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Abstract

Synchronization is studied in an array of identical oscillators undergoing small vibrations. The
overall coupling is described by a pair of matrix-weighted Laplacian matrices; one representing the
dissipative, the other the restorative connectors. A construction is proposed to combine these two
real matrices in a single complex matrix. It is shown that whether the oscillators synchronize in the
steady state or not depends on the number of eigenvalues of this complex matrix on the imaginary
axis. Certain refinements of this condition for the special cases, where the restorative coupling is
either weak or absent, are also presented.

1 Introduction

Consider the dynamics [8, Ch. 11]
Mi+ Kz =0 (1)

where z € R™ and the matrices M, K € R"*™ are symmetric positive definite. This linear time-invariant
differential equation, being the generalization of that of harmonic oscillator, plays an important role
in mechanics. It emerges as the linearization of a Lagrangian system about a stable equilibrium and
satisfactorily represents the behavior of the actual system undergoing small oscillations [I, Ch. 5]. Among
examples obeying (IJ) are the n-link pendulum (Fig. ) and the mass-spring system (Fig. 2]). It is possible
to find relevant systems outside the domain of mechanics as well. For instance, the LC circuit shown in
Fig. Bl is also described by the form (I); see [15].

Figure 1: 3-link pendulum.

Suppose now we take a number of identical n-link pendulums, each obeying (D), and couple them
via passive components such as springs and dampers as shown in Fig. @l Or, we gather a number of
identical LC circuits and connect them through inductors and resistors as shown in Fig. What can
be said about the collective behavior of these arrays? In this paper we attempt to answer this question
from the synchronization point of view. That is, we investigate conditions on the coupling that guarantee
asymptotic synchronization throughout the array, where all the units tend to oscillate in unison despite
the initial differences in their trajectories.
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Figure 3: LC oscillator.

In studying synchronization stability the workhorse of the analysis is the matrix that describes the
overall coupling, the ubiquitous Laplacian. The classical Laplacian matrix is a very useful representation
of a graph with scalar-weighted edges. This matrix often appears in various network dynamics and
its spectral properties have proved instrumental in understanding or establishing synchronization; see,
for instance, [10} @, [B] 4]. Although a single scalar-weighted Laplacian turns out to be quite able to
represent the coupling in many different networks (which have been thoroughly investigated in the duly
vast literature) significant exceptions do exist. One such exception we find appropriate to point out has to
do with the case where the coupling can only be represented by a matriz-weighted Laplacian [I5] T4, 17].
Another instance of deviation manifests itself in the array of harmonic oscillators linked simultaneously
by both dissipative and restorative connectors [16], where two separate scalar-weighted Laplacians are
required to account for the coupling in its entirety; one for the restorative, the other for the dissipative
links. The particular problem we consider in this paper happens to fit to neither of these instances and
instead contains them as special cases. Namely, the coupling of the array we study here cannot be properly
described except by a pair of matrix-weighted Laplacians. To the best of our knowledge, the problem
of synchronization of small oscillations has not yet been investigated under such direction and degree
of generality. It is, of course, worthwhile to ask whether the suggested generalization is meaningful. In
short, is it (in some sense) natural? We believe that it is; for two reasons. First, as we mentioned already,
the dynamics we study can be realized by some very basic building blocks from physics and engineering:
pendulum, spring, damper; or, capacitor, inductor, resistor. Second, some of the methods we develop in
our analysis bear strong resemblance to classical tools from systems theory and graph theory, such as
the Popov-Belevitch-Hautus (PBH) test for observability and the positivity check of the second smallest
eigenvalue of the Laplacian for connectivity.

Somewhat imprecisely, we now give the statements of the three main results of this paper. Our setup,
the array of ¢ oscillators, is described by three parameters (matrices): P, Lq, Ly. (The precise problem
statement and notation are given in Section[2l) The symmetric positive definite matrix P € R™*" models
the individual oscillator, where n is the number of normal modes or characteristic frequencies. The matrix-
weighted Laplacians Lq, L, € R9"*9" represent, respectively, the dissipative coupling (e.g., dampers)
and the restorative coupling (e.g., springs). Inspired by how the conductance (g) and susceptance (b)
are brought together to form the admittance (y = g + jb) in circuit theory [2], we construct from
our three matrices the single matrix [Lq + j([I ® P] + L;)]. In Section [l we establish the following
equivalence between this matrix and synchrony: The oscillators (asymptotically) synchronize if and only
if [La+ j([I4 ® P]+ L,)] has ezxactly n eigenvalues on the imaginary axis. To develop a somewhat deeper
understanding of this result we then dissect the matrix-weighted Laplacians L4, L, using the eigenvectors
v1, V2, ..., vy, of P and obtain the collections of scalar-weighted Laplacians G171, Gas, ..., Gunn € R9%?
and Bii, Boa, ..., Bun € R7Y through Gy = [I, ® v} ]La[l, ® vi] and By, = [I; ® vl |Li[I, ® vg].
These matrices are employed in Section [ to show: For weak enough restorative coupling (|| L:|| < 1) the
oscillators synchronize if every [Ggr + jBgk] has a single eigenvalue on the imaginary azis. Finally, in
Section Bl we study the pure dissipative coupling scenario. There we find: In the absence of restorative
coupling (L, = 0) the oscillators synchronize if and only if every Gy, has a single eigenvalue at the origin.



Figure 5: Coupled LC oscillators.

2 Problem statement and notation

Consider the array of g coupled oscillators (each of order 2n) of the form

q q
Mi‘i—FK!Ti-i-ZDij(i'i—ij)-i-ZRij(SCi—,Tj):0, i=1,2,...,q (2)

J=1 J=1

where z; € R™ and M, K, D;j, R;; € R™". Recall that M = MT > 0 and K = K7 > 0. The
matrices D;»fj = D;; = Dj;; > 0 represent the dissipative coupling (due, e.g., to the dampers in the array
of Fig. M or to the resistors in the array of Fig. ) between the ith and jth oscillators. The matrices
RZ-TJ- = R;; = Rj; > 0 represent the restorative coupling (due, e.g., to the springs in the array of Fig. @
or to the inductors in the array of Fig. Bl between the ith and jth oscillators. (We take D;; = 0 and
R;; =0.) Let 01, 09, ..., 0, be the roots of the polynomial d(s) = det(sM — K), i.e., the eigenvalues of
K with respect to M. Note that these o, are also the eigenvalues of the matrix P := M~ Y2KM~1/2,
Hence o, > 0 for all k because P = PT > 0. Our analysis will assume that these eigenvalues are distinct:
ok # oy for k # £. Under this assumption we here intend to arrive at conditions on the set of parameters
(M, K, (Dyj)} j—1, (Rij){ ;=) under which the array @) synchronizes, i.e., ||z;(t) — 2;(t)|| — 0 as t — oo
for all indices ¢, j and all initial conditions z1(0), z2(0), ..., x4(0).

The identity matrix is denoted by I, € R?*9. We let 1, € R? denote the unit vector with identical
positive entries, i.e., 1, = [1 1 --- 1]7/,/g. Given X € C"*", we let A\x(X) denote the kth smallest
eigenvalue of X with respect to the real part. That is, Re A1 (X) < ReX2(X) < --- < ReA,(X). The
2-norm of a vector v € C" is denoted by ||v]|. Recall that ||v||* = v*v, where v* denotes the conjugate
transpose of v. Likewise, || X || denotes the induced 2-norm of the matrix X. Let L(g, n) C R?"*" denote



the set of Laplacian matrices such that each L € L(g, n) has the following structure

Wiy Wi e =Wy
—War 30, Way o =Wy
L= . . .. . =:lap (Wij)i,jzl
—WWql —WWe2 Zj Wi
where the weights W;; € R™*"™ satisty WZ-:]F- = W;; = Wj; > 0 with W;; = 0. Observe the symmetry L = LT
and the positive semidefiniteness x*Lx = . (z; — x;)*Wi;(2; — 2;) > 0, where x = [2f zF - al)" €

(C™)4. Also null L D range[1l4 ® I,,], where ® is the Kronecker product symbol.

All the positive (semi)definite matrices we consider in this paper will be (real and) symmetric. There-
fore henceforth we write X > 0 (X > 0) to mean X7 = X >0 (X7 = X > 0). A simple fact from linear
algebra that we frequently use in our analysis is

X>0 and £&XE=0 = XE=0
where £ is a vector of appropriate size. Another fact that will receive frequent visits is the following.
Fact 1 Let both X, Y € R™ ™ be symmetric positive semidefinite. Then Re A\ (X + jY) > 0 for all k.

Proof. Let A € C be an eigenvalue of X + jY and £ € C" the corresponding unit eigenvector. We can
write

A=) = (X +Y)§ =X+ LY (3)
which yields Re A = £*X ¢ > 0 because X, Y > 0. The fact follows since A was arbitrary. |

3 Steady state solutions

Consider the array of coupled pendulums shown in Fig. @] under arbitrary initial conditions. Devoid of
any external interference, this assembly is unable to generate mechanical energy. Moreover, some of its
initial energy will be gradually lost through the dampers as heat. The outcome is that in the long run
the array has to settle into a constant energy state, the steady state. One way to show that the array
synchronizes (if it does) therefore would be to establish that no steady state solution admits asynchronous
oscillations. This is the approach we adopt for our analysis in this section.

Let us employ the coordinate change z; :== M'/2g; for i = 1,2, ..., ¢. In the new coordinates, the
array (2] takes the form

q q
54+ Pai+ Y M7YPDyM TV (5 — )+ Y MR M T (2 - 25) =0, i=1,2,...,q. (4)

j=1 j=1
Recall that P = M~Y2KM~'/? whose eigenvalues o1, 09, ..., 0, are distinct and positive. Let z =
[z z3 -+ zl]" and the matrices Lq, L, € L£(q, n) be constructed as
Lq = lap(M~V?DyM~V2)1._
Lo = lap(M~'V?RyM/2)1._.
These Laplacian matrices allow us to express () as
G+ (I, ®Plz+ Laz + Liz = 0. (5)

Note that the array (2) synchronizes (only) when the array (@) does. And the synchronization of the
array () is equivalent to that every solution z(¢) of (H) converges to the subspace range [1,®1,]. Consider
now the Lyapunov function

1 1
W(z, z) = ng (I; ® Pl + L)z + 5sz



which is positive definite since [I; ® P] > 0 and L, > 0 imply [I; ® P] + L, > 0. The time derivative of
this function along the solutions of (&) reads

%W(z(t), a(t)) = —z(t)" Lan(t)

Note that the righthand side is negative semidefinite since Lq > 0. Hence by Lyapunov stability theorem
each pair (z(t), z(t)) is bounded and by Krasovskii-LaSalle principle [7], every solution converges to some

region contained in the set {(z, z) : W(z, z) = 0}. In other words, every steady state solution zss(t) of
(@) should identically satisfy zss(t)? Lazss(t) = 0, which (thanks to Lq > 0) is equivalent to

Lazss(t) =0. (6)
Combining (&) and (@) at once yields
Zss + (I ® Pl + Ly)zss = 0. (7)
Let p < gn be the number of distinct eigenvalues of [I, ® P] + L, and p1, p2, ..., pp > 0 denote these
eigenvalues. Note that p; > 0 because [I, ® P|] + L, > 0. Now, the solution to () has the form [T} §23]
p .
zss(t) = Re Z elvrtey, (8)
k=1
where wy, = \/px are distinct and positive, and each &, € (C™)? (some of which may be zero) satisfies
(g ® P] + Ly — wl%an)gk =0. (9)
Note that the (@) and (&) imply
Lq&r =0 (10)

since wy, are distinct and nonzero. Combining (@) and (I0) we can write

9
& € null[ g ® P] e widan (11)
d

Suppose now the following (PBH test like) condition holds

I, ® P)4+ Ly — Xy

null Ly

] C range [1,® I,] forall AeR. (12)

Then (L)) implies & € range[l, ® I,,] for all k. By (§) this readily yields zg(t) € range[1, ® I,,] for all
t. Therefore (I2)) is sufficient for the array (@) to synchronize.

Let us also investigate the necessity. We begin by supposing that the condition (I2]) fails to hold. Then
we can find an eigenvalue p, = w? and an eigenvector £ € (R™)? satisfying & ¢ range[1, ® I,,], La =0,
and ([I; ® P]+ L, — wilyn )€ = 0. Using the pair (wy, £) let us construct the function ¢ : R — (R™)? as
¢(t) = Re (e9“rt¢). This function satisfies the following properties. First, since £ ¢ range[l, ® I,,], we
have

C(t) =€ ¢ range[1,® I,)] for t=0,T, 2T, ... (13)
where T = 27 /wy,. Second, since Lg§ = 0, we have at all times
La¢(t) = Re (jwpe’* Lag) = 0. (14)
Third, since ([I; ® P] + Ly — w?l,n)é = 0, we can write at all times

() + (L@ Pl + L)C(t) = —wiC(t) + (I, ® P+ Le)((t)
= ([Iq ® P] + L, — Wl%an)Re (ejwktg)
= Re (ejwkt([lq ® Pl + L, — wl%an)g)
0



which together with (I4]) leads to
C(0) + Iy © PIC(t) + Lad(t) + Li((t) = 0.

Hence ((¢) is a valid solution of (Bl). But it is clear from (I3) that {(¢) does not converge to range [1,®I,,].
This means that the condition ([I2]) is not only sufficient but also necessary for the synchronization of the
array (2). We have therefore established:

Lemma 1 The array @) synchronizes if and only if ([I2) holds.

We now convert the condition (IZ) to another form, which will prove more suitable for later analysis.
To this end, we construct the complex matrix

= La+j([l, ® P]+ Ly).

A few observations on the spectrum of I' are in order. Note that Lq[l; ® v] = 0 for all v € C™ thanks

to Lq € L(q, n). The same goes for L,. Letting vy, va, ..., v, € R™ be the (linearly independent) unit
eigenvectors of P corresponding to the eigenvalues o1, o3, ..., 0,, respectively, we can thus write for
k=1,2,...,n

IMly@w] = La[lg®@w] +5([l; ® P][14 ® v + Le[14 ® vi])

= jlI; ® P][14® vy]
= jlZglq) ® (Pok)]
= jdk[lq X Uk] .

Therefore each joj is an eigenvalue of I' with the corresponding eigenvector [1, ® vg]. Since op # o¢
for k # £ and the open left half plane contains no eigenvalue of I' by Fact I} we can list, without loss
of generality, the first n eigenvalues as A\y(I') = jop for k = 1,2, ..., n. It turns out that the next
eigenvalue in line is closely related to synchronization:

Lemma 2 The condition [I2)) holds if and only if Re Ap41(T") > 0.

Proof. Suppose Re\,+1(I') < 0. This implies Re A\,,+1(I') = 0 because I' can have no eigenvalue
with negative real part. Let therefore A\, 1(I') = j8 with § € R. There are two possibilities. Either
(i) j8 = jop for some k or (ii) not. Consider the case (i). Without loss of generality let us take
jB = jo1. That is, the eigenvalue joq is repeated. Then there should be at least two linearly independent
eigenvectors of I' corresponding to the eigenvalue joi. To see this suppose otherwise. Then [1; ® v1]
would be the only (unit) eigenvector associated to the eigenvalue jo; and there would have to exist a
generalized eigenvector & € (C")? satisfying (I' — jo11g4, )& = [14 ® v1]. This however would lead to the
following contradiction

1=[1,@u]" [1@v]=[1,0u]" (T - joiln)é& = (T = jorly)[1,@vi]) &G =0

since [T = TI'. Therefore we can find an eigenvector ¢ € (C")? corresponding to the eigenvalue joy
satisfying £ ¢ span {[1, ® v1]}. Then it follows that

E¢span{[lg@ui], [14®v2), ..., [1¢ ® vy} =range[l, @ I,,]. (15)

As for the case (ii), i.e., j8 # joy for all k, it is clear that an eigenvector of j3, call it &, should again
satisfy ([3]). To sum up, whenever Re A, +1(I') < 0, there exists a nonzero vector £ € (C™)? and a real
number § satisfying T'¢ = j8¢ and ([I3). Without loss of generality let ||€|| = 1. Then (B]) allows us to
write

3B =& La& + & ([Ig © P+ Lr)§

which implies Lq§ = 0. Then we can write j3¢ = I'§ = j([I,®P]+L,)¢, yielding ([I,®P]+L,— B14,)¢ = 0.
Hence ¢ satisfies

[l @ P]+ Ly = Blgn

¢ € null Ly

(16)



Finally, combining (I3 and (I6) yields that the condition ([I2]) cannot be true.
Now we show the other direction. Suppose (I2) is not true. Then we can find 8 € R and a vector & ¢
range [1,® I,,] that satisfy Lq€ = 0 and ([I,® P]+ L)€ = B¢. This yields '€ = j3¢. By (1) we see that £

lies outside the subspace spanned by the linearly independent eigenvectors [1,®v1], [14®@uv2], ..., [14@y]
of I'. Recall that the eigenvalues associated to these eigenvectors are joi, jog, ..., jo,. Hence, together
with &, there are at least n + 1 linearly independent eigenvectors whose eigenvalues lie on the imaginary
axis. This implies Re A, +1(I") cannot be strictly positive. |

Lemma [Il and Lemma [2] yield:
Theorem 1 The array [2) synchronizes if and only if Re A1 (T) > 0.

To develop some insight on Theorem [Il we bring up some of its consequences concerning a number of
special yet important cases. We first regenerate some known results on harmonic oscillators; then (in the
following sections) we proceed to novel implications. Synchronization of coupled harmonic oscillators (i.e.,
the array (2) under n = 1) is a thoroughly investigated problem; see, for instance, [1T] 12} 18| 13]. Many
interesting results have appeared recently, each of which studies a certain generalization of the nominal
setup: an array of identical oscillators (e.g., 1-link pendulums) coupled only by dissipative components
(e.g., dampers). In this simplest case synchronization is easy to understand. It is intuitively clear that
if a pair of pendulums are connected by a damper then their motions have to have synchronized in the
steady state. Consequently, the entire array synchronizes if its interconnection graph (where each node
represents an oscillator and each edge a damper) is connected. This well-known, fundamental result
makes the first corollary of Theorem [ since the algebraic condition for a graph to be connected is that
its Laplacian has a simple eigenvalue at the origin, i.e., its second smallest eigenvalue (also known as
Fiedler eigenvalue) is positive.

Corollary 1 Suppose n =1 and R;; = 0 for all i, j. Then the array @) synchronizes if and only if
Ao (Ld) > 0.

Proof. That n = 1 renders the matrix P a real scalar. In particular, P = 07. We can therefore write

Redni1(T) = ReXpi1(La+j([I, ® P+ L))
= ReMXo(Lq+joily +jL:)
= Re(Mo(La+ jLy) + jor)
= Re)y(Lq+jL,). (17)

Now, R;; = 0 yields L, = 0. Also, Lq > 0 implies that all the eigenvalues of the Laplacian Lq are real.
Hence

Re Az(La + jLr) = A2(La) - (18)
The result follows by ([IT), ([I8]), and Theorem [ |

Corollary [ has the following generalization covering the case where the 1-link pendulums are coupled
by not only dampers, but also springs [16].

Corollary 2 Suppose n = 1. Then the array [2) synchronizes if and only if Re Aa(Lgq + jL;) > 0.
Proof. Combine () and Theorem [1l |

4 Weak restorative coupling

In this section we study the synchronization of small oscillations under weak restorative coupling. To
investigate how the strength of restorative coupling effects synchronization let us replace R;; in ([2]) with
eR;j, yielding the dynamics

q q
Mi; + Kz + Y Dij(d: — i) +e Y Rijlws —a;) =0,  i=1,2,...,q (19)
j=1

J=1



where the scalar € > 0 represents the coupling strength. Our assumptions on the matrices M, K, D;;, R;;
are same as before. A slight addition, however, is that we assume throughout this section that not all
R;; are zero, i.e., R;; # 0 for at least one pair (¢, j). The case where there is no restorative coupling (i.e.,
all R;; = 0) is studied in the next section. For our new array (I9)) let us define

I.:=Lqa+j([l;®P]+eL,).
We infer from Theorem [ that the array (I9) synchronizes if and only if Re A,11(Tc) > 0. Recall that

v1, Va, ..., Uy € R™ denote the (linearly independent) unit eigenvectors of P corresponding to the distinct
eigenvalues o1, 09, ..., op, respectively. Since P is real and symmetric the matrix V = [vy vy -+ v,] is
orthogonal, i.e., VIV =1,,. Let A = diag(oy, 02, ..., 0,). Note that A = VTPV. Let us now construct
the matrices G, B € R7"*" ag
Gun Gi2 -+ G By B2 -+ B
Ga1 Gaa -+ Ga By Bz -+ Ba,
Gnl Gn2 o Gnn Bnl Bn2 o Bnn
where Gre = [I; ® v} La[l; ® ve] € R9*? and By = [I; ® v1]L,[I; ® v)] € R for k, £ =1,2, ..., n.
Lemma 3 The matrices Gy, By are Laplacian, i.e., Gg, Ber € L(q, 1) for allk=1,2, ..., n.
Proof. We can write
Grr = [Iq ® U%]Ld[fq ® vk]
= [ @v{](ap (M~2Dy M=) _)[I; ® vg]
= lap (v M2Dy; M~ o)l (20)
Likewise, By = lap (vf M~Y2 Ry M~/ 2v)? . |

It is not difficult to see that the matrices G, B satisfy
G = 0", @ VT]L4[l; ® V]I
B = T, e@VT|L[,® V]I

where IT € R9"*9" is the permutation matrix that yields I [X @ Y]II = Y ® X for all X € R?*¢ and
Y € R"*™. Hence G, B > 0. Define

Q=G+ j(A® I +eB).

Note that Q. = 7 [[, ® VT [I, ® V]IL. That is, . and T'. are similar matrices. Therefore they share
the same eigenvalues. Since the array (I9)) synchronizes if and only if Re A, +1(I':) > 0, we have the
following result.

Proposition 1 The array [@9) synchronizes if and only if Re Ap11(2:) > 0.

Remark 1 Although we assume € > 0 here, it is not difficult to see that Proposition [ still holds for
the case ¢ = 0. This observation will be useful in the next section when we consider the pure dissipative
coupling scenario.

Let {e1, ea, ..., en} be the canonical basis for C", i.e., ey is the kth column of I,,. Note that we have
[ek ®1q]TG[ek ®1,] = quGkqu = 0 because Ggr1, = 0 thanks to that Gy, € £(g, 1) by Lemma[3] Since
G > 0 this allows us to claim Glex ® 1,] = 0 for all k. Likewise, Blex ® 14] = 0. We can thus write
Qler©1,] = (G+i(A L] +eB)ex @1,
= jA® I]lex ® 1]
= Jjl(Aex) ® (I414)]
= jorlex ® lq] .



Hence each joy, is an eigenvalue of Q. with the corresponding eigenvector [e; ®1,]. Since by Fact[Iall the
eigenvalues of Q). are on the closed right half plane, we can let, without loss of generality, A () = joi

for k=1, 2, ..., n. Define the positive numbers &, i as
0 Lo | |
7= g,
1
[ := —mi i Ai(Brr) — X\ (B .
H 2mkln (M(Bkkr)lig\lj(Bkk)| (B J( kk)|)

Lemma 4 Let £ € (C1)™ be a unit vector satisfying Q& = jBE for some B € R. There exist an index
ke{l1,2,...,n} and an eigenvector w € C% of By, such that

TIBl (1 181Y)

I = ex @ wll] < [ ‘. (21)

Proof. Let £ be a unit vector satisfying Q. = j5¢. We have j5 = £*GE + jE*([A @ 1] + eB)¢E by @3).
Since G > 0 and [A ® I;] + eB > 0 we have to have £*G{ = 0 which in turn implies G = 0. Thence
Q. = jBE yields

([A@ 1] +eB)¢ = pE. (22)
We have by [B, Cor. 8.1.6] foralli=1,2, ..., gn
ANi([A @ L] +eB) = Ai([A @ L])| < [[B]e.
Since \; ([A®1,]) € {01, 02, ..., 0y}, we must have 3 = o, +h for some k € {1, 2, ..., n} and |h| < || Blle.

Without loss of generality let 3 = o1 + h. Let £ be partitioned as £ = [uf ul - ul]T with u € CY.
Since [|€]] = 1 we have Y, |lu¢||?> = 1. Let us now rewrite (22)) as

o1uU1 Uy U

02U2 U2 U2
+eB . = (014 h)

Unun un u’ﬂ

which we decompose into n equations, the first of which is

h n
<B11 - glq> up = — ZBMUZ (23)
=2

and the remaining n — 1 are

(Uk—al)uk:huk—aszgw, k:2, 3,...,71. (24)
(=1

Using [5, Eq. (2.3.13)], [|€]] = >"/_; llue|* = 1, and |h| < || B|e we infer from (24)

1 n
url < (bl ol + € || 3 Beeus
lok — o1] =
1
—(|h| + || B]| -
< |ak—a1|(| |+l Bl - [I€])
2| Bl
lok — o1
B
< ” ,HE, k=2,3,...,n. (25)
o



Let ¢ = & —[er @ui] = [0T ud -~ ul]T, for which we have ||¢|| < v/n — 1||Bl|le/a by [@5). Letting
a = h/e and using (23] we obtain

[(Bi1 — al)ui| =

n
g Biouyg
=2

< Bl
2
< 7”1_;”]3“_ (26)

We have By; > 0 by Lemma Bl This means we can find m < ¢ pairwise orthogonal eigenvectors
Wy, W, ..., Wy, € C? with corresponding distinct eigenvalues py, po, ..., m € R such that Bjjw; =
wiw; and u; = wy + wa + - - + wy,. Using the pairwise orthogonality of the vectors w; we can write

m 1/2
(Z i — a|2|wi||2> -
=1

(i — @)w;

R

i=1

(Bll — Oqu)’LUZ'

I
.MS

N
Il
-

= (Bll —Oqu)Z’LUi
i=1

= [(Bu —alull . (27)

Without loss of generality suppose |pu1 — | < |u; — «f for i = 2, 3, ..., m. Note then that |u; — | > &
for i =2, 3, ..., m. Hence we can write by (26]) and (21

m 1/2
[ur —wn || = (leill2>
i=2

yan 1/2
< —<Z |uz-—a|2||wz—||2>

K \i=

Vvn —1||BJ]?e

2
e (28)
Recall ||¢|| < v/n —1||B|le/d. Hence (28) yields
[§—ler@w]ll = [llex®@ua]+ ¢ —[er @wi
= |llex ® (wr —wi)] + (]
= llex ® (ur —wi)|| +[IC]
= Jlux —wll + <]l
Vvn —1||BJ]?e N vn—1||B|le
5 S
—1||B B
[ETIB 21
o i
which was to be shown. |
For k=1, 2, ..., n define the nonempty compact sets Cx, C C? as

Cr ={w:||lw| =1, (Br — ply)w =0 for some p € R, and 1qu = 0}.

Then define the nonnegative real number

1/2
5= [min (min w*Gkkw>] .

k weCy
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Lemma 5 If Re \o(Ggir + jBrg) >0 for allk=1,2, ..., n then ¥ > 0.

Proof. Suppose ¥ = 0. Then there should exist an index k € {1, 2, ..., n}, a real number p € R, and a
unit vector w € C? satisfying Byrw = pw, 1qu =0, and w*Gyrw = 0. We have Gy, Bir € L(q, 1) by
Lemma 3l Hence Girly =0 and Byi1l, = 0. This allows us to write

(Gkk +jBkk)1q =0. (29)
Since Gy is Laplacian we have Gy > 0. Hence w*Ggrw = 0 implies Ggrw = 0 and we have

Since 1qu = 0 the vectors w and 1, must be linearly independent. Then (29) and (B0]) imply that the
matrix Ggg + jBrr must have at least two eigenvalues on the imaginary axis. Also, due to Gk, By >
0 all the eigenvalues of Ggi + jBgr must be on the closed right half plane by Fact [l This implies
A2(Gir + jBrxr) = 0. Hence the result. |

Theorem 2 Suppose Re A\o(Grr + jBik) > 0 for all k = 1,2, ..., n. Then there exists r > 0 such that
the array [I9) synchronizes for all e € (0, 7). In particular, one can choose

o[
(VIGT +23) va=TIBIlGa + 1Bl)

Proof. We prove by contradiction. Let Re \y(Gg + jBgi) > 0 for all k =1, 2, ..., n. Then 5 > 0 by
Lemma[Bl Let the coupling strength

e —1 (31)

(\/W+2~7) c

be fixed, where we let

—1||B B
o= /LB () 120,
o i
Suppose however that the array (I9) fails to synchronize. This implies, by Proposition[I] Re A, +1(2:) =0

since all the eigenvalues of ). are on the closed right half plane by Fact[Il Let therefore A, 11(Q:) = 48
with 8 € R. For this eigenvalue we can find a unit vector £ € (C9)" satisfying

QL =jB¢ (32)
and & ¢ span{le1 ® 1], [e2 ® 14], ..., [en @ 14]}; see the argument employed in the proof of Lemma

Without loss of generality we assume the orthogonality
[ex @1,)7¢=0 forall k=1,2,...,n. (33)
Generality is not lost because using the symmetry Q7 = Q. we can write
JBler ® lq]T§ = [ex ® lq]TQs§ = (Qeler ® lq])Tf = joxler ® 1q]T€

which allows us to claim that if j8 # joy for all k then ([B3]) must hold. If, on the other hand, j8 = joy
for a particular £ then we can apply Gram-Schmidt procedure to construct the new unit vector &new =
(E—[ee®1,][ee®1,]TE)/|I€ — [ee®1,][ee®1,4]T€]|, which indeed satisfies both [B2) and ([B3). By Lemma [l
there exist an index k € {1, 2, ..., n} and an eigenvector w € C? of By satisfying ([2I)). Without loss
of generality let this index be k = 1. Also, let 4 € R be the corresponding eigenvalue, i.e., Bjjw = pw.
Therefore we can write £ = [e; ® w] + ¢ for some ¢ € (C?)™ satisfying ||(|| < ce. Whence

Jwll = flex @ w
= &=l

€1 =111l

>
> 1—ce. (34)

11



We now consider two cases.

Case 1, 1 # 0: By Lemma[3 we have B11 € £(g, 1). Hence B111, =0, i.e., 1, is an eigenvector whose
eigenvalue is zero. This gives us 1:}Fw = 0 because a pair of eigenvectors of a real symmetric matrix are
orthogonal if the corresponding eigenvalues are different. Note that ([B2) implies G = 0 (see the proof of
Lemma []). Using this, the lower bound (34]), and the fact that w/||w]|| € C; we have

7 (1 = ce)? 72| |wlf?

IN A

w*Griw

= [e1 @ w]*Gler @ w]
(- 0GE-0)
"G

G- 1¢I?
1GIl(ce)?

VANVAN

which contradicts (BI).
Case 2, ;1 = 0: Since [e1 ® 1,]7¢ = 0 by [B3) we can write

15w [e1 ® 14]"[e1 @ w]|

= ler®@ 17 (€~ Q)

[er @ 14]7¢]

lex @ ]| - [I<]l

=<l

ce . (35)

IN

IN

Construct the vector wy; € C? as
wp =w — lqquw .
Note that Byjyw; =0 (i.e., wy is an eigenvector of By1) and 1qu1 = 0. Also, by (34)) and (38) we have

[wll = [1gw] - [[14]]
1—2ce.

[wi]l =
2

This inequality, Gler ® 14] = 0, G = 0, and w /||Jw1 || € C; yield

72(1 = 2ce)? 72 w2

<
< wiGrw;
= [e1 @ wi|"Gler ® wy]
[e1 ® (w— 1q1§w)]*G[el ® (w— 1q1qu)]
= (£-(1gw)ler ®1] = ) GE ~ (Lgw)[er ® 1] — )
= ("G¢
IG1 - 1<l
1G]I(ce)?

IN N

which contradicts (BI). ]
It is not difficult to see that Ao(Ggr) > 0 implies Re Ao (Ggx + jBir) > 0. Hence:

Corollary 3 Suppose Aa(Gri) > 0 for all k = 1,2, ..., n. Then there exists r > 0 such that the
array [@9) synchronizes for all € € (0, 7).
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Consider now an array of coupled n-link pendulums where the springs connect pairs of pendulums only
through a particular link. And likewise for the dampers, see Fig. [0l This configuration makes a special
case of ([[9) where the coupling matrices are commensurable. That is, there exist matrices Cyq € R™a*™
and C, € R™*™ such that for all 4, j we have D;; = dingCd and R;; = rijC;fCr where d;;, r;; are
nonnegative scalars. This leads to the dynamics below, where the coupling enjoys a type of uniformity,

q q
Mfi‘i—l—K,Ti-‘eringCd(i'i—ij)-i-EZTierTcr(xi—J,'j):O, 1=1,2,...,q. (36)
J=1 =1

Such uniformity makes the synchronization analysis significantly simpler, yet not too simple to be inter-
esting. Define the Laplacian matrices {q, £, € L(q, 1) as

Figure 6: Uniformly coupled 3-link pendulums.

Corollary 4 Suppose Re Xa(fq + jly) > 0 and both (Cq, M~1K) and (Cy, M—1K) are observable pairs.
Then there exists r > 0 such that the array [B6) synchronizes for all € € (0, 7).

Proof. We begin by proving the implication
ReXa(lg+j6) >0 = Rela(alq+jBl:) >0 for all scalars a, 5> 0. (37)

Given a, 8 > 0, consider the matrix alq+j/3¢;. Note that £q, ¢, > 0 thanks to £q, ¢, € L(g, 1). Therefore
all the eigenvalues of alq + jB¢, are on the closed right half plane by Fact [l Also, since €41, = 0 and
4,1, =0, we have (alq + jB¢:)1, = 0. Hence, without loss of generality, we can let A\ (aly + jB¢;) = 0.
Consider now the situation Re Az (alq + jB¢;) < 0. This implies \a(aly + j5¢:) = j7 for some v € R. Let
& € CY be the corresponding unit eigenvector:

(ala + jBl) &2 = jva . (38)

If jv # 0 then clearly we must have {s ¢ span{1,}. If jv = 0, on the other hand, then we can choose
& ¢ span{l,}. For if we could not then 1, would have to be the only eigenvector for the repeated
eigenvalue at the origin. This would require that there existed a generalized eigenvector ( satisfying
(ohq + jBl: )¢ = 14 which, because alyq + j5¢, is symmetric, would lead to the following contradiction

1 =151, =15 (ala + jBG)C = ((ala + jB:)1)T ¢ = 0.

Hence we let & ¢ span{1,}. Now, left-multiplying (B8) by &5 yields a&5a&s + jBE54:€2 = jy implying
&30a&a = 0. This in turn gives us £q€a = 0 because £q > 0. Therefore we have to have ¢,& = (v/8)&
by [B8). Consequently, ({q + jl:)&2 = j(v/B)&2. We also have (¢4 + j)1, = 0. Since & and 1, are
linearly independent, this means ¢4 + j/, has at least two eigenvalues on the imaginary axis. Therefore
we have established Re Aa(alyq + jB¢:) < 0 = Red2(lq + j¢;) < 0, which gives us [B7) because «,
were arbitrary.
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Recall that vy, vg, ..., v, are the eigenvectors of P = M~Y/2K M~'/2, the corresponding eigenvalues
being o1, 03, ..., 0,. Define now the vectors 0y = M~Y2y;,. These ¥ are the eigenvectors of M 1K
because we can write

M7'K#, = M KM 2y,
_ M71/2(M71/2KM71/2,U]€)
= M_1/2(Ukvk)

= O'k’LN)k .

Define ay, = ||Cq¥||? and By, = ||Cy0x||? for k =1, 2, ..., n. Recall D;; = d;;CTCy and R;j = r;;CL C;.
Starting from (20) we can write

Gpr, = lap (U,{M—1/2D1-]<M_1/2vk)ZQJ-:1
= lap (3 CF Catrdij)]
|Cat]|*lap (dij)? _
= Oékfd .

Likewise, we have By = Bif;. Hence, for all k =1, 2, ... n,
Grk + jBrk = arla + jBrly . (39)

Suppose now Re Aa(¢q + j¢;) > 0 and both (Cq, M~*K) and (C;, M~'K) are observable pairs. By
PBH observability condition [6] we have to have Cqvy # 0 and Cy0 # 0 for all k =1, 2, ..., n. This
means ag, Bk > 0. The result then follows by [B7), (89), and Theorem 2 |

5 Pure dissipative coupling

In the last part of our analysis we dispense with the restorative coupling (e.g., springs connecting the
pendulums) altogether and focus on the special case of (2)) where all R;; = 0. This is the case where the
coupling is purely dissipative:

q
Mi;+ Ka;+ Y Di(d —d;) =0,  i=1,2,...,q. (40)

j=1
The next result is closely related to [I7, Cor. 1].
Theorem 3 The array @) synchronizes if and only if Ao(Grx) >0 for allk=1,2, ..., n.

Proof. Define the matrix Q¢ = G + j[A ® I;]. Note that the array (40) synchronizes if and only if
Re An+1(f20) > 0 thanks to Remark [[I Some of our earlier arguments on ). are valid also on Q4. By
those arguments we see that Qolex ® 14] = joxler ® 14] for k=1, 2, ..., n. That is, each [ex ® 1,] is an
eigenvector, the corresponding eigenvalue being joi. Also, all the eigenvalues of £y are on the closed right
half plane by Fact [Il Therefore we can let, without loss of generality, A\¢(€Q0) = joi for k=1,2 ..., n.

Suppose the array [@0Q) fails to synchronize. This implies A,,11(20) = 76 for some 5 € R. Let £ € (C9)"
be the corresponding unit eigenvector. We can write j5 = {*GE+ jE* [A® ;)¢ by (B). This tells us (since
G > 0and [A®I,] > 0) that £*G¢ = 0 and, consequently, G€ = 0. Therefore [A®I,]§ = B¢. Thatis, { is an
eigenvector of [A®I,] and 3 an eigenvalue. Now, A = diag (o1, 02, ..., 0,) implies 8 € {01, 02, ..., on}.
Without loss of generality let us take 5 = oq1. Then £ has to have the form £ = [e; ® w] for some w € C1.
Again without loss of generality we can further assume w ¢ span{1l,}. Generality is not lost; for,
otherwise, [e1 ® 14] would be the only eigenvector of € for the repeated eigenvalue joi, which would
require the existence of a generalized eigenvector ¢ satisfying (0 — jo1I4n)¢ = [e1 ® 14]. This however
yields the contradiction below because QF = Qg

l=la® lq]T[el ® lq] =le1® 1q]T(QO - lean)C = ((Q0 — lean)[el ® 1q])T< =0.
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Note that we have
w'Grw =[e1 @w|"Gle1 @w]| =*'GE=0

implying G1iw = 0 because G11 > 0 thanks to G11 € £(g, 1) by Lemma Bl Furthermore, G111, = 0.
Since the set {w, 1,} is linearly independent the eigenvalue of G11 at the origin must be repeated. This
means A\y(G11) = 0 because G171 > 0.

To show the other direction let us suppose this time that A\o(Gee) < 0 for some ¢. Being a Laplacian
matrix, Gg, > 0 and Gyly = 0. Therefore the eigenvalue at the origin is repeated and there exists a
vector u ¢ span{1,} satisfying Ggou = 0. Construct now the vector n = [e; ® u]. Clearly, this vector
satisfies

n & span{le1 ® 1y, [e2 ® 1], ..., [en @ 14]}. (41)
Moreover,
n*Gn=les @ul*Gles @ u] = u*Gpu=0

which, since G > 0, implies G = 0. This allows us to see that 7 is an eigenvector of )y because

Qon = (G+jA® 1))
JIA ® I][ec @ ul
Jl(Aee) ® (1qu)]
= Jjllover) @ (Igu)]

= jouler @]
= jom. (42)

Now, ({I) and [@2) tell us that o has at least n+ 1 linearly independent eigenvectors whose eigenvalues
lie on the imaginary axis. But this implies Re A,,+1(£20) = 0. Hence the result. |

Consider now the scenario where the coupling in the array ([@0) is uniform. That is, there exists a
matrix Cq € R™4*™ such that D;; = dideTCd where d;; are nonnegative scalars. Under this condition
the array dynamics take the form

q
Mi;+ Kai+ Y digCiCa(ii — i) =0,  i=1,2,...,q. (43)
j=1

The coupling of this array is represented by two parameters: the Laplacian matrix ¢4 = lap (dij)g j—1 and
the output matrix Cy. How they are linked to synchronization is stated next.

Corollary 5 The array [@3) synchronizes if and only if Aa(fa) > 0 and (Cq, M 1K) is observable.

Proof. The demonstration is similar to that of Corollary @l ]

6 Conclusion

In this paper we studied the problem of synchronization in an array of identical oscillators subject to both
dissipative and restorative coupling. We presented a simple way to combine the pair of matrix-weighted
Laplacians (one representing the dissipative, the other the restorative coupling) in a single complex-valued
matrix and established an equivalence relation between a certain spectral property of this matrix and the
collective behavior of the oscillators. Also, we projected this method to generate more refined conditions
for synchronization applicable when the restorative coupling is either weak or absent altogether.

15



References

1]
2]
3]

[4]

V.I. Arnold. Mathematical Methods of Classical Mechanics (Second Edition). Springer, 1989.
C.A. Desoer and E.S. Kuh. Basic Circuit Theory. McGraw-Hill, 1969.

F. Dorfler and F. Bullo. Synchronization in complex networks of phase oscillators: A survey. Auto-
matica, 50:1539-1564, 2014.

D. Eroglu, J.S.W. Lamb, and T. Pereira. Synchronisation of chaos and its applications. Contemporary
Physics, 58:207-243, 2017.

G.H. Golub and C.F. Van Loan. Matriz Computations (Third Edition). The Johns Hopkins Univer-
sity Press, 1996.

J.P. Hespanha. Linear Systems Theory. Princeton, 2009.
H.K. Khalil. Nonlinear Systems (Second Edition). Prentice Hall, 1996.
P.D. Lax. Linear Algebra. John Wiley & Sons, 1996.

Z. Li, Z. Duan, G. Chen, and L. Huang. Consensus of multi-agent systems and synchronization
of complex networks: A unified viewpoint. IEEE Transactions on Circuits and Systems I: Regular
Papers, 57:213-224, 2010.

R. Olfati-Saber and R.M. Murray. Consensus problems in networks of agents with switching topology
and time delays. IEEE Transactions on Automatic Control, 49:1520-1533, 2004.

W. Ren. Synchronization of coupled harmonic oscillators with local interaction. Automatica, 44:3195—
3200, 2008.

H. Su, X. Wang, and Z. Lin. Synchronization of coupled harmonic oscillators in a dynamic proximity
network. Automatica, 45:2286-2291, 2009.

W. Sun, X. Yu, J. Lu, and S. Chen. Synchronization of coupled harmonic oscillators with random
noises. Nonlinear Dynamics, 79:473-484, 2015.

M.H. Trinh, C.V. Nguyen, Y.-H. Lim, and H.-S. Ahn. Matrix-weighted consensus and its applications.
Automatica, 89:415-419, 2018.

S.E. Tuna. Synchronization under matrix-weighted Laplacian. Automatica, 73:76-81, 2016.

S.E. Tuna. Synchronization of harmonic oscillators under restorative coupling with applications in
electrical networks. Automatica, 75:236-243, 2017.

S.E. Tuna. Observability through a matrix-weighted graph. IEEE Transactions on Automatic
Control, 63:2061-2074, 2018.

J. Zhou, H. Zhang, L. Xiang, and Q. Wu. Synchronization of coupled harmonic oscillators with local
instantaneous interaction. Automatica, 48:1715-1721, 2012.

16



	1 Introduction
	2 Problem statement and notation
	3 Steady state solutions
	4 Weak restorative coupling
	5 Pure dissipative coupling
	6 Conclusion

