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ABSTRACT: Recently a discrete Fourier transform–method of mo-
ments (DFT-MoM) scheme was developed for fast analysis of electri-
cally large rectangular planar dipole arrays, which has been shown to
be very efficient in terms of number reduction of unknown variables and
computational complexity. The applications of this DFT-MoM to treat
dipole arrays printed on a grounded dielectric substrate are examined
in this Letter. Numerical results are presented to validate its efficiency
and accuracy. © 2002 Wiley Periodicals, Inc. Microwave Opt Technol
Lett 34: 203–207, 2002; Published online in Wiley InterScience (www.
interscience.wiley.com). DOI 10.1002/mop.10417

Key words: discrete Fourier transform; moment method; printed dipole
arrays; and dielectric substrate

1. INTRODUCTION

Efficient but accurate analysis of electromagnetic (EM) radiation
and scattering from large periodic array remains challenging due to
the increasing need to employ very large arrays in the practical
applications. A recent work based on a hybrid combination of
discrete Fourier transform (DFT) and the conventional method-of-
moments (MoM) approach (called DFT-MoM hereafter) [1] was
developed to treat the analysis of electrically large, rectangular
planar dipole arrays located in free space. Based on the framework
of the MoM procedure [2], the DFT-MoM employs a DFT repre-
sentation [3] for the unknowns in the rigorous MoM approach.
Instead of obtaining the unknowns directly from original MoM
matrix equation, the DFT-MoM employs the coefficients of the
DFT representation as new unknowns and solves for the DFT
coefficients. The MoM unknowns are then obtained subsequently.

Several unique advantages have been demonstrated in [1]. First
of all, only a few DFT terms are sufficient to represent the MoM
unknowns. For a planar and rectangular array (2N � 2M � 5)
DFT terms are sufficient in contrast to (2N � 1) � (2M � 1)
unknowns in conventional MoM approach where (2N � 1) �
(2M � 1) elements are considered. It is noted that a similar effort
based on hybrid uniform geometrical theory of diffraction (UTD)
and MoM [4, 5] has also been developed in order to reduce the
number of unknowns in the MoM approach. However, in compar-
ison with UTD-MoM, the proposed DFT-MoM is more simple and
robust in implementation, and is able to fully utilize the advantages
of asymptotic techniques [6].

Second, the selected DFT terms accurately represent the un-
knowns of conventional MoM because they are selected to suffi-
ciently represent the Floquet modes, edge effects of Floquet modes
due to finite truncation, and part of the corner effects as interpreted
in the UTD-type decompositions on the field propagation [4, 5,
7–9]. Third, each DFT term represents a linearly phased impres-
sion on the entire array. The asymptotic techniques [4–9] can be
employed to quickly evaluate the mutual impedance between basis
functions of DFT terms, which represent the mutual impedance in
terms of a few ray-type contributions instead of element-by-ele-
ment computation for the entire array. Furthermore, once the
coefficients of DFT terms are obtained via the MoM procedure, the
near- and far-field radiations due to each DFT term, which is again
a linear phased impression, can be efficiently found via asymptotic
techniques [4–9] that result in the regular array factors for the
far-field pattern. It is noted that the asymptotic evaluation of field
radiation will give rise to ray-type solutions [7–9] that can be
incorporated into existing ray-tracing codes to account for envi-
ronmental effects when the arrays are employed in practical ap-
plications. Because only a small number of terms are required in
this DFT-MoM approach, the efficiency can be readily expected.

The applications of this DFT-MoM approach to treat the rect-
angular finite planar dipole array printed on a thin grounded
dielectric substrate are examined in this Letter. It is noted that in
this case the surface and leaky waves due to the presence of the
grounded dielectric substrate exist, and potentially increase the
computational complexity in the numerical modeling [5]. In this
DFT-MoM, which utilizes the full advantages of asymptotic ray-
type solutions, not only does the number of DFT terms required to
represent the MoM unknowns remain the same, but also the
computational complexity increases insignificantly, because only a
few additional rays [5, 9] due to surface and leaky waves need to
be considered.

This Letter is formatted in the following order. Section 2 will
briefly describe the formulation of the DFT-MoM modeling on the
simple dipole array printed on a thin grounded dielectric substrate.Contract grant sponsor: National Science Council, Taiwan
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This approach can, however, be extended to treat other array types,
such as slot arrays and patch arrays, in a similar fashion. Numer-
ical validation will be presented in Section 3 to demonstrate its
efficiency and accuracy. Finally, a short conclusion will be dis-
cussed in Section 4. A time convention of e j	t is assumed and
suppressed throughout this Letter.

2. IMPLEMENTATION OF DFT-MOM APPROACH

Consider a rectangular finite planar periodic array of printed di-
poles oriented in the x̂ direction on a thin grounded dielectric
substrate as illustrated in Figure 1 where (2N � 1) � (2M � 1)
dipoles are indicated. The electric field generated by the currents
on dipole array can be expressed as [5]

E�r� � �j	 �
n��N

N �
m��M

M 
Tnm

G� �r/r�nm� � Inm�x�� x̂ dx�, (1)

where G� (r/r�nm) is the electric dyadic Green’s function [10] for an
electric type on a grounded dielectric slab, r and r�nm denote the
position vectors for the field point and for any point on the nmth
dipole element, and Inm( x�) denotes the current distribution on
nmth dipole. For a simple thin-wire half-wavelength dipole array,
sinusoidal functions are sufficient, that is, the current distribution
on the nmth (�N � n � N, �M � m � M) dipole can be
described by [11]

Inm� x�� � Anm

sin�ke�h � �x� � n dx��	
W sin keh

, (2)

where Anm is the unknown coefficient that determines the current
distribution on the element. h, ke (ke � k0

�(�r � 1)/ 2) are the
half length and wave number of the expansion mode, respectively,
and W is the width of the dipole. Incorporating the Galerkin’s
method results in a set of linear equations for the dipole array that
can be denoted by

�
n��N

N �
m��M

M

AnmZnm,pq � Vpqe
�j�xpdxe�j�yqdy, (3)

where the right-hand side is the excitation at pqth dipole to radiate
a direction beam according to (�x, �y) defined by

�x � � sin �i cos �i,

�y � � sin �i sin �i, (4)

with � and (�i, �i) being the wave number and direction of
scanning beam. It is noted that for a scattering problem, the
right-hand side of (3) is associated with the incident field, Ei(rpq),
by

ŷ � Ei�rpq� � Vpqe
�j�xp dxe�j�yq d y��y � q dy�. (5)

The proposed approach employs DFT representation for the
unknown coefficients Anm in (3) by

Anm � e�j�xn dxe�j�ym d y �
k��N

N �
���M

M

Bk�

� exp��j2�
kn

2N � 1� exp��j2�
�m

2M � 1� (6)

and results in

�
k��N

N �
���M

M

Bk�Z�k�,pq � Vpqe
�j�xpdxe�j�yqdy, (7)

where

Z�k�,pq � �
n��N

N �
m��M

M

Znm,pq exp��j�xndx�

� exp��j�ymdy� exp��j
2�kn

2N � 1�exp� � j
2��m

2M � 1�
(8)

which denotes the mutual impedance of k�th DFT term and pqth
dipole. It is noted that the linear phase shift in (6) allows the
distribution of Bkl more centralized around (k � 0, � � 0).

The advantage of the expression in (6) is that asymptotic
techniques can be employed to quickly evaluate (8) in terms of
UTD-type ray solutions. Once the coefficients of Bkl are obtained
by solving (7), the radiation field of the array impressed by each
DFT can be easily found by asymptotic techniques, which again
can be expressed in terms of a few rays and in the far zone is
simply an array factor. In particular, the overall far-zone field can
be expressed as

E�r� � Esin gle�r� � �
k

�
�

Bk� � �sin�2N � 1

2
�x�/sin��x

2 ��
� �sin�2M � 1

2
�y�/sin��y

2 �� (9)

where Esin gle(r) is the far-field pattern of a dipole located at the
origin of the coordinate system and

�x � ��sin � cos � � sin �i cos �i�dx �
2�k

2N � 1
,

�y � ��sin � sin � � sin �i sin �i�dy �
2��

2M � 1
. (10)

Figure 1 A (2N � 1) � (2M � 1) dipole array printed on a thin
grounded dielectric substrate
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The efficiency of this DFT-MoM is based on a fact that only a
relatively few DFT terms are sufficient to represent the induced
current on the array. The criterion to determine the significant DFT
terms is based on the UTD-type ray interpretation, which intends
to include the significant distributions due to Floquet modes and
edge-diffracted Floquet modes [1]. In particular, for an uniform
excitation [Vpq � 1 in (7)],

�
���M

M

Bk� exp��j2�
�m

2M � 1� with k � 0 and

�
k��N

N

Bk� exp��j2�
kn

2N � 1� with � � 0 (11)

can sufficiently represent the contributions from the edge-excited
Floquet modes. It is noted that edge-excited surface waves [9] are

also sufficiently covered in (11) as well as part of the corner
excited field contributions if the substrate is sufficiently thin, as
employed in most realistic applications. Furthermore, the signifi-
cant contributions of corner diffraction are in general more cen-
tralized around (k � 0, � � 0). One may add more terms if
exceptional accuracy is desired. However, numerical experiments
found that the DFT terms indicated in Figure 2 are sufficient,
which requires only (2N � 2M � 5) DFT terms for a (2N �
1) � (2M � 1) rectangular array. It is noted that approaches
based on minimum least-square error (MLSE) can be employed to
find the coefficients of Bkl in (7).

3. NUMERICAL RESULTS

Numerical examples are presented in this section to demonstrate
the accuracy and efficiency of this DFT-MoM in the analysis of
printed dipole arrays on a grounded dielectric substrate. The array
considered consists of 25 � 25 x̂-directed dipole elements that are
phased to radiate a beam maximum in the direction of (� � 10°,
� � 45°). The array, which is printed on a grounded dielectric
substrate with thickness of 0.3 cm and relative dielectric constant
of 2.55, has elements in periods of 0.5� and 0.5� in x and y
coordinates with sizes of 0.39� and 0.01�, respectively, and is
excited uniformly in amplitude so that Vpq � 1 in (3) for each of
pqth dipole. The operating frequency is 3 GHz. The results pre-

Figure 2 Selected DFT terms to represent the induced currents on the
array for the DFT-MoM computation and the corresponding selected
dipoles for the implementation of MLSE computation to find the coeffi-
cients of DFT terms

Figure 3 Induced current distribution on the array (only the magnitudes
and phases of Anm are plotted). (a) Shows the distribution on the bottom
row of the array and (b) shows the distribution on the central row of the
array
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sented are compared with reference solutions that are obtained
from rigorous MoM analysis.

Figure 3 shows the normalized induced current envelope [i.e.,
the coefficients of Anm in (2)] on the dipole array for the bottom
and central horizontal rows (n � �12 and 0) in terms of magni-
tude and phase variation. The accuracy can be observed from the
fact that the results obtained from DFT-MoM have excellent
agreement with the reference results obtained from rigorous MoM,
except minor errors can be found on the first two and last two
elements (m � �12, �11, 11, and 12) in the first column (n �
�12) shown in Figure 3(a), which correspond to the corner
elements. Similar accuracy can be also observed from Figure 4,
which shows that normalized induced current envelope for the left
and central vertical columns (m � �12 and 0). The minor errors
are expected, because the selected DFT terms in (6) intend to
potentially represent Floquet modes, the entire contribution due to
the edge truncation, and a part of the corner contribution. How-
ever, as mentioned in an earlier section the corner effects have
insignificant contribution on the entire array except on the small
areas of corner elements, and usually can be ignored in the regions
that are at least one wavelength away from the corner. One may
impose unknown variables on the corner elements in the DFT-
MOM approach if an exceptional accuracy on the corner elements
is required. It will, however, not increase the unknown number
significantly, because the sizes of the corner areas are, in general,
fixed and independent of the array size. Furthermore, with increas-
ing array size the overall ratio of the corner error on the entire array

current distribution will decrease significantly. It is noted that only
53 DFT terms, instead of 625 unknowns in MoM, are employed
(which is less than 9%). Extensive numerical experiments, as also
indicated in Figure 5, have shown that the overall percentage errors
on the entire induced current, which are defined by

Figure 6 Radiation pattern of a 25 � 25 printed dipole array (they are
normalized under the same conditions)

Figure 4 Induced current distribution on the array (only the magnitudes
and phases of Anm are plotted). (a) Shows the distribution on the left
column (m � �12 column) of the array and (b) shows the distribution on
the central column (m � 0 column) of the array

Figure 5 Percentage error of the DFT-MoM solution in comparison with
the rigorous MoM solution. The array is assumed to have dimensions of
N � N
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Percentage � error �
�IMoM � IDFT-MoM�

�IMoM� , (12)

are less than 1.5% and generally decrease, while the array size
increases, where I � [Anm] and the subscripts indicate the coef-
ficients obtained from MoM and DFT-MoM, respectively. Numer-
ical experience has shown that the error will slightly increase as
the thickness of the substrate sufficiently increases, where the
surface and leaky waves become dominant. However, the errors
are generally less than 2% for all of the practical cases that have
been examined.

Finally the radiation patterns of E� and E� components for the
array example are shown in Figure 6 for comparison with rigorous
MoM results. As expected, the agreements on the patterns obtained
DFT-MoM and conventional MoM are excellent, and no differ-
ence can be distinguished. The distribution of Bk� is shown in
Figure 7 to validate the criterion in selecting significant DFT terms
suggested in (11).

4. CONCLUSION

In this Letter the applications of the DFT-MoM approach to the
fast analysis of EM radiation/scattering from a large rectangular
planar dipole arrays printed on a thin grounded dielectric substrate
are examined. The DFT-MoM employs DFT representation to
describe the induced current on the array, which allows the ad-
vantages of asymptotic ray solutions to be fully utilized. Because
only a relatively few DFT terms are required, the efficiency of this
DFT-MoM is extremely high.
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ABSTRACT: If the pressure, voltage, and other discharge parame-
ters of a multiple-electrode-pair laser are held constant, there is a non-
linear pulse energy enhancement effect when several sets of electrode
pairs are triggered synchronously. The mechanism of the effect is ana-
lyzed and a reasonable theoretical model, which is in agreement with
the experimental results, is built. © 2002 Wiley Periodicals, Inc.
Microwave Opt Technol Lett 34: 207–211, 2002; Published online in
Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/mop.
10418

Key words: pulse energy enhancement; multiple-electrode-pair laser;
gas laser

1. INTRODUCTION

By using several sets of electrode pairs sharing the same optical
cavity and firing each electrode-pair set sequentially, a series of
laser pulses with an adjustable time interval can be generated
[1–4]. There are many applications for this high-intensity short-
time-interval laser pulse series, such as laser remote sensing,
holography, biology, photochemistry, optical diagnostics, laser
fusion, and so on [5–9]. The multiple-electrode-pair laser has
unique output characteristics. For example, the pulse energy output
is sensitive to the trigger time interval. When the pulse discharge

Figure 7 Distributions of Bk� to demonstrate the validity of criterion in
selecting significant DFT terms
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