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Abstract: The linear frequency modulated (LFM) frequency modulated continuous wave (FMCW)-based frequency diverse
array (FDA) radar concept is investigated in detail. The radar operates as a linear pulsed FMCW/FDA in the transmission (TX)
mode while it operates as a pulsed FMCW/phased array (PA) in the receiving mode. The issues such as low signal-to-noise
ratio (SNR) of FDA, the time-angle scanning and time-range ambiguities are studied. It is shown that the local instantaneous
frequency bandwidth is much smaller than the radio frequency (RF) deviation of LFM. Positive and negative slope TX/RF
locations offer frequency diversity. Time domain and frequency domain signal processings are described. A Ku band direct
digital synthesis-based FMCW/FDA radar example based on the cumulative detection scheme is given and compared with an

equivalent FMCW/PA radar.

1 Introduction

The frequency diverse array (FDA) was first introduced in [1] and
developed in [2]. The frequency modulated continuous wave
(FMCW)-based FDA was introduced in [3-5]. The FDA effect was
obtained by applying the chirp signal to the elements of a linear
uniform array by progressive time delays T,, which was restricted
to small values ( < 1ns) to reduce the size of the array. Here, we
propose to use a direct digital synthesis (DDS)-based FMCW/FDA
to remove this restriction. 7, is a major parameter, which
determines the chirp radio frequency (RF) frequency band width
(fBW) Af. If the peaks and nulls of the adjacent spectral
components of the Fourier spectrum (¥ &) of the FDA waveform
coincide, we have the spectral orthogonality (SO) and
K =AfT, € Z. We choose # = 2. The SO shapes the F&§ for a
better range and Doppler processing. The chirp length and slope
are 7 and yu; = + Af/z, respectively. The base band beat frequency
(BF) for the radar range delay Ty, = 2R,/c; c is the velocity of
light, is f1,, = #f T4o- The issues such as range-angle coupling, low-
SNR problem, and range angle time ambiguities are discussed.
Methods are proposed to solve these problems. Positive and
negative slope linear frequency modulated (LFM) cases are
considered. The local positions of the transmission (TX)/RF for
+slopes for an angle are different, which provides a frequency
diversity feature. Moreover, the bandwidths associated with a
particular angle are much smaller than Af. The FDA concept is
used in TX only. In receiving (RX) digital beam forming (DBF) for
phased array (PA) is proposed. A multiple-pulsed FMCW/FDA
radar in Ku-band is designed to illustrate the basic concepts such as
fast scanning of angular space in slow time. The SNR for FDA per
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Fig. 1 Linear array with far field point
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angle is M times lower than the corresponding SNR for PA, where
M is the number of elements of the array in the FDA part. The low
SNR of FDA radar is compensated by angular scanning property in
slow time, the cumulative detection scheme and temporal
decorrelation of the target. Also, a comparison between two
equivalent FMCW/FDA and FMCW/PA radars is made.

2 Theory

A linear planar array with M equidistant elements is shown in
Fig. 1. The elements are fed by DDS oscillator voltages

Vas(®) = amexpli{@o'm + 51m)| - P 0 (1)

where t, =t — mT,, P(t,7) = 1 for 0 <t < 7, 0 elsewhere.

u="2mu;. w, =2xf, is the carrier frequency, a, is the element
weight. The frequency is w(t) = w, + ut; for the + slope, i.e. u > 0.
The TX field at point P is expressed by

FN fe : , /2 M1 . ,
Erx(t) = R P([,’T)ej(w()l Ut ) Z ame_]my(t) )
© m=0

where f. is the wide band element pattern. ¢’ =t — Ty4,/2 is the
retarded time. Fy is the y-array with N elements with spacings s is
a corporate connection of N FDA x-arrays

N-1
jn2m(s/Ay)sindysi
FN ~ Z anejn 71(5140)SInI,Sin¢, (3)
n=0

The phase factor y(¢") for the + slope can be expressed by

2

t—’+1)+mn/4f(;—‘;) =u+Au “)

r@)y= - 27%( T

Vo=fo Tr— %Sin 9,c08 @, > 0 )
0
where 4, is the wavelength and Ty = f,, /u;. We have u + Au = u as

Uy > Au,, where u, = u—I1P{u/Q2n)} -2 and that
Auy = Au — IP{ Au/(2n)} - 2. IP is the integer part. Then,
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Y2 = 2av,(t'ITs + 1) 6)
For a,, = 1, the summation in (2) becomes
Fy(y) = ™ =D2sin(My/2)/sin(y/2) (7

The time of arrival of the peak TX signal at P (Fig. 1) can be
obtained from (5) by setting y(t',) = 2zp; p € Z. Thus

to" = Ti(=p Ivo = 1) ®)

Since 0 < #;, < 7, we can show that there will be # = 2 peaks in 7
with p = — CE{y,} and p = — CE{y,} — 1, where CE stands for
the ceiling integer. For My/2 = np, Fy(y) makes nulls, which leads
to the null-to-null time beam width (TBW)

Ton = 2|/ (M) = 20/(K - M) 9)

since f,Ty> d/A,. As the TX chirp signal arrives at the mth
element at t = mT, the array is filled up at a time

Tan =M - DTy (10)
The LFM chirps applied to antenna elements are shown in Fig. 2.
The fill time of the array should satisfy Ty, << 7.

For the - slope, i.e. p < 0, 0(t) = @, + Aw + ut

Y ()2 —2mv,- (1T + 1+1); n=AfIf, 11

to =Ti(=p Ivo—1-n) (12)
The rate of rotation of the peak from (8) or (12) is

09, Yo sign( ) K
ot —pT(dl2)cos 8,cos @, — 7(dlA)cos 8,08 @,

Q= (13)

The RX signal with TX/RX isolation is obtained by mixing the
received echo by a coherent local oscillator (LO) chirp as in (1)
with duration 710 > 7+ Ty, + Trin — Tro, Where Tig is the time
offset for reducing f3,. The base band IF signal is similar to that of
the classical FMCW signal but with the FDA modulating
waveform (7). Thus, the base band RX voltage is

M-1
Vi) = Vo eVOP(,7) Y a,er (14)

m=0

where t' =t—Ty and w(t') = w,t with the effective BF
Wy = Opo + @gy, Where @y, = p (Tyo— T1o) is the BF and
®go = 2wovg/c is the Doppler frequency (DF) for a target with
outgoing velocity v, > 0. V,, is the complex amplitude depending
on TX and RX functions of the radar and propagation path. The
Fourier transform (F9) of V*(¢') can be expressed by

‘7+(w) — efjru T“"V TMZ_I a e—j(mzny‘ﬁ(a’}r/z)) sin(cb T/Z) (15)
o @ 1/2

where @ = @ — wy, + mwy; oy =27 v,/ Ty = 2z f 4. If the peak of a
spectral component is to coincide with the % —th null of the
adjacent one, we have w, =2z F/tr, which yields
Af vyl fo=FH. Since fo-Ty> dldy, Af -Tp=K =2 for the
SO. Thus, & fBW fgw can be expressed by
few=W—1)f,+2/t =2M/z. If two targets are separated by
AR, such that the corresponding #&§ are just adjacent to each
other, we should have the BF increment A f,,, = fgw, Which yields
the range resolution spatial increment
ARy =7- fgw-c/QRAf) =2 M-c/Q2QAf). It is seen that AR,
increases by a factor of 2 compared to the classical FMCW radar
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Fig. 2 LFM chirps for antenna elements

having the same Af. For - slope, m2zy, in (15) is replaced by
m2xm vo(1 +1). The centre frequency of the mth spectral is
Dype = F Wy + Wy — mag.

3 Numerical example

We choose f,=174GHz, M =13, N=4, d/l,=s/1,=0.5,
T,=2ns, r=1ms, and Af = Aff°A=1GHz. Then, ¥ =2,
fr=%XIt=2kHz, u;=1GHz/pus, f,T,=34.8, Ty=17.4ms,
Ten =24ns, n=5.75%, fgw = 26kHz, and AR, =3.897 m. The
waveforms for a,=1, ¢,=0°180° and 0° < I, <50° are
shown in Figs. 3 and 4. The time and range periods of the
waveforms are T EDA =Tilv, = 1/f, =500 us and
%EDA =cT EDA = 150km , respectively. The beam widths are
I5w(0°, 50°) = {7.8°, 12°}. The FDA pattern rotates in
(clockwise (CW), counter-clockwise (CCW)) for (+, —) chirp

slopes. For @, = {0°, 180°} and 9, = 0° — 50°,
Ton=1{76.9 > 77.7, 76.9 — 76.1 }us. The difference of the time
of arrivals for +slopes is given by
Aty =1t —ty” = —|TH(2 plve + 2 + 1), which can be solved for

sin 9, cos ¢,. We can determine 9, by the axes transformation from
X,y,2t0 X =y, ¥ = z, Z = x. Then we have sin d,cos ¢, = cos &,. In
the azimuth plane, i.e. in an xz = yz-plane, we have ¢, = 0° and
@, = 90° for which 8, = 8, — 90°. The sum of the time of arrivals
for £slopes is Xty = f," + ty~ = 4Ro/c + |T¢ly, which is a function
of range only. For a single target these methods may work.
However, the range resolution in the time domain (D) is not
possible since AR(Ty,) = cTyn/4 is very large. Thus, the range
should be found in the %9 domain. Similarly, the angle
determination based on At, for targets spaced in AR,(T},) is not
convenient and they should be determined by the RX beams. Two
targets at Ry, 901, ¢, and Roy, doa, ¢, may have the same time of
arrivals, ie. fof = to}. Then,
ARG = Roi — Roy = T(p/Vor — Pof Vo). At 9, = {0°, 50°},
@o=0°% {8%:,8:) = 9 FIBw/2, AR;,={5.12,5.26}km. At
@, = 180°ARy, = {-5.12, —5.14}km. For the - slope
AR5, = — ARy, The BF carrier of the modulating FDA envelope
in each case is proportional only to Ty, and the Doppler of the
target. The T V() is shown in Fig. 5. The spectrals shift to
the right ( > + f) for m = 0, M — 1. The parameters are so chosen
that the & & has a stable shape for 9, = 0° — 50°. The leading and
trailing edge slopes are that of the spectrals for m =M — 1 and
m= 0, respectively. The shift in the F& s
Afom = m(dl2,) sindycos @,/ Ts. For ¢, =0° m=12, I, =50°
and Af, =0.264kHz. As Afi,/fgw =0.01, a leading edge
measurement causes an error of 3.96cm. For the - slope, the
trailing edge of the F & shifts to the left (— f « ) in ¢, = 0° plane.
The & & shifts in the opposite direction for ¢, = 180°.

The F& for two targets separated by AR(FT) =3.897m is
shown in Fig. 6. The BF due to the range and +DF due to the —
velocity (closing in target) shifts the spectra as shown in Fig. 7. By
measuring f,, we can obtain both f},, and f4,, which enables us to

find both R, and v, For R,=15km, T4, =10us, and
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Fig. 3 Retarded time of arrivals for + slope; ¢, = 0°,180°
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Fig. 4 Retarded time of arrivals for - slope; ¢, = 0°,180°
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Fig. 5 FJ spectrum for + slope and 9, = 0° & 50°; ¢, = 0°

fvo = 10MHz. Using direct digital synthesizer local oscillator
(DDSLO) with Tio=9us we have
foo=HMr* (Tgo—TrLo) = 1MHz. The measurement accuracy
depends on SNR = E,/ 5,, where E, is the energy of the FDA
waveform and 5, = kT is the noise spectrum density. E, is the
area of the square of F&, which can be shown to be
E,~ MV:r=13ml/V.. Finding the coherent average of FJ
recovers E,. This is a matched filtering in 9 domain. For
Swerling I (SW 1) targets Doppler filters (DFL) can be formed by
applying another #Jp for N_ + chirps. This is the 2D FJ for
FMCW radars [6]. N_ radar pulses are shown in Fig. 8 where the
time gap T, > T4, is required for dechirping and per pulse
sampling.

The general phase term of the nth pulse is expressed by
wlt' +(n— DT] = wp,t' + (n— Dy, + o, for t' € [0, 7], where
Opp = Opo + @go + pi(n — DTy, is  the effective BF and
a, = — Awp,[2R,/c+ (n— 1)wT/c]. We have w—wy, and
\7+(w) - \7+(a) — Wy,). FIp and \7+(a) — ;) can be realised by a
discrete I, w = w;; ¢ = 1, ..., £ max where ¢ max is the number of
time and #J samples

N_—1
Z ‘7((1)5 _ wbn) e—jzzr(n— 1) £/ N_ - joy, (16)
n=0

which forms for 2 =0,1, ..., N_— 1, N.DFL with period 27/T,
null-to-null fBW 4z/(N_-T) and the centre frequency
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Fig. 8 Periodic coherent + slopes N_ radar pulses

wep =2n#/( N_-T). The inclusion of @, means, we form velocity
compensated DFL. The required velocity estimation can be
achieved either from the +slope range #J or forming the complex
signal V(') = Vu(t') + j Vu(t'), where V,(¢) is the Hilbert
transform of V,(¢'). If @, is the phase of V,,(¢'), we have
AD, =y, — W, = 0ol

4 Simulation of a Ku band radar

The TX/RX antennas are well separated for good isolation. The
antenna's dimensions are 10.34cm X 2.6 cm. The antenna patterns
are shown in Fig. 9. 9%y =7.8°, 95w =26.3° for £ =0. The
antenna gain is G, = 22 dB. The parameters other than those given

in Section 3 are as follows: N'PA = 8 coherent pairs of +pulses

form a burst. Ty = 250 s and T}, = 2500 ps. The duty cycle is 80%.

The number of bursts is nf>* = 21. The radar range equation is

Eo . Gzzkﬂsﬂél‘tl‘a _ D, L, (17)
rekTs  (4n)' Ry I, G; Gaiy

SNR =

Ey=2P7;2P = 1.8W. rg= E(I,)/'\‘/EgDA =M is the energy ratio
per pulse and per beam position. L, =2dB is the TX loss,
L, =0.14dB is the atmospheric loss. The noise spectrum power
density is kT, =8.1 x 107*mJ. A SW 1 target of radial length
Liz = 2m, radial velocity v, = —25.84 m/s and radar cross section
(RCS) o, =0.1m> with a typical decorrelation time [7]
Tee = 100ms is considered. The total number of TX modules is
M x N = 52. Thus, for a,, = 1 the power per module is 17.31 mW.
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Fig. 11 RF and bandwidth for a particular angle for — slope

In TX modules the DDS oscillator outputs (S-band) should be up
converted to f,,. In the RX modules down conversion and signal

processing based on 2D FJ should be combined with DBF. We
need N, = 13 RX beams to cover Ny, 955y = 100° azimuth sector
simultaneously. The FDA TX beam scans this sector in slow time
Tp. In (17), Ly=3dB is the processing loss. I, is the SNR
improvement factor of cascaded single delay line canceller filter
(DLCF) and DFL. v, and T, are adjusted for the maximum
I, = 8.53. The DF shift is fy, = 2.99 kHz. The sampling frequency
in T, should be f;>2f, For a SW 1 target,
D, = ¢n(Py,)/¢n(Py) — 1 is the detectability factor, where Py is the
probability of detection and Py, is the probability of false alarm.
The  coherent integration interval with DLCF s
CIT™A = 2226 ms . The target should remain in AR, during
CIT™", which leads to Ly < AR, —|wJCIT™* =3.32m. The
frame time (FRT) is FRT'?* = nfPACIT™* = 468 ms. The RCS of
a SW I target will decorrelate ng, = FRTPA/ Te =5 times in

FRT™PA providing a temporal diversity. We make a detection trial
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in each FRT™P2, which is the cumulative detection step (CDS). In
nfPA CDS's we have

FDA

Pt =1-(1=Py"

FDA

Pt =1-(1=Py)" (18)

For the chosen radar parameters, the solution of (17) gives
Py =0.9637 for Py =0.5x10"° per CDS. Then, from (18) for
nfPA =2, PIPA = 0.9987, and Piy ™ = 10°°.

In the FRT'PASNR™A =18.69dB and the non-coherent
integration gain for nfPA = 21 bursts and {Py, P} per CDS is
GPA = 10.5dB. The diversity gain GiPA = 1073 dB stems from
ngg =5 and a two-fold +slope frequency diversity amounting to
NEBA =2 X 5 = 10 diversity channels.

The build-up times (BUTs) for + slopes are different causing
different farpa centre frequency locations in the chirp. We have
here |foppa — forpa| > fe» Where f is the decorrelation frequency
of the SW I target given by f, = c¢/(2L,) = 75MHz. The local
BW at foppa 1S Aforpa = |pidTon/ 2 = 38.45MHz, where
Tw/2=3845pus is the energy equivalent TBW. Since
Aforpal( £) < f. no intrapulse frequency diversity occurs due to
Aforpa- This makes the FDA waveform distortionless. The local

TX/RX frequency locations and bandwidths for a specific angle
and + slopes are shown in Figs. 10 and 11. The final waveform
time can be expressed by

TR = WFT™PA = pfPA . FRT™* = 935 ms.

5 Discussion and comparison with PA radar

The time on a target should be long enough for the full back
scattering signal to be established. This condition may be

expressed by Ly < Ligm = (c/2)95W/|Qg|. From (13), for
8, ={0°, 50°} and 9g%y = {7.8°, 12°}, Ligm = {5.1,7.8} km.
The effects of increasing some parameters are expressed as
T T:> {.uf9 Tf’fBstbo} l & {Tnns Eo} T
Ter= {foAf. 0}l &{pp, Ty, AR, fro} 1
fo T$ {Tf, Tnn’fBW, fdo} T
M T:’ {fBW’ ARoa Eov GA} T &{ Tnn, ‘9]§ZW} l

(19)

We shall compare the present FMCW/FDA radar with an
equivalent FMCW/PA radar. The parameters of the PA radar other

than those of the FDA radar are N** =8, n®A =4, nP* =1,

AfPA = 38.46 MHz. Then, we have the same AR, = 3.897 m. From

burst-to-burst N» = 4-fold frequency agility steps, amounting to a

frequency agility bandwidth of fBW = 4f. = 300 MHz, are used.
In (17), the factor rg is to be removed for PA. Then the solution of
(17) for PA vyields Pi*=0.9984, PP*=10" G =544dB,
GiA =17.98dB, CIT'” =2226ms and FRT™ =89.0ms. We
need N, = 13 TX beam positions. The revisit time of a target is
then given by Th* = N,FRT™ = 1158 ms with SNR™ = 24.7dB.
The total energy input to the array per pulse is E,, = Eo,
which is the same in both cases. However, the total energy

delivered in TFVDA and TRA are different. We can show that

EERA = Egjy NEPA pFDA DA (20)

EPR = Eqyy NP2 nPA nPA N, 21
ETRA/ERR = 0.807 (22)

(Es™ - TPMI(ES - TRY) = (0.807) = 0.652 (23)
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It is thus observed that the present FDA radar has less energy-time
product compared to the equivalent PA radar.

However, this conclusion cannot be generalised for all cases of
comparison. Each pair of radar design should be evaluated
separately on their own merits.

If we did not use a cumulative detection in the FDA radar, we
would have TEPA = 468 ms with an SNRFP* = 18.7dB.

In FRT target moves 12.1 and 29.9 m for FDA and PA radars,
respectively. This property may be an advantage in FDA radar for
tracking high RCS targets. The TX f,gpa centre frequencies for
each scanning angle due to different BUTs are different and
remains within the fBW A fFDA. The radar frequency f, agility in
FMCW/FDA causes waveform agility. The FDA radar, as it
distributes the energy to time and angle, has a low probability of
intercept property.

6 Conclusions

The FMCW/FDA radar based on DDS technology offers
interesting advantages such as narrow relative frequency
bandwidth 5, high-chirp delay T, between antenna elements and
smaller f, as large f, T, is desired. Using the SO the ¥ domain
signal processing can be performed conveniently. The time angle
scanning property can be exploited by a cumulative detection
scheme to compensate the reduced SNR inherent in all FDA-based
radars. It is also shown by a fair comparison of equivalent FDA

J. Eng., 2019, Vol. 2019 Iss. 21, pp. 7299-7303

and PA radars that the total energy-time product to achieve the
same Py, Py, is smaller for FDA radar than that for PA radar. It is

also found that for short range and high RCS targets FDA radar is
more advantageous.
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