioreactor
approach includes the governing equations of gas migration, liquid flow, and landfill deformation. The Galerkin finite element method is
used to solve the resulting equations. The model developed can be used to estimate the transient and ultimate settlements due to waste
decomposition and gas generation in MSW landfills. The proposed model can estimate the waste porosity, gas pressure, liquid pressure,
gas saturation, liquid saturation, and stress distributions in settling landfills. The results obtained for a deformable landfill are compared
with a landfill having a rigid solid skeleton. Due to settlement, the depth of waste is 27% smaller in deformable landfills than that of the
rigid ones.
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Introduction

Goldstein and Madtes �2001� reported that 410 million tons of
municipal solid waste �MSW� were generated in the United States
in 2000. MSW is a very heterogeneous mixture of wastes that
results from municipal functions and services. The mass of waste
in landfills is present in three phases: solid, liquid, and gas. The
solid phase includes both waste and daily cover soil. The liquid
phase consists of infiltrating rainwater during the landfilling pro-
cesses and the moisture present in wastes at the time of place-
ment. The major source of the gas phase in landfills is gases
produced during microbial decomposition of organic waste mate-
rials. Landfill gas primarily contains methane �CH4� �50–60% by
volume� and carbon dioxide �CO2� �40–50%� �Tchobanoglous et
al. 1993�.

Although the rate of landfilling of waste has dropped from
84 to 61% of the total waste generated over the last decade
�Goldstein and Madtes 2001�, and other waste treatment options
have been developed, landfilling is still considered to be the
most common MSW management strategy since it is often the
most cost-effective method of waste disposal. In addition, closed
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landfills are considered viable sites of land development for
numerous purposes such as golf courses, sport fields, wildlife and
conservation areas, parking lots, industrial parks, recreational fa-
cilities, etc. �Gordon et al. 1986; Magnuson 1999; Conrad 2000�.
Even a half-century ago, researchers were seeking utilization of
landfills for a variety of postclosure land uses �Eliassen 1947�.
Although landfills are constructed so that future use will not be
restricted, many incidents are reported in the literature as case
studies related to improperly designed and constructed landfills
�e.g., Kelly 1976; Campbell 1996; Eid et al. 2000�. The most
common problems related with landfills are an assessment of the
stability of the waste fill and the control of the gases that result of
microbial decomposition.

Landfills are very complex systems in which various interac-
tive processes proceed simultaneously. Gas generation as a result
of waste decomposition changes gas and liquid pressures in land-
fills. These transient changes in liquid and gas pressures may
effect porosity, total stress, degree of gas and liquid saturations,
and in turn cause deformations, i.e., settlements. These deforma-
tions may have negative effects on the integrity of any postclosure
structure on the landfill. Unanticipated settlements eventually
may result in several problems, such as crack formations in the
cover, loss of cover and liner system integrity, and damage to gas
and liquid collection and drainage systems. Hence a more accu-
rate prediction of landfill settlement becomes a key issue in the
design and construction of landfills.

Settlement in landfills usually occurs in three stages �Sowers
1973; Wall and Zeiss 1995�. The first stage is the immediate
compression that occurs in direct response to self-weight and/or
an external load applied to the waste. Primary compression, i.e.,
the second stage, is compression due to the dissipation of pore
water and gas from the void spaces. This stage may be completed
shortly after the waste placement, i.e., within a few months
�Sowers 1973; Edil et al. 1990�. Sowers �1973� was the first to
apply the principles of conventional soil mechanics to estimate

the settlement due to the primary compression. The last stage,
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secondary compression, is generally caused by long-term
slippages, reorientation of particles, and delayed compression
of some waste constituents. This stage can account for a major
portion of the total landfill settlement and takes place over many
years. The total settlement is then determined as the sum of settle-
ments caused by primary and secondary compressions. Rheologi-
cal models are also used to predict landfill settlements �Edil et al.
1990�. These models were originally developed to predict the
settlement of peats, which have compressibility characteristics
similar to those of MSW �Berry and Vickers 1975�. Yen and
Scanlon �1975� developed an empirical relationship to express the
settlement rate. Later, Edil et al. �1990� and Ling et al. �1998�
applied power and hyperbolic functions to landfill settlement, re-
spectively. The fact that a landfill is an interacting multiphase
medium with each phase exhibiting significant spatial and tempo-
ral variations makes the above-mentioned approaches more diffi-
cult for MSW. In addition, since the contribution of the waste
decomposition to long-term settlement can account for a large
part of the total settlement, Edgers et al. �1992� and Park and Lee
�1997� added the effect of decomposition to the landfill settlement
predictions.

Several models have also been developed to address the gas
and liquid flow in landfills. The majority of the landfill gas mod-
els developed are used to address gas recovery and control.
Pressure variations and gas mixtures have been described by the
mass conservation law and the equation of state. A homogeneous
medium assumption and the application of Darcy’s law are com-
mon in these models. For these models, refuse is usually divided
into three categories having different biodegradability and first-
order kinetics �e.g., Findikakis and Leckie 1979; Metcalfe and
Farquhar 1987; Arigala et al. 1995�. El-Fadel et al. �1996� and
Nastev et al. �2001� developed multicomponent gas mixture
and heat flow models to predict gas pressure, concentration, and
temperature profiles in landfills.

The majority of landfill settlement models focus primarily on
a single phase, i.e., gas, liquid, or solid only. As indicated before,
a landfill is an interacting multiphase medium with each phase
exhibiting significant spatial and temporal variations. Landfill gas
and leachate are produced as a result of the physical, chemical,
and biological processes within the landfill. Therefore a two-
phase modeling approach considering both gas and liquid phases
is more representative of a landfill environment. In addition, the
organic portion of refuse deposited in landfills is consumed as a
result of microbial activities, and the landfill matrix will undergo
a time-dependent settlement. To date, there is no published work
that simulates gas and liquid flow in deforming and decaying
landfills. Recently, El-Fadel and Khoury �2000� reviewed the
limitations of the existing MSW landfill models and reported the
need of such an integrated model considering the gas, liquid, and
solid phases. Therefore, in this study, a multiphase mathematical
model is developed for settling landfills. The results were
compared with a landfill having a rigid solid skeleton.

Gas Production Model

The microbial decomposition of MSW can be summarized in four
phases, namely aerobic phase, anaerobic acid phase, accelerated
methane production phase, and decelerated methane production
phase �Barlaz et al. 1989�. In the first phase, aerobic decomposi-
tion takes place with the consumption of O2 present in the refuse.
Organic wastes react with the trapped O2 to form CO2, H2O,

biomass, and heat. Upon the depletion of O2, anaerobic activities
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become dominant. In the second phase, carboxylic acids accumu-
late, and cellulose and hemicellulose decomposition occur. Meth-
ane production begins in the accelerated methane production
phase and the rate of production decreases in the last phase of
decomposition. Anaerobic activities degrade the organic portion,
eventually converting the solid organic carbon to CH4 and CO2

�Baldwin et al. 1998�.
Decomposition of organics provides the source of gas produc-

tion in landfills, and decomposition products are the primary
constituents of landfill gas. The nature of MSW and the stage
of decomposition determine the landfill gas composition at any
time. The potential of landfill gas production depends on the
components of MSW. On the other hand, the gas production rate
is influenced by additional factors such as nutrient availability,
moisture content, temperature, pH, alkalinity, density of solid
waste, particle size, and landfill operation procedures �Barlaz et
al. 1989; Senior and Balba 1990�. Fresh organic materials repre-
sent the necessary substrate supply for bacterial metabolism in
landfills �Zehnder and Brock 1979�. Degradation of wastes in
landfills can be modeled by assuming that microbial transforma-
tions are mediated enzymatically and follow Michaleis-Menten
kinetics. One of the most widely used approaches for gas genera-
tion due to biodegradation of solid waste in a landfill is to employ
single-stage first-order kinetics �Hartz and Ham 1982; Wall and
Zeiss 1995; Nastev 1998; Nastev et al. 2001�. If the rate of gas
evolution is given by −dGp /dt, the total gas production rate, �T,
can be expressed as

�T = −
dGp

dt
=

dGc

dt
�1�

where Gp=gas production potential; Gc=cumulative gas produc-
tion; and t=time. The total gas production rate is proportional to
the gas production potential as

�T = �Gp �2�

where �=gas production rate constant. Gas production potential
follows exactly the opposite pattern of the cumulative gas produc-
tion. The sum of the Gp and Gc gives the total capacity for gas
production, GT. The integration of Eq. �1� in the limits for time
t �0; t� and for the production potential Gp �GT ;Gp� yields

Gp = GTe−�t �3�

If Eq. �2� is employed, the total gas generation rate can be ex-
pressed as

�T = �GTe−�t �4�

Since it is assumed that the landfill gas mixture is comprised of
CH4 and CO2, the total gas generation rate is the sum of the
individual gas generation rates.

Since MSW composition varies substantially from region
to region, Findikakis and Leckie �1979� suggested that refuse
components be categorized into three representative categories
according to their biodegradability, each with a corresponding
rate constant, �m, and gas production potential, Gp

m. That is

Gp
m = GTAme−�mt �5a�

Then

�T
m = �

i

GT
i Am�me−�mt, i = 1,2 �5b�
and
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�T = �
m=1

3

�T
m �5c�

where �T
m=total gas production rate for component m;

m=biodegradability index �1: readily degradable waste,
2: moderately degradable waste, and 3: slowly degradable waste�;
Am=fraction of MSW corresponding to component m; GT

i =total
gas production for gas i �mass of total gas produced per volume
of MSW deposited�; i=gas index �1: CH4 and 2: CO2�; and
�m=gas production rate constant for component m.

In this study, it is assumed that MSW consists of readily, mod-
erately, and slowly degradable wastes and inorganic wastes. The
following numbers are used based on the data provided by Savage
and Diaz �1997�: Readily degradable waste, i.e., food waste
�12%�, and garden waste �18%�, comprises 30% of MSW on a
dry weight basis. Moderately degradable waste, i.e., paper prod-
ucts �41%�, textiles/leather �1.5%�, and wood �2.5%�, comprises
45% of MSW. Slowly degradable waste, i.e., plastics/rubber,
comprises 5% of MSW. Finally, inorganic waste, i.e., metals,
glass, ashes, dirt, and fines, comprises 20% of MSW on a dry
weight basis.

The common procedure for estimation of the gas production
rate constant is to employ the half-life concept. The half-life

Table 1. Waste Components and Corresponding Parameters Considered

Parameter

Waste component

Readily
degradable

Moderately
degradable

Slowly
degradable

Fraction of MSWa, Am �kg kg−1� 0.30 0.45 0.05

Half-lifeb, t1/2 �year� 5 30 40

Gas production rate constantc,
�m �year−1� 0.1386 0.0231 0.0173

Gas production potentiald,
Gp

m �kg m−3� 150.6 225.9 125.5

Total gas production ratee,
�T

m �kg m−3 year−1� 20.8 5.2 2.2
aEstimated based on the values mentioned by Savage and Diaz �1997�.
bFrom Findikakis and Leckie �1979�.
cCalculated by Eq. �6�.
dCalculated by Eq. �5a�.
eCalculated by Eq. �5b�.

Fig. 1. Gas production rat
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represents the time �t1/2� for which the degradation of one-half of
the waste organic matter occurs, i.e., Gp /GT=0.5. If Eq. �3� is
employed, the overall rate constant would be

� =
− ln�0.5�

t1/2
=

0.693

t1/2
�6�

Since the refuse is described as a mixture of three components,
each component is characterized by a different degradability and
associated half-lives. Table 1 presents the gas production rates,
gas production potentials for different biodegradability categories,
and calculated gas production rate constants. Landfill gas produc-
tion rates calculated by Eq. �5c� for these categories with the
parameters given in Table 1 are shown in Fig. 1.

In this study, MSW was represented by an empirical chemical
formula, and a global stoichiometric reaction was used for an
estimation of the maximum yield. Following Emcon Associates
�1980�, the empirical formula for average MSW was considered
as C99H149O59N. Based on landfill density, the amount of gas
theoretically produced was predicted employing the method
presented by Emcon Associates �1980�. Hence the generalized
stoichiometric reaction for the overall gas generation can be
written as

C99H149O59N + �30.61�H2O → �50.88�CH4 + �43.73�CO2

+ �0.85�C5H7O2N + �0.15�NH4
+

+ �0.15�HCO3
− �7�

Moles of CH4 and CO2 are determined from Eq. �7� and con-
verted to masses from molecular weights of 16 and 44 g/mol,
respectively. Then, the theoretical yield of CH4 and CO2 would
be

�1 kg�C99H149O59N + �0.24 kg�H2O

→ �0.36 kg�CH4 + �0.84 kg�CO2 + �0.042 kg�C5H7O2N

+ �0.0012 kg�NH4
+ + �0.004 kg�HCO3

− �8�

The density of MSW varies within a broad range because its
components vary widely �Tchobanoglous et al. 1993�. If the av-
erage density for the organic fraction of MSW, �o, is known,
initial gas production potentials for CH4 and CO2, i.e., Gp

CH4 and
Gp

CO2, can be estimated by Eq. �8�. Based on the resume of the
data reported by Nastev �1998�, �o is assumed to be 420 kg/m3.
Hence, one obtains Gp

CH4 =0.36�420=150 kg CH4 per m3 MSW,

different waste categories
es for
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and similarly, one obtains Gp
CO2 =0.84�420=352 kg CO2

per m3 MSW. Therefore total potential of gas generation,
Gp �=Gp

CH4 +Gp
CO2�, would be 502 kg gas per m3 MSW. This

approach oversimplifies the complex decomposition processes
with the various assumptions considered for MSW. For instance,
this method does not include any evaluation of the extent of bio-
degradability of the organic matter. In addition, this gas produc-
tion estimation assumes optimal anaerobic conditions of moisture,
pH, temperature, C/N ratio �weight of carbon divided by the
weight of nitrogen�, and micronutrients. Implicit in this approach
is the absence of toxic substances that would impede the gas
generation process. Although these idealized conditions do not
exist in most landfills, the results obtained by this approach do put
maximum boundaries upon the potential for gas production
�Emcon Associates 1980�.

Model Development

Although no previous work on landfill deformation incorporating
flow models and degradation has been reported, relevant research
was published in the area of deformable porous media
�e.g., Narasimhan and Witherspoon 1977; Corapcioglu 1979;
Schrefler et al. 1995�. In this study, it is assumed that decompo-
sition of waste generates a mixture of gas, which in turn causes a
change in gas and liquid pressures in the landfill. These processes
also affect the porosity, total stress, and the degree of liquid and
gas saturations. Finally, the transient change in liquid and gas
pressures leads to deformation of the landfill. This deformation
implies that the solid particles, as well as the liquid and gas
present, are in motion. Due to landfill deformation, Darcy’s law
should be defined in terms of velocities of liquid and gas relative
to solid deformation �Bear 1972; Corapcioglu 1979�. The one-
dimensional landfill domain is assumed to be comprised of a
liquid phase, a gas phase, and a deformable solid matrix with
transient gas generation. Both liquid and gas phases are also
assumed to be compressible.

The conservation of mass equation for the solid phase can be
expressed as

−
��b

�t
=

���bVs�
�z

+ �TY �9�

where �b=bulk density of solid waste; Vs=solid phase velocity;
Y =yield coefficient �mass of solid waste/mass of gas phase�; and
z=spatial coordinate.

Since the solid phase is comprised of organic and inorganic
components, another mass balance equation is required to explain
the relationship between these two components, i.e., organic and
inorganic. It is assumed that the density of the inorganic compo-
nent of MSW is constant in space and time. Furthermore, the
writers note that, although the organic component of the solid
waste undergoes a reduction in mass due to microbial decompo-
sition, and a reduction in volume due to deformation of the solid
matrix, the density of the organic component was also assumed to
be constant. However, the fractions of individual components
vary. As the organic fraction of the waste diminishes with time,
the inorganic fraction approaches one �i.e., so+si=1�. That is

−
���1 − n�so�o�

�t
=

���1 − n�so�oVs�
�z

+ �TY �10a�
and
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−
���1 − n�si�i�

�t
=

���1 − n�si�iVs�
�z

�10b�

where n=porosity; so=organic fraction of solid waste;
si=inorganic fraction of solid waste; �o=density of organic por-
tion of solid waste; and �i=density of inorganic portion of solid
waste. The sum of the organic and inorganic portions gives the
total bulk density of MSW as

�b = �1 − n��so�o + si�i� �11�

The conservation of mass for the liquid phase is expressed as

−
���l�l�

�t
=

���l�lVl�
�z

�12�

where �l=liquid phase density; �l=volumetric liquid content
expressed as �l=nSl; Sl=liquid phase saturation; and Vl=liquid
phase velocity.

In a deforming porous medium, the solid particles, as well as
the liquid and gas phases, are in motion. Therefore Darcy’s law is
expressed in terms of the liquid velocity relative to the deforming
solid phase

qrl = −
krlk

�l
� �Pl

�z
− �lg	 = �l�Vl − Vs� �13�

where qrl=specific liquid discharge relative to moving solid;
k=permeability; krl=relative permeability of the liquid phase;
Pl=liquid pressure; �l=viscosity of the liquid phase; and
g=gravitational acceleration.

The compressibility of the liquid phase, �l, is defined under
isothermal conditions as

�l =
1

�l

��l

�Pl
�14�

Integration of Eq. �14� yields the equation of state for the liquid
phase

�l = �l
o exp��l�Pl − Pl

o�� �15a�

where �l
o=initial liquid density; and Pl

o=reference liquid pressure.
Eq. �20a� can be approximated as

�l = �l
o�1 + �l�Pl − Pl

o�� �15b�

For incompressible liquids, �l=0 and �l=�l
o=constant.

The conservation of mass equation for the gas phase is given
by

−
���g�g�

�t
=

���g�gVg�
�z

− �T �16�

where �g=gas mixture density; �g=volumetric gas content
expressed as �g=nSg; Sg=gas phase saturation; and Vg=gas phase
velocity. Similar to the liquid phase, the velocity of the gas phase
relative to the deforming solid phase is

qrg = −
krgk

�g
� �Pg

�z
− �gg	 = �g�Vg − Vs� �17�

where qrg=specific gas discharges relative to moving solid;
krg=relative permeability of the gas phase; Pg=gas pressure; and
�g=viscosity of the gas phase. The equation of state for the gas

phase is expressed by the ideal gas law
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Pg =
�g

Mg
R̄� �18�

where Mg=molecular weight of gas mixture; R̄=universal
gas constant; and �=absolute temperature. Under isothermal
conditions, Eq. �18� becomes

d�g

dPg
= �g

o 1

Pg
o �19a�

where �g
o=initial gas mixture density; and Pg

o=reference gas
pressure. Eq. �19a� can also be expressed as

�g = �g
o Pg

Pg
o �19b�

The density and the molecular weight of the gas mixture can be
estimated by

�g = �
i

yi�g
i , i = 1,2 �19c�

and

Mg = yiMi + yjMj �19d�

where �g
i =density of gas i; yi, yj =mole fractions of gas i and gas

j; and Mi, Mj =molecular weights of gas i and gas j.
The viscosity of the gas mixture can be expressed as a function

of the viscosities of individual gases �Reid et al. 1987�

�g = �
i=1

�i

1 + �
j=1

j�1

	ij

yj

yi

�20a�

and

	ij =

1 + ��i

� j
	1/2�Mj

Mi
	1/4�2

�8�1 +
Mi

Mj
	1/2 �20b�

where �i, � j =viscosities of gas i and gas j.
The following empirical expressions �Reid et al. 1987� can

be employed to calculate the viscosities of CH4 and CO2 at a
particular temperature �in Kelvin�

�CH4
= �1.935 + 0.0305�� � 10−6 �N s m−2� �20c�

and

�CO2
= �− 30.212 + 0.256� − 0.00035�2� � 10−6 �N s m−2�

�20d�

Municipal solid waste is a porous medium with pore spaces
between irregularly shaped solid grains. Sarsby �2000� presents
several expressions relating the permeability to the solid matrix
properties. Most of these expressions are empirical and relate to
uniform granular materials. Such relationships therefore have lim-
ited applications to MSW having a wide range of particle sizes.
However, due to the lack of an expression relating the permeabil-
ity to the properties of MSW, and being one of the most widely
used expressions �Bear 1972�, the Kozeny-Carman equation is

employed. That is
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k = ko

n3

�1 − n�2 �21�

where ko=reference permeability.
Since the voids in MSW are not completely filled by the liquid

phase, the presence of the gas phase reduces the volume of
medium available for liquid flow in an unsaturated medium.
When the gas and liquid phases flow together through a porous
medium, saturations of the phases are less than unity �Sl+Sg=1�.
Relative permeability is the ratio of the corresponding effective
permeability to the permeability of the porous medium. The rela-
tive permeabilities are difficult to predict, particularly in materials
with changing properties such as MSW. In this study, the relation-
ships proposed by Brooks and Corey �1966� are used. That is

krl =
kl

k
= � Sl − Sr

Sm − Sr
	3

�22a�

and

krg =
kg

k
= �1 −

Sl − Sr

Sm − Sr
	3

�22b�

where kl=permeability of liquid phase; kg=permeability of gas
phase; Sr=residual saturation; and Sm=maximum saturation.

Several expressions for the capillary pressure are available in
the literature. Among them, the empirical power law, originally
developed for soils, expresses the capillary pressure as a function
of water saturation �Clapp and Hornberger 1978�

Pc


w
= �s� �l

�s
	−�

�23�

where Pc=capillary pressure; �s=saturation suction head;
�s=saturation volumetric moisture content; 
w=unit weight of
water; and �=fitting parameter.

Korfiatis et al. �1984� applied the power law equation to
experimental data obtained from MSW samples. The saturation
suction head was determined to be 6.2 cm of water. Measure-
ments of the saturated moisture content ranged from 50 to 60%,
and 55% was recommended for use when data are not available.
The field capacity was determined experimentally to vary from
20 to 30%. The fitting parameter, �, was determined to be 1.5.
However, model calibration to predict leaching from a large-scale
column led to a different value for �, i.e., 4.0. The channeling
effect in large-scale columns was the main reason for this
observed difference.

Since MSW is not an elastic solid matrix in a theoretical sense,
a viscoelastic approach was employed to incorporate the time-
dependent deformation of the solid matrix, i.e., the Maxwell’s
body rather than a Hookean spring. Fig. 2 presents the Maxwell’s
body consisting of two basic elements joined in series, namely the
Hookean spring, characterized by its compressibility, and a dash-
pot, characterized by its viscosity �Suklje 1969�. Yoshikuni et al.
�1994� stated that Maxwell’s body explains the secondary com-
pression phenomena best among other rheological considerations.
Therefore the rate of strain is defined as

�


�t
= mv

���

�t
+

1

�
�� �24�

where 
=strain; mv=coefficient of volume change;
��=effective stress; and �=bulk viscosity of the solid waste.

Here, mv is defined by
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mv =
�1 + ���1 − 2��

E�1 − ��
�25a�

and �� can be expressed as below following Fredlund and
Rahardjo �1993�

�� = �T + SlPl + SgPg �25b�

where �=Poisson’s ratio; E=elastic �or Young’s� modulus; and
�T=total stress �compressive stresses are assumed to be negative�.
The total stress in a MSW column can be calculated as

�T = −

bottom

top

��l�l + �g�g + �b�gdz �26�

Numerical Solution

The Galerkin finite element method is employed to discretize the
governing partial differential equations. The Galerkin method is
the most popular one among the other finite element methods in
subsurface flow and transport models. Instead of solving the re-
sulting discretized nonlinear algebraic equations, the writers
adopted a technique that is easy to implement and efficient for
one-dimensional problems. The technique developed linearizes
the nonlinear algebraic equations and checks the mass error
committed as a result of this linearization. Then, this mass error is
used to control the time-step during the simulations. Finally, the
resulting equations are solved by the Gaussian elimination tech-
nique. The reader is referred to Durmusoglu �2002� for a detailed
presentation of the numerical solution.

The mass balance equations for the liquid and gas phases can
be written as

nSl�l�l

�Pl

�t
+ �ln

�Sl

�t
+ �lSl

�Vs

�z
+ �lSl

�TY

�o
=

�

�z

�lkl

�l
� �Pl

�z
− �lg	�

�27a�

Fig. 2. Schematic representation of Maxwell’s body
and
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�Vs

�z
+ �T�Y�g�1 − Sl�

�o
− 1	

=
�

�z

�gkg

�g
� �Pg

�z
− �gg	� �27b�

Discretization of Eqs. �27a� and �27b�, along with the capillary
pressure, i.e., Pc= Pg− Pl, constitute the discretized equations
for three unknowns, i.e., Pl

t+�t, Pg
t+�t, Sl

t+�t, and three equations
�Durmusoglu 2002�. This is basically a two-phase system com-
prised of gas and liquid phases. In addition, Eqs. �27a� and �27b�
include the solid phase velocity and the gas generation terms. The
solid velocity term can be replaced by the rate of strain. Here,
before solving the system of equations, the gas generation term is
incorporated into the program. After the system of equations is
solved for Pl

t+�t, Pg
t+�t, Sl

t+�t, and Sg
t+�t, the total stress is calculated

by integrating the average density, along with the landfill thick-
ness, as given in Eq. �26�. Then, the new values for the porosity
and rate of strain are obtained to determine the new nodal
coordinates, which in turn give the amount of deformation.
Discretization of the porosity term yields

nt+�t = nt + ��1 − nt+�t�
mv��T
t+�t − �T

t

�t
+

P̄t+�t − P̄t

�t
	

+
1

�
��T

t+�t + P̄t+�t�� +
�TY

�o
��t �28�

where superscripts t and t+�t denote the current time t and
the future time with an increment of �t, respectively. Here,

P̄=SlPl+SgPg. The rate of strain can be expressed as

�


�t
= �dn

dt
−

�TY

�o
	 1

�1 − n�
�29�

As a result, the new element spacing is obtained from

�zt+�t =
1

1 − 

�zt �30�

Initially, the landfill is assumed to be liquid saturated to
represent the worst-case scenario for maximum degradation.
Hence the pressure distribution becomes hydrostatic throughout

Fig. 3. Idealized landfill with boundary conditions employed
the landfill. In addition, it is assumed that the rate of strain is
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initially zero in the domain. Therefore the initial conditions
considered in the model for the pressures, degree of saturations,
and the total stress are as follows:

�Pl�t=0 = �lg�Lo − z� �31a�

�Pg�t=0 = �Pl�t=0 �31b�

�Sl�t=0 = 1 �31c�

��T�t=0 = − �n�l + �b�g�Lo − z� �31d�

where Lo=initial height of landfill.
An idealized landfill with boundary conditions employed is

given in Fig. 3. After discretization, the flow diagram shown in
Fig. 4 and the parameters given in Table 2 are incorporated into a
computer program. As depicted in the flow diagram, the param-
eters are inputted and the gas generation is calculated. After the
multiphase equations, stress, porosity, and the rate of strain are

Fig. 4. Flow diagram indicates the operational sequence
solved, new coordinates are calculated. During the simulation,
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the residual error introduced by the linearization of the nonlinear
mass balance equations is calculated and checked with a specified
tolerance after the coefficient matrices are constructed and the
equations are solved. Therefore the time step is adjusted due to
the residual error. If the residual error is more than the predeter-
mined tolerance, the time step is subtracted from the current time,
divided by two, and the parameters are reset; otherwise, it is
increased by 10%, the parameters with new values are written,
and the settlement is calculated.

Results and Discussions

A one-dimensional landfill is initially divided into elements with
equal sizes. During each time step, the size of the elements is
adjusted to consider the change in height of the landfill due to
settlements caused by the decomposition and the overburden
pressure. Since typical reported landfill heights are between
15 and 25 m �Tchobanoglous et al. 1993�, a 15-m-high landfill is
considered to describe the basic characteristics of deformable and
rigid landfills. The landfill is divided into 20 elements of equal
size, i.e., �z=0.75 m. The simulation results are obtained for
times, 10, 30, 50, and 100 years.

Fig. 5 shows the gas and liquid pressure spatial profiles for a
deformable landfill at selected times. Similar pressure profiles
vary linearly with landfill height and are obtained for both gas and

Table 2. Model Parameters

Parameter Value

Reference porositya, no 0.4

Reference permeabilityb, ko �m2� 1�10−11

Bulk viscosity of MSWc, � �Pa s� 1�1012

Coefficient of compressibilityd, mv �Pa−1� 1�10−7

Average solid waste bulk densitye, �b �kg m−3� 1,000

Inorganic fraction of MSWf, si 0.2

Organic fraction of MSWf, so 0.8

Reference gas mixture densityg, �g
o �kg m−3� 1.1317

Gas mixture molecular weighth, Mg �kg mol−1� 0.029

Gas mixture viscosityi, �g �Pa s� 1.4�10−5

Residual liquid saturatione, Sr 0.0375

Saturation suction headj, �s �m� 0.062

Liquid compressibilityk, �l �Pa−1� 0.5�10−9

Liquid viscosityk, �l �Pa s� 1�10−3

Reference liquid densityk, �l
o �kg m−3� 994.13

Absolute temperatureb, � �K� 308

Universal gas constant, R̄ �N m mol−1 K−1� 8.31441

Gravitational acceleration, g �m s−2� 9.81
aValue is within the range mentioned by Oweis et al. �1990�.
bValue is within the range mentioned by Tchobanoglous et al. �1993�.
cValue is within the range mentioned by Yoshikuni et al. �1995�.
dFrom Marques et al. �2003�.
eReported by Nastev �1998�.
fEstimated based on the values mentioned by Savage and Diaz �1997�.
gEstimated by Eq. �19c�.
hEstimated by Eq. �19d�.
iEstimated by Eq. �20a� and �20b�.
jFrom Korfiatis et al. �1984�.
kProperty of water.
liquid phases. While the gas pressure is 140 kPa at the bottom at
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10 years, it is reduced to 125 kPa in 50 years. The reduction in
gas pressure is due to the reduction in the gas production potential
of the waste with time. In the vertical direction, the highest
pressure is observed at the landfill bottom, i.e., 140 kPa. This is a
relatively high pressure buildup. Gas pressure is strongly depen-
dent on the gas production potential and the waste permeability.
In this particular case, since it is assumed that the waste is depos-
ited at one time rather than in increments, and the landfill gas
production is uniform throughout the depth, such pressure
increases are expected. In addition, the permeability adjustments
for porosity changes contribute significantly to the pressure
increase. Following the high buildup in the early years, gas
pressure decreases to 115 kPa at 100 years with a pressure
reduction of 25 kPa. As mentioned before, the air vent at the top
of the landfill allows for the complete release of gas generated
to the atmosphere.

The gas and liquid saturation spatial profiles for a deformable
landfill at selected times are illustrated in Fig. 6. Due to the high
gas production, the gas saturation is high in early years. Later, the
gas saturation decreases and approximately half of the saturation
reduction occur in 100 years at the landfill bottom. The saturation
profiles are highly affected by the boundary conditions assumed
for the model solution. Since the landfill surface is assumed satu-
rated by the liquid phase, the gas saturation is always zero at the
top. Moreover, this assumption causes the differences between
gas saturations at the top and the bottom of the landfill. Since the
sum of the gas and the liquid saturations is always equal to one,
i.e., Sl+Sg=1, exactly opposite saturation profiles are obtained in
a particular time and height.

Fig. 7�a� shows the total stress profile for a deformable landfill
at selected times. Similar to the pressure profiles, the total stress
is decreased with time due to the waste decomposition. The
mass loss and the pressure reduction lead to a reduction in the
average landfill density over time. The total density is calculated

Fig. 5. �a� Gas and �b� liquid pressure spatial profiles for a
deformable landfill at selected times
by Eq. �26� by integrating the total mass in the z direction.
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Fig. 6. �a� Gas and �b� liquid saturation spatial profiles for a
deformable landfill at selected times
Fig. 7. �a� Total stress and �b� bulk density spatial profiles for a
deformable landfill at selected times
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The density reduction has a significant contribution in the total
stress reduction in the early years. In the later years, although the
density is increased as the result of the settlement �see Fig. 7�b��,
the total stress is continued to decrease due to the increase in gas
and liquid pressures. The total stress at the bottom of the landfill
is reduced from 180 to 150 kPa in 100 years. Since it is assumed
that there is no overburden pressure at the landfill surface, the
total stress is zero. Fig. 7�b� presents the spatial bulk density
profiles for a deformable landfill. Initial bulk density of
1,000 kg m−3 is decreased in the early years, e.g., 10 years, due to
the mass reduction as the result of waste decomposition. In the
later years, the bulk density is increased due to landfill settlement.

The results obtained for a deformable landfill are compared
with a 15-m-high rigid landfill. The same model parameters used
in the deformable landfill are also employed for the rigid landfill
except for the coefficients of volume change, mv, and the bulk
viscosity, �, which are both identified as major parameters in
landfill deformation. To represent a rigid landfill, relatively small
mv, e.g., 1�10−25 Pa−1, and relatively large �, e.g., 1�1025 Pa s,
values were employed. Fig. 8�a� shows the gas saturation spatial
profiles for deformable and rigid landfills at 100 years. The gas
saturation at a certain height is always lower in a rigid landfill

Fig. 8. �a� Gas saturation spatial profiles for deformable and rigid lan
deformable and rigid landfills
than in a deformable one. This is caused by the settlement taking
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place in the deformable landfill. Fig. 8�b� presents the gas satura-
tion temporal profile at the bottom for deformable and rigid
landfills. The effect of settlement on the gas saturation is more
obvious in the temporal distribution.

There is a 30 kPa difference between the total stress distribu-
tions in the rigid and deformable landfills at 100 years as shown
in Fig. 9�a�. Although the gas generation decreases with time, the
overburden pressure in the rigid landfill remains approximately
the same due to the rigid solid matrix. On the other hand, the total
stress decreases with time due to the settlement in a deformable
landfill. A 27% difference in height is observed between the re-
sults obtained by deformable and rigid landfills at all stress levels.

Fig. 9�b� presents the settlement profile for a deformable land-
fill. The height of the landfill is reduced by 22% in 100 years. The
reduction is due to the settlement taking place after the waste is
deposited in the landfill. The waste decomposition and the total
stress are the primary factors causing the settlement. The total
stress drives the substantial long-term settlement. In the literature,
several researchers reported total settlements reaching 20–50% of
the initial landfill depth �e.g., Stearns 1987; Tchobanoglous et al.
1993�. Wall and Zeiss �1995� also reported that the contribution
of waste decomposition accounts for a large portion of the settle-

t 100 years and �b� gas saturation temporal profiles at the bottom for
dfills a
ment, i.e., about 40% of the initial depth. In this study, a slower
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settlement rate is observed in the early years, i.e., less than
10 years. The lack of high initial compression is due to the Max-
well model employed for the compression of MSW. The high gas
pressure buildup delays the settlement of the landfill until the
gas production potential is sufficiently reduced. Whenever the
total stress overcomes the pressure buildup, the settlement rate
increases, reaching steady state at around 80 years.

Conclusions

A multiphase mathematical model is developed to simulate fluid
flows in a deformable MSW landfill. It is assumed that a gas
mixture is generated as a result of decomposition processes in the
landfill. The gas generation affects the gas and liquid pore pres-
sures as well as various landfill parameters, e.g., porosity, total
stress, liquid and gas saturations, permeabilities, and total stress.
Previously, various mathematical models were developed to
simulate liquid and gas flows in landfills �e.g., Findikakis and
Leckie 1979; Metcalfe and Farquhar 1987; Arigala et al. 1995;
El-Fadel et al. 1996; Nastev et al. 2001�. These models assume
the landfill is a rigid medium. In this study, the same input
parameters were employed to the model developed for two differ-
ent landfills, namely deformable and rigid. It can be concluded
that the modeling of the fluid flows under deformable landfill
conditions produces results quite different from that of the rigid
landfills. Based on the results, it can be concluded that landfill
models for future use should incorporate both landfill deformation
and gas generation for more realistic landfill conditions.

The results obtained in this study are for hypothetical cases.
Real-world landfill systems were idealized by introducing various
assumptions such as initial liquid saturation. Although this
assumption may not necessarily represent the reality existing in
the field, it represents the worst-case scenario for maximum

Fig. 9. �a� Total stress temporal profiles at the bottom for deformable
and rigid landfills and �b� settlement profile for a deformable landfill
degradation. An idealized landfill with excess gas pressure
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dissipation only at the top boundary was considered for a case
with simpler boundary conditions. In addition, the employment of
an impervious liner as a boundary condition is one of the limita-
tions of the model. In estimation of gas production, the methane
yield used is a theoretical one that serves as the maximum limit
for methane production and it is based on the assumptions of the
most favorable environmental conditions that can exist for bacte-
rial well-being and complete conversion of the organic fraction
which implies optimum conditions. The simplicity achieved with
these assumptions justifies their use to investigate the relative
importance of certain mechanisms such as gas and liquid flow in
deforming and decaying landfills which were studied for the first
time in this study.
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